
Chapter 2
Differential Forms on Jet Prolongations
of Fibered Manifolds

In this chapter, we present a decomposition theory of differential forms on jet
prolongations of fibered manifolds; the tools inducing the decompositions are the
algebraic trace decomposition theory and the canonical jet projections. Of particular
interest is the structure of the contact forms, annihilating integrable sections of the
jet prolongations. We also study decompositions of forms defined by fibered ho-
motopy operators and state the corresponding fibered Poincare-Volterra lemma.

The theory of differential forms explained in this chapter has been developed
along the lines indicated in the approach of Lepage and Dedecker to the calculus
of variations (see Dedecker [D], Goldschmidt and Sternberg [GS] and Krupka
[K13]). The exposition extends the theory explained in the handbook chapter
Krupka [K4].

Throughout, Y is a smooth fibered manifold with base X and projection p,
n ¼ dimX, nþ m ¼ dim Y . JrY is the r-jet prolongation of Y, and pr: JrY ! X,
pr: JrY ! X are the canonical jet projections. For any open set W � Y , Xr

qW

denotes the module of q-forms on the open set Wr ¼ ðpr;0Þ�1ðWÞ in JrY , and XrW
is the exterior algebra of differential forms on the set Wr. We say that a form g is
generated by a finite family of forms lj, if g is expressible as g ¼ gj ^ lj for some
forms gj; note that in this terminology, we do not require lj to be 1-forms, or
k-forms for a fixed integer k.

2.1 The Contact Ideal

We introduced in Sect. 1.5 a vector bundle homomorphism h between the tangent
bundles TJrþ1Y and TJrY over the canonical jet projection prþ1;r: Jrþ1Y ! JrY , the
horizontalization. In this section, the associated dual mapping between the modules
of 1-forms Xr

1W and Xrþ1
1 W is studied. We show, in particular, that this mapping

allows us to associate with any fibered chart ðV ;wÞ on Y and any function, defined on
Vr, its formal (or total) partial derivatives in a geometric way and a specific basis of
1-forms on Vr, termed the contact basis. Then, we introduce by means of the contact
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basis a differential ideal in the exterior algebra XrW , characterizing the structure of
forms on jet prolongations of fibered manifolds, the contact ideal.

Recall that the horizontalization h is defined by the formula

hn ¼ TxJ
rc � Tprþ1 � n; ð1Þ

where n is a tangent vector to the manifold Jrþ1Y at a point Jrþ1
x c. The mapping

h makes the following diagram

TJrþ1Y ���!h TJrY
# #

Jrþ1Y �����!prþ1;r

JrY

ð2Þ

commutative and induces a decomposition of the projections of the tangent vectors
Tprþ1;r � n,

Tprþ1;r � n ¼ hnþ pn: ð3Þ

hn (resp. pn) is the horizontal (resp. contact) component of the vector n. Note,
however, that the terminology is not standard: The vectors n and hn do not belong
to the same vector space. The horizontal and contact components satisfy

Tpr � hn ¼ Tprþ1 � n; Tpr � pn ¼ 0: ð4Þ

The horizontalization h induces a mapping of modules of linear differential
forms as follows. Let Jrþ1

x c 2 Jrþ1Y . We set for any differential 1-form q on Wr

and any vector n from the tangent space TJrþ1Y at Jrþ1
x c

hqðJrþ1
x cÞ � n ¼ qðJrxcÞ � hn: ð5Þ

The mapping Xr
1W 3 q ! hq 2 Xrþ1

1 W is called the p-horizontalization or just the
horizontalization (of differential forms).

Clearly, the form hq vanishes on prþ1-vertical vectors so it is prþ1-horizontal; hq
is sometimes called the horizontal component of q.

The mapping h is linear over the ring of functions Xr
0W along the jet projection

prþ1;r in the sense that

hðq1 þ q2Þ ¼ hq1 þ hq2 hðfqÞ ¼ ðf � prþ1;rÞhq ð6Þ

for all q1; q2; q 2 Xr
1W and f 2 Xr

0W .
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If in the fibered chart ðV ;wÞ, w ¼ ðxi; yrÞ, a 1-form q is expressed by

q ¼ Aidx
i þ

X
0� k� r

X
j1 � j2 � ��� � jk

Bj1j2...jk
r dyrj1j2...jk ; ð7Þ

then we have from (5) at any point Jrþ1
x c 2 Vrþ1

hqðJrþ1
x cÞ � n ¼ AiðJrxcÞdxiðJrxcÞ � hn

þ
X

0� k� r

X
j1 � j2 � ��� � jk

Bj1j2...jk
r ðJrxcÞdyrj1j2...jk ðJrxcÞ � hn

¼ AiðJrxcÞ þ
X

0� k� r

X
j1 � j2 � ��� � jk

Bj1j2...jk
r ðJrxcÞyrj1j2...jk i

 !
ni;

ð8Þ

thus,

hq ¼ Ai þ
X

0� k� r

X
j1 � j2 � ��� � jk

Bj1j2...jk
r yrj1j2...jk i

 !
dxi: ð9Þ

In particular, for any function f : Wr ! R

hdf ¼ dif � dxi; ð10Þ

where

dif ¼ @f
@xi

þ
X

j1 � j2 � ��� � jk

@f
@yrj1j2...jk

yrj1j2...jk i: ð11Þ

The function dif : Vrþ1 ! R is the i-th formal derivative of f with respect to the
fibered chart ðV ;wÞ. From (10), it follows that dif are the components of an
invariant object, the horizontal component hdf of the exterior derivative of f. Note
that formal derivatives dif have already been introduced in Sect. 1.5.

The following lemma summarizes basic rules for computations with the hori-
zontalization and formal derivatives. We denote by di the formal derivative operator
with respect to a fibered chart ðV ;wÞ, w ¼ ðxi; yrÞ.
Lemma 1 Let ðV ;wÞ, w ¼ ðxi; yrÞ, be a fibered chart on Y.

(a) The horizontalization h satisfies

hdyr ¼ yri dx
i; hdyrj1 ¼ yrj1idx

i; hdyrj1j2 ¼ yrj1j2idx
i;

. . .; hdyrj1j2...jr ¼ yrj1j2...jr idx
i:

ð12Þ
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(b) The i-th formal derivative of the coordinate function ymj1j2...jk is given by

diy
m
j1j2...jk ¼ ymj1j2...jk i: ð13Þ

(c) If ðV ;wÞ, w ¼ ðxi; yrÞ, is another chart on Y such that V \ V 6¼ [, then for
every function f : Vr \ V

r ! R,

dif ¼ djf � @x
j

@xi
: ð14Þ

(d) For any two functions f ; g: Vr ! R,

diðf � gÞ ¼ g � dif þ f � dig: ð15Þ

(e) For every function f : Vr ! R and every section c: U ! V � Y ,

dif � Jrþ1c ¼ @ðf � JrcÞ
@xi

: ð16Þ

Remark 1 By (13), yrj1j2...jk ¼ djk y
r
j1j2...jk�1

. Thus, applying (14) to coordinates, we
obtain the following prolongation formula for coordinate transformations in jet
prolongations of fibered manifolds

yrj1j2...jk ¼ diyrj1j2...jk�1
� @x

i

@xjk
: ð17Þ

Remark 2 If two functions f ; g: Vr ! R coincide along a section Jrc, that is,
f � Jrc ¼ g � Jrc, then their formal derivatives coincide along the ðr þ 1Þ-prolon-
gation Jrþ1c,

dif � Jrþ1c ¼ dig � Jrþ1c: ð18Þ

This is an immediate consequence of formula (16).

Now, we study properties of 1-forms, belonging to the kernel of the horizon-
talization Xr

1W 3 q ! hq 2 Xrþ1
1 W . We say that a 1-form q 2 Xr

1W is contact, if

hq ¼ 0: ð19Þ

It is easy to find the chart expression of a contact 1-form. Writing q as in (7),
condition (19) yields

Ai þ
X

0� k� r

X
j1 � j2 � ��� � jk

Bj1j2...jk
r yrj1j2...jk i ¼ 0; ð20Þ
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or, equivalently,

Bj1j2...jr
r ¼ 0; Ai ¼ �

X
0� k� r�1

X
j1 � j2 � ��� � jk

Bj1j2...jk
r yrj1j2...jk i: ð21Þ

Thus, setting for all k, 0� k� r � 1,

xr
j1j2...jk ¼ dyrj1j2...jk � yrj1j2...jk jdx

j; ð22Þ

we see that q has the chart expression

q ¼
X

0� k� r�1

X
j1 � j2 � ��� � jk

Bj1j2...jk
r xr

j1j2...jk : ð23Þ

This formula shows that any contact 1-form is expressible as a linear combination
of the forms xr

j1j2...jk .
The following two theorems summarize properties of the forms xr

j1j2...jk .

Theorem 1

(a) For any fibered chart ðV ;wÞ, w ¼ ðxi; yrÞ, the forms

dxi; xr
j1j2...jk ; dyrl1l2...lr�1lr ; ð24Þ

such that 1� i� n, 1� r�m, 1� k� r � 1, 1� j1 � j2 � � � � � jk � n, and
1� l1 � l2 � � � � � lr � n, constitute a basis of linear forms on the set Vr:

(b) If ðV ;wÞ, w ¼ ðxi; yrÞ, and ðV ;wÞ, w ¼ ðxi; yrÞ, are two fibered charts such
that V \ V 6¼ [, then

xk
p1p2...pk ¼

X
0�m� k

X
j1 � j2 � ��� � jk

@ykp1p2...pk
@ysj1j2...jm

xs
j1j2...jm : ð25Þ

(c) Let ðV ;wÞ, w ¼ ðxi; yrÞ, and ðV ;wÞ, w ¼ ðxi; yrÞ, be two fibered charts and a
an automorphism of Y, defined on V and such that aðVÞ � V. Then

Jra*xr
j1j2...jk ¼

X
i\i2\���\ip

@ðyrj1j2...jk � JraÞ
@ymi1i2...ip

xm
i1i2...ip : ð26Þ

Proof

(a) Clearly, from formula (22), we conclude that the forms (24) are expressible as
linear combinations of the forms of the canonical basis dxi, dyrj1j2...jk ,
dyrl1l2...lr�1lr .
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(b) Consider two charts ðV ;wÞ, w ¼ ðxi; yrÞ, and ðV ;wÞ, w ¼ ðxi; yrÞ, such that
V \ V 6¼ [. For any function f, defined on Vr,

ðprþ1;rÞ*df ¼ hdf þ pdf ¼ dif � dxi þ
X

0� k� r

X
l1 � l2 � ��� � lk

@f
@yml1l2...lk

xm
l1l2...lk

¼ dpf � dxp þ
X

0� k� r

X
j1 � j2 � ��� � jk

@f
@ysj1j2...jm

xs
j1j2...jm

¼ dpf
@xp

@xi
dxi þ

X
0� k� r

X
j1 � j2 � ��� � jk

X
l1 � l2 � ��� � lk

@f
@yml1l2...lk

@yml1l2...lk
@ysj1j2...jm

xs
j1j2...jm :

ð27Þ

Setting f ¼ ykp1p2���pk , where p1 � p2 � � � � � pk , and using (17), we get (25).
(c) By definition,

Jra*xr
j1j2...jk ¼ dðyrj1j2...jk � JraÞ � ðyrj1j2...jk l � JraÞdðxl � JraÞ: ð28Þ

Denote by a0 the p-projection of a. Since from Sect. 1.6, (80)

yrj1j2...jk l � JraðJrxcÞ

¼ @ðyrj1j2...jk � Jra � Jrc � u�1Þ
@xs

@ðxsa�1
0 u�1Þ
@xl

;
ð29Þ

then

Jra*xr
j1j2...jk ¼

@ðyrj1j2...jk � JraÞ
@xp

dxp þ
X

i\i2\���\ip

@ðyrj1j2...jk � JraÞ
@ymi1i2...ip

dymi1i2...ip

� @ðyrj1j2...jk � Jra � Jrc � u�1Þ
@xs

@ðxsa�1
0 u�1Þ
@xl

@ðxl � JraÞ
@xp

dxp

¼ @ðyrj1j2...jk � JraÞ
@xp

dxp þ
X

i\i2\���\ip

@ðyrj1j2...jk � JraÞ
@ymi1i2...ip

xm
i1i2...ip

þ
X

i\i2\���\ip

@ðyrj1j2...jk � JraÞ
@ymi1i2...ip

ymi1i2...ipsdx
s

� @ðyrj1j2...jk � Jra � Jrc � u�1Þ
@xs

dxs

¼
X

i\i2\���\ip

@ðyrj1j2...jk � JraÞ
@ymi1i2...ip

xm
i1i2...ip : ð30Þ

These conditions mean that the section d is of the form d ¼ Jrðpr;0 � dÞ as
required. h
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The basis of 1-forms (24) on Vr is usually called the contact basis.
The following observations show that the contact forms xr

j1j2...jk , defined by a
fibered atlas on Y, define a (global) module of 1-forms and an ideal of the exterior
algebra XrW (for elementary definitions, see Appendix 7).

Corollary 1 The contact 1-forms xr
j1j2...jk locally generate a submodule of the

module Xr
1W .

Corollary 2 The contact 1-forms xr
j1j2...jk locally generate an ideal of the exterior

algebra XrW. This ideal is not closed under the exterior derivative operator.

Proof Existence of the ideal is ensured by the transformation properties of the
contact 1-forms xr

j1j2...jk (Theorem 1, (b)). It remains to show that the ideal contains
a form, which is not generated by the forms xr

j1j2...jk . If q is a contact 1-form
expressed as

q ¼
X

0� k� r�1

X
j1 � j2 � ��� � jk

Bj1j2...jk
r xr

j1j2...jk ; ð31Þ

then

dq ¼
X

0� k� r�1

X
j1 � j2 � ��� � jk

dBj1j2...jk
r ^ xr

j1j2...jk þ Bj1j2...jk
r dxr

j1j2...jk

� �
: ð32Þ

But in this expression,

dxr
j1j2...jk ¼

�xr
j1j2...jk l ^ dxl; 0� k� r � 2;

�dyrj1j2...jr�1l ^ dxl; k ¼ r � 1;

(
ð33Þ

thus, dxr
j1j2...jr�1

and in general the form q are not generated by the contact forms
xr

j1j2...jk . h

The ideal of the exterior algebra XrW , locally generated by the 1-forms xr
j1j2...jk ,

where 0� k� r � 1, is denoted byHr
0W . The 1-forms xr

j1j2...jk , where 0� k� r � 1,
and 2-forms dxr

j1j2...jr�1
locally generate an ideal HrW of the exterior algebra XrW ,

closed under the exterior derivative operator, that is, a differential ideal. This ideal
is called the contact ideal of the exterior algebra XrW , and its elements are called
contact forms. We denote

Hr
qW ¼ Xr

qW \HrW : ð34Þ

The set Hr
qW of contact q-forms is a submodule of the module Xr

qW , called the
contact submodule.
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Since the exterior derivative of a contact form is again a contact form, we have
the sequence

0 ! Hr
1W�!d Hr

2W�!d � � � �!d Hr
nW ; ð35Þ

where the arrows denote the exterior derivative operator. If q is a contact form,
q 2 Hr

qW , and f is a function on Wr, f 2 Hr
0W , then the formula

dðfqÞ ¼ df ^ qþ fdq ð36Þ

shows that the form dðfqÞ is again a contact form; however, the exterior derivative
in (36) is not a homomorphism of Hr

0W-modules. Restricting the multiplication in
(36) to constant functions f, that is, to real numbers, the exterior derivative in (36)
becomes a morphism of vector spaces.

Another consequence of Theorem 1 is concerned with sections of the fibered
manifold JrY over the base X. We say that a section d of JrY , defined on an open set
in X, is holonomic, or integrable, if there exists a section c of Y such that

d ¼ Jrc: ð37Þ

Obviously, if c exists, then applying the projection pr:0 to both sides, we get
pr:0 � d ¼ c; thus, if c exists, it is unique and is determined by

c ¼ pr:0 � d: ð38Þ

Theorem 2 A section d: U ! JrY is holonomic if and only if for any fibered chart
ðV ;wÞ, w ¼ ðxi; yrÞ, such that the set pðVÞ lies in the domain of definition of d,

d*xr
i1i2...ik ¼ 0 ð39Þ

for all r, k, and i1; i2; . . .; ik such that 1� r�m, 0� k� r � 1, and
1� i1 � i2 � � � � � ik � n.

Proof By definition,

d*xr
i1i2...ik ¼ dðyri1i2...ik � dÞ � ðyri1i2...ik l � dÞdxl

¼ @ðyri1i2...ik � dÞ
@xl

� yri1i2...ik l � d
� �

dxl:
ð40Þ

Thus, condition (39) is equivalent to the conditions

@ðyri1i2...ik � dÞ
@xl

� yri1i2...ik l � d ¼ 0 ð41Þ
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that can also be written as

@ðyr � dÞ
@xl

� yrl � d ¼ 0;

@ðyri1 � dÞ
@xl

� yri1l � d ¼ @2ðyr � dÞ
@xi1@xl

� yri1l � d ¼ 0;

. . .

@ðyri1i2...ir�1
� dÞ

@xl
� yri1i2...ir�1l � d ¼ @kþ1ðyr � dÞ

@xi1@xi2 . . .@xir�1@xl
� yri1i2...ir�1l � d ¼ 0:

ð42Þ

These conditions mean that the section d is of the form d ¼ Jrðpr;0 � dÞ as
required. h

2.2 The Trace Decomposition

Main objective in this section is the application of the trace decomposition theory of
tensor spaces to differential forms defined on the r-jet prolongation JrY of a fibered
manifold Y. We decompose the components of a form, expressed in a fibered chart,
by the trace operation (see Appendix 9); the resulting decomposition of differential
forms will be referred to as the trace decomposition.

In order to study the structure of the components of a form q 2 Xr
qW for general

r, it will be convenient to introduce a multi-index notation. We also need a con-
vention on the alternation and symmetrization of tensor components in a given set
of indices.

Convention 1 (Multi-indices) We introduce a multi-index I as an ordered k-
tuple I ¼ ði1i2 . . . ikÞ, where k = 1, 2,…, r and the entries are indices such that
1� i1; i2; . . .; ik � n. The number k is the length of I and is denoted by jIj. If j is any
integer such that 1� j� n, we denote by Ij the multi-index Ij ¼ ði1i2 . . . ikjÞ. In this
notation, the contact basis of 1-forms, introduced in Sect. 2.1, Theorem 1, (a), is
sometimes denoted as ðdxi;xr

J ; dy
r
I Þ, where the multi-indices satisfy 0� jJj � r �

1 and jIj ¼ r; it is understood, however, that the basis includes only linearly
independent 1-forms xr

J , where the multi-indices I ¼ ði1i2 . . . ikÞ satisfy
i1 � i2 � � � � � ik.

Convention 2 (Alternation, symmetrization) We introduce the symbol
Altði1i2. . . ikÞ to denote alternation in the indices i1; i2; . . .; ik . If U ¼ Ui1i2 ... ik is a
collection of real numbers, we denote by Ui1i2...ik Altði1i2. . .ikÞ the skew-symmetric
component of U. Analogously, Symði1i2. . .ikÞ denotes symmetrization in the indi-
ces i1; i2; . . .; ik , and the symbol Ui1i2...ik Symði1i2. . . ikÞ means the symmetric
component of U. The operators Alt and Sym are understood as projectors (the
coefficient 1=k! is included).
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Note that there exists a close relationship between the trace operation on the one
hand and the exterior derivative operator on the other hand. For instance, decom-
posing in a fibered chart the 2-form dyrJj ^ dxk by the trace operation, we get

dyrJj ^ dxk ¼ 1
n
dkj dy

r
Js ^ dxs þ dyrJj ^ dxk � 1

n
dkj dy

r
Js ^ dxs; ð43Þ

where the summand, representing the Kronecker component of dyrJj ^ dxk , coin-
cides, up to a constant factor, with the exterior derivative dxr

J , and is therefore a
contact form:

1
n
dkj dy

r
Js ^ dxs ¼ � 1

n
dxr

J : ð44Þ

The complementary summand in the decomposition (43), represented by the second
and the third terms, is traceless in the indices j and k. We wish to use this obser-
vation to generalize decomposition (43) to any q-forms on JrY .

First, we apply the trace decomposition theorem (Appendix 9, Theorem 1) to q-
forms of a specific type, not containing the contact forms xm

J .

Lemma 2 Let ðV ;wÞ, w ¼ xi; yrð Þ; be a fibered chart on Y. Let l be a q-form on
Vrsuch that

l ¼ Ai1i2...iqdx
i1 ^ dxi2 ^ � � � ^ dxiq

þ BI1
r1i2i3...iqdy

r1
I1 ^ dxi2 ^ dxi3 ^ � � � ^ dxiq

þ BI1I2
r1r2i3i4...iqdy

r1
I1 ^ dyr2I2 ^ dxi3 ^ dxi4 ^ � � � ^ dxiq

þ � � � þ BI1I2
r1r2

. . .
Iq�1

rq�1 iqdy
r1
I1 ^ dyr2I2 ^ � � � ^ dyrq�1

Iq�1
^ dxiq

þ AI1I2
r1r2

. . .Iqrqdy
r1
I1 ^ dyr2I2 ^ � � � ^ dyrqIq ;

ð45Þ

where the multi-indices satisfy jI1j; jI2j; . . .; jIq�1j ¼ r. Then, l has a
decomposition

l ¼ l0 þ l0; ð46Þ

satisfying the following conditions:

(a) l0 is generated by the forms dxr
J , where jJj ¼ r � 1, that is,

l0 ¼
X

jJj ¼r�1

dxr
J ^ UJ

r; ð47Þ

for some ðq� 2Þ-forms UJ
r.
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(b) l0 has an expression

l0 ¼ Ai1i2...iqdx
i1 ^ dxi2 ^ � � � ^ dxiq

þ AI1
r1 i2i3...iqdy

r1
I1 ^ dxi1 ^ dxi2 ^ � � � ^ dxiq

þ AI1I2
r1r2i2i3...iqdy

r1
I1 ^ dyr2I2 ^ dxi3 ^ dxi4 ^ � � � ^ dxiq

þ � � � þ AI1I2
r1r2

. . .
Iq�1

rq�1 iqdy
r1
I1 ^ dyr2I2 ^ � � � ^ dyrq�1

Iq�1
^ dxiq

þ AI1I2
r1r2

. . .Iqrqdy
r1
I1 ^ dyr2I2 ^ � � � ^ dyrqIq ;

ð48Þ

where AI1
r1i2i3...iq ;A

I1I2
r1r2i2i3...iq ; . . .;A

I1I2
r1r2

. . .
Iq�1
rq�1 iq are traceless components of the

coefficients BI1
r1i2i3...iq ;B

I1I2
r1r2i2i3...iq ; . . .;B

I1I2
r1r2 . . .

Iq�1

rq�1 iq .

Proof Applying the trace decomposition theorem (Appendix 9) to the coefficients

BI1
r1i2i3...iq ;B

I1I2
r1r2i2i3...iq ; . . .;B

I1I2
r1r2 . . .

Iq�1

rq�1 iq in (45), we get

BI1
r1i2i3...iq ¼ AI1

r1 i2i3...iq þ CI1
r1 i2i3...iq ;

BI1I2
r1r2i3i4...iq ¼ AI1I2

r1r2i3i4...iq þ CI1I2
r1r2i3i4...iq ;

. . .

BI1I2
r1r2 . . .

Iq�2

rq�2 iq�1iq ¼ AI1I2
r1r2 . . .

Iq�2

rq�2 iq�1iq þ CI1I2
r1r2 . . .

Iq�2

rq�2iq�1iq ;

BI1I2
r1r2 . . .

Iq�2

rq�2iq�1iq ¼ AI1I2
r1r2 . . .

Iq�2

rq�2iq�1iq þ CI1I2
r1r2 . . .

Iq�2

rq�2iq�1iq ;

ð49Þ

where the systems AI1
r1i2i3...iq ;A

I1I2
r1r2i2i3...iq ; . . .;A

I1I2
r1r2 . . .

Iq�1

rq�1 iq are traceless and

CI1
r1i2i3...iq ;C

I1I2
r1r2i2i3...iq ; . . .;C

I1I2
r1r2 . . .

Iq�1

rq�1 iq are of Kronecker type. Thus, writing the
multi-index Il as Il ¼ Jljl, we have

CI1
r1i2i3...iq ¼ dj1i2D

J1
r1i3i4...iq Altði2i3i4. . .iqÞ SymðJ1j1Þ;

CI1I2
r1r2i3i4...iq ¼ dj1i3D

J1I2
r1r2i4i5...iq Altði3i4i5. . .iqÞ SymðJ1j1Þ SymðJ2j2Þ;

. . .

CI1I2
r1r2

. . .
Iq�2

rq�2iq�1iq ¼ dj1iq�1
DJ1I2I3

r1r2r3
. . .

Iq�2

rq�2iq Altðiq�1iqÞ SymðJ1j1Þ
SymðJ2j2Þ . . . SymðJq�2jq�2Þ;

CI1I2
r1r2

. . .
Iq�1

rq�1iq ¼ dj1iqD
J1I2I3
r1r2r3

. . .Iq�1
rq�1

SymðJ1j1Þ SymðJ2j2Þ
. . . SymðJq�2jq�2Þ:

ð50Þ
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Then

l ¼ Ai1i2...iqdx
i1 ^ dxi2 ^ � � � ^ dxiq

þ AI1
r1i2i3...iqdy

r1
I1 ^ dxi2 ^ dxi3 ^ � � � ^ dxiq

þ AI1I2
r1r2i3i4...iqdy

r1
I1 ^ dyr2I2 ^ dxi3 ^ dxi4 ^ � � � ^ dxiq

þ � � � þ AI1I2
r1r2

. . .
Iq�1
rq�1 iqdy

r1
I1 ^ dyr2I2 ^ � � � ^ dyrq�1

Iq�1
^ dxiq

þ AI1I2
r1r2

. . .Iqrqdy
r1
I1 ^ dyr2I2 ^ � � � ^ dyrqIq

þ dj1i2D
J1
r1 i3i4...iqdy

r1
J1j1 ^ dxi2 ^ dxi3 ^ � � � ^ dxiq

þ dj1i3D
J1I2
r1r2i4i5...iqdy

r1
J1j1 ^ dyr2I2 ^ dxi3 ^ dxi4 ^ � � � ^ dxiq

þ � � � þ dj1iqD
J1I2I3
r1r2r3

. . .Iq�1
rq�1

dyr1J1j1 ^ dyr2I2 ^ � � � ^ dyrq�1

Iq�1
^ dxiq ;

ð51Þ

and now our assertion follows from the formula (44). h

The following theorem generalizes Lemma 2 to arbitrary forms on open sets in
the r-jet prolongation JrY .

Theorem 3 (The trace decomposition theorem) Let q be any positive integer, and
let q 2 Xr

qW be a q-form. Let ðV ;wÞ, w ¼ ðxi; yrÞ, be a fibered chart on Y, such that
V � W. Then, q has on Vr an expression

q ¼ q0 þ q0; ð52Þ

with the following properties:

(a) q0 is generated by the 1-forms xr
J with 0� jJj � r � 1 and 2-forms dxr

I
where jIj ¼ r � 1.

(b) q0 has an expression

q0 ¼ Ai1i2...iqdx
i1 ^ dxi2 ^ � � � ^ dxiq

þ AI1
r1 i2i3...iqdy

r1
I1 ^ dxi2 ^ dxi3 ^ � � � ^ dxiq

þ AI1I2
r1r2i2i3...iqdy

r1
I1 ^ dyr2I2 ^ dxi3 ^ dxi4 ^ � � � ^ dxiq

þ � � � þ AI1I2
r1r2 . . .

Iq�1

rq�1iqdy
r1
I1 ^ dyr2I2 ^ � � � ^ dyrq�1

Iq�1
^ dxiq

þ AI1I2
r1r2 . . .

Iq
rqdy

r1
I1 ^ dyr2I2 ^ � � � ^ dyrqIq ;

ð53Þ

where jI1j; jI2j; . . .; jIq�1j ¼ r and all coefficients AI1
r1 i2i3...iq ;A

I1I2
r1r2i2i3...iq ;

. . .;AI1I2
r1r2

. . .
Iq�1
rq�1 i2i3...iq are traceless.

46 2 Differential Forms on Jet Prolongations of Fibered Manifolds



Proof To prove Theorem 3, we express q in the contact basis. Then, q ¼ q1 þ l,
where q1 is generated by contact 1-forms xr

J , 0� jJj � r � 1, and l does not
contain any factor xr

J . Thus, l has an expression (45) and can be decomposed as in
Lemma 2, (46). Using this decomposition, we get the formula (52). h

Theorem 3 is the trace decomposition theorem for differential forms; formula
(52) is referred to as the trace decomposition formula. The form q0 in this
decomposition (43) is contact and is called the contact component of q; the form q0

is the traceless component of q with respect to the fibered chart ðV ;wÞ.
Lemma 3 Let q 2 Xr

qW be a q-form, and let ðV ;wÞ, w ¼ ðxi; yrÞ, and ðV ;wÞ,
w ¼ ðxi; yrÞ, be two fibered charts such that V \ V 6¼ [. Suppose that we have the
trace decomposition of the form q with respect to ðV ;wÞ and ðV ;wÞ, respectively,

q ¼ q0 þ q0 ¼ q0 þ q0: ð54Þ

Then, the traceless components satisfy

q0 ¼ q0 þ g; ð55Þ

where g is a contact form on the intersection V \ V .

Proof Lemma 3 can be easily verified by a direct calculation. Consider for instance
the term AI

r i2i3...iqdy
r
I1 ^ dxi2 ^ dxi3 ^ � � � ^ dxiq in formula (53), and the transfor-

mation equation is

@yri1i2...ir
@ymj1j2...jr

¼ @yr

@ym
@xj1

@xi1
@xj2

@xi2
. . .

@xjr

@xir
Symðj1j2. . .jrÞ: ð56Þ

Denote xm
j1j2...jk ¼ dymj1j2...jk � ymj1j2...jk ldx

l. Then, we have

Ai1i2...ir
r s2s3...sqdy

r
i1i2...ir ^ dxs2 ^ dxs3 ^ � � � ^ dxsq

¼ Ai1i2...ir
r s2s3...sq

@xs2

@xl2
@xs3

@xl3
. . .

@xsq

@xlq
� @yri1i2...ir

@xp
þ

X
0� k� r�1

@yri1i2...ir
@ymj1j2...jk

ymj1j2...jkp

 ! 
dxp

þ
X

0� k� r�1

@yri1i2...ir
@ymj1j2...jk

xm
j1j2...jk þ

@yri1i2...ir
@ymj1j2...jr

dymj1j2...jr

!
^ dxl2 ^ dxl3 ^ � � � ^ dxlq :

ð57Þ

Consequently, the last summand in (57) implies

A
j1j2...jr
m l2l3...lq ¼ Ai1i2...ir

r s2s3...sq
@xs2

@xl2
@xs3

@xl3
. . .

@xsq

@xlq
@yri1i2...ir
@ymj1j2...jr

: ð58Þ
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Substituting from (56) in this formula, we see that the trace of A
j1j2...jr
m l2l3...lq vanishes if

and only if the same is true for the trace of Ai1i2...ir
r s2s3...sq . Thus, the decomposition (55)

is valid for the summand (56). The same applies to any other summand. h

Following Theorem 3, we can write the q-form q in the contact basis as
q ¼ q1 þ q2 þ q0, where q1 is generated by the forms xr

J , 0� jJj � r � 1, q2 is
generated by dxr

I , jIj ¼ r � 1, and does not contain any factor xr
J , and the form q0

is traceless. Thus,

q1 ¼
X

0� jJj � r�1

xr
J ^ UJ

r; q2 ¼
X

jIj¼r�1

dxr
I ^WI

r ð59Þ

for some forms UJ
r and WI

r. Then,

q ¼ xr
J ^ UJ

r þ xr
I ^ dWI

r þ dðxr
I ^WI

rÞ þ q0: ð60Þ

Setting

Pq ¼ xr
J ^ UJ

r þ xr
I ^ dWI

r; Qq ¼ xr
I ^WI

r; Rq ¼ q0; ð61Þ

we get the following version of Theorem 3.

Theorem 4 Let q be arbitrary, and let q 2 Xr
qW be a q-form. Let ðV ;wÞ,

w ¼ ðxi; yrÞ, be a fibered chart on Y such that V � W. Then, q can be expressed on
Vr as

q ¼ Pqþ dQqþ Rq: ð62Þ

Proof This is an immediate consequence of definitions and Theorem 3. h

In the following two examples, we discuss the trace decomposition formula and
the transformation equations for the traceless components of some differential
forms on 1-jet prolongation of the fibered manifold Y. The aim is to illustrate the
decomposition methods for lower-degree differential forms.

Example 1 We find the trace decomposition of a 3-form l, written in a fibered chart
ðV ;wÞ, w ¼ ðxi; yrÞ, as

l ¼ Aijkdx
i ^ dx j ^ dxk þ Bp

r jkdy
r
p ^ dx j ^ dxk

þ Bpq
rmkdy

r
p ^ dymq ^ dxk þ Apqr

rvsdy
r
p ^ dymq ^ dysr :

ð63Þ
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Decomposing Bp
rjk, we have Bp

rjk ¼ Ap
rjk þ dpj Crk þ dpkDrj, where Ap

rjk is traceless.
Then, the condition Bp

rjk ¼ �Bp
rkj yields

Bp
rpk ¼ dppCrk þ dpkDrp ¼ nCrk þ Drk

¼ �Bp
rkp ¼ �dpkCrp � dppDrk ¼ �Crk � nDrk;

ð64Þ

and hence, Crk ¼ �Drk. Thus,

Bp
rjk ¼ Ap

rjk þ dpj Crk � dpkCrj: ð65Þ

Decomposing Bpq
rvk, we have Bpq

rvk ¼ Apq
rvk þ dpkC

q
rv þ dqkD

p
rm. Now, the condition

Bpq
rmk ¼ �Bqp

mrk yields

Bpq
rmp ¼ dppC

q
rv þ dqpD

p
rm ¼ nCq

rv þ Dq
rm

¼ �Bqp
mrp ¼ �dqpC

p
mr � dppD

q
mr ¼ �Cq

mr � nDq
mr;

ð66Þ

and hence, nCq
rm þ Cq

mr ¼ �nDq
mr � Dq

rm. It can be easily verified that this condition
implies

Cq
rm ¼ �Dq

mr: ð67Þ

Indeed, symmetrization and alternation yield

nCq
rm þ Cq

mr þ nCq
mr þ Cq

rm ¼ �nDq
mr � Dq

rm � nDq
rm � Dq

mr ð68Þ

and

nCq
rm þ Cq

mr � nCq
mr � Cq

rm ¼ �nDq
mr � Dq

rm þ nDq
rm þ Dq

mr; ð69Þ

hence, Cq
rm þ Cq

mr ¼ �Dq
mr � Dq

rm and Cq
rm � Cq

rm ¼ �Dq
mr þ Dq

rm. These equations
already imply (47). Thus,

Bpq
rvk ¼ Apq

rvk þ dpkC
q
rv � dqkC

p
mr: ð70Þ

Summarizing (65) and (70), we get

l ¼ Aijkdx
i ^ dx j ^ dxk þ Ap

rjkdy
r
p ^ dx j ^ dxk þ Ap

rmkdy
r
p ^ dymq ^ dxk

þ dpj Crkdy
r
p ^ dx j ^ dxk � dpkCrjdy

r
p ^ dx j ^ dxk

þ dpkC
q
rmdy

r
p ^ dymq ^ dxk � dqkC

p
mrdy

r
p ^ dymq ^ dxk

þ Apqr
rvsdy

r
p ^ dymq ^ dysr
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¼ Aijkdx
i ^ dx j ^ dxk þ Ap

rjkdy
r
p ^ dx j ^ dxk

þ Apq
rvkdy

r
p ^ dymq ^ dxk þ Apqr

rmsdy
r
p ^ dymq ^ dysr

þ Crkdy
r
p ^ dxp ^ dxk � Crjdy

r
p ^ dx j ^ dxp

þ Cq
rvdy

r
p ^ dymq ^ dxp � Cp

mrdy
r
p ^ dymq ^ dxq

¼ Aijkdx
i ^ dx j ^ dxk þ Ap

rjkdy
r
p ^ dx j ^ dxk

þ Apq
rvkdy

r
p ^ dymq ^ dxk þ Apqr

rvsdy
r
p ^ dymq ^ dysr

� 2Crkdx
r ^ dxk þ 2Cp

rmdx
r ^ dymp:

ð71Þ

Thus, applying formula (51) to any 3-form q on V1, we get the decomposition

q ¼ q1 þ q2 þ q0; ð72Þ

where q1 is generated by xr, that is, q1 ¼ xr ^ Ur, q2 is generated by the contact
2-forms dxr; q2 ¼ dxr ^Wr, where the 1-forms Wr do not contain any factor xm;
and q0 is traceless.

Example 2 (Transformation properties) Consider a 2-form on the 1-jet prolongation
J1Y , expressed in two fibered charts ðV ;wÞ, w ¼ ðxi; yrÞ, and ðV ;wÞ, w ¼ ðxi; yrÞ,
as

q ¼ q1 þ q2 þ q0 ¼ q1 þ q2 þ q0; ð73Þ

where according to Theorem 3,

q1 ¼ xr ^ Pr; q2 ¼ Qrdxr;

q0 ¼ Aijdx
i ^ dx j þ Ai

mjdy
m
i ^ dx j þ Aij

msdy
m
i ^ dysj ;

ð74Þ

and

q1 ¼ xr ^ Pr; q2 ¼ Qrdx
r;

q0 ¼ Aijdx
i ^ dx j þ A

i
mjdy

m
i ^ dx j þ A

il
msdy

m
i ^ dysl :

ð75Þ

We want to determine transformation formulas for the traceless components Aij
ms,

Ai
mj, and Aij. Transformation equations are of the form

xi ¼ xiðx jÞ; yr ¼ yrðx j; ymÞ; yrj ¼ @yr

@xl
þ @yr

@ym
yml

� �
@xl

@x j
; ð76Þ
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and imply

dymi ¼
@ymi
@xp

þ @ymi
@yj

yjp

� �
dxp þ @ymi

@yj
xj þ @ym

@yj
@xs

@xi
dyjs : ð77Þ

Then, a direct calculation yields

A
i
m
l
sdy

m
i ^ dysl ¼ A

i
m
l
s

@ymi
@xp

þ @ymi
@yj

yjp

� �
@ysl
@xq

þ @ysl
@yk

ykq

� �
dxp ^ dxq

þ A
i
m
l
s

@ymi
@xp

þ @ymi
@yj

yjp

� �
@ysl
@yk

dxp ^ xk

þ A
il
ms
@ymi
@yj

@ysl
@xp

þ @ysl
@yk

ykq

� �
xj ^ dxq

þ A
i
m
l
s

@ymi
@xp

þ @ymi
@yj

yjp

� �
@ys

@yk
@x j

@xl
dxp ^ dykj

þ A
i
m
l
s
@ym

@yj
@xs

@xi
@ysl
@xp

þ @ysl
@yk

ykq

� �
dyjs ^ dxq þ A

i
m
l
s
@ymi
@yj

@ysl
@yk

xj ^ xk

þ A
i
m
l
s
@ymi
@yj

@ys

@yk
@x j

@xl
xj ^ dykj þ A

i
m
l
s
@ym

@yj
@xs

@xi
@ysl
@yk

dyjs ^ xk

þ A
i
m
l
s
@ym

@yj
@xs

@xi
@ys

@yk
@x j

@xl
dyjs ^ dykj :

ð78Þ

Similarly,

A
i
mjdy

m
i ^ dx j ¼ A

i
mj
@x j

@xl
@ymi
@xp

þ @ymi
@yj

yjp

� �
dxp ^ dxl

þ A
i
mj
@x j

@xl
@ymi
@yj

xj ^ dxl þ A
i
mj
@x j

@xl
@ym

@yj
@xs

@xi
dyjs ^ dxl;

ð79Þ

and

Aijdx
i ^ dx j ¼ Aij

@xi

@xp
@x j

@xl
dxp ^ dxl: ð80Þ
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To determine the traceless components Aij
ms, Ai

mj, and Aij from the formulas
(78)–(80), respectively, we need the terms not containing xs; we get

A
i
m
l
s

@ymi
@xp

þ @ymi
@yj

yjp

� �
@ysl
@xq

þ @ysl
@yk

ykq

� �
dxp ^ dxq

þ A
i
m
l
s

@ymi
@xp

þ @ymi
@yj

yjp

� �
@ys

@yk
@x j

@xl
dxp ^ dykj

þ A
i
m
l
s
@ym

@yj
@xs

@xi
@ysl
@xp

þ @ysl
@yk

ykq

� �
dyjs ^ dxq

þ A
i
m
l
s
@ym

@yj
@xs

@xi
@ys

@yk
@x j

@xl
dyjs ^ dykj

þ A
i
mj
@x j

@xl
@ymi
@xp

þ @ymi
@yj

yjp

� �
dxp ^ dxl

þ A
i
mj
@x j

@xl
@ym

@yj
@xs

@xi
dyjs ^ dxl

þ Aij
@xi

@xp
@x j

@xl
dxp ^ dxl:

ð81Þ

Now, it is immediate that

Apq ¼ A
i
m
l
s

@ymi
@xp

þ @ymi
@yj

yjp

� �
@ysl
@xq

þ @ysl
@yk

ykq

� �

þ 1
2
A
i
mj

@x j

@xq
@ymi
@xp

þ @ymi
@yj

yjp

� �
� @x j

@xp
@ymi
@xq

þ @ymi
@yj

yjq

� �� �

þ Aij
@xi

@xp
@x j

@xq

ð82Þ

and

Asj
jk ¼

1
2
A
i
m
l
s

@ym

@yj
@xs

@xi
@ys

@yk
@x j

@xl
� @ym

@yk
@x j

@xi
@ys

@yj
@xs

@xl

� �
: ð83Þ

The remaining terms should determine As
jq as the traceless component of the

expression

� A
i
m
l
s

@ymi
@xq

þ @ymi
@yk

ykq

� �
@ys

@yj
@xs

@xl
þ A

i
m
l
s
@ym

@yj
@xs

@xi
@ysl
@xq

þ @ysl
@yk

ykq

� �

þ A
i
mj
@x j

@xq
@ym

@yj
@xs

@xi
:

ð84Þ
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Recall that the traceless component Wi
k of a general system Pi

k, indexed with one
contravariant and one covariant index, is defined by

Ws
q ¼ Ps

q �
1
n
dsqP; ð85Þ

where P ¼ Pj
j is the trace of P

i
k . To apply this definition, we first calculate the trace

of (84) in s and q. We get

� A
i
m
l
s

@ymi
@xs

þ @ymi
@yk

yks

� �
@ys

@yj
@xs

@xl
þ A

i
m
l
s
@ym

@yj
@xs

@xi
@ysl
@xs

þ @ysl
@yk

yks

� �

þ A
i
mj
@x j

@xs
@ym

@yj
@xs

@xi
:

ð86Þ

Now, we can determine the traceless component of (84). Since the resulting
expression must be equal to As

jq, we get the transformation formula

As
jq ¼ A

i
mj
@x j

@xq
@ym

@yj
@xs

@xi

� A
i
m
l
s

@ymi
@xq

þ @ymi
@yk

ykq

� �
@ys

@yj
@xs

@xl
þ A

i
m
l
s
@ym

@yj
@xs

@xi
@ysl
@xq

þ @ysl
@yk

ykq

� �

þ 1
n
dsqA

i
m
l
s

@ymi
@xm

þ @ymi
@yk

ykm

� �
@ys

@yj
@xm

@xl
� @ym

@yj
@xm

@xi
@ysl
@xm

þ @ysl
@yk

ykm

� �� � ð87Þ

as desired. It is straightforward to verify that the expression on the right-hand side is
traceless. This completes Example 2.

2.3 The Horizontalization

We extend the horizontalization Xr
1W 3 q ! hq 2 Xrþ1

1 W , introduced in Sect. 2.1,
to a morphism h: XrW ! Xrþ1W of exterior algebras.

Let q 2 Xr
qW be a q-form, where q� 1, Jrþ1

x c 2 Wrþ1 a point. Consider the

pullback ðprþ1;rÞ*q and the value ðprþ1;rÞ*qðJrþ1
x cÞðn1; n2; . . .; nqÞ on any tangent

vectors n1, n2, . . ., nq of Jrþ1Y at the point Jrþ1
x c. Decompose each of these vectors

into the horizontal and contact components,

Tprþ1 � nl ¼ hnl þ pnl; ð88Þ
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and set

hqðJrþ1
x cÞðn1; n2; . . .; nqÞ ¼ qðJrxcÞðhn1; hn2; . . .; hnqÞ: ð89Þ

This formula defines a q-form hq 2 Xrþ1
q W . This definition can be extended to 0-

forms (functions); we set for any function f : Wr ! R

hf ¼ ðprþ1;rÞ*f : ð90Þ

It follows from the properties of the decomposition (88) that the value
hqðJrþ1

x cÞðn1; n2; . . .; nqÞ vanishes whenever at least one of the vectors n1, n2, . . .,
nq is prþ1-vertical (cf. Sect. 1.5). Thus, the q-form hq is prþ1-horizontal. In par-
ticular, hq ¼ 0 whenever q� nþ 1. Sometimes hq is called the horizontal com-
ponent of q.

Formulas (89) and (90) define a mapping h: XrW ! Xrþ1W of exterior algebras,
called the horizontalization. The mapping h satisfies

hðq1 þ q1Þ ¼ hq1 þ hq1; hðfqÞ ¼ ðprþ1;rÞ*f � hq ð91Þ

for all q-forms q1, q1, and q and all functions f. In particular, restricting these
formulas to constant functions f, we see that the horizontalization h is linear over
the field of real numbers.

Theorem 5 The mapping h: XrW ! Xrþ1W is a morphism of exterior algebras.

Proof This assertion is a straightforward consequence of the definition of exterior
product and formula (89) for the horizontal component of a form q. Indeed,

hðq ^ gÞðJrþ1
x cÞðn1; n2; . . .; nq; npþ1; npþ2; . . .; npþqÞ

¼ ðq ^ gÞðJrxcÞðhn1; hn2; . . .; hnp; hnpþ1; hnpþ2; . . .; hnpþqÞ
¼
X
s

sgns�qðJrxcÞðhnsð1Þ; hnsð2Þ; . . .; hnsðpÞÞ

� gðJrxcÞðhnsðpþ1Þ; hnsðpþ2Þ; . . .; hnsðpþqÞÞ
¼
X
s

sgns�hqðJrxcÞðnsð1Þ; nsð2Þ; . . .; nsðpÞÞ

� hgðJrxcÞðnsðpþ1Þ; nsðpþ2Þ; . . .; nsðpþqÞÞ
¼ ðhqðJrþ1

x cÞ ^ hgðJrþ1
x cÞÞðn1; n2; . . .; nq; npþ1; npþ2; . . .; npþqÞ

ð92Þ
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(summation through all permutations s of the set f1; 2; . . .; p; pþ 1; . . .; pþ qg
such that sð1Þ\sð2Þ\ � � �\sðpÞ and sðpþ 1Þ\sðpþ 2Þ\ � � �\sðpþ qÞ). This
means, however, that

hðq ^ gÞ ¼ hq ^ hg: ð93Þ
h

The following theorem shows that the horizontalization is completely deter-
mined by its action on functions and their exterior derivatives.

Theorem 6 Let W be an open set in the fibered manifold Y. Then, the horizon-
talization XrW 3 q ! hq 2 Xrþ1W is a unique R-linear, exterior-product-pre-
serving mapping such that for any function f : Wr ! R, and any fibered chart
ðV ;wÞ, w ¼ ðyrÞ, with V � W ,

hf ¼ f � prþ1;r; hdf ¼ dif � dxi; ð94Þ

where

dif ¼ @f
@xi

þ
X

j1 � j2 � ��� � jk

@f
@yrj1j2...jk

yrj1j2...jk i: ð95Þ

Proof The proof that h, defined by (89) and (90), has the desired properties (94)
and (95), is standard. To prove uniqueness, note that (94) and (95) imply

hdxi ¼ dxi; hdyrj1j2...jk ¼ yrj1j2...jk idx
i: ð96Þ

It remains to check that any two mappings h1 and h2 satisfying the assumptions of
Theorem 6 that agree on functions and their exterior derivatives coincide. h

We determine the kernel and the image of the horizontalization h. The following
are elementary consequences of the definition.

Lemma 4

(a) A function f satisfies hf ¼ 0 if and only if f ¼ 0.
(b) If q� nþ 1, then every q-form q 2 Xr

qWsatisfies hq ¼ 0.
(c) Let 1� q� n, and let q 2 Xr

qW be a form. Then, hq ¼ 0 if and only if

Jrc*q ¼ 0 ð97Þ

for every Cr section c of Y defined on an open subset of W.
(d) If hq ¼ 0, then also the exterior derivative hdq ¼ 0.
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Proof

(a) This is a mere restatement of the definition.
(b) This is an immediate consequence of the definition.
(c) Choose a section c of Y, a point x from the domain of definition of c and any

tangent vectors f1; f2; . . .; fq of X at x. Then,

Jrc*qðxÞðf1; f2; . . .; fqÞ
¼ qðJrxcÞðTxJrc � f1; TxJrc � f2; . . .; TxJrc � fqÞ:

ð98Þ

Since Tprþ1 is surjective, there exist tangent vectors nl to Jrþ1Y at Jrþ1
x c, such

that fl ¼ Tprþ1 � nl. For these tangent vectors,

Jrc*qðxÞðf1; f2; . . .; fqÞ
¼ qðJrxcÞðTxJrc � Tprþ1 � n1;TxJrc � Tprþ1 � n2; . . .;TxJrc � Tprþ1 � nqÞ:

ð99Þ

But hn ¼ TxJrc � Tprþ1 � n, and hence,

Jrc*qðxÞðf1; f2; . . .; fqÞ ¼ qðJrxcÞðhn1; hn2; . . .; hnqÞ
¼ hqðJrþ1

x cÞðn1; n2; . . .; nqÞ:
ð100Þ

This correspondence already proves assertion (a).
(d) This assertion (d) follows from (c). h

We are now in a position to complete the description of the kernel of the
horizontalization h for q-forms such that 1� q� n.

Theorem 7 Let W � Y be an open set, q 2 Xr
qW a form, and let ðV ;wÞ,

w ¼ ðxi; yrÞ, be a fibered chart such that V � W .

(a) Let q ¼ 1. Then, q satisfies hq ¼ 0 if and only if its chart expression is of the
form

q ¼
X

0� jJj � r�1

UJ
rx

r
J ð101Þ

for some functions Ur
J : V

r ! R:

(b) Let 2� q� n. Then, q satisfies hq ¼ 0 if and only if its chart expression is of
the form

q ¼
X

0� jJj � r�1

xr
J ^ UJ

r þ
X

jIj¼r�1

dxr
I ^WI

r; ð102Þ

where UJ
r (resp. WI

r) are some ðq� 1Þ-forms (resp. ðq� 2Þ-forms) on Vr:
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Proof Suppose that we have a contact q-form q onWr, where 1� q� n. Write as in
Sect. 2.2, Theorem 3, q ¼ q0 þ q0, where q0 is contact and q0 is traceless. But the
horizontalization h preserves exterior product and hq ¼ 0, so we get hq0 ¼ 0
because q0 is generated by the contact forms xr

J , dx
r
I , which satisfy hxr

J ¼ 0 and
hdxr

I ¼ 0. Now, using formula hdyrI ¼ yrIidx
i, we get, expressing q0 as in Sect. 2.2,

(53)

hq0 ¼ ðAi1i2...iq þ AI1
r1i2i3...iq y

r1
I1i1 þ AI1I2

r1r2i3i4...iq y
r1
I1i1y

r3
I2i2

þ � � � þ AI1I2
r1r2 . . .

Iq�1

rq�1iq y
r1
I1i1y

r3
I2i2 . . .y

rq�1

Iq�1iq�1

þ AI1I2
r1r2 . . .

Iq
rqy

r1
I1i1y

r3
I2i2 . . .y

rq
IqiqÞdxi1 ^ dxi2 ^ � � � ^ dxiq ;

ð103Þ

where jI1j; jI2j; . . .; jIq�1j ¼ r and the coefficients AI1
r1i2i3...iq ; A

I1I2
r1r2i3i4...iq ; . . .;

AI1I2
r1r2 . . .

Iq�1

rq�1 iq are traceless. Then,

Ai1i2...iq þ AI1
r1i2i3...iq y

r1
I1i1 þ AI1I2

r1r2i3i4...iqy
r1
I1i1y

r3
I2i2

þ � � � þ AI1I2
r1r2 . . .

Iq�1
rq�1 iqy

r1
I1i1y

r3
I2i2 . . .y

rq�1

Iq�1iq�1

þ AI1I2
r1r2 . . .

Iq
rqy

r1
I1i1y

r3
I2i2 . . .y

rq
Iqiq ¼ 0 Altði1i2. . .iqÞ:

ð104Þ

But the expressions on the left-hand sides of these equations are polynomial in the
variables yvK with jKj ¼ r þ 1, so the corresponding homogeneous components in

(104) must vanish separately. Then, we have Ai1i2...iq ¼ 0, AI1I2
r1r2 . . .

Iq
rq ¼ 0, and

AI1
r1i2i3...iqd

l1
i1 ¼ 0 Altði1i2. . .iqÞ SymðI1l1Þ;

AI1I2
r1r2i3i4...iqd

l1
i1d

l2
i2 ¼ 0 Altði1i2. . .iqÞ SymðI1l1Þ SymðI2l2Þ;

. . .

AI1I2
r1r2

. . .
Iq�1

rq�1iqd
l1
i1d

l2
i2 . . .d

lq�1

iq�1
¼ 0 Altði1i2. . .iqÞ SymðI1l1Þ

SymðI2l2Þ . . .SymðIq�1lq�1Þ:

ð105Þ

However, since the coefficients AI1
r1 i2i3...iq ;A

I1I2
r1r2i3i4...iq ; . . .;A

I1I2
r1r2

. . .
Iq�1

rq�1 iq are traceless,
they must vanish identically (see Appendix 9, Theorem 4). Thus, we have in (103)

Ai1i2...iq ¼ 0; AI1
r1i2i3...iq ¼ 0; AI1I2

r1r2i3i4...iq ¼ 0;

. . .; AI1I2
r1r2 . . .

Iq�1

rq�1iq ¼ 0; AI1I2
r1r2 . . .

Iq
rq ¼ 0

ð106Þ

and hence, hq0 ¼ 0. Thus q ¼ q0, and to close the proof, we just write this result for
q ¼ 1 and q[ 1 separately. h
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Corollary 1 If 0� q� n, then a q-form belongs to the kernel of the horizontal-
ization h if and only if it is a contact form.

Corollary 2 Let W � Y be an open set, q 2 Xr
qW a q-form such that 2� q� n,

and let ðV ;wÞ, w ¼ ðxi; yrÞ, be a fibered chart such that V � W. Then, the form q
satisfies the condition hq ¼ 0 if and only if its chart expression is of the form

q ¼
X

0� jJj � r�1

xr
J ^ UJ

r þ
X

jIj¼r�1

dðxr
I ^WI

rÞ; ð107Þ

where UJ
r are ðq� 1Þ-forms and WI

r are ðq� 2Þ-forms) on Vr, which do not
contain xr

J , 0� jJj � r � 1.

Proof We write (102) as

q ¼
X

0� jJj � r�1

xr
J ^ UJ

r �
X

jIj¼r�1

xr
I ^ dWI

r þ
X

0� jIj � r�1

dðxr
I ^WI

rÞ: ð108Þ

h

The image of the horizontalization h is characterized as follows.

Lemma 5 Let q 2 Xr
qW be a form.

(a) If q ¼ 0, then hq ¼ ðprþ1;rÞ*q:
(b) If 1� q� n, then

hq ¼ hq0: ð109Þ

(c) If q� nþ 1, then hq ¼ hq0 ¼ 0:

Proof This assertion is an immediate consequence of the definition of the hori-
zontalization h. h

2.4 The Canonical Decomposition

Beside the horizontalization of q-forms Xr
qW , introduced in Sects. 2.1 and 2.3, the

vector bundle morphism h: TJrþ1Y ! TJrY also induces a decomposition of the
modules of q-forms Xr

qW . Let q 2 Xr
qW be a q-form, where q� 1, Jrþ1

x c 2 Wrþ1 a

point. Consider the pullback ðprþ1;rÞ*q and the value ðprþ1;rÞ*qðJrþ1
x cÞ

ðn1; n2; . . .; nqÞ on any tangent vectors n1, n2, . . ., nq of Jrþ1Y at the point Jrþ1
x c.

Write for each l,

Tprþ1 � nl ¼ hnl þ pnl; ð110Þ
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and substitute these vectors in the pullback ðprþ1;rÞ*q. We get

ðprþ1;rÞ*qðJrþ1
x cÞðn1; n2; . . .; nqÞ

¼ qðJrxcÞðhn1 þ pn1; hn2 þ pn2; . . .; hnq þ pnqÞ:
ð111Þ

We study in this section, for each k ¼ 0; 1; 2; . . .; q, the summands on the right-
hand side, homogeneous of degree k in the contact components pnl of the vectors nl,
and describe the corresponding decomposition of the form ðprþ1;rÞ*q. Using
properties of q, we set

pkqðJrþ1
x cÞðn1; n2; . . .; nqÞ

¼
X

ej1j2...jk jkþ1...jqqðJrxcÞðpnj1 ; pnj2 ; . . .; pnjk ; hnjkþ1
; hnjkþ2

; . . .; hnjqÞ;
ð112Þ

where the summation is understood through all sequences j1\j2\ � � �\jk and
jkþ1\jkþ2\ � � �\jq. Equivalently, pkqðJrþ1

x cÞ can also be defined by

pkqðJrþ1
x cÞðn1; n2; . . .; nqÞ

¼ 1
k!ðq� kÞ! e

j1j2...jk jkþ1...jqqðJrxcÞðpnj1 ; pnj2 ; . . .; pnjk ; hnjkþ1
; . . .; hnjqÞ

ð113Þ

(summation through all values of the indices j1; j2; . . .; jk; jkþ1; . . .; jq).
Note that if k ¼ 0, then p0q coincides with the horizontal component of q,

defined in Sect. 2.1, (5),

p0q ¼ hq: ð114Þ

We also introduce the notation

pq ¼ p1qþ p2qþ � � � þ pqq: ð115Þ

These definitions can be extended to 0-forms (functions). Since for a function
f : Wr ! R, hf was defined to be ðprþ1;rÞ*f , we set

pf ¼ 0: ð116Þ

With this notation, any q-form q 2 Xr
qW , where q� 0, can be expressed as

ðprþ1;rÞ*q ¼ hqþ pq, or

ðprþ1;rÞ*q ¼ hqþ p1qþ p2qþ � � � þ pqq: ð117Þ

This formula will be referred to as the canonical decomposition of the form q
(however, the decomposition concerns rather the pullback ðprþ1;rÞ*q than q itself).
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Lemma 6 Let q� 1, and let q 2 Xr
qW be a q-form. In any fibered chart ðV ;wÞ,

w ¼ ðxi; yrÞ, such that V � W , pkq has a chart expression

pkq ¼
X

0� jJ1j;jJ2j;...;jJk j � r

PJ1J2
r1r2 . . .

Jk
rk ikþ1ikþ2...iqx

r1
J1 ^ xr2

J2 ^ � � � ^ xrk
Jk

^ dxikþ1 ^ dxikþ2 ^ � � � ^ dxiq ;
ð118Þ

where the components PJ1J2
r1r2 . . .

Jk
rk ikþ1ikþ2...iq are real-valued functions on the set

Vr � Wr.

Proof We express the pullback ðprþ1;rÞ*q in the contact basis on Wrþ1. Write in a
fibered chart

q ¼ dxi ^ Ui þ
X

0\jJj\r�1

xr
J ^WJ

r þ
X
jIj¼r

dyrI ^HI
r ð119Þ

for some ðq� 1Þ-forms Ui, WJ
r, and HI

r. But dy
r
I ¼ xr

I þ yrIidx
i, and hence,

ðprþ1;rÞ*q ¼ dxi ^ ðprþ1;rÞ*Ui þ
X
jIj¼r

yrIiðprþ1;rÞ*HI
r

0
@

1
A

þ
X

0\jJj\r�1

xr
J ^ ðprþ1;rÞ*WJ

r þ
X
jIj¼r

xr
I ^ ðprþ1;rÞ*HI

r:

ð120Þ

Thus, the pullback ðprþ1;rÞ*q is generated by the form dxi, xr
I , where 0\jJj\r �

1 and xr
I , jIj ¼ r. The same decomposition can be applied to the ðq� 1Þ-forms Ui,

WJ
r, and HI

r. Consequently, ðprþ1;rÞ*q has an expression

ðprþ1;rÞ*q ¼ q0 þ q1 þ q2 þ � � � þ qq; ð121Þ

where

q0 ¼ Ai1i2...iqdx
i1 ^ dxi2 ^ � � � ^ dxiq ;

qk ¼
X

0� jJ1j;jJ2j;...;jJk j � r

BJ1J2
r1r2

. . .Jkrk ikþ1ikþ2...iqx
r1
J1 ^ xr2

J2 ^ � � � ^ xrk
Jk

^ dxikþ1 ^ dxikþ2 ^ � � � ^ dxiq ; 1� k� q� 1;

qq ¼
X

0� jJ1j;jJ2j;...;jJqj � r

BJ1J2
r1r2

. . .
Jq
rqiqx

r1
J1 ^ xr3

J2 ^ � � � ^ xrq
Jq :

ð122Þ

Theorem 1, Sect. 2.1, implies that the decomposition (121) is invariant.
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We prove that qk ¼ pkq. It is sufficient to determine the chart expression of pkq.
Let n be a tangent vector,

n ¼ ni
@

@xi

� �
Jrþ1
x c

þ
Xrþ1

k¼0

X
j1 � j2 � ��� � jk

Nr
j1j2...jk

@

@yrj1j2...jk

 !
Jrþ1
x c

: ð123Þ

From Sect. 1.5, (62)

hn ¼ ni
@

@xi

� �
Jrxc
þ
Xr
k¼0

X
j1 � j2 � ��� � jk

yrj1j2...jk i
@

@yrj1j2...jk

 !
Jrxc

0
@

1
A; ð124Þ

and

pn ¼
Xr
k¼0

X
j1 � j2 � ��� � jk

ðNr
j1j2...jk � yrj1j2...jk in

iÞ @

@yrj1j2...jk

 !
Jrxc

: ð125Þ

If hn ¼ 0, then ni ¼ 0, and we have

pn ¼
Xr
k¼0

X
j1 � j2 � ��� � jk

Nr
j1j2...jk

@

@yrj1j2...jk

 !
Jrxc

: ð126Þ

If pn ¼ 0, then Nr
j1j2...jk ¼ yrj1j2...jk in

i, and hence,

hn ¼ ni
@

@xi

� �
Jrxc
þ
Xr
k¼0

X
j1 � j2 � ��� � jk

yrj1j2...jk i
@

@yrj1j2...jk

 !
Jrxc

0
@

1
A: ð127Þ

We substitute from these formulas to expression (112). Consider the expression
pkqðJrþ1

x cÞðn1; n2; . . .; nqÞ for n1; n2; . . .; nq such that hn1 ¼ 0; hn2 ¼ 0; . . .; hnk ¼
0 and pnkþ1 ¼ 0; pn2 ¼ 0; . . .; pnq ¼ 0. Then, (112) reduces to

pkqðJrþ1
x cÞðn1; n2; . . .; nqÞ

¼ qðJrxcÞðpn1; pn2; . . .; pnk; hnkþ1; hnkþ2; . . .; hnqÞ:
ð128Þ
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Writing

pnl ¼
Xr
k¼0

X
j1 � j2 � ��� � jk

ðlÞNr
j1j2...jk

@

@yrj1j2...jk

 !
Jrxc

; 1� l� k;

hnl ¼ ðlÞni
@

@xi

� �
Jrxc
þ
Xr
k¼0

X
j1 � j2 � ��� � jk

yrj1j2...jk i
@

@yrj1j2...jk

 !
Jrxc

0
@

1
A;

k þ 1� l� q;

ð129Þ

with l indexing the vectors nl, and substituting into (128), we get

pkqðJrþ1
x cÞðn1; n2; . . .; nk; nkþ1; nkþ2; . . .; nqÞ;

¼ CI1I2
r1r2 . . .

Ik
rk ikþ1ikþ2...iq

1Nr1
I1

2Nr2
I2 . . .

kNrk
Ik

kþ1nikþ1 kþ2nikþ2 . . .qniq :
ð130Þ

But

lNr
I ¼ xr

I ðJrþ1
x cÞ � nl; lni ¼ dxiðJrþ1

x cÞ � nl ð131Þ

Therefore, pkqðJrþ1
x cÞ must be of the form (118). h

Formula (118) implies that for any k� 1, the form pkq is contact; pkq is called
the k-contact component of the form q.

If ðprþ1;rÞ*q ¼ pkq or, equivalently, if pjq ¼ 0 for all j 6¼ k, then we say that q is
k-contact, and k is the degree of contactness of q. The degree of contactness of the
q-form q ¼ 0 is equal to k for every k ¼ 0; 1; 2; . . .; q. We say that q is of degree of
contactness � k, if p0q ¼ 0; p1q ¼ 0; . . .; pk�1q ¼ 0. If k ¼ 0, then the 0-contact
form p0q ¼ hq is prþ1;r-horizontal. The mapping Xr

qW 3 q ! hq 2 Xrþ1
q W is

called the horizontalization.
The following observation is immediate.

Lemma 7 If q� k[ n, then

hq ¼ 0;

p1q ¼ 0; p2q ¼ 0; . . .; pq�n�1 ¼ 0:
ð132Þ

Proof Expression qðJrxcÞðpnj1 ; pnj2 ; . . .; pnjk ; hnjkþ1
; hnjkþ2

; . . .; hnjqÞ in (113) is a
ðq� kÞ-linear function of vectors fjkþ1

¼ Tprþ1 � njkþ1
; fjkþ2

¼ Tprþ1 � njkþ2
; . . .; fjq

¼ Tprþ1 � njq , belonging to the tangent space TxX. Consequently, if
q� k[ n ¼ dimX, then the skew symmetry of the form pkqðJrþ1

x c implies
pkqðJrþ1

x cÞðn1; n2; . . .; nqÞ ¼ 0. h
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To complete the local description of the decomposition (117), we express the
components PJ1J2

r1r2
. . .Jkrk ikþ1ikþ2...iq (118) of the k-contact components pkq in terms of

the components of q.

Lemma 8 Let W be an open set in Y, q an integer, g 2 Xr
qW a form, and let ðV ;wÞ,

w ¼ ðxi; yrÞ, be a fibered chart on Y such that V � W. Assume that g has on Vr a
chart expression

g ¼
Xq
s¼0

1
s!ðq� sÞ!A

I1I2
r1r2 . . .

Is
rs isþ1isþ2...iqdy

r1
I1 ^ dyr2I2 ^ � � � ^ dyrsIs

^ dxisþ1 ^ dxisþ2 ^ � � � ^ dxiq ;

ð133Þ

with multi-indices I1; I2; . . .; Is of length r. Then, the k-contact component pkg of g
has on Vrþ1 a chart expression

pkg ¼ 1
k!ðq� kÞ!B

I1I1
r1r1

. . . Ikrk ikþ1ikþ2...iqx
r1
I1 ^ xr2

I2 ^ � � � ^ xrk
Ik

^ dxikþ1 ^ dxikþ2 ^ � � � ^ dxiq ;
ð134Þ

where

BI1I2
r1r2 . . .

Ik
rk ikþ1ikþ2...iq

¼
Xq
s¼k

q� k
q� s
� �

AI1I2
r1r2 . . .

Ik
rk

Ikþ1
rkþ1

Ikþ2
rkþ2

. . .Isrs isþ1isþ2...iqy
rkþ1
Ikþ1ikþ1

yrkþ2
Ikþ2ikþ2

. . .yrsIsis

Altðikþ1ikþ2. . .isisþ1. . .iqÞ:

ð135Þ

Proof To derive the formula (134), we pullback the form g to Vrþ1 and express the
form ðprþ1;rÞ*W in terms of the contact basis; in the multi-index notation, the
transformation equations are

dxi ¼ dxi; dyrI ¼ xr
I þ yrIidx

i; jIj ¼ r ð136Þ

(Sect. 2.1, Theorem 1, (a)). Thus, we set in (133) dyrlIl ¼ xrl
Il þ yrlIl il dx

il and consider
the terms in (133) such that s� 1. Then, the pullback of the form dyr1I1 ^ dyr2I2 ^
� � � ^ dyrsIs by prþ1;r is equal to

ðxr1
I1 þ yr1I1i1dx

i1Þ ^ ðxr2
I2 þ yr2I2i2dx

i2Þ ^ � � � ^ ðxrs
Is þ yrsIsisdx

isÞ: ð137Þ

Collecting together all terms homogeneous of degree k in the contact 1-forms xrl
Il ,

we get s
k

� �
summands with exactly k entries the contact 1-forms xrl

Il . Thus, using

symmetry properties of the components AI1I1
r1r1 . . .

Is
rsisþ1isþ2...iq in (133) and
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interchanging multi-indices, we get the terms containing k entries xrl
Il , for fixed

s and each k ¼ 1; 2; . . .; s,

1
s!ðq� sÞ!

s
k

� �
AI1I2
r1r2

. . .Isrsisþ1isþ2...iqy
rkþ1
Ikþ1ikþ1

yrkþ2
Ikþ2ikþ2

. . .yrsIsisx
r1
I1 ^ xr2

I2 ^ � � � ^ xrk
Ik

^ dxikþ1 ^ dxikþ2 ^ � � � ^ dxis ^ dxisþ1 ^ dxisþ2 ^ � � � ^ dxiq : ð138Þ

Writing the factor as

1
s!ðq� sÞ!

s
k

� �
¼ 1

k!ðq� kÞ!
q� k
q� s
� �

; ð139Þ

we can express (138) as

1
k!ðq� kÞ!

q� k
q� s
� �

AI1I2
r1r2 . . .

Is
rs isþ1isþ2...iqy

rkþ1
Ikþ1ikþ1

yrkþ2
Ikþ2ikþ2

. . .yrsIsisx
r1
I1 ^ xr2

I2

^ � � � ^ xrk
Ik ^ dxikþ1 ^ dxikþ2 ^ � � � ^ dxis ^ dxisþ1 ^ dxisþ2 ^ � � � ^ dxiq :

ð140Þ

Formula (138) is valid for each s ¼ 1; 2; . . .; q and each k ¼ 1; 2; . . .; s and
includes summation through all these terms to get expression (133). The summation
through the pairs ðs; kÞ is given by the table

ð141Þ

It will be convenient to pass to the summation over the same written in the opposite
order. The summation through the pairs ðk; sÞ is expressed by the table

ð142Þ

Now, we can substitute from (140) back to (133). We have, with multi-indices of
length r,

g ¼ 1
q!
Ai1i2...iqdx

i1 ^ dxi2 ^ � � � ^ dxiq

þ
Xq
s¼1

Xs
k¼1

1
k!ðq� kÞ!

q� k
q� s
� �

AI1I2
r1r2

. . .Isrs isþ1isþ2...iqy
rkþ1
Ikþ1ikþ1

yrkþ2
Ikþ2ikþ2

. . .yrsIsis

� xr1
I1 ^ xr2

I2 ^ � � � ^ xrk
Ik ^ dxikþ1 ^ dxikþ2 ^ � � � ^ dxis ^ dxisþ1 ^ � � � ^ dxiq

ð143Þ
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hence,

pkg ¼ 1
q!
Ai1i2...iqdx

i1 ^ dxi2 ^ � � � ^ dxiq

þ
Xq
k¼1

1
k!ðq� kÞ!

Xq
s¼k

q� k
q� s
� �

AI1I2
r1r2 . . .

Is
rs isþ1isþ2...iq y

rkþ1
Ikþ1ikþ1

yrkþ2
Ikþ2ikþ2

. . .yrsIsis

 !

� xr1
I1 ^ xr2

I2 ^ � � � ^ xrk
Ik ^ dxikþ1 ^ dxikþ2 ^ � � � ^ dxiq : ð144Þ

This proves the formulas (134) and (135). h

Remark 5 Formulas (133) and (134) are not invariant; the transformation properties
of the components are determined in Sect. 2.1, Theorem 1, (b).

Lemma 8 can now be easily extended to general q-forms. It is sufficient to
consider the case of q-forms generated by p-forms xm1

J1 ^ xm2
J2 ^ � � � ^ xmp

Jp with fixed
p, 1� p� q� p. The proof then consists in a formal application of Lemma 8.

Theorem 8 Let W be an open set in Y, q a positive integer, and q 2 Xr
qW a q-form,

and let ðV ;wÞ, w ¼ ðxi; yrÞ, be a fibered chart on Y such that V � W. Assume that
q has on Vr a chart expression

q ¼
Xq�p

s¼0

1
s!ðq� p� sÞ!A

J1J2
m1m2

. . .JpI1I2mpr1r2
. . .Isrs isþ1isþ2...iq�p

xm1
J1 ^ xm2

J2 ^ � � � ^ xmp
Jp

^ dyr1I1 ^ dyr2I2 ^ � � � ^ dyrsIs ^ dxisþ1 ^ dxisþ2 ^ � � � ^ dxiq�p ;

ð145Þ

with multi-indices J1; J2; . . .; Jp of length r � 1 and multi-indices I1; I2; . . .; Is of
length r. Then, the k-contact component pkq of q has on Vrþ1 the chart expression

pkq ¼ 1
ðk � pÞ!ðq� p� kÞ!B

J1J2
m1m2

. . .JpI1I1mpr1r1
. . .

Ik�p

rk�p ik�pþ1ik�pþ2...iq�p
xm1

J1 ^ xm2
J2

^ � � � ^ x
mp
Jp ^ xr1

I1 ^ xr2
I2 ^ � � � ^ x

rk�p

Ik�p
^ dxik�pþ1 ^ dxik�pþ2 ^ � � � ^ dxiq�p ;

ð146Þ

where

BJ1J2
m1m2 . . .

JpI1I1
mpr1r1 . . .

Ik�p

rk�p ik�pþ1ik�pþ2...iq�p

¼
Xq�p

s¼k�p

q� k
q� p� s
� �

AJ1J2
m1m2 . . .

JpI1I2
mpr1r2 . . .

Ik�pIk�pþ1Ik�pþ2
rk�prk�pþ1rk�pþ2

. . .Isrsisþ1isþ2...iq�p

� yrk�pþ1
Ik�pþ1ik�pþ1

yrk�pþ2
Ik�pþ2ik�pþ2

. . .yrsIsis Altðik�pþ1ik�pþ2. . .isisþ1. . .iq�pÞ:

ð147Þ
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Proof q can be expressed as

q ¼ xm1
J1 ^ xm2

J2 ^ � � � ^ xmp
Jp ^ gJ1J2m1m2 . . .

Jp
mp ; ð148Þ

where

gJ1J2m1m2 . . .
Jp
mp ¼

Xq�p

s¼0

1
s!ðq� p� sÞ!A

J1J2
m1m2 . . .

JpI1I2
mpr1r2 . . .

Is
rsisþ1isþ2...iq�p

^ dyr1I1 ^ dyr2I2 ^ � � � ^ dyrsIs ^ dxisþ1 ^ dxisþ2 ^ � � � ^ dxiq�p :

ð149Þ

We can apply to gJ1J2m1m2
. . .

Jp
mp formula (134). Replacing q with q� p and k with k � p,

pk�pg
J1J2
m1m2

. . .Jpmp ¼
1

ðk � pÞ!ðq� p� kÞ!B
J1J2
m1m2

. . .JpI1I1mpr1r1
. . .

Ik�p

rk�pik�pþ1ik�pþ2...iq�p

� xr1
I1 ^ xr2

I2 ^ � � � ^ xrk�p

Ik�p
^ dxik�pþ1 ^ dxik�pþ2 ^ � � � ^ dxiq�p ;

ð150Þ

where

BJ1J2
m1m2

. . .JpI1I1mpr1r1
. . .

Ik�p

rk�p ik�pþ1ik�pþ2...iq�p

¼
Xq�p

s¼k�p

q� k
q� p� s
� �

AJ1J2
m1m2

. . .JpI1I2mpr1r2
. . .Ik�pIk�pþ1Ik�pþ2

rk�prk�pþ1rk�pþ2
. . .Isrs isþ1isþ2...iq�p

� yrk�pþ1

Ik�pþ1ik�pþ1
yrk�pþ2

Ik�pþ2ik�pþ2
. . .yrsIsis Altðik�pþ1ik�pþ2. . .isisþ1. . .iq�pÞ:

ð151Þ

h

The following two corollaries are immediate consequences of Theorem 8 and
Sect. 2.1, Theorem 1. The first one shows that the operators pk behave like projector
operators in linear algebra. The second one is a consequence of the identity
dðprþ1;rÞ*q ¼ ðprþ1;rÞ*dq for the exterior derivative operator, the canonical
decomposition of forms on jet manifolds, applied to both sides, as well as the formula

dxm
J ¼ �xm

Jj ^ dx j: ð152Þ

Corollary 1 For any k and l,

pkplq ¼ ðprþ2;rþ1Þ*pkq; k ¼ l;
0; k 6¼ l:

	
ð153Þ

Corollary 2 For every k� 1,

ðprþ2;rþ1Þ*pkq ¼ pkdpk�1qþ pkdkq: ð154Þ
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Remark 6 According to Sect. 2.3, Theorem 5, the horizontalization h: XrW !
Xrþ1W is a morphism of exterior algebras. On the other hand, if k is a positive
integer, then the mapping pk: X

rW ! Xrþ1W satisfies

pkðqþ gÞ ¼ pkqþ pkg; pkðfqÞ ¼ ðf � prþ1;rÞpkq ð155Þ

for all q, g, and f. However, pk: X
rW ! Xrþ1W are not morphisms of exterior

algebras.

2.5 Contact Components and Geometric Operations

In this section, we summarize some properties of the contact components and the
differential-geometric operations acting on forms, such as the wedge product ^, the
contraction if of a form by a vector f, and the Lie derivative on by a vector field n.

Theorem 9 Let W be an open set in Y.

(a) For any two forms q and g on Wr � JrY ,

pkðq ^ gÞ ¼
X
iþj¼k

pkq ^ pkg: ð156Þ

(b) For any form q and any prþ1-vertical, prþ1;r-projectable vector field N on
Wrþ1, with prþ1;r-projection n,

iNpkq ¼ pk�1inq: ð157Þ

(c) For any form q and any automorphism a of Y, defined on W,

pkðJra*qÞ ¼ Jrþ1a*pkq: ð158Þ

(d) For any form q and any p-projectable vector field on Y on W

pkðoJrNqÞ ¼ oJrþ1Npkq: ð159Þ

Proof

(a) The exterior product ðprþ1;rÞ*ðq ^ gÞ commutes with the pullback, so we have
ðprþ1;rÞ*ðq ^ gÞ ¼ ðprþ1;rÞ*q ^ ðprþ1;rÞ*g. Applying the trace decomposition
formula (Sect. 2.2, Theorem 3) to ðprþ1;rÞ*q and ðprþ1;rÞ*g, and comparing the
k-contact components on both sides, we obtain formula (156).
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(b) To prove formula (157), we use the definition of the k-contact component of a
form (Sect. 2.4, (112)) and the identity pNðJrþ1

x cÞ ¼ nðJrxcÞ (Sect. 1.5,
Remark 2). Set n1 ¼ NðJrþ1

x cÞ. Then, hn1 ¼ 0 and pn1 ¼ nðJrxcÞ. By definition,
iNpkqðJrþ1

x cÞðn2; n3; . . .; nqÞ
¼ pkqðJrþ1

x cÞðNðJrþ1
x cÞ; n2; n3; . . .; nqÞ

¼ pkqðJrþ1
x cÞðn1; n2; n3; . . .; nqÞ

¼
X

ej1j2...jk jkþ1...jqqðJrxcÞðpnj1 ; pnj2 ; . . .; pnjk ; hnjkþ1
; hnjkþ2

; . . .; hnjqÞ

ð160Þ

with summation through the sequences j1\j2\ � � �\jk, jkþ1\jkþ2\ � � �\jq
(Sect. 2.4, (112)). On the other hand,

pk�1inqðJrþ1
x cÞðn2; n3; . . .; nqÞ

¼
X

ei2i3...ik ikþ1...jq inqðJrxcÞðpni2 ; pni3 ; . . .; pnik ; hnikþ1
; hnikþ2

; . . .; hniqÞ
¼
X

ei2i3...ik ikþ1...jqqðJrxcÞðpn1; pni2 ; pni3 ; . . .; pnik ; hnikþ1
; hnikþ2

; . . .; hniqÞ
ð161Þ

(summation through i2\i3\ � � �\ik , ikþ1\ikþ2\ � � �\iq). Since hn1 ¼ 0,
the summation in (161) can be extended to the sequences 1\i2\i3\ � � �\ik
and 1\ikþ1\ikþ2\ � � �\iq, and therefore, (161) coincides with (160).

(c) Formula (158) follows from the commutativity of the r-jet prolongation of
automorphisms of the fibered manifold Y and the canonical jet projections,
ðprþ1;rÞ*Jra*q ¼ Jr�1a*ðprþ1;rÞ*q, and from the property of the contact 1-
forms xm

i1i2...ip

Jra*xr
j1j2...jk ¼

X
i\i2\���\ip

@ðyrj1j2...jk � JraÞ
@ymi1i2...ip

xm
i1i2...ip ð162Þ

(Sect. 2.1, Theorem 1, (c)).
(d) Formula (159) is an immediate consequence of (162). h

Remark 7 If k ¼ 0, (156) reduces to the condition hðq ^ gÞ ¼ hðqÞ ^ hðgÞ, stating
that h is a homomorphism of exterior algebras (Sect. 2.3, Theorem 5).

2.6 Strongly Contact Forms

Let q 2 Xr
qW be a q-form such that nþ 1� q� dim JrY . Since hq ¼ 0 and also

p1q ¼ 0; p2q ¼ 0; . . .; pq�n�1q ¼ 0 (Sect. 2.4, Theorem 8), q is always contact, and
its canonical decomposition has the form
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ðprþ1;rÞ*q ¼ pq�nqþ pq�nþ1qþ � � � þ pqq: ð163Þ

We introduce by induction a class of q-forms, imposing a condition on the contact
component pq�nq. If q ¼ nþ 1, then we say that q is strongly contact, if for every
point y0 2 W there exist a fibered chart ðV ;wÞ, w ¼ ðxi; yrÞ, at y0 and a contact n-
form s, defined on Vr, such that

p1ðq� dsÞ ¼ 0: ð164Þ

If q[ nþ 1, then we say that q is strongly contact, if for every y0 2 W there exist
ðV ;wÞ, w ¼ ðxi; yrÞ, at y0 and a strongly contact n-form s, defined on Vr, such that

pq�nðq� dsÞ ¼ 0: ð165Þ

Lemma 9 The following conditions are equivalent:

(a) q is strongly contact.
(b) There exist a q-form g and a ðq� 1Þ-form s such that

q ¼ gþ ds; pq�ng ¼ 0; pq�n�1s ¼ 0: ð166Þ

Proof If q is strongly contact and we have s such that (165) holds, then we set
g ¼ q� ds. The converse is obvious. h

In view of part (b) of Lemma 9, to study the properties of strongly contact forms,
we need the chart expressions of the q-forms pq�nq and pq�n�1s ¼ 0. We also need,
in particular, the chart expressions of the forms q whose ðq� nÞ-contact component
vanishes,

pq�nq ¼ 0: ð167Þ

To this purpose, we use the contact basis. The formulas as well as the proof the
subsequent theorem are based on the complete trace decomposition theory and are
technically tedious because we cannot avoid extensive index notation. We write

q ¼
X

AJ1J2
m1m2

. . .JpIpþ1Ipþ2
mprpþ1rpþ2

. . .
Ipþs

rpþs ipþsþ1ipþsþ2...iqx
m1
J1 ^ xm2

J2 ^ � � � ^ xmp
Jp

^ dyrpþ1

Ipþ1
^ dyrpþ2

Ipþ2
^ � � � ^ dyrpþs

Ipþs
^ dxipþsþ1 ^ dxipþsþ2 ^ � � � ^ dxiq ;

ð168Þ

where summation is taking place through the multi-indices J1; J2; . . .; Jp of length less
or equal to r � 1 and the multi-indices Ipþ1; Ipþ2; . . .; Ipþs of length equal to r.
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Applying the trace decomposition theorem (Appendix 9, Theorem 1) as many times as
necessary, we can write

q ¼
X

BJ1J2
m1m2 . . .

JlKlþ1Klþ2
mljlþ1jlþ2

. . .KlþpIlþpþ1Ilþpþ2
jlþprlþpþ1rlþpþ2

. . .
Ilþpþs

rlþpþsilþpþsþ1ilþpþsþ2...iQ

� xm1
J1 ^ xm2

J2 ^ � � � ^ xml
Jl ^ dxjlþ1

Klþ1
^ dxjlþ2

Klþ2
^ � � � ^ dxjlþp

Klþp

^ dyrlþpþ1
Ilþpþ1

^ dyrlþpþ2
Ilþpþ2

^ � � � ^ dyrlþpþs

Ilþpþs

^ dxilþpþsþ1 ^ dxilþpþsþ2 ^ � � � ^ dxiQ ;

ð169Þ

where

0� J1j j; J2j j; . . .; Jlj j � r � 1;
Klþ1j j; Klþ2j j; . . .; Klþp



 

 ¼ r � 1;
Ilþpþ1


 

; Ilþpþ2



 

; . . .; Ilþpþs



 

 ¼ r;
ð170Þ

and the coefficients are traceless. The number Q in (169) is not the degree of q; it is
related to the degree q by lþ 2pþ sþ Q� l� p� s ¼ q, that is,

pþ Q ¼ q: ð171Þ

Theorem 10 Let W � Y be an open set, q an integer such that
nþ 1� q� dim JrY, and g 2 Xr

qW a form, and let ðV ;wÞ, w ¼ ðxi; yrÞ, be a
fibered chart such that V � W. Then, pq�ng ¼ 0 if and only if

g ¼
X

q�nþ1� lþp

xr1
J1 ^ xr2

J2 ^ � � � ^ xrl
Jl ^ dxm1

I1 ^ dxm2
I2 ^ � � � ^ dxmp

Ip

^ UJ1J2
r1r2 . . .

JlI1I2
rlm1m2 . . .

Ip
mp ;

ð172Þ

where UJ1J2
r1r2 . . .

JlI1I2
rlm1m2 . . .

Ip
mp are some ðq� l� 2pÞ-forms on Vr and the multi-indices

satisfy 0� jJ1j; jJ2j; . . .; jJlj � r � 1, jI1j; jI2j; . . .; jIpj ¼ r � 1.

Proof Expression (169) for g can be written as Vrþ1, where

g0 ¼
X

lþp� q�n

BJ1J2
m11m2

. . .JlKlþ1Klþ2
mljlþ1jlþ2

. . .KlþpIlþpþ1Ilþpþ2
jlþprlþpþ1rlþpþ2

. . .
Ilþpþs

rlþpþsilþpþsþ1ilþpþsþ2...iQ

� xm1
J1 ^ xm2

J2 ^ � � � ^ xml
Jl ^ dxjlþ1

Klþ1
^ dxKlþ2

jlþ2
^ � � � ^ dxKlþp

jlþp

^ dyrlþpþ1

Ilþpþ1
^ dyrlþpþ2

Ilþpþ2
^ � � � ^ dyrlþpþs

Ilþpþs
^ dxilþpþsþ1 ^ dxilþpþsþ2 ^ � � � ^ dxiQ

ð173Þ
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and

g1 ¼
X

lþp\q�n

BJ1J2
m11m2

. . .JlKlþ1Klþ2
mljlþ1jlþ2

. . .KlþpIlþpþ1Ilþpþ2
jlþprlþpþ1rlþpþ2

. . .
Ilþpþs

rlþpþsilþpþsþ1ilþpþsþ2...iQ

� xm1
J1 ^ xm2

J2 ^ � � � ^ xml
Jl ^ dxjlþ1

Klþ1
^ dxKlþ2

jlþ2
^ � � � ^ dxKlþp

jlþp

^ dyrlþpþ1

Ilþpþ1
^ dyrlþpþ2

Ilþpþ2
^ � � � ^ dyrlþpþs

Ilþpþs
^ dxilþpþsþ1 ^ dxilþpþsþ2 ^ � � � ^ dxiQ :

ð174Þ

We want to show that the condition pq�ng ¼ 0 implies g1 ¼ 0.
To determine pq�ng1, we need the pullback ðprþ1;rÞ*g1; this can be obtained by

replacing dyrI with

dyrI ¼ xr
I þ yrIidx

i: ð175Þ

Then, the corresponding expressions on the right-hand side of the formula (174)
arise by substitution

dyrlþpþ1

Ilþpþ1
^ dyrlþpþ2

Ilþpþ2
^ � � � ^ dyrlþpþs

Ilþpþs

¼ x
rlþpþ1
Ilþpþ1

þ yrlþpþ1
Ilþpþ1ilþpþ1

dxilþpþ1

� �
^ x

rlþpþ2
Ilþpþ2

þ yrlþpþ2
Ilþpþ2ilþpþ2

dxilþpþ2

� �
^ � � � ^ x

rlþpþs

Ilþpþs
þ yrlþpþs

Ilþpþsilþpþs
dxilþpþs

� �
:

ð176Þ

Computing the right-hand side, we obtain

dyrlþpþ1

Ilþpþ1
^ dyrlþpþ2

Ilþpþ2
^ � � � ^ dyrlþpþs

Ilþpþs
¼ xrlþpþ1

Ilþpþ1
^ xrlþpþ2

Ilþpþ2
^ � � � ^ xrlþpþs

Ilþpþs

þ syrlþpþs

Ilþpþsilþpþs
xrlþpþ1

Ilþpþ1
^ xrlþpþ2

Ilþpþ2
^ � � � ^ xrlþpþs�1

Ilþpþs�1
^ dxilþpþs

þ s
2

� �
yrlþpþs�1

Ilþpþs�1ilþpþs�1
yrlþpþs

Ilþpþsilþpþs
xrlþpþ1

Ilþpþ1
^ xrlþpþ2

Ilþpþ2

^ � � � ^ xrlþpþs�2

lþpþs�2 ^ dxilþpþs�1 ^ dxilþpþs

þ � � � þ syrlþpþ2

Ilþpþ2ilþpþ2
. . .yrlþpþs�1

Ilþpþs�1ilþpþs�1
yrlþpþs

Ilþpþsilþpþs
xrlþpþ1

Ilþpþ1

^ dxilþpþ2 ^ � � � ^ dxilþpþs�1 ^ dxilþpþs

þ yrlþpþ1

Ilþpþ1ilþpþ1
. . .yrlþpþs�1

Ilþpþs�1ilþpþs�1
yrlþpþs

Ilþpþsilþpþs
dxilþpþ1 ^ � � � ^ dxilþpþs�1 ^ dxilþpþs :

ð177Þ

Now, consider a fixed summand in expression (174), with given l, p, and s,

BJ1J2
m11m2 . . .

JlKlþ1Klþ2
mljlþ1jlþ2

. . .KkþpIlþpþ1Ilþpþ2
jlþprlþpþ1rlþpþ2

. . .
Ilþpþs

rlþpþsilþpþsþ1ilþpþsþ2...iQ

� xm1
J1 ^ xm2

J2 ^ � � � ^ xml
Jl ^ dxjlþ1

Klþ1
^ dxjlþ2

Klþ2
^ � � � ^ dxjlþp

Klþp

^ xrlþpþ1

Ilþpþ1
^ xrlþpþ2

Ilþpþ2
^ � � � ^ xrlþpþs

Ilþpþs
^ dxilþpþsþ1 ^ dxilþpþsþ2 ^ � � � ^ dxiQ :

ð178Þ
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Using (178), we get the terms

sBJ1J2
m11m2

. . .JlKlþ1Klþ2
mljlþ1jlþ2

. . .KkþpIlþpþ1Ilþpþ2
jlþprlþpþ1rlþpþ2

. . .
Ilþpþs

rlþpþsilþpþsþ1ilþpþsþ2...iQ

� yrlþpþs

Ilþpþsilþpþs
xm1

J1 ^ xm2
J2 ^ � � � ^ xml

Jl ^ dxjlþ1
Klþ1

^ dxjlþ2
Klþ2

^ � � � ^ dxjlþp

Klþp

^ x
rlþpþ1

Ilþpþ1
^ x

rlþpþ2

Ilþpþ2
^ � � � ^ x

rlþpþs�1

Ilþpþs�1

^ dxilþpþs ^ dxilþpþsþ1 ^ dxilþpþsþ2 ^ � � � ^ dxiQ ;
s
2

� �
BJ1J2
m11m2 . . .

JlKlþ1Klþ2
mljlþ1jlþ2

. . .KkþpIlþpþ1Ilþpþ2
jlþprlþpþ1rlþpþ2

. . .
Ilþpþs

rlþpþs ilþpþsþ1ilþpþsþ2...iQ

� yrlþpþs�1

Ilþpþs�1ilþpþs�1
yrlþpþs

Ilþpþsilþpþs
xm1

J1 ^ xm2
J2 ^ � � � ^ xml

Jl

^ dxjlþ1
Klþ1

^ dxjlþ2
Klþ2

^ � � � ^ dxjlþp

Klþp
^ x

rlþpþ1

Ilþpþ1
^ x

rlþpþ2

Ilþpþ2

^ � � � ^ x
rlþpþs�2

lþpþs�2 ^ dxilþpþs�1 ^ dxilþpþs ^ dxilþpþsþ1 ^ dxilþpþsþ2 ^ � � � ^ dxiQ ;

. . .

sBJ1J2
m11m2 . . .

JlKlþ1Klþ2
mljlþ1jlþ2

. . .KkþpIlþpþ1Ilþpþ2
jlþprlþpþ1rlþpþ2

. . .
Ilþpþs

rlþpþs ilþpþsþ1ilþpþsþ2...iQ

� yrlþpþ2

Ilþpþ2ilþpþ2
. . .yrlþpþs�1

Ilþpþs�1ilþpþs�1
yrlþpþs

Ilþpþsilþpþs
xm1

J1 ^ xm2
J2 ^ � � � ^ xml

Jl

^ dxjlþ1
Klþ1

^ dxjlþ2
Klþ2

^ � � � ^ dxjlþp

Klþp
^ x

rlþpþ1

Ilþpþ1

^ dxilþpþ2 ^ � � � ^ dxilþpþs�1 ^ dxilþpþs ^ dxilþpþsþ1 ^ dxilþpþsþ2 ^ � � � ^ dxiQ ;

ð179Þ

and

BJ1J2
m11m2 . . .

JlKlþ1Klþ2
mljlþ1jlþ2

. . .KkþpIlþpþ1Ilþpþ2
jlþprlþpþ1rlþpþ2

. . .
Ilþpþs

rlþpþsilþpþsþ1ilþpþsþ2...iQ

� yrlþpþ1
Ilþpþ1ilþpþ1

. . .yrlþpþs�1
Ilþpþs�1ilþpþs�1

yrlþpþs

Ilþpþsilþpþs
xm1

J1 ^ xm2
J2 ^ � � � ^ xml

Jl

^ dxjlþ1
Klþ1

^ dxjlþ2
Klþ2

^ � � � ^ dxjlþp

Klþp
^ dxilþpþ1 ^ � � � ^ dxilþpþs�1 ^ dxilþpþs

^ dxilþpþsþ1 ^ dxilþpþsþ2 ^ � � � ^ dxiQ :

ð180Þ

We see that the degrees of contactness of these terms are

lþ pþ s[ lþ pþ s� 1[ lþ pþ s� 2[ � � � [ lþ pþ 1[ lþ p; ð181Þ

respectively. Clearly, since we consider the terms where lþ p\q� n, (180) does
not contribute to pq�ng1. We claim that among the terms (178), there is one whose
degree of contactness is q� n. Suppose the opposite; then lþ pþ s\q� n, but
this is not possible, because the term satisfying this inequality would contain more
than n factors dxi.

Thus, the condition p1g1 ¼ 0 applies to one of the expressions (179) and states
that the coefficient in this expression vanishes. But the components of g1 are
traceless, and we have already seen that this is only possible when they also vanish.
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This implies in turn that the forms on the left of (179) all vanish, which proves that
g1 ¼ 0. The proof is complete. h

Corollary 1 Let W � Y be an open set, q an integer such that
nþ 1� q� dim JrY, and g 2 Xr

qW a form, and let ðV ;wÞ, w ¼ ðxi; yrÞ, be a
fibered chart such that V � W. Then, pq�ng ¼ 0 if and only if

g ¼ g0 þ dl; ð182Þ

where g0 and l are xr
J -generated, 0� jIj � r � 1, such that pq�ng0 ¼ 0 and

pq�n�1l ¼ 0.

Proof Write in Theorem 10 g ¼ g0 þ g0, where g0 includes all xr
J -generated terms,

defined by the condition l� 1, and

g0 ¼
X

q�nþ1� p

dxm1
I1 ^ dxm2

I2 ^ � � � ^ dxmp
Ip ^ UJ1J2

r1r2
. . .JlI1I2rlm1m2

. . .Ipmp

¼
X

q�nþ1� p

dðxm1
I1 ^ dxm2

I2 ^ � � � ^ dxmp
Ip ^ UJ1J2

r1r2
. . .JlI1I2rlm1m2

. . .IpmpÞ

þ
X

q�nþ1� p

xm1
I1 ^ dxm2

I2 ^ � � � ^ dxmp
Ip ^ dðUJ1J2

r1r2
. . .JlI1I2rlm1m2

. . .IpmpÞ:

ð183Þ

Thus, g can also be written as g ¼ g0 þ dl, where g0 is x
r
J -generated, and l is also

xr
J -generated and contains p contact factors xr

J and dxm
I ; in particular,

pq�n�1l ¼ 0. h

Remark 8 Note that the summation in Theorem 10 through the pairs ðl; pÞ can also
be defined by the inequality q� nþ 1� p� l� q� 2p, where the range of p is
given by the conditions p ¼ 0; 1; 2; . . . and q� 2p� 0.

Lemma 10

(a) If q is a strongly contact form such that q� nþ 2, then for any p-vertical
vector field N, the form iJrNq is strongly contact.

(b) The exterior derivative of a strongly contact form is strongly contact.

Proof

(a) We have iJrNq ¼ iJrNgþ iJrNds ¼ iJrNgþ oJrNs� diJrNs. But by Sect. 2.5,
Theorem 9 pq�n�1ðiJrNgþ oJrNsÞ ¼ iJrþ1Npq�ngþ oJrþ1Npq�n�1s and pq�n�2iJrNs
¼ iJrþ1Npq�n�1s; however, these expressions vanish because q is strongly
contact. Now, we apply Lemma 9.

(b) Let the form q be strongly contact. Then, from (166), dq ¼ dg, where
pq�ng ¼ 0. We want to show that to any point y0 from the domain of definition
of q, there exists a fibered chart ðV ;wÞ, w ¼ ðxi; yrÞ, at y0 and a q-form s,
defined on Vr, such that pqþ1�nðdq� dsÞ ¼ 0 and pq�ns ¼ 0. Taking s ¼ g,
we get the result.
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For nþ 1� q� dim JrY , strongly contact forms constitute an Abelian subgroup
Hr

qW of the Abelian group of q-forms Xr
qW ; they do not form a submodule of Xr

qW .
It follows from Lemma 10, (b) that the subgroups Hr

qW together with the exterior
derivative operator define a sequence

Hr
nW ! Hr

nþ1W ! � � � ! Hr
MW ! 0: ð184Þ

The number M labeling the last nonzero term in this sequence is

M ¼ m nþ r � 1
n

� �
þ 2n� 1: ð185Þ

h

Remark 9 If nþ 1� q� dim JrY , then by Lemma 1, the canonical decomposition
of a contact form q 2 Hr

qW is

ðprþ1;rÞ*q ¼ pq�ndsþ pq�nþ1qþ pq�nþ2qþ � � � þ pqq: ð186Þ

Remark 10 It is easily seen that the definition of a contact q-form q 2 Xr
qW for

1� q� n agrees with (165). Indeed, if 1� q� n, we have for any contact form
q0 2 Hr

q�1W , hðq� dq0Þ ¼ hq as ðprþ1Þ*hdq0 ¼ hdhq0 ¼ 0 (Corollary 2). Thus, if
hq ¼ 0, then hðq� dq0Þ ¼ 0 for any q0 2 Hr

q�1W .

2.7 Fibered Homotopy Operators on Jet Prolongations
of Fibered Manifolds

In this section, we introduce the fibered homotopy operators for differential forms
on jet prolongations of fibered manifolds. We study their relations with the
canonical decomposition of forms and the exactness problem for contact and
strongly contact forms. The general theory of fibered homotopy operators is sum-
marized in Appendix 6.

The relevant underlying structure we need is a trivial fibered manifold
W ¼ U � V , where U is an open set in Rn and V an open ball in Rm with center at
the origin; the projection is the first Cartesian projection of U � V onto U, denoted
by p. The r-jet prolongation JrW is also denoted by Wr. By definition

Wr ¼ U � V � LðRn;RmÞ � L2symðRn;RmÞ � � � � � LrsymðRn;RmÞ; ð187Þ

where LksymðRn;RmÞ is the vector space of k-linear symmetric mappings from Rn to

Rm. The canonical coordinates on W are denoted by ðxi; yrÞ, and the associated
coordinates on Wr are ðxi; yr; yrj1 ; yrj1j2 ; . . .; yrj1j2...jr Þ. Any Cartesian projections
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pr;s: Wr ! Ws, with 0� s\r, define in an obvious way a homotopy vr;s and the
fibered homotopy operator Ir;s (see Appendix 6, (27)), so the Volterra-Poincare
lemma holds in these cases.

In this section, we consider the fibered homotopy operator I ¼ Ir;0. Recall that
the homotopy v ¼ vr;s is a mapping from ½0; 1	 �Wr to Wr, defined by

vðs; ðxi; yr; yrj1 ; yrj1j2 ; . . .; yrj1j2...jrÞÞ ¼ ðxi; syr; syrj1 ; syrj1j2 ; . . .; syrj1j2...jr Þ: ð188Þ

It is immediately verified that the pullback by v satisfies

v*dxi ¼ dxi; v*dyrj1j2...jk ¼ yrj1j2...jk dsþ sdyrj1j2...jk ;

v*xr
j1j2...jk ¼ yrj1j2...jk dsþ sxr

j1j2...jk :
ð189Þ

In accordance with the general theory, these formulas lead to explicit description of
the operator I. For any q-form q on Wr, v*q has a unique decomposition

v*q ¼ ds ^ qð0ÞðsÞ þ q0ðsÞ ð190Þ

such that the ðq� 1Þ-form qð0ÞðsÞ and the q-form q0ðsÞ do not contain ds. Then,

Iq ¼
Z1
0

qð0ÞðsÞ; ð191Þ

where the expression on the right-hand side denotes the integration of the coeffi-
cients in the form qð0ÞðsÞ over s from 0 to 1.

The following is a version of a general theorem on fibered homotopy operators
on fibered manifolds. f stands for the zero section of Wr over U.

Theorem 11

(a) For every differentiable function f : Wr ! R,

f ¼ Idf þ ðprÞ*f*f : ð192Þ

(b) Let q� 1. Then, for every differential q-form q on Wr,

q ¼ Idqþ dIqþ ðprÞ*f*q: ð193Þ

Proof Slight modification of Theorem 1, Appendix 6. h

2.7 Fibered Homotopy Operators on Jet Prolongations of Fibered Manifolds 75



Theorem 12 Let q be a contact q-form on Wr.

(a) The contact components of q satisfy

Ihq ¼ 0; Ipkq ¼ pk�1Iq; 1� k� q: ð194Þ

(b) If q is strongly contact, then Iq is strongly contact.

Proof

(a) Expressing the forms q and ðprþ1;rÞ*q in the basis of 1-forms ðdxi; dyrJ Þ,
0� jJj � r, we have

ðprþ1;rÞ*Iq ¼ Iðprþ1;rÞ*q: ð195Þ

The canonical decomposition of the form q yields

ðprþ1;rÞ*Iq ¼ Iðprþ1;rÞ*q ¼ I
X

0� l� q

plq

 !
¼
X

0� l� q

Iplq: ð196Þ

But by (191), Iplq is ðl� 1Þ-contact; thus, applying pk to both sides of (195)
and comparing k-contact components, we get (194).

(b) Let q� nþ 1 and suppose we have a strongly contact q-form q on Wr. Then,
q ¼ gþ ds for some q-form g and ðq� 1Þ-form s such that pq�ng ¼ 0 and
pq�n�1s ¼ 0; hence, Iq ¼ Igþ Ids ¼ Igþ s� dIs� s0, where s0 is a
ðq� 1Þ-form on U. If q[ nþ 1, then always s0 ¼ 0. If q ¼ nþ 1, then
always ds0 ¼ 0, and we may replace s with s� s0; then, Iq ¼ Igþ s� dIs.
The ðq� 1Þ-form Igþ s satisfies

pq�n�1ðIgþ sÞ ¼ Ipq�ngþ pq�n�1s ¼ pq�n�1s ¼ 0: ð197Þ

If q� nþ 2, then q� n� 2� 0 and pq�n�2Is ¼ Ipq�n�1s ¼ 0; consequently,
Iq is strongly contact. If q ¼ nþ 1, then from (195), hs ¼ 0 as required. h

Corollary 1 (The fibered Volterra–Poincare lemma) If dq ¼ 0, then there exists a
ðq� 1Þ-form g such that q ¼ dg.

The following two theorems extend the fibered Volterra-Poincare lemma to
contact and strongly contact forms. Their proofs are based on the trace decompo-
sition theorem (Sect. 2.2, Theorem 3), Appendix 9, Theorem 4, and on the fibered
Volterra-Poincare lemma.

Theorem 13 Let 1� q� n and let q be a contact q-form such that dq ¼ 0. Then
q ¼ dg for some contact ðq� 1Þ-form g.
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Proof

1. Let q be a contact 1-form, expressed as

q ¼
X

0� jJj � r�1

UJ
mx

m
J : ð198Þ

Then,

dq ¼
X

0� jJj � r�1

ðdUJ
m ^ xm

J � UJ
mdy

m
Jj ^ dx jÞ: ð199Þ

Condition dq ¼ 0 implies, for jJj ¼ r � 1, UJ
md

k
j ¼ 0 SymðJkÞ, and the trace

operation yields, up to the factor ðnþ r � 1Þ=r,

UJ
m ¼ 0: ð200Þ

Thus, q must be of the form

q ¼
X

0� jJj � r�2

UJ
mx

m
J : ð201Þ

Repeating the same procedure, we get q ¼ 0.

2. Let 2� q� n. We show in several steps that if q is a contact q-form such that
dq ¼ 0, then there exist a contact q-form s and a contact ðq� 1Þ-form j such
that

q ¼ sþ dj; p1s ¼ 0: ð202Þ

First, we find a decomposition

q ¼ q0 þ s0 þ dj0; ð203Þ

with the following properties:

(a) q0 is generated by the forms xr
J such that 0� jJj � r � 1,

q0 ¼
X

0� jJj � r�2

xr
J ^ UJ

r þ
X

jJj¼r�1

xr
J ^ DJ

r; ð204Þ

where the ðq� 1Þ-forms DJ
r are traceless.

(b) s0 is generated by xr
J ^ xm

I and xr
J ^ dxm

L, where jJj ¼ r � 1,
0� jIj � r � 1, jLj ¼ r � 1.

(c) j0 is a contact ðq� 1Þ-form.
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Expressing q as in Sect. 2.3, Corollary 2, we have

q ¼
X

0� jJj � r�2

xr
J ^ UJ

r þ
X

jJj¼r�1

xr
J ^ UJ

r þ dj0; ð205Þ

where j0 is a contact ðq� 1Þ-form. Decompose the ðq� 1Þ-forms UJ
m , indexed

with multi-indices J of length r � 1, by the trace operation. We get a
decomposition

UJ
m ¼ DJ

m þ ZJ
m ; ð206Þ

where the expression DJ
m is the traceless and ZJ

m is the contact component. Then,

q ¼
X

0� jJj � r�2

xr
J ^ UJ

r þ
X

jJj¼r�1

xr
J ^ DJ

r þ
X

jJj¼r�1

xr
J ^ ZJ

r þ dj0: ð207Þ

Setting

q0 ¼
X

0� jJj � r�2

xr
J ^ UJ

r þ
X

jJj¼r�1

xr
J ^ DJ

r;

s0 ¼
X

jJj¼r�1

xr
J ^ ZJ

r;
ð208Þ

we get (203).
Second, we show that q has a decomposition

q ¼ q1 þ s1 þ dj1 ð209Þ

with the following properties:

(a) The form q1 is generated by the contact forms xr
J , such that

0� jJj � r � 2, that is,

q1 ¼
X

0� jJj � r�3

xr
J ^ UJ

r þ
X

jJj¼r�2

xr
J ^ DJ

r; ð210Þ

where the ðq� 1Þ-forms DJ
r are traceless.

(b) s1 is generated by xr
J ^ xm

I and xr
J ^ dxm

L, where jJj ¼ r � 1,
0� jIj � r � 1, jLj ¼ r � 1.

(c) j1 is a contact ðq� 1Þ-form.
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Indeed, we apply condition dq ¼ 0 to expression (203). We have, since
dxr

J ¼ �dyrJj ^ dx j,X
0� jJj � r�2

dðxr
J ^ UJ

rÞ

�
X

jJj¼r�1

ðdyrJj ^ dx j ^ DJ
r þ xr

J ^ dDJ
rÞ þ ds0 ¼ 0:

ð211Þ

But the terms dymJj ^ dx j ^ DJ
m in this expression do not contain any form xm

J or
dxm

J and must vanish separately. Thus,X
jJj¼r�1

dymJj ^ dx j ^ DJ
m ¼ 0: ð212Þ

The 1-contact component givesX
jJj¼r�1

xm
Jj ^ hðdx j ^ DJ

mÞ ¼ 0 ð213Þ

hence

hðdx j ^ DJ
mÞ ¼ 0 SymðJjÞ: ð214Þ

The traceless form DJ
m can be expressed as

DJ
m ¼ AJ

mi2i3...iqdx
i2 ^ dxi3 ^ � � � ^ dxiq

þ AJI2
mr2i3i4...iqdy

r2
I2 ^ dxi3 ^ dxi4 ^ � � � ^ dxiq

þ AJI2I3
mr2r3i4i5...iqdy

r2
I2 ^ dyr3I3 ^ dxi4 ^ dxi5 ^ � � � ^ dxiq

þ � � � þ AJI2I3
mr2r3 . . .

Iq�1

rq�1iqdy
r2
I2 ^ dyr3I3 ^ � � � ^ dyrq�1

Iq�1
^ dxiq

þ AJI2I3
mr2r3 . . .

Iq
rqdy

r2
I2 ^ dyr3I3 ^ � � � ^ dyrqIq ;

ð215Þ

where the multi-indices I2; I3; . . .; Iq satisfy jI2j; jI3j; . . .; jIqj ¼ r and all

coefficients AJI2
mr2i3i4...iq ;A

JI2I3
mr2r3i4i5...iq ; . . .;A

JI2I3
mr2r3 . . .

Iq�1

rq�1iq are traceless in the indices
i3; i4; . . .; iq and the multi-indices I2; I3; . . .; Iq�1. Then, Eq. (214) reads

ðAJ
mi2i3...iq þ AJI2

mr2i3i4...iqy
r2
I2i2 þ AJI2I3

mr2r3i4i5...iqy
r2
I2i2y

r3
I3i3

þ � � � þ AJI2I3
mr2r3 . . .

Iq�1

rq�1iqy
r2
I2i2y

r3
I3i3 . . .y

rq�1

Iq�1iq�1

þ AJI2I3
mr2r3 . . .

Iq
rqy

r2
I2i2y

r3
I3i3 . . .y

rq
IqiqÞ

� dli1dxi1 ^ dxi2 ^ dxi3 ^ � � � ^ dxiq ¼ 0 SymðJjÞ:

ð216Þ
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Setting

BJl
mi1i2i3...iq ¼ AJ

mi2i3...iqd
l
i1 SymðJlÞ Altði1i2i3. . .iqÞ;

BJlI2
mr2i1i3i4...iq ¼ AJI2

r2i3i4...iqmd
l
i1 SymðJlÞ Altði1i3i4. . .iqÞ;

BJlI2I3
mr2r3i1i4i5...iq ¼ AJI2I3

mr2r3i4i5...iqd
l
i1 SymðJlÞ Altði1i4i5. . .iqÞ;

. . .
BJI2I3
mr2r3

. . .
Iq�1
rq�1i1iq ¼ AJI2I3

mr2r3
. . .

Iq�1
rq�1iqd

l
i1 SymðJlÞ Altði1iqÞ;

BJlI2I3
mr2r3

. . .
Iq
rqi1 ¼ AJI2I3

mr2r3
. . .

Iq
rqd

l
i1 SymðJlÞ;

ð217Þ

we get the system

BJl
mi1i2i3...iq ¼ 0;

BJlI2
mr2i1i3i4...iqd

j2
i2 ¼ 0 SymðI2j2Þ Altði1i2i3. . .iqÞ;

BJlI2I3
mr2r3i1i4i5...iqd

j2
i2d

j3
i3 ¼ 0 SymðI2j2Þ SymðI3j3Þ Altði1i2i3. . .iqÞ;

. . .
BJlI2I3
mr2r3 . . .

Iq�1

rq�1i1iqd
j2
i2d

j3
i3 . . .d

jq�1

iq�1
¼ 0 SymðI2j2Þ SymðI3j3Þ

. . . SymðIq�1jq�1Þ Altði1i2i3. . .iqÞ;
BJlI2I3
mr2r3

. . .
Iq
rqi1d

j2
i2d

j3
i3 . . .d

jq
iq ¼ 0 SymðI2j2Þ SymðI3j3Þ

. . . SymðIqjqÞ Altði1i2i3. . .iqÞ:

ð218Þ

Since the unknown functions, BJl I2
m r2 i1i3i4...iq , B

JI2lI3
mr2r3i1i4i5...iq , . . ., B

Jl I2 I3
m r2 r3 . . .

Iq�1

rq�1 i1iq ,

BJl I2 I3
m r2 r3

. . .
Iq
rq i1 , are traceless, for each fixedmulti-index I ¼ Jl and each index m, this

system has only the trivial solution (see Appendix 9), and we have from (217)

AJ
mi2i3...iqd

l
i1 ¼ 0 SymðJlÞ Altði1i2i3. . .iqÞ;

AJI2
mr2i3 i4 ...iq

dli1 ¼ 0 SymðJlÞ Altði1i3i4. . .iqÞ;
AJI2I3
mr2r3i4i5...iqd

l
i1 ¼ 0 SymðJlÞ Altði1i4i5. . .iqÞ;

. . .
AJI2I3
mr2r3

. . .
Iq�1
rq�1iqd

l
i1 ¼ 0 SymðJlÞ Altði1iqÞ;

AJI2I3
r2mr3

. . .
Iq
rqd

l
i1 ¼ 0 SymðJlÞ:

ð219Þ

The solutions of this system are of Kronecker type; we have, denoting the multi-
index J as J ¼ Kk,

AKk
mi2i3...iq ¼ CK

mi3i4...iqd
k
i2 SymðKkÞ Altði2i3i4. . .iqÞ;

AKkI2
mr2i3i4...iq ¼ CKI2

mr2i4i5...iqd
k
i3 SymðKkÞ Altði3i4i5. . .iqÞ;

AKkI2I3
mr2r3i4i5...iq ¼ CKI2I3

mr2r3i5i6...iqd
k
i4 SymðKkÞ Altði4i5i6. . .iqÞ;

. . .
AKkI2I3
mr2r3

. . .
Iq�1

rq�1iq ¼ CKI2I3
mr2r3

. . .
Iq�1
rq�1d

k
iq SymðJlÞ;

AKkI2I3
mr2r3

. . .
Iq
rq ¼ 0:

ð220Þ
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Consequently,X
jJj¼r�1

xr
J ^ DJ

m ¼ xr
Kk ^ ðCK

mi3i4...iqd
k
i2dx

i2 ^ dxi3 ^ . . . ^ dxiq

þ CK I2
m r2i4i5...iqd

k
i3dy

r2
I2 ^ dxi3 ^ dxi4 ^ � � � ^ dxiq

þ CKI2I3
mr2r3i5i6...iqd

k
i4dy

r2
I2 ^ dyr3I3 ^ dxi4 ^ dxi5 ^ � � � ^ dxiq

þ � � � þ CKI2I3
mr2r3

. . .Iq�1
rq�1

dkiqdy
r2
I2 ^ dyr3I3 ^ � � � ^ dyrq�1

Iq�1
^ dxiqÞ

¼ dxr
K ^ ð�CK

mi3i4...iqdx
i3 ^ dxi4 ^ � � � ^ dxiq

þ CKI2
mr2i4i5...iqdy

r2
I2 ^ dxi4 ^ dxi5 ^ � � � ^ dxiq

� CKI2I3
mr2r3i5i6...iqdy

r2
I2 ^ dyr3I3 ^ dxi5 ^ dxi6 ^ � � � ^ dxiq

þ � � � þ ð�1Þq�1CKI2I3
mr2r3 . . .

Iq�1
rq�1

dyr2I2 ^ dyr3I3 ^ � � � ^ dyrq�1

Iq�1
Þ:
ð221Þ

This expression splits in two terms,

dðxr
K ^ ð�CK

mi3i4...iqdx
i3 ^ dxi4 ^ � � � ^ dxiq

þ CKI2
mr2i4i5...iqdy

r2
I2 ^ dxi4 ^ dxi5 ^ � � � ^ dxiq

� CKI2I3
mr2r3i5i6...iqdy

r2
I2 ^ dyr3I3 ^ dxi5 ^ dxi6 ^ � � � ^ dxiq

þ � � � þ ð�1Þq�1CKI2I3
mr2r3 . . .

Iq�1
rq�1

dyr2I2 ^ dyr3I3 ^ � � � ^ dyrq�1

Iq�1
ÞÞ;

ð222Þ

and

� xr
K ^ dð�CK

mi3i4...iqdx
i3 ^ dxi4 ^ � � � ^ dxiq

þ CKI2
mr2i4i5...iqdy

r2
I2 ^ dxi4 ^ dxi5 ^ � � � ^ dxiq

� CKI2I3
mr2r3i5i6...iqdy

r2
I2 ^ dyr3I3 ^ dxi5 ^ dxi6 ^ � � � ^ dxiq

þ � � � þ ð�1Þq�1CKI2I3
mr2r3 . . .

Iq�1
rq�1

dyr2I2 ^ dyr3I3 ^ � � � ^ dyrq�1

Iq�1
Þ;

ð223Þ

which can be distributed to the terms dj0 and q0 in the decomposition (207).
Therefore, q can be written as

q ¼
X

0� jJj � r�2

xr
J ^ UJ

r þ
X

jJj¼r�1

xr
J ^ DJ

r þ
X

jJj¼r�1

xr
J ^ ZJ

r þ dj0

¼
X

0� jJj � r�2

xr
J ^ ~UJ

r þ
X

jJj ¼r�1

xr
J ^ ZJ

r þ dj1

¼
X

0� jJj � r�3

xr
J ^ ~UJ

r þ
X

jJj ¼r�2

xr
J ^ ~UJ

r þ
X

jJj ¼r�1

xr
J ^ ZJ

r þ dj1
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¼
X

0� jJj � r�3

xr
J ^ ~UJ

r þ
X

jJj ¼r�2

xr
J ^ ~UJ

r þ
X

jJj ¼r�1

xr
J ^ ZJ

r þ dj1

¼
X

0� jJj � r�3

xr
J ^ ~UJ

r þ
X

jJj ¼r�2

xr
J ^ DJ

r þ
X

jJj ¼r�2

xr
J ^ ZJ

r

þ
X

jJj ¼r�1

xr
J ^ ZJ

r þ dj1

ð224Þ

where we use the trace decomposition ~UJ
r ¼ DJ

r þ ZJ
r for jJj ¼ r � 1.

Summarizing and replacing for simplicity of notation ~UJ
r with UJ

r, we get the
decomposition (209).
Third, we construct as in the second step the decompositions

q0 ¼
P

0� jJj � r�2
xr

J ^ UJ
r þ

P
jJj¼r�1

xr
J ^ DJ

r;

q1 ¼
P

0� jJj � r�3
xr

J ^ UJ
r þ

P
jJj¼r�2

xr
J ^ DJ

r;

. . .
qr�2 ¼ xr ^ Ur þ

P
j
xr

j ^ D j
r;

qr�1 ¼ xr ^ Dr;

ð225Þ

and

q ¼ q0 þ s0 þ dj0 ¼ q1 þ s1 þ dj1 ¼ q2 þ s2 þ dj2
. . . ¼ qr�2 þ sr�2 þ djr�2 ¼ qr�1 þ sr�1 þ djr�1:

ð226Þ

Note, however, the different meaning of the symbols UJ
r and DJ

r in the lines of
expressions (225), which are defined in the construction.
Finally, we show that q has a decomposition

q ¼ sr�1 þ djr�1; ð227Þ

where sr�1 is generated by the contact forms xr
J ^ xm

I and xr
J ^ dxm

L,
jJj ¼ r � 1, 0� jIj � r � 1, jLj ¼ r � 1 and jr�1 is a contact ðq� 1Þ-form.
It is sufficient to show that in the decomposition q ¼ qr�1 þ sr�1 þ djr�1 (226),
the form qr�1 vanishes. Condition dq ¼ 0 implies

dxr ^ Dr � xr ^ dDr þ dsr�1 ¼ 0: ð228Þ

The 1-contact component yields �xr
l ^ dxl ^ hDr � xr ^ hdDr ¼ 0; hence,

hðdxl ^ DrÞ ¼ 0: ð229Þ
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Writing the traceless form Dm as

Dm ¼ Ami2i3...iqdx
i2 ^ dxi3 ^ � � � ^ dxiq

þ AI2
mr2i3i4...iqdy

r2
I2 ^ dxi3 ^ dxi4 ^ � � � ^ dxiq

þ AI2I3
mr2r3i4i5...iqdy

r2
I2 ^ dyr3I3 ^ dxi4 ^ dxi5 ^ � � � ^ dxiq

þ � � � þ AI2I3
mr2r3

. . .
Iq�1
rq�1 iqdy

r2
I2 ^ dyr3I3 ^ � � � ^ dyrq�1

Iq�1
^ dxiq

þ AI2I3
mr2r3

. . .Iqrqdy
r2
I2 ^ dyr3I3 ^ � � � ^ dyrqIq ;

ð230Þ

we have

hðdxl ^ DmÞ ¼ Ami2i3...iq þ AI2
mr2i3i4...iq y

r2
I2i2 þ AI2I3

mr2r3i4i5...iqy
r2
I2i2y

r3
I3i3

�
þ � � � þ AI2I3

mr2r3 . . .
Iq�1
rq�1iq y

r2
I2i2y

r3
I3i3 . . .y

rq�1
Iq�1iq�1

þ AI2I3
mr2r3 . . .

Iq
rq y

r2
I2i2y

r3
I3i3 . . .y

rq
Iqiq

�
� dxl ^ dxi2 ^ dxi3 ^ � � � ^ dxiq ¼ 0;

ð231Þ

which implies, because the coefficients are traceless,

Ami2i3...iq ¼ 0; AI2
mr2i3i4...iq ¼ 0; AI2I3

mr2r3i4i5...iq ¼ 0;

. . . AI2I3
mr2r3

. . .
Iq�1
rq�1iq ¼ 0; AI2I3

mr2r3
. . .Iqrq ¼ 0:

ð232Þ

Consequently, qr�1 ¼ 0 proving (227).
3. To conclude the proof, we apply the contact homotopy decomposition to the

form sr�1 (Theorem 11). We have sr�1 ¼ Idsr�1 þ dIsr�1. But dsr�1 ¼ 0, and
thus, sr�1 ¼ dIsr�1, and since the order of contactness of sr�1 is � 2, we have
hIsr�1 ¼ Ihp1sr�1 ¼ 0, so Isr�1 is contact. Then, however,

q ¼ Idsr�1 þ dIsr�1 þ djr�1 ¼ dðIsr�1 þ djr�1Þ: ð233Þ

Setting g ¼ Isr�1 þ djr�1, we complete the proof. h

Theorem 14 If q is strongly contact and dq ¼ 0, then there exists a strongly
contact ðq� 1Þ-form g such that q ¼ dg.

Proof We express q as q ¼ Idqþ dIq. But by hypothesis dq ¼ 0, thus setting
g ¼ Iq, we have q ¼ dg; now, our assertion follows from Theorem 12, (b). h

Remark 11 The concept of a strongly contact form, used in Theorem 14, has been
introduced by means of the exterior derivative d and the pullback operation by the
canonical jet projection prþ1;r: Jrþ1Y ! JrY . The decompositions of the forms on
JrY , related to this concept, represent a basic tool in the higher-order variational
theory on the jet spaces JrY . A broader concept of a strongly contact form is
considered in Chap. 8.

2.7 Fibered Homotopy Operators on Jet Prolongations of Fibered Manifolds 83

http://dx.doi.org/10.2991/978-94-6239-073-7_8


References

[D] P. Dedecker, On the generalization of symplectic geometry to multiple integrals in the
calculus of variations, in: Lecture notes in Math. 570, Springer, Berlin, 1977, 395-456

[GS] H. Goldschmidt, S. Sternberg, The Hamilton-Cartan formalism in the calculus of
variations, Ann. Inst. H. Poincare 23 (1973) 203-267

[K13] D. Krupka, Some Geometric Aspects of Variational Problems in Fibered Manifolds,
Folia Fac. Sci. Nat. UJEP Brunensis, Physica 14, Brno, Czech Republic, 1973, 65 pp.;
arXiv:math-ph/0110005

[K4] D. Krupka, Global variational theory in fibred spaces, in: D. Krupka, D. Saunders, Eds.,
Handbook of Global Analysis, Elsevier, 2008, 773-836

84 2 Differential Forms on Jet Prolongations of Fibered Manifolds

http://arXiv.math-ph/0110005


http://www.springer.com/978-94-6239-072-0


	2 Differential Forms on Jet Prolongations of Fibered Manifolds
	2.1 The Contact Ideal
	2.2 The Trace Decomposition
	2.3 The Horizontalization
	2.4 The Canonical Decomposition
	2.5 Contact Components and Geometric Operations
	2.6 Strongly Contact Forms
	2.7 Fibered Homotopy Operators on Jet Prolongations of Fibered Manifolds
	References


