Chapter 2

Basic Properties, Estimation

and Prediction Under Exponentiated
Distributions
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2.1 Introduction

The class of distributions S = {H: H(x) = [G(x)]*}, where H is defined by (1.1.5),
shall be called class of exponentiated distributions. The PDF and SF, corresponding
to H, are given, respectively, by

h(x) = 2[G(x)]" " g(v), (2.1.1)
where g(x) is the PDF corresponding to G(x) and
Ry(x) =1 —[G(x)]". (2.1.2)
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In terms of survival functions (SFs) Ry(x) = 1 — H(x) and Rg(x) = 1 — G(x),
corresponding to H(x) and G(x), we could either have

Ry(x) =1 —[1 - Rg(x)]", (2.1.3)
or simply write
Ry (x) = [Rg(x)]". (2.1.4)

Notice that SF (2.1.3) corresponds to CDF (1.1.5) whereas SF Ry (x), in (2.1.4),
is obtained by exponentiating SF Rg(x) by o. If, in (2.1.3), & = N, a positive
integer, the SF of the minimum of N independently, identically distributed (iid)
random variables from G is obtained.

Cramer and Kamps (1996) were concerned with obtaining and studying the
properties of the model parameters in a sequential k-out-of-n structure based on the
exponentiated SF (2.1.4) after indexing the parameter o by i,i=1,...,n and
writing (2.1.4) in terms of the CDF’s. That is

Hix)=1-[1-GW)]"i=1,...n. (2.1.5)

The specific choice of CDF’s, as given by (2.1.5), in the definition of sequential
order statistics with CDF G and positive real numbers o, ..., o, leads to the
following important cases [see Cramer and Kamps (1996)]:

(i) oy =---=o; = ordinary order statistics.
(i) o; =7v;/(n—1i+ 1) = generalized order statistics.
(i) o; =k/(n—i+1)= kth record values.
(iv) oi=(N-+1—i—3"\R)/(n—i+ 1) = progressive type II censoring,
where o; =7;/(n—i+1) and N=n+>,_ Ry, (Ry, ...,R,) is the cen-
soring scheme at the beginning of the experiment.

Nagaraja and Hoffman (2001) used (1.1.5) as a record model and described the
exact as well as the asymptotic distributions of the inter-arrival times of upper
record values from the G* record model when {X,,n> 1} is a sequence of inde-
pendent random variables such that X,, ~ G*. Hoffman and Nagaraja (2000) studied
the model in which X; ~ G* i > 1, are independent random variables assuming that
the number of observations is random and independent of the observations and that
the os are positive constants. They called this model a random G* model. Hoffman
and Nagaraja (2002) introduced the random power record model where for every
n> 1, the joint CDF of X, ..., X, of a sequence {X,,n > 1} of random variables,
not necessarily independent nor identically distributed, is given by

Hy(x1, ... %) = E{G" (x1), ...,G"(xn)},xi ER,i=1,...,n,
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where the expectation is taken with respect to the o's which are assumed to be
almost sure finite positive random variables. They established a hierarchical rela-
tionship between several previously studied record models and showed that this
model incorporates all of them.

2.2 Properties of the Exponentiated Class of Distributions

Motivated by the fact that any (absolutely continuous) SF R¢(x) can be written in
the form

Ri(x) = Rg(x; B) = exp[—u(x; f)] = exp[—u(x)],0<a<x<b<oo, (2.2.1)

where u(x) = —InRg(x), is such that Rg(x) is a SF, so that u(x) is a continuous,
monotone increasing, differentiable function of x such that u(x) — 0 as x — a* and
u(x) — oo as x — b, in which a and b are real numbers that may assume the
values 0 and 00, respectively. We shall use (2.2.1), sometimes, instead of the direct
use of G(x).

Remarks

1. The expression for Rg(x), given by (2.2.1), holds true for any distribution
defined over the whole real line if a is allowed to assume the value —oc.
However, we shall restrict the domain to the positive half of the real line, or
subset of it, as given in (2.2.1), which is more appropriate for x to be used as
time variable.

2. Class (2.2.1) includes all SF’s with positive support (or subset of it). In par-
ticular, it includes among others, the Weibull (exponential and Rayleigh as
special cases), compound Weibull (or Burr type XII), (compound exponential
(or Lomax) and compound Rayleigh as special cases), beta, Pareto I, Gomperz
and compound Gompertz SF’s.

3. Although (2.1.3) and (2.1.4) are both exponentiated models, they are not quite
the same. Substituting (2.2.1) in (2.1.3) and (2.1.4), we obtain, for x > 0,

Ry(x) =1 — {1 —exp[—u(x)]}" (2.2.2)
and
Ry (x) = exp[—oum(x)]. (2.2.3)

Notice that SF (2.2.3) is of the same form as that given by (2.1.4) with, say,
u*(x) = ow(x). So, we shall concentrate on the class of SFs (2.2.2).

4. Ttis easy to see that if Z = — In G(X), where X has CDF H(x) = [G(x)]” then Z
has the exponential distribution with HRF o.
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5. Suppose that H(x) = [G(x)]". Gupta et al. (1998) showed that:
if « > 1 and G admits increasing HRF, then F admits increasing HRF and
if <1 and G admits decreasing HRF, then F admits decreasing HRF.

2.2.1 Moments

The CDF and PDF corresponding to SF (2.2.2) are given, for x > 0, by

H(x) = (1 — exp[—u(x)])*, (2.2.4)
and
h(x) = ol (x) exp[—u(x)]{1 — exp[—u(x)]}*". (2.2.5)

It can be shown that the /th moment of a random variable X following CDF
(2.2.4) is given by

E(X') =0 ¢li(0), (2.2.6)
=1
where
{oc: 1,2,3,...
V=
00, oisapositive non—integral value, (2.2.7)

¢ =(—1yY" Ya(o—1)... (a—j+ 1)/},

/ 1 explu) (2.2.8)
0

In the non-exponentiated case (« = N = 1), the ¢th moment of H(x) = 1 — exp

[—u(x)] is

EXY) =1, (¢) = é/ x"~Vexp[—u(x)]dx.
0
Result (2.2.6) can be shown by observing that integration by parts yields

E(X") = f/xéilRH(x)dx,
0
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where, from (2.2.2), Ry(x) = ZJN | ¢j exp[—ju(x)], ¢; is given by (2.2.8) when o =
N is an integer 21 and Ry (x) = %, ¢jexp[—ju(x)], ¢; is given by (2.2.8) when «

takes positive non-integral values. Substituting Ry (x) in the integral of E(X"), we
obtain (2.2.6).

Remark
1. If j — 1 =i, then (2.2.6) becomes E(X‘) = £ 317, cili(¢),

where

ci=(Da—1)...(a—i)/(i+1) =
= (=1 (a—1)...(a—i)/i,

*
Ciy

o
i+1

Therefore E(X') =
For example, if u(x
positive integer, then

)f DI ,+l11 (0).

fx (the exponential baseline distribution) and v = o is a

x!) E'az <a—'l)<i4l_1>”1.

This result agrees with that given in Gradshteln and Ryshlik (1980), p. 1077.

Table (2.1) gives the /th moment E(X") for some members of class &, where, for
Jj=1,...,v,¢is given by (2.2.8) and v by (2.2.7). The letter E preceding the name
of the distribution stands for exponentiated. The letter C for compound, W for
Weibull, Ray for Rayliegh, Par 1 for Pareto typel and Gomp for Gompertz.

2.2.2 Quantiles

The quantile x, of the absolutely continuous distribution (2.2.4) is given by
_ -1 1/o
xg=u [—In(l —q'%)], (2.2.9)

where u~!(.) is the inverse function of u(.). This is true since the quantile is the
value of x, satisfying ¢ = H(x;) = {1 — exp[—u(x,)]}". Table (2.2) displays the
medians of some members of the exponentiated class . It may be observed that in
the non-exponentiated case (o = 1) the median reduces to median = u~'(In2).
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Table 2.1 /th moments of some members of the exponentiated class &

Distribution u(x) fth moment
B
EW(a, By, B2) By X F<1f+/ﬁ£ﬁz Z/ 1 Ql//&)
EE r(1+¢
(o, B) px wosy (%)
ER. r £/2 v C;
ay(a, B) B (1[;/2/ ) Y (ﬁ)
B r(1+¢, v (i,
ECW (Burr XII) B In(1 + oxPr) <(;//f{[f|> ijl ( %ﬁz)/ﬁl>
(0(7 Blv BZ’ 8)
4 y il (jp,—C
ECE(ELomey) | (400 ey (50)
(o, B, 8)
ECR S r(1+¢/2 r(jp,—t/2
ay(a, B, 3) Bin(1+6x7) (L) 5 (— it >)
EParI(at, B, B,) —In(x/B,)", (x > /%) (g s 5
! =1\ (B-0B]
EBeta(a, B) —In(1 —x%),0<x<1 . cjr )
PA+/B) X | riom
EGomp(a, By, B>) By exp(Brx) B%ZJ‘ﬂ CjIj 0*
ECGomp(«, By, By, 3) Sln [1 + e;’;ﬁ 1] fzj'v:l lef (f)b

L) = Ofo [ln(l + #] [efzdz, z :jﬁl(eﬂzx -1).

f

o [(Bro- 1)+e /’2]

2.2.3 Mode

The logarithm of PDF (2.2.5) is given by
Inh(x) =Ina +Inw'(x) — u(x) 4+ (x — 1)1In [1 —e™™].

So that

0 =u"(x)(1 —e ™) — [ (0)*[1 — (o = L)e ]

The value of x which satisfies this equation is a mode of the PDF, given by
(2.2.5).
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Table 2.2 Medians of some members of the exponentiated class

Distribution u(x) ul(y) Median

EW(a, B, B,) B, xP (v/ )"/ [ln(l B 2,1/1)71/6.} 1/
EE(a. B) px y/B In(1 —2-1/7) /"

ERay (s, B) pe w/p” [in(1 — 2017
ECW(Burr XI1)(o, By, By, 8) | B, In(1 + oxP) [/ — 1)]/h H (1 =272~/ }/o} Vb
ECE(ELomax) (o, B, 8) pln(1 + ox) Leh —1) {(1 2-1/%) =1/ 1} 5
ECRay(a, B, 8) BIn(1 + 0x2) [(e/F — 1)) H (1-271%) “1p }/5] 12
EParI(a, B, B,) —In(x/B) x> gy | gyl i B [1 = 21a]

EBeta(o., B) —In(1 —xP), (0<x<1) | (1 — )/ 0—1/(p)

EGomp(a, By, Bs) Byefx [In(L +y/B1))/ B> ln{l —In(1— 271/«)'//%][/”1
ECGomp(2, By B2, 8) §1n[1 + //f‘/f;l] [In{1+ By (e = 1)}]/Ba ln[l +ﬂ][;2{(1 _2—1/1>*1/‘7_1}] 1/P:

2.2.4 Hazard Rate Function

The hazard rate function (HRF) corresponding to the exponentiated CDF (1.1.5) is
given, for x > 0, by

i) = g = 2T KD a1 €, (i) (22.10)

where Ag(x) = g(x)/Rg(x) and €, (x) = %;EX(;)
Notice that, since G(x) is a CDF on [0, c0), then
If 0<a<1, then —0co< €, (x) <1 = 1— €, (x) > L = Ay(x) > ig(x).

If >1, then =1 < €, (x) <1 = 0<all— €, ()] <1 = 0<Ay(x) <Ag(x).

€, (0)=1and €, (0c0) = lim,__ [%;23)] =21 So that, =1 < €, (x) <1, for

all x € [0,00). Hence, 0 <ol— €, (x)] <1.

By differentiating A (x), given by (2.2.10) with respect to x and simplifying, it
can be shown that, provided that G(x)g'(x) < g*(x),

H has an increasing hazard rate (IHR), if:

o
G*(x)>1-— . 2.2.11
R S (RPN 221
H has a decreasing hazard rate (DHR), if:
o
G*(x)<1— (2.2.12)

1 ={G(x)g'(x)/g*(x)}
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If equality holds, then critical points at which extrema for H(x) may be obtained
and so other shapes for the HRF of H(x) are expected to take place.

2.2.5 Proportional Reversed Hazard Rate Function

The proportional reversed hazard rate function (PRHRF) of H, denoted by 1, (x) is
defined by

(o) = () =

It may be noticed, from (2.2.10), that the HRF /g (x) of H(x) is not proportional
to the HRF /g(x) of G(x). However, the PRHRF A7 (x) of H(x) can be seen to be
proportional to the PRHRF A (x) of G(x). In fact,

con b)) oG ) L .
) = gy =G = Yl (2.2.13)

This is why the exponentiated model is equivalently called PRHRM.

It may also be noted that /7, (x) dx provides the probability of failing in (x — dx, x),
when a unit is found failed at time x. In general, the PRHRF has been found to be
useful in estimating the SF for left censored data.

It can be seen that the CDF H(x) can be written, in terms of the HRF A4 (x) and
PRHRM 2y (x) of H as follows

/IH (X)

HO) = 2t + 150

(2.2.14)
From which, the SF and PDF are given, respectively, by

W
RO = 1) + 150

A3 (%) Ap (x)

and h(x) = Ag(X)R(x) = T+ 5

2.2.6 Density Function of the rth m-Generalized
Order Statistic

The PDF of the rth m-GOS based on an absolutely continuous CDF H (x), whose
SF is Ry(x) and PDF is h(x), and positive numbers 7,, ...,7, is given by (1.2.1).

The following theorem gives an expression for the PDF of the rth m-GOS based
on an exponentiated distribution.
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Theorem 2.1 The PDF of the rth m-GOS based on an exponentiated distribution,
whose CDF H(x) = [1 — e *W]* and SF Ry(x) = 1 — [1 — e M), is given from
(1.2.1) in case (m # —1), by

. _ Cr-i M a—ulx)ye 7l ! —u(x)1 _ a—u(x)ye—1
fo) = gt (1 [ e P) Tl et — )
|

(1 _ [l _ efu(x)](erl)oc) ~ '
(2.2.15)

where C,_1,7, are as given in Chap. 1.
In the case m = —1,y;, = k,C,_; = k', the PDF of the rth OURV is given by

kK
1—1(1-— e*“(x) o k—loml X efu(x) 1— efu(x) o—1
RSV P e T ) (2.2.16)

[—In{1—(1- e*”(x))ﬁ}]rfl’

fi:(x) =

The PDF of the rth ordinary order statistic (OOS) is obtained by setting k =
land m = 0 in (2.2.15), or equivalently by the direct use of (1.2.2), to get

1 —u(x)1a n=r / —ulx —u(x)jo— —u(x)\o\r—
fX,:”(X):m(l—[l—e ()]) OCM()C)C ()[l—e ()] l(l—e ())( 1).
n—r I n—r 1 L
= —1 J - (1 -= —u(x)\o(j+r)=1 1 —u(x)
2,0 (") aa e e mlgen,
= wjh;(x)v
Jj=0
(2.2.17)
where
(—1)n!
0 — 2.2.18
S = == — DR +)) (22.18)
and
1 (x) = a(r + j)u (x)e ™0 (1 — e~ @)=t (2.2.19)

Also, from (2.2.16), the PDF of OURYV is obtained by setting k = 1 and m = —1
to get

fio(x) = o (x)e "0 (1 — e @) [ {1 — (1 — e @)}~ (2.2.20)
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(i) An s-out-of-n structure functions if at least s of its components function, or
equivalently, that the life of the s-out-of-n structure is the (n — s + 1) largest
of the component lifetimes. So, if r is replaced by n — s + 1 in the PDF of the
rth order statistic (2.2.18), we obtain the PDF of life of an s-out-of-n
structure.

n

f;l_ﬁ-l:n(x) = <I’l —s+1

|:1 B efu(x)} o(n—s+1)—1 |:1 B (1 B efu(x))a:|S7l.

(i) The PDFs of a series (n-out-of-n) and parallel (1-out of n) structures are
obtained, for x > 0, from (2.2.21), respectively, as follows:

)(n — 5+ ol (x)e ™™
(2.2.21)

fian(x) = nowd () (1 = e 1= (1= e 0T (2222

Fun(x) = noud (x)e™ (1 — e7@ym1, (2.2.23)

Notice that in the non-exponentiated case (o = 1), fi.,(x) = nu/(x)e ™) and
fam(x) = md (x)e ™0 (1 — e #))"~! which agree with the PDFs of the
minimum and maximum order statistics based on a population with CDF
1 —e W,

(iii) Expression (2.2.17) agrees with the expression obtained by Sarabia and
Castillo (2005), for the PDF of the rth order statistic, with the appropriate
parameters. This expression makes it easy to obtain the corresponding CDF,
SF and moments.

(iv) Mudholkar and Hutson (1996) obtained asymptotic distributions of the
extreme order statistics X;., and X,,,, and the extreme spacings X,., — X1, and
Xon — Xn—1n-

2.3 Estimation of a, R(xy), A(x9) (All Parameters
of G are Known)

2.3.1 Maximum Likelihood Estimation
of a,R(xg), A(xg)

In this section, the parameter o, SF R(x) and HRF A(x), at x, are estimated using
the maximum likelihood (ML) and Bayes methods.
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Suppose that « is the only unknown parameter (that is all of the parameters of
G are known). We are going to show that an unbiased estimator & of o which is also
consistent and asymptotically efficient, is given by

b= (n— 1)/izi. (2.3.1)
i=1

It may be noticed that the transformation Z = — In G(X), where X is distributed
as H(X) = [G(X)]", transforms X to an exponential random variable Zwith HRF o,
denoted by Exp (). In fact

Fz(z) =P[Z<zl =P[-InG(X) <z =P[X > G '(e %)) =1 — Hx[G ' (e )]
=1-e%,z>0

Suppose that X, < --- < X, are the first r order statistics in a random sample of
size n drawn from a population whose CDF is given by H(X) = [G(X)]" (type 1l
censoring). Let Z; = —In G(X;), then Z;.,, > --- > Z,.,, where Z;., is the jth order
statistic of a random sample Zi, . ..,Z, of size n from Exp (o). It then follows that
the LF is given by

r

L(2) o [[ [r)H G

i=1

a 232
o [[Joee™01 — e (232)
i=1
o o(re—xT[l _ e—ocz,]n—r
where z = (z1, ...,z,) and

The log-likelihood function is given, from (2.3.2), by
Llo,x) =InL(a,x) x rina — oT + (n— r) In(1 —e™*).
Differentiating both sides with respect to o and then equating to zero, we obtain

r (n—r)ze %
-——T——"———=0. 234
o 1 —e % ( )
The solution of (2.3.4) is the MLE a,,; of o.. Such solution could not be obtained
analytically and numerical solution may be necessary.
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In the complete sample case (r = n), it follows, from (2.3.4), that

where Z; = — In[G(X;)] are independently, identically distributed random variables
from the exponential distribution with parameter o.. It then follows that T =) " | Z;
has a gamma (n, o) distribution. Therefore,

n ot n
E T)= | ———1""'e " dt =
(Ba) = E(n/T) / t T'(n) ¢ n_1"
0
So that, from (2.3.5),
R n—1_. n-—1
opmr = " o= T y (236)

is unbiased for o. Furthermore, it can be shown that the distribution (1.1.5) belongs
to the exponential class, so that > | In[G(x;)] is sufficient and complete for o. The
efficiency of the estimator [see, for example, Hogg et al. (2005), p. 324] is given by
1:%;3 =1-2—1,as n — co. Notice that Rao-Cramer lower bound (RCLB) is
the reciprocal of n times Flsher information (o), given by the variance of the score

e =

function. That is, RCLB = nl(a) = m =% and it can be shown that the

n

variance of & is given by V(&) = % The estimator & is unbiased, consistent
. . D

estimator for «. It then follows that /n(& — o) = N(0,a?).

Remarks

1. If all of the parameters are unknown, the MLE’s of the unknown parameters of
G are obtained (by solving the likelihood equations involved) and then substi-
tuted in G to get Z; = — In[G(X;)] and hence Gy

2. The invariance principle of MLEs can be used in estimating the SF and HRF by
replacing the parameters by their estimates.

3. The above estimators of o, R(xg), A(xo), may be of use when G(x) is in ‘standard
form’ or can be transformed to standard form, where all of its parameters are
known and interest is in estimating o.

4. In the complete sample case, the MLE &y, = —n/ Y., InG(X;) agrees with
the result obtained by Gupta and Gupta (2007).

2.3.2 Bayes Estimation of o, R(xy), A(xy)

Assuming that the prior belief of the experimenter about « is gamma (by, by) with
PDF
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n(a) oc o e 0 > 0, (b1, by > 0). (2.3.7)

The posterior PDF is given, from (2.3.2) and (2.3.7) by

(a‘g) x L(OC;g)TE(OC) :Aar+b1flef(b2+T)ac[1 _ efazr]"—r
ey e (2.3.8)
= 7E(OC|§) =A ZjI:O leoC ot CXp[—Tojl O(]v
where
Ty, = by + jrzr + ZZ;‘ (239)
i=1
and A is a normalizing constant, which can be shown to be given by
A= ! (2.3.10)
_F(}’-ﬂ-bl)S()7 e
So = (G —1 2.3.11
0= | 7w |G = (=1 (23.11)
J1=0 \" 05,

and Ty, is given by (2.3.9).
Based on squared error loss function, the Bayes estimators of o, R(xg), 4(xo)
were obtained in AL-Hussaini (2010a), using (1.3.1), as follows

(r+b1)Sl
So ’
RSEL(ZO) = E[R(z0)|zg] =1 — %, (2.3.12)
0

hsr(z0) = E[Azo)l] = %

aspL = E(olz) =

8(z0)

where Sy and Cj, are given by (2.3.11) and A5(z0) = &y

n-r C. n—r n—r oo
Si=) <T+71];+1>S2 => (T'+b1> ZZ < ,HW) (2.3.13)

j1=0 Oji j1=0 L =0 j»=0 ]lJz
Ty, = Toj, —InG(z0), (2.3.14)
Ty, = Toj, — (2 + 1) In G(z0). (2.3.15)

For proof, see AL-Hussaini (2010a). This development shall be called ‘standard
Bayes method’ (SBM).
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Remarks

1. In the complete sample case, the Bayes estimator g, = m based

on the SEL function, agrees with the result obtained by AL-Hussaini (2010b).
2. In the complete sample case, d,y and dggp coincide for non-informative prior of

o (the case in which by = b, = 0).

3. It may be observed that oz — oy, as n — oo, indicating that ogg;, has the

same properties as d,y, for large values of n.

The following theorem gives the Bayes estimates under the LINEX loss func-

tion, using standard Bayes method (SBM).

Theorem 2.2 Based on LINEX loss function, the Bayes estimators of

o, R(x0), A(x0) are given, using (1.3.4), by the following:
1f 1S
iy = ——1 oK do=——In(=L
ArNx - n/e n(o|z)do - n<SO>7
0

i L T pione 1 /s
Rinx (x0) = —;ln/ e Ro* r (o] g)dor = —;ln <2>,
0

A 1
ALN)((X()) = — ;h’l

S
\8
(¢]

1

B

=
3
—
2
2
U
KR

I

|

|

=
N
£
ST |w*
N

where Sy is given by (2.3.11),

ST _ n—r q
b
J1=0 (K + Tojl )r+b1
n—r oo sz C
S5 = e — J ,
/;I; 72! [Ty, = jaIn G(z0)]™""

. [26(z0))" T (r + by +2)
Si-2c (F(r +01)[Toj, = (2 +J3)In G(ZO)VHJ'HZ) ’

where Ty, is given by (2.3.9),

n—r oo

= ZZZ and C = C;C;,C;,

J1=0/2=0j3=0

(2.3.16)

(2.3.17)

(2.3.18)

(2.3.19)

(2.3.20)

(2.3.21)

(2.3.22)
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C;, is given by (2.3.11),

BRIV s — 1
g, =V o (” S ) (2.3.23)

Ja! 73

Proof Such estimators can be seen to be obtained, by using (1.3.4) and the
posterior PDF (2.3.8), as follows:

1 o0
Oy = fgln/ e “n(alz)do
0

n—r

1 00
= _ZInA E C: r+b1—1 —ot[TOjl +;¢]d
K ! j1=0 ! / i ) ’

0
1 %
(%),
K So

where A is given by (2.3.10), So by (2.3.11) and S} by (2.3.19).

o0

A 1
Rinx(20) = _Eln e R n(a)z)do,

0

1 ~[1-{G ()} Ik

:—;ln e Wrln(alz)do,
0

o

1 0 2 )
= —fane”",C— 2*MG@) (g 7)do,
K — Jg' -
=0 0

) oo
1 o0 N K:JZ . n—r B s
=——In E e e’”lnG(Z")AZle oo le T gy,
K J2!
0

J2=0 1=0
1 n—r 00 sz ®
— —;IHA § le E efK.i'/ ar+blflef(TQ,-l —j2 lnG(Zo)xd(x’
=0 =0 J2: 0

1 S5
2ef3)
K SO

where S is given by (2.3.11) and S; by (2.3.20).
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Finally, the LINEX estimator of A4(xo) is given by

. .7
Zinx (20) = _Eln/ e M) (o) z)dot

72=0 ]2'
=t Ul RS 6 [ 6 el
=0 2=y

where 45(z0) = g(20)/[G(z0)] and Cj, is given by (2.3.23).
So that

} x(20) :—éanZCh (20)]

J2=0j3=0

ar+b1 Jrjzflef[Tofl —(j2+j3) In G(Zo)]otda

— 0\8

I'(r+by+j2)
[Toj, — (j2 +Jj3) In G(xo)] """

ijNX ()Co) = — E lIlA Z CM*G ()C())]jz

Therefore

A 1 S5
)LLIN (XO) = — E In (S—z) s

where S is given by (2.3.21), >~ and C by (2.3.22).
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2.4 Estimation of («, fy, ..., Bi), Ru(x¢) and Ag(x)
(All Parameters of H are Unknown)

This section is devoted to the estimation of the vector of parameters («, f§), Ry (xo)
and Ay (xo), where = (f, ..., ;) using the ML and Bayes methods.

2.4.1 Maximum Likelihood Estimation
Of (@, ﬂla ey ﬁk)?RH(xO)’ }“H(xo)

In this section, G is assumed to depend on k-dimensional vector § = (8, ..., ;)
of unknown parameters. So that H will depend on the (k 4 1)-dimensional vector
of unknown parameters (o, ). All parameters are assumed to be positive. In this
case, the LF is given by

L(0:) o [[ [ ACel0)Ra e 0)]"

- (2.4.1)
o [[TAGGalB) g (alB)][1 = {G(x1B)}"
i=1
where x = (xi, ...,x,) are the first r order statistics, 0 = (o, ), f = (By, - -, Bi)>
So that the LLF, denoted by £(6; x) is given by
£(0;x) =InL(0;x) = rlno+ (e — 1) ilnG(xim) + ilng(x,-m) (242)
i=1 i=1 s
+(n=7r)In[l = {G(x/[8)}"]
The likelihood equations (LEs) are then given by
ol n_T - 1Ry (n— r){G(xrm)}C< In G(x,|B)
5, 0= a+;lnG(x,|/3) I (GIRT (2.4.3)
and forj=1, ...k,
ar ~ 1 3GMlB) &~ 1 dglp)
—:0=(a—1
AR Doy I D P ey e

(n— r)(x{G(xrm)}OHI 0G(x,|p)
1—{G(x|B)}" op;
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By solving this system of equations, we obtain the MLEs of «, f3;, ..., ;. The
invariance property of MLEs can then be applied to obtain the MLEs of Ry (xo) and
A (xo), for some xy, by replacing the parameters by their MLEs.

2.4.2 Bayes Estimation of (a,p;, ..., Pr), Ru(x0), Au(x0)

AL-Hussaini (2010a) gave expressions for the Bayes estimators of the parameters,
SF and HRF of H, under the SEL function. In what follows, such estimators are
obtained under LINEX loss function.

Theorem 2.3 Suppose that the CDF G depends on an unknown k-dimensional

vector of parameters f = (f|, ..., Py), so that H depends on the (k + 1) unknown
parameters (o, f3).
Given by
n(0) = n(o, B) = mi(a)m2(P), (2.4.5)
where
(o) oc o~ exp(—byat), (2.4.6)

and 7y(p) is a k-variate PDF. Then

1. The LINEX estimators of the parameters are

~ l %k %k
BNy = —;ln(Sl /5575 (2.4.7)

. 1
Buiwx = ——In(S7'/Sy), v=2,... .k (2.4.8)

2. The LINEX estimators of the SF Ry (x9) and HRF A (xo) are given, for some xo,
by

. 1
RLNX(XO) = _gln(SZiZ/SS*)’ (249)

1
Juwx(x0) = = <In(S;15/S5"), (2.4.10)
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where

SS* = nifcjllov Iy = / [W('B’é)TEZ(‘B) dp,

b
Ji=0 Toj, (X, ﬁ)]r+ l

n—r efTO(ﬂ)n
St =G, Ii,= / e gy,
=0 ’ i< + To;, (B)]

n=r ~To(B)—xp,
S:*:ZCJ]IW Ivz/ﬂdﬁv v=2 ... ,k+1,
=0 ’ [Toj, (B)]

n—r *T()(ﬂ)
Stia = ﬂzz Ik+2, 42 = /wdﬁv

0]2 leZ

*ok Jl V+b1 +12)
Sps = ZZZ ler r+b1) Tits,

=0 jo=0j3=0

1)y (B) 4 (x0)}
s = / e [le.ij)]’*’”ffz

dp.

p

B) = WGx|p)+ > Ing(xlp),
i=1 i=1

Ty, (ﬁ) =by + T; (ﬁ)a

T;,(B) = — [Z In G(xi|f) +j1 InG(x,|B) |,
i=1
Tj j, (B) = Toj, — (2+1)In G(Xolﬁ),
Tj jr.js(B) = Toj, (B) — (j2 +Jj3) In G(xo| ).

Proof The LF (2.4.1) can be written as

L(0;x) o< w( Z o exp[—aT; (B)],

33

(2.4.11)

(2.4.12)

(2.4.13)

(2.4.14)

(2.4.15)

(2.4.16)

(2.4.17)

(2.4.18)

(2.4.19)

(2.4.20)

(2.4.21)

where 0 = (o, -, i) w(B) =TTy 75, B) = Ty &2 and T, () is given

by (2.4.18).
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The posterior PDF is given, from (2.4.5) and (2.4.21), by

n(0)x) oc L(0; x)m(0) = Aw(p) ZC ol exp[—aTy;, (B)],  (2.4.22)

J1=0
where A is a normalizing constant, given by

1
CI(r+by)Sy’
o0 (2.4.23)

n—r

ok )

So 7ZC]1IO’ / T r+b1 dp,
Jj1=0 0 0]1

Toj, (B) is given by (2.4.17) and T; (f) by (2.4.18).
It then follows, from (1.3.2), that

1 oo
b = —n / [ & ataprasap
0

1 (o)

=—"In //e"“(Aw m(p ZC o exp[— aTojl(ﬂ)}> dodf
K /3 0 J1=0
1 n—r x®

=—ZIn AZCJ-I/ /ocr”" Yexp[—af{x + To;, (B)}] dod B
A I )
1

=——In [AT(r + b1)S}"]
1

N S** S**
;c n[ 1'/5% }

where S;* is given by (2.4.23),

Lo _ [ w(Bm(p)
g ]Z:%q‘l“ B / [ic + To;, ()] @
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Forv=1, ...k, the LINEX Bayes estimator of f3, is given by
A 1 7
;ln//e bt (o, Blx)dod
B 0
1 x n—r
= _Eln //e"‘ﬂ (Aw nz(ﬁ)ZC- o exp[—aTy;, (ﬁ)]) dodf
/3 0
1 n—r x
— =i |aY G [ Fwpm(p) [ o explaly, (Bldsap
I h=0 g 0
1 -
=——In [AL(r + b1)S;"]
1
=——In [S;‘*/SE;*}
where, for i =2, ..., k+ 1,
n—r —xP;
=0 [To, (B)]

The Bayes estimator of Ry (xg), at some xo, is given by

Since R(xg) =

[o¢]

Ronx(x0) = —%lﬂ//e*()‘“)"ﬂ(%ﬁM) dpdo.

p 0

1 — [G(x0)]”, then
~KR(x0) _ o-r{1-[GE0)"} _ g—r i K2 (G (x0)]”

e —
J2:

j2=0
O 22 In[G(x0)]

- 2!
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Therefore,
1 7 b
RLNX xO _;ln// <AW 7'[2 cha +bl lexp[—(xTojl (ﬁ”)
B 0

12 e%2 In[G(x0)]
e Z !
j2=0

- e Yy / w(h)ma(h)

e L

dodp

/ o o1 1e=alTo; (f)=2In G(XU)]docdﬁ
0

= —lnAe*" Z Z kG, / T, Jr(;)l])rzb dodp

J1=0 j2=0 ]2
_ (M)
K S5
where

T; j,(P) is given by (2.4.19) and S§* by (2.4.23).
The Bayes estimator of Ay(xg), at some xp, is given by ;ILNX(xo) =

lnffe”“ ) 7o, B x)dPdo.

Slnce

K)Jz “;2 [ C<]z 0
- Z Ci[Gxo))”
' J3=

72=0

o0 o0
_ 2 ]2 2 alj23)2In G(xo)
—ZZ Gyl (xo) "o

C, = (—K)’z’ ¢, = (1) (jz 4.-13 - 1>7 7 (x0) = g(x0)
J3
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Therefore,
1 o0
duon) == | | (AW m($ chla’“’l Lexpl- ocTo,lw)})

B o =0

o0 o0

SO GLCL 1 (xo) P el 1 Gl g,

J2=0j3=0

1 n—r oo o0 . '

—emAY > GGG [ wBm B w1

J1=0 j2=0j3=0 s

o0
1(B) = / o Foiti=1 a=alTo; (B)=(a+j3) In Gxo)] 7,
0

I'(r+by +j2)

[le J243 (ﬂ)]r+bl+j2 .

So that

(r+bl +.]2) ,8

r+by+j;
[Tj1~j2,i3 (ﬁ)] o
= —lln % .
K AYS
where, for k =0,1,2,...,
- I(r+by+j2) [ w(xo) ma(p)[4 xo)]j
Siis =D Cls, s = / T dap,
+ Z r+ b 11J2,13 ﬂ +b1+j2

B

and T}, , ;,(B) is given by (2.4.20) and S;* by (2.4.23).

37
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2.5 Bayes One-Sample Prediction of Future Observables
(All Parameters of H are Unknown)

2.5.1 One-Sample Scheme

AL-Hussaini (2010a) obtained 100 (1 — 1) % predictive intervals based on the two-
sample scheme. In the one-sample scheme, the informative sample consists of the
first r order statistics X; < --- < X, of a random sample of size n drawn from a
population whose CDF is H (x). The future sample consists of the remaining order
statistics X, < -+ < X,,. Let ¥y = Xp45,s = 1, ... ,n — r. Write f,(y, |0) to denote
the PDF of the sth unit to fail, given that the rth unit had already failed. Then

F(310) o< [H(y5]0) — H (x,|0)] ™ [1 = H(ys|0))" "
[R(x,|0)] """ n(y,|0)

The binomial expansion of each of the first two terms on the right-hand side then
yields

£(000) Z (ul0)) ™0 o)

[ (xl’w)] (=) (yv‘e)a

0= (a,p),= (B, ..., Pi),D;, and D, are given by

= (D) = () s

Substitution of H(.|0) = [G(.|f)]") and h(.|0) =2 G(.|B)]" " g(.|B) then
yields

—1 n—r—s
£(516) o Z > DyDAG( B )
=0 ]7
r i G s ! s R r 0 " r
[ (1)) {al ,Ey,mﬂ 8OslB)}Re(x,10)] 252)
va D D, oe afs—j1+72)] In G(ys|B)+ir In G(x,|B)]

[Rer (x,]0)] "~ ’>,

* s|B
where 2*(y,|f) = g((}vl‘;ﬁ)]




2.5 Bayes One-Sample Prediction of Future Observables ... 39

The posterior PDF is given, from (2.4.1) and (2.4.3), by

n(0]x) oc L(0; x)m(6) o< [ﬁ h(xi] 0)][Rer (x,10))" "o =" exp(—bao) 2 ()

i=1

= {IL[ G (x| B))" gl B) Yo~ exp(—bao)ma(B) Ry (x,]0)]" "
= (2.5.3)

r

= ([T Gl TGl expl—ba)ms ()R 0"

i=1

= w(B,x)ma(B)o "~  exp{~[b2 — Er: In G(xil B)ock [Rea (x| 0)]"

i=1

where w(p,x) = [T, 4" (xl ).
It follows, from (2.5.2) and (2.5.3), that the predictive density function of Y; is
given by

FOl) = / F(,10)2(01x)d0
[C]

0]20

s—1 n—r—s X
=42 2D D [ Wb 0lpyma(p) [ o e Ptsag
i 0

( +b1_|_ )P "zr:XDlejz/ (ﬁv )j' (ys‘ﬁ)n2( ) ﬁ,

b1+1
Jljz( )}”r v

J1=0 j»=0

(2.5.4)
where 1*(z|f) = G(ZZY;)) and Ty, (f) is given by (2.4.12) and

175, (B) = Toj, — [s = (r —2) In G(s[ B), (2.5.5)

The predictive SF is then given by

PlY; > vlx] = /f*(ysl)ﬁ)dys
s—1 n—r—s (256)
I(r+b+1 Z > DyD,I*(v
=0 jz =0

=AIl'(r+b, + 1)S***(v), v > X,
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where

s =% S DD (), (25.7)
J1=0 j>=0
R S )
1) = ﬁ/ (8, 2)m:(h) / (s

The inner integral of I*(v) is given by

OBy, ) )
/[T* (ﬁ)]r+b|+l » V/[T()jl( ) {S— (]1 _]2)}1HG(yY|ﬁ)]r+b]+l Vs

Jij2

By applying the transformation z = T, (B) — {s — (ji —j2)} InG(y,|f),
dz=—{s —ji +o}2"(ys|B)dys and (v,00) — (z1,22), where z1 = Ty; () —
(s —j1 +2) InG(v|) and zo = Ty, (B)

Therefore
i ysm -1 / —r—b—1
/ TR R
— 1 Z*V*bl 12: 1 [ —r—by _ 7)"7b|]
(r4b1)(s —j1 +j2) . (r+bi)(s—ji+)) % !
_ [Ty (B) """ = [Ty, (B) = {s —j1 +i2} N G(IB) "
(r+b1)(s —j1 +J2) '
So that

. —r=by _ . —fs—j . n N —r—b,
I (v) :/W(ﬁ@)nz(ﬁ) ([TOn (B)] [f:ji[?l)(s{;jlj+j2€2}l G(v|p)] )dﬁ
i

(2.5.8)

Since, from (2.5.6),

1 = P[Ys > x,|x] = AT (r + by + 1)§**(x,), then A = m
where $**(v) is given by (2.5.7).

It then follows, from (2.5.6), that
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PlY, > v|x] = S***(():)) , V> X, (2.5.9)

A 100 (1 — 1) % two-sided predictive interval for the sth future order statistic Y
has lower and upper bounds L and U, given by

Sreorx (xr)

Equivalently, L and U are given by the solution of the following equations

1—(1/2) = PlY, > Llx] = S

and /2 =P[Y;> Ulx] =

(2.5.10)

SHL) — 1= (1/2)5™ () = 0, }
S*H(U) — (1/2)8" (x,) = 0.

where $***(v) is given by (2.5.7).
Remarks

1. The one-sided predictive interval of the form Y, < L is such that
0=S""(L)—(1—-1)8""(x,)
and of the form Y; > U is such that
0=S"(U) —18""(x,).

2. Two-sample scheme

In the case of two-sample scheme, we have two independent samples of sizes n and
m. The informative sample consists of the first » order statistics X; < --- <X, of a
random sample of size n. The future sample is assumed to consist of the order
statistics Y7, =1, ..., m. It is also assumed that all observations are drawn from
the same population whose CDF is H (x) = [G(x)]". Derivations of the estimators
and predictive interval of the future observable Y;,¢ =1, ..., m are the same as in
the one-sample case, by replacing f,(y, |0), given by (2.5.2) by

F(el0) oc [H(yel0)) 7' [1 = Hye| )" h(ye]).

Proceeding as in the one-sample case, we finally obtain the estimators of
o, fi,(i=1,...,k), R(xo) and A (xo) are given by
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b1)S} St
(’.—’_S%aﬁi* ;;l,(iil,...,k),
0

Sy b1)S;
Riw) = 1= 32 () = L0k
s s

o=

(2.5.11)

The predictive SF of the future observable Y,/ =1, ... k, is given by
S*
PlY, > v|x] = "L(V), (2.5.12)
Soz

where, for i = 0,1, ..., k+2,

Z Ljj, and SZ+3—ZZ k341 (2.5.13)

J1=0 J1=0 jo=

I, e "Dy (B)/To" (B)d

B " Dma(B)/Te " (Bydp, i=1, ...k,

Ii+111

i/
Iy, = / ey (B)T5 P ()P,
/
_ / |
B

laq = [ & OmlB)/T5" ()ap (2.5.14)
s = | géfiilfé?%f};fff 5536”*
flaini = / gc(?;f;);,ﬁ:f“((g))dﬁ
tiesjin ) = [ [T (B ) = (T, (8) = (€4 mGlolg)y )
5
e TP, (B)dp. (2.5.15)

To(p) and Ty, (p) are given by (2.4.11) and (2.4.12) and Tj ;,(B) by (2.4.14).
So that the lower and upper bounds L and U of the (1 — t) % predictive interval
of Yy, =1, ...,m are given by the solution of the equations
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Siys(L) = (1= (2/2))S02 =0, } (25.16)
Stis(U) = (1/2)Sp2 = 0,
where
S = i% [M} L, and S}, (v)= nifmié [%} Lysjyy  (2.5.17)
e A Y - e e R o

G :(—1Y1<”.’>,cﬁ:(—1)¥*(mZ), (2.5.18)

J1 J3

Ioj, and I;is, j, are given by (2.5.14) and (2.5.15).
For details, See AL-Hussaini (2010a).

2.6 Numerical Computations Applied to Three Examples

Three examples are given: in one of which the base distribution G is in standard
form (with no parameters involved), the second depends on one parameter f§ and, in
the third, G depends on two parameters (f3,, 5,). The computations using Bayes
method in the three examples are based on the square error loss function.

1. G(x) =1—e™™: the base distribution G does not depend on any unknown
parameters.

2. G(x) = 1 — e P: the base distribution G depends on one parameter. In this case,
the exponentiated distribution depends on the two parameters (a, ).

3. Gx) =1—eh 2. the base distribution depends on two parameters. In this
case, the exponentiated distribution depends on the three parameters («, f5;, ).

Example 2.1 G(x)=1—e*,x>0, so that H(x) = (1 —e™)* where o is
unknown.

e Maximum likelihood estimation
To compute the MLEs of o, R(xy), H(xo) at some xo,

(i) Generate n = 20 uniform (0, 1) random numbers uy, ..., up.
1/o

1

(ii) Compute the corresponding xi, ..., Xy, where x; = —In(1 — u
U; is uniform on the interval (0, 1). Choose o« = 2.5.

(iii) Order the x's and censor at r (r = 20, 18, 15).

(iv) Use (2.34), with G(x)=1—e*, to compute 6&y. The MLEs
&, R(xo), H(xo) and their MSEs are displayed in Table 2.3a—c.

), where
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Table 2.3 n=20,b; =3,b, =0.6,xp = 0.2 and 1,000 repetitions

Parameters | SBM MCMC MLE Actual values
Bayes | MSE Bayes | MSE ML | MSE

(a) r = 20 (complete sample case)

a 2.5890 | 0.0091 2.5780 | 0.0091 2.5920 | 0.0092 25

R(x0) 0.9855 | 8.17 x 107 0.9855 | 8.17 x 107> | 0.9855 [ 8.17 x 10> | 0.986

2(x0) 0.165 |0.006 0.165 |0.006 0.166 | 0.006 0.16

() r=18

a 2.678 |0.0943 2.678 |0.0943 2.6820 | 0.0950 25

R(xo) 0.988 | 0.0001 0.9850 | 0.0001 0.9850 | 0.0001 0.986

A(x0) 0.165 |0.0008 0.165 |0.0008 0.166 | 0.0008 0.16

(©)r=15

a 2.7095 | 0.165 2.7096 | 0.1652 2.7125(0.169 25

R(xo) 0.9980 | 0.0001 0.9833 | 0.0001 0.9840 | 0.0001 0.986

2(x0) 0.1663 | 0.0042 0.1662 | 0.0042 0.1680 | 0.0050 0.16

The following Bayes methods are based on SEL.
e Standard Bayes Method (SBM)

Given by, by and xy, the Bayes estimates &, R(xo), H (xo) are computed by using the
expressions in (2.3.11). Based on 1,000 samples, each of size n = 20, censored at
r=20, 18, 15, when b; = 3,b, = 0.6,xy = 0.2, the average values of the estimates
and their mean square errors (MSEs) over the 1,000 samples are given in
Table 2.3a—c. We mean by the MSE, in the Bayes case, the overall risk function.

e MCMC

The data set is analyzed by applying Gibbs sampler and Metropolis-Hastings
algorithm using WinBUGS 1.4 (http://www.nrc-bsu.cam.ac.uk/bugs/winbugs/
contents.smtm1) which can be downloaded and used.

Step 0: Take some initial guess of a(®).

Step 1: From i = 1 to N, generate () from the posterior PDF 7 («|z), given by
(2.3.8).

Step 2: Calculate the Bayes estimator of o by: & = 1 >°F | o), where M is
the burn-in period.

Step 3: For a given time xp, the Bayes estimators of the SF and HRF are given,
respectively, by



http://www.nrc-bsu.cam.ac.uk/bugs/winbugs/contents.smtm1
http://www.nrc-bsu.cam.ac.uk/bugs/winbugs/contents.smtm1
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and

. N ) (1 — o=20)2" " a0
i(xo):NlM Z <a U-e™) ;-) >,
— M 1—(1—e)
where M is the burn-in period.
The estimates and their MSEs, obtained by the MCMC method, are reported in
Table 2.3a—c. The same parameter, and hyper-parameter values, used in SBM, are
used here and computations are based on 1,000 samples.

e Bayes prediction (two-sample scheme)

The 95 % predictive intervals (t = 0.05),n = 20,r = 20, 18,15 when b; = 3,b, =
0.6 for the first future observable Y| in a sample of size m = 10 future observables,
are obtained by solving the two equations, given by (2.5.11). The intervals are
found to be:

0.0821 <Y, <1.00845, length = 1.0024, (r =20)
0.0854 <Y, <1.0921, length = 1.0067, (r=18)
0.0862<Y;<1.0949, length = 1.0087, (r=15)

where the lower bound of each interval is the average of the lower bounds
L computed to satisfy the first equation of (2.5.16) for each one of the 1,000
samples, respectively and similarly for the upper bounds.

Example 2.2 G(x) =1 —e % x>0, (B > 0), the base distribution G depends on
a single parameter f.

e Maximum likelihood estimation

With k£ = 1, Egs. (2.4.3) and (2.4.4) reduce to only two equations and we write f§
for 5;. The solution of the two equations, using some iteration scheme, such as

Newton-Raphson, yields MLEs &, and f8,;; of & and . The MLEs of Ry (xo) and

;IML(x()) are obtained by applying the invariance property of MLEs. The average
values of the estimates and their mean square errors (MSEs) over the 1,000 samples
are given in Table 2.4a—c.

e Standard Bayes method

Suppose that o and f are independent and that « is distributed as gamma (b, b;)
whose PDF is given by (2.3.7) and f is distributed as gamma (b3, by) whose PDF is
given by

() o< 2 exp(—byf), B >0, (b3, by > 0). (2.6.1)
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Table 2.4 n=20,b; =3,b, =0.6,b3 =2,bs = 3,x9 = 0.2 and 1,000 repetitions

Parameters | SBM MCMC MLE Actual values
Bayes | MSE Bayes | MSE ML | MSE

(@) r = 20 (complete sample case)

a 2.5480 | 0.0254 25261 |0.0071 2.5920 | 0.0092 25

B 1.523 |0.0006 1.519 |0.0004 1.574 |0.0013 15

R(xo) 0.9855 | 8.17 x 107° | 0.9855 [ 8.17 x 107> |0.9855 | 8.17 x 107> | 0.9658

A(x0) 0.3776 | 0.0006 0.3771 | 0.0006 0.3702 | 0.0022 0.3795

M) r=18

a 2.6078 | 0.1325 2.5628 | 0.0442 2.6640 | 0.5821 25

B 1.4523 | 0.0154 1.4569 | 0.0152 1.4491 | 0.0283 15

R(xo) 0.9618 1.2 x 107* [0.9618 | 1.2 x 10™* |0.9608 | 1.5 x 10™* |0.9658

2(x0) 0.3761 | 0.0092 0.3755 | 0.0092 0.3681 | 0.0191 0.3795

(©r=15

a 2.6875 | 0.5960 2.6940 | 0.5573 2.7930 | 0.6956 25

B 1.4375 | 0.0687 1.4436 | 0.0638 1.4017 | 0.0854 1.5

R(xo) 0.9580 | 0.0004 0.9583 | 0.0004 0.9574 | 5.88 x 107 0.9658

2(x0) 0.3758 | 0.0130 0.3750 | 0.0130 0.3651 | 0.0282 0.3795

Accordingly, the Bayes estimators of «, 3, R(xg), A(xo) are given by

b))S; o S5 S35 1
a= US55 gy =1 =5 ) = VRS (560
Y So

The predictive PDF and SF of the future ¢ th observable Y,/ =1, ... k, are
given by
(r + bl)S*

> and P[Y, > v|x] = ),
02 02

[ (velx) =

where, for v=0,1,2,3, S} and S, — SZ(.) are given by (2.5.17) with k = 1.
The integrals 1nvolved are given as follows, from (2.5.17), when k =1 and
na(p) is given by (2.6.1). So that

Iy, = [ [B7 e "D T ()lap,
[

T*(B) = baf + To(B), To(B)
is given by (2.4.11)
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= [ e T T ),
0

by = [ [Be O (B,
/

by = [ e T g,
0

el e T

Ly, _/ Gxlp) jrl;bl+l(ﬂ) dp,
[ gdpp”te "

Isj,;, dap,

/ ot

o0
lej\j, = /
0

Computations are carried out in the same manner as in Example 2.1, with the
obvious changes in which H(x) = [G(x)]*,G(x) = 1 — e, with n = 20, censored
at r = 20, 18, 15, when by =3,by=0.6. So that x; = —In(1 —1;/*), i =
1,...,20, where o and f are chosen to be o = 2.5 and f§ = 1.5. Computations are
also based on chosen values ofxo = 0.2,b; = 3,b, =0.6,b3 =2,by = 3.

e MCMC

1 1

- bi-le T (B g
Ty ) —Crimepy) < 7

In this case, samples are generated from the posterior distributions. Bayes estimates
of o and f and their functions are computed according to the following steps:

Step 0: Take some 1n1t1al guess of o and f, say «(*) and /3
Step 1: Generate (') and [3 from the posterior PDFs, given by

({x|ﬁ ) (OC /3|x) B r+b1 lznl rOC e_aT%(/),)
AT R R B Tt b S G (BT
(o, x) = (“ By G e a7

JoSm (o Blx)dp ST Gy fo B e T T g

where Cj, and Ty, (f) are given by (2.4.12), T*(B) = baff + To(f), To(p) is given
by (2.4.11).
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Step 2: From i =1 to N — 1, generate o) and 0V from 7 (o] B, x) and
7 (B Y, x), respectively.
Step 3: Calculate the Bayes estimates of « and f§ from & = ﬁZfV:M 41 o and

B= N v B, respectively.

For a given x, calculate the Bayes estimates of the SF and HRF from:

1 N

R = 1—(1— — B xqy oD
(x0) N Mi:%; [ (1—e )]
and
~ 1 N a(i) (l) 1— e_ﬂ(t)xO “(i)fle_ﬁ(,-)xo
Axo) = N Z ( B( 2) e .
i=M+1 1—(1—ef")

It may be noted that in Kundu and Gupta (Kundu and Gupta 2008), the Bayes
estimates of the parameters o and f§ (o« and 4 in their notation) were developed in the
complete sample case, assuming that o and f are independent and each has a
gamma prior.

The estimates using the ML method, SBM, MCMC are displayed in
Table 2.4a—c.

e Bayes prediction (two-sample scheme)

The 95 % predictive interval (t = 0.05),n = 20,r = 20, 18,15 when b; = 3,b, =
0.6, b3 = 2,b,4 = 3, for the first future observable Y, in a sample of size m = 10
future observables are found to be

0.0321 <Y, <0.6542, length = 0.6221, (r =20)
0.0412<Y,;<0.7320, length = 0.6908, (r =18)
0.0447 <Y, <0.7397, length = 0.6950, (r=15)

where the lower bound of each interval is the average of the lower bounds L
computed to satisfy the first equation of (2.5.16) for each one of the 1,000 samples,
respectively. Similarly for the upper bounds.

Example 2.3 G(x) =1 —eh x>0, (1, B, > 0), the base (Weibull) distribu-
tion depends on two unknown parameters f3, f3,.

e Maximum likelihood estimation

With k = 2, the system of LEs (2.4.3) and (2.4.4) reduce to three equations in the
three unknowns o, f8,, . By solving such equations, using some iteration method
we obtain the MLEs of these parameters. The MLEs of R(xy) and A(xo) are
computed by applying the invariance property of MLEs.



2.6 Numerical Computations Applied to Three Examples 49

e Standard Bayes method

Suppose that o and = (8, 5,) are independent and that o is distributed as gamma
(b1,b2) whose PDF is given by (2.3.7) and f is such that

ma(B) = m3(Ba|B1)m(By)
o [ﬁgrle—/ilﬂz][ﬁ?rle—hsﬂl]’

(2.6.3)
ﬁlmgz > 07 (b3ab47b5 > 0)
x ﬁi’}*lﬁ;u*le*ﬁ](bwrﬁz).
So that the prior PDF of 0, is given, from (2.3.7) and (2.5.17), by
1(0) = 1 () ma(B) o abr =t gt phimte b ambilbsthy) (2.6.4)

According to Theorem 2.3, the Bayes estimators of o, f3;, f,, R(xo), 4 (xo) are
given by

o (r4b)ST S .S D (r + b1)S5
= =1-—=,1 =——"2 (2,65
w= TS =2 =3 R = 1= ) = U 265)
where, for £ = 0,1, ...,5, §; is given by (2.5.13), in which
[3”% 1 b4 La=T"(B1,B2)
10_1'1 // r+;,1 ﬁldﬁZa
0]1
By, B>) = (ﬁu B2) + Bi(bs + Ba),
[3”% 1 b4 La=T"(B1,B2)
Iljl // r+bl+] ﬁldﬁZ’
0]1
7 ooﬁbsﬁbrl =T*(B1.52)
12j1 :// l T,+b1 dﬁldﬁb
0 0 %
[ et phe T ()
13j1 :// ! r12~r+b1 ﬁldﬁb
0 0 O
oo 0
ﬁb371 b4ilefT*(ﬁ]nB2)
I4j1 = // ! zTr+b] dﬁldﬁb
00 b
T b3—1 phs—1 o= T" ()
xo|f1, e
15j1j2 ://g( 0|ﬁ1 ﬁZ) rflerl ﬁldﬁ2>
0 0 G(‘x0|ﬂl7ﬁ2) Ji2 (ﬁl?ﬂz)

In this example, G(x) = 1 — e #1*, so that X; = [~ In(1— Uil/a)]l/ﬁz.
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e MCMC
Bayes estimates of o, f3;, 5, and their functions are computed according to the
following steps:

Step 0: Take some initial guess of o, 8, f,, say o), ﬁgo By
Step 1: Generate a(!), [3(11), Bg” from the posterior PDFs, given, respectively, by

( , Biy Balx)
n(odﬁlvﬁ% ) ﬁ) O( ﬁl,ﬁ2|x)doc

r+b1 lz”l r C e —oToj (B1:P2)
I'(r+bi) Zj]:O le/[TOjl (ﬁlvﬁZ)]H—bl

- (o, By Bolx)
n(ﬁ1|fx,ﬁ2,)_€) fOOOTC o Bl,ﬁ2|x)dﬁl
Z] =0 ]lﬁb3 1 7“T0/1 (pl ﬁz) (ﬁuﬁz)
| C

Ch fO ﬁb3 1 e 7oy (B1.B2)-T (ﬁlvﬁZ)dﬁ17

B (mﬁuﬁzm
mBal Brd) = T B Bl
Zn ' C, b4—le*‘“T0j1(/3“132)7#([;1’52)

::Eiﬁzzcylﬁ) o= To BB~ T (i) g g,

where Cj, is given by (2.3.11), Ty;, () by (2.4.17) and T*(f,, ;) = baf + To(f),
To(p) is given by (2.4.16).

Step 2: Fromi=1to N — 1, generate ol/t!) /3 1) and ﬂz " from ﬂ(d|ﬁ(li>,ﬁ;)a)_€),

m(B, |, 5, x) and n(B,]o, B, x), respectively.
Step 3: Calculate the Bayes estimates of o.f; and f8, from & = 13N | ol
(z') 5 W .
= v i Br and By = ghy 370 By respectively.
For a given x, calculate the Bayes estimates of the SF and HRF from:

1 N

_;<f>x/‘§[) o
R(XO)ZN—M Z [1—(1—e 5 )"

i=M+1

and
(i) _ ‘
o 1 )

f gl
a(,-)ﬂ(li) ﬁ(zi)xggl,l |:1 _ e*ﬁ(ll)xgz ] e*/}(l’)"oz

ol

) 0
i=M+1 i) P
1—%—5%#]
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Table 2.5 n = 20,b; = 3,by = 0.6,b3 = 2,b; = 3,bs = 0.8, x9 = 0.2 and 1,000 repetitions

Parameters SBM MCMC MLE Actual
Bayes ‘ MSE Bayes MSE ML MSE values

(a) r = 20 (complete sample case)

o 24012 |0.0054 |2.4865 0.0005 |2.3122 |0.0731 2.5

B 1.3942 | 0.0121 1.4572 0.0013 1.2647 | 0.0596 1.5

£ 0.6012 |0.0143 |0.5231 0.0018 [0.6412 [0.0596 |0.5

R(xo) 0.8341 0.0002 |0.8333 0.0001 0.8631 0.0012 |0.833

Mxo) 0.8371 0.0082 | 0.8568 0.0023 |0.8134 |0.0121 0.8792

() r=18

o 22143  |0.1251 2.4431 0.0851 2.0122 [0.2845 |25

i 1.2491 0.0649 1.4025 0.0056 1.1831 0.1314 1.5

b 0.6582 [0.0423 |0.6021 0.0214 |0.7342 | 0.0921 0.5

R(xp) 0.8352  [0.0009 |0.8.339 |0.0002 |0.8921 0.0116 |0.833

AMxo) 0.8021 0.0142 | 0.8352 0.0092 ]0.7985 |0.0163 |0.8792

(¢)r=15

o 2.0051 0.3325 |2.4258 0.1369 1.9683 |0.3452 |25

B 1.1638 | 0.1272 1.3253 0.0509 1.1276 | 0.2134 1.5

£ 0.7420 | 0.0883 | 0.6807 0.0655 [0.8535 [0.1049 |0.5

R(xo) 0.8374 |0.0015 |0.8344 0.0016 [0.9840 |0.0145 |0.833

Mxo) 0.7786 | 0.0295 |0.8081 0.0270 | 0.7621 0.0352  |0.8792

where M is the burn-in period.

Computations are carried out as before for n = 20,r = 20, 18,15, = 2.5, , =
1.5,5,=0.5,b; =3,b, =0.6,b3 =2,by = 3,bs = 0.8,xy = 0.2. The estimates
obtained by the above methods and their MSEs are displayed in Table 2.5.

e Bayes prediction (two-sample scheme)

The 95 % predctive intervals, for the first future observable Y| in a sample of size
m =10 future observables, when n=20,r=20,18,150=2.5,6, =
1.5,6, =0.5,by =3,by =0.6,b3 = 2,bsy = 3,bs = 0.8,x9p = 0.2. are obtained by
solving the two equations, given by (2.5.16). The intervals are found to be:

0.00193 <Y, <0.54554, length = 0.54361, (r =20)
0.00215 <Y, <0.57045, length = 0.56830, (r = 18)
0.00309 <Y, <0.58464, length = 0.58155, (r=15)

where the lower bound of each interval is the average of the lower bounds L
computed to satisfy the first equation of (2.5.16) for each one of the 1,000 samples,
respectively and similarly for the upper bounds, where
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Lo _//gx/Ib’l,ﬁz bl ghi=le =T () i

= . s,

" 0 0 Gxé‘ﬁl7ﬁ2)7}1;:bl+l(ﬁl7ﬁ2)
[eelee)

I7j11"3:// {T()jl ﬁlaﬁz)} (r+b1) {T()jl(ﬂlvﬁz) (f+j3)lnG( ‘ﬁlaﬁz)} r+b1):|
0 0
x Bt gyt ) ap ap,.

Remarks

1. It may be noticed, in the three examples, that the Bayes estimates, using the
MCMC, performs best in most cases, in the sense of having smallest MSEs then
comes the estimates using SBM and finally those based on MLEs.

2. Even with censored samples (r = 15), the estimates are still reasonable.

3. Indeed, predictive intervals for Y;,/ =2, ... k, can be obtained as that com-
puted for Y;, by following the same steps.
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