Chapter 2
A Porous Medium Equation with Variable
Nonlinearity

2.1 Introduction

We devote this chapter to study the homogeneous Dirichlet problem for the semilinear
parabolic equation

u, = div <a|u|y(x")Vu) + f(x,t,u, Vu) (2.1)

with a given coefficient @ > 0, an exponent y(x,7) > —1 and the lower-order
term f. Equation (2.1) is formally parabolic, but it degenerates or becomes singular
wherever u = 0 and y # 0. Equations of this type appear in the most natural way in
various physical contexts such as mechanics of fluids and gases, the theory of heat
propagation or diffusion processes. There exists an abundant literature devoted to
study the questions of existence, uniqueness and qualitative properties of solutions to
nonlinear parabolic equations of the type (2.1) with constant exponent of nonlinearity.
The most studied prototypes are the famous porous medium equation, u;, = Au™,
or the signed porous medium equation

up = div(|u|"~'Vu) (2.2)

with constant exponent m > 0. Notwithstanding the fact that these equations have
played the role of a “touchstone” for numerous methods in the theory of degenerate
parabolic equations—see, e.g. [36, 64, 171, 197, 254]—not much is known about
how their solutions respond to the variation of the exponent of nonlinearity. Under
the assumption that the exponent m may vary from one point to another, equation
(2.2) ceases to be invariant with respect to scaling, a fact which makes inapplicable
many of well-developed methods in the theory of nonlinear PDEs.
We start by the analysis of the model equation

u; = div (a(x, 0 |u|y<x”>w) F ) (2.3)
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46 2 A Porous Medium Equation with Variable Nonlinearity

with a given variable exponent y > —1. The existence and uniqueness theorems
for the model equation (2.3) are extended then to the complete equation (2.1) with
lower-order terms. Another generalization consists in extending the existence result
to the class of semilinear anisotropic equations

n
u; — ZD,- (IuIy"(x’t)Diu) = f, D; = a i=1,...,n),
i=1

with given exponents y;(x,t) > —1. We study also the question of existence of
bounded stationary weak solutions of quasi-linear anisotropic equations

n

—ZD,' (a,-|u|“"(x)D,-u) + f(x, M) =0.

i=1

2.2 Model Equation: Assumptions and Results

Let us consider the following problem:
up — div (lu)”®PVu) = f in Qr, (2.4)
u=0onIr =082 x[0,T], u(x,0) =up(x) in £2. (2.5)
It is always assumed that y is measurable and bounded in Q7, and
—l<y <y(x,t)<yt <00 ae.inQr (2.6)

with given constants y ~ and y .

Definition 2.1 A locally integrable bounded function u(x, ¢) is called weak solution
of problem (2.4)-(2.5) if:

() u e L®(Qr), [ul’“"?Vu e L*(Qr), u € L*0,T; H-'(2)),
(i) u =0o0n 082 x (0, T) in the sense of traces,
(iii) for every test-function ¢ (x, 1) € C*°(0, T; C3°(£2)), ¢(x, T) =0,

T
/ /(—u§t+|uly(x”)VuV§—f{)dxdt:/ uol (x,0)dx.  (2.7)
0 2 2

The main existence result is given in the following theorem.

Theorem 2.1 Let y(x,t) : Q1 — R be a measurable function satisfying condition
(2.6). Assume that Vy € L*(Q7). If f € L*(Q7) N LY(0, T; L®(£2)) and
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T
lluolloo.2 +/O IfC O lloo,2dt = K(T) < o0, (2.8)

then problem (2.4) and (2.5) has at least one weak solution in the sense of Defini-
tion2.1. The solution is bounded and satisfies the estimate ||ullco,0; < K(T) with
the constant K (T) from (2.8).

The uniqueness theorem is proved under stronger assumptions on the data.
Theorem 2.2 Let the conditions of Theorem 2.1 be fulfilled. If the exponent y satisfy

the additional assumptions

y(x,1) >y~ >0inQr, sup|Vy|e L*0,T), (2.9)
xeR

then the solution of problem (2.4) and (2.5) is unique.

2.3 Regularization

Let us consider the auxiliary nonlinear parabolic problem

{LuEu[—div(a(s,u,M,x,t))Vu) =f inQr, (2.10)

u(x,0) =ugin £2, u=0onIlT7,

which depends on positive parameters ¢ > 0 and M. The coefficient a has the form

y(x,1)/2
) @.11)

a= (82 + min{uz, MZ}
and (2.10) is a nondegenerate quasilinear parabolic equation because

y(xn/2 N
) < C(e, M, y%).

0<C'(e,M,yF) <a= (82 + min{u?, M?)
A weak solution of problem (2.10) is constructed by means of the Schauder Fixed
Point Theorem [187, Chap. 4, Sect. 8]. Let us consider the linear problem

2.12)

uy — div ((52 + min{y?, Mz})y(x’t)/2 Vu) =t1f inQr,
u(x,0) = tupin £2, u=0onIl7p,

where t € [0, 1] is a real parameter, and v € L*(Q7)isa given function. Let us
denote g = {v: |vll2,0; < R} and consider the solution u of problem (2.12) as
a solution of the functional equation

u=t®) with T®@): B x[0,1]— L2(Q7).
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Solvability of problem (2.10) in a ball Br = {v : ||vl2,0, < R} will follow if we
prove that

(1) the mapping @ (v) : Br — Ay is continuous and compact,
(2) for every T € [0, 1] the fixed points of the mapping u = v @ (v) satisfy the
estimate ||[v|2,0, < R'.

Let us define the Banach space V as the completion of C*°(0, T'; C(C)>O (£2)) in the
norm

v|lv = max ||v + Vv , 2.13
Ivilv [O’T]II 2.2 + 1VVll2,0r (2.13)

By V( we denote the subset of the elements of V for which

1 T—h
E/ v, £+ h) —v(x, I3 odt — 0 as [h] — 0. (2.14)
0

Compactness of the mapping 7@ (v) follows from the classical results on solv-
ability of linear parabolic equations with measurable coefficients [185, Chap. 3]: for
every ug € L2(£2) and f,ve LZ(QT), a measurable exponent y (x, t) satisfying
condition (2.6), and any t € [0, 1] problem (2.12) has a unique solution u € V.
Moreover, by [185, Chap. 3, Theorem4.5] the mapping t @ (v) is continuous in Hg.
For every test-function ¢ satisfying the conditions of Definition 2.1

15
/2/ (—u +avVuVe —t fo)dxdt :/ up¢(x,0)dx, (2.15)
I3 2 2

and u, € L2(0, T; H=(2)). lull(or) < C(R).

To check the fulfillment of the second condition with some R’ > 0, it amounts
to derive the a priori estimates for all possible solutions of the nonlinear problem
(2.12) with v = u and 7 € [0, 1]. The next section is entirely devoted to deriving
these estimates.

2.4 A Priori Estimates

We consider the nonlinear problems

[u, —div (a(e,u, M, x,t)Vu) =1t f inQr, (2.16)

u(x,0) =tugin$2, u=0on/lT7,

with 7 € [0, 1] and the coefficient a(e, u, M, x, t) defined in (2.11).
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Lemma 2.1 The solution of problem (2.16) satisfies the estimate

T
lulloo,0r =T (/0 If G Dlloo,2 dr + IIMOIIOO,Q) =t K(T). 2.17)

Proof Multiplying Eq.(2.16) by u?*~! with an arbitrary k € N and integrating over
§2, we arrive at the relation

1 d

L g, o +<2k—1>/ alVul? > D x
det( 3.0) o

= r/ w1 fdx. (2.18)
2
By Holder’s inequality

/ W21 dx
2

T

2k—1
<t llu(, t)”z/(’g Ife, t)||2k,.Q ,
whence

1 d -
||u(.,t)||§§ﬂ1 o (e, Dl ) + 2k — 1)/QaIVu|2 26D g

2k—1
=T luC Ol o 1FC Dl e -

Simplifying and then integrating the last inequality in ¢, we obtain the following
estimates for the solutions of problem (2.16):

t
lu(-, Olloggo <t (/ fC Dl dt + ||'40||2k,(2) s k=1,2,....
0
Estimate (2.17) follows from this inequality as k — oo. [
Corollary 2.1 Ifwe choose M > K (T), then
min{u?, M?} = u® and a = (&% + u?)? /2, (2.19)

Corollary 2.2 £et ug > 0 and f > 0. In this special case the solution u(x,t) is
nonnegative in Q.

Proof Set u™ = min{u, 0} < 0. Multiplying (2.16) by u ™, integrating over §2 and
taking into account the equalities #~ (x, 0) =0, u~ | = 0 we find that

1d, _ .
EZ”” ¢ 0 +/Qa|Vu 2dx < 0.
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It follows that for every t > 0
0=<llu"C.Dl2,e = llu"(x,0)]2,e =0,

whence the assertion. O

Lemma 2.2 The solutions of problem (2.16) satisfy the estimates
|vavul,, =c (2.20)

with an independent of ¢ constant C.

Proof 1t follows from (2.18) with k = 1 that forevery ¢t € (0, T) and 7 € [0, 1]

1 2 2 T 2
5 [[ee (-, t)IIZVQ + a|Vul|“dxdt < ) ||u0||2)9 +7 lul | f|dxdt

O or

A

1 T
2 ol o + K(T)/O Ty

= (2| + K(T)K(T).
|
Corollary 2.3 The solutions of problem (2.16) satisfy the estimates
[+ v <c @21)
2,07
with a constant C not depending on ¢.
Proof The inequality |u| < K a.e. in Qr yields
2 2\ YED 2, o\
(;:—[”(2) > (;:—1“(2) . (2.22)
The assertion immediately follows now from Lemma 2.2. ([

Lemma 2.3 The solutions of problem (2.16) satisfy the estimates
laVull2,or =C
with a constant C not depending on e. Moreover, |V ull2,0, < C ify* <0.

Proof Let us consider the function

Y(u) = /M(S2 + s 2ds, ¢ =0on 7.
0
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Notice that
u Yy dxdt

f wuy (€2 + u?) Pdxdt
Or " “12
/ (/ s (82 + sz)y ds) dxdt
or at 0
u(x,T) =2
:/ / K (82+S2)V ds Jdx.
2 T up(x)

By virtue of Lemma 2.1 |I| < M = M(y~, K). Choosing in (2.15) ¢ = ¥ (u) for
the test-function we deduce that

/atp’(u)|Vu|2dxdt§M+r/ |f|1ﬂ(u)dxdt§M+rM1/ | fldxdt
or

or or
(2.23)
with the constant
K s a\?T /2
M) =max =2 s(e +s) ds.
0
It is easy to see [cf. with (2.22)] that
a= 2 +ud) <@+ KT @4k
= My(K,y )Y (u), My = const.
Gathering this inequality with (2.23), we obtain
/ a®|Vul>dxdt < Mz/ ay’(u)|Vu|? dxdt < C(K,y7).
or or
O
Corollary 2.4 The solutions of problem (2.16) satisfy the estimates
H &+ u®)" v H <cC, H ey uH <cC (2.24)
2,0r 2,07

with an independent of € constant C.

Lemma 2.4 For the solutions of problem (2.16) u; € L*(0, T; H~'(2)) and

luell20,7;5-12) =M

with an independent of € constant M.
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Proof 1t is sufficient to show that for every ¢ € C*(0, T; Cg°(£2)), ¢(x,0) =

¢(x,T)=0,
T
/ / u ¢ dxdt
0 2

with a constant M independent of ¢, € and u. By virtue of identity (2.15) and the
uniform estimates of Lemma 2.3

= = Ml 20.7: 1) 2))

I < (llaVullz,or +1Cn, I fll2.0r) IVEl2 07

where C(n, §2) is the best constant in the Poincaré inequality:

Ve Wy (2)  lnlae < Co, DIV nlae.

Let us represent Eq. (2.16) in the form
u; = divG, (2.25)

with
G=aVu+tfel*Qr), divf=Ff flp =0

For the vector-valued function f we take the potential vector f = V6, where 0 (x, t)
is the solution of the Dirichlet problem for the Laplace equation

A6 =fin2, 6=00n082, te(0,7). (2.26)
The solution of problem (2.26) is considered as a function of x € £2 depending

on ¢ as a parameter. Since f € LZ(QT) by assumption, f(x,?) € L2(£2) for a.e.
t €(0,T).Fora.e.t € (0, T) problem (2.26) has a unique solution 6 € H(} (£2) and

1613, + 1VOI5.0 < ClIfII5.q-

Integrating this estimate in ¢, we find that
1613.0, + V013 o, < CIfI13.0,-

Equation (2.25) is fulfilled in the sense of distributions. If Oy, u € L?(Q7), which
corresponds to the case y* < 0 (see Lemma 2.3), then according to [185, Chap. III,
Lemma4.1] the function u(x, t) satisfies the estimates

2,0t

luGe, £+ —ulx 0l 5 = Clal,

lu(x +eh,t) —ux,0)l> , <Clh]®, i=1,...,n,
(2.27)
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where

O ={(x,1) € Qr: (x +eih, 1), (x,t+h)€ Qr,i=1,...,n},

h is a scalar parameter, e; are the unit vectors of the axes x;.

53

Lemma 2.5 Let u(x, t) be a solution of problem (2.16) with y™ > 0. The function

u(x,t) N
z2(x, 1) = z[u(x, t)] E/ Is|V ds
0
satisfies the estimates

2,00 =
l2Ge, 4 1) = 206, DI 5 = Clhl.

{||z(x+e,»h,r>—z(x,z)||2 <Clh i=1,...,n,

(2.28)

Proof Since Vz = |u|7’+V u, estimates (2.24) yield the inclusions dy, z € LZ(QT),

and the first of estimates (2.28) stems from the inequality

/ lz(x + eih, 1) — z(x, 1)[?
0 ||

h
T

To derive the second estimate we introduce the functions

Su=u(x,t+h)—u(x,t), dz=z(x,t+h)—z(x,1).

Notice that sign du = sign z by the definition of z,

u(x,t+h)
/ |s|”+ ds
u(x,t)

16212 < (1+ M) 182|8u] = (1 + M)Y " 6z - u,

182] = <M |su| withM > K(T),

Then

A+ M7 8213 5 < 6z, Suag

t+h
= ((Sz,/ VvV G(, r)dr)
t 2,82

t+h
= — (V((Sz),/ G(, ‘L’)dl’) .
' 2,2

dx<C, i=1,...,n.

(2.29)

(2.30)
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Integrating (2.30) in ¢t € (0, T — h), applying Holder’s inequality and then (2.29),
we obtain the estimate

e T—h , T—h t+h 2
A+ M)=7 115zl o = IV(82)|~ dxdt G(x, T)dt | dxdt
“rJo 2 0 2\t
T—h t+h 2
= C/ / / IG(x, 7)ldt | dxdt
0 JR\Jt
T—h t+h
< C|h| / / / IG(x, T)|>drdxdt | < C|h|.
0 2Jt

2.5 Passage to the Limit

In the proof of convergence of the sequence {u.} we rely on the following result.

Lemma 2.6 ([235, Theorem5]) Let X, B and Y be Bahach spaces, X C B C Y
with compact embedding X C B. If a family of functions F possesses the properties

1. % is bounded in LP (0, T; X) with1 < p < o0,
2. If(x,t4+h) — fx, OllLr©,7-h;v) = 0as h — O uniformly for f € Z,

then .F is relatively compact in L?(0, T; B)(in C(0, T; B) if p = 00).

Let {u,} be the sequence of solutions of problem (2.10). If ¥+ < 0, the sequence
{u.} satisfy the uniform estimates (2.27). Since the embedding HOl (£2) C L*(R2) is
compact, it follows from Lemma 2.6 that {u, } is precompactin L>(Q7).Lety+ > 0.
By (2.28)

2

ll2luee Cx. 2 4 M) — 2lue (e O gn

— 0 ash — 0, IVzluelll2,0r = C,

which yields precompactness of the sequence z[u(x, )] in L>(Qr). Not loosing
generality we may assume that the converging subsequences coincide with the entire
sequences. Convergence of {z.[u.]} in LZ(QT) yields convergence of {z[u.]} and
{ug} ae.in Q7. Since ||uglloo,0r < K(T), by the dominated convergence theorem
{ug} converges strongly in L?(Qr) with any p > 1. Finally, by Lemma 2.4 u, are
uniformly bounded in L2(0, T; H~'(£2)), while a|Vu,|? are uniformly bounded by
Lemma 2.3. Thus, there exist functions # and x € (LZ(QT))” such that

us — u a.e.inQr,

us — u inLP(Qr)withany 1 < p < oo, (2.31)
uer — u; inL2(0,T; H-1(2)),

aVu, — x inL*(Qr).
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Let us consider the auxiliary function g[u] = u(e? 4+ u?)?/?.Itis easy to calculate
that

2
u 1
Vg = |:)/ Tt 1] 2 +ud?vVu+ 5V [u (2 + uZ)V/Z] In (¢2 + u?).

If y(x,t)+ 1> 0, then Vg € L2(Qr) because

1 2
IV gl* < ((y + DlaVul + 5(82 +u?) VD2 1n (6% + uz)IIWI)
<CilaVul>+ C|Vy

with constants C; depending on y* and lulloo, 0y - It follows that there exists a
function g* such that
Vge — Vg*inL*(Qr),

while by virtue of (2.31)
ge = glug] = ug(e;“z—}—ug)y/2 — ulul¥ ae.in Qrandin LY(Qr) with1 < g < o0.
Let us identify the limit V g*. Notice that

(1 + y)u? + &2

e U S G

1
=V —3Vy [us (e* + u?)”z] In(+u). (232
For every smooth test-function

/ Vg Ydxdt = lim V g - ¥ dxdt
or e=>0J 0y

= — 1im gS-ledxdtz—/ wlul? Vo dxdt,
e=>0/0y or

whence
1
Vg*=V@ul”)={0+p)|ul Vu+ §u|u|”(ln W) Vy ae.in Qr. (2.33)

For every test-function ¢ from the conditions of Definition 2.1 we can pass to the
limit as ¢ — 0 in each term of the integral relation

4

SO = /

(—usct + (&2 +u2)’ Py ve — f ;) dxdt—/ uo ¢ (x, 0)dx = 0.
i=1 or Q
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By virtue of (2.31)

11(8) — — ug dxdt  ase — 0.
or

According to (2.32) and (2.33)

I(S) =/ g2 +M§
2 or (1+y)u}+e?

1
X |:Vgg 5 [ug (62+u§)”/2] 1n(82+u§)Vyi| V¢ dxdt
— / b [V (ulul”) — lulul” (ln u2) Vy} V ¢ dxdt
Or y+1 2
:/ u|YVuVedxdt ase— 0.
or

Gathering these formulas we conclude that the limit function u(x, t) is a weak solu-
tion of problem (2.4)—(2.5). The proof of Theorem2.1 is completed.

2.6 Uniqueness of Weak Solutions

For the proof of uniqueness of weak solutions of the model problem (2.4)—(2.5)
we assume that the data satisfy the conditions of Theorem 2.1 and the additional
assumptions (2.9).

Let us notice that since C*°(0, T'; C;°(£2)) is dense in the set

M= {g € L2(0,T; HI(2)) : & € L2(0, T; H_l(.Q))} ,

the weak solutions of problem (2.4) and (2.5) satisfy identity (2.7) with the test-
functions ¢ € 4, ¢(x,T) = 0ae.in £2.!

Let us assume that there are two different solutions of problem (2.4) and (2.5) u;
and u, and consider the function u = u; — u». This function satisfies the identity

/ (—ugr + (Jur|"©OVuy — ua | SO Vur)Ve) dxdr = 0 (2.34)
or

1 Such a choice of the test-function is meaningful because every function ¢ € L2(0, T’ HO1 (£2))
with ¢, € L2, T: H™! (£2)) belongs to C ([0, T']; L2(£2)) after possible redefining on a set of zero
measure in (0, 7)—see [197, p. 156] or Lemma 4.5 below.
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forevery ¢ € .#,¢(x,T) = 0a.e.in £2. Let us introduce the functions

1
Wx,t) = Wlu(x,t :—uu}’(x,l)’
(x, 1) [u(x, )] 5700 |ul
v In u? 1
I+vy 2 14y

It is straightforward to check that

VW) =l Vit ful? — (1nu2 1 )
x,t) = |u u-+ulu —
14y 2 1+vy
= ulVu+ F(u,x,t).

Since
lur " Vuy — ual”Vuy = V(W[u1] — Wlual) — (F(uy, x, 1) — F(uz, x, 1)),

for every smooth test-function ¢ (x, t), vanishing on 052,

/ (|u1|VVu1 - |u2|VVu2) V¢ dxdt
or

=/ (V (Wl ] = Wual) V £ + (F(uz, %, 1) — Fuy, )V ¢) dxdt.
or

Integrating by parts in the first term on the right-hand side, we arrive at the following
representation:

/ (|u1|VV up — |u2|”Vu2) V ¢ dxdt
or

:/ (uy —up) [FAA¢+ BV ] dxdt
or

with the vector-valued function B of the form

B=AVIn(l14+y)+DVy.

Here
Wlui] — W 1 v — v
A [u1] [uz] _ uplup|” —uzlusl -
up —up I+y up—up
p_ Fnxn—Fuxn _ Vy w0 nud —ufun” ™0 Inu

up —up 2 4y) up —up
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It is easy to verify that for y(x,¢) >y~ >0

0<A=<C, |DI=C|Vyl

D? Vy|? (u1 lug P& 1n u% —up Jup |V In u%)2
A 40 +y) (1 — u2) (urlur]? — uzlua|?)
D? B2

—<c, = <cCvyP
7= 1= Vyl

< C|Vyl, (2.35)

with a constant C depending on y~ and max |u;|. Using this notation, we rewrite
identity (2.34) in the form

/ [—¢— AAC+ BV ¢] udxdt =0, (2.36)
or

Letusset¢(x,t) = n(x, T —t), where n(x, t) is the solution of the parabolic problem

_ V= ;
{n, (A+e)An+BVn=h inQr, 23

nx,00=0, n=0onlT

with an arbitrary small parameter ¢ > 0 and an arbitrary h € L>(Q7). For every h
and ¢ problem (2.37) has a unique continuous weak solution 7 such that 7y, D,-2,~77 €

L*(Qr). Instead of identity (2.36) we have now:

/ u [h+eAn] dxdt =0. (2.38)
or

We proceed to derive a priori estimates on the derivatives of 7. Let us assume
thath € C(0, T; C(]) (£2)). Multiplying Eq.(2.37) by An and integrating over §2 we
obtain the equality

1d
s | wax+ [ aenanfax=n+n 239)
2dt Jo o
with
I =/ B VnAndx, 12=—/ hAndx =/ VhVndx. (2.40)
2 2 2

By Holder’s inequality

1| < 1/(A+ Y An>d +1/ Ll IVn|?d (2.41)
— & X+ = X, .
=2 /g " 2o axe)

1 1
|| < —/ |Vn|2dx+ —/ |Vh|2dx. (2.42)
2 ) 2 Ja
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Gathering (2.39)—(2.42) we have:

d
—/ |Vn|2dx+/(A~|—s)|An|2dx
dt o I?)

</[ Ll +1] |Vn|2dx+/ IV h|?dx
T JolL(A+e) Q
=J. (2.43)

By virtue of (2.35)

|B|? |B|?
aio = a =€ sgpuv yD? (2.44)

with a constant C not depending on ¢. The right-hand side of (2.43) is estimated as
follows:

J gk(t)/ |Vn|2dx—|—/ IV h|%dx
2 2

with A(f) = C (1 + supg, |V y|?). Plugging this estimate into (2.43) and applying
Gronwall’s Lemma, we have:

t t
/ |Vr]|2dx+/ /(A~|—5)|An|2dxdt§C/ / |Vh|?dxdt. (2.45)
22 0 J 0 J

Gathering (2.38) with (2.45) and applying Holder’s inequality we conclude that

T T
/ / uh dxdt / / e Andxdt
0 2 0 2

< T\/E\/@(/OT/.QﬂAmzdxdt)é

1

T 2
ST\/Ew/|.Q|(/ /(8+A)|An|2dxdt) — 0 whene — 0,
0 2

whence

T
/ / uhdxdt = 0.
0o Je

Since the last relation is true for any smooth function #, it follows that u = 0.

Remark 2.1 We leave a gap between the conditions sufficient for the existence and
uniqueness of weak solutions for problem (2.4) and (2.5). The existence is proved
under the assumption —1 < y(x,t) < oo, while the uniqueness theorem is true if
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0<y™ <y, t) < oo. Itis known that the weak solution of the Cauchy problem
for Eq.(2.4) with the constant exponent y (x,?) = y € (—1, 0) need not be unique
[230,253]. Conditions of non-uniqueness in the limit case y = —1 are givenin [162].

Similar arguments show that the solutions of problem (2.4) and (2.5) obey the
comparison principle.

Lemma 2.7 Letuy, uz be the weak solutions of problem (2.4)—(2.5) corresponding to
the initial functions uy¢, ug. If the problem data satisfy the conditions of Theorem 2.2
and uyg > uyg a.e. in 2, then uy > uy a.e. in Qr.

Proof Following the proof of Theorem 2.2 we find that the difference u = u; — us
satisfies, instead of (2.36), the equality

/ [—§,—AA§+BV§]udxdt=/uo(x)g(x,O)dx
or 2

with the right-hand side nonnegative by assumption. Fix an arbitrary 2 > 0 and take
for n the solution of problem (2.37). Since n > 0 in Q7 by the maximum principle,
this leads to the inequality

/ u[h+eAn] dxdt :/ up(x)n(x, Tydx >0,
Or 2

which substitutes (2.38). Then

T
//uhdxdtz—cﬁ,
0 2

and the assertion follows because & > 0 and ¢ > 0 are arbitrary. |

2.7 Equations with Lower-Order Terms

Let us consider the problem

u; = div (a|u|V(X")Vu) +blu|?*D2Vy — clu®®D"2y 4+ d inQp,
u=0onI x[0,T], (2.46)
u(x,0) =ug(x)in £2

where the domain §2 and the boundary I" = 02 satisfy the foregoing assumptions
and T < oo. We assume that the scalar functions a(x, ¢, r), c(x, t, r) and the vector
b(x, ¢, r) are given functions of the arguments (x, 1) € Q7 = 2 x (0, T]andr € R.
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The exponents of nonlinearity y and o are given measurable functions subject to the
conditions

y(x.0)ely .yt C(—1,00),

ox,t)efo”,0T] C[1,00) 247)

Vae.(x,t) € Or [

with some constants yi and oT. We assume that a, b, ¢ and d(x,t,r) are
Caratheéodory functions defined on Q7 x R and that there exist constants ag > 0,
co>0,D >0,ay, by,cy suchthatV(x,t,7r) € OQr x R

ap <a(x,t,r) <ay, co=cx,t,r)=c
[b(x,t,r)| < b1, (2.48)
[d(x,t,r)| < Dlr|+ f(x,t) withsome f(x,?) > 0.

Definition 2.2 A locally integrable function u(x, ¢) is called weak solution of prob-
lem (2.46) if:
() ue L (Qr), lul”*"?Vu e L*(Qr),
u; € L2(0, T; H-1(2)),
(i1)) u = 0 on I'r in the sense of traces,
(iii) for every test-function ¢ (x, ) € C*°(0, T; C3°(£2)), ¢(x, T) = 0in £2,

/ (—ut +alul?OVuvE = ¢ blul? 2V
or
+eluloED 2y — d;) dxdt = / uol (x, 0)dx. (2.49)
2

Theorem 2.3 Let y(x,t) and o(x,t) be measurable in Q7 functions satisfying
conditions (2.47). Assume that V y € L2(QT). Let conditions (2.48) be fulfilled. If

TD_]

D IIf(x,)lloo,0r dt = K(T) < 00, (2.50)

lluollco,2 +

then problem (2.46) has a weak solution in the sense of Definition 2.2. This solution
is bounded and satisfies the inequality |ullco,0, < K(T) with the constant K (T)
from condition (2.50).

The proof of Theorem 2.3 is an adaptation of the proof of Theorem 2.1. A solu-
tion of problem (2.46) is obtained as the limit of the sequence of solutions of the
regularized problems

u; —div (ag, p(x, t, u))Vu) —be p(x, t, u) Vu
teem(x, t,u)u=d(x,t,u) inQr, (2.51)
u(x,0) =ugin £2, u=0onlT



62 2 A Porous Medium Equation with Variable Nonlinearity

with the coefficients

3

y(x,1)/2
ag.m(x,t,u) =a(x,t,u) (82 + min{uz, MZ})

)

y(x.0)/4
be v (x, t,u) =b(x,t,u) (82 + min{uz, Mz})

(0(x,1)=2)/2
ce.m(x, t,u) =c(x,t,u) (82 + min{u2, M2})

and positive parameters € and M (the parameter M will be chosen later). Let denote
PBr = {v: |Ivll2,0r < R}. Forevery fixed v € % and v € [0, 1] there exists a
unique solution u of the linear problem

ur —div (ag, p(x,t,v))Vu) —be p(x,t,v) Vu
+C8,M(-x’tav)u =Td('x7t? V) in QT7 (2'52)
u(x,0) =tugin$2, u=0onIlT7.

The solution of problem (2.51) is sought as a fixed point of the mapping u = 7 @ (v)
with 7 = 1. The existence of a fixed point in a ball Zr = {v : |[vl2,0, < R}
follows from the Schauder fixed point principle and reduces to checking continuity
and compactness of the mapping @ (v) : HBr +— HBgr and to deriving suitable a
priori estimates for the fixed points of the mapping u = v Z(v) ina ball ||[v|l2, 0, <
R. Almost all arguments used in the proof of Theorem?2.1 are applicable in the
present case and can be omitted. We will present in detail only those that require
modifications.

For every v € L*(Q7) and T € [0, 1] problem (2.52) admits a weak solution
u € Vo (the space Vy is defined in (2.13) and (2.14). Compactness of the mapping
t® (v) follows from results on the solvability of linear parabolic equations with
measurable coefficients [185, Chap. 3], the mapping t® (v) is continuous in Zr—
see [185, Chap. 3, Theorem4.5].

Lemma 2.8 The solution of problem (2.51) satisfies the inequality

tTD

e —1
—— I flls. 0y - (2.53)

lulloc, 07 = T ll0lloc,2 + —

Proof Multiplying Eq.(2.51) by u?*~! and integrating over §2 we arrive at the equal-
ity

1 d -
——(||u(-,t)||§ig)+<2k—1>/ e, Vul* 1>dx+/ e luPdx
2k dt ' Q? 2

=/ bS,MvMuzk—‘dxﬂ/ du*ldx=5L+15L, k=1,2,.... (254
2 2
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By Holder’s inequality, the terms /7 and I, are estimated as follows:
= [ D yavu ut-tay
e a

(2k -1 _ 1 |b|

< u/ ey IVl P4V + 4, DI 4 | (2.55)
where
2 2
ﬁ'b' _ﬁ";’ Y50 fork — oo,
1L <D uC. O3k + T luC. 015 g 1FC Dl g - (2.56)

Substituting (2.55) and (2.56) into (2.54), we come to the inequality

! 1) 2 2(k—1
o (o o) + 2 [ anivut 2t Dax
= A+ 7 D) lul, t)IIZk e+t luC DI 1FC Do

whence

d
— (luC,Dllake) <A +TD) luC Dl +7 1 C Dl - (2.57)
dt

Integrating (2.57) in ¢, forevery k = 1, 2, ... we get

t
luG, Dl <t (nuonzk,g + ! OFTD) / e ATTD £ ) ok ds).
0

Passing in this inequality to the limit as k — 0o, we obtain the needed estimate:

tTD -1
lulloo, 07 < T lluolloo,2 + S — Ifllo. 07 -

Corollary 2.5 If D = 0, inequality (2.53) becomes

lulloo, 07 = T lluollos,2 + 7T 1 fllo. 07 -
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Corollary 2.6 Choosing M > K (T), we have

min{u2, Mz} =u?,
which renders (2.51) a problem with the single regularization parameter ¢.

Lemma 2.9 The solution of problem (2.51) satisfies the inequalities

. \ran
(s tu ) Vu <C (2.58)

2,0r

with a constant C not depending on ¢.

Proof For k = 1 equality (2.54) takes on the form

__(||u(,t)||%’9)+/ ag)M|Vu|2dx+/ Ce’M|u|2d.x

2 2

:/ bg,MVuudx—i—r/dudeIl—}—Iz. (2.59)
Q Q

Applying Holder’s inequality and the already derived estimate on the maximum of
the solution, we obtain the inequality

2
|I1] </ [bl lu| va|Vu|dx < l/ a€M|Vu|2dx+1/ &|u|2dx
- \/_ “2Jo 7 2 )0 a

o Ja
1

< —/ ae. | Vul?dx + C(K).
2)e

Substituting this inequality into (2.59) and integrating in ¢, we have

1 T
5 G Dl

1
+ —/ as,M|Vu|2dxdt +/ cs,M|u|2dxdt <C(K,D,a,T),
2 or or

whence (2.58). U

Remark 2.2 The solutions of problem (2.51) satisfy the estimates

<C (2.60)

H @+ ud M| <
2,07

with a constant C independent of ¢.

The proof is identical to that of (2.21).
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Lemma 2.10 The solutions of problem (2.51) satisfy the inequalities
lae,m Vulao, <C

with a constant C not depending on ¢ constant C.

Proof Let us introduce the function

u
V() E/ >+ 2 Pds, Y =0onTly,
0
which can be taken for the test-function in the integral identity (2.49). Notice that
I = / u Yy dxdt =/ wuy (82 4+ u?) Pdxdt
or 9 " or 12
:/ — (/ s (82+S2)y ds)dxdt
or ot 0
u(x,T) ~/2
:/ / s (82 +S2)y ds |dx.
2 Tup(x)

By virtue of Lemma 2.8 |[I| < M = M(y~, K). Multiplying (2.51) by the function
¢ = ¥ (u) and integrating by parts we find that

/ ag,Mz//<u>|w|2dxdrsM+/ 1 o) e ||V ul dxdr
or or
—/ cg,Muw(u)dxdt—i—I/ (D |ul + | f]) ¥(u) dxdt
or or
<M+t (Tmeas.QDK(T)+M1/ |f|dxdt)
or

with the constant
K v7/2
M1=max1p=2/ s(€2+s2) ds.
0
Proceeding as in the proof of Lemma 2.3 we find that

/ 2 2\
e ') =a (e +u?) T Y@
y (/2 v=/2 y(x)
> agp (6‘2 + uz) (6‘2 + u2) > agp (82 + uz) R

and the assertion follows. O
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Corollary 2.7 The solutions of problems (2.51) satisfy the estimates

H * + uZ)szHz . =€ H|u|y+wH2 ) =€ 2.61)
ST ST

with an independent of € constant C.
Corollary 2.8 Ify™ <0, then |Vul,0, <C.

Lemma 2.11 The solutions of problem (2.51) have the weak derivatives u; €
L%(0,T; H'(£2)) and

”ut”Lz(O,T;H*l(Q)) <M
with an independent of ¢ constant M.

Proof 1t is sufficient to check that for every ¢ € C*(0, T; C(‘)’o(.Q)), ’(x,0) =
((x, T) =0,

<M |I§”L2(0,T;H(} (£2))

I = ’/ u g dxdt
or

with a constant M not depending on ¢ and u. Choosing ¢ for the test-function in
(2.49) and using the uniform estimates of Lemmas 2.8-2.10 we find:

Y ¥y
1< |@+udiva| Vel b [+ EVE] el
2,07 2,07

+c1 H (82 + 142)577l

’2 . I1¢l2.0, + (D||u||2’QT + ||f||2QT) 112,07
NoZs
= ClSl20.7: 10 2))

with a constant C depending on the norms of ug, f and constants in the structural
assumptions (2.47) and (2.48). U

Let us introduce the notation
O ={(x.0) € Q7 : (x+eh, 1), (x.t+h) € Qr.i=1,....n},
where £ is a scalar parameter, e; are the unit vectors of the axes x;.

Lemma 2.12 Let u(x, t) be a solution of problem (2.51) and y* > 0. Then the
function

u(x,r) N
z(x, 1) = z[u(x, 1)] E/ Is|”" ds
0
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satisfies the estimates

lz(x + e hot) — 2, DIy < CIAP, 2t 4+h) = 206,015 ) < Clal.
2»QT 2’QT
(2.62)
Proof The inclusion V z € L?(Qr) follows from the equality V z = |u|V+V u and

estimates (2.61). The first of estimates (2.62) is then an immediate byproduct of the
inequality

_ _ 2
/ IZ(X+ezh,t)2 20 <
0 |h|

h
T

For the functions u = u(x,t +h) —u(x,t), 6z = z(x,t + h) — z(x, t) we have

/ Sz0u dx
Q

t+h
= / 8z/ (div(ag,MV u) +beyVu —cepyu+7td(x,0, u)) dfdx, (2.63)
Q '

ui
5z =/ s ds < u, VD208, = C. (2.64)
u

2

Let us integrate (2.63) over the interval (0, 7 — h) and apply (2.64):

T—h t+h
C|I6ZII§ ol 5/0 /Q|V(5z)|/ lae. 'V u| dodxdt
’ t

T—h t+h

+ / / 2] / byt V| dOdxd
0 2 t
T—h t+h

—/ / |8z|/ \ce v |ul dOdxdt
0 2 t

T—h t+h
+ ‘L'/ / |5z|/ |d(x,0,u)|dodxdt
0 2 t

=h+hL+5L+ 1.
To estimate I; we use Holder’s inequality, the estimates

(o(x,)—1)/2

y(x,0)/4 2 2
) e mllul < e (8 +u ) .

[be, | < by (82 +u?

and Lemmas 2.8 and 2.10. O
Lemma 2.13 Let y+ < 0. Then

luCe, 4 ) = uCe, Ol g < ClAL - llz0x+ ek, 0) = 206, D13 o < Cll.
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Proof 1t is sufficient to repeat the proof of Lemma 2.12 substituting §z by du
and taking into account the fact that [[V(du)|2,0, is already estimated in
Corollary 2.5. g

Let us introduce the functions glu] = u(e? + u?)?/? and hlu] = u(e? + u®)v/4.
Arguing as in the proof of Theorem 2.1 and relying on Lemma 2.6 we extract from
the sequence {u,} a subsequence, for which we keep the same name, such that

U — uae.in Qr,

uer — u, in L2(0, T; H1(2)),

u, — uin LP(Q) withany 1 < p < oo, (2.65)
aVue — xin L*(Qr)

and

8e = gluel = us(82 + Mg)y/2 — ulu|” ae.inQr,
he = hlue] = ue (e +u2)’’* — ulu|’/? ae.in Qrandin LY(Qr), 1 < g < oo,

Vge — Vg*, Vhe = Vh*in L*(Qr)

with some functions u, g*, h*, x. It remains to identify the limit functions V g* and
V h*. Notice that

1+ )/)ug +¢2

e A

1
=V —5Vy [us (2 + u?)y/z] In (2 + u?) (2.66)

For every test-function v

lim Vg ¢ = Vg'y =—lim gaVWZ—/ ulul” v,
e=>0J0r or e=>0J0r or
whence

1
Vg*=V@ul”)=0+py)|ul” Vu+ §u|u|”(ln W) Vy ae.in Qr. (2.67)
In the same way we check that

1
Vh* =V (ulu|’’?) = (1 + g) lul”>Vu+ Zu|u|”/2(ln u?)Vy ae.in Qr.
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For every test-function from the conditions of Definition 2.2 one may pass to the
limit when ¢ — 0 in each term of the integral identity

6
Zli(s) E/ (— Ul + ax, t, ug)(e? + uﬁ)”"*’)/z Vusve

i=1 or
—¢b(x,t, w)(e? + ug)y(x,z)/4 Vi,

+ ol (@ D) O D Ry f ) dxds
—/ upl(x,0)dx = 0.
2

By virtue of (2.65)
Il(s) — — u & dxdt, 16(8) — —/ up¢(x,0)dx ase— 0,
or Q2

while by virtue of (2.66) and (2.67)
JAR / b(x, £, w)|ul’*V u ¢ dxdt,
or

¥ - /Q cCe, t,w)ul® 2 u ¢ dxdt,
T

2 2
&
12(8) :/ a(x’ t, u)%
or 1+ V)”s +e

1
X |:Vgg 5 [ug (e? —i—u?)}’/z] In (82+u§)Vy] V ¢ dxdt
5t7 1
—>/ M |:V (u|u)V) — zulul” <1n u2) Vy] V¢ dxdt
or v+I1 2

=/ a(x,t,w)|ul’VuVedxdt ase— 0.
or

Gathering these formulas we conclude that the limit function is a weak solution of
problem (2.46).

2.8 Equations with Anisotropic Nonlinearity

A revision of the proof of Theorem2.1 shows that the same arguments provide
existence of a weak solution of problem (2.4)—(2.5) for equations with anisotropic
nonlinearity. Let us consider the following problem:
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n
u — > D; (|u|yi(x”)Diu) = f(x.1) inQr, (2.68)
i=1
u=0on It =08 x[0,T], u(x,0) = up(x) in $2, (2.69)
where y; (x, t) are given bounded functions defined on Q7. It is assumed that
Vae.(x,) € Or  yix,nely ,yT1C (=100, i=1,...,n, (270)
with given constants y .

Definition 2.3 A locally integrable bounded function u (x, t) is called weak solution
of problem (2.68)—(2.69) if:

i) weLl®Qr), uf"“"?Vuel*(Qr), u eL*0,T; H (2),
(i) u = 0 on I'7 in the sense of traces,
(iii) for every test-function ¢ (x, 1) € C*°(0, T; C3°(£2)), z2(x, T) =0,

n
(—ut + D |u"“D Dy D¢ — f¢)dxdt =/ uol (x,0)dx. (2.71)
or i=1 $2

Theorem 2.4 Let y;(x,t) be measurable in Qr functions. Assume that y; satisfy

condition (2.70) and V y; € L>*(Q7). If f € L>(Qr) N L' (0, T; L>®(£2)) and

T
lolloo.2 + /0 1 Dl = K(T) < oo, 2.72)

then problem (2.68)—(2.69) has at least one weak solution in the sense of Defini-
tion2.3. The solution is bounded and satisfies the estimate ||u|l0o0,0r < K(T) with
the constant K (T) from condition (2.72).

Remark 2.3 The question of uniqueness of weak solution to the anisotropic problem
(2.68)—(2.69) is left open.

2.9 Stationary Solutions

Let us consider the problem

= > Difai e, w)ul* Dy + c(x, w)|ul” 2 = f(x) in2,
- (2.73)
u=0 onos2.
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About the domain §2 and the coefficients in Eq. (2.73) we assume the following:

1. ai(x,r) and c(x, r) are Carathéodory functions,

Vxel, reR O0<ay=<ajx,r)<Ay< oo,
0<co<clx,r) <Cp<o0 (2.74)

with some constants ag, cg, Ag, Co.
2. @;(x) and o (x) are continuous functions satisfying the conditions

ai(x) € (¢, ) S (@ ,at) C (1,00, o(x)e (0 ,0h) C(1,00),
(2.75)

+ 4+ _+

a; , @™, 0~ are known constants,

Definition 2.4 A locally integrable in £2 function u(x) is called weak solution of
problem (2.73), if

1. ue L®(2), u|%D2|Diul € L2(2), (i =1, ...,n),
2. u = 0on I’ in the sense of traces,
3. for every test-function n € WO1 ’2(.{2) N Lo (£2) the integral identity holds

Z/ ai(xs”)|”|ai(x>DiuDi77dX+/ c(x,u>|u|”<x>*2undx=/ fndx.
;782 2 2

(2.76)
About the function f we assume that
e LP(2)withp > n/2 %fai'(x? > 0in 2, 2.77)
L>®(2) if min;inf o o; (x) < O.

Theorem 2.5 Let conditions (2.74) and (2.75) be fulfilled and, additionally to these
conditions,

[Diai(D)ll2,0 <C, i=12,....n (2.78)

Let us assume that either a;(x) > 0in 2, or a;(x) > —1in 2 and cy > 0. Then
for every right-hand side f, satisfying condition (2.77), problem (2.73) has a weak
solution. The solution satisfies estimate

D w2 Diullz.0 + D 1wl Diullz,e + collullo).e + lllo,e < A
i i

(2.79)
with a constant A depending on || f||, |$2|, n and the constants in conditions (2.74)
and (2.75).
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Remark 2.4 Condition (2.78) can be relaxed in the following way:
IDici ()l - = C, 27 ={x € 2: () <0},

—see Lemma 2.20 below.

A weak solution of problem (2.73) is obtained as the limit of the sequence of
solutions of the regularized problems

— > Di(Ai(e, M, x,u)Diu) + C(e, M, x, wyu = f(x) in,
; (2.80)
u=0 onl’

with positive parameters ¢, M and the coefficients

0 < Cl(e, M, a®) < A; = a;(x, u)(e* + min{u?, M?})% /2
< Cl'(e, M,a%) < o0,
0<C'(e, M,0%) < C = c(x,u)e? + min{u?, M?*})@O=2/2

<C"(e,M,0%) < c0.

Lemma 2.14 Foreverye > 0, t € [0, 1], f(x) € LP($2) with p > n/2 problem
(2.80) has a solution u € WOI’Z(Q) N L%®(£2) N L°Y) () satisfying the estimate

collulloy + ulloo,2 < C (2.81)

with a constant C independent of M and e.

The existence of a weak solution of problem (2.80) is proved by means of the
Schauder fixed point principle [187, Chap. 4, § 8]. Let us consider the linear problem

(2.82)

— > Di(Ai(e, M, x,v)Dju) + C(s, M, x,v)u = tf(x) ing,
u=0onI, 7el0,1], veL*).

For every given v € L%(£2) and every e > 0, M > 1 and t € [0, 1] problem (2.82)
has a unique solution u € W(} ’2([2 ), [187, Chap. 3], satisfying the integral identity

Ve Wy (£2) Z/Q A,~D,~uD,-17dx+/9Cundx:/ﬂfndx. (2.83)
i

Let us denote g = {v : |[vll 2(py < R}. Problem (2.82) defines the mapping
(v, ) > u which can be represented in the form

u=1tPv): Bg x[0,1] > L*(2)


http://dx.doi.org/10.2991/978-94-6239-112-3_4
http://dx.doi.org/10.2991/978-94-6239-112-3_8
http://dx.doi.org/10.2991/978-94-6239-112-3_3
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because of the linearity with respect to t. The solution of problem (2.80) is then a
fixed point of the mapping @ (-). According to the Schauder principle the mapping
@ (v) has at least one fixed point in the ball Ap, if

1. the mapping @ (v) : B +—> HBp is continuous and compact,
2. forevery T € [0, 1) all possible solutions of the equation u = t® (v) satisfy the
estimate [|ull2, 2 < R.

Lemma 2.15 The mapping @ (v) : Br — PBg is continuous and compact.

Proof Since the embedding WOl ’2(9) C L%(£2) is compact, so is the mapping @ ().
The continuity of @ follows from the continuity of the coefficients A; and C with
respect to the variable v. ([

Lemma 2.16 Let o;j(x) > 0 and f € LP(§2) with p > n/2. Then the solution of
the regularized problem (2.82) with the parameter M > 1 satisfies the inequality

1+

1
P

C . 2i\7ZT
lulloo < K = (1 +—IAI 9) P (2.84)
ap '

with a constant C not depending on M.

Proof Take an arbitrary number k > 1 and consider the function { = max{0, u — k}.
The function ¢ is an admissible test-function in identity (2.83). Besides,

0, ifu <k,
Vi = )
Vu, ifu > k.

Let us denote £2; = £2 N{u > k}. Substituting ¢ into the integral identity (2.83) and
taking into account the inequality u - { > 0, we get

[ = Z/ a; (x, u)(e* + min{u?, M*)® D21 Diu)? dx 5/ f(u—k)dx.
i ko 2k

On the set §2;
&2 + min{u?, M} > % + min{k*, M?} > 1,

which yields the inequality

(62 + min{u?, M*H% /2 > %
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Hence,

) k k
|Vul“dx < — fu—k)ydx =—1I.
2 ao J ao

Estimating I3 by Holder’s inequality and then applying the embedding theorem, we
arrive at the estimate

1 1 1,2 1
4~ 2 ,_‘_,_7
3] < [$2]% 7 llu = kllo, 2 1 fll o = CIS2e127 21 fll 2 Vull2, 2
Thus,

2

2 2 C 2 1_,’_7_2 2
/'|vm dx < (=) 12 IR
o) ao

with a constant C not depending on M. Using [187, Chap.2, Lemma5.3], we con-
clude that for p > n/2 the inequality ||u| 0,2 < K holds with a constant K which
depends on n, p, 1/ag and || | , 2 in the following way [187, Chap.2, Lemma 5.1]:
[187]

S

1+

¢, A
1 < K < 1 _ n n D
< _(+¢”ﬂug)

Sl

O

Lemma 2.17 Let ¢y > 0 and f € L®(82). Then the solution of the regularized
problem (2.82) with the parameter M > 1 satisfies the inequality

1
1 o~ —1
lulloo,2 = K = max [ 1, (anf”oo,ﬂ) } . (2.85)

Proof Arguing as in the proof of Lemma 2.16 we take for the test-function { =
max{u — k, 0} with the parameter k > 1. Substituting ¢ into the integral identity
(2.83), we obtain the inequality

Z/ Ai|Diu|2dx+c0/ min{k, M}V — kydx < ‘L’/ fu—k)dx,
i 2 (973 2

whence the estimate

0> (cok” ' — TIIfIIoo,Q)/ (u—k)dx.
2%
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Increasing k, we conclude that necessarily |£2;| = O for

1 _
k> ko= (—Iflloo)/@ 7.
o

The inequality —u < k¢ a. e. in £2 is proved likewise. (]

The obtained estimates on the maximum of the solution of problem (2.80) do not
depend on M, which allows us to choose M = K. Then the coefficients in equation
(2.80) take on the form

Ai(e, M, x,w) = (2 + wHHO2  C(e, M, x,w) = (¢ + w22

and (2.80) transforms into a problem with the single regularization parameter ¢.
Without special mentioning, in what follows we tacitly assume that M = K with the
constant K from (2.84) or (2.85).

Lemma 2.18 For ¢y > 0 the fixed points of the mapping ® satisfy the inequality

Co/ Wl”® dx < K|l flloo.012]
2

with the constant K from (2.85).

Proof Let us substitute « into (2.83) as the test-function and then drop the nonneg-
ative term on the left-hand side of the appearing equality:

Co/ (& +ud)COD22 g s/ fllul dx < K121 lso.c2-
2 2

The proof of Lemma 2.14 is completed.

Lemma 2.19 If condition (2.77) is fulfilled, then the solution of problem (2.80)
satisfies the inequalities

> INVADul3 o <C. D lAiDu|j g < C (2.86)
i i

with a constant C independent of .

Proof The former of inequalities (2.86) follows from (2.83) with n = u. To prove
the latter we make use of the following inequality, which is a byproduct of (2.84)

and (2.85):
2

e2 + u2 @i (x)/2 B £2 + u2 o/ -
-5 5> a. e. 1ndq.
&2+ K? ~\e2+K?
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Let us introduce the function
u
du) = Ao/ (2452 2 ds € L®(2) N Wy (£2).
0

For @~ > —1 the function |¢ ()| is uniformly with respect to ¢ bounded by the
constant ¢ (K). Substituting ¢ (u) into (2.83) as the test-function, we obtain the
inequality

> / Ai(e® +uh)* 2| Diul* dx + co / (& +u*) O Pug ) dx
; 2 2

5/ \f 116 o)) dx.
2

Noting that u¢ (1) > 0, we have
/ A\ Dju)? dx < Z/ a? (x, w) (g2 + uH)¥ | Du|* dx
Q T Je

o) |18 e for [ € LX),
- 1217 fllp.e for f e LP(£2).
O

Denote by {u.} the sequence of solutions of the regularized problems (2.80).
Estimates (2.81) and (2.86) allow us to extract from {u.} a subsequence (which will
be assumed to coincide with the whole sequence), that possesses the properties:

AiDius — Bi(x) inL?*(£2),

Ug — u a.e.in$2,

(@(0)-2)/2
(82 + uz) e — |u"®2y in L2(2) (2.87)

&

with some functions u and B; € L%(£2). Taking into account (2.87) and passing to
the limit as ¢ — 0 in identity (2.83), we have that for every n € W(}’z(.Q)

Z/ Bi(x)Dindx-F/ c(x,u>|u|"<x>—2undx=/ fndsx.
;I8 £ £

It remains to show that B; (x) = |u|% ) D;u. Consider the function

Gi(u) = (62 + u>)* Wy,
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It is easy to calculate that

2
u .
DiGi(u) = [1 +Oli—€2 n u2:| (82 + u2)a,/2Diu

1
+ Eu(g2 +u®)% 2 D;a; In(e? + u?),
1DiGi)|* < CIA;IP|Diul* + | Dict; () 1.
By virtue of (2.86), | D;Gi(u¢)|l2.2 < C uniformly with respect to ¢. This allows

us to extract a subsequence {u.} such that D;G;(u;) — D; H; in LZ(Q). Hence, for
every test—function ¢

lim/ DiGi(ug)¢ dx :/ DiH;¢dx = — lim G;(ug)D;¢ dx
e—=0 /0 Q e—0
- [ upic ax,
Q
whence the equality
a;(x) o (x) 1 o (x) 2
DiHi = Di(lu|*"u) = (1 + ot (X)) |u|*"" Diu + Elul “u(lnu)Dja;(x).

Further,

£2+u§

Ai(e, M, x,u)Dju, = a;(x,u
l( 8) e l( 8)(1-"-(:([()(,'))],{%—'—82

X[&@wa—%wﬁ+@f”WDMunuﬁ+@ﬂ,
which yields that for every n € W(}'z(g)
Z/QAI'(& M, x,u;)DiueDindx —
i
Z/Qai(x»M)|M|ai(x)DiuDindx ase — 0.
i

Lemma 2.20 The assertion of Theorem?2.5 remains valid if condition (2.78) is
removed and substituted by the following one:

IDi; (X)lly, o~ < €, 27 ={x € £2:0;(x) <0}

Proof Condition (2.78) was solely used to justify the limit as & — 0 in problem
(2.80). Let us show that on the set {x € £ : «;(x) > 0} one may pass to the
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limit without this condition. Not loosing generality we assume that «~ > 0. Let us
represent the first term on the left—hand side of (2.83) as follows:

o (x)/2
1 :=Z/ ai(x, ug) (82+u§) DiugD,'ndx—I(l)—i—I(i)

=Xt

where 25 = {x € £2 : |ug| > 8} and § > 0 is an arbitrary small number. It is easy
to see that if (2.74), (2.75) and (2.86) are fulfilled, then

@i (x)/2
u(&Z/ﬂ |Diuel* dx < Z/Q ai . ue) (2 + 2) |Diue|*dx < C
i 8 i s

with a constant (8) > 0. Hence, the sequences {D;u,} converge weakly in L2(82s),
while the sequences

Ia'(x u )(ez—i—uz)aim/z} i=1 n
1 s he & ) L I R S]

converge almost everywhere. Therefore, for every fixed § > 0 there exists
hm 18(18) Z/ a(x, w)|u|® DijuDindx.

I()

Taking into account (2.74) and (2.86), we estimate as follows:

< VAo + D 2|V A Diuclla. oI Dinla.e < C(6* + &2 /2.

Thus, limg_.q |

} < C§* and for every § > 0

lim I = Z/ a;i (x, w)[u|* Y DjuDindx + 0(8% ).
3 95
1

e—0

Plugging estimates (2.86) and applying the Lebesgue dominated convergence theo-
rem, we finally obtain:

§—>0e—0

lim 11m || = Z/ ai (x, w)|u|*® D;uD;n dx.
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2.10 Remarks

The presentation of this chapter is based on results of [42, 43, 45, 46], see also [195]
for a study of isotropic equation (2.46) with b = 0. The proof of uniqueness follows
ideas of [33, 34, 37, 62, 63]. We were interested here in energy solutions, whose
properties are studied in detail in the next chapter.

A different approach to the study of anisotropic porous medium equation with
constant exponents is developed in [245, 246]. It is shown that for every nonnegative
ug € L*°(R™) N C(R™) the equation

n
u; = E ((um")xi—i—biu"") —cu”, mi,ni,r >0, ¢>0,

: Xi
i=1

has a nonnegative solutionu € C O(ET) in adomain Q7 = £2 x (0, T]. The solution
is understood in the following sense: for every subdomain 2’ C 2, T’ € (0,T)
and every nonnegative test-function ¢ € C>!(£2’ x (0, T']), vanishing on the lateral
boundary of the cylinder Q7.

n
/ (uqbz + Z (U™ pr,x, — biu" ;) — curqﬁ) dxdt
7 i=1
=T’ T "
— | u¢dx —/ / u™ g, cos(x;, v)dIdt =0,
// =0 0o Jog ; : l

where v denotes the unit normal vector to 952’. The proof requires restrictions on the
geometry of 0§2: it is assumed that either £2 is strictly convex, or that 052 satisfies the
exterior ball condition. Besides, the oscillations max m; — min m; should be suitably
small. The existence result is extended to the Dirichlet problem in a bounded cylinder,
the uniqueness theorem is proved under stronger restrictions on the data.

The Cauchy problem for the anisotropic equation

n

ur = Z (u””)xixi

i=1

with the initial data in L' (R") is studied in [168]. The equation is fulfilled in the sense
of distributions and the solution belongs to C ([0, c0); L' (R™)) N C(R”" x (0, 00)) N
L (R" x [g, 00)), & > 0. Another approach to the study of the anisotropic PDEs of
the type

Ol = > D [ (aslul” + b1 Dyl ") Dy + Bi )| + f o) = 0

i=1

was proposed in [244], see also [119].
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Local continuity of bounded energy solutions of the model equation (2.3) with
a = 1 and f = 0 was established in [159, 161]. For the anisotropic equation (2.69)
with constant exponents this fact was proved in [160].

A numerical study of problem (2.4) and (2.5) is performed in [121, 122]. The
authors propose and justify a moving mesh algorithm and present results of numerical
simulation.
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