Chapter 2
Application to Markov Processes

2.1 Problem

Let X, be a standard Markov process with the state space S. The time interval [0, c0)
is denoted by T'. Let a be a fixed state and o, the hitting time for a. We impose the
following four assumptions.

(A-1) Py(o, <00) =15

(A-2) Ey,(0, A1) > 0asb — a;

(A-3) infyeye Ep(o, A 1) > 0 for every neighborhood U of a;
(A-4) a is a discontinuous exit state.

We will explain the meaning of this condition.
s is called an exit time from a for the path (X, (w)) if, for every ¢ > 0,

{t: Xy(w)y=a}N(s—e,5)#0
and if, for some ¢ > 0,
{t: X, (w)=a}N(s,s+¢)=407.

All exit times from a for the path (X, (w)) form a countable set depending on w.
An exit time s from a for the path (X;(w)) is called a continuous or discontinuous
exit time according as
Xs(w)=a or X (w) #a.

a is called a discontinuous exit state if all exit times from a for the path (X, (w)) are
discontinuous a.s. with respect to P,.
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20 2 Application to Markov Processes

Let X? = X, ,,. Since the hitting time o? of the path (X°(w)) is the same as o,
the conditions (A-1), (A-2) and (A-3) are equivalent to

(A%1) Py(0? < o00) = 1;

(A°-2) Ep(0? A1) — 0,asb — a;

(A%-3) infpeye E»(0? A 1) > 0 for every neighborhood U of a.

By the strong Markov property of (X,), the probability laws of the path (X,) is

determined by the probability laws of the path (X°) and the probability law of the
path (X;) starting at a. Symbolically we have

p.l.of (X;) = p.l.of (X?) + p.L of (X,) starting at a. (2.1)

Since the path (X,) starting at @ behaves outside of a in the same way as the path (X?),
the union relation in (2.1) is no disjoint union. We want to extract some information /
from the probability law of the path (X,) starting at a to obtain a symbolic information
relation

p.l.of(X,) = p.L of(Xf’) + I (disjoint union). 2.1)

In the subsequent sections we will prove that I consists of two elements: jumping-in
measure k(db) and stagnancy rate m.

2.2 The Poisson Point Process Attached to a Markov
Process at a State a

We use the same notations as in Sect. 2.1 and impose the conditions (A-1), (A-2),
(A-3) and (A-4).

Let A(t) be a local time of (X,) at a. By our assumptions (A-1) and (A-2), A(¢)
is determined up to a multiplicative constant and we have

Py(A(t) < oo foreveryt) =1

and
P,(A(t) > o0 ast — o0) = 1.

We refer the reader to Blumenthal and Getoor [1] for the definition and the properties
of local times.

Let U be the space of all right continuous functions: 7 — § with left limits. The
sample path of (X,) belongs to U a.s. for every starting point.

From now on we will refer to P, for the probability law of X,(w) unless the
contrary is explicitly stated. Let us define a point process X : T — U by

Dyx = {A(s) : s moves over all exit times from a for the path},

X,(t) = (X 004-14)° for te Dy,
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Fig. 2.1 X;, A; and X,

where 6; is a shift operator and 0 is a stopping operator. Note that Dy consists of
all values of A(r) corresponding to the flat #-intervals of A(7) and that X, (¢) is a
function : T — S belonging to U for w and ¢ fixed and (Fig. 2.1)

Xo(0)(5) = Xopoyrr (Br) for s €T, ©=A"(1-).

Figure 2.2 is an intuitive picture of X,.

Fig. 2.2 An intuitive picture S
of X;
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Theorem and Definition 2.2.1 The point process X defined above is a Poisson point
process: T — U it is called the Poisson point process attached to the Markov
process (X;).

Proof Let {%,} be a family of sub-o-algebras of Z in the definition of the Markov
process (X,). Since A7'¢+)and A7 (t—) = sup,, At — %+) are both stopping
times, B4-1_y and B 4-1(,4) are well-defined.
Let %,(X) be the o-algebra generated by X|,[0, 7). Then
PBi(X) C Ba-14-) C Ba1q4)-

For ¢ fixed, we have
PX(A't+) =a)=1.

Thus, for B € %,(X) and M € &2, we have
Po(BN((6,X) € M)) = Py(B)Po(X € M)
because of the additivity of A(?), the strong Markov property of (X,) and the def-
inition of X. Thus X has renewal property. This implies that X is differential and
stationary.
To prove the o-discreteness of X we will introduceamap h : U — T by

h(u) = inf{t : u(t) = a}.

If u is the path of (X;(w)), then h(u) will be o, ().
Let U, be the set of all u such that

1
h(u) > —.
n

By (A-4) we have
X = \/X|rUn a.s.

Since
N(X,[0,t) x U, <n-A7'(t—) <0 as.,

XU, is discrete a.s. for each n. X is therefore o -discrete. (I



2.3 The Jumping-In Measure and the Stagnancy Rate 23

2.3 The Jumping-In Measure and the Stagnancy Rate

Let us consider amape : U — S by
e(u)=u0), uel.

Since the path of X, has no discontinuities of the second kind and since A~!(¢) < oo
for t < oo, the distance p(X;, a) between X, and a can be larger than £(>0) a
finite number of times during [0, A~'(¢)) a.s. for t < co. This implies that ¢ - X is
a o-discrete point process. By Theorem 1.6.1, we see that e - X is a Poisson point
process.

Definition 2.3.1 The characteristic measure k of e - X is called the jumping-in mea-
sure of the Markov process X, from a.

It is obvious that k = nxe~!. Since ny is concentrated on the paths starting at
points in § — {a} by (A-4), k is concentrated on S — {a}. It is obvious that the total
measure of k is the same as that of ny. Since X is o-discrete, the total measure of k
is o -finite.

Since A~!(¢) is known to be an increasing homogeneous Lévy process (=a sub-
ordinator), it can be written as

A" =m-t+J@), m>0,

when J (¢) is a pure jump process.

Definition 2.3.2 The coefficient m is called the stagnancy rate of the Markov process
(X1).

The following theorem shows that the characteristic measure ny is determined
by the measure k and the probability law of the path of (X?).

Theorem 2.3.3
nx(V) = /k(db)P,,(XO eV)
S

where X° denotes the path (X? (w),t €T).

Proof Let S; denote the set {b € S : p(a,b) > 1/i} fori =1,2,.... Then US; =
S—{a}.LetU; ={u € U :u(0) € S;} = e~ '(S;). Then U; increases with i and the
limit U, is the space of all paths in U starting from points in S — {a}. We have

X=X|Us=\/Xi, Xi=X|,U

by (A-4). The set A~'(Dyx,) N[0, A~!(t+)] is included in the set of the time points
s € [0, A~'(t+)] for which p (X, Xs—) > 1/i. Since the sample path of (X;) has no
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discontinuity points of the second kind, the latter set is finite and so is A~!(Dyx,) N
[0, A=Y (++)]. This implies Dy, N [0, ¢] is finite. X; is therefore a discrete Poisson
point process.

By Theorem 1.4.1, we have

ng, (Vi) =rsP(Xi(m) e Vi), VielU=UnN%,
where A; = ny, (U;) and t; is the smallest element in Dy, . By the definition we have
Xi(t)=X(w) = (X06,)°, o;=A""(t-).

Since nx, = nx|U; and since o; is a stopping time with respect to {4, }, we have, for
Ve,

ny(U;NV)=1P,((X06,)" € VNU)

= x,»/ P,(X,, € db)Py(X° € VN U;)
Sv

SetV=e¢'(B),B €. =5N.7.ThenV C e”!(S;) = U; and so
k(B:) = Ai Po(X,, € Bi).
Thus we have
nx(U;NV) :/ kdb)P,(X° € V N U;).
Si

Letting i 1 oo, we have
nx (V) :/ k(db)P,(X° e V) = /k(db)P,,(XO ev),
S—{a} S

which completes the proof. (]
The jumping-in measure k is not arbitrary. We have:

Theorem 2.3.4 k is concentrated on S — {a} and
/E,,(af A Dk(db) < oo.
s

Proof h - X is also a Poisson point process whose integrated process is the discon-
tinuous part of the increasing homogeneous Lévy process A~!(¢). Therefore / - X
is summable and so

/Oo(l /\t)nh.X(dt) < o0
0
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by virtue of Theorem 1.7.3. Since n;,.x = n xh~!, this can be written

/00(1 M)/k(db)P,,(oao edt) <
0 N

by the previous theorem, namely

/k(db)Eb(of Al) < oo.
S

Remark By this theorem and the condition (A-3), we have
k(U < o0

for every neighborhood U of a.

If k(S) < oo, then X is discrete. Then the set {r : X,(w) = a} is a sequence of
disjoint intervals ordered linearly and A(f, w) is the sojourn time at a singleton {a}
up to a multiplicative constant. Thus we have m > 0 in the decomposition:

AN = mt + T (@),
J (t) being the discontinuous part of A~!(¢). Therefore we obtain:

Theorem 2.3.5 m > 0 in general, and m > 0 in case k(S) < oo.

A(t) is determined up to a multiplicative constant and m and k depend on which
version of A(t) we take. Let A;(¢), i = 1, 2 be two versions of A(t) and write the
corresponding m and k as m; and k;, i = 1, 2. Then we have a constant ¢ > 0 such
that

Ay(t) = cA(t).

Consider the decompositions

ATNs) = ms + Ji(s), i=1,2.

Then
Ay (es) = A7),
macs + Jr(cs) = mys + Ji(s)
and so |
ny = —mj
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Writing #A for the number of points in A, we have

g-ko(B) = E [#{s :0<s <e¢g, e(X;) € B}]
= E,#{s:0<s<e X(A,'(s—)) € B}]
= E,#{r:0 < Ax(t) <&, X(¢) € B}]
= E [#{t: 0 <cA;(t) <&, X(t) € B}

- Ea[#{t L0 < A1) < %e, X(1) e B}]
= %Skl(B)

and so
ko = —k;.
c
Thus we have:

Theorem 2.3.6 If A5(t) = cA;(t), then my = 1my and ky = 1k;.

Therefore m and k are determined up to a common multiplicative constant.
To have m and k determined uniquely, we have to take a standard version of the
local time A(t).

Definition 2.3.7 A(t) is called standard if

E(/Ooo e—fdA(t)) -1,

o0
E, (/ e’ dA(t)) — Ey(e) for every b.
0

in which case

The m and k that correspond to the standard A(¢) are called the standard stagnancy
rate and the standard jumping-in measure.

Theorem 2.3.8 The standard stagnancy rate m and the stagnancy jumping-in mea-
sure k satisfy the following conditions.

(a) m > 0 in general and m > 0 in case k(S) < oo.
(b) k is concentrated on S — {a} and

(i) fs k(db)E(c? A1) < ooy

(ii) m+ [(k(db)Ey(1 —e~%) = 1.

Proof By Theorems 2.3.4 and 2.3.5 it is enough to prove (b)-(ii). Since m and k are
standard, the corresponding A(¢) satisfies
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E(/OOC e"dA(t)) 1.

But the left side is

« —A7') « —A ')
Ea( e dt) = [ Ee dr)
0 0

o0
:/ o= mi—t-J (1=¢™) [(k(db) Py (00eds) 4,
0

(see the proof of Theorem 2.3.4 and use the Lévy—Khinchin formula)

- (m +/°°(1 N eﬁv)/k(db)Pb(af € ds))71
0 N

— (m +/k(db)E;,(1 - e*"i’))_l.
S

This proves (ii). ([l

2.4 The Existence and Uniqueness Theorem

Suppose that X, is a standard Markov process with the state space S and that a is a
fixed state. We assume (A-1), (A-2), (A-3) and (A-4) in Sect. 2.1.

Let X? = X,,,,, m the standard stagnancy rate and k the jumping-in measure for
X;. Then we have proved:

(i) XV is a standard Markov process which satisfies (A°-1), (A%-2), (A°-3).
(i) m and k satisfy (a) and (b) in Theorem 2.3.8.

Now we want to construct X, for X?, m and k given.

Theorem 2.4.1 Suppose that X°, m and k satisfy (i) and (ii). Then there exists a
standard Markov process X, satisfying (A-1), (A-2) and (A-3) such that X, is
equivalent to X° and that the standard stagnancy rate and the standard jumping-in
measure are respectively equal to m and k. Such X, is unique up to equivalence.

Proof of existence First we will construct the Poisson point process X attached to
the Markov process X, that is to be constructed.

Let U be the space of all right continuous functions: 7' — § with left limits.
Define a o-finite measure n on U by

n(V) = /k(db)Pb(XO ev)
S

and construct a Poisson point process X : T — U with nxy = n by Theorem 1.3.5,
or by Theorem 1.5.4.
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Set 3
A(s) = ms + Z h(X ()

a<s
a€Dy

where h(u) = inf{a € T : u(a) = aj.
Define Y () as follows.

Y(r) = [X(S)(t SALT) AT == A0
a

if A(s—) =1 = A(s).
Now define the probability law P, of the path of X, starting at a by
Pi(Xe€eV)=PF()eV)
and the probability law P, of the path of X, starting at a general state b by
Py(Xeno, € Vi, X 00,, € V2) = P,(X) € V) Py(Xo € Va).

It is needless to say that the definition of P, is suggested by Fig. 2.1 and that the
definition of P, is suggested by the strong Markov property.

First we will prove that

P(A(s) < oo for every s and A(oo) =o00) =1, 2.2)

so that Y (r) is well-defined for every ¢. If k(S) = 0, then m > 0 and
A(s) =ms < oo and A(oc0) = c0.

If k(S) > 0O, then & - X is a Poisson point process with
npx =nh~' = /k(db)Pb(of €.
s

Since

o0
/ (t A Dnpx(dr) :/k(db)Eb(aaO/\ 1) < oo,
0 S
h - X is summable and so

J($)= D h(X(@) < o0
wEDx
for every s < oo and J(s) is a homogeneous Lévy process with increasing paths.
Since n;,.x ([0, 00)) = k(S) > 0, we have
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P(J(c0) =00) = 1.
This proves (2.2).
Now we will prove that the process X, defined above is a standard Markov process

with (A-1), (A-2), (A-3) and (A-4).

Case 1. k(S) < oo. In this case we have m > 0.
Since

ny(U) = / k(db) Py (X0 € U) = k(S).
S

X is discrete.

Set
Dy={tu<tn+n<tn+n+mi<---}
and set
E=X(1+n+---+1w), i=12,....
Then 7, 12, . . ., &1, &, . . . are independent and

P(t; > 1) = e 9,

1
P& eV)= —/k(db)Pb(XO(-) evV), Vew.
k(S) Js
In other words the probability law of &; is the probability law of the path of X° with

the initial distribution k(db)/k(S).
By the definition of Y (#) we have Y (¢) = a for

mty +hE) + - +mr_ +hE1)
<t<mt +hE)+---+my_ +hE_)+my

and
Yt) =& —mry —h) — - —mri—y — h(§_) —mT;)
for
mty+h&) + - +mr_ +h(Eo) +my
<t <mt +h&)+---+mr +h(&).
Since

P(m‘r,- > [) = P(Ti > t/m) — e—l‘k(S)/m’

X (1) can be described as follows. If it starts at a, it stays at a for an exponential
holding time with the parameter = k(S)/m, then jumps into db with probability
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Fig. 2.3 Markov process from a point process
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k(db)/k(S) and moves in the same way as X? does until it hits a, it will repeat
the same motion afterwards independently of its past history. If it starts at b # a, it
performs the same motion as X° until it hits a and then it will act as above. We can
verify the strong Markov property of this motion by routine. It is easy to check the
other properties of X, stated above (see Fig. 2.3).

Case 2. k(S) = oo. Everything can be verified by routine except the fact that the
sample path of Y () belongs to U a.s. Since it is obvious that Y (¢) is right continuous
and has left limits as far as it is in S — {a}, the only fact that needs proof is that the
set of s such that

0,(X(s5)) <00, op(u)=inf{r: p(a,u(t)) = ¢}

forms a discrete set a.s. for every ¢ > 0. Since X (s)(t) = a for t > h(X(s)) a.s.,
0:(X (s5)) < oo is equivalent to

0:(X(5)) < h(X(s))
a.s. It is therefore enough to prove that
X Ve, Ve=A{u:o.(u) <h(u)}

is discrete a.s., namely that
nx (V) < oo.

Set
8 =inf{E, (6 A1) : p(b,a) > &}.

Then § > 0 by (A°-3).
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Observe that
/Uh(u) Alny(du) > /v h(u) A lny(du)
> /V () = o) A L)
= /V‘(h(u) — 0p(u)) A 1/Sk(db)Pb(X° € du)
= /Sk(db)Eb[(af — (XN AL, 0 > 0.(X0)]
= /Sk(db)Eb[EX@(xo))(afA D, 00> 0. (X%)]

S5 / k(db) Py(0? > 0. (X))
S

= S/k(db)Pb(XO eV,
S

=8nx(Ve)
and that
/Uh(u)/\lnx(du) =/Uh(u)/\1/sk(db)Pb(X° € du)
=/Sk(db)Eb(h(X°)/\ 1)

=/k(db)Eb(ofA 1).
S

Thus we have nx (V;) < oo.

The proof of uniqueness is easy, because the probability law of the path of (X?) and
k determine n x and so the probability law of X, which, combined with m determines

the probability law of the path of X,.

2.5 The Resolvent Operator and the Generator
of the Markov Process Constructed in Sect. 2.4

The generator of a Markov process is defined in many ways which are not always
equivalent to each other. We will adopt the following definition due to E.B. Dynkin.
Let X, be a Markov process with right continuous paths. The transition probability

p(t, b, E) is defined by
p(tv bv E) - Ph(Xl S E)a

31

O
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and the transition operator p; is defined by

o f () = /S p(t. b de) (c) = Ey(F(X0)).

p; carries the space B(S) of all bounded real Borel measurable functions into itself.
It has the semi-group property:

Di+s = PiDs, Ppo = I (=identity operator).

The resolvent operator (potential operator of order o) R, (o > 0) is defined by

o0
Ra:/ e ¥ p,dt
0

oo

Rof®) = [ e pgwran=E([ e roar).
0 0

i.e.,

It satisfies the resolvent equations:
Ry — Rg+ (¢ — B)RyRg = 0.
The Dynkin subspace L of B(S) is defined by

L={feB(): lti&)l p: f(b) = f(b) for every b}.

LL is a linear subspace of B(S).
Because of the right continuity of the path of X; we have

C(S) c L Cc B(S),

C(S) being the space of all bounded continuous real functions on S.
It is easy to see that
p L CL, R,LCL.

In view of this fact we will regard p, and R, as operators : . — IL, unless the contrary
is stated explicitly.

By virtue of the resolvent equation #Z = R,L is independent of &. R, : L — Z#
is 1-1 and so R; ! is well-defined.
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Definition 2.5.1 The generator & of (X,) is defined by

2(9) = {f el: %(p,f — f) converges boundedly ast — 0

to a function € ]L}

and |
Gfb) = lzlff)l ;(pzf(b) —f), fe29).

Theorem 2.5.2 2(9) =% =R, 9f =af —R;'f, f € D(9).

Let X, be a standard Markov process and a be a fixed state. We assume that (A-1),
(A-2) and (A-3) are satisfied. Let X? = X,,,,. Then X" is also a standard Markov
process with (A%-1), (A%-2) and (A°-3). We will denote the transition operator, the
resolvent operator and the generator of X, respectively by p;, R, and ¢ and the
corresponding operators for X are denoted by p?, R? and ¥°.

Theorem 2.5.3 2(94) C 2(%°) and

Gfb)=9"f), b+#a,
4" f(a) = 0.

Proof If f € 9(94), then
f=Ryg, gel.

By Dynkin’s formula we have

) = E /0 e dr)

B[ g0t ar) + Eole e fX,)
0

Es( /0 LG (X) dr) + Ey(e ) f (@),

- b b#
0 _ )8 a,
g (b) = IaRag(a) =af(a) b=a.

Then
o0
RY°(b) = E, ( / e g0(X0) dt)
0

—5([ s ar) + B R @,
0
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Since

R% () = /Ooo e af(a)dt = f(a),

we have
fb) = R3g"(b).

To complete the proof of 2(¥) C 2(%4°), we need only prove that g” belongs to the
Dynkin space L° of X?. Since X = a for ¢ > o,, we have

p2g%a) = g°a) — g%a) as 1} 0.
Suppose b # a. Then P,(o, > 0) = 1 and so

lim P, <t)=0.
im Py(0u =) =0

Therefore
1p’g"(b) — g°(b)
=|E»(g° (X)) — g° (b))
=|E,(g(X)). t < 0,) + Ep(g’(a). t = 0,) — g(b)]
=|Ep(8(X)) — Ep(g(X)). t = 0,) + Ep(g(a), t = 0,) — g(b)]
=|Ep(g(X,)) — g®)| + (gl + 18°@]) Pyt = ) —> 0,

where [|g|l = sup,g |g(c)]. Since

f =R.g=R",

we have
Gf=af—g 9f=af —g°
and so
G fb)=9f(b) for b+#a
and

4 f(a) = af(a) — g"(a) = 0. O

Let X, be the Markov process constructed from X9 m and k in Sect. 2.4. The
resolvent and the generator for X, are denoted respectively by R, and ¢ and the
corresponding operators for X? are denoted respectively by RO and ¢°.
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We will discuss the relation between (R,, %) and (Rg, @%). Let us make three
cases.

Case 1. k(S) = 0. In this trivial case a is a trap for X, and (X,) is equivalent to (X ?),
so that
R, =R’ and ¥ =%".

Case 2.0 < k(S) < oo. (m > 0 in this case.) a is an exponential holding state with
the rate k(S)/m.

Theorem 2.5.4 [f0 < k(S) < oo, then

Ryg(b) = ROg(b) + Ey(e " )Ryg(a) for b +# a; (2.3)
mg(a) + / k(db)ROg (b)
R.g(a) = 3 ; (2.4)
am +/k(db)Eb(1 )
S
Gfb)=9"f(b) for b#a; (2.5)
m f (a) = /S k(db)(f(b) — f(a)). (2.6)

Proof Equation (2.3) is obvious by Dynkin’s formula.
To prove (2.4), set

f(a) = Ryg(@) and f°(a) = R)g(a).

The Poisson point process X attached to (X;) is discrete. Let o be the first point in
Dy and t be the first exit time from a for (X;). Let Y, be the process derived from
X in Sect. 2.4. By Dynkin’s formula, we have

f@ = Ed( /0 g, di)
~ £ /0 T g, dr) + Ey(e™" f(X0)

— i / e'g(a)dr) + Ele™™" f (X, ()]
0

—amao

1 —
= §(@E| ———— | + E[e™"1ELf (X, (0))].
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Observe
o0
E(efotma) =/ efamteftk(s)k(s) dt
0
k)
~am + k(S)
and

1
ELFX,O)] = 1 / k(db) £ (b).
S

Therefore we have
mg(a) + / k(db) £ (b)
S
am + k(S)

fla) =

’

which, combined with (2.3), implies

mg(a) + / k(db) fO(b) + / k(db)Ep(e") f ()
S S

fla)= am + k(S)

Solving this for f(a), we have

mg(a) + / k(db) 1O (b)
S

f@ = -,
am —i—/k(db)Eb(l — e %%)
s

which proves (2.4). Equation (2.5) is obvious by Theorem 2.5.3.
It follows from (2.7) that

m(af(a) —ga)) = /Sk(db)(f(b) — f(a),

which proves (2.6).
Case 3. k(S) = o0. a is an instantaneous state for (X,).

Theorem 2.5.5 Theorem 2.5.4 holds also in case k(S) = oo:

( /S k@b)(f(b) = f (@) = lim k(@b)(f (b) = f (@)

p(b,a)>e

with the following proviso. If m > 0, (2.4) holds for g with

lim g(b) = g(@)

2.7)

2.8)
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and (2.6) holds for f = R,g with g satisfying the same condition.

Proof (2.3) and (2.5) are obvious. Let ¢ > 0 and set

S'={beS:pb.a)=el
SZ,E — S _ Sl,é‘
U ={uelU:u)eS*}, i=1,2,
Xi,c’;‘ — X|rui,8’ l — 1’2
Let Y2 (t) be the process derived from X2 in the same way as Y; was derived from

X in Sect. 2.4. Since we fix ¢ for the moment, we omit ¢ in S"¢, U etc.
Let

J(t, X) = Z h(X,).
S‘;SDtX

Similarly for J (¢, X*). X! is discrete. Let o be the first element in Dx:.
Noticing that

se€ Dy, s<o=—s¢€ Dy,

we have
Jo—X)=J(0— X, X,=X!

and
Y, =Y? for t <mo +J(o—,X)=mo + J(o—, X?).

f(a) = Rag(a)

- E(/Ooo e"”g(Y,)dt)

mo+J(o—,X)
- E(/ e"”g(Yt)dt)
0
h(Xo)
+E|:efozmafot](a*,X)/
0

o0
+ E[efamofaj(af,X)fah(Xg)/ efoltg(Y(t’ 90X|d(0, OO))) dt:l
0

mo+J(o—,X?)
- E( / e g (Y2) dt)
0
h(X})
+E[e—amo—a1(a—,X2)/
0

[e9]
+ E[emmead o= ahxy) / e g (Y (¢, 6, X1(0, 00))) i |
0

e g (X, (1) i

e g(X} () di]

=L+ 5L+ 5.
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X! and X? are independent. o and X! are (X') measurable and independent of
each other. X2, o and X! are therefore independent of each other. Thus we have

, h(X})
I, = E[e-mo—e/ =X )]E[/ e—“’g(X},(t))dt]
0

" o k(db) v _
_ P dt OtmtE al(t qu) —F / ot XO dt .
/0 (o edt)e [ ] o k(S b( ; e “g(X)) )

Since J (¢, X?) is a Lévy process increasing with jumps whose Lévy measure is equal
to

npx2(dr) = / k(db) P,(c € dt),
52
we have

E[e—al(t—,Xz)] — e—tj(')oc(l—e’“‘)nh_xz(dx)

0
— ! sz k(db)Ep(1—e % )'

It is obvious that 1
P(o e dt) = e ¥k (SY) dr.

/S K(db)Ey ( /0 " e~ g(X) dt)

am + k(S +/ k(db)Ej(1 — e™%)
52

Therefore

L=

By the strong renewal property of X we have

00
13 — E[e—ama—aj(c—,Xz)—ah(Xc],)]E[/ e_mg(Y;)dt:I
0
— E[e—ama—od(d—,Xz)]E[e—dh(x(],)]f(a)

r@ [ kanEyeh

am + k(S +/ k(db)Ejy(1 — e™%)
52

Thus we have

| wan[es( [ " et ) + B )]

fl@ =1+ (2.9)

am + k(S") +/ k(db)E(1 — e™%)
SZ
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To evaluate [, consider

2 — 00 —at 2
fla=E e Yg(Y7)dt
0
—amo—alJ(oc—,X?) > —at 2
— I+ E(e , / e g (Y (t, 0, X214 (0, oo)))dt)
0
o0
:11+/ P(o € ds)
0 2 -
x E(e—amx—al(s—,X )/ e—ﬂttg(Y(t’ est|d(0’ OO))) dt)
0
o0
:Il+/ P(o €ds)
0

x E(e“"’“‘“’“"xz))E(/m e (Y (1, X)) dr)
(by the renewal property OofX 2)
=+ [ Pe eanBE ) P
=1+ E(e—ama—otj((r—,Xz))fZ(a).
This implies

I1 — fz(a)[l _ E(e—otmd—(x](a—,xz))]
k(Sh

am+k(s‘)+/ k(db)Ey(1 — e™%)
52

= @1 -

am +/ k(db)E,(1 — ™%
= @ =

am + k(S") +/ k(db)Ey(1 — e~
52
From (2.9) we have

ozm—i—/ k(db)Ey(1 — e=2%)
f@ =f*a) i

(2.10)
am +k(S") +/ k(db)Ej(1 — ™%
SZ

| (e[ " et ) + B )] |

am + k(S") +/ k(db)Ey(1 — e
SZ
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Solving this for f we have

ol
f2(a)(am+ / k(db)Eb(l—e_“"aO))+ / k(a’b)Eb( / e—‘”g(x?)dz)
fla)= = < 0 :
am—i—/k(db)Eb(l — o)
S

(2.11)
Lete | 0, then

/S k(db)E) ( /0 " e (X)) dt) — /S k(db)E, ( /0 g g (X0 d1);

notice that

/S k(ab)| /0 " ot x) ol
<Iig] /S K(db)Ey(1 — &)

<00, || || = sup.norm

by virtue of fS k(db)E;,((Ta0 A 1) < oo. It is obvious that
/ k(db)Ey(1 —e™@%) — 0 as & | 0.
SZ
It follows from (2.10) and (2.3) that

am +/ k(db)Ejy(1 — e™%)
fla) = f*(a) -

am + k(S") +/ k(db)Ep(1 — e7%)
S2

/S kdb) FB)

+
am + k(SY) + / k(db)Ey(1 — e™%)
Sz

so that
m(af(a) —af*(a) + f(a) /52 k(db)Ey(1 — =)

=f2(a)/52 k(db)Ey(1 — e~ + /Sl k(db)(f(b) — f(a)). (2.12)
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If m = 0, we can derive (2.4) and (2.6) from (2.11) and (2.12), letting ¢ | 0 and
noticing that

@l =1 @] < lgll/e-
If m > 0, we need only prove that

8@
@

. 2.¢ _
181i101f (a) = (2.13)

in order to derive (2.4) and (2.6) from (2.11) and (2.12).
Let n > 0 and set

V=V ={ueU:suppu@),a) >n},
t
Vi=Vv¥=U-V,
Y = yben = X2, v i =1,2.
By the argument in the last step of the existence proof of Theorem 2.4.1, we have
A= ey =ny (V) =nga (V)
-1
< ( inf  Ey(c? A 1)) / k(db)Ep(a A 1)
§2.&

pb,a)>n
—> 0, €] 0 forn fixed.

Y! is a discrete Poisson point process. Let 7 = Ts,, be the first element in Dy:.
Then 7 is exponentially distributed with rate = A, ,,. Using the same argument as in
deriving (2.9), we obtain

a
5@ -2
o

< &( / g dr), gob) = 1g(b) - g(@)|
0
mr+J(r7,Y2)
- E(/ e g0 (Y (1, Y2)) dt)
0

. hyh
+ E(ememel =) / e~ go(¥} (1) dr)
0

T E(efotmtfutj(tf,Yz)fah(Yr]))E(/Oo fmgo(Ytz’s) dt).
0

Since p(Y (¢, Y?),a) < nfor0 <t < mt + J(t—, Y?), we have

200, _ 8@
o a) "

1
< 8(7})— =+ E(efamr)w + E(efamr) ”gO”
o o o
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where 6(17) = sup{go(b), p(b,a) < n} — 0 (n | 0) by (2.8). Since 7 is exponen-
tially distributed with rate A, ,, we have

o A
E(efamr) :/ efamtef)\g‘”t)\’g ndl — e,n
0 ' am + Ag p
— 0, €]0

by m > 0. Thus we have

1
lim sup| f>*(a) — @ <ém-——0, nl0
) o o

This completes the proof. (]

2.6 Examples

Example 1 Let S = [0, 0o) and X° be a diffusion in S stopped at 0 such that the

generator of X is
o d d

" dmdx’

Let 0 be an exit or regular (i.e., exit in Feller’s new terminology) boundary, i.e.,

1
/ m(E, 1) dé < oo.
0

Then X© satisfies (A°-1), (A°-2) and (A°-3) in Sect. 2.1; notice that

inf E,(0) A1) = E.(6) A1) >0.
p(b,0)>¢

We will investigate the condition (i) in Theorem 2.3.8:
/k(db)Eb(ag Al) < oo. (2.14)
s

This is equivalent to

/k(db)Eb(l — ™) < 0.
N



2.6 Examples 43

Since u(b) = E,, (e“’g ) is a decreasing positive solution of

d d
——u=u, u) =1,

dm dx
1
u' (1) —u'(§) =/$ u@mdg) ~mE, 1) (& 10),
b
u(0) — u(b) “/0 (m, 1) —u'(1))dé

(x(&) = B() (£ | 0) means that we have ¢, ¢, > 0 independent of & such that
1) < a(§) < c2p(§) near§ = 0).

Case 1. (regular case) If O is a regular (i.e., exit and entrance in Feller’s new
terminology) boundary, i.e., m(0, 1) < oo, then

Ey(1 —e ) =u(0) —ud)~b (b 0).

Since Ep(1 —e™) — lasb — oo, Ep(1 —e %)~ b A1lin0 < b < oo. There-
fore our condition (2.14) turns out to be

/ k(db)(b A1) < oo.
0

Case 2. (exit case) If O is an exit (i.e., exit and non-entrance in Feller’s new termi-
nology) boundary, i.e., m(0, 1) = oo, then (2.14) turns out to be

00 b
/ k(db)[/ m(E, 1) de A 1] < 0.
0 0

Example 2 Let S = [0, co0) and X 0 be a deterministic motion with constant speed
“—17. Then P,(0) = b) = 1 and so (2.14) is written as

/Ook(db)(b Al) < o0
0
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