A Study on the Power Functions
of the Shewhart X Chart via Monte Carlo
Simulation
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Abstract The Shewhart X control chart is used to monitor shifts in the process
mean. However, it is less sensitive to small shifts. The Shewhart X chart’s sensi-
tivity can be enhanced by reducing the width of the control limits, increasing the
subgroup size and using detection rules to enhance the chart’s sensitivity. However,
these actions will influence the power functions of the Shewhart X chart. A prob-
ability table providing the probabilities of detecting shifts in the mean, calculated
using the formulae is recommended. However, the main setback is that the cal-
culations of the probabilities using the formulae are complicated, laborious and time
consuming. In this paper, a Monte Carlo simulation using the Statistical Analysis
System (SAS) is conducted to compute these probabilities. The probabilities
computed via Monte Carlo simulation are closed to that obtained using formulae.
Therefore, the Monte Carlo simulation method is recommended as it provides
savings, in terms of time and cost. In addition, the Monte Carlo simulation method
is also more flexible in calculating the probabilities, for different combinations of
the detection rules. The results obtained will enable practitioners to design and
implement the Shewhart X chart more effectively.

1 Introduction

The control chart for monitoring process quality was introduced by Dr. Walter A.
Shewhart in the 1920s. Shewhart defined the product attributes, types of product
variations and proposed methods to collect, plot and analyze data [1].

The Shewhart X control chart is an important tool in Statistical Process Control
(SPC). It detects assignable causes in process control so that process investigation
and corrective actions can be made before many defective products are produced [2].
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The main objective of applying the Shewhart X chart is to prevent failure so that
production of low quality products will not occur. This enables cost savings and the
production of high quality products.

The Shewhart X chart is powerful in detecting large process mean shifts but it is
slow in detecting small shifts. Many researches have been made by quality experts
to improve the Shewhart X chart’s sensitivity. Some of these improvements include
the synthetic X charts by [3-5], the sequential probability ratio test (SPRT) chart by
[6], and the time weighted control charts (see [7-9], to name a few). However, more
common approaches to increase the sensitivity of the X chart are by increasing the
subgroup size, employing tighter control limits and applying sensitizing rules, such
as those by [10-13]. All these approaches influence the power functions of the
Shewhart X chart. Tables showing the probabilities of detecting shifts in the mean,
computed using the formulae were presented by [14] to guide quality practitioners
to construct the Shewhart X chart. In this work, a Monte Carlo simulation method is
given, where similar results are obtained. This research is motivated by the fact that
the Shewhart X chart is the most widely used control chart among practitioners,
hence a good understanding of the power function of this chart enables the chart to
be used more efficiently in process monitoring.

This chapter is organized as follows: The Shewhart X chart is discussed in
Sect. 2. In Sect. 3, the power functions of the Shewhart X chart are presented. The
probability table of the power functions of the Shewhart X chart is explained in
Sect. 4. Section 5 compares the performance between the probabilities obtained via
formulae and that computed using Monte Carlo simulation. Lastly, conclusions are
drawn in Sect. 6.

2 Shewhart X Chart

The Shewhart X chart is a times series plot which provides assistance in identifying
whether a process is in a state of statistical control. It is a variables control chart
with no memory since it uses only the recent data in its control statistics. Having
this property, the Shewhart X chart performs well when we are interested in the
detection of large shifts. The Shewhart X contains three crucial decision lines, i.e.,
the center line (CL), upper control limit (UCL) and lower control limit (LCL). UCL
and LCL are occasionally known as the “natural process limits” as they shows
threshold at which the quality characteristic of a process being monitored is
regarded statistically “unlikely”. The Shewhart X chart is constructed based on
some statistical principles. As a common practice, the limits of the Shewhart X chart
are taken as +3o from the CL. That is, the UCL is drawn +3c above the CL
whereas the LCL is drawn —3c below the CL. The +3c limits are chosen to strike
a balance between the risk of the Type-I and Type-II errors. Here, the value of the
mean of the statistic is represented by the CL. All the plotted sample points on the
Shewhart X chart are connected so that the quality practitioner can have a better
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view on how a process evolves over time. An out-of-control signal or action signal
will be given when a plotted point falls outside the UCL or LCL limit. When a
process has shifted, we wish to detect the assignable cause as soon as possible and
on the other hand, we wish to have a minimum rate of false alarms when the process
is in-control [8]. This is because a slow response to an out-of-control process can
cause quality deterioration and increase quality costs while too high false alarm
rates can give rise to unnecessary process adjustments and loss of confidence in the
control charting methods.

Assume that a quality characteristic is normally distributed with mean p and
standard deviation ¢. Here, both p and o are assumed known. If X{,X5,..., X, isa
sample of size n, then the mean of this sample can be computed as [9]

Xi+X+---+X,
n

X:

()

o

nd we know that X is normally distributed with mean p and standard deviation
oy = \% The probability that any sample mean will fall between

c
W+ Zyp - 7 (2a)
and
c
H—Zyp - % (2b)

is 1 — o. Equations (2a) and (2b) can be taken as the UCL and LCL of the Shewhart
X chart if p and & are known. To use the £3c limits, we can just simply replace the
Za /2 by 3.

When the sample mean falls outside these limits, the process mean is considered
as out-of-control. Corrective actions to search and eliminate the assignable causes
are taken so that the process returns to its in-control state again. Note that the above
results are approximately correct when the assumption of normality is violated due
to the central limit theorem. The values of p and ¢ are usually unknown in real
situations and therefore, these parameters are required to be estimated from a set of
in-control historical Phase-I data. When estimates are used in place of known
parameters, at least 20-25 samples are required for generating better and reliable
estimations. Note that a revision of the control limits periodically is necessary to
ensure an effective use of the control chart.
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3 Shewhart X Chart’s Power Functions

In the literature of statistical quality control, hypothesis testing is always used to
summarize an inference on the mean of a population which is given as:

HoilJ-:Hm (3)
Hy:p # py.

[9] defined the power as

Power =1—f
= P{reject Hy|H is false},

4)
where B is the Type-II error probability. In industries, quality users employ a
control chart to prevent the production of defective outputs so that quality costs can
be minimized [10]. Hence, an in-depth understanding of the method that helps to
increase the power of a control chart in detecting process shifts is deemed
indispensable.

The calculation of the control limits and sample standard deviation involves the
subgroup size, n. So, n is one of the factors that can affect the power of a control
chart. The n is proportional to the power of a control chart. As n increases, the
power of a control chart increases and vice versa. However, using a large n is
impractical in the industrial setting as it will inflate the quality cost. The control
chart’s sensitivity in detecting process mean shifts can be enhanced via the appli-
cation of detection rules. Many authors have contributed to new methods on
detection rules (also known as runs rules). Recent works on detection rules, were
made by [11-15].

When more detection rules are used, the overall Type-I error probability is given
by [9, 16]. The overall Type-I error probability is expressed as

r

a=1-J]1-a), (5)

i=1

where
o = probability of Type-I error,
r = number of detection rules used,
o; = probability of Type-I error of the ith rule, fori =1,2,...,r.
The r detection rules in (5) are assumed to be independent of one another.
Based on the four detection rules given in Table 1, [14] had estimated the
occurrence of a Type-I error probability in the first & subgroups. The following
explains the four detection rules considered by [14]:
Rule 1  When one or more points fall beyond the +3c control limit, a process is
declared as out-of-control.
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Rule 2 When 2 of 3 successive points fall in the same zone and these points are
between the +26 and +3c control limits, a process is declared as out-of-
control.

Rule 3 When 4 of 5 consecutive points fall in the same zone and these points are
beyond the +1c control limit, a process is declared as out-of-control.

Rule 4 When 8 consecutive points fall in the same zone, either above or below
the CL, a process is declared as out-of-control.

The implementation of more detection rules will enhance the detection power of
a control chart but at the expense of inflating the probability of the overall Type-I
error.

4 Shewhart X Chart’s Probability Tables

A detailed discussion regarding the formulae to compute the probabilities of several
combinations of detection rules applied on the Shewhart X chart is provided in this
section. We will also describe the probability table proposed by [14].

4.1 Formulae and Computation of Probabilities
Jor the Power Functions

The following defines the symbols that will be used in this study:

k = number of subgroups.

PDS(k) = probability of detecting an off-target signal within k subgroups.

Ppr = probability of detecting an off-target signal at the kth subgroup.

Note that the subsequent discussions still consider the four detection rules
employed by [14] as described in Sect. 3.

4.1.1 Using Detection Rule 1

Let “e” represents the probability that an X sample falls beyond the +3c limit
(Fig. 1).

Wheeler [14] gave the following fundamental formula for the detection of an off-
target signal within k subgroups:
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Fig. 1 Probabilities of an X sample on the Shewhart X chart, using detection Rule 1

—e+e(l—e)+e(l —e)+e(l —e)+-+e(l—e)!
k+( )+e(l—e)+e(l—e)'+--+e(l—e) ©

e(1—e)!
=1

1—(1—e).

The case discussed here is for the upper sided control chart.

4.1.2 Using Detection Rules 1 and 2

Let

e = the probability that an X sample plots beyond the +3c limit,

f = the probability that an X sample plots between the +2c and the +3c limits,

g = the probability that an X sample plots between the CL and the +2c limit
(Fig. 2).

At least 2 subgroups are needed in performing the analysis if detection Rule 2 is
considered. We can use (6) to compute the probability, except for cases where k = 2
or more.

e
+3c
+2c f
c g

Fig. 2 Probabilities of an X sample on the Shewhart X chart, using detection Rules 1 and 2
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For case k = 2, p, and PDS(2) are [14]
P2 =ge+fe+f’ (7)
and

PDS(2) =p1 +p2
:e+ge+fe+f2 (8)
=e+f2+(f +ge.

For case k = 3, p3 and PDS(3) can be expressed as [14]

ps = 2efg +2f*g + eg’ 9)
and
PDS(3) = p1 +p2+p3
=e+f 4 (f+8)e+2efg+2f g +eg’ (10)
=e+f*+eg+ef(1+2g) +2f°g+eg’
Using the same method, p;, for k = 4, 5, ..., 10 can be obtained using the

following equations [14]:

pa =3efg” +21°¢" + eg’. (11)

ps = ef’g +8 +4efe’ +217¢ + egt. (12)

e =3ef’8’ +31°¢* + Sefg* +2f°¢" + eg’. (13)

p7 = 6ef’g* +5f3g" + 6efg® +2f%¢° + eg®. (14)

ps =ef' g+ 11t + 106’ + 578 + Tefe® +4f7¢" + eg’. (15)

po =4def’g’ +4f*° + 15¢f°g% + 9f7g% + 8efg” +21°¢" +eg®.  (16)

pio = 11ef*g® + 107g% + 21ef*g" + 107" + 8efg® +2f*¢% +eg”.  (17)

4.1.3 Using Detection Rules 1, 2 and 3

Let
e = the probability that an X sample plots beyond the +3c limit,
f = the probability that an X sample plots between the +26 and the +3c limits,



A Study on the Power Functions of the Shewhart ... 19

e
+3c

ik
20

g
-]

h

Fig. 3 Probabilities of an X sample on the Shewhart X chart, using detection Rules 1, 2 and 3

g = the probability that an X sample plots between the +c and the +2c limits,

h = the probability that an X sample plots between the CL and the +c limit
(Fig. 3)

At least 4 subgroups are required in the analysis when using detection Rule 3.
The probabilities obtained are the same as the equations given in Sect. 4.1.2, except
for cases where k = 4 or more. When k 2 4, p, is obtained using the following
equations [14]:

P4 = 3efg® + 6efgh + 3efh® + 3eg’h + 3egh?
+ eg® + eh® + 3721 + 4fgh + 2°1* + g* + 4.

ps = 2ef*gh + 2fgh + 12efg*h + 14f*g*h + 16fg°h
+ deg’h 4+ 4g*h + ef 1 + f3 0% + 12efgh® + 6fgh? (19)
+ 6ef>h? + defh® + 2f*h® + degh® + eh*.

pe = 9ef?gh® + 9f3gh® + 30efg*h* + 20f*g*h* + 10eg’h?
+ 16fg°h% + 4g*h* + 3ef*h® + 331 + 20efgh® + 8f*gh® (20)
+ 10eg’h® + Sefh* + 2f?h* + Segh* + eh”.

p7 = 19¢f2g*h? + 18f3g*h* + 24efg®h? + 25f* g h?
+ 15fg*h? + 6eg*h® + 3g°h* + 24ef*gh® + 203 gh?
+ 60efg’h® + 282 g% 1 + 20ef3g> + 16f¢° 1 + 4g*h? (21)
+ 6ef2h* + 57°h* + 30efgh* + 10f%gh* + 15eg°h*
+ Gefh® + 2f*h° + 6egh® + eh®.

Due to the complexity, the Monte Carlo simulation is employed in the computation
of the probabilities pg, po and pyo.
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4.1.4 Using Detection Rules 1, 2, 3 and 4

When detection Rule 4 is considered, at least 8 subgroups are called for in the
analysis. Thus, the probabilities obtained are similar to that in the equations given in
Sect. 4.1.3, except for cases where k = 8 or more. Owing to the complexity of the
equations [14], reported that a total of 12,000 combinations are needed in the
computation for detecting a shift. For this reason, the Monte Carlo simulation
method is used in place of the formulae to calculate the probabilities for k = §, 9
and 10.

4.2 Probability Tables

Wheeler [14] introduced a probability table obtained using the formulae. The
probability table provides the probability of detecting sustained process mean shifts.
The probability table includes four major characteristics defined as follows:

o Shift size:
The probability table provides a total of 11 sizes of shifts. They are 0.42c,
0.67c, 0.950, 1.250, 1.520, 1.720, 1.960, 2.160, 2.480c, 2.756 and 3.00c.
e Number of subgroups, k:
The number of subgroups, £ = 1 to k = 10 are shown in the probability table.
e Subgroup size, n:
Different subgroup sizes are indicated in the probability table of [14]. They are
n=1ton=10,n=12, n =15 and n = 20.
e Detection rules:
The necessary probabilities are computed based on several combinations of
detection rules.

5 A Study on the Performance

The Statistical Analysis System (SAS) software is used in this study. The SAS
computer programs are developed according to the framework of the probability
table and the formulae (see also Sects. 4.1.1,4.1.2, 4.1.3 and 4.1.4) given in [14], to
compute the probabilities of detecting a sustained mean shift within particular
number of subgroups following the shift. The results obtained are tabulated in
Tables 2 and 3.

As can be observed from Tables 2 and 3,

o the probability of detecting a shift in the process mean becomes larger as the size
of the shift increases, regardless of the values of n and k, and the combination of
the detection rules being used.
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e for all n, sizes of shift and combinations of the detection rules, the detection
probability within k subgroups rises as k increases.

e The implementation of more detection rules can increase the sensitivity of a
control chart, for any k, n and sizes of shifts.

A detailed comparison between Tables 2 and 3 shows that the probabilities in
Table 2 are generally less than the corresponding probabilities in Table 3. This
indicates that an increase in the subgroup size will result in an enhancement in the
power of a control chart, irrespective of the value of k, shift size and detection rules
being used.

The difference in terms of percentage is computed to enable us to make a more
meaningful comparison between Wheeler’s formulae method [14] and the Monte
Carlo simulation method. Each probability table is compared in terms of percent-
ages and the percentage difference can be computed as follows:

u-—v

Difference in terms of percentage = } ‘ x 100 %, (22)

1%

where

u = probability obtained via Monte Carlo simulation,

v = probability calculated via formulae.

Tables 4 and 5 show the results for the percentage difference computed using
(22). From Tables 4 and 5, we can observe that the probabilities computed by
Monte Carlo simulation are quite closed to that obtained from the formulae
approach. The existence of differences in the probabilities between the two methods
are indicated by the boldfaced entries in Tables 4 and 5. It is very interesting to
point out that the differences in the probabilities between the two methods are small.
Indeed, for practical applications, the magnitude of these differences can be omitted.

6 Concluding Remarks

In SPC, the Shewhart X chart is a very popular process monitoring tool. The
implementation of this chart is relatively simple. To enable a fast and effective
design and implementation of the Shewhart X chart so that a more efficient system
of process monitoring can be achieved, Tables 2, 3, 4 and 5 are provided. In fact,
the approach by means of formulae is rather cuambersome. When detection Rule 4 is
considered (see Sect. 4.1.4), the computation becomes very complicated which
increases the chance of computation error. The findings of this study reveal that the
Monte Carlo simulation method can favorably replace the formulae approach given
by [14]. This is because the Monte Carlo simulation method allows the quality users
to calculate the probabilities of detecting a sustained process mean shift within
k subgroups, for the various detection rules more easily and quickly with the same
accuracy.
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