Chapter 2
Mathematics of Soliton Transmission in
Optical Fiber

Abstract Ring resonators are suitable for many applications in micro and nano
optical communication. Optical soliton is a self-reinforcing solitary wave that main-
tains its shape while it travels at constant speed. Optical solitons are seen by a cancel-
lation of nonlinear and dispersive effects in the medium which can be a fiber optic.
In a Kerr effect medium such as fiber optics, high intensity of light causes a phase
delay having similar temporal shape as the intensity. This nonlinear phenomenon
occurs for a beam called self-phase modulation (SPM), which is generated by its
intensity. Optical Chaos occurs in many nonlinear optical systems. One of the most
common examples is a ring resonator. Chaotic behavior has been considered as a
nonlinear property in physics, electronics, and communication. When a high-intensity
short pulse is coupled to optical fiber, the instantaneous phase of optical pulse rapidly
changes through the optical Kerr effect. The SPM and cross-phase modulation (CPM)
effects change the phase of the pulse as a function of its intensity. Here, we derive the
soliton equations based on solving the nonlinear Schrodinger and Maxwell equations.
The main performance characteristics of ring resonators are transmittance, free spec-
tral range, finesse, Q-factor, and group delay, which have been demonstrated.
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(WDM) - Self-phase Modulation (SPM) - Cross-Phase Modulation (CPM) -
Bifurcation + Chaos - Dispersion * Diffraction + Nonlinear Schrodinger Equation *
Maxwell Equation + Add/Drop Ring Resonator -+ PANDA Ring Resonator

2.1 Ring Resonators

The ring resonators are important devices in nanotechnology which are suitable for
many applications in micro and nano optical communication. The nonlinear behav-
iors of light in a micro and nanoring resonator have been investigated and used for
communication security. Moreover, the field buildup inside the ring cavity can be
used for all optical signal processing functions based on enhanced nonlinear effects.
Here the working principles of optical soliton propagating inside ring resonators are
used. The novel concepts of ring resonator devices are given in this chapter.
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2.2 Solitary Waves

Optical soliton is a self-reinforcing solitary wave that maintains its shape while it
travels at constant speed [1, 2]. Optical solitons are seen by a cancellation of non-
linear and dispersive effects in the medium which can be a fiber optic. Therefore,
an optical soliton is a pulse that travels without distortion due to dispersion or other
effects. The subject of solitary waves is therefore an important development in the
field of optical communications. When solitons pulses are located mutually far apart,
each of them is approximately a traveling wave with constant shape and velocity. If
two pulses of optical soliton are brought together, they gradually deform and finally
merge into a single wave packet. This wave packet, however, can be split into two
solitary waves with the same shape and velocity before the collision. Optical solitons
are used in telecommunication via Wavelength Division Multiplexing (WDM).

2.3 Wavelength Division Multiplexing (WDM) Technique

Wavelength Division Multiplexing (WDM) is a technique in which simultaneous
transmission of signals occurs at different optical wavelength. In some applica-
tions of this technique, several optical signals combine, transmit together, and will
be separated again based on different arrival times. To handle this technique, opti-
cal signals from separating lasers can be combined together or a broadband optical
signal from for example a light emitting diode spectrally be sliced into smaller
pulses. The use of multiple channels allows increased overall data transmission
capacities without increasing the data rates of the single channels, where the time
slot per bit must be reduced. Even if the bandwidth of the data modulator is lim-
ited, this can be done by using a train of ultra-short pulses (rather than a continu-
ous optical wave) as the input of the modulator [3].

When the transmitted signals reach the receivers, the channel are de-multiplexed
by means of optical wavelength filters like Mach-Zehnder interferometers, Febry-
Perot resonators or arrayed-waveguide gratings. This technique has the main advan-
tage that the available bandwidth of an optical fiber can be used very efficiently [4].
Therefore DWDM is a technology that employs the properties of refracted light to
combine or separate optical signals regarding to their wavelengths within the opti-
cal spectrum. DWDM increases the efficiency of using existing fiber by providing
multiple optical paths along a fiber. WDM is normally applied to an optical car-
rier depicted by its wavelength, whereas frequency-division multiplexing (FDM) is
applied to a radio carrier. Since wavelength and frequency are connected together
through a simple relationship, they describe the same concept.

There are many applications on micro resonators in both fundamental and
applied research. One of the existing and emerging micro resonator applications is
the wavelength-selective components for WDM systems. The microring and micro-
disk resonators are flexible building blocks for very large scale integrated photonic
circuits, as they are ultra compact (105 devices/cm?) and can carry out a wide range
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of optical signal processing functions such as filtering, splitting and combining
of light, switching of channels in the space domain, as well as multiplexing and
demultiplexing of channels in the wavelength domain. Vernier filter tuning by com-
bining microring resonators of different radii has also been successfully used to
suppress non-synchronous resonances of different microrings and extend the result-
ing filter FSR [5]. Linear arrays of optical micro resonators evanescently coupled
to each other can also be used for optical power transfer. This type of coupled-reso-
nator optical waveguide (CROW) has recently been proposed [6] and then demon-
strated and studied in a variety of material and geometrical configurations.

2.4 Nonlinear Effect as Self-Phase Modulation (SPM)

In a Kerr effect medium such as fiber optics, high intensity of light causes a phase
delay having the similar temporal shape with the intensity. This nonlinear phenom-
enon occurs for a beam is called self phase modulation (SPM) which is generated by
its intensity. This effect refers to nonlinear changes of the refractive index given by

An = npl 2.1

where, n; is the nonlinear index and the optical intensity is shown by I. Therefore
this phase shift is a temporal dependence effect, whereas the transverse depend-
ence leads to the effect of self-focusing. In other words, the Kerr effect causes a
time-dependent phase shift according to the time-dependent pulse intensity, where
a temporally varying instantaneous frequency can be performed shown in Fig. 2.1.

For the initial up-chirped pulse, the SPM leads to spectral broadening, whereas
a compression effect occurs for initially down-chirped pulse. In semiconductor
lasers high signal intensity will result in reducing the carrier densities, which lead
to a modification of the refractive index, where finally the phase will be changed.

Fig. 2.1 Spectral broadening o -
of a pulse due to SPM [7]
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Unlike the way that SPM affects the phase of the propagating pulse such phase
changes in semiconductor lasers do not follow the temporal intensity profile.
Therefore, this effect is declared for the pulse of picoseconds to a few nanosec-
onds. SPM is very efficient in mode-locked femtosecond lasers with the Kerr non-
linearity effect medium. In materials with negligible or zero dispersion effects, the
nonlinear phase shift is unstable, thus soliton pulse mode is employed which is a
result of balancing SPM and dispersion [8, 9]. The intensity of a Gaussian ultra-
short pulse at a time (t) can be expressed by

2
1) =1Io exp(—i—zx 2.2)

where Iy and t are the peak intensity and pulse duration. In a Kerr type medium,
the refractive index is given by

n(l) = ng + nal, (2.3)

where, ng and ny are the linear and nonlinear refractive indices. Regarding to the
intensity profile of the propagating pulse, a time-varying refractive index is given
by:

dn(I) dl —2t —
i nza =ny-Ip- = exp(—r2 ) (2.4)
The phase of the pulse is defined by
2r
¢>(t)=wot—kx=a)ot—/1—0-n(1)-L (2.5)

where wg and /g are the carrier frequency and wavelength of the pulse, and L is the
distance in which the pulse propagates. Due to the change in refractive index, an
instantaneous phase shift of the pulse occurs therefore:

dg(r) 2xL dn(l)

1) = —
w(r) o wo 7 i (2.6)
Therefore
4 Lny 1y —2
(1) = w0+ ——5— - 1-exp(—-). 2.7
AT T

Thus, the leading edge shifts to lower frequencies where, trailing edge shifts to
higher frequencies. In the center portion of the pulse (between t = £1/2), there is
an approximately linear frequency shift (chirp) given by:

o) =wy+a-t (2.8)
where « is:

dw 4 Lny Iy
o = — = —
iy~ ot (29)
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In fact in any real medium the dispersion effects are existing and simultaneously will
act on the pulse. In normal dispersion the front of the pulse moves faster than the
back, broadening the pulse in time, while in anomalous dispersion, the pulse is com-
pressed temporally and becomes shorter. This effect will result generation of ultra-
short pulse. If the ultra-short pulse is of sufficient intensity, the spectral broadening
process of SPM can balance with the temporal compression due to anomalous dis-
persion and reach an equilibrium state which is called an optical soliton [10, 11].

2.5 Nonlinear Effect as Cross-Phase Modulation (CPM)

Cross-Phase Modulation (CPM) is a nonlinear optical effect in which one wave-
length of light affects the phase of another wavelength of light through the optical
Kerr effect. In optical communication networks, CPM can be used as a technique for
adding information to a light stream by modifying the phase of a coherent optical
beam with another beam through interactions in an appropriate non-linear medium.
Thus, it leads to an interaction of laser pulses in a medium in which the measure-
ment of the optical intensity of one pulse can be performed by monitoring a phase
change of the other one. This technique is applied in secured optical communication
and can also be used for synchronizing two mode-locked lasers using the same gain
medium, in which the pulses overlap and experience cross-phase modulation.

2.6 Developments of Bifurcation

The bifurcation is recognized as splitting of a main body of a optical pulse into
two parts. A bifurcation occurs when a small change applied to the parameter val-
ues (bifurcation parameters) of a system causes a sudden qualitative or a topologi-
cal change in its behavior. It represents the sudden appearance of a qualitatively
different solution for a nonlinear system as some parameter is varied Bifurcations
occur in both continuous and discrete systems.

2.7 Developments of Chaos

Optical Chaos occurs in many nonlinear optical systems. One of the most common
examples is a ring resonator. Chaotic behavior has been considered as a nonlinear
property in physics, electronics and communication [12, 13]. The chaotic commu-
nication has recently attracted great attention because of its potential application
in secure communication, where it uses a noise-like broadband waveform as a car-
rier. The chaotic signals can be obtained after propagation of input pulse inside the
nonlinear ring resonator [14—16].
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Secure data transmission on the basis of chaotic signals is widely investigated
in many research works [17, 18]. One of the potential approaches is data transmis-
sion using chaotic signals and sequences with modulated parameters. The major
concern of this method is a reconstruction of the hidden information from received
chaotic signals [19, 20]. Unique properties of chaotic signals serve a basis of
application of new radical methods of coding and decoding an information compo-
nent of chaotic carrying.

2.8 Focussing and Defocussing of Optical Beam

When a laser pulse such as a Gaussian beam propagates in a Kerr type medium
along the z-direction, respect to increasing radius away from the center of the
beam, the refractive index of the medium will change according to the inten-
sity. Depending on the sign of the Kerr coefficient ny, with the positive sign, the
refractive index decreases with the distance from the beam center and therefore
the medium acts like a focusing lens, where the light beam will be compressed
towards its center. This phenomena is called self-focusing because the focusing
has caused the by light itself [21].

When there are no diffraction effect in the Kerr medium, the light will con-
tinue to focus cooperating with increasing in intensity until damage to the material
results. If the light is strongly diffracted by the medium, the focusing is countered
by the diffractive spreading effects, therefore balancing each other leading to self-
trapping of the propagating pulse which is a simple explanation for the existence
of the optical spatial soliton. If nj is negative, the refractive index increases with
the distance from the beam center and the Kerr medium acts like a defocusing
lens. This phenomenon is called self-defocusing, where under certain conditions
dark spatial soliton pulse can be supported by the medium.

When a light beam in the transverse direction enters an optical Kerr media,
the intensity dependent refractive index causes the pulses to be bent through the
medium. Therefore, the beam will either experience a defocusing bending effect
(if np < 0) or a focusing bending effect (if n; > 0), causes the beam itself will cre-
ate a self-induced waveguide in the medium.

The most important case is that when n; > 0. In this case, highly intense beams
cause such a strong focusing which can be broken up again, due to strong diffrac-
tion effects for very narrow beams, or even due to material damage in the non-
linear crystal. For some situations, however, there exist stationary solutions to the
spatial light distribution that exactly balance between the self-focusing and the
diffraction of the beam, where it is considered as a balance between two bending
effects. The compression can be happened due to self-phase modulation (temporal
analogue of self-focusing), where the expansion is due to dispersion. These forces
balance and can create a soliton that is localized in the time dimension as well as
in the direction of propagation.
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2.9 Developments of Dispersion

Dispersion indicates the wavelength dependence of the refractive index in mat-
ter, (dn/dJ), where n is the refractive index and X is the wavelength. The spectral
region shorter than the zero-dispersion wavelength A¢ is recognized to a normal
dispersion region. A spectral region longer than X is called an anomalous disper-
sion region, where the low frequency (or longer wavelength), causes smaller group
velocity dispersion (GVD). This phenomenon occurs by interaction between the
matter and light because an electromagnetic signal propagating within a physical
medium is degraded due to having different propagation velocities of its various
wave components such as frequency. Therefore material dispersion causes differ-
ent wavelengths to travel at different speed because the refractive index of the fiber
core varies with wavelength.

The part of light, which travels in the cladding of the fiber having different
refractive indices, propagate through it at different speed to the core due to the
waveguide dispersion. The Material and waveguide effects are combined to give
an overall effect called “chromatic dispersion”, which is proportional to the square
of the transmitted bit rate in an optical network. Chromatic dispersion is to empha-
size its wavelength dependence nature, while group velocity dispersion (GVD) to
emphasize the role of the group velocity. Any information-carrying signal included
components from a range of wavelength. The group velocity of a signal is function
of wavelength, therefore each spectral component travel independently and expe-
riences a group delay, which ultimately results in pulse broadening [22]. Thus,
overlapping of pulses will happen and after a certain amount of overlap, adjacent
pulses cannot be identified at the receiver and error occurs.

Waveguide dispersion is only important in single mode fibers. It is caused by
the fact that some light travels in the fiber cladding compared to most light travels
in the fiber core. Since fiber cladding has lower refractive index than fiber core,
light ray that travels in the cladding travels faster than that in the core. Waveguide
dispersion is also a type of chromatic dispersion. While the difference in refrac-
tive indices of the single mode fiber core and cladding is minuscule, they can still
become a factor over greater distances. It can also combine with material disper-
sion to create a nightmare in single mode chromatic dispersion.

2.10 Developments of Diffraction

In a single-mode fiber, the propagating light is confined to a circular area with a
diameter of the order of micron size corresponds to the diameter of the fiber core.
In the case of free space, this strong confinement would lead to a large divergence
angle. In a fiber optic the spatially varying refractive index has a focusing effect
which exactly balances diffraction effect for certain fiber modes. In a single-mode
fiber, the waveguide effect is just strong enough to balance diffraction.
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Thus, the diffraction becomes stronger for smaller modes, where the fibers with
small mode areas require a larger numerical aperture (NA) for thoroughly guid-
ing. The large mode area fibers require a small NA if the guidance of higher-order
modes is to be kept. Therefore, single-mode fibers with large mode area are based
on the balance of two weak effects which are diffraction and correspondingly guid-
ing effect from the waveguide structure. Therefore, any additional effects, such as
those from bending the fiber can have a strong impact in the form of bend losses.

2.11 Transmission Theory

If we introduce a pure monochromatic wave at frequency wy into a length of opti-
cal fiber, the magnitude of the electric field vector associated with the wave would
be given by

|E(r,0)| = J(x,y) cos(wot — f(wo)z), (2.10)

here the z is propagation direction and J(x, y) is the distribution of the electric field
along the fiber cross section and is determined by solving the wave equation. For
the fundamental mode, the longitudinal component is of the form

E; =2mJi(x,y) exp(iBz), (2.11)

Due to the cylindrical symmetry of the fiber, J;(x,y) is a function only of
p = \/x%* +y? which is expressed in terms of Bessel functions. The transverse
component of the fundamental mode is of the form

E(Ey) = 27 Ji(x,y) exp(iB2), (2.12)

where again J;(x,y) depends only on /x2 + y2. Thus, for each of the solutions
corresponding to the fundamental mode, we can write

E(r,w) = 21J(x,y) e @%e(x,y), (2.13)

where, J(x,y) = \/ Ji(x, )% 4+ J;(x,y)? and the e is the unit vector along the direc-
tion of E(r, w). In this equation, we have written f as a function of w to emphasize
this dependence. In general, the dependence of the J and e on w can be neglected
for pulses whose spectral width is much smaller than their center frequency. This
condition is satisfied by pulses used in optical communication systems.

Consider a pulse whose shape, or envelope, is described by A(z, ) and whose
center frequency is wg. Assume that the pulses have narrow spectral width.
Therefore, most of the energy of the pulse is concentrated in a frequency band
whose width is negligible compared to the center frequency wg of the pulse. This
assumption is usually satisfied for most pulses used in optical communication sys-
tems. Thus, the electric field vector associated with such a pulse is

(0] = J(x,3) 9t A e =59 | 2.14)
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where )i denotes the real part. Here Sy is the value of the propagation constant § at the
frequency wp and J(x, y) has the same significance as before. Considering the pulse
envelope A(z, t) to be complex valued and regarding to the phase shifts it can be written,

A(z,1) = |A(z, )| exp(ipA(z, 1)), (2.15)
the phase of the pulse is given by

@(t) = wot — Poz — @a(z,1) (2.16)

Here we have also assumed that the pulse is obtained by modulating a nearly mon-
ochromatic source at frequency wo. We can derive the following partial differential
equation for the evolution of the pulse shape A(z, f) [22] as:

A 0A i, 0°A

bkl — 4+ -B— =0, 2.17
oz TP TP @17

where, B = gi/g . If B is a linear function of w, B> = 0, then arbitrary pulse
@7 lo=w

shapes propagate with(())ut change in shape (and at velocity 1/81). In other words, if

the group velocity is independent of w, ng broadening of the pulse occurs. Thus 8>

is the key parameter governing group velocity or chromatic dispersion. It is termed

the group velocity dispersion parameter or, simply, GVD parameter.

2.12 Effects of Nonlinear Condition in Optical Fiber

When a high-intensity short pulse is coupled to optical fiber, the instantaneous phase
of optical pulse rapidly changes through the optical Kerr effect. Self-phase modu-
lation (SPM) and cross-phase modulation (CPM) effects change the phase of the
pulse as a function of its intensity. For a monochromatic wave the refractive index
becomes intensity dependent in the presence of SPM, where for non-monochromatic
pulses with envelope A propagating in optical fiber, this relation must be modified so
that the frequency and intensity-dependent refractive index is now given by

n(w, E) = n(w) + |Al* /Agr (2.18)

here, n(w) is the linear refractive index, which is frequency dependent because of
the chromatic dispersion, but also intensity independent, 7 is the nonlinear index
coefficient and A,y is the effective cross-sectional area of the fiber, typically
50 wm?. The expression for the frequency and intensity-dependent propagation
constant is now given by

B(@,E) = B(w) + w - A|A]*Jc - Ay (2.19)

The unit for the nonlinear index coefficient is jum?/W, therefore the intensity of the
pulse |A|?> must be expressed in watts (W). For more convenience, we assume that
Yy =w-nfc-A, =21 -1/ A, therefore, B = B + y|A|*> Thus y stands the same
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relationship to the propagation constant § as the nonlinear index coefficient 7 does to
the refractive index n. Hence, we call y the nonlinear propagation. Considering the
intensity dependence of the propagation constant, Eq. 2.91 must be modified to

A A i 0°A 2

= — 4+ —B— =iy |A]-A 2.20

oot Big by =iy Al (2.20)
The term of é ,32% incorporating the effect of chromatic dispersion, where, the

term iy - |A|? - A incorporates the intensity-dependent phase shift. Here, the com-
bined effects of chromatic dispersion and SPM on pulse propagation can be analyzed
using this equation as the starting point. Regarding to new variable parameter such as
T =(t — B12)/To, &€ = z/Lp = z|p2|/T3, U = A/+/Py, Eq. (2.90) can be written as

AU sgn(pr) *U
oY

200711277
" 552 HNIUPU =0, (2.21)
where
y Py
N? = yPoLp = .
yroLp |/32|/T§ (2.22)

Equation (2.25) is called the nonlinear Schrédinger equation (NLSE). Here, the
pulse propagates with velocity B; (in the absence of chromatic dispersion) and
(t — Bi12) is the time axis in a reference frame moving with the pulse. The variable t
is the time in this reference frame but in units of Ty, which is a measure of the pulse
width. The variable £ measures distance in units of the chromatic dispersion length
which is defined as Lp = T§/|Bl. The quantity Py represents the peak power of the
pulse, and thus U is the envelope of the pulse normalized to have unit peak power.
The quantity of 1/yPy also has the dimensions of length what we call it the nonlin-
ear length and can be shown by Ly;.

The nonlinear length serves as a convenient normalizing measure for the dis-
tance z in discussing nonlinear effects, just as the chromatic dispersion length
does for the effects of chromatic dispersion. Thus for pulses propagating over
distances z << Ly, the effect of SPM on pulses can be neglected. Then we can
write the quantity N introduced in the NLSE as N> = Lp/Ly;. If the compression
of an optical pulse due to the SPM balances with and cancels the pulse broaden-
ing caused by the dispersion, the optical pulse propagates through the fiber while
maintaining its original pulse shape. This is called an optical soliton.

2.13 Soliton Solving Based on Nonlinear Schriodinger
Equation

The starting point for the analysis of temporal soliton is the time-dependent wave
equation for the spatial envelopes of the electromagnetic fields in optical Kerr-
media, here for simplicity taken for linearly polarized light in isotropic media,
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9 19 92
(i—+1i 19 _F

YAo(2,1) = wmlﬁ( t)]Q/K( n, (.23
oz vpar 292D =TT A AvzD, o (223)

where, as previously, v, = ( dw) I is the linear group velocity, and the B = dik
introduced for the second order linear dispersion of the medium. For the intensity-
dependent refractive index n = ng + n2|Ew|2. Since we here are considering wave
propagation in isotropic media, with linearly polarized light (for which no polari-
zation state cross-talk occur), this equation is conveniently taken in a scalar form
as

(f —— ,382) (z,0) —IA( DI*Au(z 1),
i +ug8t a2 Ay (z, 1) = — (2 (2, (2.24)

where it consists of three terms that interact. The first two terms contain first order
derivatives of the envelope, and these terms can be seen as the homogeneous part
of a wave equation for the envelope, giving travelling wave solutions that depend
on the other two terms, which rather act like source terms. The third term contains
a second order derivative of the envelope, and this term is also linearly dependent
on the dispersion 8 of the medium, that is to say, the change of the group veloc-
ity of the medium with respect to the angular frequency w of the light. This term
is generally responsible for smearing out a short pulse as it traverses a dispersive
medium. Finally, the fourth term is a nonlinear source term, which depending on
the sign of ny will concentrate higher frequency components either at the leading
or trailing edge of the pulse [23, 24].

2.14 Ordinary Solitons Generation

The Nonlinear Schrodinger equation, or NLS can be written in another form of

Ou  10%u
e —
9z 2 012
which is Maxwell’s equations, adapted to field propagation in single-mode opti-
cal fiber. In a single-mode fiber, there is only one possible spatial behavior in
the transverse dimensions x and y, so that we need to deal only with appropriate
averages of the field quantities over those dimensions. Thus, the NLS equation
involves only distance along the propagation direction, z, and time, ¢. The absolute
magnitude of u represents the amplitude envelope of the pulse and the complex
quantity u(z, t) is proportional to the light field and the mean time of flight to loca-
tion z so that the pulse always remains in view.

The first term on the right of the NLS equation, the one involving the second
derivative with respect to time, describes the effects of chromatic dispersion. It is
important to note that this linear term, when acting by itself, does nothing to change
the frequency spectrum of the pulse. It serves only to broaden (or narrow) the pulse

+ |ul?u, (2.25)
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in time. The second term on the right of this equation is the nonlinear term. Note
that it is just the pulse’s intensity envelope times u itself. It is based on the fact that
the index of refraction, is dependent on the light intensity. It is important to note
that this term, when acting by itself, does nothing to change the pulse shape in time.
It serves only to broaden (or narrow) the pulse in the frequency domain. The major
problem is the power loss in the fiber. It occurs primarily due to the absorption and
scattering. When loss or gain is taken into account, the NLS equation becomes

Ou 10%u
i—=-—

dz 2 012
where a positive or negative value of a implies, respectively, gain or loss. The fac-
tor of one-half in the « term causes a itself to represent power (or energy) loss or
gain per unit length. This equation is one of the few that support solitons. Solitons
are a class of solitary wave pulses that can pass through one another with no scat-
tering. This equation has a special solution of

1
+ ul?u — i, (2.26)

u(z,t) = sec h(t) exp(%z), (2.27)

which is known as the fundamental soliton. It has a shape similar to the more
familiar Gaussian function, but it has a narrower peak and broader wings. Since
the phase term is not dependent on #, the soliton is a completely nondispersive
pulse; therefore, its shape does not change with z. This invariance with propaga-
tion occurs, for the soliton, since the dispersive and nonlinear terms of the NLS
equation cancel each other’s effects, causing only a phase shift of the whole pulse.
Therefore, the dispersive term, which affects the pulse only in the time domain,
can cancel the nonlinear term, which affects the pulse only in the frequency
domain. Over very short distances both terms modify only the phase of the pulse
[25, 26]. Regarding to the solution of the NLS equation in the regime of 8 < 0,
a temporal soliton solution can be obtained when the pulse u(z, t) has the initial
shape of

u(0,1) = N sec h(?), (2.28)

where N > 1 is an integer number. Depending on the value of N, solitons of dif-
ferent order can be formed, where the fundamental soliton is given for N = 1. For
higher values of N, the solitons are called “higher order solitons”. When N = 1,
therefore

u(z,t) = sech(t) exp(iz/2) (2.29)

This solution is called “bright solitons”. Bright soliton is characterized as a local-
ized intense peak above a continuous wave (CW) background. This type of opti-
cal soliton can be when the group velocity dispersion is negative (i’;) or in other
words, in the presence of anomalous dispersion. Since the CW pl%%e-wave solu-
tion is unstable in self-focusing Kerr medium, bright solitons are a good candidate.

There are a lot of techniques are used to secure secret data or informa-

tion. Communication security has become the popular technique in modern
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communication requirement, where the idea of using a dark soliton to be a com-
munication carrier where the recovery can be retrieved by the dark-bright soliton
conversion [27-29].

Dark soliton can be used to perform the communication transmission for security,
whereas the required information can be retrieved by the dark-bright soliton conver-
sion. Dark soliton is distinguished by being made from a localized reduction of inten-
sity compared to a more intense continuous wave background. The linear polarized
dark soliton can be formed in all normal dispersion fiber laser mode-locked by the non-
linear polarization rotation method and can be rather stable. Dark soliton is one of the
soliton properties where the soliton amplitude vanished during the propagation in trans-
mission line, thus the dark soliton detection is extremely hard. To date, several papers
have investigated the dark soliton behavior [30, 31] and one interesting result is that the
dark soliton can be converted to into bright soliton and finally detected. This means that
the dark soliton penalty can be used as a communication carrier [32]. Another solution
which gives another type of soliton called dark solitons, is expressed as

u(z,1) = [ntan h(n(t — kz)) — ix] - exp(iugz), (2.30)

where ug is the normalized amplitude of the continuous-wave background, ¢ is an
internal phase angle in the range of 0 < ¢ < 7/2, n = ugy cos ¢ and ¥k = ug sin¢. A
dark soliton can be realized as a black soliton (for ¢ = 0), which drops down to zero
intensity in the middle of the pulse, and the grey soliton (for ¢ = 0), which do not
drop down to zero. The black soliton, the solution for ¢ = 0 takes this simpler form of

u(z,1) = uo tan h(uot) exp(iudz) (2.31)

Another important difference between the bright and the dark soliton is that the
dark soliton propagates through the internal phase angle upz with a velocity which
depends on the amplitude, where the bright soliton propagates with the same velocity.

2.15 Soliton Solving Based on Maxwell Equation

Considering the Maxwell equations, following assumptions can be applied to
these equations, leading to We start from the Maxwell equations with the follow-
ing assumptions:

e Propagation of electric field in the propagation direction can be negligible com-
pared to the transverse electric field.

e The monochromatic electro-magnetic wave is applied, where the frequency is w.

e The transverse electric field is given by E(x, y,z,1) = ¥ (x,y, z) expli(wt — kz)],
where ¥ (x, y, z) changes much slower than exp[i(wt — kz)].

o The refractive index will be changed, where the change is smaller than one.

In the Kerr-type materials, the intensity dependent refractive index is followed by
n(l) = ng + nyl. Considering the above assumptions on the Maxwell equation, the
nonlinear Schrodinger equation can be derived as
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2 92 ik X ny

) .
Gy = [ WGy, P (6.2, (2.32)

_ + _
2k 0x2 8y2)
where, z is the propagation direction, k is the wave number, and 1 is the amplitude
of the electric field. Particular interest which is soliton equation can be derived and
expressed by

X 4
v = J@Tosech[%]exp[l(%)], (2.33)

where, W, = /2}% x ﬁ is the beam width and

0
The intensity of this equation can be defined by (I (x,y) = |¢ |2) which is independ-

ent of z direction. The beam width (W) is a function of the peak intensity, where it
is wider for lower peak intensities. Therefore, these solutions lead to come out with
wave equation which will maintain their shape and size invariant along the propa-
gation direction. If the solution is represented only a state of stationary propaga-
tion then it can be considered as a soliton [33—35]. Most phenomenon or nonlinear
effects in an optical fiber occur when short pulses with widths ranging from a few
ns to a few fs are input into the system, where both dispersive and nonlinear effects
contribute to determine the shape and spectrum of the propagating pulses. In 1995,
Agrawal could solve the electric field wave equation and derive the governing
equation for a light pulse propagating in an optical fiber. This equation is given by
Y —ify 82

9z = 2 T2

where ¥ and B, are the amplitude of the electric field and second-order dispersion
of the wave number. T and y are the temporal profile with the same velocity with
pulse group velocity (T =t — z/v,) and nonlinearity coefficient of the medium
respectively. Solution of this equation gives solitary waves that keep their profile
unchanged when propagating. Considering a negative sign of B, and the pulse
width of T, the solitary solution can be obtained expressed by

0= kW3 is the diffraction length.
2

+iylyHy (2.34)

T
— /9o sec ] exp[i(i)] (2.35)

where ¥ is the peak power, Lp = Tg /1B2| is the dispersion length of the pulse.
This solution, which describes a soliton pulse, shows a pulse that keeps its tempo-
ral width invariant as it propagates and hence is called a temporal soliton. It should
be taken into account that for any given pulse width, T, the peak intensity can be
expressed by ( “3 2 ) and it will make the pulse propagating as a solitary wave. The

temporal power proﬁle for this soliton is given by

—Z/vg].

1(t.2) = [ 2 = o sec i[- 0 (2.36)

For the fiber soliton, a balance should be achieved between the dispersion length
Lp = Tg /|B2| and the nonlinear length Ly;, = 1/y v, which are the length scales
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over which disperse or nonlinear effects make the beam become wider or narrower.
For a soliton, there is balance between the two and hence Lp = Ly, which leads to:

1821
T30 = ’i = const, (2.37)

which entails that variations in the power can be compensated by changes in
the pulse width and vice versa. This property is responsible for the strength of
this type of solitons. Optical excitation having similar parameters to the soliton
parameters usually develops with propagation into a stable soliton. For the spatial
soliton case for simplicity we will reduce the NLS equation based on the Maxwell
assumption to only two dimensions (x, z) which gives

W kXA, (2.38)
— = (5 —i— .
9z 2k " 9x2 no
Solution of this equation gives the
X z
= h _— (— R
¥ =/ Yosec [W0 ] eXp[l(4Z0)] (2.39)

Therefore, this solution describes a beam profile which is uniform in y, bell-
shaped in x, and propagating in z with stable shape. The intensity structure in x is
equal to the mode of a graded-index waveguide with refractive index expressed by

sec h? (x/Wp)

nx) =no(1 +
(x) = no( o

), (2.40)

Thus, while it propagates, this beam will disintegrate in ¥, and some spatial fre-
quency will start to form in § due to modulation. This instability can be eliminated
by applying the input beam into a slab waveguide made of Kerr nonlinear material.

In nonlinear optics subject, soliton can be classified to temporal or spatial,
depending on whether the confinement of light occurs in time or space. Temporal
soliton is introduced to optical pulse which maintain its shape, whereas spatial
soliton represent self-guided beams that remain confined in the transverse direc-
tions orthogonal to the direction of propagation. A spatial soliton is formed when
self-focusing of an optical beam balances its natural diffraction-induced spreading.
In contrast, it is the self-phase modulation that counteracts the natural dispersion-
induced broadening of an optical pulse and leads to the formation of a temporal
soliton. Therefore, whether the soliton pulse is of temporal or spatial type, they
evolve from a nonlinear change in the refractive index of an optical material
induced by the light intensity. This phenomenon is known as optical Kerr effect
and optical material that exhibit this property is known as a Kerr medium.

On the other hand, the effect of anomalous dispersion (with 8 < 0) and the
effect of a nonlinear, intensity dependent refractive index (with np > 0) are oppo-
site of each other. The transmission bit rate in optical fibers is limited strongly
by group velocity dispersion. It is because generated impulses have a non-zero
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bandwidth and the medium they are propagating through has a refractive index
that depends on frequency (or wavelength). When these two effects (dispersion
and nonlinear effects) combined, for example considering pulse propagation in a
medium, giving a pulse that can propagate without altering its shape. This is the
basic principle of the temporal soliton.

2.16 System of Micro Ring Resonator

A fiber optic ring resonator consists of a waveguide in a closed loop which is cou-
pled to one or more input/output (or bus) waveguides [36—38]. A simple microring
resonator is shown in Fig. 2.2.

Ring resonator provides traveling wave procedure, unlike the standing wave
characteristic of Fabry-Perot resonators (F-P). Ring resonator can be considered
as an interferometer device, which resonates for light whose phase change is an
integer multiple of 27 after each trip around the ring [39—41]. Part of light that
does not contribute this resonant condition will be transmitted through the bus
waveguide. Signal loss occurs when light is transmitted through the fiber, espe-
cially over long distances such as undersea cables. The expression for the resonant
wavelengths of the ring is very similar to that of the F-P and is given by

"

27 Rngsr
Ay = T efy

(2.41)
m

where, R is the ring radius constructed with circular waveguide and m is an inte-
ger. In this situation the device will act as a phase filter where all wavelengths are
transmitted and the resonant wavelengths, having also traversed the ring, acquires
a phase change. To capture or separate the resonant wavelengths from the rest, an
additional waveguide as an output bus, can be positioned on the opposite side of
the ring. In this case the ring resonator is known as an add/drop filter system. The
key performance parameters of the ring resonator include the F'SR, the ER, and the
finesse. The expression for the FSR of a ring resonator is given by

Fig. 2.2 Schematic diagram
for a ring resonator coupled E;
to a single waveguide

exp(- > L— jk,L)
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pr
27 Rn,

AL =

(2.42)

The nonlinearity of the fiber ring is of the Kerr-type, wherein the nonlinear refrac-
tive index is given by [42—44]

ny
n=ng+nyd =ng—+ (
Agy

where ng and n; are the linear and nonlinear refractive indices [45, 46], while I and P
are the optical intensity and optical field power, respectively [47, 48]. Here, the fiber
coupler is considered as a point device and is reciprocal. The linear and nonlinear phase
shifts of the ring resonator can be expressed by ¢g = kLng and ¢n; = kLny |E;|?
, where k = 27/ is a wave number, and L = 2R is the circumference of the ring
resonator, where R is the radius of the ring resonator [49-52]. Mathematically, the sub-
sequence equations of the round-trip within the system is given by

Epp1 =)V = y)kEip+ /(1 = y)(A — k) xEyexp(—j(do + ¢nL))- (2.44)

Here, the subscript n denotes the number of round-trips inside the system. This
equation has to be satisfied with boundary conditions appropriate for ring. The
transmission around the single ring resonator is represented by

)P, (2.43)

77! = exp(—aL/2 — jknL) (2.45)

where k, is the propagation constant and «L/2 is the ring loss (round-trip loss),
which includes propagation loss, losses resulting from transitions in the curvature,
and bending losses [53, 54]. The value of « (unit length~!) depends on the prop-
erties of the material and the waveguide used, and it is referred to as the inten-
sity attenuation coefficient, where L is the circumference of the ring resonator. In
order to define this, we consider a ring resonator connected to a single coupler that
extracts light from the ring into the output waveguides.

When an input electric field, E; is coupled to the ring waveguide through an
external bus waveguide, a positive feedback is induced and the field inside the ring
resonator, E,; starts to build up. The feedback mechanism will be induced by the
ring waveguide, therefore does not need any further requirements such as Bragg
gratings, mirrors, or distributed feedback waveguides with difficult fabrication
process. Due to on-resonant certain wavelength of the input signals inside the ring
waveguide, frequency selectivity is obtained [55, 56]. The inserted and transmitted
electric fields into the ring resonator are expressed by

Epr = (1= ) [JE/i + Env/T—«] (2.46)

o .
Erz = Erl eXp(—EL —JknL) (247)

where k, = 2”# and y denotes the intensity insertion loss coefficient of the
directional coupler and n.z is the effective refractive index [57, 58]. Therefore,
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the refractive index n quantifies the increase in the wavenumber (phase change per
unit length) caused by the medium. Here, the effective refractive index n has the
similar meaning with light propagation in a waveguide, where it depends not only
on the wavelength but also on the mode, in which the light propagates. The ratio of
the output and input powers which is E;/E; can be calculated as [59-61]

E, ! [¢1—K—(1—y)i.exp(—‘;L—jknu

—={-y)2.
E; 1-(1- )/)%m exp(—5L —jknL)] (2.48)

1

In the following new parameter will be used for simplifying [62, 63]:
D=1-y)2, x:D-exp(—% L), y=+v1—xk, ¢ =kiL
Intensity relation to the output port is given by [64]:

T_It()_ E;
_Iiw o E;

2:,)2,[1 (-2 - (1=

- : (2.49)
(1 = xy)? + 4xy - smz(‘g)l

Maximum and minimum transmission can be calculated when sinz(%) is “1” and
“0” respectively. Therefore;

+ 2

Tmax = D* - % (2.50)
(x—y)?

Tmil’lzDz. (1 _x.y)Z (251)

The minimum transmission, 7},,i,, occurs at the resonant point when the circumfer-
ence of the ring L, is an integer number of the guide wavelength, which is given by

¢ =k,-L=2mm, m = integer,
m-A, =n-L

m

(2.52)

here, m is the mode number, 4, is the resonant mode wavelength. The on-off ratio
for the single ring resonator is defined as the ratio of the on-resonance intensity to
the off-resonance intensity which is maximum at 7},;,, = 0. Therefore x = y and

1 | (1 — K)
=—— X In(——
o I D2 (2.53)
This relationship given by Eq. (2.26) is also referred to as critical coupling, where
the maximum on-off ratio %(Zmn) = 0 can be obtained by varying the coupling
coefficient (k) or the intensity attenuation coefficient ().
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Fig. 2.3 Ring resonator with f =
two adjacent %vaveguide Ei _l___h' - f’_’=
Input Port A1) o Tl hput Pe
Pl e K - “ _ hroughput Port
Eb Eﬂ'

Drop Port fl— 5 Add Port

2.17 Ring Resonator as Add/Drop Filter

Recently, optical ring resonators (ORR) have numerous applications in single mode
lasers, biosensors, optical switching, add/drop filters, tunable lasers, signal process-
ing and dispersion compensators [65—67]. In any WDM system, optical filters are
used for separating one optical channel from the combined signals. The basic ORR
with two couplers is illustrated in Fig. 2.3. The main performance characteristics of
these resonators are the transmittance, free spectral range, finesse, Q-factor, and the
group delay, which have been demonstrated both theoretically and experimentally in
many works. Structural design of a single ring resonator (SRR) add/drop filter sys-
tem is shown in Fig. 2.3, which is constructed by 2 x 2 optical couplers.

For simplification, the intensity relation [68] does not take into account cou-
pling loses (D? = 1).

Eq = Enj /K1 + Ep\/1 — xje > 5 =/kn% (2.54)
Ep = Eg\/T — kge 3 5% (2.55)

_ Einj ki
1 -1 —k14/1— ng%aL_jk"L

Eq (2.56)

EijJ/x1 T el gL
Eb = — - . 1— Kre 2 2 Jon 2 2.57
1 — VT = kT —Kpe2 Lkl 257)

En = Ebe%%_"""%jqu +E1vV1—x (2.58)
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L_.
2

Ep=FEue? 7535 5 at En=0 (2.59)

En  —xiv/1— ipe 2 Lkl 4 T —ke) — (1 — k) /T — ke 3 Lkl
Ei 1 — VT =1 /T —rge 2 Lkl

s 2.60
_ —JT=rpe2 Lokl o /T =4 ( )
1 -1 —k14/1— /Qe_TdL_jk"L
—aL o L
E — JKi ke 2 2 7kn3
2 _ — (2.61)

Ei 1—JV1—Kk1/1— Kze%aL_jk”L

where «1 and k are the coupling coefficients, L = 27 R and R is the radius of the
add/drop filter device [69, 70]. The normalized outputs of the add/drop filter sys-
tem are expressed as [71, 72]:

In _ |En 2 1= = 2T =k /T— rre 2 L cos(kyL) + (1 — ka)e—L
I Ej 1+ (1= k)1 —k2)e=L — 2T = k1/T—Kk2e 2 L cos(knL)
(2.62)
2 ey
lp  |En|” K1 - kpe?2
Iy |En 14+ (1 —&)(1 = k2)e®L — 2/T — k1/T — kae 2 £ cos(kyL)
(2.63)
Using y; = +/1 — k1 and y» = 4/1 — k3, the intensity relations are then given by:
In En |’ (1 =D - (1 =3
Ly=|=| =1- ! - (2.64)
Iyt Ej (1 — y1y2x)? + 4y y2x sin” (%)
In En|? (1—yD) - (1 —y).x
—()=|—| = > T (2.65)
Iin Ei| (1= y1320? +4yryoxsin® (%)
The full-width at half-maximum (FWHM) is given in this configuration by:
5 =21 I 2.66
N D2 (2.66)
where the finesse F is given by:
2w yiyex
F= = (2.67)

T8 1 —yix

The maximum and minimum transmission are calculated as follows. For the
throughput port:
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(1 + y2x)?
T =" 2.68
X = 1 )2 (209
I Bd c0 i (2.69)
M (1 — yiyox)? '
And for the drop port:
1—y)-(1—y3)-x
Tnax = 2D yj) (2.70)
(I = y1y2x)
A—yD A=y -x
Tin = 2.71
i (1 4 y1y2x)? 27D
The on-off ratio of an add/drop filter system is given by:
Tmax (through put port) 01 +y2x) 2 2.72)
Tinin (drop port) A=D1 =y).x '

The output intensity, /;; at the throughput port will be zero at resonance (k,L = 2m)
which indicates that the resonance wavelength is fully extracted by the resonator
when k1 = x7 and a = 0. The loss of signal power resulting from the insertion of a
device in a transmission line for example an optical fiber is defined insertion loss and
usually expressed in dBs. Therefore, it is a measure of attenuation. Attenuation can
include loss due to the source and load impedances not matching, but is not included
in insertion loss since this is a loss that was already present before the “insertion”
was made. If the power transmitted to the load before insertion is Pt and the power
received by the load after insertion is PR, then the insertion loss in dB is given by,

Pr

2.18 Ring Resonator as PANDA

This system consists of one add/drop interferometer system connected to two ring
resonators in the left and right sides. This system represents a new technique of
combination and integration of micro ring resonators in which it can be widely
used to improve the secure communication and the high capacity of optical signal
proceeding in network communications [73-75]. Here the derived equations of the
system is introduced which show that how does the input pulse propagates inside
the rings systems [76—78]. The proposed system is shown in Fig. 2.4.

The resonator output fields, E;; and E consist of the transmitted and circulated
components within the add/drop optical filter system, given by [79-81]
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Fig. 2.4 Schematic of a Input Port, Ey Throughput Port, E,;
PANDA ring resonator
system

Drop Port, E,, Control Port, E;,

En = T=yi | VT =B +]JRiE |, (2.74)
E1=+1—n b/l —Kk1Ey4 +j\/K_1Ei1J, (2.75)

Ey = Eg Eje— 53705 (2.76)

where « is the intensity coupling coefficient, yj is the fractional coupler intensity
loss, « is the attenuation coefficient, k,, = 27” is the wave propagation number, / is
the input wavelength light field, L = 2w R,y and R, is the radius of the add/drop
system. For the second coupler of the add/drop system [82, 83],

En =\T=p| V1= Ep +jJE . @77
Es = T 3| V1= kabs +jy/RaEn . (2.78)

Ey = Eop Eze 5575 (2.79)

Ey, and Ep, are the light fields circulated components of the nanoring radii and R,
and Ry, are the coupled rings into the right and left sides of the add/drop optical fil-
ter system, respectively. Transmitted and circulated components of the light fields
in the right nanoring, R, are given by

Ey=+/1l—y [\/1 — koE} +j¢:ToEr2J, (2.80)

En = v/T=y [V/T= ko + )Rk . 2.81)
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E,n = E;je 2LiJkaln, (2.82)

or

_ JV1I =y ko El
1 — JT=y T =rge 2Li—vkals’

(2.83)

b jm\/K_oEle_%Ll—jknLl
T Ty T ke Fh b 259

where L1 = 27 R, and R, is the radius of the right side nanoring. Thus, the output
circulated light field, Ey,, for the right side nanoring is given by [84, 85]

VA= T —kg) — (1 — y)e shi—kala
1 — JT=y/T=koe zL1—sknLs '

Similarly, the output circulated light field, Eoz, for the left side nanoring of the
add/drop system is given by

VA=) —k3) — (1 — y3)e~2l2hle
1 — VT= /T —kze 2laihla

where L, = 2Ry, and Ry is the radius of the left side nanoring. Regarding to more
simplification such as x; = (1 — yOY2 x0 = (1 — )2 yi = (1 — k)2, and

Em==E1

(2.85)

Eor = E3 , (2.86)

vy =(1— Kz)l/ 2 the interior circulated light fields, E1, E3 and E4 are given by
. . _aL_ g L
E| = JX1/R1Ei + jx1xay1 /K2 Eop Eige™ 12 7/ (2.87)
1 — x1x0y1y2Eo,Eore™ 2L kak ’ '
alL 4 L
Es = xoy2EorEre” 2273 4 jxy /i En, (2.88)
Ey = xoy2Eo Eop Eye™ 2Ll +jx2\/K2EOLEi2e_%%_jk"%~ (2.89)
Thus, the throughput port (E;1) output is expressed by
oL _: " 3
or_, o | CE (6_7%_Jk"%> + DEp (6_7%_Jk"%>
En = AEjy — BEpe 337743 2
1-— F(e_%%_jk"%)
(2.90)

where, A = x1x2, B = x1x2y2/k1 Eor, C = x}x2ki /K2 Eor Eor, D = (x1x2)?y1y2
JK1k2 Eor Eg 1 and F' = x1x2y1y2Eo-Eor. The power output of the throughput port (P;1)
is given by
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P = (En) - (En)* = |Enl? 2.91)
Similarly, the output optical field of the drop port (Ey») is given by,

_eL_g L 2 _aL_jy L\2
xix2/kik2EorEie™ 22772 + x1x5y1y2/k2Eor EoL Ei2 (e 227 "z)

Ep =xoyEp ,
1 — x1x2y1y2E0-EoL (e_% 5k > :
(2.92)
where the power output of the drop port (Py) is expressed by
Pp = (En) - (En)* = |Enl? (2.93)
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