Chapter 2
The Sonin—Douglas Problem

Demeter Krupka

2.1 Introduction

Consider a system of second-order ordinary differential equations, solved with
respect to the second derivatives of an unknown curve x' = x'(¢),

¥ —Fl =0, (2.1)

wherei, j = 1,2,...,m,and F = FJ (xi, )'ci) are given functions. Any collection
of functions gx = gjk(x’, &), such that det g;; # 0, defines an equivalent system
8ij (¥/ — F/) = 0. Our goal is to study the problem of existence of a function
£ = L(x', %) such that

i ; 0.2 doZ

8ij(X]—F])=—@+EWa (22)
known as the inverse problem of the calculus of variations for the system (2.1).
For historical reasons, we also refer to this problem as the Sonin—Douglas problem;
Eq. (2.2) are called the Sonin—Douglas equations. Having in mind the correspondence
with classical mechanics, we sometimes call the system F = (F L .., F™)the force.
The functions g are called variational multipliers. If the function .Z exists, it is a
Lagrangian for the Eq. (2.2). Denoting

e = gij(F/ — i), (2.3)

D. Krupka (X))
Lepage Research Institute, 783 42 Slatinice, Czech Republic
e-mail: demeter.krupka@lepageri.eu

D. Krupka
Faculty of Science, Department of Mathematics, University of Hradec Krédlové,
Rokitanského 62, 500 03 Hradec Kralové, Czech Republic

© Atlantis Press and the author(s) 2015 31
D.V. Zenkov (ed.), The Inverse Problem of the Calculus of Variations,
Atlantis Studies in Variational Geometry 2, DOI 10.2991/978-94-6239-109-3_2



32 D. Krupka

we can equivalently say that the functions ¢; are the Euler—Lagrange expressions for
£, or that the system of functions ¢ = (g1, ..., &) is variational.

First ideas related to the variational origin of differential equations appeared in
Sonin [15] in 1866, who studied the inverse problem for one second-order equation
and proved that every second-order equation admits a Lagrangian; this Lagrangian
may depend on time. The same idea and approach has later appeared in Darboux
[4] in 1894. In 1941, Douglas [5] derived a complete classification of systems (2.2)
for two equations and provided numerous examples of non-variational systems. The
results of Douglas have been further developed from geometrical point of view by
many authors (see e.g. Anderson and Thompson [1], Bucitaru [2], Crampin [3],
Krupka et al. [11], Krupkova and Prince [12], Sarlet et al. [13], Urban and Krupka
[17, 18], and many others).

The Sonin-Douglas problem is a special case of the Helmholtz variationality
problem for general systems of m ordinary second-order equations in an implicit
form

s(x!, %, %) =0, (2.4)

where 1 < i, j < m (Helmholtz [19], 1887) for m functions of one real variable
t — x/(¢). For historical remarks on the Helmholtz variationality conditions and
their generalizations we refer the reader to Havas [6], Krupka [7, 9] and Krupka
etal. [11].

In this chapter we suppose, in accordance with Douglas [5], that our underlying
spaces are open sets in Euclidean spaces; this completely covers the use of the inverse
problem theory for differential equations and some applications in manifold theory.
We do not consider the systems of differential equations (2.3) and (2.4) such that
the functions &; depend explicitly on the parameter ¢ of the curves t — x/(¢). Also,
we do not discuss geometric aspects of the theory related to semisprays on tangent
bundles.

For general variational theory on smooth manifolds and different aspects of the
inverse problem we refer to Krupka [10] and Zenkov [20]. The chapter includes
an elementary introduction to the Helmholtz and Sonin—Douglas problems as well
as a derivation of a necessary and sufficient variationality condition in terms of a
system of partial differential equations whose solutions characterize the variational
equations. It should be pointed out, however, that our approach and basic results
differ from those of Douglas in two ways.

First, in his paper [5], Douglas requires analyticity of the initial data of the prob-
lem; in our derivation of the basic system of differential equations only finite differ-
entiability is needed. Second, our basic theorem, characterizing variational equations
in terms of a system of partial differential equations, does not coincide with an anal-
ogous system used by Douglas. Our approach is based on the variationality criteria
of the Helmholtz type whereas Douglas did not utilize the Helmholtz theory.
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2.2 Energy Lagrangians

Suppose we have a system of functions & = h jx (x, X'), such that & j; = hy;, defined
on an open set U x R™, where U is an open set in R™. If in addition det /2 j; # 0,
we sometimes call 2 a metric (on the set U x R™). Consider a variational principle
for curves in U defined by the Lagrangian

1 .
cgh == zh,j.xl)%j (25)

(the energy Lagrangian associated with the metric /).

Lemma 2.1 The Euler—Lagrange expressions of the Lagrangian (2.5) are

-i-j-l

0%  d I (ah,, Ohi ahjk),,.,j 1 9hij
— X X

axk  dr axk 2 2 axlosk "

1 azhij P oh;  Ohik
B gy h
(2axlaxk” +(a HFT l)x + ”‘)

Proof Straightforward:

0% dafh_lah,/ lxj—ld(ah”xx]—i—thx)
i

— = X
axk dr 9xk 2 gxk 2dt \ 9xk
lah,] 1(d dhij ; hij. ik .
_ = vlv] J i v K G
= 2 ank il Z(dtakxx +2 p: X'x) 42— ; +2hlkx)
19k 1( 2h;;i .. i
#pl - o —L i) 4 I glyizd
T2 axk 2\ axlaxk 9l 9xk
dh;; oh ;
+2—iixi 42 ’k ilgl g Tk gl i —|—2hik)'cl)
axk ax! xl
2
ZEBhijxin_l(a hu il 3h1k+3h/_k)xixj
2 gxk axlaxk axJ dx’
U Phip g (0hi | Bhic
_ - Sy 1 1 o] ]
(2 axlaxkx x/ 4+ (85ck + B )x +h1k)x . O
Denote 1 /0h dh h
y " i
Cijk =2+ +—) (2.6)
3\ ox ox! ox/

We call the system of functions C = {C;jx} the Cartan tensor associated with h.
Note that we introduce C;ji by the Young decomposition

ohij _ . 1 (0hjk Bh,/ dhki  Ohij
axk — RT3\ ki T 9k ) T 3\ B T axk )
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which defines the coefficient 1/3 in (2.6). Using this decomposition we can write the
Euler-Lagrange expressions for the Lagrangian .%, in terms of the Cartan tensor and
the complementary skew-symmetrized first derivatives dh;;/ dx*. Since

axk T axl axi axk | oax 9x

oh; oh ;1 foh oh; oh oh;
( i zk) —2i1k5€l—§( e _ it | O Ohik

2 9xJ 9xk

and
1Py g LD Bhy D kY
2 axloxk 4\ 9x! 9xk Bxk ax!
_ (0 dhjx  Ohij ki
“a\o TR T 3\ T aak ) T 3\ gk
Pl ohj; oh;; ohy; oh;;
—lc. - D L T
+ axk( it 3(8x’ 9l ) 3(axf axl
. 1(0Cijk n 0Ciji 2 9 (0hjx  Ohyj
T4\ ax! axk  3axt\9x/  9xk
20 (0 B
3 9xk\ 9xi ax! ’
we have

0% d 0.4, 1 (0h; ohjk ohjk\ ., L
— - = — )&’ x
axk  dt 9xk 2

1 0 2 (0hy.  Ohjy . Lf0Cijk
SR (o P2
23x/( itk 3(3;&! ek )P T\

1[0 (ohy Ohy 9 (Ohj Ohi\Y.i.
+6(3x’(8x1 ek ) T \aw e ) )

ohi;
axk

D. Krupka

s

19 3h11x1 i z:li(clk_i(ahlk_3hil)_l(3hki L
29xi ! 3\ axi  axk 3\ ax!  axk

aCiji
dxk

Ohye  0hjy  Ohg Ohig\\ .. .l
(2C11k— 5(371 9k + PErYY XX — hpxt.

Remark 2.1 (The Cartan tensor) Note the identity

0.% 1 dh 1
h . z_ "] rX)C +h )CJX :Ecrl/xxx +2$h

oxi T 2ok

)
)

))'c’)'c

iyt
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Thus, if the Cartan tensor satisfies

Crjix" %% =0, (2.7)
then the energy Lagrangian ¢, is positive homogeneous of degree 2,

92 i

ol = 2%

The corresponding Euler—Lagrange expressions are

axk  dr 9xk 2
1 0 ohk ohj N
+ __(aT B a?)x e

L( 8 (dhi  dhy\ . 8 (0hj  ohi y
+6(axl(ax1 aec ) o e ) )R

0.% d 0.%, (3}1,] 3hlk 8hj-k)xixj

L (0dhy  0hy  Ohg  Ohj .
Y B wrralliwy e et hix
3\ axf axk o 9xf il
Remark 2.2 If the functions A;; satisfy
ohjr  0Ohj
=Y, 2.8
ax! axk 5

then

axk dr axk — 2\ axk  9x/  axf
_ laci{kxl)_cjxi 1 8Cl]k .i
2 9l

0% d I, 1(3hij Ohik 3hjk)-i-j
— XX

x4 2CA + hzk)

Remark 2.3 (Finsler geometry) If both conditions (2.7) and (2.8) are satisfied, then
% is a Finsler Lagrangian and the Euler-Lagrange expressions

0% d 0%, 1 (0h; ohik oh
axk  dr axk 2

. Qe .l
— = —— — ——— XX/ — hyx
k ox/ ax! )

represent the geodesic equations in Finsler geometry.

Remark 2.4 By setting

10%h;; ., .. oh ah
8k = 5o ;CJ XX+ (—ll + —lk) + huk (2.9)
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we can immediately check that this expression satisfies the integrability condition

08k 98kp
axr  axl’

Indeed,

dgu 8 (1 3hij . (Ohi | Ohik
LI cod Tk h
oxP  9xP (2 PR P T A

=l 83}1,‘]' xlxj—i- 82hip . 82hil .
2 9xPoxlaxk

axloxk” T gxraik”

Phi .. Ohp  dhpr  dhi
+ +
axraxl” T axk | axl | axp
8gkp
axl’

so the derivative (2.9) is symmetric. The Cartan tensor is

1(0gu | dgpk | d8ip) _ 98w
3\oxr  axl  axk ) axp’

If Ay, satisfies the homogeneity condition

oh
fklfcp=0,
axP
then
B8u 1p _ ),
axPp
Indeed,
37 2, 2
@xp = l-8—}-11/-)"ifcjfcp+ 8. h'{’ %P (? hll. *xP
axp 2 9xPoxl9xk 9l 9k 3Pk
hi dhy,  dhp  dhn
viep P p b
where

2y ) .
9 hip iy = i _ah‘P,'Ci;CP _ ah’_P i PxP) =0
ax!axk ax! \ 9xk dxk ax! ’

and similarly for the remaining summands.
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2.3 Integrability Conditions

In this section we recall elementary theorems on integration of differential systems
appearing in this chapter; essentially, we need only simple systems of Frobenius
type in Euclidean spaces R”. All the functions that we consider here are defined on
a star-shaped neighbourhood U of the origin 0 € R”.

Suppose we have a system of functions A = {Ax}, 1 < k < n, defined on U, and
consider the differential equations

P

A= 28
k= axk

(2.10)

for an unknown function P.
Lemma 2.2 (a) Equation (2.10) has a solution P if and only if the functions Ay

satisfy
d0Ar 04 .

_—— — = 2.11
axl oxk @1h)

(b) If condition (2.11) is satisfied, then a solution P is given by

1
P =xk/ Ax(zxhydr.
0

Proof Necessity of condition (2.11) is obvious. To prove the sufficiency, we differ-
entiate P with respect to x'. We have

P ! Y\
— = Ap(rxl)dr + x* 27k tdt
axPp 0 o \0x?P ) _.
1 1 0A
:/ Ap(rxl)dr +xk/ (—f) tdt
0 0 0x x!
1
d
:/0 E(AP(TXI)T)dT

= A,(x). O
Remark 2.5 If we have a system of the form

9 Py
oxk ’

Ak =

the criterion (2.11) applies to each equation separately: We have

A )k _ A )1
ax! axk

=0.
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Now, suppose that we have a system of functions A = {Ay,;} defined on U, such
that
Ay = —Apk.

Consider the differential equations

00; 030k

Ay = =L _ 0%k
K= gk ax!

(2.12)

for an unknown system of functions Q = Q;.

Lemma 2.3 (a) Equation (2.12) has a solution Q if and only if the functions Ay

satisfy
0Aps 0Ay; 0A _

= 2.13
ax! axk axs (2.13)

(b) If condition (2.13) is satisfied, then a solution Q is given by

1
lexp/ Api(tx")rdr.
0

Proof Necessity of condition (2.13) is immediate. To prove the sufficiency, we dif-
ferentiate Q; with respect to x*. We have

a0 1 . 1 0Ap 5
W:/O Akl(rx’)tdt+x”/0 ek m[_t dt

and
00, 030 ! ; LA 2
P :/0 Ay(tx")tdr —l—x”/o . Tx[r dt

0x
1 . 1 8Apk )
—/ Alk(rxl)rdr—xl’/ ( ; ) dt
0 0 Bx x!
1 1
=2 [ Au(zx)rdr + P/
/0 w(TxHrdr + x A (Bxk oyl
1 1
: 0A 0A 0A
:2/ Akl(rx’)tdr—i-x”/( zl~|— k[p lk) 2dt
0 0 ax ax oxr ) .
1
0A
—xp/ ( lk) t2dt
0 dxP ol

1
JdA .
:/ ((—kl) xpr2+2Ak1(rx’)r)dr
0 axP x!




2 The Sonin-Douglas Problem 39

lda
iy..2
:/ —(Akl(rx )T )dr
0 dt

= Ap(x")

as required. (]

2.4 Variational Systems and the Helmholtz Conditions

We shall say that a system of functions & = {g; (x/, x/, X¥/)} is variational if there
exists a function . = £ (x/, x/) such that

== I 2.14

T drox 19
We give a straightforward proof of the well-known necessary and sufficient varia-
tionality conditions, based on the existence of a second-order Lagrangian for the
system ¢ = {g;} (the Vainberg-Tonti Lagrangian, cf. Krupka [8]).

Theorem 2.1 (Helmholtz conditions) Let ¢ = {g;(x/, X/, ¥/)} be a system of func-
tions. The following two conditions are equivalent:

(a) The system ¢ = {g;(x/, %7, X1} is variational.
(b) The functions &; satisfy

88,‘ 381 —0 (2 15)
axt  axi T '
38,’ 381 d 38,’ 381
=+ =)=0, 2.16
oxl Tow @t (axl + a)'el) (210
a&; ag; 1d (og ae;
o2t —o. 2.17
ox!  oxt 2dt (8)&’ 8)'6’) @17)

Proof 1. We prove that (a) implies (b). Suppose that the functions ¢; are expressible
in the form (2.14). Expressing ¢; as

Ve vy ., YL .,
&= — — gt — %
axt 9xkoxi oxkoxi

and differentiating, we get the formulas

de; 2L
axt — axlaxi”
38,‘ 320% 333 .k 323 83$ ek

s

axl ~ axlox  axloxkax  oxlox  axloxkoxi
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de; 9L ¥z, P

axl  oxloxt  axoxkexi T axoikaxi

From these expressions,

dei _ 0¢j
ax/  9xt
and
dei @_i(& @)
axl  axt dr\ax!  axt
3’7 Py , Py ¥e . Y ¥
= rea X — il - X T — - X
axloxi  9xloxkaxi axloxi  axlaxkaxi axiox!l  9xioxkox!
92 PL ( HEXZ P ..k)
— - — - X - X -x" )1 =0.
axioxl  9xidikaxl! axkaxl gt dxkaxl it
Similarly,
g 0g; 1d (g ag;
ox! oxt 2dr\ox!  9xt
2 GERZ A RN
= - — —Xx" — —X
axloxt  9xloxkox? axloxkaxt
82$ a3$ -k 83$ ok
— - + - —X —— X
axiax!  oxiaxkox! axigxkox!
ld (3% ¥y ., P GRS
- =5 5 - — X — T T =X
2.dt \ 9x!ox! axloxkax axloxi axloxkax
CRR7 N ¥z o 2 PL
- — - X - -
axidx! = 9xi9xkox! axiaxl  9xigxkox!
823 83$ -k 833 ok
= - = X — 5 —X
axloxt  9xloxkox: ax!oxkgx
823 839% -k 833 ok

T axiox " axiaxkaxl T axioikaxl
d (2L 3P 3 [ 3PZ 3P2ZL N\ .4
or \ axlaxt  dxloxi axk \oxloxi  9xlaxi

2 2
9 (a.z ag)x’(:o,

T oaak \axlaxt  axlax

proving formulas (2.15)—(2.17).
2. We prove that (b) implies (a). Conditions (2.15)—(2.17) ensure the existence of

a second-order Lagrangian # = ¢ (x/, %/, /) such that

L0 dox  d*ox

&= S T o A T2 A
oxi dr oxt  dt? 9%
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The right-hand side is a polynomial in the variables X/, X'/, but &; depends only on

x/ s x/ s X, Thus, the 4th order term should vanish identically, so we have

3’

s

hence # = %y + A;ix'. Then,

oy d ok | 9Al L, d oA,

G =—r — ———

ot dron o axit dieni

and the coefficient of X'/ should vanish. We get the condition

A A
axi axl
ensuring that
af
A= —
T

for some function f = f(xj, )'cj). Thus,

_ of .1 of ., df
A =Mt gat =H-g i Ty
and by setting
d
L= Hy— S

axl

we get a first order Lagrangian for ¢ = ¢;.

O

Theorem 2.1 has the meaning of a variationality criterion for the given system
of functions &; = &;(x/, X/, i/); Eqs.(2.15)—(2.17) are the integrability conditions
for the system (2.14). These equations are sometimes referred to as the Helmholtz

(variationality) conditions.

Partial integration of the Helmholtz conditions shows that variational systems
are always linear in the second derivatives %/ ; the following theorem provides the

integrability conditions for the coefficients.

Theorem 2.2 The following conditions are equivalent:

(a) The system g; = &;(x/, x/,%7) is variational.
(b) The functions €; are of the form

& =A; — Bijjél,

where A; = A;(x*, %) and Bij = Bjj (xk, %) are functions such that
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Bjj — B; =0,
9B; 0B,
ax! axi
1(0A; A, 0B .;
2(ax1 * a;'ci)Jr oxi T T

AR

0A; 04 11(314,- aAl))U:O.

D. Krupka

(2.18)

(2.19)

(2.20)

2.21)

Proof 1.Lete; beasolution of the Egs. (2.15)—(2.17). Then, condition (2.16) together

with (2.15) implies that each ¢; is of the form
& = A,‘ — Bijjéj,
where the coefficients are symmetric,

Bi; = By;.

(2.22)

Expression (2.22) already solves Eq.(2.15) and determines the unknown functions
A; and B;; uniquely. The functions A; and B;; satisfy conditions (2.16) and (2.17)

which reduce to

=0

dA; dA;] 0B;; 0By; iy 2dBi[
ax! ox! ax! ox! dt

and

%_%_(%_%);/‘_li(%_%_(%_%)y)_0
9x! o

axl 9xt dx! dx! 2dr\ ax!  9x! ax!

These conditions split into the following subsystems:

0B;; 0By 283,’[

. S B = Os
ax! axt ox/
1/0A; dA; dB;; L

- — —0 —_— = O,
2(axl + a;ct)Jr axi
0B;; dByj

ax! axt ’

dBij 3By 1 9 [(9A; dA —o
ax! axi  29xi\axl  axi) 7
9A; 0A; 1 9 (aA,» aAl)./.

) — x/ =0.

axl 9x

(2.23)

(2.24)

(2.25)

(2.26)
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Condition (2.23) follows from (2.25). Condition (2.26) can also be omitted. Indeed,
by differentiating (2.24), we obtain

1 0 [0A; 04A; 8231‘1 s 0B 0
gy 7 e - x T = .
20x7 \ 9x! 09Xt 9xJ 9xs dxJ
We write these equations as
10 (0A;  0A 9’Bi ., 9By “o
2000 \axl ok ) axiaxs | axd
10 (3A; dA 3Bj; ., 9Bj; 0
-\ — wrars X =V,
209x!\ 9xt - 9xJ dx!dxs ax!
10 [0A;  9A; 3% By; .Y+8sz 0
-\ — h—— - X — = U.
209x \ax/  ax! dxi9xs axi

Combining these formulas gives

13 (A  0A By ., By 1 3 (dA; A
2957 \ 9kl ax 3%/ dx ax/ 29k \ axt T 9k

?Bj; ., 9B; 1 9 (aA, aAj) 3’B;; ., 9By

— - X - —

X - -+ — :
axloxs axl 29xt \ax/  ax! X 9xs ax?

and, after reindexing,

3A; 3By ., 9By L 9B 3By _ g

9xiox!  9x/oxs axJ  ax! axi
2 2

A OBt s OB OBii 0B _

axiox!  0xi9xs dxi ax! dxJ

Subtracting the second equation from the first one, we get

324, 3By ., 3By 9B 3B,  3*A; By
diiaxl T arioxs T axs T oxl | oxi | oxiodl  axiaxs
OBy OB D (04 DA (900
ax? dx! dxJ ax!i \ 9xJ X! dxJ dx! ’

which is exactly condition (2.26). This formula completes the proof of (b).

Conversely, if (b) is satisfied, then conditions (2.15)—(2.17) can be verified by
direct substitutions. Indeed, (2.15) follows from (2.18); (2.16) follows from (2.18),
(2.19) and (2.20),
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ag; g d (38,’ 381) dA; 0B;j . i 0A; 0By o) deil

g T aw a\e® Taw ) T T ad Taw T dt
_ A AL 0By
ax! ax! dx/ ’

and (2.17) follows from (2.19) and (2.20). Indeed, by differentiating (2.20), we get

19 (3A;  9A 9*Biy .;  0Bu
7 s . X =0,
2 dxk 8x oxt axkaxJ dxk
1 9 (0A;r 0A 3’By .. OB
P —k ) = Mo 2.,
2 9xt \ ax! ik ox'ox/ ox!
Thus, subtracting the second formula from the first one,
li % 4 94k 3Ak 8B,l BBk.l _o.
29x \9xk  9xt axk  9xd
Now,
g; g 1d [(0s dg;
axl axi 2dr\9x!  oxt
04 0B;; . G aAl L OBy 0By; . i 1d (0A; 0A
B A TR 2dr\ ax!  axi

04; 0A; 1 8 d0A; QALY .,
= - — == — - — X
oxl 9xi

0By 9By 1 0 (0A; A
S A A (UG | T
+ ( ax! o axt 29xJ (Bxl 0x! ))x

where we also used (2.26). (Il
Example 2.1 We can apply the Helmholtz Varlatlonahty conditions (2.15)—(2.17) to
the system &; = —B;; ¥/, where B;; = B;;(x¥, i¥). By a direct calculation,

dg; dg;

W - ﬁ = —Bil + B[l‘, (227)

38,’ T 381 d 38,’ T 381
axl  axt dr\ax! = 9t

_9Bij . Wi 9By ¥4 (Bt + Bii) ., n d(Bir + Bii)
ax! ox! ax?P axP
dg; 0¢g 1d (aei 881)

axl  axt 2dr\axl  axf

(a1 ony oy
ax! ax! 2dt \ 9x! X!

$P, (2.28)
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0Bij 0By \..;
_( ox! * oxi )"

1d (9B; 9By\.;  1(9By 0By\.,
Rl e R PV R IR V) 2.29
+2d¢(axl v )5 T2\ T )t (2:29)

so that the Helmholtz conditions yield

Bi; = By;,
231?i1 B 33f'p B 33.@ _o. %xp _o,
oxP ax! 9x! axP
9B; 9By, _ 9By 9By _
ax! axi ax! axi

Differentiating with respect to %/, we obtain the Helmholtz conditions in the form
of integrability conditions

0B;; _ 0Bij —0 aBil)_Cp _0

Bir = Bii, oxJ ax! axp

2.5 The Structure of Variational Systems

Our objective now will be to investigate the structure of variational systems. To this
purpose, we first prove some lemmas.

Lemma 24 Let B = Bjj (xk, %) be a system of functions. The following three
conditions are equivalent:

(a) There exists an energy Lagrangian £ = £ (x*, x*) such that
gy ragrang

2.7
Bij = ——. (2.30)
oxtox/
(b) The functions B;; satisfy
0B;; 0B;i
B;; = Bji, lezﬁ (2.31)

Proof Since condition (b) obviously follows from (a), only the converse needs proof.
The second condition in (2.31) implies that

oh;

Bij = 5

(2.32)
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for some functions /;. These functions can be taken as
1
h; = )'c’/ Bi - (x?, AxP)dM. (2.33)
0

Indeed, h; obviously satisfies condition (2.32):

dh; ! ' (9B
(_) =/ B,-,-(xp,,\xp)dwrx’/ ( ) rdA
9x/ (xP,xP) 0 0 ax/ (xP,kxP)
1
dB;
=/ (Bi,(xl’,/\xl’)Jr(#) W)d,\
0 ’ axJ (xP,kxP)
1
dB;;
:/ (B,-j(xp,)\fcp) + (—U) )\.Xr)dK
0 ax” (xP,kcxP)

1

d

=/ — (Bij(xP, AxP)A)d ) = Byj(xP, iP).
o di

We now apply the condition B;; = Bj; (see (2.31)). We get the integrability condition

oh; _ Oh,
ax/  oxi

’

ensuring the existence of a function f such that

)

i =
ox!

A solution of this equation can be taken as
!
f=x / h; (xP, txP)dr.
0
Substituting from formula (2.33), now expressed as

1
hi(xP, txP) = w'cr/ Bir (xP, xtxP)d X,
0

1 1
3:)&’/ (t)'cr/ B,-,(xp,)»t)'c”)d)»)dr
0 0
' 1 1
:)'c‘)'c’/ (/ Bi,(xp,ktxp)dk)rdr
0 0

ieq
= Ehijx x/,

we get
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1 1
hij = 2/ (/ Bij(xp,kr)ép)dk)rdt. (2.34)
o \Jo

The function .Z obviously satisfies Eq. (2.30). O

where

Lemma 2.5 Every solution of the system (2.30) is of the form
L =% + %A, (2.35)

where 2}, is the energy Lagrangian of the system h = {h;;} defined by (2.34),
L.
gh = Eh,-jxlx], (236)

and .
2o =P+ Qii', (2.37)

where P = P(x%), Q; = Qi (x*). The functions hij satisfy

ohij  dhi

hij=hji. Sof =2 (2.38)

Proof Formulas (2.35), (2.36) and (2.37) are immediate consequences of Lemma
2.4. Formula (2.38) follows from (2.36). O

We find the Euler-Lagrange expressions for the Lagrangian .Z by a direct com-
putation.

Lemma 2.6 If B;; satisfy condition (2.31), then

3L e ., Y
- X — X
axk 8x18x axloxk

2
_ i dBij 9Bjx 9Bjx  9°Bjj 4 Dhede — Buil
= k J i Ta+k ) A
ax ax x 0x'ox (xP ATiP)

(2.39)

Proof Using Lemma 2.1, we have

3L e ., Y
- Xt = ¥

axk  axtoxk axloxk
= 5(8}1_‘/ _ % _ %)x’x’ _ % 0%hij REVEY

1 8%hy ;. dhit  Ohik\ .; ;
(1 i, (ki o )i
(2 axlgck +(axk o )x + ”‘)x’
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1 1
hij = 2/ (/ B,-j(xf’,mf’)dx)rdr.
0 0
The derivatives of 4;; can be expressed as
oh;; 1 L 79B:
lli :2/ (/ (—lk]) d)\)‘l,'dl',
a'x O 0 ax (Xp,),f)%p)
oh;; 1 1 /9B::
— = / ( / (—’k’) Ad,\)rzdr,
ox 0 0 \ XY Jwr iy
82hij 1 323[], )
9xl9xk =2/ ( (8xlafck) . Adk)r dr,
0 (xP ATXP)

92h .
- — k) Azdk)r3dt.
dx'ox (P ATEP)

where

.. 1
=2
dilaxk /O

1 1
» 0B, 0By 0B
=“’/ (/ ( o ’.") dk)rdr,
0 0 ax 8)(] ox! (xP ATiP)

(2.40)
1 82h" o o 1 1 823"
Y )'c’)'c/fclzx’fc// / — il d) )tdr, (2.41)
2 dxlgxk o \Jo \ox1ax%™ J psrim
and
1 0hj 8h,k
- i h
23 ik )x + ik

82
_“’ (/ ( z") xzd}\)ﬁdf
axloxk (P ATEP)
0B; oB
(/ ( ll llk) kdk)tzdt
(xP ATEP)
/ (/ B (x?, Arxp)dk)rdr

( ( OB Xl ) d)»)rdr
axlack (P ATEP)
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! VO(3By 0B\ .;
+2 ey sy ol B dr)tdr
o \Jo ox ox (xP ATiP)
1 1
+2/ (/ By (x?, Ati”)dl)rdr
9’B oo 0B; JdB;
/ / Bij PV el VYRS tdrdr.
axl9xk axk — ax! (xP ATiP)

Summarizing,
3L 2%, i th "
axk  axlaxk 9xloxk

aB oB dB;
=x x// / (—lk]——lk— J.k) ditdz
dx/ ox! (xl’,kr)&l’)
—xx]// ( ; ) drtdt
0x Bx (xP, erp)

0B 0B
—x/ / ( xj+2( 'l+ lk) +2Blk) ditdr.
axlax axk 9l (xP.ATEP)

On the other hand, we suppose that

Bij = Bji. 38% - aalj’]"
Then
a4 (Bu(x?, atiP)t?2) = (Ml) AX TN 4 2B (xP, ATP)TA
T 0X™ ) (xp arir)
and
d 92 Biy

d
— — (B (x?, AtiP)T)) = (—) X020
drdr 9x99X™ ) (b 3rip)

ox™m

2B oB
— (—“‘m) ATRIATEM T + 2( f,’f) ATi™T
0x90x (xP,\TxP) ox (xP,ATXP)

9B
+ 2(—Z‘) ATE™T 4 2By (P, ATiP)T
0X™ ) (xp prir)

323]k 0Bk
_ e ~q o.m __r - m
- ((axqaxmx * ) - +2(axmx .
(xP ATXP) (xP ATXP)

0B
+2( = m) +231k(x”,kr)%”))r
0x (xP ATXP)

3B 9B
- 2(—;’,‘) aim? 4 2( lk) TR 4 2By (xP, ATiP)T
OX™ ) (xp arir) (xP,ATiP)
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32 By 9B 9B
= (—lm a m+2(—f:+ Z) +2Blk) T.
0x90x 0x 0x (xP ATiP)

Using this expression, we get formula (2.39) in the form

3\ Yy ., P2
— X — X
axk  axlaxk axlaxk

0B; 0B 0B;
—xxj/ / ( io_ l(‘ J.k> ditdr
ax/ ax! (xP ATiP)

82
—xxj//( lljk.) dA~TdT—B[k551,
0x'ox (xP,ATxP)

as desired. O

Let us now consider a first order system ¥ = {5?}.

0 _ O0¢.k ;k : :
Lemma 2.7 Let &f = &; (x", x") be a system of functions. The following three
conditions are equivalent:

(a) The system 8?

(b) The components 8? satisfy

is variational.

0 0 (2.42)
axl " axi T ’
T - W A P P
i (2 7L — o, (2.43)
ax! ox! 2.dtr \ 9x! axt

(c) There exist some functions P = P(x*) and Qi = Qi(xk) such that

g = 0P + (@ - aQ’) (2.44)

Bxl dxJ/ ax!

Proof 1. (a) implies (b) by Theorem 2.1.

2. Let the system e? satisfy Eqgs.(2.42) and (2.43). Then e? must be linear in %',
with skew-symmetric coefficients, that is, 5? =R; + Si.,')'cj , where S;; = —S;. The
coefficients then satisfy

OR; 0R; 08;; 98y YT .
_— = — _—— — — — X’ =
axl 9xt ax! axi oxJ

Hence,
OR; OR; _ 98;j a8y 981 _0
axl oxi T axt o oaxd o axi T
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These equations are the integrability conditions ensuring that

P 00; 04Q;
R,’ = _l’ l/ = - — —
ox ax/ ax!
for some functions P = P(xk) and Q = Q(xk) (see Lemmas 2.2 and 2.3). This
gives formula (2.31).
3. Suppose that 8? is of the form (2.44) and set

L =P — Ql')'ci.
Then
¥ doi¥ oP 00, .; 00
—_— = — — —X + —Xx =¢.
axl dr ax!  9x!  9x! ax!
Therefore ¥ is variational. O

l
The structure of variational systems and the first order Lagrangians for them
can now be completely characterized by means of the Helmholtz conditions (2.15)—
(2.17) of Theorem 2.1 from Sect.2.4, or, which is the same, by integrating system
(2.18)—(2.21) of Theorem 2.2 from Sect.2.4.
Recall that the Lagrangian .}, as used in the following theorem, is completely
determined by the coefficients B;;.

Theorem 2.3 The following two conditions are equivalent:

(a) The system g; = g;(x/, %/, X1) is variational.
(b) The functions &; are of the form

& = A,‘ — Bl‘j)'c'j, (2-45)

where £, is the energy Lagrangian (2.36) of the system (2.34), B;; = Bj; (xk, %0
are functions such that

0B;j 0By

Biy=By, —7-—=
il li Bxl 9%

(2.46)

and the functions A; = A;(x*, x¥) belong to the family

0% 2%
A,'zfp,'-i-q/[jxj-i-——

y
ox axiax

where ®; = @; (xk) and ¥;j = ¥;; (xk) are arbitrary functions such that

0D; 0Py

axlooxi
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and
ov;; 0w oW

- =0.
ax! ax? axJ

l]’,"—l—lI/j' =0,

Proof We prove that (a) implies (b). Suppose that we have a variational system ¢;.
Then &; must be of the form (2.45) and the coefficients B;; satisfy conditions (2.46)
(Theorem 2.2). Recall that these equations can be solved separately. The solutions
are
3’
YT kRS’

(2.47)

where
L =L+ L,

where .7, is the energy Lagrangian of the system

1 1
hij = 2/ (/ Bij(xp,)»rxp)dk)rdr,
o \Jo

Y =P+ Qi

and where

for some functions P = P(xk), 0= Q,-(xk) (Lemmas 2.4 and 2.5).
The coefficients A; and B;; also satisfy the system (2.20)

1 3Al' 3A1 8Bil . j
-\ — — | = ——X".
2\ ax!  9xt

Using this formula, as well as (2.47), we get

1/ 9 4 a$h+ 92.%, ) + 9 s a$h+ R .
-\ —(A —— —— X — - — —— X
ACEA G T axi \1 T oxl T oxiaxl

_1(aAi 8A1) 1(32.,% FPL . PG

axl T ax) 2 B

)

- —— —
2\ oxloxt  9x19x7ax oxloxi
7 P L L G

: St

axiox!  9xiax7ox! axiox!

1[04, 34 1o (3% 24 \.,
= (o + o )+ 3o e + e )

2\ ax!  9xt 2 9x7 \ 9xlaxt = 9xiax!
(oA oA 0B,
2\ ax!  9xi
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from which we easily derive that

92 9.% 2L ..
(i— h-l— hfcf)=0.

axkox! oxt IxJ oxt

By integration,
3L 2L,

A — —— —
dax! 0xJoxt

i =@+ Wi,

where ®; = @; (x¥) and ¥; =Y (x¥) are arbitrary functions such that

lI/ij + lI/ji =0.
Consequently,
PR ath : .
- _ v . o
A = o axfaxix + & + ¥ x’. (2.48)

Finally, the functions A; satisfy condition (2.21). Substituting from (2.48),

axl  9x
NG
T oox!
9 (0.5 2%
axi \ ax! axJax!
18 (s P4 ko 32.%,
20xi \oxloxi  oxloxkoxi axloxi
924 3.4 2.4 .
] ok ] _lpﬁ)x ;

A, DA 13(8Ai aAl)_j
— — X

v e TOT qD"")%j)

i o+ wl,-xf)

+ Wi

T oo T axioxkan T axioxd
1d; 09y v oYy oY .j
_ - n X

dx! dxi dxJ

T oo o

=0.
Consequently, (2.41) implies

ax! axi 7 ax! axi ox/

b, 9P 17N V2PN 18
i ! i Jt o, (2.49)

2. To prove that (b) implies (a), we consider formulas (2.49) as the integrability
condition; the corresponding integrals can be added to the Lagrangian .%} with-
out changing the metric B;;. Indeed, according to Lemmas 2.2 and 2.3, there exist
functions P = P (x*) and Q0 = Q(x*) such that
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& = o _ 99 90i
PToaxiT YT axd dxJ
Then
2 . . 2
ox! 0x/0x! ax! ox! ox/ dx! 0x/0x!

where ¥ = ), + % and % = P + Q;i/. Then & = &), + % is a Lagrangian
for &; (Lemma 2.7). |

Theorem 2.4 Let ¢; = &;(x/, %7, X7) be a variational system. Then there exists a
system h = h(x¥, %X) and some systems of functions S; =35 (x*) and R = R(x%)
such that the function

L=%4+S X P — R

is a Lagrangian for the system &;.
Proof Let ¢; be a solution of the Egs. (2.15)—(2.17), Sect.2.4. Then, according to
Theorem 2.2, .

& = Ai — Bijjfj, (2.50)

where A; = Ai(xk, )'ck) and B;; = B;; (xk, )ék) are functions satisfying

0B;; 0By;
Bii = By, i s 0, (2.51)
(24 oA\ | 9By,
2\ 0x!  9x oxJ
0A; 04 1 0 [0A; d0A\ . ;
= 5 g\ 3 a7 ) =0 (2.52)
axl axt 209x/ \ 9x!  9x!

The system (2.51) has already been solved (Lemmas 2.4 and 2.5). Given a solution
Bjj, set
1 1
hij = 2/ (/ Bij(x”, )»‘L’)'Cp)d)»)l'd‘[ (2.53)
0 0
and denote by .Zj, the energy Lagrangian of the system /1 = h;;,
1
gh = Eh,’jx xj.

Then B;; can be expressed as
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where ¥ = Z(x', x') is any element of the family .¥ = %, + P + 0 px?, where
P = P(x*) and 0= Q(xk) are arbitrary functions. We wish to show that one can
always choose these functions in such a way that . is a Lagrangian for the system
of functions ¢; (2.50). Using the Lagrangian ., the functions &; can be expressed as

ERZ
E[ZAi—f)C]
dx/ox!
zY Y . vy ¥y . L
=Ai—— i - % - i =) + E(D),
ox! 0xJoxt 0x; dxJoxt dxJoxt
(2.54)

where E; (£) are the Euler—Lagrange expressions of . and 8? = 81(-) (xk, x%) are the
functions defined by

0 RZ LR

e’ = Ai —_— —
dx! 0xJ0x!
) 2

oP (an _3Qp))_€p_3.iﬂh+ 0~ % L

axi " \oxr  axi axi " axion

x/

=A; — (2.55)

But by hypothesis, the functions &; (2.54) satisfy Egs. (2.15)—(2.17). On the other
hand, by Theorem 2.1 Egs. (2.15)—(2.17), Sect.2.4, are identically satisfied by the
Euler—Lagrange expressions E;(.%); thus, the functions 8? solve the system (2.52),
(2.53), which reduces to

88? 88?

- =0 2.56
axl  9xi (2:56)

and

9eY 980 1 9 00 980\ ..
& g _( & 0g )x.fz (2.57)

axl  axi 20xi\ 9%l il

But the summand
oP n (@ _ BQp))_Cp

Coxi axP axt

in expression (2.55) satisfies the system (2.56), (2.57) identically (Lemma 2.7). Thus,
Egs. (2.56), (2.57) yield

9<h i_ ot
axi | oxioni . oxl

A —

3L %L .. OR AW
- X
dxJ  Jx!

for some functions R = R(x¥) and S; = S; (x¥). Returning to (2.55),

0oL (35080 P (20 00y)

L xd axJ  axi oxt axp ax!
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_IR-P) n (3(&‘ + Qi) 9(Sp +.Qp))xp_

ox! axp axi
In this expression, P and Q, are arbitrary. Specifying these functions as
P=—R, 0,=S,,
we have 89 = 0, therefore, from (2.54),
& = Ei(2),

with
L =2 — R+ Spxl. m

Rephrasing Theorem 2.4, we get

Theorem 2.5 Let&; = &;(x/, X/, %/) be a variational system expressed as

& =A; — Bij)'C."

1 1
hij = 2/ (/ Bij(xp,)»‘ffcp)d)u)rd‘r.
0o \Jo

Then there exist some functions R = R(x*) and S; = S; (x*) such that

A,»:l—az.h’f.x’x%wl Ohyi | Ohsi  Ohry ) iris  OR (03 050 o)
2 dxJoxt 2\ ox* ox” ax! ax! axt  dxP

and set

Remark 2.6 Any function f = f(x/, %/) can be expressed as

d
f=G+ P+ Qi+ 22

for some functions h;; = hij(xk, )'ck), P = P(xk) and g = g(xk).

2.6 The Sonin-Douglas Problem

In this section we start by recalling Sonin’s original ideas on the inverse problem
for one second-order differential equation (see [5]). Then we present the general
theory for systems of second-order equations, based on the Helmholtz variationality
conditions.
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Given a function F = F(t, x, x), the Sonin’s problem consists in finding a func-
tion g = g(¢, x,x) # 0 for which there exists a solution .¥ = Z(t, x, X) of the
equation

Fop="2t_ 2% 2.58
8F =0 =~ o (2.58)

If % exists, then the function F, and also the function g (F —X), are called variational.
Every solution .Z can be considered as the Lagrange function of a variational func-
tional f L(t, x(t), dx/dt)dt, depending on real functions t — x(t), and condition
(2.58) states that the differential equation

F-i=0 (2.59)

is equivalent with the corresponding Euler—Lagrange equation

In particular, solutions of equation (2.59) coincide with the extremals of the varia-
tional functional [.Z(z, x(¢), dx/d1)ds.

Considering (2.58) as an equation for the pair (g, %), we have the following
result.

Theorem 2.6 (Sonin) For every function F there exists a solution (g,.£) of
Eq. (2.58).

Proof Since g is supposed to be nonvanishing on its domain, Eq. (2.58) is equivalent
to the system
2L 1Y vy YL,
§="%. &F

0x2 " 8T T ox T arax oxox

(2.60)

The first equation can be solved immediately on star-shaped domains with center 0
in the variable x. We first solve the equation

_ 0h
ook’

1 1
(%) =/ g(x, kx)dk —i—)'c/ (a_g) Kdk
8)6 (xl’,)'cP) 0 0 8x (X,KX)
1 ag
=/ (g(x, KX) + (—) K)'c)d/(
0 ax (X,k%)

_ ! d ; d
_/0 E(g(x,/cx)/c)) K

= g(x, x),

8

Since
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the solution is

1
h =)&/ g(x, kx)dk.
0

Then we solve the equation

A solution is
L =x h(x, tx)dr.
0

Substituting
1
h(x,x) = w'c/ g(x, kTXx)dxk,
0

we get

1 1 1 1
L =x (tfc/ g(x,/crfc)d/c)dr = )&2/ (/ g(x,/cw'c)dfc)tdr.
0 0 0 0

The general solution to the first equation (2.60) is

1 1 1
L = Exz/ (/ g(x, Kw'c)dic)tdr + Ax + B,
0 0

where the functions A and B do not depend on x.
It is now sufficient to prove that the second equation (2.60) has a solution g.
Following Sonin, we differentiate this equation with respect x. We get

—gF+ — — — —
ax dxdx  0xox
g IF 3¢ Py Py . iPZ
=—=F-¢—+ ——- o3 = =0
ax ox  0xdx  otox 0xox 0xox
hence g must satisfy
ag IF 0dg dg.
—F —+ =4+ —=x=0. 2.61
il TR T Tt (261)

This partial differential equation for the unknown function g can be solved by stan-
dard methods. ]

Consider now the class of second order ordinary differential equations, solved
with respect to second derivatives for the unknown curve x' = x*' (),

F/ — %/ =0, (2.62)
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where FJ(x!, x') are some given functions. Sometimes the system F = {F/} is
called a (contravariant) force. Our main objective now will be to find the conditions
to ensure the existence of a system of functions gjx = g;x(x', ') such that

det 8ij # 0, (2.63)

and a function ¥ = Z(x', ') such that

(F) —xiy= 22 40 2.64
$ij(F =X =50 ~ arox (264

The problem to solve this system is called the Sonin—Douglas inverse problem of the
calculus of variations. The functions g are called variational multipliers and £
is the Lagrangian for Eq.(2.62). If there exists a solution .Z, then system (2.62) is
said to be variational; the force F/ is also said to be variational.

Suppose we are given a force F/ = FJ(x*, x). Set

&1 = gij(F/ — i)
The following is our basic theorem on the Sonin—Douglas problem.

Theorem 2.7 The following two conditions are equivalent:

(a) The system g; (2.62) is vqriational.
(b) The functions g;;j and F/ satisfy

Sij _ %8 _ . (2.66)
axl 9x!
1( 9F/ IF\ | dgi.; | 98
g g L)y i P8 . 2.67
2(81] 9l + 8j 8)'6’)+3xe +3)'CJ ( )
3g,'j 3glj . 8Ff aFj
(ot~ )P+ v
19 dFk OF*\ .y (2.68)
— |X° =0U. .
T3 g \ 8k T8Ik

Proof In order to derive these formulas we substitute B;; = g;; and A; = g;; F J
from Theorem 2.2, Sect. 2.4, into Egs. (2.18)—(2.21). Indeed,

1[04, 034 9B;; . 1 (dgijF/  dgiiF/ dgil .
N+ )+ = —— + =)+ =
2(8x1 ax’) axJ 2( ax! ax! oxJ

ag,,F] 1( AFJ aFJ') dgir .

_ e e _on ]_
il I\ Yeugar ) gt =0
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and
9A" Al 1 9 (oAl 9AlY
- - T T T el .x
ax! 0x! X AC
8gimFm 8glmFm 1 0 8gimFm aglmFm .j
= — - —— - - X
ax! ax! 2 oxJ ax! X!
agim 8glm oF™ aF™
= _SBmypm g g T
( ax! Ox! Bim g~ 8Im gy
1 0 oF™ oF™ . j
T 200 \8m a8y )
=0. O

Remark 2.7 The system of differential equations (2.65)—(2.68) differs from an anal-
ogous system used by Douglas [5].

Example 2.2 (Variational forces compatible with metric fields) Suppose that the
system (2.60) is variational and has integrating factors forming a metric field g =
gjk(x"). Then the Helmholtz conditions (2.65)—(2.68) reduce to the system

gij — &ji =0, (2.69)
1( 9F/ AFJ dgir .
z(gij ol T8l ) + axlz X =0, (2.70)
9gij 981} AFI AF/ 19 aFk aFk
J _ F] .. I _ _ v — =0.
(8xl oxi ) T EUGT T8I T 2 \$k o Sk )
(2.71)

We determine all the solutions of this system. First we show that a solution is given
by the functions

i L i 08k 08sk 08rs\ .,
Fl— _— kj [ Zork Jésk T3S
28 (axs T Tk )5

Indeed, by a direct substitution in (2.70) and (2.71),

L( 9F/ IFTY | dgil . L 40k | dgik 08y
_ e — )+ ] ..ok + _ )‘Cr
2(g’f oxl U axz) axi T 28U T T T ak
1 (0 0g; 0gri \ . d
_7gljgk] gr{c + glf _ grkl ry 28l 8il . Iy
2 ox! ax 0x dxJ

1 (0g1i | 081\ ., , 98il .,
= —— = 0
2(3xr T )Y Tt
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and
(agij 3glj)Fj IFI aF/ 1 9 ( dFk aFk),j
—_ 11— — T — T ——~ Qi —— — — X
oxl  oxi Bifxl STt T 2 xd \8 T it T Sk i
_ 38ij _ 31 gkj 9grk 4 dgsk  0grs Iy
2 8x dxt xS ox’" dxk
. lg 38 dgrk agsk 8grs g k,’i dgrk | 08sk . dgrs S
280 5 e+ o 8o Vaxs T axr  axk
1 ag 9grk agAk agrs kj 0 (0grk | 08sk _ 98rs\.r.s
s (ax‘ ox Tt glfg oxi Vo T oxr ok SN
19 08rk 3g1k ogr grk | 08ik  08ri \.r ).k
+ 2 9xk (gl' & ( ax! ax” ax g/g axi + ax” axk o)
1 g,,agkf Ogrk D85k _ agrk dgsk  Dgrs
2\°Y axl \ axs 8x’ / 3 i xS ax” axk

3gkj 081k 085k agrv 88 0grk 085k agrs res
—gii— — . i - — > =0.
8ij ax! (3xs * ax” dxk + 8 axt \ xS + ax” dxk o

Now, if F 1/ and sz are two solutions and H/ = F 1] — sz , then (2.70) yields

IH/ IH/
i g ¥ 85 =

Solving these equations we get g;; H J= %(Q,- + P; jfc-/ ). Summarizing, the general
solution of the system (2.69)—(2.71) is given by

. 1 .. 0grk  08sk 0grs \ ., . .
Fi= —Egkf(( 4 L SRR Py 4 0;). @)
Clearly, the functions
i1 (0 0 d
i k 8rk 8sk 8rs
Trs = 28 l(axs + axr axk) 2.73)

are the components of the Levi-Civita connection associated with the metric field g;;.

Remark 2.8 (The inverse problem) Formula (2.72), with given left-hand side, can
be considered as an equation for the variational integrating factors g;;. Note that

if I/, are considered as components of a linear connection, then the problem of
determining g;; from (2.73) is the metrizability problem of the affine connection
(see e.g. Tanaka and Krupka [16]). Formula (2.72) also implies that if F/ is not a
polynomial of degree 2, then there is no solution of the inverse problem in the form
of a metric field g = gjix (xh).



62 D. Krupka

Example 2.3 Let F k'— %% In this case Egs. (2.65)—(2.68) reduce to the system

agij  9gij
R P
dgir .; 98l .
gil + ﬁx + Hx =0, (2.74)
doii 9oy )
G8i O8N, (2.75)
axl 9xi

Formula (2.74) immediately implies that there is no solution g;; depending on x*

only. Also, there is no solution in the form of a Finsler metric. Indeed, if

agil .
dgit j _

. Os
ax/
then 3
gir + Bii — . (2.76)
oxJ/

Differentiating,

@xp 4 i aif'lxjxp 4 @xﬂ = @xﬁ =0,

axPp ox/ \ oxP oxP oxP

hence, by (2.76), gi; = 0. This is, however, a contradiction, because det g;; # O.

Remark 2.9 (Sonin’s inverse problem) Theorem 2.7, applied to one differential equa-
tion F — X = 0, states that the function ¢ = g(F — X) is variational if and only

if
oF 0dg . 0g
R N )
8% Tax T ax

This formula agrees with Eq. (2.61), solving the Sonin’s problem.

Now return to the general Sonin—Douglas problem, expressed by formulas (2.63)
and (2.64). Consider a system g = g;; such that

9gij 08
e P T
and the associated Lagrangian
& = Lpais
) ij s

where

1 1
hij = 2/ (/ gij(xp,kf)&p)dk)rdr
0 0
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(Lemmas 2.4, 2.5, Sect.2.5). This Lagrangian satisfies

81 = Hxiox
and its Euler-Lagrange expressions are

afh 32$h .1 32$h ..
axk  oxloxk T adaik

dgii 0 9 9%g;i
i / / (i; T xl) drrdr — gy
0x ox! oxtox (xP ATXP)

(Lemma 2.6, Sect.2.5).

Theorem 2.8 The following two conditions are equivalent:

(a) The variational multipliers g;; satisfy

dgij 98
$ij =81 =0 Her = 5 =0

and

aQs 8Qi .5
sisk” = axi + ( Ox! xS )xA

for some functions P = P (x*) and Qi = Q,-(xk).
(b) The pair (gij, F¥) solves the Sonin—-Douglas problem.

Proof The left-hand side of Eq. (2.64) can be expressed as

L ; ’ZL
gij(F! —3%7) = gij F/ —Wx/
3 e ., 3L . i g g Fi — VY e
= — — - X — - X .
axi axloxi . axlaxi . T 8U x| axloxi
2.77)

Therefore, the Sonin—Douglas problem reduces to the problem of existence of a
function %) = % (x*, #%) such that

pi 0% n 32,,2”/1 _ 0% _ Bzfo ;o
8ij oxi | axlaxl | oxi axloxi

This means in particular that the functions g;; F J are variational, and satisfy the
Helmbholtz conditions. Since these functions do not depend on i/, we get, by setting
A; = gisF® in Theorem 2.2 from Sect. 2.4,



64 D. Krupka

dA; JdA
S 2, (2.78)
ax!  oxt
dA; dA; 1 0 [0A; dA; .
ax! ox!

Equation (2.78) implies that
A = a; + bisx®, (2.79)

where a; = q; (xk), bis = bjs (xk) and b;s + by; = 0. By substituting in (2.79),

axl  9xt
_ da;  day n abisxs L o 18(biy - bli))'cj (2.80)
axl oxt - 9x! i T2 dxJ

% % (abzs 0byg abﬂ)xs —0.

dA; 04, 1 0 (8A 8A1)

ax! axt axs
Thus, the coefficients of A; satisfy

da;  dq dbis  dbg by
— — — =0, b b =0, - =0
axl o9xt is - Osi ox! + ax! + axs

By integration (cf. Lemma 2.3, Sect.2.3),

oP 0Q0s; 00;
ai = —, big= - =
ax! dax! axs
and substituting in (2.80), we get (2.77). U

Formula (2.77) is the compatibility condition for the variational integrating factors
gij and the force F/.

Example 2.4 If m = 2, then Theorem 2.8 reduces to the equations

o —p0 81 082 dgn 3812 _
BRTENTT B T ek T il 92
and
P 002 001Y\.»
F! F?=_— — = — , 2.81
guF +gn ol T (ax a2 ) (2.81)

(2.82)

P 001 00>
821F1+g22F2=@+( %!

ax2 axl
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This system can be considered as a system of non-homogeneous equations for the
pair (FL, F?): given g11, g12, and go2, a solution (FY, F?) always exists and is
unique. In this sense, letting g;; run through all solutions of the system (2.81), we
get all solutions of Sonin—Douglas problem in an implicit form.

2.7 Finsler Metrics

In this section we introduce, in the simplified setting for open subsets of Euclidean
spaces, the basic concepts of Finsler geometry as needed in our discussion of the
Sonin—Douglas inverse problem. For the general theory see e.g. Shen [14].

By a Finsler metric on an open set U C R" we mean a system g = {g;x} of
functions g;; : U x R" — R, g;; = g,-j(xk,)ék), satisfying the following two
conditions:

(a) The matrix g;; is symmetric and non-singular on U x R":

gij = &ji,» detg;j #0, (2.83)
and positive definite.
(b) The derivatives satisfy
Zng; = %i—l]k (2.84)
and 08ij .k
Skt = 0. (2.85)

Using the Cartan tensor C = {C;j;} of the Finsler metric g (see Sect.2.2),

1(0gij = 0gjk = Ogki
C" = —\ . —0 1,
ik 3(axk BTN TY

and condition (2.84), condition (2.85) can also be expressed as
Cijpi* = 0.
Note that condition (a) implies that for every vector field & on U, expressed as
0
7

_ gk O
E=80

the system of functions g& = { g?j}, defined by the condition

g5 () = gija! g4 (),
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is a regular metric field on U. This metric field satisfies at every point in its domain
of definition

&
(7)1, = G58) s * (550, (55)
ax™m (xP) dx™m (xl,sk(xl)) axk (xl’sk(xl)) ax™m (xl)

08ij _ o 108k 08\ 1 (0  98ij
axk — TR T3\ T axk ) T3\ oxi T ok )

Since

we can also write

&
9g;; gy | ., 0
axm — gxm ik Gxm”

The following lemma states that a Finsler metric can be defined by means of the
second derivatives of a function.

Lemma 2.8 Let g = {gji} be a system of functions. The following two conditions
are equivalent:

(a) g is a Finsler metric. o
(b) There exists a function £ = £ (x', x') such that

82$2
81 = 3o
and . ‘ o
L axh) =22 XY
forall A > 0.

Proof 1. Suppose we have a Finsler metric g. Consider the energy Lagrangian
24, associated with g. By Lemma 2.1, Sect. 2.2, the corresponding Euler-Lagrange
expressions are

cseie]

a.iﬂg_iafg _ 1(3gik+3gjk —&))&ifcj—l 328[j iy

axk dr axk — 2\ax/ | axi axk 2 dxs9xk

1 3%gij ... dgis 08k \ .
— (| - S ylx] vl 328
(2 ok T (axk e ) +g&")x ‘
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Thus, the Euler—Lagrange expressions are

%_i%__l 8ik ag‘/k Bg,/ i —g 5
axk dr axk  2\oxd T axi axk sk
and hence
2.

A
aitail ~ S

The Lagrange function ., satisfies, for any A > 0,
Ly(xP, 2xP) = —g,] (xP, AxP)A2% %7

Differentiating with respect to A,

0.7, 1/0 o -
(—,f) it = ( g’f) FRE T 4 gij (6P, AAPIAR A,
0x (xP,25P) 2 8)6 (xP ,AxP)

hence
0.2, o o
( ,f) -(i) W3R g (xP, AkP )2k &
ax (x/’,)»fcl’) 2\ 9t (xP A%P)
1/9 o
- (i) W3k 4 2.8, (xP, aiP)
~ 2\ sk (XP ,A5P)
or,forA =1, P
d 1
83k — _¢ kxkxlx] +2.%,.
dxk 2

But by hypothesis, C,'jk)'ck = 0, so we have

=24,

Now, since .Zg is everywhere positive, the formula

o7

defines a function such that

LD = [ L r k) = 2Ly i0) = AL (P 3.

This proves Lemma 2.8. O
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Remark 2.10 1If a Finsler metric g;; = g;; (x*, %%y on U c R" admits a diagonal
form, then it is a regular metric field on U. Indeed, in this case formula (2.84) is
identically satisfied for any distinct indices i, j, [; if i = j, then

o g _

axl oxt '
and if [ # i we get

dgii :

W = O, l ;é L

foralli, 1 <i <n,and /. Formula (2.85) now yields, for diagonal terms,
O8ii gk 081t i _
dxk X!
proving that
ogis
ax!
Obviously, the same is true for the metrics whose non-diagonal elements are constant.

Remark 2.11 We can find a relation between the Euler—Lagrange expressions of the
Lagrangians . and .Z? where

L = \[8pgiPxC.

Differentiating, we have
0L _ 1 8pq;pyg 0L _ gpiih

axi 2.7 axi Tk Rz
and
agpi . . 07
_oF yp _ xS
2L _ Bx/x L~ it ax/
axJoxi L2
agpi . agpq I
p e 0. .¥S F1 v+Pyq
_ oxd 228 i T
= 2
1 8gpi.p 1 9gpq . peges
T Poxi T T 2B gy S
1 dgpi . p 1 9(gpq8&si) . peqes 1 0gsi .4
= Zoxi Y o g NN Tagaa
EERZ
axiox/

cp 0L . C .
_ gjif—gpixpm _ 8ji g,,l-xl’a;s/ _ 8ji 8pi&qj Xt x4
72 72 L2 9x <z 73
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Calculating the Euler—Lagrange expressions for £ = g pgXP x4, we get

1(332 A I ])
2

oxi  oxiox T axioxi
0L 0 .7 0
—y—  —|r= )i - —
ox! dax/ axt ax/ axl
R ER 7 R Y a.z 0L L .,
=Y — - ———Fx/ - i/ - —
ox! 0xJox! xfax’ xJ 8x‘ axJ 9xt
7 L7 0.7
=9— - ——x/ — xf — =5
ox! dxJoxt X/ dxt 8x’ 8xl 0x/

axt  axioxi - axiaxi s ) T ow dr

2
:iﬂ(az L ;0 .,zﬂ,,j) 0.2 dL

Calculating the Euler-Lagrange expressions for ., we get

A A
_ ) - —%
ox! oxJox! oxJox!
_ 1 ngq Py — 1 ng, Pyl — gl’ 1 98pq P4 J
=27 ax Z oxi AR YZEwE A
gplgq]xpxq .
EZ I

1 i, 1[0g 8pi  08qi \.p.
— | —o.xT o pqg _ Zopt 754 P4
_f( &iix 2(8xi axd  oxr )5

1 (1 og 84j%7 ..;
S Pq P95 j q]
+gslx 32(23 9x 7 + g x)

1 1(0gpi 0gs 0g p 1 d¥
_ J Pl qr P4 Pq
N Z( (gj,x *3 (8x‘1 + oxP Oxi )x * )+gﬂ < dr

Combining these formulas we have the following relation with the Euler—Lagrange
expressions for £ = /g ,qXPx4:

1 (832 ?y? . 322 )
- x X
ax! axJ oxt 8xJ axt
(a.,sf 2.7 N 92.% 1) 0L dYL
- — T - X, — T - X — -
axi QxJ X 9xJ 9x! axi dt

1/0g ag g s 1dZ 32dZ
j pi qi  98pq \.p.q
(gjlx *32 (3)6‘1 axP axi HH ) + gt Zdt ax dr

.1 [0g 8g g
N DAY pi | 98qi  98pq
(gf’x *3 ( oxd T axr ol
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In particular, for any fixed immersed curve t — {(t) = {x1(1)} we may use
parametrization by the arc s of ¢, defined by

ds

t
s =/ LR, Kandr, — = LK@, HF@)).
o dt

Then, setting s = ¢, we get, along ¢,

o 1d¥ (ds\ ! ds
2giqxq§7 = 2giqxq (E) W =0.

Thus, a curve parametrized by arc length is a solution of the Euler—Lagrange equation
for the Lagrangian . if and only if it is a solution of the Euler-Lagrange equation
for 2. Given a Finsler metric gij» one can easily determine variational forces F' i
compatible with g;;. To this purpose, we shall consider the corresponding Sonin—
Douglas problem

(FI — )y = . di¥
8ij oxi  di %t
together with an additional condition
a ..
981 ¢k _ g, (2.86)

axk

We proceed in a manner similar to that of Example 2.2 of Sect.2.6. Consider the
system consisting of the equations

gij —8&ji =0, (2.87)
sij %81 _ (2.88)
ox! axt
1/ oF/ AFI\ | dgi .08 .

i g Li S8 — g, 2.89
2<g’/ oxl T8l axt) oxi " 9% (2.89)
3gij aglj) , dFJ F 1 9 ( dFk 8Fk) i
(axl oxi 81jTxl T 8L T 2 s \ 8K il T 8k

for F' and g;;, and Eq. (2.86).

Theorem 2.9 The general solution of the system (2.86)—(2.90) is given by

i I i 08rk 08sk 0grs \ ., . .
J— ki r _ IS P )

where P = P(x*) and Q; = Qi (x*) are some arbitrary functions.
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Proof We claim that the functions

i | agrk 8gsk 8grs or .
Fl=—_ghi + — x"x*
28 (axs oxr  axk

solve Egs. (2.89) and (2.90). Indeed,
1( oF/ dFJ 1 (dgijF/  0g,F/
2(g” ol T8 G ) - 2( oil T an
— _l i 8gri +% _ agrtv S
4\ ax!\\ 9xs ~ 9x"  ox!
0 0gri | 0851 08rs\.r.s
TS (( P

_ _agzix,.
ax”
Hence ) )
1 8Fj 8FJ 3g” j
E(g"fW””W)Jrﬁx -

proving (2.89). Similarly, since

Sl (D 9 9
gijF/ = —5gijg" ( Srk | S8k _ g”)x’fcf

2 xS ax"  9xk
_ _l(agri + 0gsi agrs)).cr).cs’

2\ oxs ax" axt
we have
dgij F/ _ dgi F/ _ 19 (g +@ _ 08rs e
ax! ox? 209x!\ axs  9x’ ax?
1o 081 0gs1 08rs cres
oo (axs T Tl )N
1 0 (dgri  08iN.r.s 1 0 (0801  08a\.,.s
- 28xl(3x5 T ) e\ T )
and

0 agri 8gsi agrs roes
-7 + - — X" x
ax! \\ oxs ~ ax"  oxi

1

2

19 8grl 8gsl agrs cres
* 2axi<(axs T T
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gri 08l 08l ., gr 081 08ri ) .,
( oxl " axr axi )T oxi | axr oxl )"

0gri | 0811 .
=2( - — )x".
( ax! + axi )

Hence
9gij 98\ . dF/ aF/ 1 9 dF* AFkY .
(axl oxi )1V SUTT T8 T o \8h G T Sk ¥
dgijF/ - dgyF/ 1 0 (dguF*  dguF*Y.;
= — — - —— - — )X
ox! dxt 29x/ \ ox! Ox
10 (08 | 08si\.ros , 1 O (081 | 081\ .,.s
- zaxl(axs+axr Ot e e T U
9 (0gri 08ri\ ., .
0xs ( ax! + oxi )5
— _ 32g” Foes 82grl roes 82gri S 82grl roes
Ox!9xs dxidxs 9x50x! x5 0x!
=0
as desired. O

Now, if Flj and sz are two solutions and H/ = Flj — sz, then (2.89) implies

U(, 2H ORI\ dgu ;1 (0gHT g, H
ox/ 2

—Ngii—— i — - =0, 2.91
2\ 80 g + 8 o o ) (@91)
hence g;; H J = %(Q,- + P; j)'cj ) for some functions Q; and P;; depending only on
xk. Thus, H* = 1g*(Q; + P;j#)).

Formula (2.91) is the compatibility condition for the variational integrating factors
and the force. The functions

i 1 ,.(0 ad a
Aixzzgk]( grk+ 8sk _ grs)

axs  ax"  9xk
are the geodesic coefficients of the Finsler metric g;;.
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