Chapter 2

Differential Forms on Jet Prolongations
of Fibered Manifolds

In this chapter, we present a decomposition theory of differential forms on jet
prolongations of fibered manifolds; the tools inducing the decompositions are the
algebraic trace decomposition theory and the canonical jet projections. Of particular
interest is the structure of the contact forms, annihilating integrable sections of the
jet prolongations. We also study decompositions of forms defined by fibered ho-
motopy operators and state the corresponding fibered Poincare-Volterra lemma.

The theory of differential forms explained in this chapter has been developed
along the lines indicated in the approach of Lepage and Dedecker to the calculus
of variations (see Dedecker [D], Goldschmidt and Sternberg [GS] and Krupka
[K13]). The exposition extends the theory explained in the handbook chapter
Krupka [K4].

Throughout, Y is a smooth fibered manifold with base X and projection ,
n=dimX, n4+m=dimY. J'Y is the r-jet prolongation of Y, and n": J'Y — X,
n": J'Y — X are the canonical jet projections. For any open set W C Y, Q;W

denotes the module of g-forms on the open set W™ = (7%) ™' (W) in J’Y, and Q"W
is the exterior algebra of differential forms on the set W”. We say that a form # is
generated by a finite family of forms y,, if # is expressible as = n* A p,. for some
forms #"; note that in this terminology, we do not require p, to be 1-forms, or
k-forms for a fixed integer k.

2.1 The Contact Ideal

We introduced in Sect. 1.5 a vector bundle homomorphism / between the tangent
bundles 7J"+'Y and TJ"Y over the canonical jet projection 7' +1-": J™*1Y — J'Y, the
horizontalization. In this section, the associated dual mapping between the modules
of 1-forms Q)W and QE‘H W is studied. We show, in particular, that this mapping
allows us to associate with any fibered chart (V, ) on Y and any function, defined on
V', its formal (or total) partial derivatives in a geometric way and a specific basis of
1-forms on V’, termed the contact basis. Then, we introduce by means of the contact
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36 2 Differential Forms on Jet Prolongations of Fibered Manifolds

basis a differential ideal in the exterior algebra Q"W, characterizing the structure of
forms on jet prolongations of fibered manifolds, the contact ideal.
Recall that the horizontalization 4 is defined by the formula

hé=TJyoTra ™. ¢ (1)

where ¢ is a tangent vector to the manifold J"*!Y at a point J7"!y. The mapping
h makes the following diagram

iy . 1y
l r+1,r l (2)
Jr+1Y - . JY

commutative and induces a decomposition of the projections of the tangent vectors
an+l,r . é,

Tt & = hé + pé. (3)

hé (resp. p&) is the horizontal (resp. contact) component of the vector £. Note,
however, that the terminology is not standard: The vectors ¢ and A& do not belong
to the same vector space. The horizontal and contact components satisfy

Tn -hé=Tn*' & Tn'-pé=0. (4)

The horizontalization & induces a mapping of modules of linear differential
forms as follows. Let J;“y € J”t'Y. We set for any differential 1-form p on W”
and any vector ¢ from the tangent space TJ ™'Y at J7 ™y

ho(J5hy) - &= p(Jly) - RE. (5)

The mapping QW = p — hp € Q{“W is called the 7-horizontalization or just the
horizontalization (of differential forms).

Clearly, the form hp vanishes on " !-vertical vectors so it is 7" +!-horizontal; hp
is sometimes called the horizontal component of p.

The mapping  is linear over the ring of functions Q)W along the jet projection
7"+ in the sense that

h(py + p2) = hpy +hpy  h(fp) = (for"™ " )hp (6)

for all py, py, p € QW and f € QW.
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If in the fibered chart (V,y), ¥ = (x,y7), a 1-form p is expressed by

p=Adx+ Y Y By ™

0<k<rji<jp<-<jk
then we have from (5) at any point J !y € V7!

hp(JLYy) - & = Ai(JLy)dX (J5y) - hé
+ >N BRI, () - hé

05K<rji << (8)
- <A,-<J;~/> + 2. > B <J£v>yﬁjz...jki> ¢
0<k<rji<p<-<ji

thus,
hp = (A,- + > By Jki> dx'. (9)
0<k<rji<p<-<jk
In particular, for any function f: W — R
hdf = dif - dx', (10)

where

0, 0,
dif Y + Z ! ' Yo (11)

:_i =
o W

The function dif: V™' — R is the i-th formal derivative of f with respect to the
fibered chart (V,y). From (10), it follows that d;f are the components of an
invariant object, the horizontal component hdf of the exterior derivative of f. Note
that formal derivatives d;f have already been introduced in Sect. 1.5.

The following lemma summarizes basic rules for computations with the hori-

zontalization and formal derivatives. We denote by d; the formal derivative operator
with respect to a fibered chart (V, ), ¥ = (¥,7°).
Lemma 1 Let (V,\), y = (x,y°), be a fibered chart on Y.
(a) The horizontalization h satisfies
hdy® = yZdx, hdy; = yflidxi, hdy? ;, = y;’]jzl-dxi,

o _ .0 i
e hdyjljz...j,- = yjljz.”j,idx .
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(b) The i-th formal derivative of the coordinate function y;;, . is given by

-Jk

d (13)

vV . v
Vjijaegi = Yjijzodai

©) If (V.y), ¥ = (&,5°), is another chart on Y such that V'V # &, then for
every function f: V' NV — R,

- Ox/
df =dif ——. 14
F=df (14
(d) For any two functions f, g: V" — R,
di(f -8) =g-dif +f-dig. (15)
(e) For every function f: V" — R and every section y: U -V C Y,
Af oJ)
dif oJ "y =" 16
fol ™y o (16)

Remark 1 By (13), ¥, . =d; 57, . - Thus, applying (14) to coordinates, we
obtain the following prolongation formula for coordinate transformations in jet
prolongations of fibered manifolds

Ox'

yqujzmjk = diyjylj2<<Jk—l ﬁ (17)

Remark 2 If two functions f,g: V" — R coincide along a section J'y, that is,
foJ"y=goJ", then their formal derivatives coincide along the (r + 1)-prolon-
gation J™ 1y,

dif oy =digoJ . (18)
This is an immediate consequence of formula (16).

Now, we study properties of 1-forms, belonging to the kernel of the horizon-
talization Q"W > p — hp € QT'W. We say that a 1-form p € QW is contact, if

hp =0. (19)

It is easy to find the chart expression of a contact 1-form. Writing p as in (7),
condition (19) yields

At Y > BN =0, (20)

0<k<rji<p<-<jk
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or, equivalently,

B =0, A= -
0

Yoo D> BRI e (21)
k<r—1

< J1<ja < <ji

Thus, setting for all £, 0 <k<r —1,

o _ o 0 J
Djijreis = dyjlj2-»~jk yj1j2~-/k/dx ) (22)

we see that p has the chart expression

p= > S Bkl (23)

0<k<r—=1ji<jp<-<jk

This formula shows that any contact 1-form is expressible as a linear combination

of the forms w?. ..
J1J2-Jk

The following two theorems summarize properties of the forms 7, .

Theorem 1

(@) For any fibered chart (V, ), y = (x,y°), the forms

dxi’ wﬁjz..jk’ dyzlz...l,,|l,7 (24)
such that 1 <i<n, 1<o<m, 1 <k<r—1,1<j;<jp< - <ji<nm, and
1< <L < - <[, <n, constitute a basis of linear forms on the set V'.
) If (V) ¥ = (x',y°), and (V, ), ¥ = (¥,5°), are two fibered charts such
that VNV # &, then

w). _ Z Z 8y;11’2-~l’k ot (25)

P1P2---Pk ayf o Tijaedm”
0<m<kji<jp<-<jk J12-Jm

(©) Let (V,¥), ¥ = (¥,y%), and (V, ), ¥ = (¥,5%), be two fibered charts and o
an automorphism of Y, defined on V and such that (V) C V. Then

T o0 _
Jo wj]jz-»J'k - Z

v
i<ir<—<i, Wiy,

a(y.;?ljz-ujk ° Jro() (26)

i1i2.4.ip :

Proof

(a) Clearly, from formula (22), we conclude that the forms (24) are expressible as
linear combinations of the forms of the canonical basis dx’, dy/(‘fljzmjk’

a
dylllz‘..l,,ll,'
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(b) Consider two charts (V, ), ¥ = (x',y°), and (V, ), ¥ = (¥',5°), such that
V NV # . For any function f, defined on V”,

a
hiby...dy

(" )Edf = hdf + pdf = dif -dx' + ) oo
0<k<riy<b <<t Ohb. i

— af
— . A —T
= dpf a7 + Z v J2edm
0<k<rji <jp < <jp Ptz
D v
_g O N M.
B dpf Ox' ar'+ oy i wjlqu:fm'
0<k<rji<jp < <jely <t <<l OVl s Djijajm

(27)

Setting f =y, _,.» where p; <p, < -+ <py, and using (17), we get (25).
(c) By definition,

J okw?

jtjrede d(yﬁjz-»ﬂ- © ‘Ir(x) - (y;jz..jkl © ]ra)d(jcl ° J’a)' (28)

Denote by o the m-projection of o. Since from Sect. 1.6, (80)
ijswist ©J HI57)

_ OG0 ey 0 ¢ ) oxog'p ") (29)
- oxs b ’

then

— - — .
J ok’ _ a(yjljz~~~jk oJ OC) A’ + Z 8(yjlj2-~~jk oJ O() v’
Baede T P v Vitiy.iy
i< <<l iiy...0p

Oy om0 0 ) A9 0 o ')
Ox’ ox! OxP
= _a(y;;.hu;fk ° J’O() dx’ + Z a(yj{yljz‘ujk °© J’(x) @’

oxP itiy...p

vV
i<ip<--<ip, yiliz..jp
-0 T
Vi ")
* oy, .
i<ip<-<ip Y

R

v
v i1iy...ips
i1iy...0p

g olmo 100
ox*
oF°. . oJa
- ¥ 0. ©) (30)

(i)yv iri..dp"
i<i2<"'<i,) 1.0

These conditions mean that the section J is of the form § = J" (7" 0 §) as
required. O
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The basis of 1-forms (24) on V" is usually called the contact basis.
The following observations show that the contact forms wf; .. defined by a
fibered atlas on Y, define a (global) module of 1-forms and an ideal of the exterior

algebra Q"W (for elementary definitions, see Appendix 7).

Corollary 1 The contact 1-forms ¢ locally generate a submodule of the

J1j2-Jk
module Qi W.

Corollary 2 The contact 1-forms of ;. . locally generate an ideal of the exterior
algebra Q"W. This ideal is not closed under the exterior derivative operator.

Proof Existence of the ideal is ensured by the transformation properties of the

contact 1-forms w7, (Theorem 1, (b)). It remains to show that the ideal contains

a form, which is nor generated by the forms w{

75 I p is a contact 1-form

expressed as

p= Z Z B]Uljz“kaj{jjzmjk’ (31)
0<k<r—1j<jp<-<ji
then
dp = Z Z (dB]“uz“Jk A w;jz-»Jk + ij;hmjkdwj(fljz---jk)' <32)
0<k<r=1j1<jp<-<ji
But in this expression,
a !
Wl = _wjljz---jkl/\dx’l 0<k<r-2, (33)
T2k —dy;,, o aNdx, k=r—1,
thus, dw?; . = and in general the form p are nor generated by the contact forms
Oy =
The ideal of the exterior algebra Q"W, locally generated by the 1-forms OF e

where 0 <k <r — 1, is denoted by ®,W. The 1-forms w;jz.ujk’ where 0 <k <r—1,

and 2-forms dw{ locally generate an ideal ®" W of the exterior algebra Q" W,

J1ja-dr-1
closed under the exterior derivative operator, that is, a differential ideal. This ideal
is called the contact ideal of the exterior algebra Q"W, and its elements are called

contact forms. We denote
OW=QWNO'w. (34)

The set @;W of contact g-forms is a submodule of the module Q;W, called the
contact submodule.
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Since the exterior derivative of a contact form is again a contact form, we have
the sequence

0—ow-Leow-L ... Lerw, (35)

where the arrows denote the exterior derivative operator. If p is a contact form,
p € ©,W, and fis a function on W", f € OyW, then the formula

d(fp) =df Np+fdp (36)

shows that the form d(fp) is again a contact form; however, the exterior derivative
in (36) is not a homomorphism of ®;W-modules. Restricting the multiplication in
(36) to constant functions f, that is, to real numbers, the exterior derivative in (36)
becomes a morphism of vector spaces.

Another consequence of Theorem 1 is concerned with sections of the fibered
manifold J”Y over the base X. We say that a section  of J"Y, defined on an open set
in X, is holonomic, or integrable, if there exists a section y of Y such that

o=J"y. (37)

Obviously, if y exists, then applying the projection 7' to both sides, we get
70068 = y; thus, if y exists, it is unique and is determined by

y=n"04. (38)
Theorem 2 A section 6: U — J'Y is holonomic if and only if for any fibered chart
(Vo) ¥ = (x,¥%), such that the set n(V) lies in the domain of definition of 9,

% g
0 Wiy .y

=0 (39)

for all o, k and iy,ir,....ix such that 1<o<m, 0<k<r—1, and
1<ip<ip <--- < <n.

Proof By definition,

5*‘“?,1‘2...1; = d(y;?]iz...ik 04) — (y?]iz...ikl o 5)dxl

A, 0 (40)
= ((ymg;,k ) = Yoy iyl © 5) dx’.
Thus, condition (39) is equivalent to the conditions
0V, . o0d
Wl e, io9=0 )
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that can also be written as

oy"ed)

% —Y/e0=0,

g 00) P(od)

T—yilloé—m_)’illoé—o, (42)

(7, . 00) F* (7 0 4)

ey e 00 = ety 05 = 0.
axl ylllz.»-lyfll [¢] 8x118x12. . ,6x1r718x’ ylllzu.lrfll o 0

These conditions mean that the section d is of the form & =J (7?0 J) as
required. O

2.2 The Trace Decomposition

Main objective in this section is the application of the trace decomposition theory of
tensor spaces to differential forms defined on the r-jet prolongation J"Y of a fibered
manifold Y. We decompose the components of a form, expressed in a fibered chart,
by the trace operation (see Appendix 9); the resulting decomposition of differential
forms will be referred to as the trace decomposition.

In order to study the structure of the components of a form p € Q;W for general
r, it will be convenient to introduce a multi-index notation. We also need a con-
vention on the alternation and symmetrization of tensor components in a given set
of indices.

Convention 1 (Multi-indices) We introduce a multi-index 7 as an ordered k-
tuple I = (iyiy... i), where k = 1, 2,..., r and the entries are indices such that
1<iy, iy, ..., i <n. The number k is the length of I and is denoted by |I|. If j is any
integer such that 1 <j<n, we denote by Ij the multi-index Ij = (17> . . . igj). In this
notation, the contact basis of 1-forms, introduced in Sect. 2.1, Theorem 1, (a), is
sometimes denoted as (dx', 9, dy7), where the multi-indices satisfy 0< |J| <r—
1 and |I| =r; it is understood, however, that the basis includes only linearly
independent 1-forms 7, where the multi-indices I = (i1ip .. .0x) satisfy
i1<ib < <ip.

Convention 2 (Alternation, symmetrization) We introduce the symbol
Alt(iyiy. . . i) to denote alternation in the indices iy, i,..., 0. If U= U;;, ; is a
collection of real numbers, we denote by U, ;. Alt(iyi,. . .ix) the skew-symmetric
component of U. Analogously, Sym(i;i,. . .iy) denotes symmetrization in the indi-
ces i,iz,..., i, and the symbol U;; ; Sym(ijir...ix) means the symmetric
component of U. The operators Alt and Sym are understood as projectors (the
coefficient 1/k! is included).
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Note that there exists a close relationship between the trace operation on the one
hand and the exterior derivative operator on the other hand. For instance, decom-
posing in a fibered chart the 2-form dyj; A dx* by the trace operation, we get

1 ‘ 1 ‘
dy; A dx* =~ 5§dy5s Adx’ +dy], A dx —— 5]’fdy; Ady, (43)
n n

where the summand, representing the Kronecker component of dyj; N dx*, coin-

cides, up to a constant factor, with the exterior derivative dw§, and is therefore a
contact form:

1 1
;5Jkdy;-s A dxv = —;dw;- (44)

The complementary summand in the decomposition (43), represented by the second
and the third terms, is traceless in the indices j and k. We wish to use this obser-
vation to generalize decomposition (43) to any g-forms on J'Y.

First, we apply the trace decomposition theorem (Appendix 9, Theorem 1) to g-
forms of a specific type, not containing the contact forms ).

Lemma 2 Let (V. ), y = (x',y°), be a fibered chart on Y. Let u be a q-form on
V'such that

uw= A,'I,-z__,,-qa’xil Adx® A A dxie

+ Bfrllizis.uiqdyzl A dxiz AN dxi3 VANEEIVAN dxi‘/

+ Billlrzizi3i4...iqdy(;ll ANdypr A dx Ndx A - A dx (45)
I Iy [ .

+ -+ BJII(ZTZ. . .JquI i,,dy(;ll A dy;fzz A A dquill A dxi

FALE o dyf NdYD A Ay

Gl162" "

where the multi-indices satisfy ||, |L|, ... |I;—1| =r. Then, u has a
decomposition

1= po+ 4, (46)

satisfying the following conditions:

(@) W is generated by the forms dw§, where |J| =r — 1, that is,

Uy = Z doj N D!

g’
I =r—1

(47)

for some (q — 2)-forms @..



2.2 The Trace Decomposition 45
(b) 1’ has an expression

1= Ay, X N dx A A dxe

- Af,'1 iy i, Y N AX A XA A e
F AR o AT N AYE A dX N dxt A d (48)
o AL TN A Ny A e
FALE L dyp AdYD A Ay
where A{rllzzzg Af,‘,’éz,z,z .. .,Af,‘llgz. . .f,";'l i, are traceless components of the
coefficients Ballm {;llézizi%iq LB '2:1 -

Proof Applying the trace decomposition theorem (Appendix 9) to the coefficients

/) I 1 72 Iy
B()’]izigu.iq ’ B()’m'zizig.“iq Bglu'z C -1 mn (45)a we get
YA L 70
Bali2i3,4.i Aal Bi3.. + C(rl iri3..
11 _ ALL 1112
Ba'lo'zi3i4...i Aalaohu C010213z4
(49)
Blllz 11]—2 _ 1112 1{]—2 + 1112 1(1—2
102" " "Og2ig-1lg — 1T0102" " 04 20g-1lg 102" " "Og2lg-1lg)
Bl1 L Iy _ AL Iy + I Iy
g10° " 'G'qul'qfll'q — ooyt 'G’llfziq,liq 010" " ’O'q,ziqfliq’
where the systems A’ hb AbL 1 are traceless and
o1li3.. 010202i3...0q7 * * VG102 TOg1 iy
Iy I I I3 f[ 1 e
Corizis..iy> Corarinis.iyr - CW,2 -, i, are of Kronecker type. Thus, writing the

multl—mdex I; as I; = Jjj;, we have

Cl i ——5“DQMM Alt(iiziy. . .ig)  Sym(Jyjy),
cﬁgﬂy4 5“D§£ﬂu5 Alt(izigis. . i) Sym(Jyj1)  Sym(Jaj),
I, i 1, . . .
C{;llléz- . é,fziq,liq = &;,IDQ%U- . -é,,zziq Alt(iy_1iy) Sym(Jyj1) (50)

Sym(Joj2) ... Sym(Jg-2jy4-2),
b e = iDhEL L Sym(Jyji)  Sym(Jaj2)

0102 " 041l i 010203 41

Sym(Jquiqu) .
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Then
u=Aq i, dx Ndx® A - A dxi
A i LAV A dXE N dxB N A
+ AL LAy Ny A dx® AN dx™ A - A dxi
AL f,q L AYE Ny N ANdy A dxt .
A{T‘11§2 K dy A dyI2 A dqu (51)
+ 5’ D<Jr11 i3igni, dyjm Adx® ANdx® A -+ Adx
+ 3, Dﬁ‘1§2,4,5 AV A YR N d Ndx A A d
+o 3 DR L dygl Ny A Ayt A dx
and now our assertion follows from the formula (44). O

The following theorem generalizes Lemma 2 to arbitrary forms on open sets in
the r-jet prolongation J'Y.

Theorem 3 (The trace decomposition theorem) Let g be any positive integer, and
let p € Q;W be a q-form. Let (V ),y = (x',¥°), be a fibered chart on Y, such that
V C W. Then, p has on V" an expression

p=po+p, (52)

with the following properties:

(@) pg is generated by the 1-forms w§ with 0< |J| <r —1 and 2-forms dwj
where |I| =r— 1.
(b) p’ has an expression

P = Ay, dx" NdxP A N dx
+AL A A dx> AdxB A - A dxi
A{,—lllfrzlzh ,qdy A dy‘72 Adx® Adx™ A - Adxi (53)
e ARE Ay A Y A Ady]T A do
—I—Af;]]f,z . quy,l Ny A A dya"
where |Ii|,|bl,...,|I,-1] =r and all coeficients AL . i f;lllgzizi}miq’
nhLo g

Groat 0y iniy..d, AT€ Traceless.
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Proof To prove Theorem 3, we express p in the contact basis. Then, p = p; + 4,
where p, is generated by contact 1-forms w7, 0< |J| <r—1, and u does not
contain any factor w7. Thus, p has an expression (45) and can be decomposed as in
Lemma 2, (46). Using this decomposition, we get the formula (52). O

Theorem 3 is the trace decomposition theorem for differential forms; formula
(52) is referred to as the trace decomposition formula. The form p, in this
decomposition (43) is contact and is called the contact component of p; the form p’
is the traceless component of p with respect to the fibered chart (V, ).

Lemma 3 Let p € QW be a g-form, and let (V.y), y = (x',y%), and (V, V),
Y = (¥,5°), be two fibered charts such that V NV # &. Suppose that we have the
trace decomposition of the form p with respect to (V) and (V, ), respectively,

p=po+p =no+p. (54)
Then, the traceless components satisfy
pl=p +7, (55)

where 7] is a contact form on the intersection VNV,

Proof Lemma 3 can be easily verified by a direct calculation. Consider for instance
the term A! iy, AYF, dx? Ndx A --- Adx in formula (53), and the transfor-

mation equation is

N7y Oy OX' 0% OX
0y Oxh Ox2 T Oxir

" Sym(/1]2 . ]r) (56)
Yoo

Denote @) ;- dx. Then, we have

gy 5
e d)].il.72<~:ik Yiijaewiid

ADEr s YT N X N dX A A dx
_ Ailizmi,. bosaos 8)(,‘;2 Ox® o O . 8y?;i2wir + ay?liz--«i; y\_/ o hd
o w5y T = v
x> Oz T Ol o 0<k<r—1 Djij.ii P
e, e, .
+ —a{i,”z'"” o+ a{ﬁ,"z""" d?}'}jz,,,j,) AdZ2 N AT A - AR
0<k=<r—1 Djij.cii Yirjzewdr
(57)
Consequently, the last summand in (57) implies
B L ox°2 Ox% Ox*a Oy7.
12 Jr iy iy
AT gy, =AY o (58)

§2583...8¢ 712 [3 AR —]/ — .
ox? Ox x4 Oy},
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Substituting from (56) in this formula, we see that the trace of ijlﬁl:ll vanishes if

and only if the same is true for the trace of A} | . Thus, the decomposition (55)

is valid for the summand (56). The same applies to any other summand. O

Following Theorem 3, we can write the g-form p in the contact basis as
p = p;+py+p, where p; is generated by the forms w7, 0<|J|<r—1, p, is
generated by dwf, |I| = r — 1, and does not contain any factor w9, and the form p’
is traceless. Thus,

pL= Z S ANDL py = Zdw}’/\‘}’ff (59)

0<T<r—1 Ij=r—1
for some forms @’ and V.. Then,
p = A0+ of Nd¥Y! +d(o] NPL) + . (60)
Setting
Pp=oAD. +wf NdYL, Qp=awf ANY, Rp=/p/, (61)

we get the following version of Theorem 3.

Theorem 4 Let g be arbitrary, and let p € QW be a g-form. Let (V,y),

W = (x,y), be afibered chart on Y such that V.C W. Then, p can be expressed on
V" as

p =Pp+dQOp+ Rp. (62)

Proof This is an immediate consequence of definitions and Theorem 3. O

In the following two examples, we discuss the trace decomposition formula and
the transformation equations for the traceless components of some differential
forms on 1-jet prolongation of the fibered manifold Y. The aim is to illustrate the
decomposition methods for lower-degree differential forms.

Example 1 We find the trace decomposition of a 3-form g, written in a fibered chart
(Vo). ¥ = (x,y7), as
= Agedx' Adx! A dx* + B jdy) A dx! A dxt
+ B dy? Ady, Ndx' + ALTdYT A dy) A dy.

q oVt

(63)
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4

Decomposing BY.,, we have B, = AP, + 5f Cox + Dy, where AL is traceless.

ajk? ajk ajk
Then, the condition Bﬁjk = —BY,; yields
B{:Pk = &;Czﬂc + %Dop = nCox + Do (64)
= _B{:‘kp = _5ZCa'p - %Dak = —Cor — nDgy,
and hence, C,y = —Dyg. Thus,
Bl = Ay + 8 Cor — 5 Coj. (65)

Decomposing BYY,, we have Bl = AP? + 8/ C4 + 5{DP . Now, the condition
B, = —B" yields

oV

By, = 00CY, + 69D0, = nCY, + DY,

avp p~av (66)
= _B(\{{;p = _5ZC€O' - 5£Di{a = _Cga - nD‘vlzﬂ
and hence, nC4, + C¢ = —nD?_— D2 . It can be easily verified that this condition
implies
Cgv = _Dlt]'a' (67)

Indeed, symmetrization and alternation yield

nCZL + C\ézla' + nc;]n' + CZV = _nD(\ia' - DZ’V - nDZv - D?o’ (68)
and
nCZv + C‘L]O' - ncgo - CZl = _nD(vI(i - DZ'» + nDZ'» + D?fc” (69)

hence, C4, +C! = —-Di — D4 and Ci — C4 = —DI 4 D1 . These equations

Vo

already imply (47). Thus,
B = Aqy + 0,.CY, — 6,CL,. (70)
Summarizing (65) and (70), we get

= Ayedx' Ndx) N dx + AL, dye Ndx Ndxt + AL dys A dy) A dxt
+ 07 Cordyy N dx! N dx — &, Copdlyy A dx! A dx*
+ 0, Cldys Adyy Ndx* — 51Chdys A dy, A dx*

Vo
+ AT dy) A dy, N dy,

ovT
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= Ajedx' Ndx) N dx* + AL dy? A dx! A dxt

+ AV YT N dy, A dxt + ALILdYT A dy) A dy;

+ Cordyy Ndx? N dx* — Copdy N dx! A dx?

+ Ca,dy, Ndy, Ndx" — C; dy, Ady, N dx? (71)
= Agedx' Ndx! Ndx* + AL dys A dx A dxt

+AVLAYT N dy) A dxt + ADIdYT A dy) A dy;

—2Csdw” A dx* +2C0 do’ Ady),.
Thus, applying formula (51) to any 3-form p on V', we get the decomposition

p=pi+p+p, (72)

where p, is generated by ?, that is, p; = 0’ A @,, p, is generated by the contact
2-forms dw’, p, = dw’ N'¥,, where the 1-forms ¥, do not contain any factor ",
and p’ is traceless.

Example 2 (Transformation properties) Consider a 2-form on the 1-jet prolongation
J'Y, expressed in two fibered charts (V, ), ¥ = (x,y%), and (V, ), ¥ = (¥,5%),
as

p=p+ptp =0 +p+0, (73)
where according to Theorem 3,

p1 =0’ NPs,  py = Qsda’,
p = Aydx' A dx’ + Ai,jdy;’ Adx! + AU dy) A dy;

and

ﬁl =’ A F(ﬂ p2 = @deﬂ, (75)
"= Aydx \dx + A,dy) A dx + AL dy) A dy.

VT

We want to determine transformation formulas for the traceless components A7

i
Alvj, and A;. Transformation equations are of the form

o o 9y 9y’ )\ ox
¥=3), 7 =3, 3= <8)))cl +a§vyl) ﬁ’ (76)
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and imply

(O ! oy! H'ox* | .
dy! = <8xp+8y" p)dxp+a +8 8Xidys'

Then, a direct calculation yields

—il oy e =i (OV] OV dy; Oy}
! T 1 i i [ ] i
Ady; Ndy; = A, <8xl’ + By y;) <_6x‘/ +_8 TV, |dxf A dxf
—i,; (O O oy?
A 1 i i K ldxp A
T A (a P +ayxyp> a ).
—i 0y] (Oy; Oy , o
+A, By (E)xl’ + —a TV |5 A dx1

—i; (Oy] O] Oy Ox/
l i
+A; (6x”+6y’< p> o o dxp/\dy]

—i,; 0y Ox* (Qy] O i; 0y) Oy
+A"'118y’“§(6_§;l’+ayi ;)dys Adxd + ALY

vraxa;
—i, Oy} Oy* Ox/ layaxyav
Al K.' A 1 1 K
ooy o O NV T A g g gy P N
+Zz,8— Ox* Oy* Ox’

K /\d A
VT ayk' ax 8y} 8)_61

Similarly,

— zax 3?" 3y‘
v Jj i
dl/\dx ‘161(8x1’+8" p>dxp/\dx
—i Ox/ 9y! o —i Ox/ Oy" ox* '
Y o Gy Adx + A‘fala o Y A dx

and

Aydx A dx/ —Al,apal

51

(77)

o A o’

(78)

(79)
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To determine the traceless components AW, A’W, and A; from the formulas

(78)—(80), respectively, we need the terms not containing w®; we get

i (O] Oy N\ (O O
At s ) (g + o

—i ayv ay 8}71 8)(
I i i A
JFAW(a L +aykyp) 50 90 O A

—i; 0y Ox* (Oy] Oy}
! [
A”By 8)6 (axp+a 7Y q>dys A dx?
41 0" 0x* 9" o/
" Oy Ox' dy* OF
—i X/ (9y! Oy
+Aw@(8 >t o p)dx” Adx
—; Ox/ oy’ 8x
Y Ol Qy* o
Ox' %
Y ow Ox

dyy A dy; (81)

dy* Adx!
+A; dx’ Adx.

Now, it is immediate that
—i (Oy] Oy] .\ (Oy Oy
_ l i i K Xl A
qu _AVT (a D + ) icyP) (6xq 57 6 7Y Q)

1— (ox/ (Oy! Oy ox/ [0y, Oy
- 14 LK i LK 82
24y (axq (3xp + ayxyp) o <3xq T oy (82)

1 o' Ox/
T o o

and

5 dy" Ox* Oy* Ox/ Dy Ox’ Ay Ox°
AK) = Avr 2 i i (83)
) Oy~ Ox' Oy* 9x1  Oy* OX' Dy* %
The remaining terms should determine A;, as the traceless component of the
expression

(O B T 20 (8, 78
vi\axa Oy 1) By oR T oYK OX \oxd | Oy 4
— Ox/ ay ox’

Wi ay o

(84)
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Recall that the traceless component W} of a general system P}, indexed with one
contravariant and one covariant index, is defined by

1 s

where P = P’ is the trace of Pi. To apply this definition, we first calculate the trace
of (84) in s and q. We get

i (O Oy ¥ Oy Ox | iy 05" Ox' (O3 | Oy ATV
“\ow T ) oo T gy aw o T oy

¢ ooy o

Y Oxs Qy< Ox'

(86)

Now, we can determine the traceless component of (84). Since the resulting

expression must be equal to A}, we get the transformation formula

PO @ 0y Ox*
“q Y Oxd Oy* Ox
0 (0% Oy [\ Oy ox i, Oy Ox (v | Oy
Al i i A i e s W)
”(axq*ay Ya ) oy oxt T ayK 8)? oxt " 9y

ady!  Oy! y© Ox™ 0y Vi
ta 5qA ((6}6’” 6’y’1 m> Ay~ ox' 8y" Ox' <6xm+8yi Ym

as desired. It is straightforward to verify that the expression on the right-hand side is
traceless. This completes Example 2.

(87)

2.3 The Horizontalization

We extend the horizontalization QW > p — hp € Q’I'HW, introduced in Sect. 2.1,
to a morphism h: QW — QW of exterior algebras.

Let p € Q)W be a g-form, where ¢ >1, J{*'y € W' a point. Consider the
pullback (7""1")*p and the value (n"'")*p(J71y) (&), &, ..., &,) on any tangent
vectors &, &, ..., fq of J/T1Y at the point J;“y. Decompose each of these vectors
into the horizontal and contact components,

Tn't' & = hé + pé), (88)
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and set
hp(‘])’gurly)(éla 627 RS éq) = p(‘]:’y)(héhhé% sy hgq) (89)

This formula defines a g-form hp € Q;+1W. This definition can be extended to 0-
forms (functions); we set for any function f: W — R

hf = (2. (90)

It follows from the properties of the decomposition (88) that the value
hp(J71 ) (&1, &, - . ., &,) vanishes whenever at least one of the vectors &, &, ...,
&, is " overtical (cf. Sect. 1.5). Thus, the g-form hp is @"*'-horizontal. In par-
ticular, hp = 0 whenever ¢ >n + 1. Sometimes hp is called the horizontal com-
ponent of p.

Formulas (89) and (90) define a mapping h: QW — Q" "'W of exterior algebras,
called the horizontalization. The mapping h satisfies

h(py+ p1) = hpy +hpy,  h(fp) = (2™7)%f - hp (91)

for all g-forms p;, p;, and p and all functions f. In particular, restricting these
formulas to constant functions f, we see that the horizontalization A is linear over
the field of real numbers.

Theorem 5 The mapping h: QW — Q" "'W is a morphism of exterior algebras.

Proof This assertion is a straightforward consequence of the definition of exterior
product and formula (89) for the horizontal component of a form p. Indeed,

h(ﬂ A ’7)(-’:““/)(61, 527 LR éqa ép+la €p+27 RS ép+q)
= (p A ’1) (J):y) (héla hé% RS hgpa héerla héerZa cey héerq)
= sgnep(J[y) (hey, ey, - s o)
: ”(J;V) (hér(p+l)7 hér(erZ)v cee hér(erq)) (92)
= Z sgnt-hp(J77) (Ee1ys Eo2)s - - s Exip))

: hy](‘];y)(fr(p+l)a ér(p+2)7 R ér(p-&-q))
= (hp(]:+l'y) A h’?(ﬂ“?))(éh éZa cey 5:]7 éerla ép+27 L) éerq)
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(summation through all permutations t of the set {1,2,...,p,p+1,....,p+q}
such that (1) <7(2)< --- <t(p) and 1(p+ 1) <t(p +2)< --- <t(p + q)). This
means, however, that

h(p An) = hp A hn. (93D)

The following theorem shows that the horizontalization is completely deter-
mined by its action on functions and their exterior derivatives.

Theorem 6 Let W be an open set in the fibered manifold Y. Then, the horizon-
talization QW > p — hp € Q"'W is a unique R-linear, exterior-product-pre-
serving mapping such that for any function f: W — R, and any fibered chart
Vo), o = (), with V.C W,

hf =forn™™V  hdf =df -dx, (94)
where
of o
dif = % + ] Yiijawdui® (95)

7.
1 <in < <je D

Proof The proof that i, defined by (89) and (90), has the desired properties (94)
and (99), is standard. To prove uniqueness, note that (94) and (95) imply

hdxi = dxi, hdy;:_,'zujk = yqujzmjkidxi' (96)

It remains to check that any two mappings /4, and h, satisfying the assumptions of
Theorem 6 that agree on functions and their exterior derivatives coincide. O

We determine the kernel and the image of the horizontalization 4. The following
are elementary consequences of the definition.
Lemma 4

(a) A function f satisfies hf = 0 if and only if f = 0.
(b) If g>n+1, then every g-form p € Q;Wsatisﬁes hp = 0.
(¢) Let 1<g<n, andlet p € QZW be a form. Then, hp = 0 if and only if

Jykp =0 (97)

for every C" section y of Y defined on an open subset of W.
(d) If hp = 0, then also the exterior derivative hdp = 0.
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Proof

(a) This is a mere restatement of the definition.

(b) This is an immediate consequence of the definition.

(c) Choose a section y of Y, a point x from the domain of definition of y and any
tangent vectors (,{,,...,{, of X at x. Then,

er*p(x)(éla C27 LS Cq)

r r r r (98)
p(‘]xy)(TxJ Y- Cl? T.Jy - CZa ceo IS Ve é,q)

Since Tn" ! is surjective, there exist tangent vectors &; to J" 1Y at J/ ™1y, such
that {; = Tn"+! - £,. For these tangent vectors,

JVV*P@)(ChCzy--wCﬁ (99)
= pUD)(TI"y - T - & Ty - Tt - &, Ty - TR - &),
But hé = T Jy o T ! - &, and hence,
er*p(x)(Cb CZ} sy Cq) = p(‘];y)(hihhéb cey héq) (100)
= hp(J")(E1, &, 0 &)
This correspondence already proves assertion (a).
(d) This assertion (d) follows from (c). |

We are now in a position to complete the description of the kernel of the
horizontalization & for g-forms such that 1 <g <n.

Theorem 7 Let W C Y be an open set, p € QW a form, and let (V,y),
W = (x,y°), be a fibered chart such that V C W.

(a) Let g = 1. Then, p satisfies hp = 0 if and only if its chart expression is of the
form

p= Y oy (101)

o< <r-1

for some functions ®7: V" — R.

(b) Let 2 <q<n. Then, p satisfies hp = 0 if and only if its chart expression is of
the form

p= > ofADL+ > dof AW, (102)

o< <r-1 [I|=r—1

where @ (resp. W!) are some (q — 1)-forms (resp. (q — 2)-forms) on V.
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Proof Suppose that we have a contact g-form p on W”, where 1 < g <n. Write as in
Sect. 2.2, Theorem 3, p = p, + p’, where p,, is contact and p’ is traceless. But the
horizontalization h preserves exterior product and hp =0, so we get hp' =0
because pj is generated by the contact forms w7, dw7, which satisfy ho§ =0 and
hdw] = 0. Now, using formula hdy] = y%dx!, we get, expressing p’ as in Sect. 2.2,
(53)

r_ L a1 L1
hp _( i1ia...Iq +A(7112h z,,yllil +A01021314 lqy1111y1217
I, Og-1
+- +AO’|(1‘2 . 0'1, llllyllllylzlz yl,, 1ig—1 (103>
1112 q 3 11 iz i
+Ag e, - .(;qylll-lylziz. . .y,qiq)dx ANdx? A - Ndx',
: 1 LI

where |Ii],|b,...,|[Il,-1| =r and the coefficients Ag ;. ;. Ad i i -

nn I

dros” * -0y i, are traceless. Then,

L. I o1 LI 0| .03
Alllzu-lq +A0'11213 t,,yllil +Aalo'2m4 lqyllilylziz
L1
+ Aalaz o'q 1 lqy1111y1‘>12 yl ]lql (104)
L 7, .
+A%2 . .gqy,lily,zi2 Y, =0 Alt(iz. . ig).

But the expressions on the left-hand sides of these equations are polynomial in the
variables y} with |K| = r + 1, so the corresponding homogeneous components in

(104) must vanish separately. Then, we have A;;, ;, =0, AL%2 .. .ﬁ,"q =0, and
A{r111213 g 511 =0 Alt(llIZ ) Sym(llll)y
Al iy, 0002 =0 Alt(iriz. . ig)  Sym(Lly)  Sym(Db),

(105)
AbL |l ghigh 5‘”:0 Alt(iyi. . .ig)  Sym(Lil,)

0107° O'[] 1lq I Iy

Sym(lzlz) . .Sym(lq_llq_l).

I L1 L I'I 1
However, since the coefficients A;, ; ;. ;A 5, - - - Ad e, - -a, i, ATC traceless,

they must vanish identically (see Appendlx 9, Theorem 4). Thus, we have in (103)

. _ I _ L _
Alllz.. g — 07 Agli2i3_,,iq - 07 Aalazi3i4 qg Oa
Ll Ig1 Ll (106)
f) q- — 1L —
I | N L — ¢

) 102 04-1ig g102" " "oy

and hence, hp' = 0. Thus p = p,, and to close the proof, we just write this result for
g =1 and g > 1 separately. U
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Corollary 1 If 0< g <n, then a g-form belongs to the kernel of the horizontal-
ization h if and only if it is a contact form.

Corollary 2 Let W C Y be an open set, p € Q;W a g-form such that 2 <q<n,

and let (V, ), ¥ = (x,y°), be a fibered chart such that V.C W. Then, the form p
satisfies the condition hp = 0 if and only if its chart expression is of the form

p= > ofADL+ > d(wf AP, (107)

o< <r-1 [1|=r—1

where ® are (q— 1)-forms and V. are (q— 2)-forms) on V', which do not
contain »5, 0<|J|<r—1.

Proof We write (102) as

p= > fADI = D of AdVL+ Y d(wf AL (108)

0<|J<r—1 [T|=r—1 o<l <r—1
O
The image of the horizontalization % is characterized as follows.
Lemma 5 Let p € Q;W be a form.
(@) If g =0, then hp = (" "17)*p.
(b) If1<q<n, then
hp = hp'. (109)

() Ifg>n—+1, then hp = hp' = 0.

Proof This assertion is an immediate consequence of the definition of the hori-
zontalization h. (]

2.4 The Canonical Decomposition

Beside the horizontalization of g-forms Q;W, introduced in Sects. 2.1 and 2.3, the
vector bundle morphism h: TJ' 'Y — TJ'Y also induces a decomposition of the
modules of g-forms Q/W. Let p € QW be a g-form, where ¢ > 1, /[y € W' a
point. Consider the pullback (7""1")*p and the value (" "1")*p(Jrtly)
(¢1,&,...,&,) on any tangent vectors &y, &, ..., &, of J7T'Y at the point J.ty.
Write for each [,

Tt & = hé + pé), (110)
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and substitute these vectors in the pullback (7'*!")*p. We get

() () (6 Gy Ey)

(111)
= ,O(J,:'V)(hél +pélvh62 +p623 <. '7héq +P~fq)

We study in this section, for each k =0,1,2,...,¢q, the summands on the right-
hand side, homogeneous of degree k in the contact components p¢; of the vectors &,
and describe the corresponding decomposition of the form (n"+!'")*p. Using

properties of p, we set

pkp(‘[€+ly)(§17£27 s Vq)

S
e (112)
= E 8"]2“']""'“"']",D(JX“/)(Pfjl 7p§jza < -7p§jk7héjk+]ahéjk+27 RS héjq)a

where the summation is understood through all sequences j; <j, < --- <j; and
Ji1 <Jer2 < -+ <jg- Equivalently, pyp(J7!y) can also be defined by

pkp(‘];cdrly)(éla 527 B éq)

1 L . -
= mdl]z“']k]k“""lqp(fx?)(Pfjl,Péjz; oDy My - RE)

(113)

(summation through all values of the indices ji,j2, - . ., jk;Jk+1s - - -1Jg)-
Note that if £k =0, then pgp coincides with the horizontal component of p,
defined in Sect. 2.1, (5),

Pop = hp. (114)
We also introduce the notation
PP =p1p +p2p + -+ pyp- (115)

These definitions can be extended to O-forms (functions). Since for a function
f: W' — R, hf was defined to be (7" 17)*f, we set

pf = 0. (116)

With this notation, any g-form p € Q;W, where ¢ >0, can be expressed as
(n"7)*p = hp + pp, or

(n’“”)*p:hp+p1p+p2,0+"'+l’q,0- (117)

This formula will be referred to as the canonical decomposition of the form p
(however, the decomposition concerns rather the pullback (7 ™1")*p than p itself).
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Lemma 6 Let q> 1, and let p € YW be a g-form. In any fibered chart (V, W),
W = (x,y7), such that V. C W, pip has a chart expression

_ 12 Ji o O
Pkp = 0102 * Ok gt 1ik+2-- lqw-ll A (1) A Wy,
ETARTARTA R (118)

A dx A dxie? A A dxe

where the components P72 . Ji are real-valued functions on the set

g107°° Jkik+1ik+24..iq
r r
v wh

Proof We express the pullback (n""!")*p in the contact basis on W’ !, Write in a
fibered chart

p=dd AD;+ Y WAL+ dy A0 (119)

0<J]<r-1 |1|=r

for some (g — 1)-forms ®;, ¥/, and ®’. But dyf = »f + ydx', and hence,

( r+1, r) p = i A (7'Er+l’r)*(Di + Zy;;i(nr-&-l‘r)*@{;
1=r (120)
+ Y f ALY wf A ()L

0<J]<r—1 [|=r

Thus, the pullback (7" +1")*p is generated by the form dx’, w?, where 0<|J| <r —
1 and w9, |I| = r. The same decomposition can be applied to the (¢ — 1)-forms @,
‘Pi, and @fr. Consequently, (7"+!")*p has an expression

(n1‘+l,r‘)*p:p0+pl +p2++pq, (121)
where

Po = Ailiz-..iqul1 ANdx? N+ A dx"f’
— J1J2 Ji 0'2 o
Py = Z B o ,qwjl ANOT A N
0 < 1|, |2 seensl i < 7

| | | (122)
ANdX* = Ndx™ N - Ndxe, 1<k<g-—1,

_ WL e
pq - G102 " 04l
0< i,y gl < 7

a3 Oq
CI)J1 /\O)J /\---/\G)jq

Theorem 1, Sect. 2.1, implies that the decomposition (121) is invariant.
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We prove that p, = pip. It is sufficient to determine the chart expression of pyp.
Let £ be a tangent vector,

r+1
0
ff’< ) + i\ o - (%)
Ot ) o, ;jlﬁj;‘ﬁjk RN A Ity

From Sect. 1.5, (62)

i 0 . 0
hé=¢ (@) . +Z Z Vs (6 v ) ' (124)
v Iy

k=0 j; <j» < <jik y]ljz]k

and

k=0 ji <jr < - <jr Vitja-s

—a T i 8
pe= Yo G Vi) (r) : (125)
Ty

If h¢ = 0, then & = 0, and we have

! 0
PC = Z Z Eﬁjz»Jk <607> : (126)
uss

k=0 j1 <jp < <jr Vi

If p¢ =0, then E &, and hence,

g
Jl]2 de = Yjijaedi

. 0 r b
hé=¢ ( i> + y‘f’__;ki([;) . (127)
ox' ) v, Z Z I Qe .

k=0 ji <jo <+ <jk

We substitute from these formulas to expression (112). Consider the expression

pkp(J;+1')))(él, 527 B3] éq) for éla 52; EER3) éq such that hél =0, héZ =0,.., hék =
0and péy =0, pé =0, ..., p¢, = 0. Then, (112) reduces to

pkp( V)(élaf%”wé )

; (128)
= p(Jy)Pé1,psa, . ek hiit hepia, - . HEy).
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Writing

- B
_ e
=y Y ( )Zk
Jiy

g
=0 ji <jr < <jr o

(129)

; 0 s 0
he =0 (—) + Yiieii\ 7 — | |
Oxi . Z Z 12wk 3yfl it ) gy

k=0 ji <j2 <+ <Jk

k+1<I1<q,
with [ indexing the vectors &;, and substituting into (128), we get

pkp(‘,;-’_lq/)(élaéb ceey ék? ék+laék+27 LRRY) éq)a

_ L I 1:012:02 k':ﬂk k+1 gigp1 k+2 zigso q iq
—chl Ll VEpRER kgl dakigin agh,

(130)

But

‘27 = of (M) &, E =adrty) - g (131)

X

Therefore, pyp(J-™'y) must be of the form (118). O

Formula (118) implies that for any k > 1, the form pyp is contact; pyp is called
the k-contact component of the form p.

If (2" "17)*p = pyp or, equivalently, if p;p = Ofor all j # k, then we say that p is
k-contact, and k is the degree of contactness of p. The degree of contactness of the
g-form p = 0 is equal to k for every k = 0, 1,2, ..., g. We say that p is of degree of
contactness >k, if pop =0, p1p =0, ..., pr_1p = 0. If k = 0, then the O-contact
form pop = hp is n""'"-horizontal. The mapping QW 3 p — hp € Q;“W is
called the horizontalization.

The following observation is immediate.

Lemma 7 If g — k > n, then

hp =0,
P (132)
pip=0, pp=0, ..., pgn1=0.
Proof Expression p(J7)(p&,,pE),s - - PSjs heji s hjisyy -, hE;,) in (113) is a
(q — k)-linear function of vectors (;, , =Tn™ - &, (=T & ..., G,
=Tn+. éjq, belonging to the tangent space 7,X. Consequently, if
g—k>n=dimX, then the skew symmetry of the form pp(J !y implies

pkp(‘[£+1y)(617527"'a5q) =0. U
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To complete the local description of the decomposition (117), we express the
components P .. fk it rigsani, (118) of the k-contact components pyp in terms of
the components of p.

Lemma 8 Let W be an open set in Y, q an integer, n € YW a form, and let (V, ),

Y = (x,y7), be a fibered chart on Y such that V.C W. Assume that n has on V" a
chart expression

q
1
:E — = ADE L T AAYR A A dyT
v s!(q — S)! G102° * "0y dstliss2ig V], Y1, Y1, (133)

Adxs N dx 2 N N dx',

with multi-indices I, I, . . ., I; of length r. Then, the k-contact component pyn of 1
has on V"' a chart expression

1111 Ik (] () O
Pl = 011" " " oy atinea-dg O, N N A Wy,
k(g — k)l e (134)
A dx" N dxi A A dx
where
[ I
Bmaz * Oklks1lkt2-dg
q q k
— E - LI e Iy Iy I Ok+1 Ok+2 oy 135
o (q - S)AGWZI ok ot Opre " oy btiss2enig Yl i Ylezic2 Vi ( )
s=k

Alt(igy1igia. - dslgyr- - -iq)'

Proof To derive the formula (134), we pullback the form 5 to V"*! and express the
form (7" ")*W¥ in terms of the contact basis; in the multi-index notation, the
transformation equations are

A =dx', dyf =l +ysdd, |I| =r (136)

(Sect. 2.1, Theorem 1, (a)). Thus, we set in (133) dyg‘ = a)ll + y,l’ldx” and consider
the terms in (133) such that s> 1. Then, the pullback of the form dyj' A dy;’ A

-~ Ady]* by " is equal to

(o' + ¥ dx) A (2 + Y72 dxX) A= A (o] + 37 dx®). (137)

20
Collecting together all terms homogeneous of degree k in the contact 1-forms wy/,
we get (,‘() summands with exactly k entries the contact 1-forms a) . Thus, using

nno
symmetry properties of the components Ag; ... . i, in (133) and
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interchanging multi-indices, we get the terms containing k entries wj', for fixed
sand each k =1,2,...,s,

1 R I I Ok 0, s o
s!(q _ S)! (k)A(fllfzfz' : ‘6viv+li,v+2»<-iqy1kilik+]ylk]:rzzikJrl' ' 'yzivw;l A w;fzz AR ‘”Zk
A dx N dx A N dx A dxT A dXS A - A dx (138)

Writing the factor as

s!(ql—s)! <i) :k!(ql_k)!(z:];)’ (139)

we can express (138) as
1 q—k\ 4n1 I 7 G2 X
kl(q _ k)' (q - S>Af71|(2fz’ o i.\-+1i.s+2~»ithl:r1]ik+1yl:rz“iwz' . 'yzii\ “’Zl A w;jz2
A AT AT A XA N i A dx A XA A
(140)

Formula (138) is valid for each s =1,2,...,q and each k=1,2,...,s and
includes summation through all these terms to get expression (133). The summation
through the pairs (s, k) is given by the table

slt2 3 .0 g-1 q
k|1 12 1,2,3...1,2,3,...,g-1 1,2,3,...q

(141)

It will be convenient to pass to the summation over the same written in the opposite
order. The summation through the pairs (k,s) is expressed by the table

Koo 2 3 .. g-1 ¢
1,2,3,....q 2,3,....q 3,4,....q ... q— 1,9 q

(142)
s

Now, we can substitute from (140) back to (133). We have, with multi-indices of
length r,

1 . . )
n= _|Ai1i2...iqull Adx? N -+ Adx'
q:
q s 1 q— k Alllz I, ksl k42 T
T Z Z kl(q — k)l q— S8 )" 015, " "0 i.\-+1ix+z~~l'qy’k+1ik+1y’k+2ik+2' Vi,
s=1 k=1 " '

CO]P AP A AT A A A XA A dx A dx A A d
(143)
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hence,

1 .
Pl = — 1112 lqull A dx’2 ARRRAYCS
q!

q—k\ 11 I 7 Ors2 o,
+ Z k' q k (Z( )A”ll ‘272 * Oy gy 1lsta. lz/ylk]::rlllkJrlylk]::rzlkJrz 'yl.yi.;>
COfN ANOF A A wft AdX A XA A dx (144)

This proves the formulas (134) and (135). O

Remark 5 Formulas (133) and (134) are not invariant; the transformation properties
of the components are determined in Sect. 2.1, Theorem 1, (b).

Lemma 8 can now be easily extended to general q- fomls. It is sufficient to
consider the case of g-forms generated by p-forms cu LA o) YAARRERA a);z with fixed
p, 1 <p < g — p. The proof then consists in a formal application of Lemma 8.

Theorem 8 Let W be an open set in Y, q a positive integer, and p € Q;W a g-form,

and let (V, ), Y = (x',y%), be a fibered chart on Y such that V.C W. Assume that
p has on V" a chart expression

i Sl L )
Viva VpG102 O lst1ls+2--lg—p

Vp
wjl /\wh/\ Aoy

ME

Ssllg—p — )
Ady§t NdyfE A AdyP A dx A dxB A A dxe,

(145)

with multi-indices Ji,Ja,...,J, of length v — 1 and multi-indices 1,1, ..., 1, of
length r. Then, the k-contact component pyp of p has on V'*! the chart expression

1
_ W LI Le—p vy v
Dip = (k _p)l(q —p— k)l B\fl"z' T R = ik—p-likfr/Jeriq—pw-/l A Wy,
N o0 . . .
Ao Nof Nopt Nop N Ao AT NdXETR A - A dx
(146)
where
o Sl le—p ) ) ]
Vit '\’1,0'10'1 © Ok—p lk—p+1lk—p+2---lg—p
E N1 Ll L pli—pi1le—pia I
- (q p— S)AVH' T VRGO " Ok pOkp 1 Ok—pi2” " "Osispisi2dg—p (147)
s=k—p

Ok—p+1 Ok—p+2 (o . . .. .
Vi piricopir Yl parivopra VL Alt(lk_ﬁ+llk_P+2' - lslstl- 'lq_p)'
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Proof p can be expressed as

Vv . Vp Ji1Jo J,
p=0wp Ao A Aoy A, (148)
where
q—7p
njljz I’ AJ]Jg JPI]IZ I )
Viva© vy | _ VIVt V0102 " Ol 1igiaedgp
ZY slg—p—s) (149)

A alyl1 A dy,2 ARREWAY dyf: A dxsH A dx' s N A dr

We can apply to #7172, . ‘Jj, formula (134). Replacing g with ¢ — p and k with k — p,

Viva

Dk ,7!112 = 1 JiJr I Ii—p ) ) .
“PHvivat oy, (k _ p)l(q —p— k)l ViV T V0101 " " Ok plk—pt1lk—p+2--lg—p

o . 4 .
Cof" NOTEN - N T N A dx A X
=P

(150)
where
v Lhl e )
Vivp Tt 'v[,cno‘] C N Ok—p lk—p+1lk—pt2---lg—p
= Z (q p— S)A\Ji{; -iﬁglléz- . -3{,';I§Z;x‘5[f,i2~ . 5,5 estiseadgp (151)
s=k—p
Y Vi Vi ALtk i dgp)-
O

The following two corollaries are immediate consequences of Theorem 8 and
Sect. 2.1, Theorem 1. The first one shows that the operators p; behave like projector
operators in linear algebra. The second one is a consequence of the identity
d(n™ 1)k p = (n"*1")*dp for the exterior derivative operator, the canonical
decomposition of forms on jet manifolds, applied to both sides, as well as the formula

dwy = —wj; A\ dx’. (152)
Corollary 1 For any k and |,
_ (nr+27r+l)*pkp7 k= lu
PipIp = {07 k4L (153)

Corollary 2 For every k> 1,

(22 Y prp = prdpi—1p + pidip- (154)
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Remark 6 According to Sect. 2.3, Theorem 5, the horizontalization h: Q"W —
Q"'W is a morphism of exterior algebras. On the other hand, if k is a positive
integer, then the mapping p;: QW — Q 'W satisfies

pelp+n) =pep +pin,  pe(fp) = (Forn ™ pep (155)

for all p, n, and f. However, pi: QW — Q"'W are notr morphisms of exterior
algebras.

2.5 Contact Components and Geometric Operations

In this section, we summarize some properties of the contact components and the
differential-geometric operations acting on forms, such as the wedge product A, the
contraction i, of a form by a vector {, and the Lie derivative O; by a vector field ¢.

Theorem 9 Let W be an open set in Y.

(a) For any two forms p and n on W" C J'Y,

pilp An) =" pip Apan. (156)
i+j=k
(b) For any form p and any n''-vertical, n"t'"-projectable vector field = on
WL with iV -projection &,
i=pkp = Pr-1izp. (157)

(c) For any form p and any automorphism o of Y, defined on W,

pe(J7akp) = T otpep. (158)

(d) For any form p and any m-projectable vector field on Y on W
pr(0yzp) = Op1zpip. (159)

Proof

(a) The exterior product (2" ™1")*(p A i) commutes with the pullback, so we have
(7Y% (p A ) = (A1) %p A (2717 *n. Applying the trace decomposition
formula (Sect. 2.2, Theorem 3) to (7" "!")*p and (n"*!")*y, and comparing the
k-contact components on both sides, we obtain formula (156).
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(b) To prove formula (157), we use the definition of the k-contact component of a
form (Sect. 2.4, (112)) and the identity pE(JI™'y) = £(Jry) (Sect. 1.5,
Remark 2). Set &, = E(J7™y). Then, h¢; = 0 and p&; = E(J7y). By definition,

iEpkp(J;-FlV)(é% 537 ey éq)
= pkp(J;+l)))(E(J;+l’y), 623 533 ceey éq)
= PkP(J;HV)(fh 627 637 D) éq)
= Z Sjljzu'jkjﬂlqup(‘];y) (péjl 7péj2’ o "péjk’ héjkﬂ ’ héjk+27 ct hqu)

(160)

with summation through the sequences j; <j, < -+ <ji, jir1 <jre2 < -+ <Jg
(Sect. 2.4, (112)). On the other hand,

Peariep(T19) (6, &5, Ey)
= Z et dage p(JIy) (p&iy, pliss o DEiy Eiy  hEi s - “hé;,)
= Z g2kt o (JTy) (p&Ey, pliy s Dy - s PEiy hE i hE sy - s hé;,)
(161)

(summation through i <iz < -+ <it, fxq1 <igp2 < -+ <iy). Since hé; =0,
the summation in (161) can be extended to the sequences 1 <ip <iz < --- <ij
and 1 <ipyy <igq2 < --- <ig, and therefore, (161) coincides with (160).

(¢) Formula (158) follows from the commutativity of the r-jet prolongation of
automorphisms of the fibered manifold Y and the canonical jet projections,
(LY g ok p = J o (1) #p, and from the property of the contact 1-

forms ). .
iiy...0p
0%, ;0 J72)
r —0 . J1J2--4J, v
Iow =y —gE—— 0, (162)
i <iy < <ip iriy...0p
(Sect. 2.1, Theorem 1, (c)).
(d) Formula (159) is an immediate consequence of (162). O

Remark 7 If k = 0, (156) reduces to the condition k(p A n) = h(p) A h(n), stating
that % is a homomorphism of exterior algebras (Sect. 2.3, Theorem 5).

2.6 Strongly Contact Forms

Let p € Q;W be a g-form such that n + 1 <g < dimJ"Y. Since hp = 0 and also

p1p =0,p2p=0,...,pg—n—1p = 0 (Sect. 2.4, Theorem 8), p is always contact, and
its canonical decomposition has the form
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(7'Cr+l’r)*p - qunp +Pq7n+l,0 +o +pq,0 (163)

We introduce by induction a class of g-forms, imposing a condition on the contact
component p,_,p. If ¢ = n + 1, then we say that p is strongly contact, if for every
point yo € W there exist a fibered chart (V, ), = (x',y?), at yo and a contact n-
form t, defined on V", such that

pi(p—dr) =0. (164)

If ¢ > n + 1, then we say that p is strongly contact, if for every yo € W there exist
(V ), ¥ = (x',y%), at y and a strongly contact n-form 7, defined on V", such that

Paalp —dz) = 0. (165)

Lemma 9 The following conditions are equivalent:

(a) p is strongly contact.
(b) There exist a g-form i and a (q — 1)-form t such that

p=n+dt, psa=0, pgn171=0. (166)

Proof If p is strongly contact and we have t such that (165) holds, then we set
n = p — dt. The converse is obvious. O

In view of part (b) of Lemma 9, to study the properties of strongly contact forms,
we need the chart expressions of the g-forms p,_,p and p,_,_;7 = 0. We also need,
in particular, the chart expressions of the forms p whose (g — n)-contact component
vanishes,

Pg—np = 0. (167)

To this purpose, we use the contact basis. The formulas as well as the proof the
subsequent theorem are based on the complete trace decomposition theory and are
technically tedious because we cannot avoid extensive index notation. We write

_ § : VNS Y S Iyt vy V2oA L Vp
p A\’l V2 VpOp10pin " TOpys ip+.v-1l'p+x+z-»-iqwll A wlz A A wlp (168)
T 0, a, I 1 )
Ady" " Ndy, "N Nyt N dX N dXr A - A dix
p+1 p+2 p+s I
where summation is taking place through the multi-indices Ji, J2, . . ., J, of length less

or equal to r — 1 and the multi-indices I,,1,1,42,...,I,+, of length equal to r.
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Applying the trace decomposition theorem (Appendix 9, Theorem 1) as many times as
necessary, we can write

p= JiJy  JKaKie o Kiplipyilip liypts ) ) )
VIV2" T VK1 K2 T Kl p Ol p i1 Olip 2 T T Olip sl p st L i p s 2410

PN v L v Kit1 Ki42 . Kitp
oy Aop A Ao Adog” Ndog S A Adog”

Ol+p+1 Ol+p+2 Oltp+s ( 1 69)
/\ dyll+p+1 /\ dy11+p+2 /\ T /\ dy11+p+x
A dxios il A dydters Ao A dxiQ7
where
OS |]1|7 |]2|7 ceey |]1| Sr — 1,
Ki1], Kl - - [Kiip| = 7= 1, (170)

’1[+p+1 |a |Il+p+2|, .oy 1[+p+S’ =r,

and the coefficients are traceless. The number Q in (169) is not the degree of p; it is
related to the degree g by [ +2p+ s+ Q — [ —p — s = g, that is,

p+0=gq. (171)

Theorem 10 Let W CY be an open set, q an integer such that
n+1<g<dimJ'Y, and n € YW a form, and let (V, ), = (x',y%), be a
fibered chart such that V.C W. Then, p,_,n = 0 if and only if

) ) v,
n= E Wil ANoF A ANof Adoy Adog A Ndoy
g-nr1<itp (172)

S, JhL o,
A (Dglaz. AR

J1J2 J[Illz [I’ _ _ _ r 1.1 7
where @2 .. UL 5 are some (q — | — 2p)-forms on V" and the multi-indices

satisfy 0< |Ji|, [, - [l <7 = 1 L], 1Bl |L] = r— 1.

Proof Expression (169) for 5 can be written as V'*!, where

No = E B IKinaKye o Kiplipalipye lip+s

VILV2 ' VKL K2 T K p Ol p i Olip2 T Ol psiiptst Uil pst2-+-10
I+p>q—n
V1 V2 Vi Kit1 K K
cop Ao AN ANof Ndogt Ndol? A - ANdo
1 2 ! 1+1 Ki+2 Kitp

Ny NYTT N Ay N X A A
(173)
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and
0 = B]]Jg JiKi1 K12 Kiipliipriliipa Lispts ) ) )
1 2 : VIEV2 " VKL K2 T K p Ol 1 Olipt2 " Oliptsiptst lipst2---00
IH+p<g—n
v y v K| K. K
co) Ao A Aof Adogt! Adolt? A Adotr
1 2 1 1+1 K142 Kitp

Ny NYT T N Ay TN A A A e
(174)

We want to show that the condition p,_,n = 0 implies #; = 0.
To determine p,_,1,, we need the pullback (7" '")*y,; this can be obtained by
replacing dy] with

dy] = wf +y5dx'. (175)

Then, the corresponding expressions on the right-hand side of the formula (174)
arise by substitution
Ol+p+1 Ol+p+2 Oltp+s
dy11+p+1 A dy11+p+2 ARRRRA dy11+p+.r
Oltp+1 Ol+p+1 Ol4p+2 Ol+p+2

— ) iLipt1 ) iipt2
(wll+p+l + yll+p+l Utp+1 dx ) A (wll+p+2 + yll+p+2 U4p+2 dx ) ( 176)
A A (w‘mpﬂ + ng”“» dxi””“) .

Liipts L pisitipts
Computing the right-hand side, we obtain

Oltp+1 Olp+2 Ol+p+. Oltp+1 Olip+2 Oltp+
dy, ™" Ndy TN Ndyp T = o T AN TN Aap
Ip+1 Ip+2 I+p+s Ip+1 I+p+2 Ip+s

0 3 g g g — I
4 sy I+p+s w I+p+1 A I+p+2 A A L+p+s—1 A dxrts

Dsptsitipes  Dip1 Iiipi2 Diipis—1
S\ . Olpts—1 Oltpts Tl4+p+1 Olp+2
+ (2)ylH#H»xfliH»anrflyll+p+.vil+p+.\' Iiipi1 liipi2
Ao N@irez, Adxret A dxttrs (177)
Ol4p+2 Oltpts—1 Oltp+ts Oltp+1
+ T + Syll+1)+2il+p+2' ) .yll+p+s—lil+p+s—lyll+p+si/+p+x Il+p+l

i 1] _ 1]
A dxl+p+2 A--- A dx l+p+s—1 A dx I4+p+s
Ol+p+1 Ol+p+s—1 Ol+p+s ilpi1 ilyprs—1 ilypts
+ y11+p+1il+p+1 o 'yll+p+a—1il—p+.x—1yll+p+ail+p+x dx A A dx A dx :

Now, consider a fixed summand in expression (174), with given [, p, and s,

J1Jy JiKiiKiy  Kepliapitliprs  lipss

VIV2" T UVIKL K2 K pOlip 1 Olipt2 " Oliptsiitptst il prst2---00
o Nop A Nog Ndaogl Ndogd N Ndaog " 78

o o o ) A .
ANy AN @) TN N TN dX e A dx e A N dxe.
Ip+1 I+p+2 I+pts
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Using (178), we get the terms

sB/12 JKin Ky Kepliapiilipsy  lpts ) ) )
Viva 't VKK T T Kp Olip 1 Olip 42 T T Ol sl p st Udptst2--10

L\ Ohpts Vi ViAo Vi Kit1 Kigp A o Kitp
I sitipes Py ANog A Nay A d(UKHl A dle+z A A dle+p

Olip+1 Olip+2 Ol4pts—1
N g N oy NNy
I+p+1 IHp+2 Hp+s—1

A dxitrrs A dxiFret A dodrete Ao A dxiQ’

(S) J1J2 JiKi1 K2 Kiipligpitlivpr2 Dipts ) ) )

2) 5 vive "t ViK1 K2 T KipOlp 1 Olipy2 " Olpets D pts+ L ilptst2---10
Ol+p+s—1 Ol+p+s

y [l+p+.\‘71il+p+571y L pisitepts

Kit1 Ki42 . Ki+p Ol4p+1 Oltp+2
A dme A dwK1+z A A dwK[+p A wll+p+l A w11+p+z

Vi Vo Vi
W) NOF A A )

. » , , . . .
A A wljl;i;ilz A dx”*”*“" A dxll+[7+v A dxll+p+x+l A dx11+p+x+2 Ao A dle,

12 JiKi K2 Keplispilipr2 Iiipes ] ) )
Vvt VK K2 T T KipOlip 1 Olap 42T T Olpts Ugpts+ 1 Hptst2--10
Ol+p+2 Oltp+s—1 Ol+p+s

Vi V2 Vi
Vhprivepea® VI ; o o Nog AN ANy
I+p+2U+4p+2 I+p+s—1Utp+s—17 Ll4p+slitp+ts 1 2 1

Kit1 Ki42 . Ki+p Ol4p+1
A dme A dwK1+z A A dwK[+p A wll+p+l

il4p+2 ilpts—1 il pts ilptstl il4pts+2 i
Adxie A< A st A ddiess A didirsi A dodteisi A LA dode,

and
J1J2 JIKi K2 Keplipilivpa liipts ) ) )
VIv2 " VK K2 T K pOlp 1 O14pt2 T T Ol ptstipts 1 Udpst2---1Q
Ol+p+1 Olip+s—1 Ol+pts \J1 Vo v
; R ; . wp Ao N No
Diipi1itep+ yll+p+x71 i 4pts—1 y11+p+xlz-p+x Ji J2 Ji ( 1 80)

AdOR™ Adof? A Adod™ Adx™er A A dxTeset A dxes
KI+1 Kl+2 Klﬂ)
A dxil+p+s+l A dxil+,)+s+2 A A dxiQ.

We see that the degrees of contactness of these terms are
l+p+s>l+p+s—1>l+p+s—2>--->1l+p+1>I1+p, (181)

respectively. Clearly, since we consider the terms where [ 4+ p <q — n, (180) does
not contribute to p,_,#;. We claim that among the terms (178), there is one whose
degree of contactness is ¢ — n. Suppose the opposite; then [+ p + s<qg — n, but
this is not possible, because the term satisfying this inequality would contain more
than n factors dx'.

Thus, the condition p;7; = 0 applies to one of the expressions (179) and states
that the coefficient in this expression vanishes. But the components of #; are
traceless, and we have already seen that this is only possible when they also vanish.
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This implies in turn that the forms on the left of (179) all vanish, which proves that
1, = 0. The proof is complete. O

Corollary 1 Let W CY be an open set, q an integer such that
n+1<g<dimJ'Y, and n € QW a form, and let (V, ), = (x',y%), be a
fibered chart such that V.C W. Then, py_,n = 0 if and only if

n=ny+du, (182)

where 1y and p are w-generated, 0<|I|<r—1, such that p, i, =0 and
Pg—n-1t =0.

Proof Write in Theorem 10 n = 5, + 1, where 1, includes all w-generated terms,
defined by the condition /> 1, and

) ) v,
n = E doy Ndwp A--- Ndo, AN®N2 IhE L
1 f) A

0102° " Topvivy© Vp

g—n+l<p

_ E Vi V2oA L. p JiJ»  Jihl I,

= d(a),l N d(l)lz A A\ dco,P A\ (I)O'lo'z' PR 'V,;) (183)
g—n+l<p

+ Y o) Adop A Ado) Ad(@D2 ey,

o102" "oVt T Y,
q—n+1<p

Thus, 1 can also be written as 1 = 3, + du, where 1, is w§-generated, and p is also
w§-generated and contains p contact factors wf and dwj; in particular,

Pg—n-1i=0. U

Remark 8 Note that the summation in Theorem 10 through the pairs (I, p) can also
be defined by the inequality ¢ —n+ 1 — p <1< g — 2p, where the range of p is
given by the conditions p =0,1,2,... and g — 2p > 0.

Lemma 10

(@) If p is a strongly contact form such that g > n + 2, then for any m-vertical
vector field B, the form iy=p is strongly contact.
(b) The exterior derivative of a strongly contact form is strongly contact.

Proof

(a) We have ipzp = ip=n + ipzdt = ipzn + 0yz7 — dipzt. But by Sect. 2.5,
Theorem 9 py—n—1(iyzn + 0pzt) = ijr1zPg—nll + Oyri1zPg—n—17 and py—n—2iy=t
= ipr1gPg-n—1T; however, these expressions vanish because p is strongly
contact. Now, we apply Lemma 9.

(b) Let the form p be strongly contact. Then, from (166), dp = dn, where
Pq—nt1 = 0. We want to show that to any point y, from the domain of definition
of p, there exists a fibered chart (V, ), ¥ = (x,y°), at y, and a g-form T,
defined on V", such that p,.1_,(dp — dt) =0 and p,_,7 = 0. Taking 7 =1,
we get the result.
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Forn + 1 <¢g < dimJ"Y, strongly contact forms constitute an Abelian subgroup
O, W of the Abelian group of g-forms Q) W; they do not form a submodule of ) W.
It follows from Lemma 10, (b) that the subgroups @;W together with the exterior
derivative operator define a sequence

OWwW—-0_ W= —0,W-—0. (184)

n+1

The number M labeling the last nonzero term in this sequence is

M=m(" T ) -1 (185)
0

Remark 9 If n+ 1< g < dimJ"Y, then by Lemma 1, the canonical decomposition
of a contact form p € @ W is

(nrJrl‘r)*p = Pg—ndT + Pg—ns1P + Pg—ni2p + -+ pgp. (186)

Remark 10 1t is easily seen that the definition of a contact g-form p € Q;W for

1 < g <n agrees with (165). Indeed, if 1 <g <n, we have for any contact form
p' €O, W, h(p—dp')=hp as (n"+t1Y*hdp' = hdhp' = 0 (Corollary 2). Thus, if
hp = 0, then h(p —dp') = 0 for any p’ € ©, | W.

2.7 Fibered Homotopy Operators on Jet Prolongations
of Fibered Manifolds

In this section, we introduce the fibered homotopy operators for differential forms
on jet prolongations of fibered manifolds. We study their relations with the
canonical decomposition of forms and the exactness problem for contact and
strongly contact forms. The general theory of fibered homotopy operators is sum-
marized in Appendix 6.

The relevant underlying structure we need is a trivial fibered manifold
W = U x V, where U is an open set in R" and V an open ball in R” with center at
the origin; the projection is the first Cartesian projection of U x V onto U, denoted
by m. The r-jet prolongation J”W is also denoted by W’. By definition

W =UxV xLR"R") xL% (R",R") x ---x L _(R",R"), (187)

sym sym
where Lfym(R”, R™) is the vector space of k-linear symmetric mappings from R” to
R™. The canonical coordinates on W are denoted by (x',y”), and the associated
coordinates on W’ are (xi,y",y]‘i,yzjz, Vi ]) Any Cartesian projections
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% W' — W¥, with 0 <s<r, define in an obvious way a homotopy %" and the
fibered homotopy operator I'* (see Appendix 6, (27)), so the Volterra-Poincare
lemma holds in these cases.
In this section, we consider the fibered homotopy operator I = I". Recall that
the homotopy y = ¥ is a mapping from [0, 1] x W”" to W”, defined by
X(S7 (xi’ya7y]q; ay;jza c ~ayj(‘71j2,4,j,.)) = (xia Sya,s‘y;,sy;;jw N -7Syjf'jj2...j,)' (188)
It is immediately verified that the pullback by y satisfies

prdd =dx',grdyg, =35 s+ sdyf, (189)

*o? =7, . 7.
L7 Djjs i le./Z-“./kds+Sa).ll./2~~]k'

In accordance with the general theory, these formulas lead to explicit description of
the operator 1. For any g-form p on W”, y*p has a unique decomposition

5p = ds A p(s) + p'(s) (190)

such that the (g — 1)-form p(®)(s) and the g-form p/(s) do not contain ds. Then,

1
o= [ /7). (191)
0

where the expression on the right-hand side denotes the integration of the coeffi-

cients in the form p(®)(s) over s from 0 to 1.
The following is a version of a general theorem on fibered homotopy operators
on fibered manifolds. { stands for the zero section of W" over U.

Theorem 11
(a) For every differentiable function f: W~ — R,

f=1df + ()*C¥f. (192)

(b) Let g> 1. Then, for every differential q-form p on W',
p=1Idp+dlp+ (n")*{*p. (193)

Proof Slight modification of Theorem 1, Appendix 6. O
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Theorem 12 Let p be a contact g-form on W’.

(@) The contact components of p satisfy
Thp =0, Ipp =pi_1lp, 1<k<gq. (194)
(b) If p is strongly contact, then Ip is strongly contact.

Proof

(a) Expressing the forms p and (7"!")*p in the basis of 1-forms (dx',dy5),
0< |J| <r, we have

(Tchrl,r)*Ip _ I(Tclﬂrl,r)*p. (195)

The canonical decomposition of the form p yields

(TCrJrl’r)*Ip _ I(?‘Cr+l’r)*/) — ]( Z PlP) = Ipip. (196)
0<i<q

0<I<gq

But by (191), Ip;p is (I — 1)-contact; thus, applying py to both sides of (195)
and comparing k-contact components, we get (194).

(b) Let g>n+ 1 and suppose we have a strongly contact g-form p on W’. Then,
p = n+ dr for some g-form # and (¢ — 1)-form t such that p,_,n = 0 and
Pg-n—1T = 0; hence, Ip=1In+Idt=1In+1—dlt— 19, where 19 is a
(g —1)-form on U. If g >n+ 1, then always 1o =0. If g=n+ 1, then
always dtg = 0, and we may replace t with T — 7¢; then, Ip = In + t — dIx.
The (¢ — 1)-form In + 7 satisfies

Pg—n—1(IN+ 1) = Ipg—nf) + Pg-n—17 = pg-n—17 = 0. (197)

Ifg>n+2,then g —n—2>0 and p;_,—2It = Ip;_,—1T = 0; consequently,
Ip is strongly contact. If ¢ = n + 1, then from (195), it = 0 as required. [J

Corollary 1 (The fibered Volterra—Poincare lemma) If dp = O, then there exists a
(g — 1)-form n such that p = dpy.

The following two theorems extend the fibered Volterra-Poincare lemma to
contact and strongly contact forms. Their proofs are based on the trace decompo-
sition theorem (Sect. 2.2, Theorem 3), Appendix 9, Theorem 4, and on the fibered
Volterra-Poincare lemma.

Theorem 13 Let 1 < g <n and let p be a contact g-form such that dp = 0. Then
p = dn for some contact (q — 1)-form y.
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Proof

1. Let p be a contact 1-form, expressed as

p= > o). (198)
0<<r-1
Then,
dp= Y (dD) Aw)— Dldy); Adx). (199)
0<|<r=1

Condition dp = 0 implies, for |[J| =r — 1, ®/ 5}‘ =0 Sym(Jk), and the trace

v

operation yields, up to the factor (n +r —1)/r,

(D{ =0. (200)
Thus, p must be of the form
p= > Do) (201)
0< [J| <r-2

Repeating the same procedure, we get p = 0.

2. Let 2 < g <n. We show in several steps that if p is a contact g-form such that
dp = 0, then there exist a contact g-form 7 and a contact (¢ — 1)-form x such
that

p=1+drx, pit=0. (202)
First, we find a decomposition
p = po + To0 + dKo, (203)

with the following properties:

(a) py is generated by the forms wf such that 0< |J| <r —1,

po= D> OfADI+ D ] AAL (204)
0<J|<r=2 [J|=r—1

where the (¢ — 1)-forms A? are traceless.

(b) 1o is generated by wjAw] and ofAdw], where |J|=r—1,
o<|I|<r—1,|L|=r— 1L
(c) ko is a contact (g — 1)-form.
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Expressing p as in Sect. 2.3, Corollary 2, we have

p= > OfADI+ > of AP+ dig, (205)
o<|I<r=2 [J|=r—1

where g is a contact (g — 1)-form. Decompose the (¢ — 1)-forms @, indexed
with multi-indices J of length r — 1, by the trace operation. We get a
decomposition

J J 7l
D, =A+7Z, (2006)
where the expression A’ is the traceless and Z/ is the contact component. Then,

p= > OfADL+ D AN+ D @ AZL+dry. (207

0<||<r=2 |J=r—1 [J=r—1

Setting

po= D> OJADL+ D o] AAL

o< <r=2 J|=r—1

(208)
T9 = Z w7 A Z{;»
|J]=r—1
we get (203).
Second, we show that p has a decomposition
p=p +1 +dr (209)

with the following properties:

(a) The form p; is generated by the contact forms ¢, such that
0< |J| <r—2, that is,

P = Z f A DL+ Z af AAL (210)

o< <r-3 |J|=r-2

where the (g — 1)-forms A/ are traceless.

(b) 71 is generated by wjAw; and ojAdw], where |J|=r—1,
o<||<r—1,|L|=r—-1.
(c) ki is a contact (g — 1)-form.
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Indeed, we apply condition dp =0 to expression (203). We have, since
dwf = —dyj Aax/,

> d(wf Al
0< [ <r-2

= > (@ AdxY AN+ of NAAL) + dr = 0.
|J)=r—1

(211)

But the terms dyj; A dx’/ A Aﬁ in this expression do not contain any form w} or
dw} and must vanish separately. Thus,

> dyjndx AN =0. (212)
|J)=r—1

The 1-contact component gives

> ) Ah(dx AA)) =0 (213)
J]=r—1

hence
h(dx) AA) =0 Sym(Jj). (214)

The traceless form A’ can be expressed as

Al = Al dx NdxP A N dx

Vipl3...Ig

+ A dyy; A dx"® Adx* A - A dxi

VO213i4...04

+ AR dyp? AdyP Ndx* NdxS A - A dx' (215)

V020314151

L1 Ig—1 o 14 Gq-1 i
o Al i, AV ANy N Nyt A dx
bl 1 o
+ A .;qdy;’;z Ndyg? N A dy;’
where the multi-indices b, L,...,I, satisfy |b|,|h:],...,|I;] =r and all
. 1, . .
coefficients A2 A'LL L ABL L fel gre traceless in the indices

V02i3i4...i(,7 \'0'263i4i5...iq7 N

i3,14,...,1; and the multi-indices I, I3, .. .,I,—;. Then, Eq. (214) reads

V203" " "0g-1lg

Jh

J 02 Jhi; 02 1,03
(A + Averisisei Vi T Avorosisis..ipVbinY Iy

Viri3...ig
Jh1; Iq—l gy 03 Tg—1
+o A e bV Vi
Jhi3 I, \,02 |03 Oq
+ A\'6203 t ‘qulzi2y13i3 . ‘quiq)

SOk dx" Ndx NdxD A Adxit =0 Sym(Jj).

(216)
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Setting
1 .. .
Bl W= =A 0, Sym(Jl) - Alt(irizis. . .ig),
JiI JI [ . .
Bvaziligia,.“iq - A(722l3l4 lqt(sll Sym(‘”) Alt(lll3l4- . -lq)7
JILI JbI ] .. .
B\'G;O?qi]i4i5...iq - A\’G?zg'qlus 14511 Sym(‘]l) Alt(lll415' . ~lq)a (217)
1y 1 ..
B‘\IZTZ')ICST; ° .Ulq—lliliq = A‘\{{TZZIS'Q Ot]q 111 5 Sym(]l) Alt(lllq))
1 A 1
N Sym(ﬂ),
we get the system
B‘\{fll2l’§ lq = 0
Bl i, 0n =0 Sym(hyjn)  Alt(iriais. . ig),
B 15,513&; =0 Sym(Lj) Sym(Ljs) Alt(irizis. . .iy),
(218)

Bﬂbh ST 5/4 1 =0 Sym(hj,) Sym(l3j3)

VG203 " "0 ity i Vi3t

Sym(q g—1) Alt(zlzm iy),
BJlIzIz Iy 5]2 z 5/q =0 Sym( 2) Sym(13j3)

V203" " toqi Vi Viy”

Sym(I,j,) Alt(zl Ipis. . .ig).

11 JD1I; VYRS
Since the unknown functions, B‘J G itiig.ndy? B oniy iyis.igt By 55 Gy iy

I, . .
Bl L5 . aretraceless, for each fixed multi-index / = Jland each index v, this

system has only the trivial solution (see Appendix 9), and we have from (217)

Al 8 =0 Sym(Jl) Alt(iyiais. . 4,),

H2l3 lq 151

AL 5l =0 Sym(JI)  Alt(iyisiy. . 4,),

VO2iyiy.ig i1

AV s, O =0 Sym(Jl)  Alt(iriais. . .iy),

(219)
I - ..
A“{‘Ifzzlg'z . '0?4, l115,511 =0 Sym( ) Alt(lllq)a
1
AR 45l =0 Sym(Ji).
The solutions of this system are of Kronecker type; we have, denoting the multi-
index J as J = Kk,

k . .
A{y(i];}“lq = Cﬁw l[éh Sym(Kk) Alt(lzl3l4. . .lq),
Kkl KT k PP .
Asostsivei, = Croigis..i, 0, SYm(Kk)  Alt(iziais. . .ig),
KkD I KD I k P .
Amzfr:zus A Cm;o};zys g 514 Sym(Kk) Alt(l4l516' . 'lﬂl)? (220)

Kk1213 lyv KL A sk
Amm gy = Coz. .Jqfléiq Sym(J1),
Kkl lg _
Yoyon -+ 0g = 0.
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Consequently,

> W) AN = 0 A(CK Sk AdxP AL A

Vizig...ig
|J|=r—1

+ CcKE S dyp Adx™ Ndx'* A - A de

vV 02igis...ig i3

+ CKbL 5" 2 A Y] Adxt A dxS A A d

V0203isig...iq 14

k — i
e CRRR L Oy NdYE N Ady A dx)

VG203 " o'q 1l
= dof A (=Cy, . dx" /\dx"‘ A e Adx'
+ kb,

VO2i4is. .y

— CKbLs dy A dy Adx'S Adxie A - A dxie

V0203isig...Iq

dy Adx* NdxS A - A dx'

o (DO Ll dy AdyD A Ay ).
(221)
This expression splits in two terms,
d(f A (=Cyyi, i dX® Ndx* Ao N dats
+ O lqdy AdxX* NdxS A - N dx o)
— ot isioiy YT A dy7? NdxS Ndx'® A - A doie
+o (ZD)TICRED o dy Ady A Adypt)),
and
— f Nd(=Cyi, ; dx® Ndx" Ao A da
+ Ol i, AT A X N dx Ao N dx o)
— Cotisioiy YT Ny Ndx Ndx® A - A doie
+o (- 1),, LCbh oy Ay ~-Adyi,‘:‘)’

which can be distributed to the terms dkg and p, in the decomposition (207).
Therefore, p can be written as

Z O AN+ Z oI ANAL + Z S NZ + di
o< <r=2 J=r-1 [J]=r—1

Z f AL+ Z w§ NZL +diy
o< <r=2 |J| =r—1

S i AR+ YT WS AL+ D wf AZ +di
0<||<r-3 | =r-2 ] =r—1

p



2 Differential Forms on Jet Prolongations of Fibered Manifolds

= Y ofAL+ D o AD+ Y wf AZL+dr

0<ll<r-3 W =r—2 W =r—1
= > of AL+ D WS AN+ D ofAZL (204)
o< <r-3 |J| =r—2 || =r—2
+ ) @ AZL+dr
| =r—1
where we use the trace decomposition ®' = A’ +7/ for |J| =r— 1.

Summarizing and replacing for simplicity of notation CI){‘ with (I)i, we get the
decomposition (209).
Third, we construct as in the second step the decompositions

po= > ofAPI+ S wfAAL
o< <r-2 |J|=r—1
pi= X WfAGL+ Y wjAAl
0<<r-3 V=r-2 (225)

pra=0" AND,+ > wf NAL,
—~
Pr_1 = NAg,
and

0 =py+710+dKg=p, +1+dK =p, + 12+ dK;

(226)
e =P 0+ T2 Fdiro = p + 1o FdE.

Note, however, the different meaning of the symbols (Df; and Ai in the lines of
expressions (225), which are defined in the construction.
Finally, we show that p has a decomposition

0 =Tr—1 +dKr,_1, (227)
where 7,_; is generated by the contact forms o§ A w; and wj Adwy,
[J|=r—1,0<|I|<r—1,|L| =r—1 and k,_; is a contact (¢ — 1)-form.

It is sufficient to show that in the decomposition p = p,_; + 1,1 + di,—; (226),
the form p,_; vanishes. Condition dp = 0 implies
do® NAy; — 0’ NdA; +dt,—; = 0. (228)

The 1-contact component yields —w{ A dx' AN hA, — w° A hdA, = 0; hence,

h(dx' A A,) = 0. (229)
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Writing the traceless form A, as

Ay = Ay, dX” N dX® A -+ A dx'

AL Ay Adx A A N d
+A{'¥2303i4i5...iqdy1022 A dy;? A\ d-xi4 A dxiS JANEERIAN dxi" (230)
I, 5 .
bR AL Ay YT A Ay A dx
+A{,2(,12353. . .fquy}’; Ndyp N A dyZ",
we have
P4} LI ) .03
h(dx' A A)) = <Avi2i3...iq T A i Vi A osiis i ViV

. bl ly-1 oy o3 Og-1 bl I, (02 (03 Jq
e Avazag' ogrigYhiYVnise Vi, iy T Av0203’ <o YhLi YLyt Y1,

cdX ANdXE A dXB A A dx =0,

(231)
which implies, because the coefficients are traceless,
A b _ bl _
A"1213-~lq - 07 AVO'zi3i4,.4iq - 07 A\r'(72(73i4i5..,iq - 07
LI Iy LI I (232)
213 q— J— 213 J—
Awm. gy, = 0, Avam. = 0.

Consequently, p,_; = 0 proving (227).

3. To conclude the proof, we apply the contact homotopy decomposition to the
form 7,_; (Theorem 11). We have 7,_; = Idt,_| +dIt,_;. But d7,_1 = 0, and
thus, 7,_; = dIt,_1, and since the order of contactness of 7,_; is >2, we have

hit,_y = Ihpit,— = 0, so It,_; is contact. Then, however,
p =M, +dIt,_y +drk,—y = d(It,—1 + di,—1). (233)
Setting n = It,_; + dx,_, we complete the proof. O

Theorem 14 If p is strongly contact and dp = 0, then there exists a strongly
contact (q — 1)-form n such that p = dn.

Proof We express p as p = Idp + dlp. But by hypothesis dp = 0, thus setting
n = Ip, we have p = dn; now, our assertion follows from Theorem 12, (b). [

Remark 11 The concept of a strongly contact form, used in Theorem 14, has been
introduced by means of the exterior derivative d and the pullback operation by the
canonical jet projection 71" J™T1Y — J"Y. The decompositions of the forms on
J'Y, related to this concept, represent a basic tool in the higher-order variational
theory on the jet spaces J'Y. A broader concept of a strongly contact form is
considered in Chap. 8.
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