
Chapter 2
Modeling of Thermal Non-equilibrium

2.1 Introduction

Convection heat transfer in porous media has been extensively investigated due to
its many important engineering applications. The wide applications available have
led to numerous investigations in this area. Such applications can be found in solar
receiver devices, building thermal insulation, heat exchangers, energy storage units,
etc. From the point of view of the energy equation there are two different models,
local thermal equilibrium model and two energy approach. The first model assumes
that the solid temperature is equal to the fluid temperature, thus local thermal
equilibrium between the fluid and the solid-phases is achieved at any location in the
porous media. This model simplifies theoretical and numerical research, but the
assumption of local thermal equilibrium between the fluid and the solid is inade-
quate for a number of problems [1, 2]. In recent years more attention has been paid
to the local thermal non-equilibrium model and its use has increased in theoretical
and numerical research for convection heat transfer processes in porous media [3,
4]. Saito and de Lemos [5] considered local thermal non-equilibrium and obtained
the interfacial heat transfer coefficient for laminar flow using a single unit cell with
local instantaneous transport equations.

This chapter details the proposition of a new correlation for obtaining the
interfacial heat transfer coefficient for turbulent flow in a packed bed. The bed is
modeled as an infinite staggered array of square rods and the range of Reynolds
number, based on the size of the rod, is extended up to 107. In-line rod arrangement
is here not considered as the objective of this work is first to consolidate results for
staggered arrays. Future investigations shall consider different array arrangements
as well as distinct rod shapes, such as elliptical and circular rods.

The next sessions details the basic mathematical model, including the mean and
turbulent fields for turbulent flows. Although the discussion of turbulent motion in
porous media isn’t present in this work the definition and concept to calculating the
interfacial heat transfer coefficient for macroscopic flows are presented.
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2.2 Governing Equations

2.2.1 Local Instantaneous Transport Equations

Microscopic transport equations or local time-averaged transport equations for
incompressible fluid flow in a rigid homogeneous porous medium have been already
presented in the literature and for that, they are here just presented [6]. The governing
equations for the flow and energy for an incompressible fluid are given by:

Continuity:r � u ¼ 0: ð2:1Þ

Momentum: q
@u
@t

þr � uuð Þ
� �

¼ �rpþ lr2u: ð2:2Þ

Energy-Fluid Phase: qcp
� �

f

@Tf
@t

þr � uTf
� �� �

¼ r � kfrTf
� �þ Sf : ð2:3Þ

Energy-Solid Phase Porous Matrixð Þ : qcp
� �

s

@Ts
@t

¼ r � ksrTsð Þ þ Ss: ð2:4Þ

where the subscripts f and s refer to fluid and solid phases, respectively. Here, T is
the temperature kf is the fluid thermal conductivity, ks is the solid thermal con-
ductivity, cp is the specific heat and S is the heat generation term. If there is no heat
generation either in the solid or in the fluid, one has further Sf ¼ Ss ¼ 0.

For turbulent flows, the standard time averaged transport equations can be
written as:

Continuity: r � �u ¼ 0: ð2:5Þ

Momentum: qf r � �u�uð Þ½ � ¼ �r�pþr � l r�uþ r�uð ÞT� 	� qu0u0

 �

: ð2:6Þ

where the low and high Reynolds k � e model is used to obtain the eddy viscosity,
lt, whose equations for the turbulent kinetic energy per unit mass and for its
dissipation rate read:

Turbulent kinetic energy per unit mass:

qf r � �ukð Þ½ � ¼ r � lþ lt
rk

� 

rk

� �
� qu0u0 : r�u� qe ð2:7Þ

Turbulent kinetic energy per unit mass dissipation rate:

qf r � �ueð Þ½ � ¼ r � lþ lt
re

� 

re

� �
þ c1 �qu0u0 : r�u

� �� c2f2qe
� 	 e

k
ð2:8Þ
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Reynolds stresses and the Eddy viscosity is given by, respectively:

�qu0u0 ¼ lt r�uþ r�uð ÞT� 	� 2
3
qkI ð2:9Þ

lt ¼ qclfl
k2

e
ð2:10Þ

where, q is the fluid density, p is the pressure, l represents the fluid viscosity.
In the above equation set rk , re, c1, c2, and cl are dimensionless constants

whereas f2 and fl are damping functions of the low Re k � e turbulence models is
justified by the fact that the turbulent flow in porous media occurs for Reynolds
number relatively low. To account for the low Reynolds effects, the following
damping functions were adopted.

fl ¼ 1� exp �ðmeÞ0:25y
14m

" #( )2

1þ 5

ðk2=meÞ0:75 exp � ðk2�meÞ
200

� 
2
" #( )

ð2:11Þ

f2 ¼ 1� exp �ðmeÞ0:25y
3:1m

" #( )2

1� 0:3 exp � ðk2�meÞ
6:5

� 
2
" #( )

ð2:12Þ

where y is the coordinate normal to the wall. The turbulent model constants are
given as follows,

cl ¼ 0:09, c1 ¼ 1:5, c2 ¼ 1:9, rk ¼ 1:4, re ¼ 1:3.
For the high Re model the standard constants of Launder and Spalding [7] were

emplyed.
Also, the time averaged energy equations become:

Energy-Fluid Phase: qcp
� �

f r � �u�Tf
� �� 	 ¼ r � kfr�Tf

� �� qcp
� �

fr � u0T 0
f

� �
:

ð2:13Þ

Energy-Solid Phase Porous Matrixð Þ:r � ksr�Tsð Þ þ Ss ¼ 0: ð2:14Þ

2.2.2 Double-Decomposition of Variables

Macroscopic transport equations for turbulent flow in a porous medium are
obtained through the simultaneous application of time and volume average oper-
ators over a generic fluid property u. Such concepts are defined as [8–10].
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�u ¼ 1
Dt

Z tþDt

t
udt; with u ¼ �uþ u0 ð2:15Þ

for time splitting, as used in Eqs. (2.14)–(2.22), and

huii ¼ 1
DVf

Z
DVf

udV ; huiv ¼ /huii; / ¼ DVf

DV
; with u ¼ huii þ iu

ð2:16Þ

for volume splitting, where DVf is the volume of the fluid contained in a
Representative Elementary Volume DV (REV, see Fig. 1.2a). Intrinsic average
(fluid-based) and volume average (fluid-plus-soid-based) are represented, respec-
tively, by h ii and h iv. The double decomposition idea, introduced and fully
described in [8–10], combines Eqs. (2.15) and (2.16) and can be summarized as:

huii ¼ h�uii; i�u ¼ iu; hu0ii ¼ huii0 ð2:17Þ

and,

u0 ¼ hu0ii þ iu0
iu ¼ iuþ iu0

�
where iu0 ¼ u0 � hu0ii ¼ iu� iu ð2:18Þ

therefore, the general vector quantity u can be expressed by either,

u ¼ huii þ huii0 þ iuþ iu0 ð2:19Þ

or

u ¼ h�uii þ i�uþ hu0ii þ iu0: ð2:20Þ

The term iu0 can be viewed as either the temporal fluctuation of the spatial
deviation or the spatial deviation of the temporal fluctuation of the quantity u.

2.2.3 Macroscopic Flow Equations

When the average operators (2.15) and (2.16) are simultaneously applied over
Eqs. (2.1) and (2.2), macroscopic equations for turbulent flow are obtained. Volume
integration is performed over a Representative Elementary Volume (REV) [11, 12],
resulting in,
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Continuity:r � �uD ¼ 0: ð2:21Þ

where, �uD ¼ /h�uii and h�uii identifies the intrinsic average of the time-averaged
velocity vector �u.

Momentum:

q
@�uD
@t

þr � �uD�uD
/

� 
� �
¼�rð/h�piiÞ þ lr2�uD �r � ðq/hu0u0iiÞ

� l/
K

�uD þ cF/q j�uDj�uDffiffiffiffi
K

p
� � ð2:22Þ

where the last two terms in Eq. (2.2) represent the Darcy and Forchheimer or form
drags. The symbol K is the porous medium permeability, cF is the form drag or
Forchheimer coefficient, h�pii is the intrinsic average pressure of the fluid and / is
the porosity of the porous medium.

The macroscopic Reynolds stress, �q/hu0u0ii, appearing in Eq. (2.22) is given
as,

�q/hu0u0ii ¼ ltu2h�Div �
2
3
/qhkiiI ð2:23Þ

where,

h�Div ¼ 1
2

rð/h�uiiÞ þ ½rð/h�uiiÞ�T� 	 ð2:24Þ

is the macroscopic deformation tensor, hkii ¼ hu0 � u0ii�2 is the macroscopic tur-
bulent kinetic energy, and lt/ , is the turbulent viscosity, which is modeled in [9]
similarly to the case of clear flow, in the form,

lt/ ¼ qcl
hkii2

heii ð2:25Þ

The intrinsic turbulent kinetic energy per unit mass and its dissipation rate are
governed by the following equations,

q
@

@t
/hkii� �þr � �uDhkii

� �� �
¼r � lþ lt/

rk

� 

r /hkii� �� �

� qhu0u0ii : r�uD

þ ckq
/hkii j�uDjffiffiffiffi

K
p � q/heii

ð2:26Þ
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q
@

@t
/heii� �þr � �uDheii

� �� �
¼r � lþ lt/

re

� 

r /heii� �� �

þ c1 �qhu0u0ii : r�uD
� � heii

hkii

þ c2ckq
/heii j�uDjffiffiffiffi

K
p � c2q/

heii2

hkii
ð2:27Þ

where, rk ¼ 1, re ¼ 1:3, c1 ¼ 1:44, c2 ¼ 1:92, cl ¼ 0:09 and ck ¼ 0:28 are
non-dimensional constants [8–10].

2.2.4 Macroscopic Energy Equations

Similarly, macroscopic energy equations are obtained for both fluid and solid
phases by applying time and volume average operators to Eqs. (2.3) and (2.4). As in
the flow case, volume integration is performed over a Representative Elementary
Volume (REV), resulting in,

q cp
� �

f

@ /hTf ii
@ t

þr � / h�uiihTf ii þ hi�uiTf ii|fflfflffl{zfflfflffl}
thermal disperson

þ hu0ii0f ii|fflfflfflffl{zfflfflfflffl}
turbulent heat flux

þ hiu0 iT 0
f ii|fflfflfflffl{zfflfflfflffl}

turbulent thermal dispersion

0
BBB@

1
CCCA

8>>><
>>>:

9>>>=
>>>;

2
6664

3
7775

¼ r � kfr / hTf ii
� �þ 1

DV

Z
Ai

ni kf Tf dA

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
conduction

þ 1
Z
Ai

ni � kfrTf dA

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
interfacial heat transfer

ð2:28Þ

where the expansion,

hu0T 0
f ii ¼ hðhu0ii þ iu0Þ ðhT 0

f ii þ iT 0Þii ¼ hu0iihT 0
f ii þ hiu0iT 0

f ii ð2:29Þ

has been used in light of the double decomposition concept given by Eqs. (2.17)–
(2.20) [8]. For the solid phase, one has,

14 2 Modeling of Thermal Non-equilibrium



qcp
� �

s

@ 1� /ð ÞhTsii
@ t

( )
¼r � ksr 1� /ð ÞhTsii

� 	� 1
DV

Z
Ai

niksTsdA

8<
:

9=
;|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

conduction

� 1
DV

Z
Ai

ni � ksrTsdA

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
interfacial heat transfer

ð2:30Þ

In (2.28) and (2.30), hTsii and hTf ii denote the intrinsic average temperature of
solid and fluid phases, respectively, Ai is the interfacial area within the REV and ni
is the unit vector normal to the fluid-solid interface, pointing from the fluid towards
the solid phase. Equations (2.28) and (2.30) are the macroscopic energy equations
for the fluid and the porous matrix (solid), respectively.

In order to use Eqs. (2.28) and (2.30), the underscored terms have to be modeled
in some way as a function of the intrinsically averaged temperature of solid phase
and fluid, hTsii and hTf ii. To accomplish this, a gradient type diffusion model is
used for all the terms, in the form,

Turbulent heat flux: � qcp
� �

f / hu0iihT 0
f ii

� �
¼ Kt � rh�Tf ii: ð2:31Þ

Thermal dispersion: � qcp
� �

f / hi�uiTf ii
� � ¼ Kdisp � rh�Tf ii: ð2:32Þ

Turbulent thermal dispersion: � qcp
� �

f / hiu0iT 0
f ii

� �
¼ Kdisp;t � rh�Tf ii: ð2:33Þ

Local conduction:

r � 1
DV

Z
Ai

nikf Tf dA

2
64

3
75 ¼ Kf ;s � rh�Tsii

�r � 1
DV

Z
Ai

niksTs dA

2
64

3
75 ¼ Ks;f � rh�Tf ii

8>>>>>>>><
>>>>>>>>:

: ð2:34Þ

where ni in (2.34), as mentioned, is the unit vector pointing outwards of the fluid
phase. In this work, for simplicity, one assumes that for turbulent flow the overall
thermal resistance between the two phases is controlled by the interfacial film
coefficient rather than by the thermal resistance within each phase. As such, the
coefficients Kf ;s;Ks;f are here neglected for the sake of simplicity. More informa-
tion on such quantities is given below.

The heat transferred between the two phases can be modeled by means of a film
coefficient hi such that,
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hiai hTsii � hTf ii
� � ¼ 1

DV

Z
Ai

ni � kfrTf dA ¼ 1
DV

Z
Ai

ni � ksrTs dA: ð2:35Þ

where ai ¼ Ai=DV is the surface area per unit volume. Using the above shown
expressions, Eqs. (2.28) and (2.30) can be written as:

qcp
� �

f/
n o @hTii

@t
þ qcp
� �

fr � uDhTf ii
� � ¼ r � Keff ;f � rhTf ii


 �
þ hiai hTsii � hTf ii

� �
; ð2:36Þ

1� /ð Þ qcp
� �

s

n o @hTsii
@t

¼ r � Keff ; s � rhTsii

 �� hiai hTsii � hTf ii

� �
; ð2:37Þ

where, Keff ;f and Keff ;s are the effective conductivity tensor for fluid and solid,
respectively, given by:

Keff ;f ¼ ½/kf �IþKf ;s þKt þKdisp þKdisp;t; ð2:38Þ

Keff ;s ¼ ½ð1� /Þks�IþKs;f ; ð2:39Þ

and I is the unit tensor.
In order to be able to apply Eq. (2.36), it is necessary to determine the dispersion

and conductivity tensors in Eq. (2.38), i.e., Kf ;s, Kt, Kdisp and Kdisp;t. Following
Kuwahara et al. [13] and Quintard et al. [3], Kf ;s and Kdisp, are obtained by making
use of a unit cell subjected to periodic boundary conditions, where (2.32) are (2.34)
are numerically resolved. Further, dispersion tensor components are then obtained
directly from the microscopic results, for a unit cell, and reads for PeD � 10 [13]:

Kdisp
� �

yy

kf
¼ 0:052 1� /ð Þ0:5PeD; for transverse dispersion; ð2:40Þ

Kdisp
� �

xx

kf
¼ 2:1

PeD
1� /ð Þ0:1 ; for longitudinal dispersion; ð2:41Þ

Also, starting out from the time averaged energy equation, coupled with the
microscopic modeling for the turbulent heat flux through the microscopic Eddy
diffusivity, one can write:

� qcp
� �

fu
0T 0

f ¼ qcp
� �

f

mt
rT

r�Tf ð2:42Þ
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where rT is the turbulent Prandtl number which is taken here as a constant.
Applying the volume average to the resulting Eq. (2.42) one obtains the macro-
scopic turbulent heat flux modeled as,

� qcp
� �

f hu0T 0
f ii ¼ qcp

� �
f

mt/
rT

rh�Tf ii ð2:43Þ

where we have adopted the symbol mtu to express the macroscopic version of the
Eddy viscosity, lt/ ¼ qf mt/ .

Equation (2.43) represents the sum of the turbulent heat flux and the turbulent
thermal dispersion terms. As such, the turbulent heat flux and turbulent thermal
dispersion components of the conductivity tensor in Eq. (2.38), Kt and Kdisp;t,
which can not be determined from such a microscopic calculation, are here modeled
through the Eddy diffusivity concept, as:

Kt þKdisp;t ¼ /ðqcpÞf
mt/
rT

I ð2:44Þ

where rT ¼ 0:9 is the macroscopic turbulent Prandtl number for the fluid energy
equation.

2.2.5 Correlations for Interfacial Heat Transfer, hi

Wakao et al. [14] proposed a correlation for hi for closely packed bed and compared
results with their experimental data. This correlation reads,

hiD
kf

¼ 2þ 1:1Re0:6D Pr1=3: ð2:45Þ

Kuwahara et al. [15] also obtained the interfacial convective heat transfer
coefficient for laminar flow, as follows,

hiD
kf

¼ 1þ 4ð1� /Þ
/

� 

þ 1

2
ð1� /Þ1=2 ReD Pr1=3; valid for 0:2\/\0:9; ð2:46Þ

Equation (2.46) is based on porosity dependency and is valid for packed beds of
particle diameter D.

As will be seen below, in this work an additional correlation will be presented,
which will be valid for both laminar and turbulent flows.
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2.3 Periodic Cell

Nakayama et al. [16] and Kuwahara et al. [15] modeled a porous medium in terms
of obstacles arranged in a regular pattern and solved the set of the local governing
equations exploiting periodic boundary conditions. As such, consider a macro-
scopically uniform flow through an infinite number of square rods of lateral size D,
placed in a staggered arrangement and maintained at constant temperature Tw. The
periodic cell or representative elementary volume, DV , is schematically showed in
Fig. 2.1a and has dimensions 2H × H. Computations within this cell were carried
out using a non-uniform grid, as shown in Fig. 2.1b, to ensure that the results were
grid independent. The Reynolds number ReD ¼ q�uDD=l was varied from 104 to
107 and the porosity was determined as / ¼ 1� ðD=HÞ2.

2.3.1 Numerical Method and Boundary Conditions

The numerical method utilized to discretize the flow and energy equations in the
unit cell is the Finite Control Volume approach. The SIMPLE method of Patankar
[17] was used for solving Eqs. (2.1)–(2.4) and for handling the velocity- pressure
coupling. Convergence was monitored in terms of the normalized residue for each
variable. The maximum residue allowed for convergence check was set to 10−9,
being the variables normalized by appropriate reference values.

For periodic fully developed flow in the cell of Fig. 2.1b, the velocity at exit
(x=H ¼ 2) must be identical to that at the inlet (x=H ¼ 0). Temperature profiles,
however, are only identical at both cell exit and inlet if presented in terms of an
appropriate non-dimensional variable. The situation is analogous to the case of
forced convection in a channel with isothermal walls. Due to the periodicity of the
model a single structural unit, as depicted in Fig. 2.1b, may be taken as a calculation
domain. The equations used for turbulent flow in the unit cell are Eqs. (2.5)–(2.14).

Thus, boundary conditions and periodic constraints are given by:
On the solid walls (Low Re):

�u ¼ 0; k ¼ 0; e ¼ m
@2k
@y2

; �T ¼ �Tw; ð2:47Þ

On the solid walls (high Re):

�u
us

¼ 1
j
ln yþEð Þ; k ¼ u2s

c1=2l

; e ¼ c3=4l k3=2w

j yw
; qw ¼

qcp
� �

f c
1=4
l k1=2w

�T � Twð Þ
Prt
j ln yþw

� �þ cQ Prð Þ� �
ð2:48Þ
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where, us ¼ sw
q

� �1=2
, yþw ¼ ywus

m , cQ ¼ 12:5Pr2=3 þ 2:12 ln Prð Þ � 5:3 for Pr[ 0:5

where, Pr and Prt are Prandtl and turbulent Prandtl number, respectively, qw is wall
heat flux, us is wall-friction velocity, yw is the coordinate normal to wall, j is
constant for turbulent flow past smooth impermeable walls or von Kármán’s con-
stant and E is an integration constant that depends on the roughness of the wall. For
smooth walls with constant shear stress E = 9.

H 

2H 

y 
x 

D 

D/2 

(a)

(b)

Fig. 2.1 Infinite medium: a Physical model and coordinate system, b Non uniform computational
grid
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On the symmetry planes:

@�u
@y

¼ @�v
@y

¼ @k
@y

¼ @e
@y

¼ 0; ð2:49Þ

where �u and �v are components of �u.
On the periodic boundaries:

�ujinlet¼ �ujoutlet; �vjinlet¼ �vjoutlet; kjinlet¼ kjoutlet; ejinlet¼ ejoutlet; ð2:50Þ

h inletj ¼ h outletj ,
�T � �Tw

�TB xð Þ � �Tw

����
inlet

¼
�T � �Tw

�TB xð Þ � �Tw

����
outlet

; ð2:51Þ

The bulk mean temperature of the fluid is given by:

�TB xð Þ ¼
R
�u�TdyR
�udy

ð2:52Þ

Computations are based on the Darcy velocity, the length of structural unit H
and the temperature difference �TB xð Þ � �Twð Þ, as references scales.

2.3.2 Film Coefficient Hi

Determination of hi is here obtained by calculating, for the unit cell of Fig. 2.1b, an
expression given as,

hi ¼ Qtotal

AiDTml
ð2:53Þ

where Ai ¼ 8Dx 1. The overall heat transferred in the cell, Qtotal, is giving by,

Qtotal ¼ ðH � DÞq�uBcp �TBjoutlet��TBjinlet
� �

; ð2:54Þ

The bulk mean velocity of the fluid is given by:

�uB xð Þ ¼
R
�udyR
dy

ð2:55Þ

and the logarithm mean temperature difference, DTml is,

DTml ¼
�Tw � �TBjoutlet
� �� �Tw � �TBjinlet

� �
ln½ð�Tw � �TBjoutletÞð�Tw � �TBjinletÞ�

ð2:56Þ
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Equation (2.54) represents an overall heat balance on the entire cell and asso-
ciates the heat transferred to the fluid to a suitable temperature difference DTml. As
mentioned earlier, Eqs. (2.1)–(2.4) were numerically solved in the unit cell until
conditions Eqs. (2.50) and (2.51) were satisfied.

2.3.3 A Correlation for Interstitial Heat Transfer

Figure 2.2a show distributions of pressure, isotherms and turbulence kinetic energy
in a microscopic porous structure, obtained at ReD¼ 105 for cases of / ¼ 0:65.
Pressure increases at the front face of the square rod and drastically decreases
around the corner, as can be seen from the pressure contours shown in Fig. 2.2a.

Temperature distribution is shown in Fig. 2.2b. Colder fluid impinges on the rod
left side yielding strong temperature gradients on that face. Downstream the
obstacles, fluid recirculation smooths temperature gradients and deforms isotherms
within the mixing region. When the Reynolds number is sufficiently high (not
shown here), thermal boundary layers cover the rod surfaces indicating that con-
vective heat transfer overwhelms thermal diffusion. Figure 2.2c presents levels of
turbulence kinetic energy, which are higher around the rod corners where a strong
shear layer is formed. Further downstream the rods in the weak region, steep
velocity gradients appear due to flow deceleration, increasing there also the local
level of k.

Once fully developed flow and temperature fields are achieved, for the fully
developed condition (x[ 6H), bulk temperatures were calculated according to
Eq. (2.52), at both inlet and outlet positions. They were then used to calculate hi
using Eqs. (2.53)–(2.56). Results for hi are plotted in Fig. 2.3a for ReD up to 107.
Also plotted in this figure are results computed with correlation (2.46) by Kuwahara
et al. [15] using ϕ = 0.65. The figure seems to indicate that both computations show
a reasonable agreement for laminar results. In addition, numerical results for tur-
bulent flow using Low and High Re models are also presented in this figure.

Figure 2.3b shows numerical results for the interfacial convective heat transfer
coefficient for various porosities (/ ¼ 0:44, / ¼ 0:65 and / ¼ 0:90). Results for hi
are plotted for ReD up to 107. In order to obtain a correlation for hi in the turbulent
regime, all curves were first collapsed after plotting them in terms of ReD=/, as
showed in Fig. 2.4a. Furthermore, the least square technique was applied in order to
determine the best correlation, which lead to a minimum overall error. Thus, the
following expression is here proposed:

hiD
kf

¼ 0:08
ReD
/

� 
0:8

Pr1=3; for 1:0� 104\
ReD
/

\2:0� 107;

valid for 0:2\/\0:9;

ð2:57Þ
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Equation (2.57), which gives the heat transfer coefficient for turbulent flow, is
compared with numerical results obtained with Low and High Re models. Such
comparison is presented in Fig. 2.4b, which also shows computations using cor-
relations given by Eqs. (2.45) and (2.46) by Wakao et al. [14] and Zhukauskas [18],
respectively. The agreement between the present correlation, other correlations in
the literature and the numerical simulations stimulates further investigation on this
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subject, contributing towards the building of a more general expression for the
interfacial heat transfer coefficient for porous media. Table 2.1 compares Eq. (2.57)
with other correlations in the literature.

1.E+00

1.E+01

1.E+02

1.E+03

1.E+04

1.E+05

1.E+06

1.E+07

1.E+03 1.E+04 1.E+05 1.E+06 1.E+07

ReD

h i
D
/k

f

 Wakao et. al 
 Zhukauskas 
 Proposed Correlation, Eq.
 Present Results for High Re Model
 Present Results for Low Re Model

Low Re
Model

High Re
Model

1.E+03 1.E+04 1.E+05 1.E+06 1.E+07 1.E+08

ReD / φ

h i
D
/k

f

1.E+01

1.E+02

1.E+03

1.E+04

1.E+05

Present Results

Proposed Correlation, Eq.

(2.57)

(2.57)

(1979)
(1972)

(a)

(b)

Fig. 2.4 Comparison of the numerical results for unit cell: aWith proposed correlation Eq. (2.57),
b With various correlations for / ¼ 0.65

24 2 Modeling of Thermal Non-equilibrium



2.4 Laminar Flow in a Channel

This section presents numerical results with the macroscopic model above. The
problem considered here is flow through a two-dimensional channel completely
filled with a fixed porous substrate, as shown in Fig. 1.3a. Boundary conditions and
periodic constraints for turbulent flows in porous media are similar to those applied
to clear channel flow.

2.4.1 Non-dimensional Parameters

The longitudinal Nusselt number is calculated for both the fluid and solid phases
and is defined as [19],

Fluid phase Nusselt number:Nuf ¼ � 2H
Tw � Tmf

@hTf ii
@y

 !
; ð2:58Þ

Solid phase Nusselt number:Nus ¼ � 2H
Tw � Tms

@hTsii
@y

 !
; ð2:59Þ

where Tmf and Tms are the average temperature of the fluid and the solid phase,
respectively, and are defined as follows;

Tmf ¼
R
uTf dy
uBH

; uB ¼
R
udy
H

; Tms ¼
R
Tsdy
H

; ð2:60Þ

The solid phase Nusselt number, Nus, was proposed by [19] and refers to a
non-dimensional temperature gradient for the solid phase at the wall. This concept
has also been applied in reference [20] for laminar flows.

Table 2.1 Correlations for heat transfer coefficient and fluid-to-solid specific area ai

References Correlation Equations ai Flow
regime

Wakao et al.
[14]

hiD
kf

¼ 2þ 1:1Re0:6D Pr1=3 (2.45) 6 1�/ð Þ
D

Laminar

Kuwahara et al.
[15]

hiD
kf

¼ 1þ 4ð1�/Þ
/

� �
þ 1

2 ð1� /Þ1=2ReDPr1=3 (2.46) 4 1�/ð Þ
D

Laminar

Proposed
correlation

hiD
kf

¼ 0:08 ReD
/

� �0:8
Pr1=3

(2.57) 4 1�/ð Þ
D

Turbulent
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Non-dimensional local and cross-section averaged temperatures, for both phases,
are defined as,

hðs;f Þ ¼
Tw � Tðs;f Þ

Tw � Tinlet s ; fð Þ
ð2:61Þ

Hðs;f Þ ¼
Tmðs;f Þ � Tinletf
Tinlets � Tinletf

; ð2:62Þ

2.4.2 Numerical Method and Boundary Conditions

As before, the numerical method used to discretize the flow and energy equations
was the Control Volume approach and the SIMPLE method of Patankar [17] was
applied to relax the systems of algebraic equations. For convergence, the normal-
ized residue was set to be lower than 10−9. Boundary conditions are given by:

On the solid walls: huii ¼ 0; hTsii ¼ hTf ii ¼ Tw; ð2:63Þ

On the entrance: uD ¼ uinlet; hTsii ¼ hTf ii ¼ Tinlet; ð2:64Þ

2.4.3 Local Nusselt Numbers

The effect of the Reynolds number is shown in Fig. 2.5 compared with similar
computations by Alazmi and Vafai [19]. The Reynolds number is found to have a
substantial effect on the development length for Nu along the channel. Figure 2.5c
seems to indicate that for lower Reynolds number, the thermal equilibrium con-
dition is achieved faster than for higher Reynolds number cases. Both solid and
fluid temperatures reach an equilibrium value along X, decreasing the Nu difference
along the channel.

Figure 2.6 shows the effect of porosity on Nusselt for both phases. It is observed
from Fig. 2.6a, b that the lower the porosity, the smaller the differences between the
present results and those by Alazmi and Vafai [19]. For thermally developed flow
and low porosity, both sets of results are closer to each other. Also, the higher the
porosity, the higher the Nu number. High porosity condition means a lower inter-
facial area ai, reducing the exchange of energy between phases, leading ultimately
to higher values of Nu. Figure 2.6c presents similar results in each phase for the
entrance region of parallel plates.

The particle diameter, D, is directly related to the interfacial area ai and appears
in the expressions for hi. Low values for D are associated with high interfacial areas
and high interfacial film coefficients. As such, for the same porosity smaller particle
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diameters promote thermal equilibrium between phases by increasing the area of
contact between the solid and the fluid. On the other hand, larger particle diameters
tend to impair thermal equilibrium between phases, as seen in Fig. 2.7a, b.
Figure 2.7c shows the difference between each phase for distinct values of D and
shows that thermal equilibrium is reached faster for smaller particle diameters. Also
shown is that the larger particle diameters impair thermal equilibrium, affecting
temperature distributions and leading to lower Nu numbers for both phases.

Figure 2.8 shows the effect of thermal conductivity ratio on Nu. As seen in
Fig. 2.8a, b, a lower conductivity ratio enhances thermal equilibrium by reducing
temperature differences between phases. Figure 2.8c presents a comparison of
Nusselt numbers indicating that for a high conductivity ratio, impairment on the
exchange of energy between phases affects local temperature values, ultimately
reducing corresponding Nusselt numbers.

Finally, Fig. 2.9 shows a comparison of present results and those by Wakao et al.
[14] and Kuwahara et al. [15] correlations in addition to results by Alazmi and
Vafai [19]. It is clearly seen from Fig. 2.9 that a reasonable agreement is found
between the predictions, except for the Kuwahara correlation [15] for the fluid
phase Nusselt number, which is slightly higher. This discrepancy could be
explained due to the fact that predictions by Alazmi and Vafai [19] were obtained
with Wakao correlation [14], which is calculated considering ai based on circular
rods instead of square rods.

2.5 Turbulent Flow in a Channel

Results below were obtained after extensive testing on grid size independence and
search for optimal relaxation parameters. Due to lack of space here, the interest
reader is referred to previous work where such studies are presented in detail [20–
22].

Also, for turbulent flow (ReD ¼ 5� 104), a sensitive analysis on the value of hi
is performed in order to evaluate the correctness of code programming. Figure 2.10
shows results for the cross-section averaged temperatures for both the solid and
fluid phases. As in the case of laminar flow, a nominal value for hi in employed in
Fig. 2.10b and compared with artificially increased (Fig. 2.10a) and reduced
(Fig. 2.10c) values of the interfacial film coefficient. Also for turbulent flow, shorter
(Fig. 2.10a) and larger (Fig. 2.10c) developing lengths correspond to higher and
lower values for hi, respectively, indicating that physically realistic results for
temperatures are obtained.

Next, the effect of introducing Kdisp in the calculations for turbulent flow is
presented is Figure Fig. 2.11, for the conditions Da ¼ 10�4, ReD ¼ 5� 104,
D=H ¼ 1:03� 10�1, ks=kf ¼ 25 and / ¼ 0:6. The differences between the solid
and fluid phase temperature profiles are greater when thermal dispersion is
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incorporated in the macroscopic model, particularly in the near wall region
(Y\0:1), which embraces the boundary layer that is much thinner than for laminar
flows cases. Therefore, here also the role of the additional mechanism of dispersion
is to promote diffusion across the cross section of the channel, leading to flatter
h�Tf ii profiles and larger temperature differences from corresponding local values of
h�Tsii. Effects of Reynolds number, ReD, porosity, /, non-dimensional particle
diameter, D=L, and solid-to-fluid thermal conductivity, ks=kf , on temperature
behavior are shown next.

Figure 2.12 shows the effect of the Reynolds number and boundary condition on
Nu. One can note in the figure that an increase in ReD results in an increase in
Nusselt, for all cases, as expected. For high values of ReD, Nuf and Nus are closer to
each other when compared with similar computations for ReD ¼ 105 (Fig. 2.12b).
Figure 2.12c shows a comparison of all cases and indicates that Nuf attains higher
values than Nus, along the flow direction.

In Fig. 2.13a, b the effect of porosity ϕ on Nu is presented. An increase in
porosity causes the solid phase Nusselt number to decrease whereas Nuf in aug-
mented, for both boundary condition types. Increase in this difference for low
porosity medium could be explained by noting that a higher ϕ gives a lower hi,
according to Eq. (2.57), as well as a lower ai, as seen in Table 2.1. Their product,
hiai, is proportional to the heat transfer between phases, as shown by the two energy
Eqs. (2.36) and (2.37). Consequently, a high porosity medium will have the
intensity of energy transfer between phases reduced, reflecting in the temperature
fields and, ultimately, on the calculated Nu values.
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Fig. 2.13 Effect of ϕ on Nu for turbulent flow, Da ¼ 10�4;ReD ¼ 5� 104;D=L ¼ 1:03� 10�2;
ks=kf ¼ 25; a / ¼ 0:3, b / ¼ 0:6, c Both /
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Figure 2.14 shows the effect of the non-dimensional particle diameter D=L on
Nusselt, for a fixed porosity. In general, an increase in the particle diameter D=L
results in an increase in Nusselt, for both phases and both boundary condition types
(Fig. 2.14a, b). When porosity is constant and the thermal dispersion effects are
omitted, the particle diameter only affects hi and ai [see Eq. (2.57) and Table 2.1].
A reduced value for D=L with a constant ϕ increases the interstitial area, promoting
the exchange of energy between phases, leading to a reduction of the temperature
gradients in the wall region, which ultimately reflects on the Nu values.
Figure 2.14c compiles such findings and shows for turbulent flow, small differences
on Nu prevail in spite of the boundary condition type used.

Effects of the ratio ks=kf is presented in Fig. 2.15. All computations made so far
were obtained with ks=kf ¼ 25 and when one compares Fig. 2.15a, b, one can note
that the lower such ratio, the closer are the values for the Nusselt numbers,
regardless of the boundary condition used. When the fluid and the solid conduct
heat at rates of the same order, their temperatures levels do not differ much, with
reflection on the proximity of corresponding Nusselt numbers. Further, differences
between the Nusselt numbers for qw ¼ const: and Tw ¼ const: are reduced for the
solid, when ks=kf is large, and increased for the fluid, for small values of ks=kf
(Fig. 2.15c).

2.6 Chapter Summary

A computational procedure for determining the convective coefficient of heat
exchange between the porous substrate and the working fluid for a porous medium
was detailed. As a preliminary result, macroscopically uniform laminar and tur-
bulent flow through a periodic cell of isothermal square rods was computed, con-
sidering periodical velocity and temperature fields. Quantitative agreement was
obtained when comparing laminar results herein with simulations by Kuwahara
et al. [15]. For turbulent flows, Low and High Reynolds turbulence models were
employed in order to obtain the interfacial heat transfer coefficient. A correlation
was then proposed for such coefficient. Further work will be carried out in order to
simulate fully turbulent flow and heat transfer in a porous medium formed by arrays
of elliptic, cylindrical and transverse elliptic rods, displaced in in-line as well as
staggered arrangements. Ultimately, it is expected that a more general correlation
for hi be obtained to be used in conjunction with macroscopic two-energy equation
models.

Also, fully developed forced convection in a porous channel bounded by parallel
plates based on a two-energy equation model is analyzed. Details are presented for
determining the temperature profile and Nusselt number for laminar flows in a
porous medium. Results simulate the effects of Re, ϕ, D and ks=kf on Nu. High Re,
low porosities, low particle diameters and low thermal conductivity ratios promote
thermal equilibrium between phases, eventually leading to higher values of Nu for
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both the fluid and the solid. Further work will be carried out in order to simulate
fully turbulent flow and heat transfer in a porous medium with the macroscopic
two-energy equation model.

Further, this chapter also investigated the behavior of a two-energy equation
model to simulate flow and heat transfer in a porous bed. Effects of thermal dis-
persion, Reynolds number, particle diameter, porosity and solid-to-fluid thermal
conductivity ratio were investigated. The following conclusions were observed:

(1) For laminar flow, the thermal dispersion mechanism promotes energy
exchange in the fluid phase, leading to larger local temperature differences
when the solid and the fluid temperature are compared along the channel
cross-section, particularly at the entry region,

(2) For turbulent flow, the effect of including the thermal dispersion mechanism is
concentrated in the region close to the wall, within the boundary layer, where
such temperature differences are pronounced,

(3) Increase in Re number causes values for Nu of both phases to increase and to
approach each other,

(4) An increase in porosity causes the solid phase Nusselt number to decrease
whereas Nuf in augmented, for both boundary condition types. A high
porosity medium will have the intensity of energy transfer between phases
reduced, reflecting in the temperature fields and, ultimately, on the calculated
Nu values.

(5) A reduced value for D=L with a constant porosity increases the interstitial area,
promoting the exchange of energy between phases, leading to a reduction of
the temperature gradients in the wall region. In general, an increase in the
particle diameter results in an increase in Nusselt, for both phases and both
boundary conditions.

(6) The thermal conductivity ratio ks=kf causes the most effect on Nusselt num-
bers, and the grater the ratio, the most wider apart are Nus and Nuf , with a
reduction of Nusselt for the solid phase.
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