Chapter 2
Stabilization of Saturated Systems

2.1 Introduction

Although many important problems related to two-dimensional (2-D) systems such
asrealization, observation, and controllability have been extensively investigated (see
[1]), the stabilization problem is not fully solved for practical problems. As has been
shown in Chap. 1, the stability of 2-D systems reduces to checking a 2-D characteristic
polynomial [2—4], and many conditions for asymptotic stability and stabilizability
have already been proposed, see [5—10, 16]; however, the control synthesis problem
remains elusive, especially in the presence of control saturations. Some results of
this chapter appeared for the first time in [11]. To the best of the authors’ knowledge,
the stabilization of saturated 2-D systems has not been considered elsewhere: only
digital 2-D filters have been studied (see [12, 13]).

Thus, this chapter investigates saturated systems in the continuous and discrete
cases: First, the situation when the control may reach the saturation value is studied:
stabilization is then guaranteed even if the saturation is reached. For this the saturated
2-D system is described as a convex combination of 2-D linear systems using the
results presented in Sect. 1.4. Then, specific quadratic Lyapunov functions are used
to characterize the stability of the convex combination of 2-D feedback systems. This
makes it possible to derive sufficient conditions of stabilizability under LMI form.
Then the unsaturating controller case for 2-D saturated systems is considered in this
chapter: stabilizability conditions are derived such that the saturation is not reached,
so linear behavior is always guaranteed. Again these conditions are given in LMI
form and the obtained results are extended to saturated repetitive systems.
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2.2 Continuous 2-D Systems

2.2.1 Formulation of the Stabilization Problem

Consider the continuous 2-D Roesser model studied in Sect.1.1.3.1:

ax"(11.1)

3xv‘2§;’,2) = Ax(t1,12) + Bu(ty, o) 2.1)
datr
y(t1, ) = Cx(t1, ) + Du(ty, tp) (2.2)

with x” (t1, 1p) € IR™ the horizontal state, x"(t1, ) € IR"2 the vertical state, and
u(ty, 1) € R™ the control vector. The states x"(¢1, t»), x" (11, t2) and the boundary
conditions are defined in Sect. 1.1.3 of Chap. 1.

The saturation function used here is the following one (already studied in Chap. 1),
defined as follows fori = 1,...,m:

1 if w;>1
sat(w) = (sat(w;)) =y w; if =1 <w; <1. (2.3)
—1if w; <—1

Further, state-feedback control is used such that

(2.4)

h
u(ty. 1) = [Ky K] [’“ (11, ‘2)] ,

xV(t1, 1)

where matrix K = [K| K»] is the state-feedback gain to be designed.

The problem we address hereafter is to find stabilizing state-feedback controllers
for continuous 2-D systems (1.57) with saturation on the control (2.3) using state-
feedback control (2.4). We address the problem from two points of view: first, sat-
urating controls are allowed, so nonlinear behavior may occur (thus, a saturating
controller is used). Second, the behavior is limited to be linear, so saturating controls
are not allowed (an unsaturating controller is designed).

2.2.1.1 Stabilization with Saturating Control
Using the results of Sect. 1.4 the state-feedback control (2.3), and the fact thatv = Hx

with x € A£(H) the closed-loop 2-D saturated continuous system can be rewritten
as

ax (t1.1) h N h
x"(t1, 12) - x"(t1, 1)
[axﬁggm] =A|: ]+B§ 8s(t1, 12)(DsK + D; H)|: .
s=1

: xV(t1, 1) x'(t1, 1)
4]
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That is,
axh (t| 1) h h
xMt,n) | & x"(t, 1)
|: ax" 5" ) j| ZS (t1, ) Ay |:xv(t1, t2)1| = A(S) |:xv(t1, o | (2.5)
where matrices A(S) and AS are given as

N
A@) = Zas(n, 1) A,

Ay = [Asu Aiz]
A Ky Ky 9
Ay Ay

with
A3, = At + Bi(DyK/ + D; Hy),
A}, = A + Bi(DsKz + Dy Hp),
A3, = Ay + By(DyKy + Dy Hy),
A3, = Ay + By(DK, + Dy Hy). 2.6)

Sufficient conditions are now derived for the stabilization of continuous 2-D sat-

urated systems. In order to allow the synthesis of stabilizing controllers some trans-
formations to LMI form are worked out.

Theorem 2.1 For a given scalar p > 0, if there exist matrices Hy € R™ " H) €
R™ "2 Ky € R™*" Ky € R™*"2 and symmetric positive definite matrices P €
R™ ™" Py € R™*"2, such that the following LMI conditions hold true, for s =
1,...,N:

AS AsT AS AsT
D(s) = [PIA“JrAHPl Plf}gﬁflg;Pz} <0, @.7)
* PQA‘ZZ—}—A‘ZZPQ

where matrices Afj are given by (2.6) and, following definitions (1.63) and (1.64),

e(P, p) C £(H), (2.8)

with P = diag(Py, P>) and H = [H H3], then the 2-D continuous system (2.5) is
asymptotically stable Vxy € €(P, p).

Proof Assume that condition (2.8) holds true; then the saturated system (1.57) can
be written as (2.5). Consider the candidate Lyapunov function V (x(¢1, t2)) given by
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V(x(t1, 1)) = x" (11, ) Px(t1, 12)
T
_ xM(t1, 1) Py O ] [x"(t1.12) 2.9)
x"(t1, 1) 0 Py |[x"(n1,12) | ’
Computing its unidirectional derivative gives:

hT vT

. ox 0x
Viu(ty, o) = ZTtlplxh(tl,tz) +2 Prx" (11, 12)

arp
ah T
N el B IR G
s n) 0 P || xV(t1,12)
Bl
~ P 0O P 0|+

=x(t1, )7 (A(S)T [ 01 Pz] + [ 01 P2] A(b‘)) x(t1, ). (2.10)

This derivative is negative if

AP+ PA®) <. (2.11)

It is clear that if the LMI (2.7) is satisfied, inequality (2.11) holds, then the unidi-
rectional derivative (2.10) is negative. Hence, using Lemma 1.5, the 2-D saturated
closed-loop continuous system is asymptotically stable. (]

The previous result states an asymptotic stabilizability condition for the closed-
loop system. This condition is now transformed into an LMI test, which makes it
possible to synthesize the state-feedback saturating controller.

Corollary 2.1 For a given scalar p > 0, if there exist matrices Z1, Z», Y1, Y2,
X = XIT > 0, and X, = X2T > 0 such that the following LMIs hold true:

I1s +HST s +HST
I1(s) = 11 1 12 21 0, =1,...,N 2.12
=T R <o e
w (Z1)i (Z2)i
¥ X 0 >0i=1,...,m, (2.13)

* * X

where (Z1); and (Z»); denote the ith row of matrices Z1 and Z; respectively; pu =
1/p, and matrices I'If] are given by

[T}, = AijXj + Bi(D;Y; + Dy Z)).i, j = 1,2, (2.14)

then system (2.5) is asymptotically stable in closed-loop for all boundary conditions
xo € (P, p) with P = diag(Py, P»), when the controller gain is given as
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K=nxi' nx;']. 2.15)
Moreover, the set £(H) is given as (1.64) with
H=|zx7" 2x;']. (2.16)

Proof The sufficient condition of stability of the 2-D saturated continuous system is
given by (2.11). Pre- and post-multiplying by X = P~!, leads to XABG)T+A®)X <
0 and using notation (2.14) and the facts that Y = KX and Z = HX, it is then eas-
ily obtained that (2.12) implies (2.7), which is a sufficient condition of asymptotic
stability for the 2-D closed-loop continuous system for all boundary conditions in-
side the set (P, p). Furthermore, (2.8) is equivalent to p(H); P! (H)[.T <1, i=
1, ..., m, [14]. Developing equivalently as follows: ,o(HX)iX_l (HX)iT < 1, that
is, p(Z); X! (Z)iT < 1. Using Schur complement, one obtains

—1 )
[p* (?’} >0,i=1,...,m. 2.17)

X1 0 } and Z = [Z; Z»], the LMIs (2.13)
0 X

follow. O

Finally, using u = 1/p, X = [

It is worth noting that the scalar # = 1/p can also be taken as a variable of LMIs
(2.13).

Example 2.1 Consider the differential Darboux equation:

92q(x,t dq(x,t dq(x,t
A )—a A )+a2 q;x )+aoq(x,t)+bu(x,t),

axor ' o

with the boundary conditions ¢ (x,0) = ¢i(x) and g (¢, 0) = ¢2(t), where g(x, 1)
is the variable function, ag, ai, a, b are real coefficients, and u(x, ¢) is the input
function which is assumed here to be constrained as |u(x, t)| < 1. Let us define

aq(x,t)
at
xV(x,t) = q(x,1).

xh(x,t) = —axq(x,t),

The following continuous 2-D system is obtained:

ax" (x.1) X (x., 1)
|:3x‘a)f\’,z) :| ZAI:xv(x’t)] + Bu(x, 1), (2.18)
t

9
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with

_|a aiaxtao | , _|b
e eefo)

and boundary conditions given by x"0,1) = G2(t) — axga(t) and xV(x, 0) = g (x).
Observe that in this example #; = x is a space variable and f, = ¢ is a time variable.

To illustrate the results in this section, set, for example,ap = —1.1,a; = —1,a2 =
—0.6 and b = 1; the obtained system is given as Aj; = —1, Ajp = —0.5, Ay =
1, Ay = —0.6, B = 1, B = 0. For this data and p = 100, the LMIs (2.12) and
(2.13) are feasible, with a solution given as

P =0.2207,

P, =0.1642,

K =1[0.2773 —0.2441],
H =10.0028 0.0044].

Figure 2.1 presents the evolution of the control u(#1, t2) and the states xh (t1, 1) and
x"(t1, 1) when these feedback gains K and H are used (For simulation the system
was discretized using Ty4mp = 0.01 for both variables). It is clear that the continuous
2-D saturated system is asymptotically stable and converges toward zero, allowing
saturation of the control.

2.2.1.2 Stabilization with Unsaturating Controller

Consider again the continuous 2-D system (1.57) with constrained control (2.3). In
the previous section, the design of a saturating controller was studied (i.e., saturation
of the control signal was allowed), whereas in this section saturation is not allowed,
so the synthesis proposed will guarantee that the state evolves inside a region of
linear behavior given (by £(F) with F being the controller gain). Thus, this case can
be seen as a particular case of the saturating one, or an extension to the 2-D case of
the approach presented in [15].

Theorem 2.2 For a given scalar p > 0, if there exist matrices F1 € R™*" | F, €
R"™*"2 and symmetric positive definite matrices Py € R™>" P, € R"™*"™2 such
that the following conditions hold true:

I+ I T+ 0
[ . I+ 1 <0, (2.19)
e(P, p) C £(F) (2.20)

where
Ij = PiAij + PiBiFj,i, j = 1,2, (2.21)
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Fig. 2.1 The evolution of
the states x” (1, 12),

x"(t1, 1), and the control
u(ty, ty) using the saturating
controller

(=

state vector xh

!
N

state vector xv

-
Br'oo'\:.hmooo

0.5

saturated control u

and P = diag(Py, P»), thenthe continuous 2-D system (2.5) is asymptotically stable
Vxo € (P, p).

Proof The proof follows readily if one replaces K by F in the proof of Theorem
2.1 and removes the saturated convex writing of the control. This can be done, as in
this case, the state is restricted to evolve inside the linear region of behavior given
by condition (2.20). O
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In the next result, the LMI formulation of these conditions that enables the unsat-
urating state-feedback control to be derived is given as

Corollary 2.2 For a given scalar p > 0, if there exist matrices Y1, Y», X1 = XlT >
0, Xo = X2T > 0 such that the following LMIs hold true:

v+ ‘1’1T1 Yo + WZTI
[ ; bt 0| < 0, (2.22)
n (Y1) (Y2);
* X 0 >0, i =1,...,m, (2.23)

*x %k X

where the W;; are defined by W;j = A;j X ;j+ B;Y;, and u = 1/ p; then the continuous
2-D system (2.5) is asymptotically stableNxo € (P, i), with P = diag(Xl_l, Xz_l).
The corresponding stabilizing controller gain is then given as

F= [Yle_l YZXZ_I] . (2.24)

Proof The proof follows readily from Corollary 2.1. (]

Example 2.2 Consider the system studied in Example 2.1. If no saturation is allowed
in the control signal, Corollary 2.2 can be used to synthesize the controller. In this
case, the LMIs (2.22) and (2.23) are feasible, with a solution given as

P =0.1749,
Py = 0.1243,
F =1[0.0065 0.0019].

In Fig.2.2, the evolutions of the states x"(t1, 1), x*(t1, 1), and the control u(t1, )
are shown when this F is used for feedback. It is clear that the 2-D system is as-
ymptotically stable and converges toward zero, while the control evolves without
saturating.

2.2.1.3 Saturating Versus Unsaturating Controllers

It is well known in the literature of constrained control systems that both the tech-
niques of saturating control and unsaturating control may be applied. However, the
criterion for choosing between the two approaches is to make a compromise between
the size of the boundary conditions set ensuring asymptotic stability (£(F) versus
£(H)) and the burden of computing cost ((m + 1) LMIs instead of (2" + m) LMIs).
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Fig. 2.2 The states
evolution of x" (11, 1),
x"(t1, 1), and control
u(ty, tp) obtained with the
unsaturating controller

state vector xh

>
<
s
S
13
>
2
©
1

For example, for the previous example Fig.2.3 presents the ellipsoid set, with
all the states evolving inside £(K), whereas Fig. 2.4 presents the sets £(H) together
with £(K) for the saturating controller and £(F) for the unsaturating controller:
The technique that allows saturation provides a possible set of states £(H) which is
significantly larger than the linear behavior set £(F), at the cost of solving (2" — 1)
more LMIs.
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Fig. 2.3 Domains £(K) and QO [
&(P, p) for the saturating
controller
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Fig. 2.4 Domains £(H) in 800
dotted line, £(K) in dashed soo b
line, for the saturating
controller and £(F) in solid 400 |
line for the unsaturating
controller 200
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2.3 Discrete 2-D Systems

2.3.1 Stabilization with Saturating Controller

We consider now the discrete 2-D system described by the Roesser model given by
(1.68) and (1.69), where the control signal is limited by the saturation function (2.3)
and the controller is again the state feedback given by (2.4). The problem we address
again is to find state-feedback gains K that stabilize the system even when the control
signal saturates.

Using the results of Sect. 1.4, the saturating system can be written as follows:

xh(k+1,l) _ il - )Ch(k,l)
[Xv(k, I+ 1)i| = ;83(1‘1, IZ)As |:xv(k’ l):| (225)

X"k, 1) }

= A®5) [xv(k’ z) (2.26)
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The states x" (k, 1), x*(k, 1) and the boundary conditions are defined in Sect. 1.1.2 of
Chap. 1. ~ ~
Matrices A and A(5) are given by

: A3 A3
A, = [ 111 ~12]
Ay A

N
A@®) =D 8,1, ) As
s=1

with

AY| = A1y + Bi(DyK; + Dy Hy),
A}, = App + Bi(Ds K> + Dy H),
A3, = Ay + By(DKy + Dy H),
AS, = Ap + By(DyK + Dy Hy). (2.27)

Following a similar approach to the continuous case, sufficient stabilizability con-
dition is now derived for discrete 2-D saturated systems, which is later transformed
into an LMI condition that facilitates the synthesis of stabilizing controllers.

Theorem 2.3 If there exist matrices H € R™*" Hy € R™2 K| € R™",
Ky € R™* ™2 and symmetric positive definite matrices Py € R"'*" P, € IR"™2*"2,
such that the following conditions hold:

(P 0 AT P AT P

« P APy AP
>0, s=1,...,N

* % P 0
| * ok * Py
e(P,p) C£(H) (2.28)

with P = diag( Py, P»), then the discrete 2-D system (2.25) is asymptotically stable
Vx, € e(P, p).

Proof Assume that condition (2.28) holds true, then the saturated system (1.68) can
be written as (2.25). Consider the candidate Lyapunov function V (x(k, [)) given by:

[ ] [P0 [« %D
V(X(k, l)) = |:xv(k’ l)] [ 0 P2] |:xv(k,l):|

=x(k,DT Px(k, ). (2.29)
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Computing its rate of variation gives

AV(xk, 1) = xtT(k, D PxT(k, 1) — xT (k, 1) Px(k,])
= xT(k.1) [AC(S)T P AS(S) — P] x(k, 1).

This variation is negative if
ASSTPAS)— P <O, (2.30)

where A€(8) = zév: 1 8(k, [)sA§. Using Schur complement, one obtains

c T
[i A (‘;) P} > 0. (2.31)

Substituting (2.46) into (2.31), bearing in mind that Zf]:l 8s = 1, and that §; >
0,s=1,...,N,leads to

N — 1T
st(k,Z)[P [A+ B(D;K + Dy H)] P}>0. (2.32)
* P

s=1

It is obvious that the following set of inequalities:
— T
* P

fors = 1,..., N gives a sufficient condition to have AV (x(k,[)) < 0. Using the

definition of the system (2.25) and P = diag(P;, P»), it follows that inequalities
(2.28) are sufficient conditions of asymptotic stability of the 2-D saturated discrete
system (2.25). O

As previously mentioned the next result provides an LMI formulation of the
condition in the previous results, which makes it possible to synthesize stabilizing
saturating controllers.

Corollary 2.3 [f there exist matrices Z1, Z3, Y1, Y2, X1 = XIT >0, Xp = X2T >0
such that the following LMIs hold:
RO

S

T T
* Xy TI5, I,
> 0,

¥ % X7 0

s=1,...,N (2.34)
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w Zii Zy;
* X1 0 |>0,i=1,...,m, (2.35)
¥ x X2

where u = 1/p and

I = A Xy + Bi(DsYy1 + Dy Zy),
Is12 = A2 X2 + Bi(DsY2 + Dy 7)),
M) = Ay X1 + Ba(Ds Y1 + Dy Zy),
Iy = Ap X2 + Bo(DsYr + D Z5), (2.36)

then the discrete 2-D system (2.25) is asymptotically stable Vx, € (P, p), with
P = diag(Py, P>) and

=X P=X" (2.37)
the corresponding stabilizing controller gain is given as
K=MXn™ @™l (2.38)
and H can be obtained from
H=[Z:X{" ZXx;". (2.39)
Proof Post- and pre-multiplying (2.30) by P~! = X, leads to
X - x[A®] x7'[a®)] X >o.

Applying Schur complement gives

[X [AC(‘S)X]T} - 0. (2.40)
* X

Substituting (2.46) in (2.40), leads to

N c T
ZSS(k,l)[X [A5x] }>o. (2.41)
por * X

LetY = KX, Z = HX. A sufficient condition to have (2.41) is then

X [AX + B(DsY + D; Z)
* X

T
] ]>0,s=1,...,N. (2.42)
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Substituting matrices A, B according to (1.69) and letting X = diag{X,, X»},
Y =1Y1 Yhland Z = [Z1 Z], the LMIs (2.34) are then directly obtained. The
stabilizing controller gain is given as K = Y X!, so expression (2.38) follows.
Furthermore, inequality (2.28) is equivalent to ,oH,'P_lHl.T <1l,i=1,....m
[14]. Developing equivalently as follows: ,o(HX),-X_l(HX)iT <1l,i=1,...,m,
that is pZiX_lZiT <l1,i=1,...,m.
Using Schur complement, one obtains

-1
P Z,‘ .
|: N X:|>0,l—1,...,m. (2.43)

Finally, using u = 1/p, X = |:}§)1 )? ] and Z = [Z; Z;], the LMI (2.35)
2
follows. O

Example 2.3 Consider the discrete 2-D saturated system given as (1.68) where

-051.6 0.5
A:|:O.8 0.2i|, B=|:0.1:|. (2.44)
It can be seen that for this numerical example the LMIs (2.34) and (2.35) are feasible,
with the following solution:

Py = 1.7380,
P, = 1.9527,
K =[0.6127 — 3.1487],
H =[0.6612 — 1.2004].

Figure 2.5 plots the evolution of the states x" (k, 1), x"(k, ) and the saturating control
u(k,l) from given boundary conditions inside the set (P, p) of feasible initial
conditions. It is clear that these states converge toward the origin and that the closed-
loop system is asymptotically stable even if the control saturates, as required.

2.3.1.1 Unsaturating Controller

In the previous section, stabilization under saturating controller was studied. In this
section, a controller is designed that avoids saturation; thus, the synthesis proposed
guarantees that the state evolves always inside a region of linear behavior. This case
is also developed as a particular case of the saturating one, with the controller gain
now called F instead of K, to clearly distinguish both cases.

In the linear region of behavior £(F) the closed-loop system is just

(2.45)

xV(k, 1+ 1)

xhk+ 1,0
xV(k, 1)

] = (A + BF) [xh(k’l)} ,


http://dx.doi.org/10.1007/978-3-319-20116-0_1
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Fig. 2.5 Evolution of the
states x" (k, 1), x" (k, [) and
the control u(k, 1)

state vector xv state vector xh

saturated control u

that is,

M+ 1,07 [tk D
[xv(k,l—kl)} =4 [xv(k,l)] (2.46)

where A = A + BF,
and
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A, A
=40 42],
Ay A%
with
A{, = A1 + Bi Fy,
Af, = A+ B F,,
AS) = Ay + By Fy,
A5, = A+ BoF,. (2.47)

The following result is then a parallel of Theorem 2.3 for the unsaturating case.

Theorem 2.4 If there exist matrices Fi € R™ " F, € R™*"2, P; € R"*",
Py € R"*™ gych that the following conditions hold:

Pi 0 (An+BF)TP (A +BF)T Py
x Py (Ap+B )P (An+BFR)'P,

. . Py 0 > 0, (2.48)
ko ok * P
e(P,p) C£(F) (2.49)

with P = diag{ Py, P>}, then the discrete 2-D system (2.45) is asymptotically stable
Vx, € e(P, p).

Proof The results follow readily if one replaces matrix K by F in the proof of
Theorem 2.3 and removes the saturated convex writing of the control, as the state is
now restricted to evolve inside the region of linear behavior. O

The following result provides the practical formulation as LMIs of this condition,
to facilitate the derivation of the unsaturating state-feedback control gain

Corollary 2.4 [f there exist matrices Y1, Y2, X1 = XlT >0, X» = X2T > 0 such
that the following LMIs hold:

X1 0 vl vl

* Xo l1’1T2 l1’2T2

>0, (2.50)
* x X7 0
| * *x x Xy |
n Yii Yo
* X1 0 | >0,i =1,...,m, 2.51)
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Fig. 2.6 Evolution of
x"(k, 1), x"(k, 1) and the
control u(k, [)

state vector xh

state vector xv

saturated control u

where

¥

= A X + BiY1,
Yo = A Xy + B2,
Ur) = Ay X1 + BoYy,
Vo = A Xs + BoYo, (2.52)

—
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and | = 1/p; then, the discrete 2-D system (2.45) is asymptotically stable Yx, €
e(P, p), with the controller gain given as

F=[n&Xn~" hX)'l (2.53)

and the set of valid boundary conditions (P, 1/11) given as
P=x;' p=x;" (2.54)
Proof The results follow directly from Corollary 2.3. (]

Example 2.4 Let us consider the numerical example studied in the saturated
(Example 2.3). It can be seen that the LMIs (2.50) and (2.51) are feasible, with
the obtained solution given as P = diag(P;, P>), with

P = 1.8071,
P, =2.1043,
F =10.7321 —1.1967].

Figure 2.6 plots the evolution of the states xh (k,1) and xV(k, [), together with the
control u(k,[). It is clear that the system is asymptotically stable, that the states
converge towards the origin, and the control does not saturate as requested.

For comparison, Fig.2.7 plots the polyhedral sets £(H), £(K), and the ellipsoid
set e(P, p) for the saturating controller, together with £(F) for the unsaturating
controller. The evolutions of the states x” (k, 1) and x"(k, ) are also plotted. One
can notice that all these states, once initiated inside the set of asymptotic stability
e(P, p), remain inside this set.

It must be pointed out that in order to show the effectiveness of the approach, the
boundary conditions for the simulation have been chosen inside the set £(H) and
outside the set £(K). Hence, saturating control appears, as shown in Fig.2.7.

2.4 Stabilization of Saturated Repetitive Systems

2.4.1 Saturated Repetitive Systems

Consider now the differential linear repetitive process (presented in Sect.1.5)
described by the following state-space model over 0 <t < 8, k > O:

Xp1(t) = Axgq1(8) + Boyk (t) + Bsat (uyy1 (1))

yk+l([) = C)Ck+1([) —+ Doyk([) + DSllt(Mk+1(t)), (255)


http://dx.doi.org/10.1007/978-3-319-20116-0_1
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Fig. 2.7 The sets £(H) in 15[
red, £(K) in black, e(P, p)
in blue ellipsoid for the 1b

saturated control and £(F) in
blue for the unsaturated
control

05f

where on pass k, xi () € R” is the state vector and y(f) € IR? is the pass profile
vector, and u41 () € R™ is the control vector respectively; A, By, B, C, Dy, D are
time-invariant real matrices with appropriate dimensions.

The form of the state initial vector on each pass and the initial pass profile (on
pass 0) considered here are

Xk+1(0) = dgs1, k > 0.

2.56
() = f(0). (2:30)
The following state-feedback control is used:
w0 = [ Ky Ko ] |10 (2.57)
Vi ()

where K = [K 1 K 2] is the state-feedback gain matrix to be designed.

Using the state-feedback control (2.57) and the fact that

Va1 (1) = H [x’;:ét()’ ) } with H = [ Hy Hy ] and &) = [x’;:ég )] € £(H)

the repetitive system (2.55) can be rewritten as follows:

N
X1 () | _ ~
[ykmr)} = &) + B Y8 (k. ) (DK + Dy H)i (1), (2.58)

s=1

where matrices <7 and % are given as &/ = A Bo ; B = B . That is,
C Dy D

N
X1 () | _ - -
[ykﬂ(t)} - S;‘W" A& (1) = A& (1), (2.59)
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where matrices A(S) and A s are given as

N
A@B) =D 85k nAs:
s=1
i [AS By ] B [ A+ B(DgKy + Dy Hy) Bo+ B(DsK» + Dy Hp)
s =

=% 20 S " . (2.60
C* D} C+ D(DsK| + Dg Hy) Do+ D(DsK2 + Dy Hg)] ( )

2.4.2 Conditions for Stabilization

In parallel with the results of Sects. 2.2 and 2.3, sufficient conditions are now given for
the stabilization of repetitive systems under saturation. The two cases are considered
separately: saturating controller and unsaturating controller. In order to allow the
synthesis of stabilizing controllers, some transformations into LMI form are then
also worked out in each case.

2.4.2.1 Saturating Controller

Theorem 2.5 For a given scalar p > 0, if there exist matrices Hy € R™",
Hy € R™P K| € R™", Ky € R™*P, and symmetric positive definite matri-
ces 0 < Py € R and 0 < Py € RP*P such that the following LMI conditions
hold true, fors =1,..., N:

PlAs + ASTpl Py ES Cvssz
T(s) = * -P, D{Tp, | <0, (2.61)
* * —P

where matrices A®, BS, C* and 135 are given by (2.60), and, following definitions
(1.63) and (1.64),
e(P,p) C £(H) (2.62)

with P = diag(P1, Py), then the differential linear repetitive processes system (2.58)

Xk+1(0)] c (P ).

is stable along th VED =
is stable along the pass, V& |:y0(t)

Proof Assume that condition (2.62) holds; then using the condition of stability
(1.86) for the closed-loop system given by (2.59), one obtains Y(s) < 0, for
s=1,...,N. O

The resultin Theorem 2.5 provides the stabilizability along the pass for the closed-
loop system. The LMI formulation of these conditions is now derived, which makes
it possible to synthesize the state-feedback saturating controller.


http://dx.doi.org/10.1007/978-3-319-20116-0_1
http://dx.doi.org/10.1007/978-3-319-20116-0_1
http://dx.doi.org/10.1007/978-3-319-20116-0_1
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Corollary 2.5 For a given scalar p > 0, if there exist matrices Z1, Z», Uy, Uy,
W, = WIT > 0, and Wy = WZT > 0 such that the following LMIs hold true:

EARR RIS
W(s) = £ Wy ws | <0s=1,....N (2.63)
L * x =W
u (Ui (Uz)i
* W 0 >0,s=1,...,m, (2.64)
R W

where (Uy); and (Up); denote for the ith row of matrices Uy and U», respectively,

w = 1/p, and matrices ¥}, ¥}, ¥}’5, W35 are given by

Ui, = AW, + B(DsZy + Dy Uy),
¥, = BoWa + B(DsZ> + D Uy),
v =wcT + I pf +ul b;")DT,
W3y = WD + (23 D{ +U; DY) DT,
then the repetitive system (2.58) is stable along the pass, VE© = |:Xk+1(0)i| €

Yo(?)
e(P, p) with P = diag(Py, P>), when the controller gain is given as

K=[zyw;' Zowy']. (2.65)
Moreover, the set £(H) is given as (1.64) with

K=[uw ' vawy']. (2.66)
Proof Post- and pre-multiplying 7" (s) by the following matrix:

© =diag(P ', Py, Py Y,
and then replacing matrices AS, ES, C* and D(S) with their expressions in (2.60)
Vs € [1; N], one obtains (2.63) with W = diag(Wy, W), W; = Pf], Zi = K;W;
and U; = H;W;,fori =1, 2.
On the other hand, the inclusion (2.62) is equivalent to p(H); P “I(H )iT < 1,

i = 1,...,1. Developing equivalently gives p(HW),-W’l(HW)l.T < 1, that is,
pU); w-lwu )iT < 1. Then, using Schur complement, one obtains:

[/:(lvjv)i]>0,i=1,...,m. (2.67)


http://dx.doi.org/10.1007/978-3-319-20116-0_1
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Fig. 2.8 Evolution of the
first component of xj
(gauge) using the saturating
controller from Example 2.5

Fig. 2.9 Evolution of the
second component of x4
(gauge derivative) using the
saturating controller from
Example 2.5
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Finally, using u = 1/p, W = diag(Wy, W) and U = [Uj, U], the LMIs (2.64)

follows.

O

Example 2.5 Consider the metal rolling plant studied in Sect. 1.5.1. LMIs (2.63) and
(2.64) are feasible. The simulation results are plotted in Figs.2.8,2.9,2.10,2.11,2.12

and 2.13.

2.4.2.2 Unsaturating Controller

Consider now the differential linear repetitive processes saturated system (2.55). In
the previous section, the design of a saturating controller was studied (saturation
of control was allowed), whereas in this section, saturation is not allowed and the
synthesis will guarantee that the state evolves inside a region of linear behavior given
by £(F) (F being the controller gain). Thus, this case can be seen as a particular case

of the saturating one.


http://dx.doi.org/10.1007/978-3-319-20116-0_1
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Fig. 2.10 Evolution of the
second component of
zx(gauge derivative) using 0.015
the unsaturating controller
from Example 2.6

state x, 2

500
Fig. 2.11 Evolution of the
second component of zx
(gauge second derivative) 0.03-
when using the saturating 0.02
controller from Example 2.5 '
—_ 0.01-
*
;o
£ -0.01..
-0.02-
0.03.
600 :
400

Theorem 2.6 For a given scalar p > 0, if there exist matrices F| € R™",
F, € R™*P, and symmetric positive definite matrices 0 < P; € R"™" and
0 < Py € RP*? such that the following LMI conditions hold true:

PIA + ATpl P]B() éTPZ

T(S) = k —P2 Dgpz < 0, (268)
* * —P
e(P, p) C £(F) (2.69)

where

Aéo | A+BF, Bo+BF;
C Dy C+ DF|y Dyp+ DF,
and P = diag(P1, P»), then the differential linear repetitive processes system (2.58)

is stable along the pass, V&0 = |:Xky4(;tt(§))] e e(P, p).
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Fig. 2.12 Evolution of the
first component of the
control signal u; when using
the saturating controller from
Example 2.5

Fig. 2.13 Evolution of the
second component of the

control signal u; when using 1
the saturating controller from
Example 2.5 N_ 0.5+
2
o)
g o
<
(o]
© -0.5+

|
-

400

Proof The proof follows readily if one replaces K by F in the proof of Theorem
2.5 and removes the saturated convex writing of the control. This can be done, as in
this case, the state is restricted to evolve inside the linear region of behavior given
by condition (2.69). ([l

In the next result, the LMI formulation of these conditions that enables the unsat-
urating state-feedback control to be derived is given as

Corollary 2.6 Fora given scalar p > 0, if there exist matrices Z1, Z>, W1 = WlT >
0, and W = W2T > 0 such that the following LMIs hold true:

U+ WL W W
* —Wy W3 <0, (2.70)
* x —Ws
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Fig. 2.14 Evolution of the
first component of
Xk+1(gauge) using the
unsaturating controller from
Example 2.6

Fig. 2.15 Evolution of the
second component of

X+1(gauge derivative) using 05
the unsaturating controller
from Example 2.6 «
K

x

2

©

@

Fig. 2.16 Evolution of the
second component of
zx(gauge derivative) using 02
the unsaturating controller
from Example 2.6

n (Z1)i (Z2)i
* W 0 >0,s=1,....,m 2.71)
* % W
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Fig. 2.17 Evolution of the
second component of z
(gauge second derivative)
when using the unsaturating
controller from Example 2.6

Fig. 2.18 Evolution of the
first component of the
control signal u; when using
the unsaturating controller
from Example 2.6

Fig. 2.19 Evolution of the
second component of the
control signal u; when using
the unsaturating controller
from Example 2.6
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where (Z1); and (Z>); hold for the ith row of matrices Z| and Z, respectively;
w = 1/p, while matrices W11, Y12, ¥13, W23 are given as

v, =AW,+ BZ;
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¥ = BoW, + BZ,
_ T T T

Yiz=WC' +Z; D
_ T T nT
U3 = WDy + 2, D",

then the differential linear repetitive processes system (2.58) is stable along the pass,

vel = [xl;‘gég))] € e(P, p)with P = diag(Wfl, W{l), when the controller gain

is given as
_ —1 —1
F=[zw;' zowy']. (2.72)

Proof The proof follows readily from Corollary 2.5.

Example 2.6 Consider the same system studied in the saturating controller case of
Example 2.5. If no saturation is allowed in the control signal, Corollary 2.6 can be
used to synthesize the controller. In this case, the LMIs (2.70) and (2.71) are feasible,
with a solution given as

F1 =1[231.9679 166.5527], F, =1[627.1912 104.5319].

Some simulations are presented in Figs.2.14, 2.15, 2.16, 2.17, 2.18, and 2.19 for
the same boundary conditions as those presented for Example 2.5. It can be seen
that the proposed controller effectively ensures the stability of the closed-loop 2-D
system.

2.5 Conclusion

In this chapter, the problem of stabilization under state-feedback control of several
classes of 2-D saturated systems is studied. Sufficient conditions of asymptotic sta-
bility are derived for each case using a common approach, with the synthesis of the
required controllers given in LMI form.

First, the problem of stabilizability of continuous 2-D saturated systems has been
studied for Roesser models. Two different cases were considered: saturating and
unsaturating controllers. The first allows saturation to take effect, while the second
limits the system’s evolution to the region of linear behavior. Then the problem of
stabilizability of discrete 2-D saturated system was studied for Roesser models, using
a parallel approach, for the two cases: saturating and unsaturating controllers.

The final part of the chapter shows how the proposed approach can be extended to
other classes of 2-D systems, as a relevant example, repetitive systems with saturation
have been studied. Stability along the pass is guaranteed for both saturating and
unsaturating controllers.
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It must be pointed out that the required conditions can be easily used in practice,

as the synthesis of the required controllers is given in LMI form; some numerical
examples are provided to illustrate the results.
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