
Chapter 2
Dependent Component Analysis Exploiting
Nonnegativity and/or Time-Domain Sparsity

Abstract It is well-known that many real-world signals are nonnegative [1–8], i.e.,
their sample values are either zero or greater than zero, such as images. Obviously,
nonnegativity is different from the statistical information of sources. Depending on
the kinds of dependent sources, the nonnegativity of the source signals could be
exploited to carry out dependent component analysis (DCA), i.e., separate these
unknown dependent sources from their observed mixtures. If the sources also have
certain level of sparsity in time domain, then the nonnegativity and time-domain
sparsity of the source signals can be jointly employed to achieve DCA. In this chapter,
three classes of dependent component analysis methods are introduced and analyzed,
which are the nonnegative sparse representation (NSR) based methods, the convex
geometry analysis (CGA) based methods, and the nonnegative matrix factorization
(NMF) based methods. These methods either exploit the nonnegativity of the sources
or both the nonnegativity and time-domain sparsity of the sources.

Keywords Nonnegative matrix factorization · Sparse representation · Convex
geometry analysis

2.1 Nonnegative Sparse Representation Based Methods

Nonnegativity and sparsity constraints appear in various signal decomposition
problems. For instance, in image processing, nonnegative sparse decomposition is
related to the extraction of relevant parts from the images whose variables and para-
meters correspond to pixels [4]; in machine learning, sparseness is closely related
to feature selection in learning algorithms, while nonnegativity relates to probability
distributions [1]; in environmental science, scientists investigate a relative proportion
of different pollutants in water or air, where proportion coefficients are nonnegative
and the distributions of pollutants are often sparse [1]. Thus, it is a natural choice
of applying NSR to DCA. We start from investigating the sparsity measures for
nonnegative signals.
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2.1.1 Sparsity Measures for Nonnegative Signals

A number of functions have been designed to measure the sparsity of signals. Some
of them are suitable for the measurement of sparsity of a single signal and the
others are for measuring the sparsity of a group of signals. For a single nonnegative
signal x, xi ≥ 0,∀i with n samples, one often utilizes the classic L0-norm like [9],
Lp(0 < p < 1)-norm like [10], and L1-norm [11] based measures. The L0-norm like
based measure is expressed as

Sx = #{i|xi �= 0} (2.1)

where #{i} denotes the number of i. Although this measure is traditional in many
mathematical settings, it is not suitable for many practical scenarios. One obvious
reason is that its robustness against noise is poor. Furthermore, its derivative is zero
containing no information. Thus, to find the sparsest solution, one has to employ the
exhaustive search approach. This is inconvenient and costly, especially when solving
large scale problems. In practice, the Lp(0 < p < 1)-norm like or L1-norm based
measures are often used to approximate it.

The Lp(0 < p < 1)-norm like based measure is as follows:

Sx =
(

n∑
i=1

xp
i

) 1
p

. (2.2)

This measure is a good approximation of the L0-norm like counterpart, based on
which, less observations are required to separate the sources. The Lp-norm like based
measure is also widely used for signal reconstruction in the area of compressed
sensing which aims to recover the original high dimensional signal from its low
dimensional measurements [10].

The L1-norm based measure is defined as

Sx =
n∑

i=1

xi. (2.3)

In some settings, the L1 solution can be used to find the support of the L0 solution.
Besides, the L1 solution can be found efficiently via linear programming (LP). As a
result, it is widely used to replace the L0 based complex problems. Figure 2.1 gives
a simple comparison of L0, Lp(p = 0.5), L1 and L2 function curves.

The above measures are very intuitive and widely used in different research areas,
such as blind source separation, compressed sensing, pattern recognition, machine
learning and so on. However, they are not scaled, and the corresponding quantities
do not contain meaningful information. Hence, it is not convenient to use them to
compare the sparsity of different signals. Concerning this problem, Hoyer develops
the L1-norm and L2-norm based measure which is scaled from zero to one [12], and
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Fig. 2.1 y = ||x||pp with different p

Yang et al. propose the following higher-order statistics based measure [4], whose
value is also normalized to be in [0,1]:

Sx = fmax − (
k4 − σ1k2

1k2 + σ2k1k3
)

fmax − fmin
(2.4)

where σ1 > 0 and σ2 = (2σ1 − 4)/3 are two bounded constants, and fmin = (1 −
σ1 + σ2)k4

1 , fmax = (
(1/n3) − (σ1/n) + (σ2/n2)

)
k4

1 , and ki = ‖x‖i
i, i = 1, 2, 3, 4.

Here, n is the number of samples. In the case of σ1 = 2, it is easy to derive that
σ2 = 0, fmin = −k4

1 and fmax = (1/n3 − 2/n)k4
1 . Then it results from (2.4) that

Sx = ( 1
n3 − 2

n )k4
1 − k4 + 2k2

1k2

( 1
n3 − 2

n + 1)k4
1

. (2.5)

For the purpose of visual comparison, we use the statistics based sparsity measure
in [4] to compute the Sx values of three signals with different sparsity and the result
is shown in Fig. 2.2. It can be seen that the sparsity measure in [4] matches well with
the real sparsity of these signals.

As for the sparsity measure of a group of m-dimensional nonnegative signals
X = [xT

1 , . . . , xT
r ]T , a simple scheme is to first vectorize them and then use some

existing sparsity measure. For example, if we use Hoyer’s approach in [12], the
sparsity measure for X can be described as

SX =

√
mr −

(
m∑

i=1

r∑
j=1

xij

)/(√
m∑

i=1

r∑
j=1

x2
ij

)
√

mr − 1
. (2.6)
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Fig. 2.2 Illustration of various degrees of sparseness. According to (2.5), the Sx values correspond-
ing to the three signals (from left to right) are 0.1, 0.5, 0.9, respectively

Fig. 2.3 Illustration of different degrees of sparseness. According to (2.7), the SX values corre-
sponding to the three 2-D signals (from left to right) are 0.1, 0.5, 0.9, respectively

The larger the index SX, the sparser the matrix X. In the case that each row of
X satisfies sum-to-one, one can also use the following determinant based mea-
sure [13]:

SX = det
(

XXT
)

. (2.7)

Figure 2.3 gives an illustration of three 2-D signals with different levels of sparsity
measured by (2.7).

There also exist some other useful sparsity measures, such as the Lε
0 mea-

sure [14], the tanha,b measure [15], the log measure [16], the kurtosis k4 mea-
sure [17], the Gaussian entropy diversity measure HG, the Shannon entropy diver-
sity measure HS [18], the pq-mean measure [19], and the following Gini-curve
based measure which is originally used to measure the inequality of wealth in eco-
nomics [16]:

Sx = 1 − 2
n∑

i=1

xi

||x||1

(
n − i + 1

2

n

)
(2.8)
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Table 2.1 Commonly used
sparsity measures

Measure function

L0 −#{i|xi �= 0}
Lε

0 −#{i|xi > ε}
−L1 −

n∑
i=1

xi

−Lp −(
n∑

i=1
xp

i )
1
p , 0 < p < 1

− L2
L1

−

√
n∑

i=1
x2

i

n∑
i=1

xi

− tanha,b −
n∑

i=1
tanh((axi)

b)

− log −
n∑

i=1
log(1 + x2

i )

κ4

n∑
i=1

x4
i

(
n∑

i=1
x2

i )2

HG −
n∑

i=1
logx2

i

HS −
n∑

i=1
x̃i log x̃2

i , x̃i = x2
i

‖x‖2
2

Hoyer (
√

x −
n∑

i=1
xi√

n∑
i=1

x2
i

)(
√

n − 1)−1

pq-mean −( 1
n

n∑
i=1

xp
i )

1
p ( 1

n

n∑
i=1

xq
i )

− 1
q , p < q

Gini 1−2
n∑

i=1

x(i)
‖x‖1

(
n−i+ 1

2
n ), x(1)≤x(2)≤ · · · ≤x(n)

where the elements of x are with ascending order, i.e., x1 ≤ x2 ≤ · · · ≤ xn. Table 2.1
shows a list of commonly used sparsity measures, where the functions are modified
such that larger measures correspond to sparser signals and some of them are also
shown in [20].

2.1.2 Estimation of Mixing Matrix and Source Signals

Consider the mixing system model Y = AX shown in (1.6) and assume that the source
signals X are nonnegative and sparse. Based on this mixing system model, some
NSR methods have been proposed for different scenarios, including the quadratic
programming (QP) based method for the determined mixing system [13] and the

http://dx.doi.org/10.1007/978-981-287-227-2_1
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clustering based method for the underdetermined mixing case [21]. We will discuss
the determined and underdetermined scenarios separately.

2.1.2.1 Determined Mixing System

In the determined mixing system, the number of the observations are equal or greater
than that of the sources. Similar to the independence based method for BSS, one
can implement DCA by finding a separation matrix B such that the product BA is
a permutation matrix neglecting the inherent scaling issue. Since the sources are
nonnegative and sparse, one can utilize the following optimization model, which
exploits the source sparsity based on the determinant measure, to obtain the separation
matrix [13]:

Maximize : det(BYYT BT ) (2.9)

s.t.

⎧⎪⎪⎨
⎪⎪⎩

m∑
j=1

bijyjt ≥ 0,∀i, t

m∑
j=1

bij = 1,∀i

where Y is normalized to be row-sum-to-one in prior. The objective function reflects
the sparsity of the estimated sources. Regarding the constraints, the first one denotes
the nonnegativity and the second one is used to scale each estimated source to be
sum-to-one.

In order to solve the model (2.9), the iterative sparseness maximization based
on quadratic programming (ISM-QP) algorithm is developed in [13], where the
separation matrix is optimized row-by-row iteratively. For the ith row b̄i of B, the
following optimization model is further derived:

Maximize : b̄iCb̄T
i (2.10)

s.t.

⎧⎪⎪⎨
⎪⎪⎩

m∑
j=1

bijyjt ≥ 0, ∀i, t

m∑
j=1

bij = 1

where C is a matrix independent of bi. Specifically,

C = C1 + C2 + C3 (2.11)
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with ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C1 = X̃
i−1∑
j=1

(−1)i+jb
T
j

[
i−1∑
t=1

(−1)t+i−1 det
(

Ỹij,t(i−1)

)
b̄t

+
n−1∑
t=i

(−1)t+i−1 det
(

Ỹij,t(i−1)

)
b̄t+1

]
X̃

C2 = (−1)i+i det
(

Ỹii

)
X̃

C3 = X̃
n∑

j=i+1
(−1)i+jb̄T

j

[
i−1∑
t=1

(−1)t+i det
(

Ỹij,ti

)
bt

+
n−1∑
t=i

(−1)t+i det
(

Ỹij,ti

)
bt+1

]
X̃

where X̃ = YYT , Ỹ = BYYT BT , and Ỹij denotes a (r − 1) × (r − 1) submatrix of
Ỹ with the ith row and the jth column removed. By analyzing the inequalities in the
constraints, the model (2.10) can be rewritten as

Maximize : biCb
T
i (2.12)

s.t.

⎧⎨
⎩

m∑
j=1

bijvjl ≥ 0, ∀l ∈ {1, 2, . . . , L}∑m
j=1 bij = 1

where ∀i, vi = ∑m
j=1 vji denotes the ith extreme point of the convex hull spanned by

the observations.
The ISM-QP algorithm for solving DCA with r sources from the observation Y

is summarized in Table 2.2 below. Some highly correlated face images are used to
test the effectiveness of this algorithm and Fig. 2.4 shows the separation results. We
can see that the ISM-QP algorithm achieves almost perfect recoveries.

Table 2.2 ISM-QP algorithm [13]

Step 1 (Preprocessing) Normalize each row of Y to be sum-to-one and find the extreme points
v1, v2, . . . , vL of the convex hull spanned by Y

Step 2 (Initialization) Let i = 1 and set an initial matrix with row-sum-to-one for B

Step 3 (Iteration) (i) Obtain the optimal solution b
�

i of (2.12)

(ii) Set i = i + 1 until a given stop criterion is satisfied

(iii) If i > r, reset i = mod(i, r), and if i = 0, set i = r

Step 4 (Estimation) The source matrix is estimated by B�Y, where B� = [(b�

1)
T , . . . ,

(b
�

r )
T ]T
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Fig. 2.4 Results of the ISM-QP algorithm in separating correlated face images. a Four cor-
related source images; b Four mixtures using random mixing matrix; c Four recoveries using
ISM-QP

2.1.2.2 Underdetermined Mixing System

In the underdetermined mixing system scenario, the number of sources is greater than
that of the observations. Since the mixing matrix is not invertible, it is impossible
to implement DCA by searching a separation matrix. A feasible way of solving this
challenging problem is to employ a two-step scheme: first estimate the mixing matrix
A and then recover the sources X. Regarding the estimation of the mixing matrix,
a popular approach is the clustering based one, which assumes that the sources are
sparse [21]. After the mixing matrix is obtained, the estimation of the sources falls
into the sparse reconstruction problem. In order to directly utilize the existing sparse
representation algorithms, one can recover the source matrix column by column. In
this case, the widely used L1-norm based method is a good option [11]. Furthermore,
under some conditions, the subspace based scheme gives a more efficient way to
conduct source recovery [21]. Table 2.3 shows the detailed structure of the subspace
based algorithm.
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Table 2.3 Estimating the source matrix X [21]

Step 1 (Identification) Calculate the set of k-codimensional subspaces H produced by taking
the linear hull of every subset of the columns of A with m − 1 elements

Step 2 (Iteration) For i = 1, . . . , n

(i) identify the space H ∈ H containing yi, and project yi onto H to ỹi;

(ii) if H is produced by the linear hull of column vectors ai1 , . . . ,

aim−1 , then find coefficients λij such that

ỹi =
m−1∑
j=1

λijaij

Step 3 (Estimation) The estimation of xi,∀i contains λij in the place ij for j = 1, . . . , m −1,
and its remaining components are zero

2.1.3 Uniqueness Conditions

Regarding the mixing model Y = AX with A ∈ R
m×r and X ∈ R

r×n, the uniqueness
conditions of NSR are related to both the mixing matrix A and the source matrix X.
In the case that A is determined, i.e., m ≥ r, we have the following theorem:

Theorem 2.1 If the mixing matrix A is full column rank, the source matrix X is
nonnegative, and there exists an r × r submatrix X̂ satisfying det(X̂X̂T ) = 1, where
X̂ is normalized to be row-sum-to-one, then it holds that [13]

B�A = P (2.13)

where B� is the optimal solution of (2.9) and P is a permutation matrix.

When the mixing system is underdetermined, i.e., m < r, the uniqueness analysis
becomes much more complex. If A is unknown, the following theorem gives the
sufficient conditions:

Theorem 2.2 Assume that m ≤ r ≤ n, any m × m square submatrix of A ∈ R
m×r

is nonsingular, X ∈ R
r×n is sufficiently rich and its each column has at most m − 1

nonzero elements, then the matrix Y ∈ R
m×n can be represented uniquely in the

form Y = AX if the following conditions are satisfied [21]:

(i) the columns of Y lie in the union H of Cm−1
r different hyperplanes, each column

lies in only one such hyperplane, each hyperplane contains at least m columns
of Y such that each m − 1 of them are linearly independent;

(ii) for each i ∈ 1, . . . , r, there exist p = Cm−2
r−1 different hyperplanes {Hi,j}p

j=1 in

H such that their intersection Li = ∩p
j=1{Hi,j} is 1-D subspace;

(iii) any m different Li span the whole R
m.

Sometimes, the mixing matrix is known or can be calculated by some methods. In
this case, the uniqueness of NSR is related to the uniqueness of nonnegative solution
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in a underdetermined system. We have the following theorem:

Theorem 2.3 Given that y and A ∈ R
m×r (where m < r) for the system y = Ax

(where x 
 0) with finite solutions. Let x̂ be a solution to this problem, it is the
unique solution if x̂ satisfies [22]

||x̂||0 <
1

2tA
(2.14)

where ||x̂||0 denotes the number of the non-zero element of x̂, tA = ρ(A)/(1+ρ(A))

and ρ(A) denotes the one-sided coherence which is defined as

ρ(A) = max
i,j;j �=i

|aT
i aj|

||ai||22
. (2.15)

From the viewpoint of blind source separation, the above theorem shows the condition
of uniquely recovering one column of X. Also, it can be easily extended to the
following corollary:

Corollary 2.1 Given that Y ∈ R
m×n and A ∈ R

m×r with m < r. If ∀i ∈ {1, . . . , n},
the solution x̂i of yi = Axi satisfies

||x̂i||0 <
1

2tA
(2.16)

then X̂ = [x̂1, . . . , x̂n] is the unique solution of Y = AX.

There are more uniqueness results related to the NSR problem. They range from
the analysis of the nonnegative solutions to the underdetermined linear equations,
including the restricted isometry property related conditions [23], the k-neighborly
features [24], etc.

2.2 Convex Geometry Analysis Based Methods

In the context of nonnegative sources, there might be some geometric structures in
the observations and the sources. For example, the biomedical image and human
portraits are often with local dominance feature, under which the source signals cor-
respond to the extreme points of some observation-constructed convex polyhedral
set [5]; the hyper-spectral image abundance (or source) matrix has column-sum-to-
one feature, such that it corresponds to the minimum volume simplex among those
enclose of the observed data [6]; and the dynamic positron emission tomography
images and the mass spectra for metabolomics are often the minimum aperture sim-
plicial convex cones which contain their respective mixtures [7]. The use of these
geometric features, instead of the statistical features of the sources, can facilitate the
blind separation of mutually correlated sources.
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Fig. 2.5 Illustration of three sources with local dominance feature, where the dominant indices are
2, 5, 7 respectively

2.2.1 Geometric Features

Local dominance, also called pure source sample in [25], is an important geometric
feature existing in some sources. It means that for each source there is at least one time
instant at which the source dominates. A mathematical definition of local dominance
is as follows:

Definition 2.1 (Local dominance): A group of sources xT
1 , . . . , xT

r have local dom-
inance feature if for each i ∈ {1, . . . , r}, there exists an index li such that xi(li) > 0
and xj(li) = 0,∀j �= i.

Figure 2.5 gives an illustration of three sources with local dominance feature, where
the dominant indices for the three sources are 2, 5, 7 respectively.

The local dominance feature may be completely satisfied or serve as a good
approximation when the source signals are sparse (or contain many zeros). For
example, in brain magnetic resonance imaging (MRI), the nonoverlapping region
of the spatial distribution of fast perfusion and slow perfusion source images can be
larger than 95 % [27]. In the hyperspectral unmixing problem, the abundances of the
ground covers are often quite sparse, and thus the source images (corresponding to
the abundances) tend to satisfy local dominance [26]. It may also be appropriate to
consider this feature when the source signals exhibit high contrast, which could exist
in sources such as face images and natural images. The local dominance feature is
widely applied to solving the BSS problem [5, 28].

Another geometric feature is the minimum cone feature related to the mixing
matrix [25, 29, 30]. From the mixing model Y = AX with X 
 0, we can see that
each column of Y is the nonnegative linear combination of the columns of A. This
implies that the cones which enclose Y are related to A. Specifically, it is found that
the vertices of the simplicial cone and convex hull (defined below) with minimum
volume correspond to the columns of A under some conditions.
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Fig. 2.6 Scatter plot of mixed data included in Span+(A)
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Fig. 2.7 Scatter plot of mixed data included in Conv+(A)

Definition 2.2 (Simplicial cone): The simplicial cone generated by the columns
of A, denoted by Span+(A), is defined as [7]:

Span+(A) = {y|y = Ax with x ∈ R
r+}. (2.17)

Definition 2.3 (Convex hull): The convex hull generated by the columns of A,
denoted by Conv+(A), is defined as [6]:

Conv+(A) = {y|y = Ax,

r∑
i=1

xi = 1, xi ∈ R
r+}. (2.18)

Figures 2.6 and 2.7 illustrate respectively Span+(A) and Conv+(A) in the case r = 3,
where A is randomly generated as



2.2 Convex Geometry Analysis Based Methods 31

A =
⎡
⎣0.6493 0.1765 0.2609

0.2088 0.1159 0.6469
0.9641 0.8015 0.9105

⎤
⎦ .

2.2.2 Estimation of Source Signals

There are many CGA based methods for DCA, which explicitly exploit the local
dominance feature of the sources, including the convex analysis of mixtures of non-
negative sources using linear programming (CAMNS-LP) [5], the project pursuit
(PP) [28] , the vertex component analysis (VCA) [26] and the modified VCA [31].
Here, we introduce the first two algorithms for reference. Regarding the CAMNS-
LP method, it combines the convex analysis and optimization techniques. In this
method, one first finds, through the convex analysis, the true source signals which
serve as the extreme points of some observation-constructed polyhedral set. Then, an
extreme-point finding algorithm is developed, by taking advantage of the powerful
tool of linear programming, for source recovery. Actually, for the given mixture Y,
it first calculates the 2-tuple (C, d) as follows:

⎧⎨
⎩d = 1

m

m∑
i=1

ȳT
i

C = [
q1(UUT ), q2(UUT ), . . . , qr−1(UUT )

] (2.19)

where U = [ȳT
1 −d, . . . , ȳT

m−d] ∈ R
n×m, the notation qi(A) denotes the eigenvector

associated with the ith principal eigenvalue of the mixing matrix A, and ȳi is the ith
row of the mixture matrix Y. This 2-tuple constructs a meaningful affine hull. Built
upon this 2-tuple, a series of LP problems are constructed for separating the sources.
Then, the CAMNS-LP method recovers the sources iteratively, where only solvable
LP problems need to be processed in each iteration. Table 2.4 shows the structure of
the CAMNS-LP algorithm.

As for the PP method, it first maps the observation matrix into a superplane such
that one of the rows of the mapped observation matrix has equal elements with value 1.
This ensures that the unaccessible source matrix is normalized to be column-sum-
to-one. Then, based on the property of the normalized source matrix, it estimates
one column of the mixing matrix A by searching an optimal projection vector for
the mapped observation matrix. After that, it estimates another column by searching
another optimal vector in the subspace orthogonal to the already estimated columns.
All columns of the mixing matrix A can be obtained by repeating this process. The
PP method works under the same conditions as those of the CAMNS-LP method but
it has much less computational complexity as it only needs to solve one LP problem
[28]. The PP algorithm is summarized in Table 2.5.
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Table 2.4 CAMNS-LP algorithm [5]

Step 1 (Preprocessing) Calculate the 2-tuple (C, d) of the given Y by (2.19)

Step 2 (Initialization) Set l = 0 and B = In, where In is the n × n identity matrix

Step 3 (Iteration) While l ≤ r,

(i) let h = Bw, where w ∼ N(0, 1) is a randomly generated vector;

(ii) solve the LPs

p� = min
α:Cα+d
0

hT (Cα + d)

q� = max
α:Cα+d
0

hT (Cα + d)

and obtain their optimal solutions, denoted by α�
1 and α�

2, respectively;

(iii) if l = 0, let

Ŝ = [Cα�
1 + d, Cα�

2 + d]
else, update Ŝ by

Ŝ :=
{

[̂S, Cα�
1 + d], if |p�| �= 0

[̂S, Cα�
2 + d], if |q�| �= 0

;

(iv) update l to be the number of the columns of Ŝ, and apply QR
decomposition to Ŝ as

Ŝ = QlRl

where Ql ∈ R
n×l and Rl ∈ R

l×l;

(v) update B by

B := In − QlQT
l

Step 4 (Estimating X) Finally, the source matrix X is estimated by X̂ = ŜT

To give a visual comparison of the performance of the PP and CAMNS-LP
algorithms, we use them to test four correlated fingerprint images,1 where the cor-
relation coefficient matrix C is:

C =

⎡
⎢⎢⎣

1.0000 0.7908 0.5939 0.6965
0.7908 1.0000 0.6548 0.7712
0.5939 0.6548 1.0000 0.7767
0.6965 0.7712 0.7767 1.0000

⎤
⎥⎥⎦ .

The mixing matrix A is generated randomly as:

A =

⎡
⎢⎢⎣

0.7814 0.4464 0.3072 0.3298
0.4157 0.5367 0.2705 0.3822
0.4703 0.7291 0.6629 0.4115
0.4970 0.3533 0.5180 0.9035

⎤
⎥⎥⎦ .

Figure 2.8 shows the source images, the mixtures, and the recoveries by using the PP
algorithm and the CAMNS-LP algorithm, respectively. It can be seen that both of

1 See http://biometrics.cse.msu.edu/fvc04db/index.html.

http://biometrics.cse.msu.edu/fvc04db/index.html
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Table 2.5 PP algorithm [28]

Step 1 (Preprocessing) (i) Obtain u satisfying uT yi > 0,∀i and suppose uq �= 0

(ii) Compute D by

D = diag(1T � (uT Y))

where 1 is a all-1 column vector and � denotes component-wise
division

(iii) Let Ĩm be the m × m identity matrix with the qth row replaced
by uT . Map Y into Ỹ by

Ỹ = ĨmYD

Step 2 (Estimating a1) (i) Set v = 0 and generate randomly a full-rank square matrix B
(ii) Update v using the scheme (related to B) in [28] and estimate
â1 by

â1 = yj

where

j =
{

arg max(vT Ỹ), if max(bT
1 Ỹ) > 0

arg min(vT Ỹ), else

Step 3 (Estimating a2, . . . , ar) For k = 1, 2, . . . , r − 1,

(i) update Âk and Â⊥
k by{

Âk = [â1, . . . , âk]
Â⊥

k =
(

Ir − Âk(ÂT
k Âk)

−1ÂT
k

)
H

where H ∈ R
r×(r−k) is a matrix of full column rank;

(ii) update B by{
B(1 : r, 1 : r − k) = Â⊥

k

B(1 : r, r − k + 1 : r) = Âk

(iii) estimate âk+1 using the method shown in Step 2.

Step 4 (Estimating X) Let Âr = [â1, â2, . . . , âr], then the source matrix is estimated by

X̂ = Â−1
r Y

them achieve satisfactory separating results. The corresponding CPU running times
for these two algorithms are 2.9172 and 40.0455 s, respectively, indicating that the
PP algorithm is much faster than the CAMNS-LP method.

Also, there are some methods which do not require the local dominance condition,
such as the minimum volume simplex (MVS) [6] and the simplicial cone shrinking
algorithm (SCSA) [7]. The MVS algorithm assumes that the sources are column-
sum-to-one, i.e., the full additivity. In the noiseless case, one can relax the full
additivity assumption by normalizing each column of the data matrix to a unit sum.
However, in the noisy case, enforcing this normalization may amplify noise and
thus yield a bad estimation of the sources, especially if the number of sources is
overestimated. Different from the MVS algorithm, SCSA estimates the mixing matrix
and the sources by finding the minimum aperture simplicial cone (MASC) containing
the scatter plot of the mixed data. It needs neither the local dominance condition nor
the full additivity assumption, applicable to a wider range of applications. Generally,
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(a)

(b)

(c)

(d)

Fig. 2.8 Results of separating correlated fingerprint images by the PP and CAMNS-LP algorithms.
a Four correlated source images; b Four mixtures; c Four recoveries using PP; d Four recoveries
using CAMNS-LP

SCSA first finds a proper initial simplicial cone by using the VCA algorithm in [26],
then decreases the aperture of the current simplicial cone iteratively. A summary of
SCSA is shown in Table 2.6.

2.2.3 Source Identifiability Analysis

Regarding the source identifiability issue in relation to the mixing model Y = AX,
there are several conclusions shown in the following theorems.

Theorem 2.4 Assuming that the sources are nonnegative with local dominance fea-
ture and the mixing matrix is full column rank with row-sum-to-one, the extreme
points of the following polyhedral set correspond to the r true source vectors [5]:

{y ∈ R
n|y = Cα + d 
 0, α ∈ R

r−1} (2.20)

where (C, d) is obtained from Y by (2.19).

This theorem shows how the local dominance feature affects the identification of the
sources. If the mixing system satisfies the mentioned conditions, the sources can be
recovered by searching the extreme points related to (2.20).
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Table 2.6 A summary of SCSA [7]

Step 1 (Initialization) Set W = Im or find it by using the VCA method and set

D = W−1Y

Step 2 (Iteration) (i) ∀i ∈ {1, . . . , r}, compute Vi by

Vi =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 . . . 0 v1i 0 · · · 0

0 1 · · · 0 v2i 0 · · · 0
.
.
.

.

.

.
. . .

.

.

.
.
.
.

.

.

.
. . .

.

.

.

0 0 · · · 1 v(i−1)i 0 · · · 0

0 0 · · · 0 1 0 · · · 0

0 0 · · · 0 v(i+1)i 1 · · · 0
.
.
.

.

.

.
. . .

.

.

.
.
.
.

.

.

.
. . .

.

.

.

0 0 · · · 0 vmi 0 · · · 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and update W, D by{
W = WV1V2 · · · Vr

D = [Rr ]−1[Rr−1]−1 · · · [R1]−1D
.

(ii) Compute Q by

Q(p+1) = Qp−μ
[
− (W−1)T TnullTT

σ
+ 4γ Qp(QT

p Qp − Ir)
]

where μ is a learning rate parameter, T = W−1QpY, Tnull =
exp(−T/σ), σ > 0, and γ ≥ 0. And let{

W = QW
D = W−1Q−1Y

(iii) If Q = Ir , stop the iteration

Step 3 (Estimation) A and X are estimated by using MATLAB functions max(W, 0) and
max(D, 0), respectively

More recent results about source identification are given in [7] as follows:

Theorem 2.5 Span+(A) is the unique nonnegative MASC containing the scatter
plot of the mixed data if and only if Span+(Ir) is the unique nonnegative MASC
containing the scatter plot of the sources, where Ir denotes the r × r identity matrix.

Theorem 2.6 (Necessary condition) If Span+(Ir) is the unique nonnegative MASC
containing the scatter plot of the sources, then there is at least one point of the cloud
of sources on each facet of Span+(Ir), i.e., ∀1 ≤ i ≤ r, ∃ki such that xi(ki) = 0.

Theorem 2.7 (Sufficient condition 1) If the sources are nonnegative and locally
dominant, then Span+(Ir) is the unique nonnegative MASC containing the scatter
plot of sources.

Theorem 2.8 (Sufficient condition 2) For each facet of Span+(Ir), if atleast r − 1
points of the scatter plot of the sources belong to underlined facet, and the vectors
corresponding to these points are linearly independent, then Span+(Ir) is the unique
nonnegative MASC containing the scatter plot of the sources.
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2.3 Nonnegative Matrix Factorization Based Methods

Like the sources, sometimes the mixing matrix is also nonnegative. For example,
in remote sensing image processing, both the endmember signature matrix and the
abundance matrix are nonnegative [4]. In fluorescence spectroscopy analysis, the
pure species spectra and their concentrations are also nonnegative [3]. More prac-
tical mixing systems with nonnegative sources and nonnegative mixing matrix can
be found in [1]. Since NMF aims to decompose a given nonnegative matrix into the
product of two nonnegative matrices [8], it matches well with the BSS problem, or
DCA when the sources are spatially correlated. NMF is a well developed scheme
which is widely used in the areas of signal processing and pattern recognition. Over
the last few years, a number of NMF based methods have been proposed to imple-
ment DCA, such as NMF-MVC [32], NMF-L1 [33], and NMF-SMC [4]. Prior to
discussing these methods, we first introduce some NMF models.

2.3.1 Nonnegative Matrix Factorization Models

Assume that Y is a given nonnegative matrix, NMF aims to decompose Y into the
product of two nonnegative matrices, denoted by A and X, respectively. Mathemat-
ically, the standard NMF can be described as [1, 8]

Y ≈ AX (2.21)

where Y ∈ R
m×n+ , A ∈ R

m×r+ , X ∈ R
r×n+ . Clearly, under the case of perfect decom-

position, i.e., Y is equal to AX, NMF model is equivalent to the noiseless BSS
mixing model. This motivates researchers to exploit NMF schemes to solve the BSS
problem [1].

In order to achieve NMF, several useful cost or measure functions have been
proposed for particular applications. Let Ŷ be the decomposition of Y. We list three
major cost functions here.

• The first function is the Euclidean distance based function [8]

D(Y‖Ŷ) = 1

2
‖Y − Ŷ‖2

2 = 1

2

m∑
i=1

n∑
j=1

(yij − ŷij)
2 (2.22)

which measures the error of the given matrix and its decomposition. It is lower
bounded by zero and vanishes if and only if Y = Ŷ.

• The second function is the Kullback-Leibler (KL) divergence based function [34]

D(Y‖Ŷ) =
m∑

i=1

n∑
j=1

(yij log
yij

ŷij
− yij + ŷij). (2.23)
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Fig. 2.9 Euclidean distance (ED), KL divergence (KLD) and IS divergence (ISD) versus ŷij , where
yij = 1 [35]

Similar to the Euclidean distance, this function is also lower bounded by zero and
vanishes if and only if Y = Ŷ. Since it is not symmetric about Y and Ŷ, it is called
divergence.

• The third function is the Itakura-Saito (IS) divergence based function [35]

D(Y‖Ŷ) =
m∑

i=1

n∑
j=1

(
yij

ŷij
− log

yij

ŷij
− 1). (2.24)

Clearly, the IS divergence depends only on the ratio
yij

ŷij
. This property is favorable

when analyzing most audio signals such as music and speech, where the low
frequency components have much higher energy than high frequency components.

Figure 2.9 shows the Euclidean distance, KL divergence and IS divergence under
different ŷij varying from 0 to 5, where yij = 1. We can see that the KL and IS
divergences are less sensitive to over-approximation than under-approximation.

There also exist some other divergence based cost functions, such as the
α-divergence [36], β-divergence [37], αβ-divergence [38], and f -divergence [36].
Table 2.7 shows the afore-mentioned distance and divergence based cost functions,
which are used for NMF.

Based on the Euclidean distance, the NMF optimization model to (2.21) is

Minimize : D = 1

2
‖Y − AX‖2

2 (2.25)

s.t. A 
 0 and X 
 0, where 
 denotes the component-wise inequality. Since NMF
does not necessarily generate a desired result, one often needs to add some constraints
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Table 2.7 Distance and divergence based cost functions

Cost function D(Y‖Ŷ)

Euclidean distance 1
2

m∑
i=1

n∑
j=1

(yij − ŷij)
2

KL divergence
m∑

i=1

n∑
j=1

(yij log
yij

ŷij
− yij + ŷij)

IS divergence
m∑

i=1

n∑
j=1

(
yij

ŷij
− log

yij

ŷij
− 1)

β-divergence
m∑

i=1

n∑
j=1

(
yβ

ij
β(β−1)

+ ŷβ
ij
β

− yij ŷ
β−1
ij

β−1 ), β ∈ R, β �= 0, 1

α-divergence 1
α(1−α)

m∑
i=1

n∑
j=1

(
αyij + (1 − α)ŷij − yα

ij ŷ
1−α
ij

)

αβ-divergence − 1
αβ

m∑
i=1

n∑
j=1

(
yα

ij ŷ
β
ij − α

α+β
yα+β

ij − β
α+β

ŷα+β
ij

)
, α, β, α + β �= 0

f-divergence
m∑

i=1

n∑
j=1

(
yijf (

ŷij
yij

)
)

(or regularization/penalty terms) into the model. A general constrained NMF model
can be written as [39]

Minimize : DJ = 1

2
‖Y − AX‖2

2 + αJ(A) + βJ(X) (2.26)

s.t. A 
 0 and X 
 0.

Dependent on the practical applications, different constraints could be considered.
Some useful constraints are as follows.

• Volume based constraint on A [29]:

J(A) = 1

2(r − 1)!det2
(
[1 Ã

T ]
)

. (2.27)

Here, the matrix Ã ∈ R
(r−1)×r is calculated by

Ã = UT (A − μ1T ) (2.28)

where U ∈ R
m×(r−1) is formed by the r − 1 most significant components of Y

through principal component analysis and the column vector μ contains the means
of the rows of Y.

• Dispersion based constraint on A [40]:

J(A) = Tr
(

AT A
)

− 1

m
Tr
(

AT EA
)

(2.29)



2.3 Nonnegative Matrix Factorization Based Methods 39

where Tr(·) denotes the trace operator and E stands for the m × m matrix whose
entries are all one.

• Temporal continuity based constraint on X [41]:

J(X) =
r∑

j=1

1

σ 2
j

n∑
t=2

(xjt − xj(t−1))
2 (2.30)

where σj =
√

(1/n)
n∑

t=1
x2

jt denotes the standard deviation of the jth component x̄j

and x̄j is the jth row of X.
• Dependence based constraint on X [42]:

J(X) = 1

2

[
r∑

i=1

log((XXT )ii) − log(det(XXT ))

]
. (2.31)

2.3.2 Estimation of Mixing Matrix and Source Signals

To solve the model (2.25), one can utilize the scheme based on the alternatively itera-
tive multiplication updating rule in [34], together with the classic gradient based tool.
From (2.25), the partial derivatives of the cost function D with respect to X and A are

{
∂D
∂X = AT AX − AT Y
∂D
∂A = AXXT − YXT . (2.32)

According to the gradient based optimization rule, X and A can be updated by

{
X := X − ηX ⊗ (AT AX − AT Y)

A := A − ηA ⊗ (AXXT − YXT )
(2.33)

where ⊗ denotes the component-wise multiplication. To keep the nonnegativity of
X and A, the learning rates ηX and ηA are often chosen as

{
ηX = X

AT AX
ηA = A

AXXT

. (2.34)

Then, the corresponding iteration formulae for A and X are as follows:

⎧⎪⎨
⎪⎩

X := X ⊗ AT Y
AT AX

A := A ⊗ YXT

AXXT

. (2.35)
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Table 2.8 NMF algorithm [34]

Step 1 (Initialization) Randomly generate initial A and X

Step 2 (Iteration) While a stop criterion is not satisfied,

(i) update X by

X := X ⊗ AT Y
AT AX

;

(ii) update A by⎧⎨
⎩

A := A ⊗ YXT

AXXT

A := A(diag(1 � (
m∑

i=1
āi)

T ))
.

Step 3 (Estimation) The final A and X are the estimates of the mixing matrix and the sources,
respectively

Furthermore, to tackle the inevitable scaling issue, one often normalizes A by

A := A(diag(1 � (

m∑
i=1

āi)
T )) (2.36)

where � denotes the component-wise division, āi is the ith row of A, and diag(x)

denotes a diagonal matrix whose diagonal entries correspond to the elements of the
vector x. The complete NMF algorithm is shown in Table 2.8.

Regarding the algorithms concerning the constrained NMF model (2.26), they are
related to the exact constraints on the sources or the mixing matrix. For unmixing the
hyper-spectral data, a source-constrained NMF method is proposed in [4]. Figure 2.10
shows the results of using this method and the traditional Kruse’s method2 to sepa-
rate some hyper-spectral images. We can see that both methods obtain meaningful
separation results.

In the following, we will further introduce some recently developed algorithms
which apply volume constraint on A, including both batch mode and online mode.
According to the analysis in [32], a new volume constraint on A is JA = det(AT A)/2.
Then, (2.26) is simplified as

Minimize : DJ = 1

2
‖Y − AX‖2

2 + α

2
det(AT A) (2.37)

s.t. A 
 0 and X 
 0.

In this case, the derivatives of DJ with respect to X and A are

⎧⎨
⎩

∂DJ
∂X = AT AX − AT Y

∂DJ
∂A = AXXT − YXT + α(det(AT A)A(AT A)−1)

. (2.38)

2 Available: http://www.hgimaging.com/PDF/Kruse-JPL2002-AVIRIS-Hyperion.pdf.

http://www.hgimaging.com/PDF/Kruse-JPL2002-AVIRIS-Hyperion.pdf
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(a)

(b)

(c)

Fig. 2.10 Results of separating real-world hyper-spectral images by the constrained NMF algorithm
and Kruse’s algorithm. a Three source images; b Three recoveries using the constrained NMF;
c Three recoveries using Kruse’s method

A traditional gradient based method is utilized to update X as follows:

X := X − ηX ⊗ ∂DJ

∂X
= X − ηX ⊗ (AT AX − AT Y) (2.39)

= X − ηX ⊗ (AT AX + δX − AT Y − δX).

Here, δX denotes a matrix with the same size of X and its entries all take the small
positive value δ. It is used to avoid possible numerical instability. ηX denotes the
learning rate. By setting ηX = X

AT AX+δX
, then X can be updated by

X := X ⊗ AT Y + δX

AT AX + δX
. (2.40)

Now we consider the update of A. As shown in (2.38), the partial derivative
∂DJ/∂A includes the computation of the inverse matrix of AT A. This may break
the nonnegativity of A. To conquer this obstacle, the so-called natural gradient (NG)
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is employed, which is widely discussed in [43, 44]. In fact, since A is full column
rank, there exists a matrix B such that BA = Ir . Consequently, the parameter matrix
A has a special algebraic structure, namely Li group structure, making the variables
therein like a curved Riemann manifold. It is known that the natural gradient, instead
of the ordinary gradient, is the steepest descent direction in the Riemann manifold
[43, 44]. Hence, the natural gradient is utilized to update A as follows:

A := A − ηA ⊗
(

∂DJ

∂A
AT A

)

= A − ηA ⊗
(
(AXXT − YXT + α det(AT A)A(AT A)−1)AT A

)
(2.41)

= A − ηA ⊗
(

AXXT AT A + α det(AT A)A + δA − YXT AT A − δA

)
.

To ensure the nonnegativity of A, the learning rate ηA is chosen as

ηA = A

AXXT AT A + α det(AT A)A + δA
. (2.42)

Thus, A can be updated by

A := A ⊗ YXT AT A + δA

AXXT AT A + α det(AT A)A + δA
. (2.43)

The NG based minimum volume constrained NMF (NG-MVC-NMF) algorithm [32]
is summarized in Table 2.9.

In addition to the batch algorithm for the volume based NMF, the corresponding
online learning version has also been developed. Compared with the batch mode
which usually suffers from large storage requirement and high computational com-
plexity when the observations are large scale, the online mode or incremental learn-
ing scheme is particularly appealing owing to its low computational cost. Table 2.10
shows the incremental NMF with volume constraint (INMF-VC) [30].

Table 2.9 NG-MVC-NMF algorithm [32]

Step 1 (Initialization) Randomly generate initial A and X. Set α > 0 and δ = 10−6

Step 2 (Iteration) While a stop criterion is not satisfied,

(i) update X by

X := X ⊗ AT Y+δX
AT AX+δX

;

(ii) update A by{
A := A ⊗ YXT AT A+δA

AXXT AT A+α det(AT A)A+δA

A := A(diag(1 � (ã)))
.

Step 3 (Estimation) The final A and X are the estimates of the mixing matrix and the
sources, respectively
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Table 2.10 INMF-VC algorithm [30]

Step 1 (Initialization) Set an initial sample number p for learning process. Then,

(i) project the collected k = p samples y1, . . . , yk to be [ỹ1, . . . , ỹk] on

the hyperplane � :
m∑

i=1
ỹi = 1, and construct the initial matrix Ỹk =

[ỹ1, . . . , ỹk];
(ii) obtain Ak and X̃k from Ỹk by using the normal NMF algorithm

Step 2 (Learning) For the (k + 1)th sample yk+1,

(i) project it to be ỹk+1 by

[ỹk+1]i = [yk+1]i/
∑m

j=1[yk+1]j;

(ii) let Ak+1 = Ak and update x̃k+1 by

x̃k+1 := x̃k+1 ⊗ AT
k+1h̃k+1+δx̃k+1

AT
k+1Ak+1 x̃k+1+δx̃k+1

;

(iii) update Ak+1 by

Ak+1 := Ak+1 ⊗
(
αỸk X̃T

k +βỹk+1 x̃T
k+1

)
AT

k+1Ak+1+δAk+1(
αAk+1X̃k X̃T

k +βAk+1 x̃k+1 x̃T
k+1

)
AT

k+1Ak+1+βμAk+1+δAk+1

Step 3 (Estimation) Estimate the (k + 1)th column of X by

xk+1 = x̃k+1/
∑m

j=1[yk+1]j .

If k + 1 is less than the number of the total samples, let k = k + 1 and go
to Step 2

Table 2.11 NGMCA algorithm [45]

Step 1 (Initialization) Set a maximum iteration number K and the initial values for A0, X0 and
λ1

Step 2 (Iteration) For k = 1, 2, . . . , K

(i) normalize the columns of Ak−1;

(ii) update Xk by

Xk = argminX
0
1
2 ||Y − Ak−1X||22 + λk ||X||1;

(iii) update Ak by

Ak = argminA
0
1
2 ||Y − AXk ||22;

(iv) Select λk+1 ≤ λk

Step 3 (Estimation) AK and XK are the estimates of the mixing matrix and the source matrix,
respectively

Furthermore, the nonnegative generalized morphological component analysis
(NGMCA) method [45] is proposed to deal with DCA in the situations where the
measurements or the observations are polluted by noise. Different from the tradi-
tional NMF algorithms which are usually applicable to determined mixing systems,
NGMCA can also be applied to underdetermined mixing systems. Table 2.11 shows
the NGMCA algorithm with soft threshold.
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2.3.3 Algorithm Analysis

As for the initialization of the decomposition process, there are many useful methods
which are verified to be efficient. The singular value decomposition based scheme
is one of the best methods for initialization, which has advantages in approximating
the data matrix [46]. Other initialization methods include spherical k-means cluster-
ing [47], principal component analysis, fuzzy clustering and Gabor wavelets [48],
etc.

Regarding the convergence of algorithms, Lin gives a detailed convergence analy-
sis of the multiplicative update algorithms which are widely used in NMF based
methods [49], Yang and Yi propose a novel scheme to analyze the convergence of
the constrained NMF with application to BSS [50], and Badeau et al. analyze the
stability of these algorithms [51].

With regard to the uniqueness of NMF, it is analyzed under different conditions in
[52]. In [53], Donoho and Stodden show that the NMF is unique if the involved data
satisfies three rules: (a) generative model, (b) separability, and (c) complete factorial
sampling. In [54], Laurberg et al. propose the following theorem.

Theorem 2.9 If rank(Y) = r, the NMF Y = AX is unique if and only if the
nonnegative orthant is the only simplicial cone � with r extreme rays that satisfies

cone(AT ) ⊆ � ⊆ dcone(X) (2.44)

where dcone(X) denotes the dual cone of cone(X).

Furthermore, Schachtner et al. propose a determinant criterion to constrain the solu-
tions of NMF problems and achieve unique and optimal solutions in a general set-
ting [55].
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