Chapter 2

Main Equations and Relations

of Magnetoelasticity of Thin Plates
and Shells

The hypotheses of magnetoelasticity of thin bodies is addressed in this section. On
its basis, using the results from the previous section, two-dimensional equations and
appropriate conditions are obtained that describe the behavior of conducting plates
and shells in a magnetic field.

2.1 Two-Dimensional Equations of Magnetoelasticity
of Thin Conducting Plates

2.1.1 Finitely Conducting Plates

Let us consider an isotropic elastic plate of constant thickness 2A. The plate is made
of a material with the finite conductivity ¢ and placed in an external nonstationary
magnetic field Hy. The plate is immersed in the Cartesian coordinate system
x1,%x2,x3 (Fig. 2.1), and the middle plane of nondeformed plate coincides with the
coordinate plane xj, x,. Let the problem of magnetostatics for a ondeformed body
[see Egs. (1.6.7)—(1.6.9)] be solve, i.e., the vectors of magnetic field intensity for

external H(()e) (H((,el) , H(()ez) , Hé?) and internal Ho(Ho1, Ho, Hos) areas are known. Let

us assume that products of the type eghj, eihg; and hoju; are quantities of second
order smallness and can be neglected in the corresponding combinations.

In the Cartesian coordinate system covariant and contravariant components of
vectors and tensors, characterizing the magnetoelastic state of the plate, coincide
with each other; covariant derivatives also coincide with the ordinary derivatives
because in this case the metric tensor is a constant one; hence, the Christoffel
symbols are equal to zero.

Taking into account the above-noted facts from relation (1.6.15), one can obtain
that within the plate perturbations of magnetoelastic quantities are satisfied the
following equations:
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Fig. 2.1 Geometrical
interpretation of the problem.
Plate in a magnetic field
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Herein

3L+2G A
=0 r+G V_2(7HLG) (2.1.4)
are elasticity modulus and Poisson’s ratio, respectively, and the stresses of the
nondeformed state le are determined having solved the problem (1.6.10)—(1.6.13)
for the appropriate initial conditions and conditions at infinity.

Issues of exact solution of three-dimensional equations of magnetoelasticity
(2.1.1) and (2.1.2) for bodies with finite dimensions is associated with almost
insurmountable mathematical difficulties. That is why great interest has formed
around the development of approximate methods of solution of three-dimensional
equations of magnetoelasticity for thin bodies such as shells and plates. The
solution of problem of magnetoelasticity is not relieved essentially even if
Kirchhoff hypothesis on nondeformable normal with respect to the mechanical
quantities are used.

In such formulation, only a number of particular problems are able to be solved
[5, 19, 31, 32]. The asymptotic method was more acceptable for these problems
because it uses the thinness of the examined elastic bodys, i.e., plates or shells. In the
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work [5], the asymptotic method of integration of three-dimensional equations of
magnetoelasticity has been reported in detail for thin plates and shells of finite
conductivity. Some general regularities of change of certain magnetoelastic quan-
tities along the thickness of a thin body were explored. As a result of analylyzing
these solutions and determining exact solutions to some particular problems of
magnetoelasticity of plates and shells [5, 19, 32], a hypothesis of the magneto-
elasticity of these bodies was proposed in [5] with respect to the character of the
change of some components of the electromagnetic field as well as elastic dis-
placements along the thickness of the plate or shell.

This hypotheses is addressed in the following way: (1) the normal rectilinear
element to the middle plane of the plate stays rectilinear and normal to the deformed
middle plane of the plate and keeps its length; and (2) the tangential components of
the intensity vector induced electromagnetic field in the plate’s electric field, as well
as the normal component of the intensity vector induced in the plate’s magnetic
field, remain unchanged along the thickness of the plate.

Due to the first assumption, it is also accepted that in the equation of the
generalized Hooke law, the quantity s33 can be neglected compared with the
quantities s;; and s,;. The accepted assumption has the following form:

0 0
u; :ufx3a—;‘:, u2:v7x3a—;z, us = w(xy,xa,1); (2.1.5)
e1 = Q(x1,x2,1), ex=\(x1,x2,1), h3=[f(x1,%,1), (2.1.6)

where u(xy,xs,1),v(x1,x2,1),w(x1,xz,¢) are the displacements of points of the
middle plane of the plate, and ¢,V{,f are unknown functions of the induced
magnetic field in the plate’s electromagnetic field.

The range of acceptance of the hypotheses of magnetoelasticity of thin bodies
was discussed in works [5, 32, 109-111]. It was shown that the error of the noted
hypotheses is estimated having neglected the quantity |k*> + 4ncmc2|h? compared
with the unit (here k is the wave number, and ® is the complex frequency of
magnetoelastic vibrations).

The electrodynamic part (2.1.6) of the hypothesis of magnetoelasticity of thin
bodies was obtained by performing asymptotic integration with respect to equation

1 0h
te=——-——, divh=0 2.1.7
rote o W ( )

in the area G (|x3] < h, (x1,x2) € Q) occupying the plate [5]. These equations take
place not only in the internal area G but, according to Eq. (1.6.16), at the whole
infinite strip |x3| <h. Hence, asymptotic integration of Eq. (2.1.7) in the area
|x3] < h, taking into account the continuity of ey, e, and hj3 at the lateral surface of
the plate [the condition (2.1.18)], brings us to the same result as in the case of the
area G. Thus, the relation (2.1.6), up to the third approximation of the asymptotic
integration, take place at the whole infinite strip |x3| <h.
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In the work [10], the generalized hypotheses of magnetoelasticity of thin plates
are proposed according to which relation (2.1.6) take place at the whole infinite
strip |x3| <Hh, i.e., together with Egs. (2.1.5) and (2.1.6), and the following relations
are accepted [10]:

_ 0
up —u—)@ﬁ,

uzzv—ng_;;, for |x3\<h,(x1,x2)€Q (218)
uz = w(xy,xa,1)

and

€1 = (P(xlvx27t)v
er = Y(x1,x2,1), for |xz| <h, —oo <xy,x; <00. (2.1.9)

hy = f(x1,x2,1)

Using (2.1.8) and the accepted assumptions from Hooke’s law (2.1.3), we have
the following expression for 511,512 and sy, [3, 60, 94]:
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Substituting (2.1.8) and (2.1.9) into Eq. (2.1.2), the following equation is
obtained to define the components h;,h, and e; of the induced electromagnetic
field:
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Having integrated the first two equations of system (2.1.11) with respect to x3,
and taking into account the continuity of &; and h, at the surfaces x3 = +h, we

obtain
nt 4+ by 4n6
poMth (O 4o
2 0x1 c
4n—6 a a—w+a @+d —BZW
2 | or Yot T Pox ot
. _ (2.1.12)
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where

_ o for (x,m)e Q
°=10 for (x,x:)¢ 0.

Herein, and furthermore by way of the indexes “+” and “—”, the corresponding
quantities at x3 = h and x3 = —h are denoted

a; = A(Hol‘), di = A(X3H0i), i= 17 2, 3,

Moreover, an integral operator A(ot) has the form

X3

3 h
1
A(cx):/cxdx3—§ /O(d)C3+/ O(d)C3
0

0

Having performed the above-mentioned operations with respect to Eq. (2.1.11),
besides the expression (2.1.12), the following differential equations, with respect to

the unknown functions u, v, w, @, \, and f are obtained
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where the following notations are performed:

h

h
b, = /Hol'dx3, ¢ = /XsHOidX3-
Zh

—h

To obtain the normal component of electric field e3 condition (1.6.19) is used

<e+1g‘;xH0> Ny =0, (2.1.14)

which defines the sign of the quantity e; at the surfaces x3 = £h and expresses by
way of the displacements of the points of plate’s middle plane:

e L[y 0y ;. Ou [y —T L Ow
o = g Mg 2y (Mg~ Mo )| (2.1.15)

The condition (2.1.14) and, hence, the representation (2.1.15) in general is true
with the accuracy of neglecting of surface charges.

Substituting (2.1.12) into the third equation of system (2.1.11) and taking into
account (2.1.15), we find

_ (00,
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Like the usual theory elastic stability of thin plates, here we will also assume that
elongation and shear deformations are small enough compared with the corre-
sponding angle of rotation 2w = rot u and these last quantities are small enough and
can be neglected compared with the unit. In addition, all quantities characterizing
the influence of rotation ®; around the axis x3 will be neglected. Accordingly, from
the first two equations of system (2.1.1) on the basis of (2.1.8) and (2.1.10), we can
calculate the stresses s;3 and sp3. Satisfying the appropriate conditions from (1.6.17)
at the surfaces x3 = =h, let us calculate the functions of integration included in the
expressions for s;3 and s3. As a result, the following expressions for the stresses s13
and s»3 are

(2.1.16)
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and the following equations, with respect to the unknown functions u, v, w, @,y and
f, are obtained:
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In (2.1.17) and (2.1.18), the following notations are performed:

h h
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Zh Zh
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Let us now employ the as-yet-unused third equation of system (2.1.1).
Substituting into it (2.1.9), (2.1.12), (2.1.16), and (2.1.17) and integrating the
obtained as a result equation with respect to x3 from x3 = k& up to x3 = —h, taking
into account the third condition from (1.6.17), the following equation is obtained in
addition to systems (2.1.13) and (2.1.18):
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Here the following notations are performed:

h

3 ? g
D=yt M= [ a=gai g,
h h h h
;i = / aidxs, g = / didxs, Iy = / o;dxs,
“n —h —h
h h f
a; = Yijdx37 Lij = / Bijdx37 Nij = / XijdXS'
“n —h —h

Thus, using the hypothesis of the magnetoelasticity of thin bodies, the
two-dimensional Eqs. (2.1.13), (2.1.18), and (2.1.19) are obtained. If assume here
that Ng = 0, then the equations of free magnetoelastic vibrations of the examined

plates will be obtained. In addition to this (Ng = 0), when we add the term

P5(x1,x3,¢) characterizing the transverse surface load to the right-hand side of
Eq. (2.1.19), the equation of forced vibrations of conducting plates in a magnetic
field will be obtained. The theory of the magnetoelasticity of thin bodies possessing
more complicate physical properties is constructed in works [11, 62, 81, 99].

To the system of two-dimensional differential Eqgs. (2.1.13), (2.1.18), and
(2.1.19) it is necessary to also add the boundary conditions and conditions for
components of the electromagnetic field at the surfaces and bounds of the plate.

Conditions at the facial surfaces (x3 = +h), according to the Eq. (1.6.17) and
| = 1, have the form

W =m0, el = o), & =Y., (2.1.20)

In an analogous way, the conditions at the boundary surfaces of the plate can be
written. For example, if the boundary surface is plane with the external normal
parallel to the axis Ox;, then x; = const at this surface and boundary conditions for
the components of electromagnetic field can be written as

W =h, B =m, 0 =%,

e(le) = €0, e(;) =V, e =es.

(2.1.21)

For a complete definition of displacements and electromagnetic field in the plate,
as shown by Egs. (2.1.12), (2.1.13), (2.1.18), (2.1.19), and (2.1.21), it is necessary
to also have the values of the tangential components of the induced magnetic field
at the plate’s surface. Therefore, in general, the obtained equations should be
studied together with Maxwell equations (1.6.16) for the external area with the
boundary conditions (2.1.20) and (2.1.21) and conditions at infinity [5]. This means
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that the problem of magnetoelasticity is still three-dimensional despite the fact that
the obtained equations are two-dimensional with respect to the unknown functions.

However, there are a number of problems for which either (1) the components of
the induced electromagnetic field are not included into the brought equations, or
(2) the boundary conditions do not contain the values of components of the induced
magnetic field in the surroundings electromagnetic field, or (3) they were included
but are given before.

Such problems arise, for example, if the following conditions are considered [5].

1. If the plate has infinitely far bound, then it is sufficient to use only the boundless
of the solution.

2. In the case when the plate is partially contacted with the perfectly conducting
body, the motion of which is given, then the components of the external induced
magnetic field are known and can be defined by way of the formulas

e 1 (H(ge) y %)7
¢ ot (2.1.22)

h'® = rot (uo X H(()e>),

where uy is the given vector of displacement of the perfectly conductor, and H((,e)
is the vector of the given external magnetic field intensity in the perfectly
conductor, for which p = 1.

On the basis of Eq. (2.1.22), from Eq. (2.1.21), in this case the following
boundary conditions are obtained:

M

L @ Ouor ) Ouon 2.1.23
e3 — E |:H02 7 — HOI 3; s ( )
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hy = {rot(uo X H(()e))} -

3. If the bound of the plate is fixed then at this bound, it can be assumed that the
components of the induced electric current are equal to zero because as a rule the
electric current at the point is conditioned by the motion speed of the point.

4. In the case when the given magnetic field is perpendicular to the middle plane of
the plate (so it should be a constant), the induced electromagnetic field is not
included in the equation of transverse vibrations of the plate as shown in
Eq. (2.1.19). In this case the problem of transverse magnetoelastic vibrations is
brought to the solution of Eq. (2.1.19) with the usual boundary conditions.

Let us note also that if the boundary surfaces of the plate are placed in the
vacuum, then the condition (2.1.14) can be used, because it does not contain the
solution of the external problem. Then, for example, for the edge x; = const we have
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The obtained equations can be simplified essentially in some particular cases of
the external magnetic field. Let us indicate some of them having assumed that only

the transverse load P(x1,x,?) acts on the plate.

e The plate is immersed in the external constant magnetic field Ho(Ho;, Hoy,0). In
this case from Egs. (2.1.13), (2.1.18), and (2.1.19), it is easy to note, that the
equation of transverse vibrations is separated from the equations of longitudinal
vibrations. Moreover, for the longitudinal vibrations the classical equations of
the theory of elasticity are true and for the transverse vibrations the following

equations are obtained:

oV _o¢ 10f _
axl 8)62 c Ot ’

+ g
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In particular, when the form of vibrations of the plate is a cylindrical surface
x3 = w(xy,t) (plane problem), then Eq. (2.1.25) can be more simplified and
depending on the orientation of the external magnetic field have the form:

in the case of magnetic field, parallel to the axis Ox;

oy  10f
o oV
o Ano (. Ho 0w\ ki —hy (2.1.26)
axl Isd c at — Zh s
64w 82W 26k Hmaw
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and in the case of magnetic field, parallel to the axis Ox;

ano (_Hodw\ by —h _,
c c Ot 2h
5 P 2ah Hod (2.1.27)
w w c 02 OwW
DE 4+ 2ph— =P+ """Hp(o——222).
8x‘2‘+ P o e 02( 8t>

e The plate is immersed in a transversal magnetic field Hy (0,0, Ho3). In this case,
systems (2.1.13), (2.1.18), and (2.1.19) also split, and for the longitudinal
vibrations the following equations are obtained
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The equation of transversal vibrations has the form:
DA*w +2 haz—w—P+@H26A—w (2.1.29)
P e = 3¢2 7% g o

To investigate this equation it is necessary to have only the initial magnetic field
and usual boundary conditions for w. From here it follows also that the hypotheses
of magnetoelasticity of thin bodies do not have an effect on the character of the
magnetoelastic vibrations.
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2.1.2 Perfectly Conducting Plates

Using the Kirchhoff hypothesis, the two-dimensional equations of magnetoelas-
ticity of thin perfectly conducting plates in a constant magnetic field are obtained
here on the basis of the works [13, 69]. It is assumed that the load P(x,x;,?) of
nonelectromagnetic origin (F; = F, = 0, F3 = P) acts normally to the surface x; =
h of the plate, and the magnetic susceptibility of the plate’s material is equal to the
unit.

On the basis of the accepted assumptions from Egs. (1.3.1) and (1.2.6), using
Egs. (1.3.7) and (1.3.9), after linearization the following three-dimensional equa-
tions are obtained to characterize the behavior of magnetoelastic quantities within
the plate:

Osy 1 O u;
— (roth x Hp),= p—>- 2.1.27
ot ag O o= (2.1.27)
1 Ou
h =rot(u x Hp), e= - (Ho X E) (2.1.28)

According to the Kirchhoff hypothesis, relations (2.1.5) and (2.1.7) take place.
Substituting (2.1.5) into Eq. (2.1.28), the following expressions with respect to the
components of the induced electromagnetic field are obtained:
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On the basis of Eq. (2.1.5) from Eq. (2.1.27), the following expressions are
obtained for the components of space force of electromagnetic origin:

X1 = H—03A2;tH02A3 - :—; _(ng + H&) O:;i?} — Ho Ho %ATﬂ )
X, = H—OIAETH“A‘ - :—i (H, + HZ,) %ﬁ:v — HoiHo %ﬁﬂ . (2.131)
X; = Hoh1 — Hodz LTHOIAZ + :—; _H02H03 %AT:V + Ho1Hos %ATﬂ ,
where
Ay = —HpAw + 28% (Hm g L+ Ho §W> — Ho a% (g’l + (,i;)
Ay = HoyAw — 288 (Hm g . +H02§ ) + Hos 68 (3;‘1 +§—XZ>,

A3 = HolAV — HozAu.

From the first two equations of system (2.1.27), in account of (2.1.7), (2.1.31),
and boundary conditions (1.6.12), we can find

Sx — &_ E @4_1—\/82 +1+V 82v HyzAr — HpAj
13=%)P or 1 Ox? 2 03 2 0x10x» 47
H ow ov ou 1/ ¢ o)—
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N h2 - x3 ) Pw ([ E N HZ, + H3\ 0Aw . HotHo 9Aw
2 ox1 or? 1—v2 4n ox1 4n Oxp
(2.1.32)
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BB T w2 o 2 oxoxm ar
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— | H Hy ——H, h —h
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Substituting (2.1.7), (2.1.31), and (2.1.32) into Eq. (2.1.27) and integrating the
obtained equation with respect to x3 from x3 = —h up to x3 = h, taking into account
the third condition from (1.6.12), the following system of differential equations are
obtained with respect to functions u, v, w:

Pu 1—-vd*u 1+v v
W‘i’ -5+
X1 2 8x2 2 8)618)62

+1_2H2A HouHow + 12, 2 (244 OV
AnE 0p R HorHo2 2V 038)61 8)61 0)62
O*w O*w
— Hys | H, Hyp——
03( 0182+ Ozﬁxlaxz)]

_ p(l -V )@_El — V2 |:h(6)+ _h(€>7j|
E 0 4mn 2Eh L! L
82v+1—v82v+1+v &u
Gx% 2 8x2 2 Ox10x;
1 —? 0 (Ou Ov
H2 Av — Hy HpAu + H2, — | — + —
e 4nE l: 012V HotfHoa Al + 03 8x2 <8x1 + 8)62)

Pw Pw
— Hys <H01 5103 + HOZ@)C%)]

1 —v? Hpz 1 — V? -
p(1 —v2) %y 03 v [h(e)+_hge) ]7

(2.1.33)
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where
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2 (E | H +Hy +H
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To define all displacements and electromagnetic field in the plate, as Eq. (2.1.33)
shows, it is also necessary to have the tangential components of the induced
electromagnetic field at the plate’s surface magnetic field. Therefore, in general the
problem of magnetoelasticity is still three-dimensional and Eq. (2.1.33) should be
studied together with Maxwell equations (1.6.16) at the external area and with the
general boundary conditions (1.6.17). The issues of determination of hl@i and, for
the final reduction of the three-dimensional problem of magnetoelasticity to the
two-dimensional problem in the case of perfectly conducting plates mentioned in
Sect. 2.3 (Reduction of the three-dimensional problem of magnetoelasticity of thin
plates to the two-dimensional), will be studied using the asymptotic method.

Let us note that in the case of longitudinal magnetic field Ho(Ho;, Hoz, 0), the
system of differential Eq. (2.1.33) is split. In particular, the equation of transverse
vibration of the plate has the form

Pw
By

|:(H31 + HSZ)AW +2HyHyp ———

D.A*w 4 2ph——-
2h O*w , OPw P O*w
4 Ox 8 01 a .2 02 8 59,2

H _ H _
=P — 4701 |:h(e) _ h(le) ] 402 |:h(e) _ hge) ]

(2.1.34)

The system is also split in the case of plane problem, when the plate does
experience vibrations in the form of a cylindrical surface x3 = w(xy,7), and the
magnetic field has the origin Ho(Ho;, 0, Ho3). The equation of transverse vibrations
in this case has the form

o*w *w  2h H? 10
D(1 2ph—— — — |H2 o —
(+a)84+ P o 475{ 1+o¢]8%
H . o1  hHe O
:P_47n(1(1oc) [ = m] + 41?3871(}‘() +HOT), (2139)
2ER _1—-V*H}

“30-v) YT TE an

In each particular case, in addition to the above-mentioned conditions, the fixing
conditions for the plate’s bounds should be attached to the system of obtained
equations.
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2.2 Two-Dimensional Equations of Magnetoelasticity
of Thin Conducting Shells

Let the middle plane of the shell be referred to as the curvilinear orthogonal
coordinate system o, o and the main coordinate lines o; and o, coincide with the
lines of principal curvature of the middle surface of the shell (Fig. 2.2). In the
chosen coordinate system, the middle surface of the shell is characterized by way of
the principal curvatures k; = ky (o, 0 ),k = ky (01, o) corresponding to the cur-
vature radiuses Ry = R; (o, 0), Ry = Ry(ai1, op) of the curvature lines o = const,
op =const and by way of the coefficients of the first quadratic form
A1 = Al (OL], 0(2),142 = Az(ou y 0(2).

Thus the position of any point of the middle plane will be characterized by way
of the two curvilinear coordinates o; and o,,. To define the position of any point out
of the middle plane, let us introduce the third coordinate line o3, normal to the lines
ol = const, o = const. The coordinate o is the distance along the normal between
the points (o, 0,) and (o, 0, 0l3).

In the future, in general, very flat shells will be considered, i.e., the shells for
which it is approximately assumed that the internal geometry of the middle surface
is not different from Euclidean geometry on the plane. For such shells,with the
accuracy of the accepted geometrical assumptions it is assumed that the coefficients
of the first quadratic form A;, A, and the main curvatures k; and k, behave as
constants when performing differentiation [3, 60].

Let the isotropic, thin, very flat shell of constant thickness 24 be made of a
material with the finite electroconductivity o, equal to the unit of magnetic sus-
ceptibility and be placed in an external stationary magnetic field Hy.

Fig. 2.2 Geometrical
interpretation of the problem.
Shell in a magnetic field
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In the work [5], the asymptotic integration of the three-dimensional equations of
magnetoelasticity for thin shells is drafted. As a result, the following hypotheses of
magnetoelasticity of thin shells is addressed based on the change in character of the
electromagnetic field and elastic displacements along the thickness of the shell:

e normal to the shell’s middle surface rectilinear element after deformation
remains rectilinear and normal to the shell’s deformed middle surface and keeps
its length; and

e tangential components of intensity vector of the induced electric field and
normal component of intensity vector of the induced magnetic field remain
unchanged along the thickness of the shell.

Within the accuracy of the first assumption it is also assumed that in the Hooke
generalized law, the term s33 can be neglected.

Taking into account the expressions for g; the addressed hypotheses have the
following analytical form:

ol3 ow 0l3 ow
_,_ oW _,_Bow _ ): 22.1
U =1u A1({90£1’ U =v A 8(12’ us W(O(l,dz, )7 ( )
€1 = (p(oq,ocz,t), € = \ll(O(],Olz,[), hs :f(ul’uz’t)' (222)

Herein u(oy, 0, 1),v(o, 0, 1), w(oy, o, ¢) are unknown tangential and normal
displacements of points of the middle surface of the shell; @,\,f are unknown
components of the induced magnetic field in the shell’s electromagnetic field.

On the basis of these hypotheses from the three-dimensional equations of
magnetoelasticity, discussed in Sect. 1.1, the main two-dimensional equations of
magnetoelasticity of thin shells are obtained in the work [5]. Therefore, let us bring
here the final results only, which are devoted to very flat shells.

1. The system of differential equations, with respect to the unknown functions, is
obtained from the equations of electrodynamics:
Loy 190¢ 19f

il S S i )

Aoy Ay Doy ¢ Ot
Lo 4 w  u 3 & K —hy
19 | dno [\H—( b ] W)]— LM (223)

A1 80(1 c 2he ot A 60(182‘ 2h
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Aj Ooly c 2hc ot Ot Ay o0t 2h
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2. The system of differential equations, obtained from the first two equations of
motion of the medium, is:

162u+1—\/82u+1+v 9%y k1—|—vk28_w
A% 60{% 2A% 8(1% 2A1A2 80(18% A1 80(1
1—V’o 10 19
— b3\|! + __(P+__\|/
2Eh ¢ Ap 0oy Ay Oy (2.2.4)

1 Ou ov dyp 0 (1 Ov 1 Ou
%(F”af“ar)*cat(mm Aa)
ﬁa_w_lg G22 ow G12 ow _p(l—Vz)@
c Ot Ot E o’

A_lﬂ A2 80(2

1P 1=vov 14y Pu ktvk ow
A% ([)Olé ZA% 80& 2A1A2 80(16(12 A2 80L2

-2 100 10
+ VG[—bgm—c1< Lt \|;>

2Eh ¢ Ay Doy | Ay Doy

1 8\) au d31 8 1 814 1 8\/
(P )+ e~ )

biydw 10 (Gudw Guow)] _p(l=v}) o

c Ot cOt \ Ay 0oy A; 0oy B E o’

3. The differential equation, obtained from the third equation of motion of the
medium, is:
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Coefficients in Eqgs. (2.2.3)-(2.2.5) are calculated by way of the same formulas
as in the case of plates replacing x3 into o3. In these equations, N9, are the forces of
the unperturbed state, which are calculated from the solutions of the problem
(1.6.10)—~(1.6.13), and A is the two-dimensional Laplace operator:
A = A720° [0u] + A320% 905, If we take N = 0 in Eq. (2.2.5), then Egs. (2.2.3)-
(2.2.5) will present the equations of magnetoelastic vibrations of conducting very
flat shells in a magnetic field.

When solving certain problems, both equations of the electrodynamics for the
surroundings and surface conditions should be attached to Egs. (2.2.3)—(2.2.5). In
addition, the fixing conditions at the edges of the sell and conditions at infinity must
also be added.

From the above-mentioned equations, the basic equations of magnetoelasticity
for several types of shells can be obtained. For example, from Egs. (2.2.3)-(2.2.5)
for A = 1,A; = R, the two-dimensional equations of the technical theory of thin
cylindrical shells of the radius R, made of a material with finite electroconductivity,
will be obtained.
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2.3 Reduction of the Three-Dimensional Problem
of Magnetoelasticity of Thin Plates
to the Two-Dimensional One

In Sect. 2.1 (Two-dimensional equations of the magnetoelasticity of thin con-
ducting plates), on the basis of the hypotheses of magnetoelasticity of thin bodies,
the two-dimensional equations (2.1.13), (2.1.18), and (2.1.19) of the magneto-
elasticity of thin plates were obtained. In these equations, the unknown boundary
values of tangential components of the induced magnetic field &, and h, are
included. Therefore, the obtained equations should be investigated together with the
Maxwell equation (1.6.16) for the surroundings of the plate with the general
boundary conditions (2.1.20) and (2.1.21) at the contact surface between the two
media. Hence, the problem of magnetoelasticity is still three-dimensional. To
reduce the three-dimensional problem to the two-dimensional one, it is necessary to
add the additional relations, which will close system (2.1.13), (2.1.18), and (2.1.19).
These relations are introduced having determined the introduced electromagnetic
field in the external area. Here, when obtaining the additional relations, for the sake
of simplicity the case of constant external magnetic field (Hy; = const) is examined.
For this case, according to Egs. (2.1.13), (2.1.18), and (2.1.19), the equations of
magnetoelastic vibrations have the form:
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In the first three equations —oo<xj,x;<oco and in the rest of equations
(x1,x2) € Q. In the last equation of system (2.3.5) ¢ is the damping coefficient in
absence of magnetic field.

When system (2.3.5) was obtained, the surface conditions (1.6.17) were used,
and it was assumed that the force, having nonelectromagnetic origin, has only the
normal component P(x,x;,1).

Thus, the problem of magnetoelastic vibrations of the electroconducting iso-
tropic plate in the external constant magnetic field is reduced to the joint solution of
two-dimensional differential Eq. (2.3.5) and equations of electrodynamics in the
areas x3< — h and x3 > h. In addition to the fixing conditions (1.6.17) of the
plate’s edges and conditions,

hg‘E) :f(xlyx27t)7 e(1€> = (P(XI,)CQ,I), ege) = \|J()C1,)C2,t) (234)
on the surfaces x3 = = are the conditions of attenuation of perturbations at infinity

lim ¢= 1lm Y= lim f=0. (2.3.5)

X1 ,Xp— 00 X1, —F00 X1 4 —£00

To define all of the displacements and electromagnetic field in the plate, as
Egs. (2.3.1)—(2.3.3) show, it is necessary to calculate the components /; and &, of
the induced magnetic field at the surfaces x3 < — & and x3 > h. Let us calculate
them solving the following quasi-static equations of electrodynamics for a vacuum:

roth® =0, divh® =0 (2.3.6)

at the areas x3 < — h and x3 > h with the boundary conditions

hge) = f(x1,%2,1), (2.3.7)

x3==h

which are defined from Eq. (1.6.17) using (2.1.9).
Introducing the potential function ®(x;,x,,¢) in the form
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h® = vao, (2.3.8)
the problem of definition of magnetic field h(® out of the strip (|x3| > &), according
to Egs. (2.3.6) and (2.3.7), is brought to the following Neumann problem in the
half-spaces x3 < — h and x3 > h:

oo

AD =0, —
’ 8x3

= f(x1,x2,1). (2.3.9)

X3::i:/’l

Solution of problem (2.3.9) can be represented in the form of single-layer
potential [74, 107]

®= szn// N

In particular, when the vibrational form of the plate is a cylindrical surface
x3 = w(xy, t), then the solution to the Neumann problem can be presented by way
of the logarithmic potential of a simple layer [74].

From Eq. (2.3.10), on the basis (2.3.8), one can find

hF :hi (©) 27t8x, //_OC\/ iuiza )déldéZ

~ &)’
Substituting Eq. (2.3.11) into Eqgs. (2.3.1)—(2.3.3), we obtain the following
closed system of two-dimensional singular integral-differential equations with the
Cauchy-type kernel [10]:
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In the first three equations —oo<xj,x; <00, and in the rest of equations
(x1,%2) € Q. In Eq. (2.3.12), the following notation is performed:

E.>17E.-21 )dildiz
Fef+—
+ // oo\/ &)

Thus, the problem of magnetoelastic vibrations of the plate is brought to the
solution of the two-dimensional Egs. (2.3.12) with the usual fixing conditions at the
edges of the plate and conditions at infinity:

lim ¢= 1lim Y= Ilm f=0.

X1,Xp—+00 X1, —E00 X1,0—+00

In the case when the plate-strip of the length 2a is placed in an external constant
magnetic field Ho(Hpy, 0,0) and perturbations do not depend on the coordinate x,,
the following system of singular integral-differential equations is obtained with
respect to the unknown functions s, f, w [10]:
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where in the first two equations —oo <x; <00, in the third equation |x;| <a, and

_ _Jo for |x|<a,
G(xl)—{o for u|>a (2.3.14)

In Eq. (2.3.12), in addition to the components u, v, w of displacement vector of
the middle plane of the plate, the components @, s, f of the induced electromagnetic
field are included. Below, with the help of Fourier integral transformations, the
values of @, s, f are calculated expressed by way of the main unknowns u, v, w. On
thid basis, the problem of magnetoelastic vibrations of thin plates is addressed as a
dynamic boundary value problem with respect to functions u, v, w in the area Q.

Having eliminated functions @ and \y from the second, third, and the last
equation of system (2.3.12), it is easy to obtain the following equation with respect
to function f:

(Hm aa + Hoo 5 )(f+—// fd§1d§2> :mw (2.3.15)

where
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Applying the two-dimensional Fourier exponential transformation with respect
to variables x| and x;, taking into account (2.3.16) and conditions of attenuation of
perturbations at infinity (f — 0 for x; — £o00,x, — £00), we obtain
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from which, according to the Fourier inverse transformations, it follows
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Substituting (2.3.17) into the second and third equations of system (2.3.12),
functions ¢ and \ are found in the area Q:

4nc 4o " 8_w_ @
025 035,

S < 2mth / / fdéld&?)
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Substituting now (2.3.17) and (2.3.18) into the as-yet-unused equations (first,
fourth, and fifth) of system (2.3.12), the following final system of integral-differential
equations with respect to functions u, v, w will be obtained in the area Q:
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cosa(x; — &;)cos B(xa — &,)
n? // 1+ hyo2 + B° dodp.

d(xp, — &,) is the Dirac function.
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System (2.3.19) shows the following: (1) shear waves are propagated indepen-
dently and the presence of magnetic field does not affect the characteristics of their
propagation; (2) dilatation waves are connected with the wave of transversal
vibrations and are propagated with attenuation, which is proportional to the
transversal component of the external magnetic field; (3) the plane problem is
merged with the problem of bending vibrations; and (4) if the given magnetic field
is a longitudinal (Hy; = 0), then, the noted waves are propagated independently,
and the problem of longitudinal vibrations is split from the problem of transversal
vibrations. Moreover, for longitudinal vibrations, the usual equations of the theory
of elasticity take place, and for transversal vibrations, the following
integral-differential equation is obtained with respect to the plate’s deflection w:

AW1—4"—G // oWy Kdg,dz,

26h 0 |, 82 w , Pw
H 2HyHp ————+ H), —
2 ar{ 0 g T e TR gg |

(2.3.21)

where

62w
Thus, the problem of transversal vibrations of conducting plates in a longitudinal

magnetic field is brought to the solution of Eq. (2.3.21) with the usual boundary
conditions for the function w(x;,x,,¢) and with the condition

10u
(e o HO) ‘No=0 (2.3.22)

on the lateral surface of the plate. In (2.3.22), the vector e is the intensity of the
induced electric field.

At the end, let us present one more expression for the kernel K of (2.3.21), which
was obtained from (2.3.20) using the integral presentations of cylindrical functions:

o) 0] e e

where H, is the Stroofie function, and Y is the Bessel function of the second order.

The work [45] is also devoted to the reduction of the three-dimensional problem
of magnetoelasticity of thin plates to the two-dimensional problem. In this chapter,
equations with respect to the boundary values of the induced magnetic field are
obtained, and these equations close the two-dimensional system of magnetoelas-
ticity of thin plates.
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2.4 Reduction of the Three-Dimensional Problem
of Magnetoelasticity of Cylindrical Shells
to the Two-Dimensional One

One of the basic difficulties within the reduction of three-dimensional problem of
magnetoelasticity of cylindrical shells to the two-dimensional problem is—calcu-
lation of the boundary values of tangential components of the induced magnetic
field on the shell’s surface including in Eqgs. (2.2.3)—(2.2.5). In this paragraph, such
as to the case of thin plates, the noted boundary values are calculated in a
quasi-static approximation and on the basis of them the closed two-dimensional
system is obtained characterizing the behavior of conducting thin cylindrical shells
in a stationary magnetic field.

Let us consider a thin isotropic electroconducting elastic cylindrical medium of
an open structure referring to the cylindrical system of coordinates (x,r,0)
(Fig. 2.3). In the chosen system of coordinates the considered medium occupies the
area Go (Go: —I<x<L,R—h<r<R+h,—0y<0<6), where 2/ is the length,
2h is the thickness, R is the radius of the middle surface of the shell, 0, is the
opening of the shell).

In addition to this area, let wus also consider the area
G (G: —00<x<00,R—h<r<R+h,—nt<0<n) characterizing the infinitely
long closed cylindrical layer with the thickness 2h.

Analogous to the case of thin plates here, we will assume that electrodynamic
part of hypotheses of magnetoelasticity of thin bodies takes place in the whole
cylindrical strip G, i.e., instead of Egs. (2.2.1) and (2.2.2), the following relations
are accepted [38, 39]:

aw aW
MXMYa,uev%%,urw(x,e,t)} for (x,r,8) € Go, (2.4.1)

ex = 0(x,0,1),e0 = U(x,0,2),h, =f(x,0,1)} for (x,r,0)€G.

where y =r — R.

For the rest of components 4, and hg of the induced electromagnetic field in the
cylindrical strip G magnetic field from Egs. (1.6.15) and (1.6.16) written with
respect to the cylindrical coordinates [using Egs. (1.1.13)—(1.1.20)], having

Fig. 2.3 Geometrical
interpretation of the problem.
Cylindrical medium of an
open structure in a magnetic
field
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integrated with respect to v in the range from O to 7, in account of (2.4.1) and
continuity conditions for A, and hgy at the surface y = +h we obtain

ht+h; Of 4nc
hx: X X - it
2 +Y(8x+ c )

4nG ow du *w
+ o (@0 a0 g + )

or ar Y oxor
hy + hy (18f 416 )
= +
2
dno (Oow v an Ow
09 % T R 9001 )

(2.4.2)
hg

where the following notations are performed

¥ h —h
ai = / v"Hol-dv—% / Y Hoidy + / VHoidy |,
0 0 0
o for —0p<0<0g,|x| <1,
00 <6 <m, |x| <,
0 for —m<O< —0y,|x| <],
—n<0<m,|x| >,
(i=x,r0;k=0,1,2).

a(x,0) =

Indices “+” and “—” correspond to the appropriate quantities at y = h and
v =—h.

When obtaining the Eq. (2.4.2) the condition was taken into account that the
normal component of the density of conductivity current is equal to zero at the
surface ¥ = +h (as the shell places in the vacuum).

Doing the above-mentioned operations with respect to Eqgs. (1.6.15) and (1.6.16)
in addition to the relation (2.4.2) the following differential equations are also
obtained with respect to the unknown functions u, v, w, @, \, f

o 109 10f

ox ROO  cor
of 4nc 1 ow Ou Pw ht —h;
Lo o )45

x ¢ bo g ot T v (24.3)

10f 4nc 1 ow ov 19w\  hy —hy
k%*?[‘”%("’905“’%"’”}@e&)]— T
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where

h

by = /kaOidv (i=xr,0k=0,1,2).
“n

Substituting (2.4.1) and (2.4.2) into the rest of equations of system (1.6.15) and
averaging the obtained equations along the thickness of the shell the following

system of differential equations is obtained with respect to the unknown functions
[38, 39]:

Pu L=vdu 1+vPv  viw
Ox2  2R? 90> 2R 0x09 R Ox
p(1 —v?) Pu

- E o + L,

1% 1—vdv 1+v du 1 ow
R T FEl TR ox
R? 90 2 Ox 2R 0x00 R? Ox

_p(1—v3) Oy 4.4

- E atz +L27 ( s )
0w 2Eh 10v ou w

Aw+2ph82 m(l—e%‘f' ax‘f' )—L3.

In (2.4.4) the operators L; of magnetic origin characterize the influence of the
induced electromagnetic field on the vibrations of the shell and have the following

form:
dop 10y dv  10u
b’°‘|’+b°1<a W%)* c at(a‘ﬁ%)

W ow 1 (o Do VY 10 (o dw_ Gyow |,
c ot c\U%9 9] coar\"®ox R 0)|

The operator L, turns out from cyclic rearrangement (x — 0,0 — x,r = r,u —
v,v = u,w=w,0 — —\,y — —@; the top indexes are saved):

1— 2
2Eh ¢

L =-

Ot ro E

(1)
. (Cg>+c(gg> _&_x;_zacrey_w] +%+%},

X 9
Ly = —%{bxo\l/erel(p——[C o

ot Ox 00
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where
(1) (1)
ox TR0 [Fog = F

1)
mow Gy ow 10 (10u 0Oy

A hAATIDF IOl Nl
TG0 5 "k 90 T4 9 \Ra0 o

0 10 10
Ay = =ba{ — by <—¢+ \|j> e

J

and A, turns out from the A; by way of above-mentioned cyclic rearrangement.
The coefficients of operators L; are determined in the following form:

h h
k k
Cl(j> = / YkHOiHodea dl(j) = / YkHojanidY7
—h —h

GY =24} — cltVs; — Y 4 nC; by,

i
(k) _ (k) ®s.. _ p.CT

Fij = Cz] + Crr 8l] b’kcj ’

cr JHuHHy o HG—Hy
i 2 ’ t 2 '

Thus, the problem of magnetoelastic vibrations of electroconducting isotropic
cylindrical shell of an open structure in an external stationary magnetic field is
reduced to the joint solution of two-dimensional differential equations (2.4.3) in the
area (—nm<O<m —oco<x<oo) and to the (24.4) in the area
(=00 <0 <0y, —I<x<l) and also to the equations of electrodynamics in the areas
r > R+ h and 0 <r<R — h. In addition to the usual fixing conditions of the shell
and continuity conditions of quantities e,, ey and h, on the surfaces v = £h the
boundary conditions for the problem are also the conditions of attenuation of
perturbations at infinity in the area y > h and conditions of limitation of pertur-
bations in the area y< — h.

For the complete definition of displacements of points of the shell in the area G,
and induced electromagnetic field in the whole space, as it is show Egs. (2.4.3) and
(2.4.4), it is necessary to have the values of components %, and hg of the induced
magnetic field on the surfaces y = £h.

Let us define them having solved the equations

roth® =0, divh® =0 (2.4.5)
in the areas |y| > h for the following boundary conditions:

W,y =1(5,0,0), (2.4.6)

r

where the index “e” corresponds to the area |y| > h, moreover e = 1 corresponds to
the area Y > h, and e = 2 to the area y< — h.
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Introducing the potential function o) by way of the form
h® = grad (2.4.7)

the definition of h® in account of Eqgs. (2.4.5) and (2.4.6) is brought to the solution
of the following Neumann problems in the areas |y| > h:

oD®

AD©) =0
T or

= f(x,0,1). (2.4.8)

y==+h

Representing the unknown functions in the form

f(x,0,1) = i [fu1 (x, 1) sinn® + fin(x, ) cos nb),
n=0 (2.4.9)

o (x,r,0,1) = Z {d)ffl) (x,r,1) sinn® + (D,(fl) (x,7,1) cos n@} ,
n=0

and applying the Fourier transformation [74, 117] with respect to x, using the
conditions at infinity, the problem (2.4.8) is brought to the following problems:

oY 140l [, n?\
oy T om — )@Y =0 2.4.10
dr? + r dr <O( * r2) n ' ( )
ao' .
— = fui(o, 1), (24.11)
r=R+h
where
Y = 1 o (x,r,1)e™dx
ni m ni » 0 9
_O; (2.4.12)
1
fm = \/T—TE / Jui (xa t)elwdx
The common solution of the Eq. (2.4.10) has the form [74]
O = AL (0K, ([o)r) + BY () (|olr), (24.13)

where I, K,, are Bessel functions of pure imaginary argument of the order n.
Because the function I, increases rapidly for »r — oo and the function K, has

@ - BELP = 0. Satisfying the boundary

ni

singularity at the origin of coordinates, so A
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conditions (2.4.11) let us determine the rest of integration constants and, hence, the
: N
functions @, .
Applying the transverse Fourier transformation for the originals (Df:;) we’ll find
the following expressions:

00
K, (o) cosa(s — x
nl - /fm Stds/ n )dO(a
—00 0

ozK’ (ar)
| 00 ooln B
of =7 [ enes [HEEEE e, A
i ozI’ (or)
—00 0

dg
/ — 5
g'(p) i
Substituting (2.4.14) into the (2.4.9) one can find ®°) and by way of it from the
Eq. (2.4.7) the induced magnetic field h® can be calculated. From the found
expression for h® the following combinations of boundary values are obtained:

n=0

+ —_ T = n
hy — h, R E / F,(s,0,1)d / o dx
- (2.4.15)

1 [oF [
hg — hy :Wz%n / 5 ds/R,,(s—x)dx
n= —00 0

where

oo
cosal(s — x)
Rn - = ——————d 9
(s =) /uZK,’l(ur)I,’l(ocr) *
0

F, = fu1(s,1) sinn® + f;n (s, t) cos nb.

Substituting Eq. (2.4.15) into system (2.4.3) and joining to it Eq. (2.4.4), the
resolution system with respect to unknown functions u,v,w, @, \,f is obtained.
Thus, the problem of magnetoelastic vibrations of cylindrical panel is brought to the
solution of singular integral-differential equations with the usual fixing conditions
of shell’s edges and for 11m ¢= lim y= lim f=0.

x—Fo0 x—Fo0
Taking 6y = m from the results of this paragraph one can obtain the basic
equations and relations of magnetoelastic vibrations of a closed cylindrical shell
[38].
The brought system can be simplified essentially in some particular cases. Let us
bring this system for two cases only: (a) the case of axisymmetric problem when the
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shell is placed in the constant external magnetic field Hy(Hp, 0,0) directed along
the axis x; (b) the case of magnetic field of constant linear current J(J,0,0) directed
along the axis of the cylinder of opened profile, when perturbations are depend on

the coordinate x. In the case a) we have [38]

AT AR P

Ox? 2 ot c Ot 2nRh Os
(—oo<x<00),
o*w  2Eh O*w ZGhHO Ho 0w
Doyt g W 2ph 5+ (\p+75>_0
(Ix] <),

where the kernel K (s, x) is calculated by way of the formula

o0
sino(x — s)
do;
/cxll oR)K; (aR)
0

In the case (b) we have [39]

10 19f

Ro0 Tcor

10f 4ns Hoow\ 1 [ 0—¢
R(’)G_c((P_cat)_Znh /f@v”“g 74
(—m<x<m),

D [(d*'w *w O*w

ZGhHe( He@W)

— _—— :0

c c Ot
(—90<x<60)7

where

27 o for —eogegeo,
Hy =% 6(0)=¢ 0 for —mw<O< — O,
¢ 0o <0< m.

(2.4.16)

(2.4.17)
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2.5 Two-Dimensional Equations of Magnetoelasticity
of Thin Spherical Shells

Let the isotropic closed spherical shell of constant thickness 2/ and radius R of the
middle surface made of a material with the finite electroconductivity © is placed in
the stationary magnetic field.

The shell is immersed in the orthogonal coordinate system (o, o, o3), plate’s
middle plane coincides with the plane o, 0 (o is the angle of width, o is the
angle of length), o3 is directed along the normal to the middle plane (Fig. 2.4). Then
for the coefficients of the first quadratic form and for the curvature of the middle
plane we’ll have A, = R,A; = Rsinoy,k; =k, = R\

The problem is solved in an assumption that for the shell’s surroundings the
Maxwell equations for the vacuum are true. It is assumed also that the influence of
displacement currents on the characteristics of elastic vibrations can be neglected.

From Egs. (1.6.15) and (1.6.16) in account of (1.1.13)—(1.1.20) and accepted
assumptions the following equations are obtained for the examined case:

(a) equations of magnetoelasticity in the area occupied by the shell (—h <03 <h),

4 10
rothzﬂ(e—i——?uxHH), divh =0,
¢ cot (2.5.1)
rote*——a—h dive =4np,;
- c 8t7 - pe?
0 0 0
—(H —(H — (H|H
” (Has11) + 80L2( 1512) + 8a3( 1Hys13)
(9H2 8H1 621/{1
— Sy =2+ s13Hy —+ = p=—" — HiH,X
§22 9o, + si3H D3 Pon 1 X,
0 0 0
—— (Hisn) +=— (HiH2523) + — (Has12)
8oc2 8cx3 80(1 (25 2)
fon g O T -
S+ el e
12 9oy 23 18013 p o2 1243,
0 0 0
— (H{H3s — (H — (H;
8a3( | 2?33)+aa1( 2S13)+8<x2( 1523)
8H1 aHz 82143
— 511Hy — — 5o Hy —= = p—— — HiH>X
S11 280(3 522 1&%3 p o 11243,

where h and e are the vectors of intensity of induced magnetic and electric
fields in the area occupied by the shell (0 <oy <m,0 <0, <21, —h <oz <h),
respectively, u(uy, up, u3) is displacement vector of shell’s particles, p, is the
density of electric charges, Hy = A;(1 + kj03), Hy = A»(1 + kp03) are Lame
coefficients, X(X;, X, X3) are forces of electromagnetic origin
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Fig. 2.4 Geometrical A
interpretation of the problem. ;
Spherical shell in a magnetic
field

c 10u
X—z(Q-’-ngHO) X H(), (253)

(b) equations of  electrodynamics  for  vacuum in  the  areas
(—R<O(3 < —h; o3 > ]’l),

roth® =0, divh® =0,

) 254
rotel® = _181(;(: . divel® =0, ( )
c

where h® and e(®) are the vectors of intensity of induced magnetic and electric
fields in the external area, respectively, moreover, the index e = 1 corresponds
to the area o3 > h, and e = 2 — k to the area o3 < — h.

Thus, three-dimensional problem of magnetoelastic vibrations of a spherical
shell is brought to the joint integration of the system of Egs. (2.5.1)—(2.5.4), the
solutions of which must satisfy the conditions of continuity of electromagnetic field
on the shell’s vibrating surfaces and the conditions of attenuation of perturbations at
infinity and limitedness in the area o3 < — h.

To bring the three-dimensional equations of magnetoelasticity of a spherical
shell (2.5.1)—(2.5.3) to the two-dimensional the hypotheses of magnetoelasticity of
thin bodies is accepted. According to these hypotheses

O(33W O€38W
Uy =u———7— U =V ——7-— uz = wj
) Azao(27 ’

€] = (P(Ot17a27t)u € = \l/(Ot],CXz,l), h3 :f(CXI,O(Z,l),

(2.5.5)

where u(o, o, 1), v(0, o, ), w(ot, 0z, 1) are unknown displacements of the mid-
dle surface of the shell; @, are unknown tangential components of the induced
electromagnetic field in the shell’s electric field e(ey, es,e3); f is unknown normal
component of induced in the the shell’s magnetic field h(hy, hy, h3).
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On the basis of the accepted hypotheses from the Eq. (2.5.1) the rest of com-
ponents of induced in the shell’s electromagnetic field are defined depending on the
included in the Eq. (2.5.5) main six unknowns. Then substituting these expressions
for the induced electromagnetic field into the equations of vibrations (2.5.2) and
having averaged along the thickness of the shell (as it was performed in the pre-
vious paragraphs in the case of plates and cylindrical shells) the system of differ-
ential equations is obtained with respect to the main six unknowns (u, v, w, @, \,f).
The noted system is obtained in the work [32] and here is not brought because it is
huge enough.

Let us introduce the above-mentioned system in the case of nonhomogeneous
magnetic field Hy, which intensity vector is perpendicular to the nondeformed
surface of the shell. When the shell is in the unperturbed state the vector is defined as

H
Hy=———Ny. (2.5.6)
(1+a3/R)

Here H, is the intensity of magnetic field on the middle surface (o3 = 0), Ny is unit
external vector.

In the examined case the following system of singular integral-differential
equations is obtained with respect to the unknown functions (u, v, w, @, \r,f) [32]:

100 h* 9
_Iovox l-viw 10w
Ay Ouy R \R A 0w
_|_(1_V2)GHO _ﬂg u_h_zia_w :07
Ec c Ot 3RA; 0oy
1[0 KW 0O
1—-voX 1—-v/v 1 0w
4 (= 2.5.7
+ A1 (90(1+ R (R Azaotz) ( )

CU—or [ o (R L]
Ec c Ot 3R A, Ooip

1L [04aW) o)) 10F _
AjAy | Ooy Oy c Ot ’

1 of 4no Hodu\ R 1 OF
A—la—aﬁT(‘“‘75> oy =
L0 dmo(  HyOv\ R1OF
Ay Odlp c c Ot h Ay Oap -

Let us note that in the analogous way the three-dimensional problem of mag-
netoelastisity of thin incomplete shell can be brought to the two-dimensional, also.
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2.6 Influence of the Induced Electromagnetic Field
in Problems of Vibrations of Conducting Plates
in Transversal Magnetic Field

On the basis of hypotheses of magnetoelasticity of thin bodies the system of
two-dimensional equations of perturbed motion of thin conducting plates in a
stationary magnetic field was obtained in Sect. 2.1. In the case when the given
magnetic field is perpendicular to the middle plane of the plate the noted system is
split and according to Eq. (2.1.26) the problem of investigation of transversal
vibrations is brought to the solution of the following equation:

O*w 26K HZ, 9*Aw
DA’w +2ph—— — ——0 =
W ep or? 3¢2 or?

(2.6.1)
with the usual boundary conditions.

From Eq. (2.6.1), where the last term presents the effect of magnetic field, it
follows that in the range of accuracy of hypotheses of magnetoelasticity of thin
bodies the induced electromagnetic field do not effect on the character of mag-
netoelastic vibrations of the plate.

In the present paragraph in the case of transversal magnetic field the equations of
magnetoelastic vibrations of conducting plate will be obtained taking into account
the effect of the induced electromagnetic field [4]. These equations will be derived
on the basis of the linear law of change (along the thickness of the plate) of
tangential components of intensity vector of the induced electric field and normal
components of intensity vector of the induced magnetic field. The noted assumption
is the result of the hypotheses of magnetoelasticity of thin bodies.

Let the elastic conducting plate of the thickness 24 is referred to the Cartesian
coordinate system xj, x, x3 and plate’s middle plane coincides with the coordinate
system xp, x,. The plate is made of a material with the finite electroconductivity o,
and placed in the given transversal constant magnetic field Hy (0,0, Hp).

The following assumptions are accepted [4]:

(a) The hypothesis on nondeformable normal, according to which

_ 0 _ o _
w=u—x35", w=v-x355, u3=wx,x,t)

(2.6.2)
for |xz|<h (x1,x) € G,

where G is the area of the plane x3 = 0, limited by the plate’s contour I
(b) The linear law of change of e;,e, and k3 along the thickness of the strip
R (R : |x3] <h,—00<x1,x, <h) is true
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er=0+x30, e=V+x3¥, h=f+xF, for(x,x,x3)€ER,
(2.6.3)

where e, e, are tangential components of the induced electromagnetic field in
the strip R electric field e(e;,ez,e3); hs is the normal component of the
induced electromagnetic field in the strip R magnetic field h(hy,hy, h3);
@, ®,\, ¥, f, F are unknown functions depending on x,x; and time z.

It is assumed also that the effect of shift currents on the characteristics of elastic
vibrations can be neglected.

In the Eq. (2.6.3) if assume ® = ¥ = F = 0((x1,x2) € G) then Egs. (2.6.2) and
(2.6.3) will coincide with the relations (2.3.2) and (2.3.3). Let us note again that in
the case of the perfectly conducting plate (¢ — o) Eq. (2.6.3) for (x;,x2) € G
become the result from (2.6.2) [69].

The three-dimensional problem of magnetoelasticity in the chosen coordinate
system, according to Egs. (2.1.1)—(2.1.3) and (1.6.16), is brought to the joint
solution of the following system of differential equations.

In the internal area: equations of electrodynamics

4nc 1 Ou
th=—— -—x H 264
IO c (e + Pl 0>, ( )
divh =0, (2.6.5)
1 0h
te = ———; 2.6.6
rote P ( )
motion equations
(’)sik + Xi _ 07
On (2.6.7)
c 1 Ou d’u o
X1, X, X3) = — “Z=xHy | xHy— p—.
0(X1,X2,X3) C(eJrcatX 0)>< 0P a

In the external area: equations of electrodynamics for vacuum

(e)
rotel® = — Loh

divh® =0 .
v ’ c Ot

roth® =0

(2.6.8)

3

To system (2.6.4)—(2.6.8) it is necessary to add the fixing conditions and
conditions of attenuation of perturbations at infinity and, also, the conditions for the
components of the tensor of elastic stresses and electromagnetic field on the plate’s
surface. The last conditions can be written as follows:
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§-No =P, (2.6.9)
h-Ny = h® - Ny, (2.6.10)
No x [h - h<e>} =0, (2.6.11)

where N is the unit vector of the outward normal to the underformed surface of the
plate, P = PN is the surface force of nonelectromagnetic origin.

According to the Eq. (2.6.2) we have the relations (2.1.7) in the area
|)C3| <h, (Xl,)Cz) cG.

From the first two equations of system (2.6.7) in account of Egs. (2.6.3),
(2.6.17), and boundary conditions (2.6.9) for the stresses s;3 and s,3, we can find

B x% — K E OAw GH% *w  oH,

BT L V2 Ox; 2 o0t ¢ ]’

o 5K { E 0Aw oH} 0w _G_HO(D].
2 1 —v2 Ox, 2 Oxp0t c

(2.6.12)

Substituting Eqs. (2.6.2) and (2.6.3) into Egs. (2.6.4) and (2.6.8), and taking into
account the boundary conditions (2.6.11), one can find the following expressions
for the components /; and h, of magnetic field induced in the strip R

+ _ _
h :h1 +h1 +X3|:ﬁ+4£< _ﬂ@)]

2 ox; c c Ot
+X§—h2 -al+4nj lP_i_@azw ,
2 oxy c ¢ Ox\0t
N - (2.6.13)
Ml | TOF dne( ooy
27 2 3 Oxy c ot
(BoW[OF 4G (o Ho 0w
2 |0x c c Ox0t) |

where

5_10 for (x1,x%) € G,
10 for (x,x%)¢G.

Here the indices “+” and “—” are correspond to the quantities at x3 = h and
X3 = —h.

Substituting Egs. (2.6.2), (2.6.3), and (2.6.12) into Eq. (2.6.7) and doing inte-
gration with respect to x3 from x3 = —h to x3 = h, having into account the third
condition of the Eq. (2.6.9), the following system of differential equations is
obtained:
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oy oo 10f

o o cor
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E ¢ c Ot E 07
equations of transversal vibrations
5 *w 20h? OAw  OF
DA w+2phW:P+?Ho< OW_E)
AF+M—6Q(HOAW —F) (2.6.15)
2 ot

3 0 (hf+hy 0 (hi+hy
= |F+— (-1 1 Z (2"
o () s (5]

moreover, in the first two equations of system (2.6.14) and in the second equation
of system (2.6.15) —oo <x1,x, <oo and in the rest of equations (x1,x;) € G.

From the Eq. (2.6.15) in the case of perfectly conducting material (c — o00) it is
easy to obtain the following equation:

W3 H? O*w  hH?
D+ —C2)A? 2ph— — —C2A
( - 6TE> WP o7 am "

L RHZ[ O (hf +h7\ | O (hS +hy
—”ﬁ[a—xl( 2 )T\ T2 )]

which is the same as the equation of transversal vibrations of perfectly conducting
plates obtained in the works [13, 69] on the basis of Kirchhoff hypothesis.

When investigating Eqgs. (2.6.14) and (2.6.15) one can note that they contain the
unknown boundary values of tangential components of the induced magnetic field
hi and hy. Adding to these equations system (2.6.8) and boundary conditions
(2.6.10) and (2.6.11) one can close the system.
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Introducing the potential function @ (x;,x2,x3,7) by way of the formula
h® = grad @y, (2.6.16)

The problem of calculation of magnetic field h® out of the strip R, according to
Egs. (2.6.8), (2.6.19), and (2.6.3), is brought to the solution of the following
Neumann problem in the half-spaces |x3| > h:

A(PO = Oa

99,

s = f(x1,x2,1) £ hF(x1,x2,1).

x3==h

Damping at infinity the solution of these problems has the form [74]

// &, t) th(im 1)]ddn (2.6.17)
oo\/ —n)’+(x F h)’

where the upper sign corresponds to the half-space x3 > h and the lower sign—to
the x3< — h.
On the basis of (2.6.17) from the Eq. (2.6.16) we can find

h?—h f(&,m,r)dEd
2 21t8x,// “\/x—in - )

hi +hi (< )dﬁd
—; B 2n8xl// OC\/x_;l - ny?

Substituting (2.6.8) into Egs. (2.6.14) and (2.6.15), one can note that the
problems of longitudinal and transversal magnetoelastic vibrations are wholly split.
In particular, according to Eqgs. (2.6.15) and (2.6.18) the problem of transversal
vibrations is brought to the solution of the following system of integral-differential
equations:

(2.6.18)

DA*w +2ph 8822” =P+ ZZ@HO% (HoAw — F),
AF + 4nfg (HoAw — F)
(2.6.19)
3 / / F(E,m, t)dédn 7
h2 _OC\/ (o —1)?

— o0 <Xp,Xy <00,
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with the conditions on w(x;,x3,7) along the plate’s contour and with the condition
at infinity

F—0 for x>+ x2— oo. 2.6.20
1 2

From system (2.6.19) it is easy to obtain the following nonhomogeneous
equation with respect to the function F:

AF—h // x\/ E-””’ )did” —y,  (2621)

-n)’
where
0 for ()C],Xz) g Ga
= th [DA2W+2ph 5 P} for (x1,x%) €G.

Applying the two-dimensional exponential Fourier transformation [74, 75] with
respect to the Eq. (2.6.2) in account of (2.6.20) we can find

// F(xy,xp, 1)/ ®07%2%) dx, dx,

6T
" hH, [3 +3hy/o8 + 03+ h (o + O@} (2.6.22)

> :
« //G <DA2W + tha—:zv _ P) el(u1x1+0t2xz>dxlde.

On the basis of integral representation of Bessel functions [75, 117]:

2n+o

1 o
nie) =5 [ emniap,

o

from the Eq. (2.6.22) according to the formula of transverse Fourier transformation
[74] we can calculate the function:

3 82W
- DA*w +2ph 5 = P | K(x1, x5 262
hHo//G< 2Pk g ) (a6 m)dEdn,  (2.6.23)
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where

=i p[(1 - 02~ ] )
K = / dp.
3+ 3hp + 2p?

0

Substituting (2.6.23) into the first equation of system (2.6.19) the problem of
magnetoelastic vibrations of conducting plate in a transversal magnetic field is
brought to the solution of the following integral-differential equation [4]:

Pw 26k, OAw
DA’w +2ph—— =P -
W zp or? * 3¢2 ot

26 9 *w
- DA*w + 2ph— — P | K.
= 8t//G< w+2ph a2 > dé&dn

with the appropriate fixing conditions of plate’s edges.

At the end let us obtain the most approximate but simplified equation, thus
characterizing the vibrations of the conducting plate in a transversal magnetic field.
For this reason, when obtaining the boundary values for hli, let us assume that the

plate is long enough. In this case, representing the function f(x;,xz,¢) in the form

H;
(2.6.24)

F = Fo(t) expli(kix1 + kox2)]

(where k; and k, are wave numbers) and using the second equation of system
(2.6.19), it is easy to note that the first and last terms have the orders 1 + (kh)* and

1 + kh, respectively (k =k} + k%) Thus, neglecting the noted terms brings to

accuracy the order kh compared with the unit, which is a normal approximation
within the theory of thin plates. Taking into account the above-mentioned from the
second equation of system (2.6.19), we will obtain the approximate formula for the
function F:

2r Pw
F=—— |DAN’w +2ph—— — P|. 2.6.2
hHo{ w+2p e (2.6.25)

Substituting (2.6.25) into the first equation of system (2.6.19), the problem of the
magnetoelastic vibrations of the conducting plate in a transversal magnetic field is
brought to the solution of [4]:

Pw 261, OAw
2 _ 2
DA“w + 2ph 2 = P+ 32 Mo,
5 (2.6.26)
4noh” O

or?

Pw
——— —(DA? 2ph—— —P
3c? (‘3t( wEp )
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with the appropriate boundary conditions.

Having compared the Eq. (2.6.26) with the Eq. (2.6.1), one can note that the
effect of the induced electromagnetic field is taken into account by way of the last
term in the right-hand side of Eq. (2.6.26). From this equation for (¢ — 00), it is
easy to obtain the following:

DA*w 4 2ph—— — S Aw =P, (2.6.27)

In the range of the accepted approximation, Eq. (2.6.27) coincides with obtained
[in 13, 69] equation of magnetoelastic vibrations of a perfectly conducting plate in a
transversal magnetic field.

2.7 Two-Dimensional Equations of Magnetoelasticity
of Perfectly Conducting Plates

Using Kirchhoff hypothesis, the two-dimensional equations of the magnetoelas-
ticity of thin perfectly conducting plates in a constant magnetic field are obtained
here on the basis of the works [13, 69]. It is assumed that the load P(x;,x,?) of
nonelectromagnetic origin (F; = F, = 0, F3 = P) acts normally to the surface x3 =
h of the plate, and the magnetic susceptibility of plate’s material is equal to one unit.

On the basis of the accepted assumptions from Egs. (1.3.1) and (1.2.6), using
Egs. (1.3.7) and (1.3.9), after linearization the following three-dimensional equa-
tions are obtained, thus characterizing the behavior of magnetoelastic quantities
within the plate:

Osy 1 O u;
B, + (roth x Hyp),= p—at2 , (2.7.1)
Ou
h = rot(u x Hy), e=- (Ho a;) (2.7.2)

According to Kirchhoff’s hypothesis, relations (2.1.5) and (2.1.10) take place.
Substituting Eq. (2.1.5) into Eq. (2.7.2), the following expressions with respect to
the components of the induced electromagnetic field are obtained:

Ov 9w Ou 9w ow
hy = —Hy; (8_)62_x38—)c%) +H02<8_xz_x3m> —HOSa—xl;

v *w Ou *w ow
_ _ _ —H 2 2.7.3
h2 HOI (aXI X3 8}(1 8}(2) H02 <8x1 X3 . ) H ( )

h3=H01—W+H028 — Ho Ou Q—MAW ;
X1 8 X1 a)52
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L[, ow v *w
e = Hoza — Hps <5_x3—8x28t>} ;
1[ . ow ou  Pw
— | —Hn = X 2.7.4
€= Hy, 6t+H03<8t xS@xu?t)]’ ( )
i v Pw Ou w
a7 Hon <8t 3 8x28t> ~ Ho (5 o 3x15t)] '

On the basis of Eq. (2.1.5)—from Eq. (2.7.1)—the following expressions are
obtained for the components of a space force of electromagnetic origin:

HozAy — HpAs X3 ) 5\ OAwW OAw
Xy =202 — T B g2 2 S HoHep —
1 an In ( o+ Hps) o o7
HyAs —HpAr x3 [, 5\ OAw 04w
X, =——————|(H, H, H 2.7.5
: 4 4 ( o+ 03) Oxy 01702 Ox1 |’ ( )
HpA; — HpnAs  x3 | OAw OAw
Xs=—"——“+ = |HpHpy—— — HyHps ——
3 in +4n i 02103 o 014103 x|
where
0 ow ow 0 (Ou Ov
A = —HpA 2— [ H H —Hpy— | —+—
02 Wt 8 ( 018 1+ 026 2> 038)62 <8x1+8x2)’
Ay = —Hodw — 22 (Hy, 2 4 1, 2 4By 2 (2 OV
- ax U % ox, % 0x, B 0x; \Ox; | Oxz)’

A3 = H()lAV — HozAM.

From the first two equations of system (2.7.1), in account of Egs. (2.1.10) and
(2.7.5) and the boundary conditions (1.6.12), we can find

S13 = X3

0*u E *u n 1 —vdu n l+v &% Hy3A,
Par 1 a2 o2 2 onoxm

H ow ov ou 17/ ¢ o)—
—&-%[Hm—-i—Hm —Hp—+3 (hﬁ L )}

— HppAj
4

8x1 8 2%) (9 X2
-2 Pw E  H,+HL\ 0Aw ., HoHoz 9Aw
Pomor \1-2 4n ox " 4n om

(2.7.6)
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B=B P T e T2 e T2 omon
H ow ou o 1/ o
+ 0 {Ho382+H0281H0181+ (héH*h(z) )}
hz 7x% 83W E Hgl +H53 aAW+H01H02 OAw
2 |Pomor \1=2 r o, | 4n o |

9%y E (v 1-vdv 1+4+v du _ HoiAs
1 41

- H03A1]

Substituting Egs. (2.1.10), (2.7.5), and (2.7.6) into Eq. (2.7.1) as well as inte-
grating the obtained equation with respect to x3 from x3 = —h up to x3 = h, and
having taken into account the third condition from (1.6.12), the following system of
differential equations are obtained with respect to functions u, v, w:

Fu 1—-v&Pu 1+4+v &
e
Ox3 2 0Ox; 2 Ox10x;

1-— d (Ou Ov
+— anE |:H(2)2AM Hy HpAv —I—Hm By (aXI +6_)62)
*w *w
— Hys | H H
03( 01 53 02 + Hopp 8x18x2)}

_p1—V?) Ou  Hpz 1 —V? [h(e)+ B h(e)7:|
E 02 4m 2ER ! Lp

v 1—-vd 1+v &u

0x3 2 Oxi 2 Ox10x

(2.7.7)

1-— 0 (Ou Ov
H2 Av — HyHpAu + H — [ =— + —
Y e 4nE |: ol v Horto et 03(9)62 (8x1+3x2)
&w Fw
— Hys | H, H
03( 018182+ 028)@)}

_ p(1 — V2) v Hp 1 —V? [h(eH _ h(g),}
E 0 8m En L7 o

D, A*w +2ph—— —
WP s T3 e
2h Pw Pw ow
— = |H? 2Hy H, H? HAA
475[ Olax%+ o1 028x182+ 0282+ 032N

—Hps | H 6+H 9 @+&
BT ox, T 0x, ) \Oxy | Oxa

HOl e)+ e)— HOZ e)+ e)—
=P [ T - [ ]

+hHo3 [a(h(le)++h<le>> 8(h<e>++h )]

4r Ox 1 + (9)62
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where

D, ==
3 — V2 47

2 (E  H} +H3, + Hp
( )

For the complete definition of displacements and electromagnetic field in the
plate, as Eq. (2.7.7) shows, it is necessary to also have the tangential components of
the induced electromagnetic field at the plate’s surface magnetic field. Therefore, in
general, the problem of magnetoelasticity is still three-dimensional, and Eq. (2.7.7)
should be studied together with the Maxwell equation (1.6.16) in the external area
and with the general boundary conditions (1.6.17). In the case of perfectly con-

ducting plates, the issues of calculation of hge)i, a final reduction of the
three-dimensional problem of magnetoelasticity to the two-dimensional one will be
studied in Sect. 2.3 (Reduction of the three-dimensional problem of magnetoelas-
ticity of thin plates to the two-dimensional) using the asymptotic method.

Let us note that in the case of longitudinal magnetic field Ho(Ho, Hpz, 0), the
system of differential equations (2.7.7) splits. In particular, the equation of trans-
verse vibration of the plate has the form

*w
D.A*w + 2ph— o
2h un
(H3, + H3,) Aw + 2Ho Hoo
4 Ox10x,
. ) (2.7.8)
g2 o'w o ow
01 8 a2 02 ax%
HOl e e)— H02 e e)—
et ) )

The system also splits in the case of the plane problem when the plate vibrates in
the form of a cylindrical surface x3 = w(x, ) and when the magnetic field has the
origin Ho(Ho;,0, Hy3). The equation of transverse vibrations in this case has the
form

O*w Pw  2h H? 18

D(1 2ph—— — —— |H> o\ ==

( +Ot)a4+ p 8t2 4Tc|:03 1+0€:|6X%
_p_ Ho @+ _ (o)
=F 4m(1 + ){hl g }

e (2.7.9)
g U 0T,

2ER _1—Vv?H,

“30-v) *TTE
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In each particular case, the system of the obtained equations, in addition to the
above-mentioned conditions, the fixing conditions for the plate’s edges should be
attached.
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