Chapter 2
Order Statistics

2.1 Order Statistics and Their Distributions

Let X}, X5,..., X,,, ... be some random variables and let X, , < X,, <--- <X, ,
denote the corresponding variational series based on random variables X, X>,. . ., X,,.
Elements X ,,, 1 <k <n, are called order statistics. Observed values of X, ,,, X5 ... . .,
X, .- we denote xy ,,, X p,- - ., X, and call a realization of order statistics. Let us note
that

Xl,n = m(n) = mil’l{Xl,Xz, .. .,Xn}
and
Xon =M(@n) = max{X;,Xs,.. . Xu},n=1,2,...

In the classical theory of order statistics (see, for example, David and Nagaraja
(2003), Ahsanullah et al. (2013)) the initial X’s present independent and identically
distributed random variables. Below we in the most part of situations also will deal
with such types of random variables.

Hence consider now independent random variables X;, X,,..., X,, with some
common distribution function (d.f.) F. It enables us to consider the set {X;, X»,.. .,
X, } as a sample of size n taken from the population distribution F. The set of the
observed values {x;, x,... x,} of random variables X;, X5,..., X,, is called a
realization of the sample. In this case elements X ,,, 1 < k < n, that is order statistics
based on sample

X1, <Xo,<... <X, , can be identified as order statistics from this d.f. F.

It follows from the definition of order statistics that

P{X|n<Xp,<---<X,,} =1 (2.1.1)
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8 2 Order Statistics

Moreover it is easy to show that if F'is a continuous d.f. then equality (2.1.1) can
be sharpened and written as

P{Xipn <Xon < -+ <Xpu}=1. (2.1.2)

Indeed, if X’s have a discrete d.f. then (2.1.2) is not true. Consider the corre-
sponding example in Exercises 2.1.1 and 2.1.2.
Exercise 2.1.1 Let X;, X5,..., X,, be independent random variables taking two
values 0 and 1 with probabilities 2. Find
Pn = P{Xl,n :X2Jl = :Xn,n}7 n= 1721---5

to convince yourself that p,, # 0.

Exercise 2.1.2 Let X;, X,, X5 be independent random variables, having the geo-
metric distribution, that is

P X=m}=(1-p)p",m=0,1,2,....
Find

P{X173 < X273 < X3_]3}.

As one sees there are two cases (F' is continuous and F is discrete) which need
different approach for writing distributions of order statistics.

Let us suppose below that X’s are independent random variables having a
common continuous d.f. F.

There are rather simple formulae for order statistics X, ,, and X,, .. Really,

Fua() = P{Xop < x} = P{Xi <x,.. X, <} (2.13)
= P{X; <x}...P{X, <x} =F"(x), 1.
where
F(x) = P{X; <x},k=1,2,...,n.

Analogously we obtain that

Fia(x) = P{Xi, <x} =1-P{Xy, > x}
=1-P{X1, >x,..,X, >x}=1—(1-F(x))".
(2.1.4)

Let us note that (2.1.3) and (2.1.4) are valid for any d.f. F (continuous and
discrete).
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Exercise 2.1.3 Find the joint d.f.

Fl,n,n(xvy) = P{Xl,n < X, an < y}

of order statistics X; , and X, ,,.

Exercise 2.1.4 Consider the case when X;, X,,..., X,, are independent random
variables with probably different d.f.’s F, F»,. .., F, and find in this case the d.f.’s
of m(n) = min{X;, X,..., X,,} and M(n) = max{X;, X>,..., X,}.

If our initial X’s have probability density function (pdf) fix) then it is the fol-
lowing method to write the pdf f; ,(x) and d.f. F,(x) of X, 1 < k < n. To find pdf
we must consider the situation, when one of our n X’s takes value x and exactly
k — 1 of the rest X’s are less than x. Thus we get easily that

N ()1 - P ). (219)

Jerl) = G = s

Then
Fip(x) = /fkn(y)dy = n—'/ (F)) (1= F)" " f ()dy
’ ’ (k—D!(n—k)!
0 0
= Ip(x)(k,n —k+1),
(2.1.6)
where
I(a,b) = ! /ﬂ*lu 0P dr
’ B(a,b)
0
denotes the incomplete beta function.
Note that equality
Fk,n(x) = IF(X)(k,n—k—i—l), (2.1.7)

which is given here, was proved only for X’s having some pdf f{x).
What shall we do in the general situation? How to prove that (2.1.6) is valid for
any d.f. F? It appears that it is enough to take into account the following two facts.

(a) If we consider the uniform U(0,1) sample U,, U.,..., U, with

P{Uy<x} =x,0<x<1,k=1,2,...,n,

and the corresponding order statistics U, ,, < U, , < --- < U,,,, then it follows
from (2.1.7) that
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P{Uin < x} = L(k,n—k+1),0<x<1. (2.1.8)
(b) Now if we compare the uniform Uy, order statistics and the order statistics Xy
from any d.f. F(x), then it is known that X; ,, can be presented as follows:

G(Ux,n) = Xin(in distribution), (2.1.9)

where G is the inverse of F.

Hence it follows immediately from (a) and (b) that relation (2.1.7) is valid for
any d.f. F.

When we want to consider joint distributions of some order statistics we must
work with complicate expressions even in the case of small values of the sample
size n. There are rather simple formulae in the situations when the initial random
variables have some density function f(x). In this case the joint density function of
all order statistics X, ,, X5 .- . ., X, has the following form:

n
f1o (X1, 22, -+, %) = n! Hf(xk), —0<X <N <. .. <x, <00 (2.1.10)
k=1
and
fiz,nn(x1,X2, ..., x,) = 0, otherwise.

It can be found from (2.1.10) that the joint pdf

of order statistics

where

n!
ﬁc(l)k(Z) ..... k(r):n(xtha ,)Cr) = +1
IT (k(m) —k(m — 1) — 1)!
m=1
r+1 r
[T F ) = Flona)) D T G,
m=1 m=1
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ifxi<x<---<ux, andfk(l),k(z)’. -, k(r):n (xl, X2, . ., X,) = 0, otherwise.
In particular, if r =2, 1 <i<j <n, and x; < x,, then the joint pdf
fijn (X1, x2) of two order statistics is given by the following equality:

n!
Jun 1 %2) = G G S = i =)

(F(x1)) ™ (F(ox) = F(e)Y ™71 (1 = ()" f (1) (32).
(2.1.12)

To understand the level of complication of the formulae for the joint distribu-
tions in the general case we suggest our reader the corresponding expression for the
joint d.f. of two order statistics X,., and X;,, | <r <s < n (below x| < x,):

n n—i

Pt =30 3 e () = Fa Y s
i=r j=max{0,s—i} ilin—i—j)!

(2.1.13)

There are some situations when it is possible to get rather simple expressions for
joint distributions of order statistics. For example, if one considers probabilities

Py <Xin <xi, »2< X0, <o, Yu < X <X }
for any values

—00 <y <X S <x < s Sy <Xy <00,
then it can be obtained that the corresponding equality has the form

P{y1 <Xip <x1, 92 < Xop <X,y Yo < Xpn < Xy}
= ! [[ (F(x) = F(3).- (2.1.14)
k=1
Exercise 2.1.5 Let X, X,,..., X, be a sample of size n from a geometrically
distributed random variable X, such that
P X=m}=(1-p)p",m=0,1,2,....
Find

P{X1pn > r, Xon <s}, r<s.
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2.2 The Classical Representations for Order Statistics

It was mentioned above that ordered random variables X, , < X,, <--- <X, , are
dependent. Indeed there exist essentially more methods in the probability theory to
work with independent variables than with dependent ones. Hence different pos-
sibilities to express dependent random variables in terms of independent values are
convenient for the future investigation. There are corresponding expressions for
some types of order statistics, which will be presented below. We give these results
without their proof, which can be found, for example in Ahsanullah et al. (2013).

In the sequel we will use the special notation U , < --- < U,,,n=1, 2,..., for
the standard uniform order statistics (the case when X’s have d.f. F(x) = x,
0 < x < 1) and the notation Z,, < --- < Z,,, n =1, 2,..., for the standard
exponential order statistics (here F(x) = 1 — exp(—x), x = 0).

Representation 1 The following expression is valid for the uniform order statistics
under any n =1, 2,.. .

(Ulﬁn,...,Unﬁn)i( S S”), (2.2.1)

SnJr]. ’Sn+1
where
Sp=vi+va+-Fv,n=12,...,

and vy, v,,... be independent random variables having the standard E(1) expo-
nential distribution.

Remark 2.2.1 Moreover, sometimes it can come in useful that for any n =1, 2,. ..

the vector
( 5 s, >
Sps1” 7 Su

and the sum §,,,, are independent.

Remark 2.2.2 Representation 1 can be also rewritten in the following useful form:

(Ul,na U2,n - Ul,n7 sy Un.n - Unfl,n) é i P tn
' Vit Vg Vit ot Ve

(22.2)

Exercise 2.2.1 Show that the range
T(17n) = M(I’l) - m(n) =Uwn — Ul,m

has the same distribution as the order statistic U,,— ,,.
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Representation 2 Using the same terms as above we can write that the equality

d
(Ulﬁn, ce U,”,) =(S1y. . Sul Sp1 = 1), (2.2.3)
also holds, i.e., the distribution of the vector of uniform order statistics coincides
with the conditional distribution of the vector of sums S;,. .., S,, given that S,.; = 1.

Representation 3 Let W;, W,,... be independent uniformly distributed on [0,1]
random variables. Then the next equality is true for any n = 1, 2,...:

12

(Ul,m UZJI, ey Un,n) é(‘/Vl W21/2 . -W,:K(ln_UW,l/”, W2 . .W’:£<1n_l)wll/”7 . W,}/n) .

(2.2.4)

Exercise 2.2.2 Show that for any n = 2, 3,.. ., ratios
k
Vk = (Uk,n/Uk+l,n> ) k= 1) 2) - N
where U, , = 1, are independent and have the same uniform distribution on [0,1].

Now we will show that the exponential order statistics Z; ,, also can be presented
in very convenient form.

Representation 4 Let again v;, va,. .., be independent random variables having
the standard E(1) exponential distribution. Then the following result holds for the
exponential order statistics and any n = 1, 2,...:

v v V. v V Vp—
(Zl,rnZZJH'-'aZn,n)i(_l;_l+ 2 7"'7_1+ 2 ++ l+vn)-
n n n—1 n n—1 2
(2.2.5)

Remark 2.2.3 1t follows from (2.2.5) that normalized differences
(I’l —k + 1)(2](’,, — Zk—l,n)a k= 1,2, L. n,

where Z;,, = 0, are independent and have the same exponential E(1) distribution.

Exercise 2.2.3 For exponential order statistics Z; ,,, Z5 ,,,. - -, Z,,,,, Show that statistics
Z,, and

L= (I’l - I)Zn,n - ZlA,n - Z2,n — T Lp—1n
are independent.
Our reader can ask if the useful representations exist for these two distributions

(standard uniform and standard exponential) only. Indeed, it is not difficult to
rewrite the corresponding relations for any representative of these families of
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distributions. The matter is that if X’s have some standard distribution (uniform or
exponential, as in our situations) then any Y’s which belong to the same family of
distributions can be expressed via X’s in the form Y = aX + b, where a > 0 and
—00 < b < 00, and the corresponding order statistics Yy, can be presented as

YkA,n = an,n + b

It means that all these representations can be rewritten easily for any uniform or
exponential distributions.

Moreover the given results for Uy, and Z;, can be rewritten for order statistics
from arbitrary distribution.

For any d.f. F we determine the inverse function

G(s) = inf{x: F(x) >s}, 0<s<1. (2.2.6)

Exercise 2.2.4 Let F(x) be a continuous d.f. of a random variable X. Show that in
this case

F(G(x)) =x, 0<x<1, (2.2.7)

and it means that U = F(X) has the uniform distribution on interval [0,1].

Remark 2.2.4 Relation (2.2.7) above is true if F is any continuous d.f. Indeed, this
equality fails if F" has jump points, since then the values of F(X), unlike U, do not
cover all interval [0,1]. But it is not difficult to show that the dual equality

G(F(x)) =x, 0<x<l, (2.2.8)
holds for any x, where F(x) strongly increases. Thus, presentation

4

X=G(U), (2.2.9)

holds for any random variable, while the dual equality

4

F(X)%u (2.2.10)

is valid for random variables with continuous distribution functions only.

Taking into account equalities (2.2.9) and (2.2.10) one can obtain the corre-
sponding relations which allow to represent any order statistics X; , < --- <X, ,, via
the uniform order statistics U, < --- < U, .

Since d.f. F and its inverse G are monotone they don’t disturb the ordering of the
initial X’s. It enables us to get the following presentations which correspond to
equalities (2.2.9) and (2.2.10).
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Representation 5 If F is a continuous d.f. then

(F(X1,),- o FXup)) Z(Up -, Uny). (2.2.11)

Representation 6 Let F be any d.f. and G be its inverse. Then the following
equality

(Xt Xun) 2(G(ULL), -, G(Uny)), (2.2.12)
is true.

Letnow X;,<---<X,,and Y, <--- <Y, be order statistics corresponding
to an arbitrary d.f. F and a continuous d.f. H. Let also G be as above the inverse of
F. Combining relations (2.2.11) for ¥’s and (2.2.12) for X’s, one gets one more
important result.

Representation 7 The following equality ties two sets of order statistics:

(Xins - s Xon) Z(G(H (Y1), - - s G(H(Y)))- (2.2.13)

Example 2.2.1 For instance, if we compare arbitrary order statistics X ,,. .., X,
and exponential order statistics Z; ,,. .., Z, ,, then

H(x) =1—exp(—x), x >0,
and (2.2.13) can be rewritten as

K- Xun) £(G(1—exp(=Z1n)),- - G(1 —exp(=Z,4))).  (2.2.14)

Remark 2.2.5 Indeed, the results analogous to (2.2.13) are valid for any monotone
increasing function R(x) (no necessity to suppose that R is a distribution function).
Namely, if

Xk :R(Yk),kz 1,2,...7?1,

then the following relation is true:

(Xl,rn .. ~7Xnn) % (R(Yl,n)a .. -aR(Yn n)) (2215)

y y

If R is a monotone decreasing function, then the transformation R(Y) changes the
ordering of the original ¥’s and we have the following equality:

Xins - Xun) £ (R(Ynn),- - R(Yi,))- (2.2.16)
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Thus, equalities (2.2.12) and (2.2.14) give opportunity to express any order
statistics via independent terms. The following example gives one of the possible
presentations.

Example 2.2.2 One can express distributions of arbitrary order statistics Xj,
(related to some d.f. F) as follows. If G is the inverse of F and v;, v,,... are
independent exponentially E(1) distributed random variables, then

d i+t d 4 V2 Vk
X, £l ————— VY ELGl1= = AT, S
ko <v1+--~+vn+1> < exp( (nJrn—lJr Jrn—k—i—l)))’

k=1,2,...,n.

(2.2.17)

Exercise 2.2.5 Let X} ,,.. .., X,,, be order statistics corresponding to the distribution
with the density

fx) =ax*' 0<x<1,a>0. (2.2.18)

Express the product X,.,,, X;,, 1 < r < s < n, in terms of independent uniformly
distributed random variables.

2.3 Moment Characteristics of Order Statistics

Let us recall equality (2.1.7), which gives the expression for distribution functions
Fy .(x) of order statistics Xy ,,:

Fk‘n(x) = Ip(x)(k,n —k+ 1),

where

1 X
I(a,b) = 5 b)/r“‘l(l — 0" ar.
0

Taking into account this expression one can write immediately that formula for
moments

1o = E(Xen)
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of order statistics Xj ,, related to a population with a d.f. F, is given as follows:

- (2.3.1)
n! k—1 n—k
= "(F 1—-F dF
e [ e - Py ar)
If F is continuous then this equality can be expressed as
| 1

Ve [ (Gw) W (1 - u) e 232
Mo = =i | (e w32

0

where G(u) is the inverse of F. For distributions with probability density function
f the RHS of (2.3.2) coincides with

#('nk)' / X (F ()N (1 = F(x)" ™ (x)dx. (23.3)

Similar relations are valid for joint (product) moments of order statistics. For the
sake of simplicity we consider joint moments

(r(1),r(2)) _ r(1) r(2)
'uk(l),k(Z):n - E(Xk(l),;1> (Xk(Z),n) 5 1 < k(l) <k(2) < n,

of two order statistics only.
For absolutely continuous distributions one gets that

r(1),r(2 r r r(1)— r(2)—r(1)—
WS =@ [ [ Ay @y o) - oy
—00 —00

(1= F()" " f(x)f (y)duxdy,
(2.3.4)

where
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In the general case (for any d.f. F) we have the following expression:

WS = )@ [ [ Oy @) F ) - Fy @

(1= F(y))" " PdF (x)dF (),
(2.3.6)

where coefficients c(r(1), r(2),n) are defined in (2.3.5). Below we will use the
following notations also:

Hie:n = EXk.n

will be applied for the sake of simplicity instead of ,u,ilz ; Mk k@)n = EXiyn Xkyn

will change /1,((}11)),/((2):;1;

2 2
Var (Xi,) = ‘ul(ar)L — (i)
will denote the variance of X; ,;
coy (Xr-,n’XS-,n) = :ur,s:n — HrnMsn

will be used for the covariance between X,.,, and Xj,,.
It is interesting to find the corresponding conditions, which provide the existence
of different moments of order statistics.

Example 2.3.1 Let there exist the population moment «, = EX, i.e.,
E|X|'= / |x|"dF (x) < . (2.3.7)

Then due to (2.3.1) we obtain that

Bl < i | ) (= FOoyar )

(2.3.8)

I’l' r I/l' r
Sm/ x| dF(X)szm <.

—00
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It follows from (2.3.8) that the existence of the moment «, implies the existence
of all moments

E[Xia|  1<k<n,n=1,2,...

of order statistics Xy ,,.

Remark 2.3.1 1t is not difficult to prove that if
E|X|"= o0
for some r, then for any n = 1, 2,. .. there exists such order statistic X, that
E|Xi|"= oo.
Remark 2.3.2 Since
P{X;p < Xin <X} =1
for any s < k < m, one has the evident inequality

E|Xk,n |V S E(‘Xs,n’r+|xm,n ‘V) .

Hence, if E|X;,|” = oo, then at least one of equalities E|X;,|" = o or
E|X,,.|" = o0 is valid. It means that if E|X; ,|" = 00, then at least one of the following
relations hold:

EXi,|'= E[X2n|'= ... = E|Xi_14] = 00
or

E[Xii10]) = E[Xison| = ... = E[Xyn| = 0.

| r

Exercise 2.3.1 Let X’s have the Cauchy distribution with the density function

1
f(x) - 7'6(1 +x2)'
Show that for any r = 1, 2,.. ., relation

E|X,| <oo

holdsif r<k<n—r+1.
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Remark 2.3.3 The more general situation than one given in Exercise 2.3.1 was
considered by Sen (1959).
(r)

Let E|X|“ < oo. It appears that then moments g, exist for all k such that
rla<k<(@m-—r+1)/o.
Some useful relations for moments one can obtain from the evident identity
Xipnt -+ X=X+ +X, (2.3.9)
and related equalities. For instance, the simplest corollary of (2.3.9) is as follows:
EXip+ - +Xun) =EXi + - +X,) = nEX. (2.3.10)

Natural generalizations of (2.3.10) have the form

8 <ih(xk,n>> =g (Z h(Xk)> , (2.3.11)
k=1 k=1

where g(x) and h(x) are arbitrary functions.

Example 2.3.2 The corresponding equalities based on (2.3.11) can be useful in
some situations:

E<ZX,’Z;> = E<Zx,§"> om=1,2,..,r=1,2,.... (2.3.12)
k=1 k=1

If r =1 we get from (2.3.12) that the equality
> EXp, = EX]'=nEX" (2.3.13)
k=1 k=1

holds for any m provided that the corresponding moment EX™ exists.

It is not difficult to understand that the representations of the uniform and
exponential order statistics via sums or products of independent random variables
given above allow us to find rather easily single and joint moments of these
statistics.

Consider the case of the uniform U([0,1]) distribution and the corresponding
order statistics Uy ,. From Representation 1 and Remark 2.2.1 we know that

Sk

d
Uk,n =
Snt1
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and S;/S,+1 is independent on the sum S,,,; = v| + Vo + ... + V., Where vy, vs,. ..
be independent random variables having the standard E(1) exponential distribution.

Then
s o
E(U.,)"=E[=2-) .
( kA') (Sn+1>

Now due to the independence of Si/S,;; and S,,; we have the following
relation:

E(S)"= E(SLSM) = E(5—1> E(S,1)".

+1 Sn+

Thus,

B(S) = B(sES )

n+1

Now we must recall that S,, has gamma distribution with parameter m and hence

oo

1 arm— —X
E(Sm)“:m/x+ le™dx = I'(a+m)/T(m),m =1,2,....
0

Here I1(s) denotes gamma function with parameter s.
Finally,

. Tla+kl(n+1) n'T (o + k)
E(Ukn)"= FK)C(e+n+1) (k—DIT(e+n+1) (23.14)

Note that (2.3.14) is true for any a > — k.

Now we can use Representation 3 to get joint (product) moments of the uniform
order statistics. It follows from this representation, where W, W,,... are inde-
pendent uniformly U([0,1]) distributed random variables, that

EU,,Us, = E(W‘/’W”(’“). LW W sl .Wnl/")

= E(WH)E(W D) E (W) EWa (W) 5 s

s—1 1 n 1 (S+1)
o (1+1/k)H( 1+2/k) (n+1)(n+2)'

r

forany 1 <r<s <n.
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Remark 2.3.4 Indeed, Representation 3 allows us to get also more complicate joint
moments of any order for any number of the uniform order statistics. Taking into
account equality (2.3.14) we can fix the following important partial cases:

k

EUp, = ——, 1<k<n; 23.16

R " ( )

E(1/Ukn) = . 2<k<n; (23.17)
k(k+1)

E(Up,)’= 1<k<n. (2.3.18)

(n+1)(n+2)’
In general form, for r = 1, 2,..., we have

k(k+1)...(k+r—1)

E(U,) = L 1<k<n. 2.3.19
(Ukn) n+ D(n+2). (n+r) " (23.19)
It follows from (2.3.16) and (2.3.18) that
k(in—k+1
Var (Ur,) = % (2.3.20)
' (n+1)"(n+2)
Taking into account equality (2.3.15) one gets that
—s+1
Cov(Uyp, Uy) = EU, Uy, — EU, ,EU,, = rin—st+1) <s. (2321)

(n+1*n+2)

Now from (2.3.20) and (2.3.21) we obtain the corresponding expression for cor-
relation coefficients of the uniform order statistics:

r(n—s+1) 172
U, Usp) = —m—F , r<s. 2.3.22

p( ’ 3") <s(n—r+l)) r=s ( )
Exercise 2.3.2 Find the variance of 1/Uy,,.

Exercise 2.3.3 Find product moments

E(U*,UP ),0>0,5>0.

rn=sn

Let us consider now order statistics Z; ,, < Z,, <---<Z,, n=1,2,..., which
correspond to the standard E(1) exponential distribution with d.f.
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H(x) =1 —exp(—x), x > 0.

Let us recall Representation 4:

d (V1 V1 V2 Vi V2 V-1
Zin, Zopy s Znp :(_7_ gy )
(l" 2 ) n'n n-—1 n+n—l+ 2
where vy, Vvs,..., v, are independent random variables having the standard E(1)
exponential distribution.
One immediately gets applying this result that
] Vo Vi k 1
EZ,,=E(— ] = _ 2.3.23
- <n+n—l+ +n—k+1) ;n—r+l ( )

and

Var(Zy.,) ZVa (n — 1) zk: (2.3.24)

rln_r+

Exercise 2.3.4 Applying Representation 4 find now covariances between order
statistics Z,.,, and Zj,,.

Calculations of the integral

o0

'/X l—e* klfx(nk+l)dx
0

also allow us to get moments
E(Zi,)" k=1,2,....n
We obtain after the corresponding calculations that

n!

E(Z,))'=— 1Y (~"\r 1 —k e
()= G 2 OV COIeH D=kt )
(2.3.25)
For instance, if k = 1, then
E(Z1,)"=T(a+ 1) /0% 0> —1. (2.3.26)

For k =2 and a > —1 we have
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E(Z20)"= n(n— DI (a4 1){(n = 1) —p=C+0), (2.3.27)

Indeed, one of the most important distributions in the probability theory is
normal. Let now X, X,,... be independent random variables having the standard
N(0,1) normal distribution and X; , < --- <X, , be the corresponding normal order
statistics.

One can write immediately that

B, = ey [ X000 - e elan (2328)
where
1 2
w(X)Zmexp(—x /2)
and

There are some effective numerical methods to compute integrals (2.3.28).
Unlike the uniform and exponential cases moments of the normal order statistics
have the explicit expressions for small sample sizes n only.

Example 2.3.3 Consider the case n = 2. We get that

3

EX)p =2 / x®(x)p(x)dx = =2 / & (x)d(p(x))

|
g 8

From the identity
E(Xi2+X22) =EX; +X2) =0

we obtain now that

EX1p=—EX>, = —

El
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Remark 2.3.5 If we have two samples X;, X»,..., X, (from the standard N(0,1)
normal distribution) and Y, Y,,..., Y, (from the normal N(a,az) distribution with
expectation a and variance ¢”, o > 0), then evidently

EY]{,n =a+ O-XkAn-

Exercise 2.3.5 Let X;3 < X;3 < X33 be the order statistics corresponding to
the standard normal distribution. Find expectations EX; 3 and variances Var(Xy 3),
k=1,2,3.

The explicit expressions for moments of the normal order statistics are rather
complicated, although the normal distribution possesses a number of useful prop-
erties, which can simplify the computational schemes in some situations.

Example 2.3.4 A lot of statistical procedures for the normal distribution are based
on the independence property of vector

X1 — X, X0 — X, .., Xy — X)
and the sample mean
X=X +Xo+ - +X,)/n
This property yields also the independence of vector
Xip =X, Xo0 — X, .., Xpn — X)

and the sample mean X.

Let X;, X>,. . ., X,, be a sample from the standard normal distribution. We see then
that

EXpn — X)X = EXxn — X)EX =0 (2.3.29)
and we obtain the following results:
EX; X =E(X?) =VarX = 1/n, k=1,2,...,n, (2.3.30)

and hence

ZExk,nxm =1, (2.3.31)
m=1
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as well as

EXk,nXm,n = 1. (2332)
1

m=

As corollaries of (2.3.31) one gets that
E(XinXn) = 1/n (2.3.33)
and
cov (X Xm) = E(XinXim) — EXknEXyy = 1/n (2.3.34)

forany k=1,2,..,n,m=1,2,..,nandn=1,2,...

Note that there are different tables (see, for example, Teichroew (1956) or
Tietjen et al. (1977)) which give expected values and some other moments of order
statistics for samples of large sizes from the normal distribution.

2.4 Extremes

For any person who wants to study records it is necessary to know the theory of the
extreme order statistics.

Order statistics Xy, , are said to be extreme if k = k(n) or n — k(n) + 1 is fixed, as
n — 00, The most popular are maximal order statistics X,,,, and minimal order
statistics X .

It is not difficult to see that if we have two sequences Y| = —X|,

Y, =—X,,... Y, = —X, then the following equalities hold for any k=1, 2,.. ., n:

d
ankJrl.n - *Yk‘na (241)

and, in particular, in this case

Xon=—Yip. (2.4.2)

Due to these relationships between maximal and minimal order statistics we can
study one type of them only, say, maximal ones.

Very often we need to know asymptotic distributions of X;, and X, ,, as
n — 00,

Consider a sequence of order statistics M(n) = X,,,,, n = 1, 2,.. .. Let F(x) be the
distribution function of X and
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f =sup{x: F(x)<1}

be the right end point of the support of X. If § = 00, then for any finite x one gets
that F(x) < 1 and hence

P{M(n) <x} = (F(x))"— 0,asn — oo.

It means that M(n) converges to infinity. In the case, when f§ < 00, we need to
distinguish two situations. If

P{X=p}=p>0,
then
P{M(n) = B} =1 - P{M(n)<p} = 1-P"(X <) = 1 = (1 = p)"
and
P{M(n) = B} — 1, asn — . (2.4.3)

If P{X = B} =0, then we get that P{M(n) < f} = 1 for any n and M(n) — S in
distribution. Thus, we see that in all situations M(n) — S in distribution. This result
can be sharpened if we consider the asymptotic distributions of the centered and
normalized order statistics X,, ,. Indeed, if f < 00 and P{X = f} > 0, then relation
(2.4.3) gives completed information on M(n) and in this case any centering and
normalizing can not improve our knowledge about the asymptotic behavior of M
(n). We have another situation if P{X = £} = 0. In this case one can try to solve the
following problem: if there exist any centering (a,) and norming (b,) constants,
such that the sequence (M(n) — a,)/b,, converges to some nondegenerate distribu-
tion? Let us solve firstly the following exercises.

Exercise 2.4.1 Consider the exponential distribution with d.f. F(x) = 1 — exp(—x),
x 2 0. Show that in this case M(n) — log n converges to some nondegenerate
distribution with d.f.
Hy(x) = exp(— exp(—x)). (2.4.4)
Exercise 2.4.2 Consider X’s with d.f.
Flx)=1—(—x)"-1<x<0,a >0,
and prove that the asymptotic distribution of n'"*M(n) has the following form:

Hi,(x) = exp (—(—x)"),—0c0 <x <0,

and
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Hi,(x)=1,x>0. (2.4.5)
Exercise 2.4.3 Let X’s have Pareto distribution with d.f.

Fx)=1—-x%x>1,0>0.

1/o

Prove that the asymptotic d.f. of M(n)/n " is of the form:

H,,(x) =0, x<0,
and
Ha 4 (x) = exp{—x""}, x> 0. (2.4.6)

Remark 2.4.1 Changing suitably the normalized constants a, and b,, for maximal
values considered in Exercises 2.4.1-2.4.3, one gets that any d.f. of the form
Ho(a + bx), Hy ,(a + bx), Hy,(a + bx), where a > 0, b > 0 and a are arbitrary
constants, can serve as the limit distribution for

(M(n)—ay,)/by.

Considering two d.f.’s, H(d + cx) and H(a + bx), where b > 0 and ¢ > 0, we say
that these d.f.’s belong to the same type of distributions. Any distribution of the
given type can be obtained from other distribution of the same type by some linear
transformation.

Usually one of distributions, say H(x), having the most simplest (or convenient)
form, is chosen to represent all the distributions of the given type, which we call
then H-type. As basic for their own types, we suggested above the following
distributions:

Hy(x) = exp(— exp(—x));
Hy ,(x) = exp (—(—x)"), —oo<x < 0, and Hj,(x) =1,x > 0;
Hj,(x) = 0,x <0, and Hp,(x) = exp{—x""*}, x > 0,

where a > 0.

Very often one can find that the types of distributions based on Hy(x),
H, ,(x) and H;,(x) are named correspondingly as Gumbel, Frechet and Weibull
types of the limiting extreme value distributions.

Note also that any two of d.f.’s H; , and H, 5 a # 5, do not belong to the same
type, as well as d.f.’s H,, and Hy 5 a # p.

There are considered above three situations when we can get d.f.’s (2.4.4)—
(2.4.6) as the limit d.f.’s for the normalized order statistics X, .

It is surprising that there are none of other non-degenerate distributions, besides
of Hy(x)-, Hy (x)- and H; ,(x)—types, which would be limit for the suitably cen-
tering and norming maximal values.
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Remark 2.4.2 Tt appeared that the set of all possible non-degenerate limit distri-
butions for maximal values includes only the types generated by d.f.’s Hy, H; , and
H, , only. Now it is important for us to know what d.f.’s F belong to the domains of
attraction (D(H,), D(H, ) and D(H, ,)) of the corresponding limit laws. We write
that F' € D(H), if the suitably normalized maximal values M(n), based on X’s with a
common d.f. F, have the limit d.f. H. For instance, it follows (from the results of
Exercises 2.4.1-2.4.3 and Remark 2.4.1) that if

F(x) =1—-exp(—x), x >0,

then FED(H,);
if X’s are the uniformly U([a,b]) distributed random variables with

F(x)=(x—a)/(b—a), a<x<b,
then F € D(Hl,l)
and if
Fx)y=1-x*x>1
(Pareto distribution), then F € D(H, ).

There are necessary and sufficient conditions for F to belong D(H,), D(H, ,) and
D(H,,) but the form of these conditions is rather cumbersome. Hence, simple
sufficient conditions are more interesting for us. We present below some of them.

Theorem 2.4.1 Let d.f. F have positive derivative F' for all x > x,. If the following
relation is valid for some o > 0:

xF'(x)/(1 = F(x)) — o, (2.4.7)

as x — O, then F € D(H,,,). The centering, a,, and normalizing, b,, constants can
be taken to satisfy relations a,, = 0 and F(b,) =1 — 1/n.
Theorem 2.4.2 Let d.f. F have positive derivative F' for x in some interval (x,, xo)
and F'(x) = 0 for x > xo. If

(xo —x)F'(x)/(1 — F(x)) — o, x — xo, (2.4.8)
then F € D(H, ,). The centering, a,, and normalizing, b,, constants can be taken to
satisfy relations a,, = xo and F(xo — b,) =1 — 1/n.
Theorem 2.4.3 Let d.f. F have negative second derivative F'(x) for x in some

interval (x;, xp), and let F'(x) = 0 for x > xo. If

F'(x) (1 - F(x))/(F'(x)) = 1, (24.9)
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then F € D(Hy). The centering, a,, and normalizing, b,, constants can be taken to
satisfy relations F(a,) = 1 — 1/n and b, = h(a,), where

h(x) = (1 = F(x))/F'(x).
Exercise 2.4.4 Let

1 1
F(x) = §+;arctan X

(the Cauchy distribution). Prove that in this situation

F € D(Hy,).

What normalizing constants, a,, and b, can be taken in this case?

Exercise 2.4.5 Let

F(x):\/% / exp(—1*/2)dt.

Show that
F € D(Hy)

and the normalizing constants can be taken as follows:

a, = (2log n—loglog n— log 47r)1/2andbn = (2log n)l/z.

Exercise 2.4.6 Use Theorem 2.4.2 and find the limit distribution and the corre-

sponding normalizing constants for gamma distribution with p.d.f.

f(x) = x*exp(—x)/I'(a),x > 0,0 > 0.

Returning to relations (2.4.1) and (2.4.2) one can find the possible types of limit
distributions for minimal values

m(n) = min{Xy,...,X,}.

It appears that the corresponding set of non-degenerate asymptotic d.f.’s for the
suitably normalized minimal values are defined by the following basic d.f.’s:

Lo(x) =1 —exp(—exp(x)); (2.4.10)
Ly ,(x) =0,x<0, and L; 4(x) = 1 — exp (—x"), 0 <x<o0; (24.11)
Ly y(x) =1 —exp{—(—x)""},x<0, and L, ,(x) = 1, x>0, (2.4.12)

where a > 0.
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Above we considered the situation with the asymptotic behavior of extremes X, ,
and X, ,,. Analogous methods can be applied to investigate the possible asymptotic
distributions of the kth extremes—order statistics X,,—z1, and Xi ,, when k = 2, 3,

.. is some fixed number and n tends to infinity. The following results are valid in
these situations.

Theorem 2.4.4 Let random variables X,, X,,... be independent and have a
common d.f. F and X,,—1, n =k k+ 1,..., be the (n — k + 1)th order statistics. If
for some normalizing constants a, and b,,

P{ (XW, —a,,) /by <x} — H(x)

in distribution, as n — 9, then the limit relation

>~
—_

P{(Xu—t110—an) /ba<x} — H(x) ' —log H(x)Y /j! (2.4.13)

~
Il
(=]

holds for any x, as n — 00,

Theorem 2.4.5 Let random variables X,, X,,... be independent and have a
common d.f. F and Xy, n =k, k + 1,..., be the kth order statistics. If for some
normalizing constants a,, and b,,

P{ (Xlﬁn —an)/bn <x} — L(x), n — oo,

in distribution, then the limit relation

k—1
P{(Xen — an) /b <x} — L(x) Y _ (~log L(x)) /]! (2.4.14)

J=0

is valid for any x, as n — ©0,

2.5 Order Statistics and Ranks

In Chap. 1 we mentioned that a random sample X;, X5,. . ., X,, is accompanied by the
corresponding vector of ranks (R(1), R(2),..., R(n)), where

m) =Y ly,sxp,m=12..n (2.5.1)
k=1
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The following relations are valid for ranks and order statistics:
{Rm) =k} = {X=Xen},m=1,2,..,n,k=1,2,...,n. (2.5.2)

If X’s are proposed to have a continuous distribution then different X’s can
coincide with zero probability and (2.5.1) can be rewritten in the following form:

R(m) =1 +Zn:1{xm>xk}- (2.5.3)
k=1
These ranks show the location of X’s among the elements of the variational
series
Xipn<Xon<... <X
We can write also that
X = Xgmy, m=1,2,...,n. (2.5.4)

Consider the case when X’s have a continuous distribution. Then any rank R(m),
m =1, 2,..., n, has the discrete uniform distribution on set {1, 2,..., n}. Really, we
know that random variables X, X»,. . ., X,, taken from a continuous distribution have
no coincidences with probability one. Hence, realizations (r(1),..., #(n)) of the
corresponding vector of ranks (R(1), R(2),..., R(n)) represent all permutations of
values 1, 2,..., n. Any realization (#(1),. .., r(n)) corresponds to the event

(Xs) <Xs2) < - <Xs(m)),

where d(r(k)) = k. Taking into account the symmetry of the sample X;, X5,. .., X,
one obtains that events

(Xs(1) <Xs2) < -+ <Xs(n))

have the same probabilities for any permutations (d(1),..., d(n)) of numbers 1,
2,..., n. Hence

P{R(1) = r(1),R(2) = r(2),...,R(n) =

-
(2.5.5)
=P{(X51) < Xs00) < -+ < Xsmy)} = 1/n!

for any permutation (r(1),..., r(n)) of numbers 1, 2,..., n. It follows now from
(2.5.5) that
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P{R(m) =k} =1/n

for any fixed m=1,2,..,nand k=1, 2,..., n
Indeed, ranks R(1), R(2),..., R(n) are dependent random variables for any
n =2, 3,.... This dependence is approved by the evident equality

R()+R2)+ - +R(n)=142+---+n=n(n+1)/2,

but it follows from (2.5.5) that ranks present exchangeable random variables: for
any permutation (a(l), a(2),..., a(n)) of numbers 1, 2,..., n vectors (R(a(1)),.. .,
R(a(n))) and (R(1),..., R(n)) have the same distributions.

Exercise 2.5.1 Find expectations and variances of R(k), 1 < k < n, covariances
Cov(R(k), R(m)) and the correlation coefficients p(R(k), R(m)) between R(k) and
R(m), 1 <k<m=<n.

Above we mentioned that any realization (7(1),. . ., #(n)) of (R(1), R(2),. .., R(n))
corresponds to the event

(X501) <X52) < -+ <Xs(n))

where d(r(k)) = k. Here d(k) denotes the index of X, the rank of which for this
realization takes on the value k. For different realizations of the vector (R(1), R
(2),. .., R(n)), 6(k) can take on different values from the set {1, 2,. .., n} and we really
deal with new random variables, with realizations as d(r(1)), o(r(2)),. . ., o(r(n)).

Let as above X1, X.. . ., X,, be a random sample of size n taken from a continuous
distribution and X;,, X3,...., X,, be the corresponding order statistics. We
introduce random variables A(1), 4(2),..., A(n), which satisfy the following
equalities:

{A4(m) =k} ={Xpn =X}, m=1,2,..,n, k=1,2,...,n. (2.5.6)

These random variables are said to be antiranks.

The same arguments, which we used for ranks, show that any realization (5(1),
0(2),..., o(n)) of the vector (4(1), 4(2),..., 4(n)) is a permutation of numbers
1, 2,..., n and all n! such realizations have equal probabilities, 1/n! each.

Indeed, vectors of antiranks are tied closely with the corresponding order sta-
tistics and vectors of ranks. In fact, for any k and m equalities

{A(k) = m} = {Xp.n = X} = {R(m) = k} (2.5.7)

hold with probability one. One can write also the following relations for ranks
and antiranks:
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A(R(m)) =m (2.5.8)
and
R(4(m)) = m, (2.5.9)

which hold with probability one for any m =1, 2,.. ., n.
Exercise 2.5.2 Find the joint distribution of 4(1) and R(1).

While ranks and antiranks are associated with some random sample X;, X5,. . .,
X,, of some fixed size n, there are rank statistics (the so-called sequential ranks),
which characterize a sequence of random variables X, X, .. ..

Let X;, X5, ... be independent random variables, having continuous (not nec-
essary identical) distributions. Random variables p(1), p(2),. .. given by equalities:

pm) = L, sxpm=12,..., (2.5.10)
k=1

are said to be sequential ranks.

Any sequential rank p(m) shows the position of a new coming observation X,
among its predecessors X, X»,. .., X,,—. For instance, if p(m) = 1, then X,, is less
than X, ,,—; and it means that

Xn =Xim-
In general, p(m) = k implies that
X = X, m-

It is not difficult to see that p(mm) can take on the values 1, 2,. . ., m. If independent
random variables X;, X,,..., X,, have the same continuous distribution then the
standard arguments used above enable us to see that for any m = 1, 2,. . .,

P{p(m) =k} = P{Xy=Xi,m} = 1/m, k=1,2,...,m. (2.5.11)

Exercise 2.5.3 Let X;, X, ... be independent random variables with a common
continuous d.f. F. Prove that the corresponding sequential ranks p(1), p(2),. .. are
independent.

Note that if p(rnm) = m than it means that X, = X,,, ,,, and
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Xy > max{X;,Xp,..., X1} (2.5.12)

Some later it will stay clear that (2.5.12) defines that X, is the upper record value
in the sequence X, X>, .. ..

2.6 Exercises (solutions)

Exercise 2.1.1 (solution) There are two situations here when X, ,, and X,,, can be
equal: all X’s are equal O and all X’s are equal 1. Hence

m=P{Xi=X=...=X,=0}+P{X, =X, =...=X, =1} =1/2" +1/2"
:1/2}171

Exercise 2.1.2 (solution) In this situation the necessary probability can be written
as follows:

P{X13<X23<Xs3} =1-P{Xi =X # X3} —P{X1 = X3 £ X2} —P{Xa = X3 # X1} = P{ X1 = X, = X3}
=1-3P{X, =X, # X3} — P{X, = X» = X3}
=1-3(P{X; =X} —P{X, = X2 = X3}) - P{X) = X» = X3}
=1-3P{X, =X} +2P{X; =X, = X3}.

It is not difficult to find that

P{X; =X} = (1 -p)*/(1 - p?)

and

P{X1=Xo = X3} = (1-p)*/(1-p).
Thus one gets the final expression:

P{X173<X273<X313} = 6[?3/(1 +p)(l +p +p2)

Exercise 2.1.3 (solution) Indeed, if x >y, then

P{Xl,n Sxaxmn Sy} = P{Xn,n Sy} = Fn(y)

If x <y, then
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P{Xl,n vaxn‘n Sy} = P{Xn,n Sy} _P{Xl,n >x7Xn,n Sy}
=F"(y) = (F(y) — F(x))".

Exercise 2.1.4 (solution) It is easy to see that

P{m(n) < x} =1—P{m(n) >x} = 1— P{X, > x}...P{X, > x}
=1-(1-F(x)...(1-Fux))

and
P{M(n) <x} = P{X; <x}...P{X, <x} = Fi(x)...F,(x).
Exercise 2.1.5 (solution) We see that

P{Y>r, Z<s} =P{r<Xy<s,k=1,2,...,n}
— (P{r<X<s}) = (PX 21} - PXZ5))" = (" — p')"-

Exercise 2.2.1 (solution) It follows from (2.2.2) that

d Vot oty

T(l,n)=Uyp — Uy = ——.
' B T s o RS

Indeed the ratio (vo + - -+ +v)/(vi + « - - + vut1 ) coincides in distribution with the
ratio (v + - +vy—1)/(vi + -+ + vus1). Hence

1V1+"'+Vn_1i

T(1 =U,_
( 7”) V1+"'+Vn+1 n—1,n

Exercise 2.2.2 (solution) The necessary statement follows immediately from
relation (2.2.4), which allows us to get the equality

d
(Vi, Vo, ooy Vi) = (W, Wa, oo W),

where W’s are independent uniformly distributed random variables.

Exercise 2.2.3 (solution) It follows from (2.2.5) that

i H n
(Zig, L) = (n ,kz_;bknk)
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where
by=(k-1)/(n—k+1),k=2,3,....

Since v, k =1, 2,..., n, are independent random variables,

n
Vi
— and E bkl’lk
n =

are also independent. Hence, so are Z; ,, and L.

Exercise 2.2.4 (hinf) It is enough to use definitions of d.f. F(x) and its inverse
function G(x).

Exercise 2.2.5 (solution) The corresponding d.f. and its inverse are given here by
equalities

F(x) =x% 0<x<l1.
and
G(x) =x"" 0<x<1.
It is possible to express X, ,, and X, via the uniform order statistics as follows:

Xr.n é (Urﬂ) e andx&r” i([Jsﬂ) l/a.

Hence

Xy nXon L(UpnUs) .

Now it follows from presentation (2.2.4) that

X o X Wyt gyl /O ayy2psayg2ftstla | yy2/na

1 <r < s <n, where Wy, W,,..., W, are independent random variables with the
common uniform on [0,1] distribution.
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Exercise 2.3.1 (hint) Prove that

G(x) ! 1
~N — — —
* n(l—x)’x ’
1
G(x)~ ——x—0
(x) nx’x_) )

and use equality (2.3.2) to provide the necessary statement.

Exercise 2.3.2 (answer)

nn—k+1)

Var(l/Uk,,,) = ma

Exercise 2.3.3 (answer)

nl(r+o)l(s+ o+ f)

E(U‘“ Ut

Exercise 2.3.4 (solution) Let r < s. Due to (2.2.5),
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rn m,n) = (r _ 1)'F(S+ cx)l"(n + 140+ ﬁ) .

V1 V2 Vy Vi V2 Vg
C ZrnuZAxn =C _ -
OV(’ ) ov(n+n—l+ +n—r+1 n n—l+ +n—s+1)
Vi V2 Vr Vi V2 Vr
— Cov| 2 -
0v<n+ —1Jr +n—r—i—l’n+n—lJr +n—r—|—1>
+ Cov H+ V2 +...+L’v’“ +L .
n —1 n—r+1'n—r n—s+1
Since sums
V1 V2 v
MR 4. r
n n—1 n—r+1
and
Vrtl 4. Vs
n—r n—s—+1
are independent, we get that
Vi Vo Vr Vi V2 Vr
C Zrn Z\'n =C - y— .
OV( o ) Ov(n+n—1 n—r+1"n n—1+ +n—r+l)
r
vy 1) vy 1
=Var| —+ +---+ :VarZrn: .
(n n—1 n—r—i—l) ’ kz:;(n,kJrl)z
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Exercise 2.3.5 (solution) From symmetry of N(0,1) distribution (note that X has the
same distribution as —X) it follows that EX, 3 = 0 and EX; 3 = —EXj3 3. Thus, we
need to find EX; 3 only. One sees that

EX33 =3 x®(x)(x)dx = 3 / O (x)do(x)

=6

/
/

Consider

We obtain that

1(0):% / P (x)d = - / exp(—)dx = 1/(4y/7)
and

1 2
_W / xexp{—xz(a +2)}dx:0.

It means that

(@) = 1/(4y/)

and, in particular,
[ vt was=10) = 1/,

Finally, we have that

3
N

Due to the symmetry of N(0,1) distribution, one obtains also that

EX33=61(1) =
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E(X1,3)2:E(X3.3)2
and
VarX1‘3 = Var X3’3.
Now
E(X33)" = /xchz(x)qo(x)dxsz / x®? (x)do(x)
_ / (A (x)) = 3 / o(x) P2 ()dx + 6 / 02 () B(x)dx
= /d((b%x))—l—% / xexp(—xz)d5(x)dx:1—;—n / @ (x)d(exp(—x?))
o0 oo \/_3.

3 2 3 2
= 1+ﬂ / exp(—x")p(x)dx = 1+W / exp(—3x"/2)dx = l+§,

Taking into account that
we obtain that

Further,

P P(x)p(x)dx — 6 / K (x)(x)dx

= / K P(x)p(x)dx — 2E(X373)2.

—00
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Now we obtain that

Hence,
2 2 \/§ \/g
E(ng) =3- 2E(X3’3) =3 2(1 JFZ) =1
and
3
Var(s.) = E(0) '~ (B = 1 - 22,
so far as EX;, 3 = 0. Thus,
3
E(Xl}})z - E(X313)2: 1 +2£7
i
3
E(X2,3)2 =1 —\/7—7
3 9
Var(Xl‘s) - Var(X3 3) - 1 +§ _E
and
3
Var(X,3) = E(Xa3)" — (EXp3)’= 1 - %

Exercise 2.4.1 (solution) It is evident that

P(M(n) —logn<x) = (1 —exp(—x — logn))"= (1 — exp(—x)/n)"
— exp(—exp(—x)),

as n — 0O,

41
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Exercise 2.4.2 (solution) In this case

P{n'/*M(n) <x} = (1 — (—=x/ n"/")*)" = (1 — (—=x)*/n)" — exp(—(—x)")
= HZ,m(x)7

as n — oo, for any x, —00 < x < 0.
Exercise 2.4.3 (solution) One can see that
P{M(n)/n'* <x} = (1 — (xn'*)™*)" = (1 = x*/n)"— exp{—x""},
as n — oo, for any x = 0.
Exercise 2.4.4 (hint and answer) In this case

(1 — F(x))~1/nx and F'(x) ~ 1 /7x*, asx — oo.

Use the statement of Theorem 2.4.1 to see that a = 1, centering constants a,, = 0,
and normalizing constants b, can be taken from the equality F(b,, = 1 — 1/n, that is
possible to take b, = n/z.

Exercise 2.4.5 (hint) In this situation it is easy to show that

1 —F(x)~F(x)/x = x\/lﬁexp(—xzﬁ)7

F"(x) ~ — xF'(x), x — o0,

and then to use the statement of Theorem 2.4.3. To find constants a, one needs to
solve the equation

l/n=1-F(a,)~ exp(—(a,1)2/2)

1
a,V2n

or simply to check that the sequence

a, = (2log n—loglog n— log 471)1/2

satisfies this equation. Theorem 2.4.3 recommends to take b, ~ h(a,), where

h(x) = 1—F(x)/F'(x).

172

In this case one can obtain that b, ~ (2logn) '~ suits us.
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Exercise 2.4.6 (answer) It follows from Theorem 2.4.2 that in this case

F € D(Hy), a, =logn,b, = 1.
Exercise 2.5.1 (answers) Here

ER(k) = (n+1)/2,VarR(k) = (n — 1)*/12, 1 <k <n,
Cov(R(k),R(m)) = —(n—1)/12, 1 <k<m<n,

and
p(R(K),R(m) = ~1/(n — 1), 1 <k<m<n,

Exercise 2.5.2 (answers) P{A(1) = 1, R(1) = 1} = 1/n,

P{A(1) = 1,R(1) = s} = P{A(1) = 5,R(1) = 1} =0, if s # 1,
and

P{A() =m,R(1) = s} = 1/n(n— 1),if s £ 1, m # 1.
Exercise 2.5.3 (solution) Since
P{p(m) =k} =1/mk=1,2,...m

it is enough to show that forany n =1, 2,. . ., and any a(k), taking on values 1, 2,. . ., k,
1<k<n,

P{p(1) = a(1). p(2) = a(2),.. ., p(n) = a(n)} = 1/n!.
Fix n and consider ranks R(1), R(2),. .., R(n). It is not difficult to see that a set
{a(1), a(2),..., a(n)} uniquely determines values r(1), r(2),..., r(n) of R(1),
R(2),. .., R(n). In fact, r(n) = a(n). Further,

r(n—1)=a(n—1),if a(n) >a(n—1), and r(n—1)
=a(n—1)+ 1L,if a(n) <a(n—1).

The value of R(n — 2) is analogously determined by values a(n), a(n — 1) and
a(n — 2) and so on. Hence, each of n! events
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coincides with one of n! events

{R(1) = r(1),R(2) = r(2),....R(n) = r(n)}.

For instance,
{p(1) =1,p2)=1,...,p(n) =1} ={R(1) =n, RR) =n—1,..., R(n) = 1}.
Since
P{R(1) = r(1), R(2) = r(2),..., R(n) = r(n)} = 1/n!
for any permutation (r(1), /2).. .., Hn)) of the numbers 1, 2,..., n, one gets that
P{p(1) = a(1),p(2) = a(2),...,p(n) = a(n)} = 1/n!

for any set {a(1), a(2),..., a(n)}, where 1 <ak) <k, k=1, 2,..., n.
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