Gravity: Newtonian, Post-Newtonian,
and General Relativistic

Clifford M. Will

Abstract We present a pedagogical introduction to gravitational theory, with the
main focus on weak gravitational fields. We begin with a thorough survey of Newto-
nian gravitational theory. After a brief introduction to general relativity, we develop
the post-Minkowskian formulation of the field equations, which is ideally suited
to studying weak-field gravity. We then discuss applications of this formulation,
including post-Newtonian theory, the parametrized post-Newtonian framework, and
gravitational radiation.

1 Introduction

General relativity is a theory of “gravity as geometry.” It provides a remarkable
new conception of the nature of gravity, totally at odds with the idea of gravity
as conceived by Isaac Newton. It makes predictions of remarkable new and exotic
phenomena: black holes, space-time singularities, the expanding universe.

But, as we approach the centenary of the 1915 publication of the full theory, we
have learned that there is a wealth of important physical and astrophysical phenom-
ena in which general relativity is important, but for which the full, exact theory is not
needed. These phenomena range from the dynamics of the solar system, where many
important experimental tests of general relativity have been carried out, to binary
pulsar systems, to the dynamics of stars in galactic cores containing supermassive
black holes, to the inspiral of binary systems of neutron stars or black holes, which
will be important sources of detectable gravitational waves. These are situations
where the gravitational potentials are small (in units of ¢*) and speeds are low (in
units of ¢). These cases lend themselves to methods that forego any attempt to find
exact solutions of Einstein’s equations, but instead attempt to develop systematic
approximations to solutions of the equations.

Among these methods are the “post-Minkowskian” and “post-Newtonian”
approximations that will be the main topic of this chapter. In post-Minkowskian
theory, the strength of the gravitational field is measured by the gravitational con-
stant G, and the Einstein field equations are formally expanded in powers of G.
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At zeroth post-Minkowskian order there is no field, and one deals with Minkowski
space-time. At first post-Minkowskian order, the gravitational field appears as a cor-
rection of order G to the Minkowski metric, and the (linearized) field equations are
integrated to obtain this correction. The correction is refined by terms of order G2 in
the second post-Minkowskian approximation, and the process is continued until the
desired degree of accuracy is achieved. When augmented by an assumption of slow
motions, the method is known as post-Newtonian theory. A slow-motion assump-
tion is natural, as the virial theorem requires that kinetic energies be comparable to
gravitational potentials, so that weak fields, characterized by (potentials)/c? < 1,
go hand in hand with slow motions, (v/c)*> < 1.

These methods have proven in recent years to be very powerful, and unreasonably
effective in describing important relativistic phenomena. Because the methods can
be carried out to higher orders in the approximation, they can handle situations
where the fields are not so weak or the motions not so low. For example, high-
order calculations in post-Newtonian theory of the late inspiral of a compact binary
system have proven to agree remarkably well with results from numerical relativity,
in regimes where the two techniques overlap.

Accordingly, this chapter is designed as a pedagogical introduction to these
methods. Because they yield Newtonian gravity as the first-order approximation,
we begin with a fairly lengthy exposition of Newtonian theory (Sect. 2), one that
goes beyond the simplest undergraduate level of “inverse square law” —“elliptical
orbit” concepts. After a brief introduction to general relativity (Sect. 3), we
describe the post-Minkowskian approach (Sect. 4). This is an exact reformulation of
Einstein’s equations that nicely lends itself to a systematic sequence of approx-
imations. Including slow motions yields post-Newtonian theory, along with the
parametrized post-Newtonian (PPN) formalism, used to discuss alternative theories
of gravity and their experimental tests (Sect. 5). Finally, we discuss the use of these
methods to analyze gravitational radiation (Sect. 6).

Because this chapter is meant to be pedagogical, we shall not provide extensive
references to the primary literature, but will instead give a bibliography and sugges-
tions for further reading at the end. This chapter is based in part on a forthcoming
book, Gravity: Newtonian, post-Newtonian, Relativistic, coauthored by Eric Pois-
son. I am grateful to my coauthor and to Cambridge University Press for permission
to use portions of the book draft in this chapter.

2 Newtonian Gravity

The gravitational theory of Newton is an extremely good representation of gravity
for a host of situations of practical and astronomical interest. It accurately describes
the structure of the Earth and the tides raised on it by the Moon and Sun. It gives
a detailed account of the orbital motion of the Moon around the Earth, and of the
planets around the Sun. Of course, it is now well-established that Newtonian theory
is not an exact description of the laws of gravitation. But apart from specialized
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situations requiring very high precision, such as the orbit of Mercury, timing in
the Global Positioning System, or very long baseline radio interferometry (VLBI),
Newtonian gravity rules the solar system.

For the overwhelming majority of stars in the universe, Newtonian gravity also
rules. The structure and evolution of the Sun and other “main sequence” stars can
be completely and accurately treated using Newtonian gravity. Only for extremely
compact stellar objects, such as neutron stars and, of course, black holes, is general
relativity important. Newtonian gravity is also perfectly capable of handling the
structure and evolution of galaxies and clusters of galaxies, and can even be used
in the context of an expanding universe, as long as the relevant distance scales are
shorter than the Hubble scale.

Generally speaking, the criterion that we use to decide whether to employ
Newtonian gravity or general relativity is the magnitude of the quantity

_GM v? |
R U (D
where G is the Newtonian gravitational constant, c¢ is the speed of light, and where
M, r, and v represent the characteristic mass, separation or size, and velocity within
the system under consideration. The smaller this factor, the better is Newtonian
gravity as an approximation.

2.1 The Equations of Newtonian Gravity

Most undergraduate textbooks begin their treatment of Newtonian gravity with
Newton’s second law and the inverse-square law of gravitation:

l’f’l1a=F,

GmgM
———>—n. 2)
’

F =
In the first equation, F is the force acting on a body of inertial mass m situated at
position r, and a = dzr/dt2 is its acceleration. In the second equation, the force
is assumed to be gravitational in nature, and to originate from a gravitating mass
M situated at the origin of the coordinate system. The force law involves mg, the
passive gravitational mass of the first body at r, while M is the active gravitational
mass of the second body. The force is attractive, it varies inversely with the square
of the distance r := |r| = (x> 4+ y*> + z2)!/2, and it points in the direction opposite
to the unit vector n :=r/r.
An alternative form of the force law is obtained by writing it as the gradient of a
potential U = GM /r, so that
F=mgVU. 3)
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If the inertial and passive gravitational masses of the body are equal to each other,
mj = mg, then the acceleration of the body is given by a = VU, and its magni-
tudeisa = GM/ r2. Under this circumstance, the acceleration is independent of
the mass of the body. This statement is known as the weak equivalence principle
(WEP), and it was a central element in Einstein’s thinking en route to the concepts
of curved space-time and general relativity. Newton himself deemed this principle
so important that he opened his 1687 magnum opus The Principia with a discussion
of it and the experiments he had performed to test it. Twentieth-century experiments
have shown that the two types of mass are equal (or more precisely that the ratio
mg/my is independent of the composition of the material) to a few parts in 10'3 for
a wide variety of materials. The chapter, “The Newtonian Gravity and Some of Its
Classical Tests (Equivalence Principle, Measure of G, 1/ P2 by V. Iafolla, discusses
these experiments in more detail).

In order to consider the motion of extended bodies made up of continuous matter
(solid, fluid, or gas), allowing the bodies to be of arbitrary size, shape, and consti-
tution, and possibly to evolve in time according to their own internal dynamics, it is
necessary to generalize the primitive Eq. (2) to a form that applies to a continuous
distribution of matter.

To do this, we characterize the matter distribution by a mass-density field p(z, x),
a pressure field p(¢, x), and a velocity field v(¢, x); these quantities depend on time ¢
and position x within the fluid. The equations that govern the behavior of the matter
are the continuity equation

0
L4V =0, “)
ot
which expresses conservation of mass, and Euler’s equation,
& _vU-—v (5)
P =P P
which is the generalization of Eq. (2) to continuous matter; here
d 9 +v-V (6)
_— = — V- S
dt ot

is the convective time derivative associated with the motion of fluid elements. The
equation that governs the behavior of the gravitational field is Poisson’s equation

VU = —47Gp, (7

where 5 5 5
a 0 0
AV +— +—, 8
x2  9y? 972 ®
is the familiar Laplacian operator. Using the Green function for the Laplacian, we
can convert this to an integral

p(tv X/) d3x/
Ix —x'| '

Uit,x)=G €))
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The integral can be evaluated as soon as the density field p(z, X') is specified, regard-
less of whether p is a proper solution to the remaining fluid equations. As such,
Eq. (9) gives U as a functional of any arbitrary function p. The potential, however,
will be physically meaningful only when p itself is physically meaningful, which
means that it must be a proper solution to the continuity and Euler equations.

To complete the formulation of the theory we must impose a relationship between
the pressure and the density of the fluid. This relationship, known as the equation of
state, takes the general form of

in which the pressure is expressed as a function of the density, temperature, and
possibly other relevant variables such as chemical composition. The equation of
state encodes information about the microphysics that characterizes the fluid, and
this information must be provided as an input in most applications of the theory.

A complete description of a physical situation involving gravity and a distribution
of matter will be obtained by integrating Egs. (4), (5), and (7) simultaneously and
self-consistently. The solutions must be subjected to suitable boundary conditions,
which will be part of the specification of the problem. All of Newtonian gravity is
contained in these equations, and all associated phenomena follow as consequences
of these equations.

The equations of hydrodynamics give rise to a number of important global con-
servation laws. These refer to global quantities, defined by integrals over the entire
fluid system, that are constant in time whenever the system is isolated, that is, when-
ever the system is not affected by forces external to it or by flows of matter out of it.
The equation of continuity (4) leads to some useful properties of such integrals. For
an arbitrary function f (¢, x), use of the equation of continuity and an integration by

parts leads to
—/ (t,x)f(t,xX)d’x _/p—d3 (11)

where, as before, d/dt is the convective (or Lagrangian) time derivative and where
the volume of integration is fixed in space and contains all the matter.
For the integral F(z,x) := [ p(t,X) f(t, x,X)d°x',

aF [ (of -
at_/ (at+v Vf)d (12)

The Lagrangian time derivative actingon F is dF /dt = dF /0t +v- VF, and from
Eq. (12) and the definition of F (¢, x) we find that this can be expressed as

dF JAdf 5,
— = — d°x’, 13
dt /'Odt o (13)
with 4 5
—f-——f+v-Vf+v/-V’f, (14)

dr = 0t
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denoting a generalized Lagrangian derivative.
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With these results it is straightforward, using the equation of continuity and the

Euler equation, to show that the following are constant in time:
Mass: M = /,o(t,x)d3x,
Momentum : P := /,o(t, x)v(z, X) d3x,

Angular Momentum : J := /,o X X Vd3x,
Energy :  E :=T(t) + 2(t) + Ein(?).
In addition, the center of mass, defined by

1
R = — t, d3 5
M/,o( X)xd’x

is a linear function of time. Finally, one can prove the virial theorems

14217k . . )
5 = 277K + 7k 4 psik,
1d°1
S = 2T + 2 + 3P,

where
1
T@) = E/pv2 d’x,
) 1 .
Ty = z/pv]vkd3x,

op'

Q@) = —l/pU dx = —lG dx'dx,
2 2 |x — x|
Q1) = —%G / i ;/)j(iq; L pas,
Eint(t) := / ed’x,
P(r) ::/pd3x,

Ijk(t) :=/,0xjxkd3x,

1(1) :=/pr2d3x,

(15a)
(15b)

(15¢)
(15d)

(16)

(17a)

(17b)

(18a)
(18b)
(18c)
(18d)
(18e)
(18f)
(18g)

(18h)

where ¢ is the energy density, subject to the first law of thermodynamics for perfect
or isentropic fluids, d(¢V) + pdV = 0, where the element of volume evolves with

the fluid flow according to V~='dV/dt = V - v.



Gravity: Newtonian, Post-Newtonian, and General Relativistic 15
2.2 Spherical and Nonspherical Bodies

In spherical symmetry, Poisson’s equation (7) takes the form
19 ( ,0U
r29r\  9r

Defining the mass contained inside a sphere of radius r as

) — 47 Gp(t,r). (19)

.
m(t,r) == / Axp(t, ryr'* dr', (20)
0

we rewrite Poisson’s equation in the form

U Gm(t,r)

T 21

ar r2 @D
If R is the radius at which p = 0, then, defining M = m(R) (a constant by virtue of
the continuity equation), we can write the solution of Eq. (21) that is continuous at
r = R and vanishes at infinity in the form

Gm(t, R
U, r)= y —1—471G/ o(t, rr' dr’. (22)
r

Outside the body, U = GM/r, a constant in time.

To describe the potential of nonspherical bodies, we return to Eq. (9), and, for a
field point outside the body (|x'| < |x|), we carry out a Taylor expansion of |x —
x|7L

X (=1 1
_y g‘) Loy (;) , (23)

where we introduce a condensed notation in which an expression like x/*” stands for
the product x/ ix¥x", and 9 ikn stands for 00 0,. We adopt the Einstein summation
convention and sum over repeated 1ndlces in an expression like x'/ ka r~!. In the
second line, we introduce a multi-index notation, in which an uppercase index such
as L represents a collection of £ individual indices. Thus, x stands for x/1/2Je,
d stands for 9j, j,...,, and xL9; involves a summation over all ¢ pairs of repeated
indices. Substituting Eq. (23) into Eq. (9) gives

1t 1
Ueni(t, X) = Z - ) (;) , (24)

with
18 ) = / o, x)x\B @x’, (25)
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defining a set of STF multipole moments for the mass distribution. The STF label
denotes symmetric, trace-free: an object AY/%-) is symmetric on all its indices and,

for any pair of indices, §;; A{/K-) = 0. The gradients of r~! generate STF tensors.
Using the fact that
ajr =n;, (268.)
1
djng = oknj = ;((Sjk — njnk) s (26b)

it is straightforward to show that

dir' = —n;r 2, (27a)
djur ' = Bnjng — 8j5)r 2, (27b)
Ojinr ™" = =15 many = 3(n;800 + ey +ma8ii) r ™ (270)
We define the STF tensors
nbik = pipk — %5!’", (28a)
nkm = pinkp — é((Sjkn" + 8k + 88l (28b)

and more generally,

[¢/2]

( 1)”
Z(— S R )] @)

where 827 stands for a product of p Kronecker deltas (with indices running from j
to jap), n =2 stands for a product of £ —2p unit vectors (with indices running from
J2p+1to je), and “sym(g)” denotes all distinct terms arising from permuting indices;
the total number of terms within the square brackets is equal to ¢ := £!/[({ —
2p)(2p)!"]. Then, we have

-1

dr' = dyr = (=D42e - (30)

i ML)
D e+1
The fact that 9,7~ is trace-free follows trivially from the fact that V2r~! = 0.
There is a close connection between n'’) and the spherical harmonics. For a
chosen unit vector e,

YAl
eqyn't) = (—D”Pg(cosé) (31)
where cos 6 = e - n. In addition,
¢
4 e)
D= Ne > Vi Yum@.0).  Ne= T (32)

m=—{
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where ygjj is a set of constant, complex STF tensors that satisfy yéle =

(—1)my;‘,jf>. For ¢ = 1, for example, Eq. (32) embodies the well-known relation
between (x £iy)/r and z/r and the £=1 spherical harmonics.

There will be occasions when we need to calculate the average of a quantity
¥ (0, ¢) over the surface of a sphere:

1
(V) = 4—/¢(9,¢)d9. (33)
T

Of particular interest are the spherical average of products n/n*n” - . . of radial vec-
tors. These are easily computed using the fact that the average of the STF tensor
n'7km) must be zero; this property follows directly from Eq. (32) and the identity
f Yo (0, ¢)ds2 = 0 (unless £ = 0). In this way we obtain, for example,

. 1 .
(nin*y = gaf", (34a)
. 1 . , .
(nfnfn"nPy) = B(a/ka"" + §Inskp - gipskn) | (34b)

and so on. The general expression for such angular averages can be shown to be
given by

(") (6% + sym(g)]. (35)

RRCEST
when ¢ is an even number, and {(n’)) = 0 when ¢ is odd; we use the same notation
as in Eq. (29), in which 8% stands for a product of £/2 Kronecker deltas, and sym(q)
denotes all distinct terms obtained by permuting indices; the total number of terms
within the square brackets is equal to ¢ = (£ — 1)!!.

2.3 Motion of Extended Fluid Bodies

We consider a fluid system that is broken up into a number N of separated and iso-
lated bodies, with the size of each body R assumed to be small compared to the
interbody distance r. Each body is assigned a label A = 1,2,---, N, and each
body occupies a volume V4 bounded by a closed surface S4. The mass density p
is assumed to be equal to p4 inside Vy, and zero in the vacuum region between
bodies. The fluid dynamics inside each body is governed by the continuity and
Euler equations (4) and (5) and the gravitational potential U is given everywhere
by Eq. (9).

We define the total mass of body A along with its center-of-mass position,
velocity, and acceleration by

ma :=/,0(t,x)d3x, (36a)
A
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rat) = i/ o(t,x)xd’x (36b)
ma JA

va(l) = i/ ot x)vd’x, (36¢)
ma JA

aa() = — / o0 Y (36d)
ma Ja dt

where the domain of integration is a region of space that extends slightly beyond
the volume Vj; it is sufficiently small that it contains no other body, but sufficiently
large that it continues to contain body A as it moves about in a small interval of time
dt. It is easy to show that m 4 is time-independent: dm 4 /dt = 0 and that

dl‘A dVA
= —, = —. 37
va = as = — 37

In addition to these variables, we introduce
HOES /A Pt %) (x —r) dPx | (38)

the STF multipole moments of body A, which refer to its center-of-mass position
r4(7); notice that the dipole moment / - f 4 p(x—ra )/ d3x vanishes automatically.

Integrating the Euler equation (5) over body A, and noting that | AV pd3x =0
and [, pVUad3x = 0, we obtain

mAaA—Z/p(t x)/ Pl X)d3 &' 39)

B#A
Defining
X=ry4 +X,
X = rg + X s
rAp =Trp —TIp, (40)

and carrying out a Taylor expansion in both x and X', assuming both are small
compared to r4 g, we obtain, after some rearrangement of terms,

mBnAB
=63 |-
B#A AB

o
mp 1
Y afen s m—AIj,”]a;‘L(—)
=2

I << (- 1
- (L) (L)) A
m Zz 210 IA IB ajLL’( )]v (41)
(=2 ¢'=2

~
==
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where ngp = rap/rap is a unit vector that points from body B to body A. This
expression implies that > , maas = 0, a statement that reflects Newton’s third law
or the conservation of total momentum.

The multipole moments of a perfectly spherical body vanish, I/g” = Ofor ¢ #
0, and when all the bodies are spherical, Eq. (41) reduces to the familiar set of
“point-mass” equations of motion,

; Gman{B
dh= 3 S @)
B#£A 'AB

When the bodies are not spherical, the motion of body A is affected by the distor-
tion of the gravitational potential caused by the deformation of the other bodies; this
influence is described by the terms in Eq. (41) that involve éL). It is affected also by
the nonspherical coupling of its own mass distribution to the monopole field of each
external body; this influence is described by the terms in Eq. (41) that are linear in
IIE‘L). And finally, it is affected by the coupling between its own multipole moments
and those of the remaining bodies, as described by the last line in Eq. (41). This
last effect is analogous to the dipole—dipole coupling in electrodynamics, except
for the fact that there is no dipole moment in gravitation; the leading effect comes
from a quadrupole—quadrupole interaction. The presence of terms involving Izgu in
the equations of motion imply that the motion of a body can depend on its inter-
nal structure, by virtue of its finite size and the nonspherical coupling of its mass
distribution to the external gravitational field. This observation does not constitute
a violation of the WEP; such a violation would imply a dependence on internal
structure that would be present even when the bodies have a negligible size.

Because each multipole moment If\L> scales as m 4 R¢ , each term in the sum

scales as )
Gmamp ( R4 )Z(RB )[
2\, PO
i TAB TAB

and the assumption that R4 <« rap implies that each term gets progressively
smaller; the equation is exact, but it is most useful as a starting point for an approx-
imation scheme. For many applications involving a small ratio R4 /r4p, the sums
can be safely truncated after just a few terms. For other applications, however, a
large number of terms may be required. An example is the motion of a satellite
in a low Earth orbit, which is sensitive to many of Earth’s multipole moments; in
geodesy projects such as the Gravity Recovery and Climate Experiment (GRACE)
and the CHAllenging Mini-satellite Payload (CHAMP), Earth’s multipole moments
up to £ ~ 360 have been measured.

We now specialize to a system of two bodies. The total mass of the binary system
is m := mj + my. We define the relative separation r := r; — ra, and work in
barycentric coordinates where

R := (mi/m)r| + (ma/m)r, =0,

rp = (mz/m)r,
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r, = —(my/myr. (43)

Defining r := |r|,n:=r/r,v:=dr/dt = v — vy, and a := dv/dt = a; — ap, we
obtain the effective one-body equation of motion

. ni 2 i Jas |
= —Gm— + G z et 2 (=
a mr2+ m E!|:m1 + (=1 . it 5
+Gm ZZ( DR (! (44)
yaral m1 my JLL r)]’

(=210=

Specializing further, we assume that only body 2 has significant multipole moments,
and that it is symmetric about an axis aligned with the unit vector e. It is
straightforward to show that

LY = —maR5 (I e, (45)
where J; is a dimensionless multipole moment, defined by

4 1 (L)

Jp o= — —
¢ 20+ 1 MRETO

Iy . (46)

We inserted the label “2” on all quantities (such as mass, radius, symmetry axis, and
multipole moments) to indicate that they belong to body 2. Equation (44) can then
be written as

G e Ry\' [ dP, dP
a=,—'2n[—n+Z<Jz>z (72) (n - 2—‘)} 47)

=2 d/,L d“

where Pg(u) is the Legendre polynomial of 4 = n - e;. Note that the acceleration
has a radial piece & n and a piece parallel to the companion’s symmetry axis e;.

2.4 Newtonian Orbital Dynamics

Kepler’s problem is the determination of the motion of two bodies subjected to their
mutual gravitational attraction, under the assumption that each body can be taken to
be spherically symmetric. This is the simplest problem of celestial mechanics, but
also one of the most relevant, because the motion of any planet around the Sun can,
to a good first approximation, be calculated while ignoring the effects of the other
planets. It is also a problem that can be solved exactly and completely, in terms of
simple equations. In this case, dropping all terms involving multipole moments in

Eq. (44), we obtain

Gm

=——n. 48
a o (43)
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Fig. 1 Keplerian orbit in
space

Because the potential is static and spherically symmetric, the equation of motion
admits a conserved energy and angular momentum, given by

1 G
g =Ly Gum
2 r
L=purxv, (49)

where w := mimay/(m1 + m») is the reduced mass. The constancy of L. implies that
the motion lies in a plane perpendicular to L.

In order to write down the general solution of the Kepler problem, we introduce
coordinates (X, Y, Z), with the X — Y plane called the reference plane. This is
arbitrary, and is often dictated by convention or convenience. For example, in the
description of planetary motion in the solar system, the reference plane is chosen
to coincide with Earth’s own orbital plane (called the ecliptic); in the description
of satellites orbiting the Earth, the reference plane is Earth’s equatorial plane; for
binary star systems, the reference plane is the plane of the sky. In each case, the
direction of the X-axis is selected by convention.

The situation is represented in Fig. 1, which shows the orbit plane crossing the
reference plane at an angle ¢ called the inclination; this is the angle between the
z-direction of the orbit frame and the Z-direction of the reference frame. The line of
intersection between the two planes is known as the line of nodes, and the point at
which the orbit cuts the reference plane from below is the ascending node. The angle
£2 between the X-direction and the line of nodes is the longitude of the ascending
node. The diagram also shows w, the longitude of pericenter, defined as the angle
between the line of nodes and the direction to the pericenter, the point of minimum
r, as measured in the orbit plane.

Elementary methods show that the solution to the Keplerian two-body problem
is given by

r=rn, (50)
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where
p

= —, 51
" 1+ecos f D

where e is the eccentricity, and p is the semi-latus rectum, related to the angular
momentum per unit reduced mass & by & := |r x v| = /Gmp. The radial unit
vector n, along with the unit vector h = h/h normal to the orbit plane, and the
third vector A perpendicular to them both, are given by

n= [cos.Qcos(w—i—f)—cosasin.(?sin(w-i—f)]ex

+ [sin £2 cos (w + f) + costcos 2 sin(w + f)] ey

+ sin¢sin(w + f)ez, (52a)
A= [—costin(a)+f)—costsin.Qcos(a)+f)]ex

+ [ sin 2 sin(w + f) + costcos 2 cos (w + f)] ey

+ sintcos(w + f)ez, (52b)
h =sintsin 2 ex —sintcos 2 ey +costeyz. (52¢)

The relation between the angle f, known as the true anomaly, and time is given by
integrating the equation
af _ h 53)
dt — r?’ (
The total listing of orbital elements therefore consists of the size and shape elements
p and e, the orientational elements ¢, £2, and w, and the time element T arising
from the constant of integration from Eq. (53); the total number of elements is six,
corresponding precisely to the number of initial conditions (x(0), v(0)) required to
select a unique solution to Kepler’s problem.
The semimajor axis a is defined by

P
a = E(rmin + Fmax) = 1 —2° (54)
and the orbital period P is given by
P =27a>*(Gm)™/?. (55)
Other useful orbital quantities expressed in this language include
v=rn+ (h/r)x,
7 = (he/p)sin f,
E=—-Gum/2a. (56)

The constancy of p is directly tied to conservation of angular momentum /%, and the
constancy of a := p/(1 — €?) is tied to conservation of energy (so that constancy
of e is also assured). In addition, the appearance of 7 as an integration constant
was expected from the fact that the gravitational potential Gm /r does not depend
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explicitly on time. The constancy of ¢ and §2 is related to the spherical symmetry of
the problem, which fixed the direction of L and the orbital plane.

The constancy of w is a very important property of a Keplerian orbit: it ensures
that the orientation of the orbit within its plane stays fixed, that the position of the
pericenter does not move, and when the orbit is bound, that the orbit retraces itself
after each orbital cycle. The constancy of w is the result of a hidden, dynamical
symmetry of Kepler’s problem, associated with the specific 1/r nature of the grav-
itational potential; the symmetry does not exist for other potentials. The symmetry
gives rise to a conservation statement for the Runge—Lenz vector, defined by

vxh
A= —n. 57
Gm
A short computation using a = —Gmn/r? shows that
dA
— =0, 58
yr (58)

and the manipulations do indeed reveal that constancy of A relies on the specific
form of the gravitational acceleration. The Runge-Lenz vector can be evaluated
explicitly by making use of the Keplerian results obtained previously. The result is

A =e(coswe, +sinwey) = eep, (59)

where e, points along the line of nodes, and e, and h complete the basis vectors
for the orbital plane; it reveals that the vector A points in the fixed direction of the
pericenter ep. The vector has a length e, and constancy of A implies that w is a con-
stant of the motion. This same dynamical symmetry is also responsible for the high
degree of degeneracy in the quantum-mechanical energy levels of the nonrelativistic
hydrogen atom. However, any deviation from a pure 1/r potential will generically
cause a variation in the angle w and a splitting of energy levels in hydrogen. There
is also a similar dynamical symmetry for the spherical harmonic oscillator potential
o r2, both classical and quantum.

Five of the orbital elements that we have described can be expressed directly in
terms of the variables x and v of the orbit. A simple calculation shows

h2
= —), 60
P=Gn (60a)
e=|Al, (60b)
h-
CcoSt = = ¢z , (60c)
h
h-
sinsin 2 = hex : (60d)
A -
sin¢sinw = ¢z . (60e)

e
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2.5 Osculating Orbit Elements and the Perturbed Kepler Problem

In the real world, the Kepler two-body problem does not apply because one or more
of the bodies may not be spherically symmetric, because of the presence of other
bodies or mass in the system, or because of relativistic effects. Let us assume that
the relative acceleration a := a; — ap between two bodies is given by

a=-"Fntt, (61)

where f is a perturbing force per unit mass, which may depend on r, v, and time.
The solution of this equation is no longer a conic section of the Kepler problem.
However, whatever the solution is, at any given time #y, for r(zy), v(¢y), there exists
a Keplerian orbit with orbit elements eq, ag, wg, §20, to, and Ty that corresponds
to those values, as we constructed in the previous section. In other words, there is
a Keplerian orbit that is fangent to the orbit in question at the time #y, commonly
called the osculating orbit.

However, because of the perturbing acceleration, at a later time, the orbit will
not be the same Keplerian orbit, but will be tangent to a new osculating orbit, with
new elements ¢/, @’, and so on. The idea then is to study a general orbit with the
perturbing acceleration f by finding the sequence of osculating orbits parametrized
by e(t), a(t), and so on. If the perturbing acceleration is small in a suitable sense,
then since the orbit elements of the original Kepler motion are constants, we might
hope that the osculating orbit elements will vary slowly with time.

Mathematically, this approach is identical to the method of “variation of param-
eters” used to solve differential equations, such as the harmonic oscillator with a
slowly varying frequency.

In this case, we replace our Keplerian solution for the motion with the following
definitions:

r:=rn, (62a)
pa=—1r (62b)
l+4ecos f

he si h
_hesinf o Ly (62)

p r
p=a(l —eé?), (62d)
h* = Gmp, (62¢)

where the unit vectors n and A are given by Eq. (52).
We first decompose f as

f=Rn+Sir+Wh, (63)

in terms of components R, S, and W.
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The effect of the perturbing acceleration f on the vectors h and A can be
calculated by appealing directly to their definitions. We find that

h ~
iij—tzrxf:—rWX—i—rSh, (64)
and
dA ) NS
GmE:th+v><(rxi')=2h8n—(hR—i—rrS)k—rrWh. (65)

These equations imply that
dh
dt
and therefore, that S produces a change in the magnitude of the angular-momentum
vector, while WV produces a change in its direction. Similarly, both R and S produce
a change in A’s magnitude, as well as a change of direction orthogonal to h.

We can now systematically develop equations for the variations with time of
the osculating orbit elements. For example, since h - ez = h cost, then h- ey =
hcost — sinu(di/dt) = rScost — rWcos(w + f)sine, with the result that
di/dt = (rW/h)cos(w + f). Similarly, since h - ey = —hsintcos §2, then
taking the derivative of both sides and substituting our previous results for h, h
and di/dt, we obtain sint$2 = (rW/h)sin(w + f). To obtain ¢, we note that
ee =A- A, and use the fact that A = ncos f — A sin f. For a, we use the definition
h? = Gma(l — e%), from which @ /a = 2h/h+2eé/(1 — e%). For @, we use the fact
that A - ez = e sin ¢ sin w, combined with previous results for ¢ and d¢/dt. The final
equations for the osculating orbit elements are

rS, (66)

da 24 p .

= (SE 4+ Resing) . (67)
d 1 —¢? S

@ _ ¢ (Ra sin f + —(ap — r2)) , (67b)
dt er

90 _ _RP cos f+ 82 gin f — W cotisin@+ ). (670)
di ~ Veh eh h @I

P1?)

sin1 =~ = W% sin (@ + f), (67d)

i _ Wr cos(w+ f) (67e)
dit — h @ ’

Notice that the orbit elements a and e are affected only by components of f in the
plane of the orbit, while the elements £2 and ¢ are affected only by the component out
of the plane. The pericenter change has both, but this is because of the combination
of intrinsic, in-plane perturbations (the first two terms) with the perturbation of the
line of nodes from which w is measured (the third term).

We are missing an equation for the variation of T, the time of pericenter passage,
which determines the true anomaly f via Eq. (53). If one is engaged in real-life orbit
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determinations, such as navigating a spacecraft, timing a binary pulsar’s orbit, or
developing ephemerides, then the variation of T is an important quantity. However,
if one is interested in elucidating physical effects on an orbit, it is more practical to
close the system of equations by providing an expression for df/dt, from which the
true anomaly can be obtained directly. Because f is the angle between the (varying)
pericenter and the position vector n, we have that cos f = n - ep, and this can
immediately be differentiated with respect to time. After some simplification, we

find

df h do 492 68)

— =—=—|— +cost—
dt  r? dt dt )’

which shows that df/dt differs from the usual Keplerian expression by a term
dw/dt 4+ costdS$2/dt which possesses a direct geometrical meaning. We recall
that w is the angle from the (varying) pericenter to the (varying) line of nodes,
as measured in the orbital plane, while §2 is the angle from the line of nodes to
the (fixed) X-direction, as measured in the reference X-Y plane. The combination
dw + cos 1 dS2 can then be seen to describe the change in the direction to the peri-
center relative to the X-direction, as measured entirely in the orbital plane. The
non-Keplerian terms in Eq. (68) therefore appear because the true anomaly f is
now measured relative to a varying set of directions. In fact, it is common to discuss
the variations in the combined orbit “element”

dw :=dw+costds2. (69)

The formalism of osculating orbital elements, in the formulation of Egs. (67) and
(68), is exactly equivalent to the original formulation of the equations of motion
in Eq. (61); no approximations have been introduced in the transcription. The use-
fulness of the formalism, however, is most immediate when the perturbing force
is small, so that the changes in the orbital elements are small. In such a context,
one can achieve a very good approximation of the orbital dynamics by inserting the
constant, zeroth-order values on the right-hand side of the equations, and integrat-
ing with respect to ¢ to get the first-order changes. In such applications, it is usually
convenient to use f as an independent variable instead of 7, and in this approximate
context, one can neglect the non-Keplerian terms on the right-hand side of Eq. (68).
The system of osculating equations become

dp _ P’ 1

df ~ 2@(1 + ecos f)3 S, (702)
2 : 2

ﬁ P sin f R 2cos f 4 e(l + cos f)S . (70b)

df = Gm|(1+ecos f)? (1+ecos f)3

de p* cos(w+ f)

df ~— Gm (1 +ecos f)3 W, (700)
2 .

i 2 P sin(w + f) (70d)

ni—- =~ — W,
df — Gm (14 ecos f)>
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do 1 p? cos f 24ecos f .
e~ sin f S
df eGm[ (1 +ecos f)? (1 +ecos f)3
sin(w + f)
—ecott—(1 Fecos f) Wi|, (70e)

with

dt p3 1
O N . E— (71)
df Gm (1 4 ecos f)?

providing the temporal information.

2.6 Non-Keplerian Behavior: Worked Examples

In this section, we work out some real-world examples to illustrate the use of
osculating orbit elements and other non-Keplerian effects.

Perturbations by a Third Body

Consider a two-body system in the presence of a distant third body. We assume that
the effect of the third body can be treated as a perturbation of the Keplerian two-
body orbit of the primary bodies. From the N-body equation of motion (42), we
write down the equation of motion of the two primary bodies,

mary2 ms3ri3
a=-0G—5— - 3
"2 13
miri m3ro3
a = G 3 - GT . (72)
1) "3

We now assume that r1» < 23, so that we can expand
i ri > 1 . 1
13 123 L aGL)y [ =
L : Zmrlza (m) : (73)
1 =
The relative acceleration a := a; — ap can then be written
mr m3 2 4
a=—G—3—GF[r—3N(N-r)]+0(m3r /R"), (74)
r
where we define R := |r3], and N := rp3/|rp3|, and where we have kept only
the £ = 1 term in the sequence. The first term on the right-hand side of Eq. (74)

is the normal Newtonian acceleration for the effective one-body problem. As long
as (m3/m)(r/R)® < 1, we can treat the second term in Eq. (74) as a disturbing
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acceleration of a Keplerian orbit. From Eq. (74), we obtain the components of the
disturbing acceleration

R = —A[l —3(N-n)?],
S =3AN-n(N- 1),
W =3ANN -n)(N-h), (75)

where A = Gmsr/R3.

We now focus on a specific example: the orbit of a planet like Mercury, perturbed
by an outer planet, such as Jupiter. Let Mercury be in an orbit with osculating orbit
elements a, e, and w; we will assume that the orbit lies on the reference plane (the
ecliptic in this case), so that i = 0 and §2 is not defined and can be put equal to
zero. The orbit is then described by Eqgs. (62a—62e). For simplicity, assume that
the perturbing planet is in a circular orbit in the same reference plane, with R =
constant, and

N=e,cos F +eysinF, (76)

where F is its eccentric anomaly, with constant dF/dt = (Gm/R3)'/%. Using
Egs. (52a) and (52b), we show that N-n = cos(f — F + w), N-A = —sin(f —
F + w), and N - h = 0. We are interested in the perihelion advance of our planet,
so working to first order in small perturbations, we combine Egs. (70d), (70e), and
(69) to obtain

dw r2

aF =il
Gmsp* cos f
~ hZR3e H(l +ecos f)3
(2+ecos f)sin f
7 (I4ecos f)*

pRcos f — (p+r)Ssinf]

[1—3cos>(f — F +w)]

cos(f — F+w)sin(f — F + a))] . (N

In first-order perturbation theory, we can set the orbit elements equal to constants on
the right-hand side and then integrate with respect to f to obtain z (f). But to keep
things simple, we will further assume that the perturbing planet is far enough away
that it barely moves during one orbit of our Mercury, that is, that d F /dt < df/dt,
which follows from (m3/m)(r/R)*> <« 1. Hence we set F = constant in (77). We
will also expand in powers of the eccentricity e. The solution for & ( f) will therefore
be proportional to sines and cosines of multiples of f, indicating that the osculating
perihelion angle moves back and forth during the orbit as a result of the external
perturbation.

Notice that, in the expansion of Eq. (77) in eccentricity, the leading term will
be proportional to 1/e, which might be worrisome in the limit e — 0. However,
it can be shown that the actual orbital displacements resulting from a change in @
are proportional to edw, so those observable displacements are well-behaved in the
small-eccentricity limit.
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Table 1 Planetary contribu-

X o Planet Advance

tions to Mercury’s perihelion

advance (in arcseconds per Venus 271.8

century) Earth 90.0
Mars 2.5
Jupiter 153.6
Saturn 7.3
Total 531.2
Discrepancy 429
Modern measured value 4298 £+ 0.04
General relativity prediction 42.98

But an important question is, after one orbit of Mercury, does the osculating
perihelion angle return to its original value, that is, is it purely periodic, or does it
suffer a secular change over each orbit? To explore this, we integrate Eq. (77) over
f from zero to 2, with the result that the net change Az over one orbit is given
by

m3 (p\3 1 5
Aw =322 (E) =30 (F =) =21, (78)
The secular perihelion advance itself varies as the distant planet orbits the Sun, but
if we average over all positions of the distant planet using (cos’ (F — w)) = 1/2,
we obtain 3 3
= M (AN () o2yl
Aw_zm(R) (1— A2, (79)
Inserting standard orbit elements for Mercury and Jupiter, we see that Aw =
1.79 x 107%. The smallness of this effect is what justifies working only at first order
in perturbation theory. It is customary to express the perihelion advance as a rate in
units of arcseconds (as) per century, so using the fact that 1 radian = 2.063 x 10°
as, and that Mercury’s orbital period is 0.24 years, we obtain dw /dt = 154 as per
century. This is very close to the accurately computed value shown in Table 1. How-
ever, for perturbations of Mercury’s orbit by the Earth, we get 69.2 as per century,
quite a bit off from the accurate value of 90. But in this case r/R ~ 0.38, so that it
is necessary to include the higher-order terms from the expansion in Eq. (74). Also,
whereas holding Jupiter’s position fixed while integrating over Mercury’s orbit and
then averaging over Jupiter’s position might have been a good approximation since
Jupiter’s period is 40 times longer than Mercury’s, it is not a good approximation in
the case of Earth, whose period is only four times longer. Nevertheless, the method
of osculating orbit elements allows us to incorporate such details systematically in a
straightforward manner, leading to the accurately calculated planetary perturbations
listed in Table 1. Still, the total effect of the planetary perturbations on Mercury’s
orbit falls well short of the observed perihelion advance of 574 as per century. In a
later section, we will return to this question once we have obtained the equations of
motion including relativistic terms.
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Orbits Around a Nonspherical Body

We now consider a two-body problem where one of the bodies has nonzero multi-
pole moments, typically caused by rotation. This could mean, for example, Mercury
orbiting the oblate, rotating Sun, a satellite orbiting the Earth with all its multipole
moments, or a neutron star orbiting a massive, rotating normal star. In this case, we
can use Eq. (47), here restricted to £ = 2:

G 3 R3
a= _r_’Z” |:n — SUn2 (5n(e -m)* — 2e(e - m) — n)} : (30)

where Ry, (J2)2, and e are the radius, dimensionless quadrupole moment and
symmetry axis direction of the central body. Hence

1 2
R = EA[3(e-n) —1],

S=—A(e-\)(e-n),

W = —A(e-h)e-n), (81)
where A = 3(Gm/r2)(12)2(R2/r)2. We choose e to be along the z-axis, and con-
sider an orbit with osculating elements a, ¢, w, ¢, and £2. Thgn from Eq. (52), we
have e-n = sin¢ sin(f + w), e- L = sint cos (f + w), and e - h = cos t. Working in

first-order perturbation theory, we integrate Eqs. (70a—70e), over 2 and obtain the
secular changes in the orbit elements, Aa = Ae = At = 0, while

2
37(Ja)2 (&) (1 — §sin2 L) , (82a)
p 2

R 2

2

A2 = =3r(J2) (—) COoSt. (82b)
4

Aw

Notice that, even in the case of zero inclination, where e-n = 0, and thus S = W =
0, the quadrupole moment still induces a perihelion advance because it modifies the
radial dependence of the acceleration from a pure 1/r2 behavior. For inclined orbits,
the deviation from spherical symmetry induces advances in both the perihelion and
the node. In the latter case, the effect is merely a precession of the orbital angular
momentum h = r x v around the symmetry axis e, as can be obtained directly from
Eq. (80),

dh 3—Gm (J2) —R% (r x e)(e-mn) (83)
= — X : .
dt p2 P20

From this, we see that e - ¢h/dt = 0, so that h precesses around the e axis, inducing
a rotation of the node.

For Mercury, the perihelion advance induced by the Sun’s J; is negligible. Insert-
ing the relevant orbit elements and the value (J2)o = 2.2 x 107, we obtain
dw /dt = 0.03 as/century, below the experimental uncertainties (see Table 1). It
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was not always so. In fact, it is extremely difficult to measure J, for the Sun because
at planetary distances, its effects are too small to be measured. The best way is to
send a spacecraft relatively close to the Sun, well inside the orbit of Mercury and to
determine precisely how J; affects its orbit; despite a number of proposals for such
a mission, none has come to pass to date.

During the 1960s, Robert Dicke and Mark Goldenberg, attempted to infer a value
of J> by measuring the visual shape of the Sun. They claimed a J of order of
2.5 x 107>, over 100 times larger than the number quoted above. Later observations
of the visible shape of the Sun by Henry Hill and others, along with analyses to try
to understand how temperature differences across the Sun might contaminate the
observations of apparent shape, did not fully resolve this controversy. The resolution
came with the advance of “helioseismology.” This was the discovery that the Sun
actually vibrates in a superposition of thousands of normal modes with an array of
frequencies, as reflected in the behavior of Doppler-shifted solar spectral lines. The
specific pattern of frequencies proves to depend on how much differential rotation
is present in the Sun. Through a systematic program of ground-based and space-
based observations of the Sun, it was possible to determine the angular velocity
profile over much of the solar interior. The conclusion was that the interior does not
rotate much faster than the surface, and the solar models built from that information
resulted in the value J» = 2.2 x 10~7, which is more or less what one would infer
from a Sun that rotates uniformly at its observed surface rate. The bottom line is
that, as far as Mercury and general relativity are concerned, the solar quadrupole
moment does not play a role.

However, J; for the Earth does play an important role in the motion of satellites.
Using (J2)g = 1.08 x 1073, and assuming a satellite in a circular orbit with semi-
major axis a, with orbital period P = 27(a’/Gm)'/? = 83.91(a/R)*/? minutes,
we can show that the secular rate of advance of the node is given by

0O R\7/2
[ii_t = 3639 (—) cost Cyr !, (84)

a

where R is the Earth’s radius. Thus, for example, the orbit of the laser geodynamics
satellite LAGEOS I, with a = 1.93Rg and ¢« = 109°.8 will precess at a rate of
—123° per year. Suppression of this enormous Newtonian effect in order to detect
the possible effect of general relativistic frame-dragging (~ 30 milliarcseconds per
year) is a major challenge. The chapter “Fundamental Physics with the LAGEOS
Satellites” by R. Peron, addresses how this suppression has been carried out in
analysing data from the LAGEOS I and II satellites.

3 General Relativity

3.1 Mathematics of Curved Space-Time

The foundation of general relativity is the space-time metric gy, which connects
the arbitrary coordinates x* = (ct, x/) used to label events in space-time to physical
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measurements of time and length made by clocks and rods, via the invariant interval
ds® = 8ap dx“dxP. (85)

Under a change of coordinates described by x* = f%(x'*), where f* are functions
of the new coordinates x'#, the coordinate displacements change according to

8 o
dx® = L dx"*, (86)
ax'H
and the space-time interval becomes
afe aff
2 _ / /
ds® = g"‘ﬂax_/u Py dx""dx". (87)
This expression shows that the metric is replaced by
afe off
/
8uv = 8ap3 T 5w (83)

in the new coordinate system, so that ds> = g;w dx"™dx". The coordinate dis-
placements change, and the metric also changes, but ds” remains the same during a
coordinate transformation. In this way, for example, the proper time dt = +/—ds?/c
between two events as measured by an atomic clock is the same, regardless of the
coordinates used to label the space-time events.

It can be shown that, in the neighborhood of any event P in space-time (and more
generally along any world line), one can always find a coordinate system in which

Glp =, (@gl)lp =0, (89)

where 7, = diag(—1, 1, 1, 1) is the Minkowski metric of special relativity. This
corresponds to the local freely falling frame, in which freely moving particles move
on straight lines and the laws of nongravitational physics take on their standard
special-relativistic, Lorentz invariant forms. This embodies the Einstein equivalence
principle, the foundation of the geometrical formulation of gravity.
A coordinate system x“ can be used to define a set of basis vectors e,, such that
a vector describing the displacement from one event in space-time to a neighboring
event is given by
dx = eq dx”. (90)

An arbitrary vector A can then be expressed as
A =A%, oD

in terms of the basis vectors and its components A%.
The inner product between dx and itself is the space-time invariant ds>. We have
ds? =dx-dx = (eq - eﬁ)dx“dxﬁ, and comparing this with Eq. (85) reveals that

8op =€y - €p. 92)
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If A is a vector field in space-time, its derivative with respect to coordinate x# is
A = (0gA%)ey + A%(gey), (93)

in which the first term accounts for the variation of the components, while the second
accounts for the variation of the basis vectors. We define

Opeq = Iy ey, (94)

which states the obvious fact that a change in basis vector induced by a coordinate
displacement is itself a vector that can be decomposed in terms of basis vectors.
Equation (94) provides a definition for the quantities Fa’g, which are known as

Christoffel symbols. Because dge, = 32x/9x%9xP = dyep, we have that

iz I
Fﬁa = Faﬁ, (95)
the Christoffel symbols are symmetric in their lower indices.

With Eq. (94), our previous expression for dgA becomes dgA = (VgAt)e,,
where

VpAl i= dg Al + T A® (96)

is known as the covariant derivative of the vector components A,
Differentiating the relation g4 = €, - €g with respect to xV, substituting Eq. (94)
and doing some further algebra, we can show that

1
FO[I’;} — Eg/“’ (8018\)/3 + 98va — 8vga/3) . o7
The generalization of the covariant derivative to a tensor is:

v o__ Ly M qov v Lo
Vg AMY = 9g A"V + I A™ + g AN (98)
This rule can easily be extended to tensors with an arbitrary number of indices; there
is one Christoffel symbol per tensorial index.

Defining A, := g,vA", we can “lower” indices on vectors and tensors; using the
inverse of the metric, identified as g"”, we can raise indices. Then we can show that

VgAu = Ay — I Aq (99)

and furthermore that
V,8us =0. (100)

We now examine a timelike world line x* = r*(7) in a curved space-time, param-
eterized by proper time 7, the time measured by a clock moving on this world line.
The world line’s tangent vector is u* = dr*/dt, and this satisfies the normalization
condition

Gapu®uf = —c%. (101)
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On this world line, let there exist a vector field A(t); we wish to evaluate the
derivative of this vector with respect to 7:

dA da” + I AP (102)
— T u” e, .
dt dt ap "
The quantity within brackets is the covariant derivative of the component A* along
the world line. We denote this
DA* dA*
= —— + [ AP 103
dt dt ap ! (103)

so that dA/dt = (DA"/dt)e,. When the vector field A is defined also in a neigh-
borhood of the world line (and not just directly on the world line), it becomes a
function of all the space-time coordinates x“ (instead of just proper time t); then
dA*/dt = uP dg A" and the covariant derivative can be expressed as DA* /dt =
uPvg A,

The vector A is parallel-transported along the world line when it stays constant
in both direction and magnitude. The mathematical statement of this is dA/dt = 0,
or

DA*
7 =0 (parallel transport). (104)
T

A timelike world line r%(7) is a geodesic of the curved space-time when its own
tangent vector u is parallel-transported along the world line. A geodesic, defined in
this way, is everywhere locally straight. The mathematical statement of the geodesic
equation is

Du*

—— =0, (105)
or dul

T ryutu? =0, (106)
or

d%rt udr? drP

dr? “f dr dt
This last form is a system of second-order differential equations for the functions
r#* (7). Given initial conditions r#(0) and u*(0) at some initial time T = 0, these
equations admit a unique solution.

It is useful to note that the geodesic equation (107) can also be obtained on the
basis of a variational principle, in which the action functional is the elapsed proper
time | 12 dt along a parameterized curve r“(t) linking the fixed events 1 and 2. If
we write the particle action as

2 2 dr® drbB
S = —mcz/1 dt = —mc/1 —gaﬂ%% dt, (108)

=0. (107)

then its extremization with respect to world line variations returns the geodesic
equation.
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The symmetry of the Christoffel symbols in the lower indices implies that the
action of two covariant derivatives on a scalar field f is independent of their order:

VoVgf —VsVef =0. (109)

The same is not true, however, when the covariant derivatives act on a vector field
A*; in this case

Vo VgA! — VgV A' = R}

and the operations do not commute. This equation defines the Riemann curvature
tensor R’f) ap- A lengthy evaluation of the left-hand side of Eq. (110) shows that the
Riemann tensor is given explicitly by

A, (110)

o _ o o o " o M
R%,s =0y I'gs — 0sI"g, + Iy Igs — I'jis T, 111)
The Riemann tensor is evidently antisymmetric in its last two indices. It also pos-
sesses additional symmetries that are not immediately revealed by Eqs. (110) and
(111). The symmetries are

ROl,BtW = _Raﬁyé s
RﬁOlVS = _Raﬂy(S ,
Ryuapy + Ruyap + Rupya = 0. (112)

An additional symmetry,
Ry&xﬂ = +Raﬁy8 s (1 13)

is an immediate consequence of the preceding ones. By virtue of these symmetries,
the Riemann tensor possesses 20 independent components in a four-dimensional
space-time.

Another important set of identities satisfied by the Riemann tensor is

VaRuvgy + Vy Ruvep + VRyvya = 0. (114)

These are known as the Bianchi identities, and play a fundamental role in Einstein’s
general relativity.
The Riemann tensor is important as a measure of geodesic deviation. Given
a family of nearby geodesics parametrized by 7 and a deviation vector & that
joins neighboring geodesics, one can show that the relative acceleration between
geodesics is given by
D2 Soc
dt?
Other curvature tensors can be defined from the Riemann tensor. By contracting the
first and third indices of the Riemann tensor, we obtain the Ricci tensor

= —R%G ulE7u’. (115)

Rop = R’:mﬂ. (116)
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The symmetries of the Riemann tensor imply that Rg, = Rgg, and the Ricci tensor
possesses ten independent components. By contracting its indices, we obtain the
Ricci scalar

R:=R" =g"Ryg. (117)

Closely related to the Ricci tensor is the Einstein tensor

1
Gap := Rap — 58apR . (118)
which is also symmetric in its indices: Ggy = Gupg. The Einstein tensor possesses
ten independent components, and its trace is given by G := g%/ Gup = —R, because
gaﬂgaﬁ =4, =4
The Bianchi identities of Eq. (114) give rise to

VG =0 (119)

after two contractions of their indices. Equation (119) is known as the contracted
Bianchi identities.

3.2 Physics in Curved Spacetime

The physical laws of the standard model of particles and fields are normally formu-
lated in the Lorentz invariant language of special relativity. For example, Maxwell’s
equations have the form dg Fof = wojg, and 0y Fgy + 0y Fop + 0 Fye = 0, where
F%P is the antisymmetric field tensor, j& is the electric current vector, and piq is the
permeability of vacuum. A freely moving neutral particle moves with unchanging
four-velocity, in other words du® /dt = ub dpu® = 0.

Since all the fundamental laws of physics are derivable from an action, then, by
virtue of the Lorentz invariance of the matter action, the laws imply a conservation
statement for the energy-momentum tensor 7% := —2(—n)~1/28Ly /8nqp given
by 95T = 0.

The Einstein equivalence principle tells us that these laws are now to be regarded
as being valid in a local freely falling frame, where the Minkowski metric 1,5 =
gaplp, is the transformed version of the space-time metric. To find the laws in a form
valid in any frame or coordinate system, one only has to transform back. As a result
of this transformation, nyg — gup, and dy — V. Thus, in curved space-time, the
laws mentioned above take the form

Maxwell’s equations : Vg F*# = 110/,
Vo Fpy + Vy Fup + Vg Fyo = 0(120a)
Geodesic equation : Du®/dt = u® Veu* =0, (120b)

Energy — momentum conservation : Vg 7% =0, (120c)
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with T := —2(—g) V6L /8gup-

For most astrophysical applications, we will be more interested in a phenomeno-
logical description of hydrodynamics than in the underlying fundamental laws. In
a manner similar to Newtonian theory, we define a perfect fluid with the proper
mass density p, proper density of internal (thermodynamic) energy &, proper den-
sity of total energy i = pc? + ¢, and pressure p. The densities are all measured
in a freely falling frame that is momentarily comoving with a selected fluid ele-
ment; the four-velocity of this frame is denoted u®, and the mass current is
j% = pu®. Transforming from the local inertial frame, we can show that the fluid’s
energy-momentum tensor 7%# is given by

T = (u + pu®uP |c* + pg®P. (121)

The statement of mass conservation now takes the form of

. 1 :
Vo = \/T—gaa (vV—gj%) =0. (122)
Substitution of j* = pu® into Eq. (122) yields
d
e + pVeu® =0. (123)
dt

Since Vou® = V~'dV/dr, this equation implies d(pV)/dt = 0 as expected.
Alternatively, Eq. (122) implies that
ap*

W+V~(p*V)=0, (124)

where

p* = py/—gu’ (125)
is sometimes called the conserved density. Because it satisfies a continuity equation
exactly parallel to Eq. (4), the results gathered in Eqgs. (11)-(14) now apply to the

analogous integrals using p*.
Substitution of Eq. (121) into Eq. (120c) produces

du

Veul = 126
e + (u+ p)Vpu (126)
and
Du® 5 wp o« p, 2

(M+P)?+C (¢ +uuf /c*)Vgp = 0. (127)

The first equation gives rise to

de dp

— = =0, 128
P (e +p)dr (128)

which can be easily seen to be equivalent to the local first law of thermodynamics
d(eV)+ pdV = 0. The second equation is the curved-space-time version of Euler’s
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equation. In the first term, we recognize Du® /dt = u” Vgu® as the covariant accel-
eration of a selected fluid element, which would be zero if the fluid element were
moving on a geodesic of the curved space-time. This, however, is prevented by the
pressure forces acting within the fluid; the fluid element is not moving freely in the
gravitational field.

3.3 Einstein Field Equations

The Einstein field equations relate the curvature of space-time to the distribution of
matter within space-time. They read

G = ——
C

) (129)

with the Einstein curvature tensor of Eq. (118) on the left-hand side, and the total
energy-momentum tensor of all forms of matter and non-gravitational fields on the
right-hand side. Taking into account the symmetries of the Einstein and energy-
momentum tensors, the Einstein field equations are a set of ten second-order, partial
differential equations for the metric tensor gug. The equations are all coupled, and
they are highly nonlinear in the metric and its first derivatives; they are, however,
linear in the second derivatives of the metric tensor.

A naive counting of the number of equations might suggest that given suitable
initial and boundary conditions for the metric, the solution to the Einstein field equa-
tions should be unique. This suggestion, however, is false, as the freedom to perform
coordinate transformations must be retained; two metrics gq5 and g;w related to
each other by a coordinate transformation should both be valid solutions to the field
equations. This freedom is guaranteed by the contracted Bianchi identities,

VG =0, (130)

which reveal that of the ten field equations, only six are truly independent from each
other. The Bianchi identities, together with the field equations, are compatible with
the local statement of energy-momentum conservation

VT =0. (131)
The equations of general relativity can be derived from an action principle. The total
action § involves a gravitational piece given by the Hilbert action
3

C
= R 132
Sarar l671(;/ av, (132)

where R is the Ricci scalarand dV = \/—g d*x is the invariant volume element, as
well as a matter piece given by

Su =/£MdV, (133)
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where L, is the Lagrangian density for all the matter (and field) variables. The
Einstein tensor results from the functional variation of the gravitational action:

8w g

= _ (134)
88up 167G
The energy-momentum tensor, on the other hand, is defined by
58 1
M _ o, (135)
d8ap  2c

The Einstein field equations then follow from the requirement that 6(Sgray+Sp) = 0
under an arbitrary variation of the metric tensor.

4 Post-Minkowskian and Post-Newtonian Theory

In this section, we specialize the formalism of general relativity to a description of
weak gravitational fields, such as those inside and near the Sun, those inside and near
white dwarfs, and those near (but not too near) neutron stars or black holes. This
approximation should, of course, reproduce the predictions of Newtonian theory,
but we wish to go beyond this and formulate a method of approximation that can be
pushed systematically to higher and higher order and generate increasingly accurate
descriptions of a weak gravitational field. The foundation for this approach is “post-
Minkowskian theory.”

4.1 Landau-Lifshitz Formulation of the Field Equations

The post-Minkowskian approach is based on the Landau and Lifshitz formulation of
the Einstein equations. In this framework, the main variables are not the components
of the metric tensor gqg, but those of the “gothic inverse metric density”

g*? = /—gg", (136)

where g® is the inverse metric and g the metric determinant. Knowledge of the
gothic metric is sufficient to determine the metric itself: note first that det[g*?] = g,
so that g can be directly obtained from the gothic metric; then Eq. (136) gives g®?,
which can be inverted to give gug.
In the Landau-Lifshitz formulation, the left-hand side of the field equations is
built from
HOPY = g*Pght? — ggPi, (137)
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This tensor density is readily seen to possess the same symmetries as the Riemann
tensor,

Hp.aﬂv — _Homﬂv’ Ha;wﬂ — _Hau,ﬂv’ Hﬂvom — Homﬂu' (138)

It turns out that H**PV satisfies the remarkable identity

167G
B0 HY — (—g) (2Gaﬁ +— tﬁf) , (139)

where G*P is the Einstein tensor, and
A

167G

— 8" 20,0 018" — g7 8,000,087 0.0 + 218" 000" 0,0

1
+ g(zg““gﬂ“ — 86" (280p 80 — g,mgw)axg”augp"} (140)

1
(o = [axg“ﬁ 30 — 3,009, 0P" + Eg“ﬂgwapg“avgw’

is the Landau—Lifshitz pseudotensor, which (very loosely speaking) represents the
distribution of gravitational-field energy. It is called a pseudotensor because it con-
tains ordinary derivatives of the metric, and does not by itself transform as a tensor
under general coordinate transformations. The full Eq. (139), of course, is generally
covariant, although it is not written in a manifestly covariant form. Equation (139)
is valid for any space-time.

We now impose Einstein’s equations, G*¥ = 87 GT*# /c*, to obtain

167G
3y HOMPY = 0—4(—g)(Taﬁ +17), (141)

which is therefore equivalent to Einstein’s equations, combining as it does Einstein’s
equations and an identity.
By virtue of the antisymmetry of H**#V in the last pair of indices, we have that
the equation
dpu HHPY = 0 (142)

holds as a trivial identity. This, together with Eq. (141), implies that
o[ () (T + )] = 0. (143)

These are conservation equations for the total energy-momentum pseudotensor
(which includes a contribution from the matter and another contribution from
the gravitational field), expressed in terms of a partial-derivative operator. These
equations are strictly equivalent to the usual expression of energy-momentum con-
servation, Vg T% = 0, which involves only the matter’s energy-momentum tensor
and a covariant-derivative operator.

This is an exact reformulation of the standard form of the theory. No approxima-
tions are involved, and no restrictions are placed on the choice of coordinates. It has
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to be acknowledged, however, that the usefulness of the formalism is largely limited
to situations in which (i) the coordinates x% = (ct, x/) are modest deformations of
the Lorentzian coordinates of flat space-time, and (ii) g®? deviates only moderately
from the Minkowski metric n*#.

Because they involve a partial-derivative operator, the differential identities of
Eq. (143) can immediately be turned into integral identities. We consider a three-
dimensional region V, a fixed (time-independent) domain of the spatial coordinates
xJ, bounded by a two-dimensional surface S. We assume that V contains at least
some of the matter (so that 7% is nonzero somewhere within V), but that S does
not intersect any of the matter (so that 7*# = 0 everywhere on S).

We formally define a total momentum four-vector P*[V] associated with the
region V by the three-dimensional integral

PY[V]: / (—)(T*° + 1) d*x (144)

This total momentum includes a contribution from the matter’s momentum density
¢~!'7%0_ and a contribution from the gravitational field represented by c_ltﬂ‘f.

The momentum four-vector can be broken down into a time component POV
and a spatial three-vector P/[V]. The time component can be used to define an
energy E[V] := ¢ PY[V] associated with the region V,

E[V]:= /V (TP + %) dx, (145)

and a corresponding mass M[V] := E[V]/c?. The three-momentum is given by
PI[V]:= %/V(—g)(TjO +1)) dx. (146)

The total angular-momentum four-tensor J*?[V] is defined by

TPV = %/V[x“(—g)(Tﬂo—i-tg]?) _xP (—g)(T“°+t;jE)]d3x, (147)
= %/vx[“ (—)(TP0 + %) dPx (148)
and we note that this tensor is antisymmetric in its indices. The interpretation of
JYP[V] is easier to extract once it is decomposed into time and spatial compo-

nents. The antisymmetry of the tensor implies that J%°[V] = 0. The time-space
components can be expressed in the form

Y%y = PVt — MIVIRI[V], (149)

where

RI[V]:= /V (=T + X)xd dx (150)

1
M[V]c?
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represents the position of the center-of-mass of the region V. Equation (149) reveals
that, if ¢~ 1 J%[V] is constant, it fixes the location of the center-of-mass at t = 0.
The spatial components of the angular-momentum tensor are

JIKv] = é/v[xj (=T + 1) — x* (—g)(Tf°+z{E)]d3x, (151)

and this is best recognized in its equivalent angular-momentum vectorial form as

1 1
JilV]:= Esiququ[V] == /V €jpgx? (—g)(qu + tfg) dx, (152)

where ¢ jp, is the completely antisymmetric permutation symbol.

To obtain the conservation statements satisfied by P*[V], we differentiate its
defining expression with respect to x” and use the local conservation identity of
Eq. (143). Starting with Eq. (144), we get

d 1 1
—— PIVI= - / 30[(—8)(T°‘0+tﬁ‘8)] dx = ——/ Ok [(—g)(T“k—H&If)] dx.
dx cly cly
Converting this to a surface integral, and recalling our previous assumption that S
does not intersect the matter distribution, so that 7*f = 0 on S, we arrive at

PV = — fs (gt dsy (153)

in which an overdot indicates differentiation with respect to t := x°/c. The rate
of change of P¥[V] is therefore expressed as a flux integral over S, and the flux is
measured by the Landau-Lifshitz pseudotensor.

Equation (153) gives rise to the individual statement about the total energy,

E[V] = —cjf (—o)rX dsy . (154)
N

Similar conservation statements can be derived for linear momentum, angular
momentum, and the center-of-mass.

In the limit in which V is taken to include all of three-dimensional space,
P%[V]is known to coincide with the Arnowitt—Deser—Misner four-momentum of an
asymptotically flat space-time, and its physical interpretation as a measure of total
momentum is robust. This statement is true whenever the coordinates x* coincide
with a Lorentzian system at infinity; the coordinates do not have to be Lorentzian
(and indeed, they could not be) at finite spatial distances.

4.2 The Relaxed Einstein Equations

It is advantageous at this stage to impose the four conditions

959 =0 (155)
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on the gothic inverse metric. These are known as the harmonic coordinate condi-
tions. It is also useful to introduce the potentials

WP = b — gob (156)

where n®f := diag(—1, 1, 1, 1) is the Minkowski metric expressed in Lorentzian
coordinates. In terms of these potentials, the harmonic coordinate conditions read

dph*f =0, (157)

and in this context they are usually referred to as the harmonic gauge conditions.

The introduction of the potentials 2%? and the imposition of the harmonic gauge
conditions simplify the appearance of the Einstein field equations. It is easy to verify
that the left-hand side becomes

A HMPY = —h®P  n#vd,, h®P — 8, hV 9, hP1 (158)

where O := n#"9,,, is the flat-space-time wave operator. Isolating the wave operator
on the left-hand side, and putting everything else on the right-hand side gives us the
formal wave equation

16n G

oh*f = —
C4

7% (159)
for the potentials h* where
8 = (—g)(T*PIm, gl + L 1h] + 13 () (160)

is the effective energy-momentum pseudotensor for the wave equation. We have
introduced .
¢
(—gnf = T6;—6(za,m"‘”amw--h/”a,wh"‘ﬁ) (161)
as an additional (harmonic-gauge) contribution to the effective energy-momentum
pseudotensor. The harmonic conditions slightly simplify the form of the Landau—
Lifshitz pseudotensor, as can be seen from Eq. (140).

In our expression for 7% we have indicated that the matter’s energy-momentum
tensor T%P is a functional of matter variables m, in addition to being a functional
of the metric tensor gus (which is obtained from the gravitational potentials). As
an example, when the matter consists of a number of isolated fluid bodies, m
collectively denotes fluid variables such as the mass density p, pressure p, and
velocity field u®. We have also indicated that the Landau—Lifshitz and harmonic
pseudotensors are functionals of h1%F.

The imposition of the gauge conditions (157) is equivalent to imposing the
conservation equations

g’ =0. (162)

It is easy to verify that (—g)tgﬂ is separately conserved, in that it satisfies the
equation dg[(— g)t;ﬁ ] = 0 automatically.
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The wave equation of Eq. (159) is the main starting point of post-Minkowskian
theory. It is worth emphasizing the fact that this equation, together with Eq. (157)
or (162) are an exact formulation of the Einstein field equations; no approximations
have been introduced at this stage.

For a metric gqop to satisfy the complete set of Einstein field equations, it is
necessary for the potentials 2*f to satisfy both the wave equation and the gauge
condition/conservation statement; it is the union of Eqgs. (159) and (157) or (162)
that is equivalent to the original form of the Einstein field equations, G*¥ =
(87 G/c*)T*F. The two sets of equations play different roles, however. The wave
equation (159) determines the gravitational potentials 2%/[m] (and therefore the
metric) as functions of the harmonic coordinates x%, in terms of the matter vari-
ables m; these, however, remain undetermined until we also invoke the conservation
Eq. (162). It is this equation that determines the behavior of the matter variables in
a curved space-time whose metric is extracted from 2*#[m]. Solving both sets of
equations amounts to integrating the full set of Einstein field equations, and this
procedure simultaneously determines the metric and the matter variables.

One is entirely free to solve the wave equation (159) without also enforcing
the gauge condition of Eq. (157) or the conservation statement of Eq. (162). Solv-
ing the wave equation independently of the gauge condition/conservation statement
amounts to integrating only a subset of the Einstein field equations, and the out-
come of this procedure is ten gravitational potentials 2%#[m] that are expressed as
functionals of undetermined matter variables m. The metric obtained from these
potentials is also a functional of m, and it is not yet a solution to the Einstein
field equations; it becomes a solution only when the gauge condition/conservation
statement is imposed as an additional condition on the matter variables. The wave
equation (Eq. (159)), taken by itself independently of Eq. (157), is known as the
relaxed Einstein field equation.

4.3 Solution of the Wave Equation

The wave equation (159) admits the immediate formal solution

4G / Pt — |x — X|/c, X))

hP(t,x) = —
¢ ct |x — X/|

dx'. (163)

This is the retarded solution to the wave equation, and the domain of integration
extends over C(x), the past light cone of the field point x = (ct, x) (see Fig. 2).

To evaluate the integral, we partition the integration domain into two pieces, the
near-zone domain N'(x) and the wave-zone domain YV (x). We place the boundary of
the near/wave zones at an arbitrarily selected radius R, with R imagined to be of the
same order of magnitude as A, ~ c ., the characteristic wavelength of the radiation
emitted by the source, where 7. is the characteristic time scale for noticeable changes
to occur within the source. For slowly moving sources, A, ~ cr./ve > r¢, where r¢
and v, are the characteristic size and internal velocity of the material source.
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Fig. 2 Integration domains
for the retarded solution of the
wave equation

Field point (ct, x)

D

N

Matter source

Thus, the near zone is the region of three-dimensional space in which r = |x]|
is small compared with a characteristic wavelength A., while the wave zone is the
region in which r is large compared with this length scale. The potential behaves
very differently in the two zones: in the near zone, the difference between ¢ — r/c
and ¢ is small (the field retardation is unimportant), and derivatives with respect
to xX* = ¢t are small compared with spatial derivatives; in the wave zone, the
difference between ¢ — r/c and 1 is large, and x-derivatives are comparable to
spatial derivatives. These properties are shared by all generic solutions to the wave
equation.

In space-time, this sphere of radius R traces a near-zone world tube, D. We let
N (x) be the intersection between C(x) and the near zone D, formally defined as the
spatial region such that ' := |x'| < R. Similarly, we let WW(x) be the intersection
between C(x) and the wave zone, formally defined as the spatial region such that
r’ > R, or C(x) — N(x). We write Eq. (163) as

P (x) = hSE o) + h§h ). (164)

In electromagnetism, there is generally no contribution from the wave zone integra-
tion, because the source—the charges and currents—are confined to the near zone.
But because of the nonlinearity of gravity, gravity itself acts as a source, so that, even
though 7% may be confined to the near zone, tﬁf and tﬁﬂ are not. Special integra-
tion techniques must be used to carry out the integrals over W, but for most physical
systems of interest, the wave-zone integrals generate higher-order corrections to the
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Fig. 3 Near-zone integration, (ct, x)

far-zone field point

D
M
A - Ct-r

dominant terms, which come from the near-zone integrals. In this chapter, we will
henceforth concern ourselves only with calculating h%(x).

4

We first evaluate hj‘\f; (x) when the field point x is situated in the wave zone, that
is, when r >> R. Knowing that x lies within the near zone, we treat it as a small
vector, and we Taylor-expand the variable |x — x/| in h‘f\ﬁ(x) about X' = 0, with the
result

4G (=D T
h"‘Nﬁ(t,x) - 6_42( z') aL[; /M %z, x)x'" d%’], (165)
=0 ’

where
T:=t—r/c (166)

is a retarded-time variable. Notice that the temporal dependence of the source func-
tion no longer involves X', the variable of integration. The integration domain has
therefore become a surface of constant time (the constant being equalto t =t —r/c)
bounded externally by the sphere r’ = R. This domain is denoted by M in
Eq. (165), and is illustrated in Fig. 3. The partial derivatives d; operate both on
1/r and on the r embedded in 7.

Equation (165) is valid everywhere within the wave zone. It simplifies when

r — 00, that is, when hjl\’f; is evaluated in the far-away wave zone. In this limit, we

retain only the dominant, ~! term in hi’;, and we approximate Eq. (165) by

4G (-1
Wl =— %/ P X"t Py + 0677, (167)
FIM

=0

The dependence of 79 on x/ is contained in T = ¢ — r/c, so, using the fact for
any function f(7) that 3; f = —c~'9;r(df/dt) = —c~'n;(df/d7), we find that
Eq. (167) becomes

e, x) = 4_G§:LM 4 K/ P Xty + 007, (168)
N ret &t \dr ) ' '
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This is a multipole expansion for the potential hﬁ, in which each ¢-pole moment
f M P xL g3x is differentiated ¢-times with respect to 7. Notice that n X't =
njnj, - ~nﬂx’j1x/j2 coxt = (n-x)L.

We next evaluate hj‘\’? (x) when x is situated in the near zone, that is, when r =
|x| < R. In this situation, both x and X’ lie within the near zone, and |x — X'| can
be treated as a small quantity. To evaluate the integral, we simply Taylor-expand the
time-dependence of the source with the result

4G (-8
hj‘ﬁ(r,x):TZ( )<—)/ B, x)x — X | a3y, (169)
c M
4

1L
= Llc ot

which is valid everywhere within the near zone. Notice that once more, the domain
of integration is M, a surface of constant time bounded externally by the sphere
r’ = R, but here evaluated at the unretarded time z.

4.4 Iteration of the Relaxed Field Equations

We have cast the solution of the wave equation(Eq. (159)) as a retarded integral,
but we really cannot call it a “solution”, because h%? appears inside the integral. In
order to construct solutions for a particular choice of matter variables, we proceed
by successive approximations, or iterations.

In the zeroth iteration of the relaxed field equations, we set hgﬂ = 0 and imme-
diately get gg s = Tap, the metric of Minkowski space-time. From this, we construct
Tf[m, gl = T°A[m, nl, £*P1h] = P [ho] = 0, and 2P [h] = 2P [ho] = 0. From
all this, we obtain Tg F— T%F[m, n]; this is the energy-momentum tensor of the
matter variables m, and in the zeroth iteration these live in Minkowski space-time.

In the first iteration of the relaxed field equations, we solve the wave equation
Dh*f = —(167 G /c*)7y P for h‘lxﬁ . Because the source 7’ P is known from the zeroth
iteration, the wave equation can be integrated without difficulty (at least in prin-
ciple), and this returns the potentials h‘fﬂ as functionals of the matter variables
m, which are yet to be determined. From the potentials, we form the metric géﬁ

and construct rf‘ b , an improved version of the effective energy-momentum pseu-
dotensor. This involves the material contribution 7% [m, g1], as well as the field
contributions tﬁf [h1] and tﬁﬂ [A1].

In the second iteration of the relaxed field equations, we solve the wave equation

oh*f = —(167G/ c4)tfl P for hgﬁ , an improved version of the gravitational poten-

b is known from the first iteration, the wave equation can

B

tials. Because the source 7|’
once more be integrated, and hg are again functionals of the undetermined matter

variables m. From the new potentials, we form the metric gé 8 and construct rg B , the
latest version of the effective energy-momentum pseudotensor. The stage is ready



48 C. M. Will

for the next iteration. One continues iterating until the desired precision is reached
for determining the equations of motion for the matter and the resulting space-time
metric.

5 Post-Newtonian Theory

Post-Newtonian theory can be considered as a special case of post-Minkowski the-
ory in which one (a) imposes a slow-motion condition on top of the weak-field
condition and (b) focusses on the near zone. Because the main physical applications
of interest will be gravitationally self-interacting systems, such as binary systems,
we know from Newton’s equations that U ~ v2, and from the equations of structure
that p/p ~ U. In units of 2, these are all small quantities for weak fields, and thus
we assign a dimensionless parameter ¢ to characterize this smallness, so that
u v )4
E~ = ~ — ~

il (170)

In addition, since, in the near zone, quantities vary by virtue of their motion, one
can also argue that a partial time derivative d/9¢ is of order v compared to a spatial
gradient, and thus that 3/9x° ~ (v/c)V, or

3/0x° 1)
d/0x ‘

(171)

This approximation modifies to a certain extent how one treats the different iter-
ations of the relaxed Einstein equations. For example, in the first iteration, with
700 — TOO[m, n], we find

4G [ T[m, n] By

po0 _ 40
! c* |x — x/|

(172)

But the special-relativistic 7% ~ pc?[1 + O(v/c)?], and hence h(l)o has the
schematic form

RO ~4U/? + 0 U [c*) ~ & + &% (173)

At the second iteration, contributions of h‘fﬁ to 7% will induce contributions of order
00 00 2 2
Py (L L

~—r~g", 174
2 4 x — X/| ct 4 74)

r Cc

which are of the same order as the O(v/ ¢)? corrections to the first iteration. Thus,
to obtain the metric to the first post-Newtonian order, one must iterate the relaxed
equations twice, as well as retain suitable (v/ ¢)? correction terms. We will make the
requirements more explicit shortly.
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5.1 General Structure of the Fields

It is instructive to examine the general structure of the fields h‘jx\? in the near zone.
The first few terms in the expansion look like

4G Bt x 19
h, x) = — TREX) By “ﬁ(t, x)d3x’
N A v x=x| c ot

1 02
+5397 P, x)x — x| d*x' — .. ] . (175)
c M

Taking into account the conservation equation dg t® = 0, we can convert cer-
tain terms into surface integrals that either vanish in the absence of gravitational
radiation, or that can be shown to contribute very small, higher-order corrections.
To simplify the notation somewhat, it is useful to define N := h0 ki = RO,
B :=hi/ and B := Sijhij. Then

4G —2¢00(;, %/ 1 9?2
Ny=291 [ e U L0 [ 20000 gy - Xy
N 5 7 2 942

c M |X — X | 2c* ot M

(3) 4

1 kk
R Yo 9

3 / 2190, x)x — X' Pd3y

1 ) L ©)

+h3%, + 0((:—6)} (176a)

;4G 10, X 1 9° ,
Ki, = / X sy L[ i wx — X
M Ix—X] 2¢2 912 J pq

| @) @) 0
+ 3xk Zlk(t) _ Ilkk(t) +28mlk j’nk(t)

18¢3
+hi 4+ O™ 4)} (176b)
4G T, X)) 19 1 92 -
o _ 3.7 / a3
BN—?[/Mmd "5 T +qag [, T OK X

1 5) ) @ 3)
~ % 3r2 T (1) —2x* Tk (1) —8xkemkC jmlf)(t) +6 MU (1)

+h + O(c™ )] (176¢)
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where
79 E/ 219 g3, (177a)
M
Jie Es"“b/ c 17 xaQ g3 | (177b)
M
M2 E/ x93 | (177¢)
M

and where h‘;ﬁ/t denote the surface terms, which will not be displayed here. The

notation (1) over quantities such as Z/ k denotes the number of time derivatives. In
obtaining these forms, we have made good use of a number of identities that follow
from the conservation statement dg % = 0, namely,

2% = 3y (%) + 3 (%) | (178a)

. 1 . 1 . . .
ok ano(tooxf 5+ Eap(r“’xk + thPxd — 3 7PixIx*) | (178b)
. 1 . . .
ik = —80(1:0/xkx” + Oy xn — tO"x]xk)

1 . . .
+§8p (r”’xkx" + kP x T — Py k) ) (178¢)

The first term in N clearly leads off with the Newtonian potential/c?, of order ¢.
Embedded within that term are corrections of order & and higher, both from (v/c)?
corrections and from contributions from higher iterations of the relaxed equations.
The second term in N is known as a superpotential; because of the two time deriva-
tives, it clearly leads off at order (v/ 0)2 compared to the Newtonian term, and is
thus already a post-Newtonian correction (and higher). (The superpotential itself
is of order mc?r, but since 3/dt ~ v/r, the result is of order (v/c)*> compared to
the first term.) Notice that there was no term involving a single time derivative. By
virtue of the fact that 997% = —d; v, that term in fact is converted purely to a
surface term within hg(}\/l’ and contributes only at a very high post-Newtonian order
via a flux of gravitational radiation.

The third term in N contains three time derivatives, and one might be tempted
to give it the name of a (post)*/?-Newtonian correction. However, it can be shown
that, because this term depends only on time, it can always be absorbed to lowest
order into a redefinition of time, and hence removed by a coordinate transformation.
Alternatively, since the leading contribution of N to the equations of motion arises
from a gradient, this term will make no contribution to leading order.

The fourth term is called a superduperpotential term, and because of the four
time derivatives, contributes at second post-Newtonian (2PN) order and higher.

The fifth term looks schematically like mc*(@/dct)>r* ~ (/)Y (m/r) ~ & x
Term 1. This a 2.5PN correction, and represents the leading effects of gravitational
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radiation reaction. Because it involves an odd number of time derivatives, it is asym-
metric under the transformation t+ — —t¢; as such, it represents the effects of an
irreversible, dissipative process, the loss of energy into gravitational waves.

The other field components have a similar structure: K’ leads at order £3/2
B/ and B lead at order &2.

We now need to establish the order in ¢ to which each of these components must
be calculated to reach a desired post-Newtonian order. To do this, we return to the
expression for the action for a test particle moving in the space-time of a metric gqg,
Eq. (108), and express it in terms of separated time and space components, namely

, while

5 [? v/ vJ vk
S = —mc /1 —800 — 2g0]7 - gljc—z dt . (179)

Newtonian gravity is clearly given by the approximations goo &~ —1+2U/c?, go; ~
0,and g;; ~ §;;, in other words, by evaluating the action to order ¢. Post-Newtonian
gravity is then given by evaluating the action to order &2, which requires evaluating
the metric coefficients to the following orders of approximation:

0o to O(e%),
goi to 0(e%?),
gij 0 O(e). (180)

The orders needed to descend because of the additional factors of v/c in the action.
From this, we can generalize to the requirement that to work to n P N order, we must
determine the metric components to the orders

goo to O™y,

goi t0 O("* ),
gij to O(e"). (181)
To determine the order to which we must then determine the components of the

field, we must expand in powers of ¢ the relation between the physical metric g®
and the fields using Eq. (136), The result is

1.3 5 1 1 1o
g0 =—(1= SN+ 2N? = SN+ S B(1 = SN) + S K/ K/

278 16
+0(e"), (182a)
1
goi = —K'1=ZN)+ 0("?), (182b)
ij 1 1 2 ij 1 ij 3
gij=3/(1+§N—§N)+B-’—§BSJ+O(8), (182c¢)
(—g)=14+N— B+ 0(c). (182d)

This expansion is sufficient to determine the metric through 2.5PN order.
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5.2 The Post-Newtonian Limit of General Relativity

To illustrate the use of the post-Minkowskian framework, we will derive the post-
Newtonian limit of general relativity. In going to post-Newtonian order, we wish to
express the density in terms of p* instead of p, because the former density satisfies
a continuity equation to all orders. This makes a number of calculations simpler.

The Newtonian limit is trivial: inserting the zeroth iteration of the relaxed equa-
tions, hgﬁ = 0 in the source terms, it is clear that té)o = ,o*cz, and thus that the first
iteration of the equations yields N1 = 4U /c?, and goo = —1 42U /c?, go; = 0, and
gij = dij, where U is the “Newtonian” potential derived from V2U = —47Gp*.
From the first iteration, we also obtain expressions for K' and B*/, but these are not
needed for the Newtonian limit of g,g; we will return to these shortly. Notice that
in determining N, we also get the bonus that g;; = §;;(1 + 2U/cz); this also is not
needed for the Newtonian limit, but will be needed in order to obtain (—g) for the
next iteration.

Using the definition (125), together with the approximations u®/c & 14-v?/2¢?+
U/c?, and —g ~ 1 + 4U/c? we find to the order needed for the next iteration that

2
v 3U
* = 1+—=4+—]). 183
P p(+2c2+cz) (183)
Substituting these results into Eq. (121), and carefully evaluating the contributions
of tﬁf and tﬁﬂ needed to this order, we obtain the first iterated version of 7%, given
to the required post-Newtonian order by

2
0 e (1 L2y ?2) S VUYL sk
- (184b)
ii *,.2 1
Tl = p*y +3p—%VU'VU, (184¢)

where IT := ¢/p™* is the internal energy per unit mass within the fluid.
Recalling the identity

1 2772 *
VU-VU:EV U”+4nGp™U, (185)

we substitute Egs. (184) into (176) and keep all contributions needed for the metric
through 1.5PN order. The result is

4U 1 5 .
Ny= "2+~ (7U 120, —2q>2+4q>3+2x)
C C
26 8
— = T*W) +0@), (186a)
3¢
. 4U!
Ki= + 0%, (186b)

o3
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1 26 &
By = — (U? +4®, — 20, + 1204) — — T@) +0(%),  (186¢)
ct s

where we define the auxiliary gravitational potentials

Ul = G/wd3x’

[x — x|
*t, /N2
D, ::G/Md%c’,
[x — x|
*t, /Ut, /
®, :G/Mfﬁx”
[x — x|
*(t, X (t, X
¢3:=G/p(ax) (’X)d3x/,
Ix — x|
t /
oy=G [ L)
[x — x|
X::G/p*(t,x/)|x—x’|d3x/. (187)

Substituting these results into Eq. (182), we obtain finally the metric for general
relativity through 1.5PN order,

(3)

B 2 2 N 4G 8 3
goo——1+c—2U+C—4(¢’—U )—371 () +0(%),  (188a)
4 .
g0 = ——=U' + 0™, (188b)
C
2
gij = 5ij (l+c—2U) + 0(e%), (188¢)
where 3 )
q/=§¢1—¢2+¢3+3¢4+§}é. (189)

By making a coordinate transformation
2G -
t=1— =1, (190)
3¢3

we can eliminate the O(G/c>) term from ggo to lowest order, indicating that the
term is purely a gauge or coordinate artifact. The leading nontrivial odd-order terms
in goo will occur at O(¢7/?), corresponding to 2.5PN order.

Calculating the Christoffel symbols from the metric (188), inserting them into
the energy-momentum conservation equation Vg T% = 0, one obtains the post-
Newtonian Euler equation of hydrodynamics,

P = p ;U —09;p
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Li(Le AP iy
+C_2 Ev +U+H+E jp — Vv op

]
+5 p*@? = 430U = 1 (30,U + 40 5,U)

+ 40U + 40 (0 — 0;U) + 0, |
+ 0(c™. (191)

The post-Newtonian Euler equation, together with an equation of state p(p) can be
solved consistently, leading to a solution for the space-time metric, valid to post-
Newtonian order.

5.3 Non-Newtonian Behavior: Worked Examples

Using the post-Newtonian metric derived above, we can work out some important
examples of the effects of relativistic gravity. For simplicity, we will specialize to
a single, spherically symmetric body of mass M at rest in our chosen coordinate
system. This is a good approximation for studying the motion of a planet or a ray of
light in the solar system. In this case, the metric of Eq. (188) reduces to

GM GM
goo = —1+ 2— -2 ) (192a)
2y r
goi =0, (192b)
GM
8ij = 0ij 1+2c2—r , (192¢)

where

= 1[ —(—v —U+H+3—)}d3x

[37 +282 + Eijn +3P]

1
m+c—2[T+Q+Eim] , (193)

where m = [ p*d 3x is the total conserved or baryonic mass of the body, and 7,
£2 and Ejy are the internal kinetic, gravitational, and thermal energy of the body,
defined as in Eq. (18) (but using p* instead of the Newtonian p). We have used the
Newtonian virial theorem (17b) in the static limit to simplify the post-Newtonian
corrections to the mass. Note that the final answer, not surprisingly, is the total of
rest mass and the mass equivalent of the internal energies.

The geodesic equation (107) can be rewritten using coordinate time as the param-
eter; this is a useful step because the motion of planets or light is normally referred
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to an external “time” coordinate, such as atomic time measured on Earth, not proper
time along the particle’s world line. The result is

d2rl ) o vi
-ET+(qﬁ—qw?)wwﬁ=0, (194)
where v* := (c, v"). Evaluating the Christoffel symbols to post-Newtonian order
using Eq. (192), we obtain the equation of motion for a test body
d’r GM  GM GM .
Wz_ya n~|—62r2 [n[4 , —U:|+4FV], (195)

where 7 =n - v.

This equation of motion is ready-to-use for analysis of perturbed orbit elements,
since it is in the form of the Newtonian two-body acceleration plus a disturbing
acceleration. The relevant components of the disturbing acceleration (Eq. (63)) are
given by

GM[ GM
R=——|4— — v +4/%|,
c2r? r

GM
S=4WTV')\.,
W =0. (196)

From the orbit element perturbation equations (67) we immediately conclude that
the inclination ¢ and angle of nodes §2 are constants, consistent with the motion
staying in a fixed plane. We can choose this plane to be the X — Y plane to simplify
matters. We now substitute the osculating orbit formulae for the variables that appear
inR and S, suchas r = p/(1+ecos f), obtained from Eq. (62). In the perturbation
equations (67), we convert from d/dt to d/df using the relation df/dt = (h/r?),
valid to first order in perturbation theory (see Eq. (68)) . Integrating over one orbit,
we find the net change in the orbit elements,

Aa =0, (197a)

Ae =0, (197b)
67GM

= (197¢)
¢p

The first two results express the fact that energy and angular momentum are
conserved to post-Newtonian order. The second is the famous advance of the
pericenter.

Einstein derived this for a test particle in a geodesic around a point object of
mass M, using an approximate solution of his equations equivalent to Eq. (192).
The same result, to 1PN order is obtained from the Schwarzschild geometry. It turns
out that it also applies to an arbitrary binary system of masses m and m>; in this
case, M = m1 + my. Since the mass of Mercury is only one 6 millionth of that of



56 C. M. Will

the Sun, its contribution is negligible, and it can be treated as a massless test particle
moving on a geodesic of a fixed space-time. This cannot be done for a binary star
system because both masses move about the common center of mass; nevertheless,
the answer for Aw is the same, and depends only on the total mass.

The advance per orbit can be converted to a rate of advance by dividing by the
orbital period. We can also eliminate the semimajor axis appearing in p by using
Kepler’s third law, a = (GM Y3 p /271)2/ 3 where P is the orbital period, valid
here because the effect is already of 1PN order. The result is

do 3 2w (GM/A\?
dt ~— 1—e2 P\ P/2n

1 MA\Y3, p 3 B
= 1716.25 —_— asyr . (198)
1 —e2\ Mg 1 day

Note that GM/c3 is the light-crossing time of half the Schwarzschild radius cor-
responding to mass M, which is generally much smaller than the orbital period.
Substituting the values for Mercury, e = 0.2056, P = 87.97 days, we obtain 42.98
as per century; as we saw in Table 1, the modern difference between the measured
advance and that predicted by Newtonian N-body perturbations is 42.98 + 0.04 as
per century.

The discovery of binary pulsar systems with total masses of order 2-3 solar
masses, and with orbital periods as small as fractions of a day resulted in the obser-
vation of huge periastron advances of several degrees per year. But in these systems,
the relativistic periastron advance played an interesting role. In the solar system,
GM for the Sun is known to high precision from the measured orbital period and
orbital radius of the Earth, combined with Kepler’s third law. By contrast, the masses
of the neutron stars in these binary systems are not known, apart from the general
expectation that they should be around the Chandrasekhar limit, 1.4 M, based on
models of how such systems might have formed. In the famous Hulse—Taylor binary
pulsar 1913+16, the first such system to be discovered, it was possible to mea-
sure the pericenter advance, the eccentricity and the orbital period very accurately;
the current values are @ = 4.226595(5) deg yr_l, P = 0.322997448930(4) day,
e = 0.6171338(4), where the number in parentheses denotes the error in the
final digit. Assuming that there is no other source of periastron advance, we can
turn Eq. (198) around and use it to measure the total mass of the system. The
result is M = 2.828296(5) M. This is a remarkably accurate measurement of
an astrophysical quantity, and general relativity played a central role in the analy-
sis. The recently discovered “double pulsar” J0737-3039A/B, in which both stars
were observed as pulsars, has e = 0.0877775(9), P = 0.10225156248(5) day,
and @ = 16.8995(7) deg yr_l, so the total mass is 2.5871(2) M. The relativistic
advance is so large in these systems that we could easily see the evolving orienta-
tion of the orbit month by month with the naked eye, that is if we could see pulsars
with the naked eye! For further details on binary pulsars, see the chapter, “The Role
of Binary Pulsars in Testing Gravity Theories” by A. Possenti and M. Burgay.




Gravity: Newtonian, Post-Newtonian, and General Relativistic 57

The motion of light near the sun can also be analyzed, either by considering
the equation for a null geodesic, or equivalently by taking the v' — ¢N' limit of
Eq. (195). The result is

d? GM
d_t; = = [n—2N(N-m) . (199)

-
This equation can be integrated by setting N equal to the unperturbed direction of
the light ray to obtain the deflection of a light ray that passes close to the sun, given
by
4G Mg
2d

Ro
50 = = 17504~ as. (200)

c
where d is the distance of closest approach of the ray.

The first successful measurement of the bending of light by the Sun was carried
out by British astronomer Arthur Stanley Eddington and colleagues during the total
solar eclipse of May 29, 1919. It was a differential measurement: photographs of the
stars near the Sun taken during the eclipse were compared with photographs of the
same stars taken at night from the same locations later in the year, and the changes
in angles between pairs of stars were carefully measured. Eddington’s announce-
ment in November 1919 of the measurement of the bending helped make Einstein
an international celebrity. However, the experiments of Eddington and his cowork-
ers had only 30 % accuracy, and succeeding eclipse measurements were not much
better. The results were scattered between one half and twice the Einstein prediction,
and the accuracies were low.

However, the advent of radio astronomy, and in particular the development of
radio interferometry, and later of very-long-baseline radio interferometry (VLBI),
produced greatly improved determinations of the deflection. These techniques now
have the capability of measuring angular separations and changes in angles to accu-
racies of 10-100 microarcseconds. Early measurements took advantage of the fact
that a few strong quasistellar radio sources (quasars) pass very close to the Sun (as
seen from the Earth), including the group 3C273, 3C279, and 3C48, and the group
0111+02,0119+11, and 0116+08. As the Earth moves in its orbit, changing the lines
of sight of the quasars relative to the Sun, the angular separation §6 between pairs of
quasars varies. A number of measurements of this kind over the period 1969-1975
yielded results in agreement with general relativity at a few parts in 103. In recent
years, transcontinental and intercontinental VLBI observations of quasars and radio
galaxies have been made primarily to monitor the Earth’s rotation and to establish
a highly accurate “reference” frame for astronomy and navigation. These measure-
ments are sensitive to the deflection of light over almost the entire celestial sphere.
A 2004 analysis of almost 2 million VLBI observations of 541 radio sources, made
by 87 VLBI sites over a 20-year period verified Einstein’s prediction to a few parts
in 10*. Analysis of observations made by the Hipparcos optical astrometry satellite
yielded a test at the level of 0.3 %, and a future orbiting observatory called GAIA
has the capability of testing the deflection to parts per million.

The deflection of light has become a cornerstone of the empirical edifice that
supports general relativity. But in 1979, the phenomenon became much more than
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that. That year, astronomers Dennis Walsh, Robert Carswell, and Ray Weymann
discovered the “double quasar” Q0957+561, which consisted of two quasar images
about 6 as apart, with almost the same redshift (z = 1.41) and very similar spectra.
Given that quasars are thought to be among the most distant objects in the universe,
the probability of finding two so close together was low. It was soon realized that
there was just one quasar but that intervening matter in the form of a galaxy or
cluster of galaxies was bending the light from the quasar and producing two separate
images.

Since then, over 60 lensed quasars have been discovered. But more importantly,
gravitational lensing has become a major tool in efforts to map the distribution of
mass around galaxies and clusters, in the search for dark matter, dark energy, and
compact objects, and in the search for extrasolar planets. Major subtopics in lens-
ing have been developed to cover different astronomical realms: microlensing for
the search for dim compact objects and extrasolar planets, the use of luminous arcs
in the effort to map the distribution of mass and dark matter, and weak/statistical
lensing in the effort to measure the properties of dark energy. Lensing has to be
taken into account in interpreting certain aspects of the cosmic microwave back-
ground radiation, and in extracting information from the gravitational-wave signal
from sources at large redshift.

Equation (199) can also be used to derive the Shapiro time delay, a retardation of
the propagation of light past a massive object. For light emitted at time 7, at x, and
received by an observer at o at Xo, the propagation time is given by

2GM [(ro +x0 -n)(r. — X, -n)}
In .

elto — 1) = [X0 — el + =5 - (201)
For a ray that propagates in a round-trip from the Earth to a planet or spacecraft on
the far side of the Sun, the total delay can be as large as 200 us.

Radio astronomer Irwin I. Shapiro discovered that this effect was a prediction
of general relativity in 1964, and called it the “fourth” test of relativity. Shapiro
and colleagues then carried out the first measurement of the time delay in 1967, by
bouncing radar signals off the surface of Mercury. Later experiments involved radar
echos from Venus and tracking of the Mars exploration spacecraft, Mariners 6, 7,
and 9, and the Viking landers and orbiters.

The most recent measurement of the Shapiro delay involved tracking the Cassini
spacecraft while it was on its way to Saturn. Several circumstances made this mis-
sion particularly favorable. One was the ability to do tracking measurements using
both X-band (7175 MHz) and Ka-band (34316 MHz) radar, thereby significantly
reducing the dispersive effects of the solar corona. In addition, during the 2002
superior conjunction of Cassini, the spacecraft was at 8.43 astronomical units from
the Sun, and the distance of closest approach of the radar signals to the Sun was
only 1.6 Rn. The result was a test in agreement with general relativity to two parts
in 10°. This and other solar system tests are discussed in the chapter, “Space-based
Tests of Relativistic Gravitation” by V. Turyshev.

The Shapiro delay now figures in range of astrophysical phenomena. It has been
measured in a number of binary pulsar systems, most notably in the double pulsar
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JO737-3039A/B, where the orbit is seen almost edge-on, and the pulsed radio signals
from each pulsar pass close to the other once per orbit. Analyses of the spectra and
time variations of high-energy emissions (X-rays) from accretion disks around black
holes must take into account both the strong bending of light and the Shapiro delay,
but now using full general relativity, not just the post-Newtonian limit.

5.4 The Parametrized Post-Newtonian Formalism

An important application of the post-Newtonian limit of general relativity has been
its extension to encompass a range of alternative metric theories of gravity. In many
cases, such as the scalar-tensor theory of Jordan, Brans, and Dicke and generaliza-
tions thereof, the post-Newtonian limit has a form quite similar to that of general
relativity, except that the coefficients in front of some terms are different, and a few
additional post-Newtonian potentials may be present.

This is a very fortunate circumstance, because the post-Newtonian limit is suffi-
cient to describe the solar system and the experimental tests one can perform there,
and to a limited degree can also describe binary pulsar systems. Therefore, if we
simply replace the numerical coefficients in the post-Newtonian limit of general
relativity with arbitrary parameters, and add a few new potentials with their own
parameters, we will have a framework that encompasses a wide range of alternative
theories, and that can be used to calculate a wide range of testable phenomena.

This framework is called the parametrized post-Newtonian (PPN) framework.
Eddington was the first to consider such a framework. In his classic 1922 textbook,
The Mathematical Theory of Relativity, he parametrized the post-Newtonian limit
of the Schwarzschild metric (in isotropic coordinates) in the form

GM GM\?* GM
ds? = — [1 — 20— +2ﬁ(7) :|c2dt2+[1 + 2yT:| (dx*+dy>+dz?),
c°r cr cr

(202)
where « = 8 = y = 1 in general relativity. Actually, the o parameter is redundant,
since it can always be absorbed into GM, which is by definition the Kepler-
measured mass, or into Newton’s constant G as measured in a Cavendish-type
experiment. The modern version of the PPN framework was developed by Kenneth
Nordtvedst, Jr. in 1968, using a collection of N point masses as the physical system
rather than a single mass; later, Will generalized the framework to post-Newtonian
hydrodynamics, and in 1972 Nordtvedt and Will unified the two approaches into the
PPN framework used today.

In a gauge that parallels the harmonic gauge of general relativity, the PPN metric
has the form

2 2
g0 =—1+=U+= (tp . ,BUZ) 0@, (203a)
C C

1 1 ;
g0 == [2(1 +y)+ Eal] U+ 0@, (203b)
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gij = 8ij (1 + C—ZZVU) + 0(@?), (203¢)
where
W= 0y 14 a®) —f — 1~ 6~ 5P+ (1 + )05
+ B3y + &) — &1] Pa + %(gl — 265 — EDy + %(1 + @)X . (204)

The potentials

x—x 5,

b5 = G/p*’V/U(t,x/)~ ,
[x — x'|

Dy = GZ//p*’p*// (|x —x); ((x/ =X = x”)j)d3x/d3xu (205)

X—X/|3 |X—X”| |X/—X”|

do not appear in the post-Newtonian limit of general relativity in this gauge.

The choice of parameters is made in part so that the values in general relativity
are particularly simple, but more importantly so that specific meanings or implica-
tions can be attached to them. These heuristic meanings are summarized in Table 2.
The parameters y and B are directly related to Eddington’s original parameters.
Roughly speaking, y measures the amount of curvature of space generated by a
body, compared to what general relativity would predict; specifically, a calcula-
tion of the Riemann curvature tensor of the three-dimensional subspace defined by
dt = 0 gives a result proportional to y GM /c*r>. Roughly speaking, 8 measures
how nonlinear gravity is, in that it multiplies the U? term in ggo. This is very rough,
because it is a coordinate-dependent statement. In general relativity for example,
the Schwarzschild metric has no (GM/c?r)? term in Schwarzschild coordinates;
the post-Newtonian limit of the Schwarzschild geometry takes the Eddington form
of Eq. (202) with y = B = 1 only in isotropic coordinates. The lesson is that these
interpretations of the PPN parameters must be considered heuristic at best.

The parameters «; are linked to violations of local Lorentz invariance in grav-
itational physics, which some theories predict. Suppose that all three parameters
vanish in a given theory. Then the PPN metric in the above form is valid in any cho-
sen coordinate system, with all velocities defined relative to that system. However, if
any of them is nonzero, then the theory in question singles out a preferred universal
rest frame (in most cases, it is the frame in which the cosmic background radia-
tion is isotropic), and the PPN metric above is valid only when written in that rest
coordinate system. To obtain the metric in a different frame, such as the barycentric
frame of the solar system, one must perform what is called a post-Galilean trans-
formation of the metric: this is a low-velocity Lorentz transformation evaluated to
the appropriate post-Newtonian order, together with a post-Newtonian gauge trans-
formation to put the final metric in a simple form. Such a transformation generates
additional terms in the metric that depend explicitly on the velocity of the coordinate
system relative to the preferred frame, and on the PPN parameters «;. Theories of
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Table 2 The PPN parameters and their significance (note that a3 has been shown twice to indicate
that it is a measure of two effects)

Para- |What it measures relative | GR value |Semiconservative |Fully conservative
meter [to GR theories theories
y How much space-curvature | 1 y y
produced by unit rest
mass?
B How much “nonlinearity” |1 B B
in the superposition of
gravity?
& Preferred-location effects? |0 & &
o] Preferred-frame 0 o] 0
o) effects? 0 o) 0
a3 0 0 0
o3 Is total 0 0 0
91 momentum 0 0 0
19 conserved? 0 0 0
< 0 0 0
L4 0 0 0

PPN parametrized post-Newtonian, GR general relativity

this type predict preferred-frame effects, many of which have been tested, leading
to strong upper bounds on these parameters. The ¢{; parameters indicate whether
the theory admits conservation laws for energy and momentum of the kind defined
by Eq. (144); any theory that is based on an action predicts that these parameters
vanish.

A number of well-known relativistic effects can now be expressed in terms of
these PPN parameters (compare with Egs. (198), (200), and (201)):
Perihelion advance:

dw  (242y—B\ 3 27 (GM/>\
dt 3 1-e2 P\ P/2n

242y —
= (++ﬂ) x 42.98 arcsec/100 yr, (206)

where P and e are the period and eccentricity of the orbit; the second line is the
value for Mercury.
Deflection of light:

Ro
x 175042 as. (207)
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Shapiro time delay:
1 2GM . —X, -
c(to — 1) = Ixo —xel + (L) 22 in (ro +%o ")2(” X W | 008
2 c d
Nordtvedt effect:
mGg —my 48 3 10$ 2 2 1 |E,| (209)
—_— = —y—=3——¢f—a1—-p—=¢1— = ,
m 12 3 1= 3% 3C1 3;“2 o

where mg and mj are the gravitational and inertial masses of a body such as the
Earth or Moon, and E, is its gravitational binding energy. A nonzero Nordtvedt
effect would cause the Earth and Moon to fall with a different acceleration toward
the Sun. This effect does not occur in general relativity, a result of the Strong Equiv-
alence Principle, satisfied by that theory. The chapter “Probing Gravity with Next
Generation Lunar Laser Ranging” by S. Dell’ Agnello et al., discusses how lunar
laser ranging has set a strong bound on this effect.

Precession of a gyroscope:

2 = ! (1+ + al) [J—3nn-J)]
FD =—5 YTy 302
= 1 (1 +y + —al) x 0.041 arcsec yr— !
2 YTy ’ e

1 Gmn
RGeo = —5(1 +2y)v x Pl

1
3(1 4+ 2y) x 6.6 arcsec yr_1 , (210)

where £2Fp and 2., are the precession angular velocities caused by the dragging
of inertial frames (Lense—Thirring effect), and by the geodetic effect, a combination
of Thomas precession and precession induced by spatial curvature; J is the angular
momentum of the Earth, and v, n, and r are the velocity, direction, and distance
of the gyroscope. The second line in each case is the corresponding value for a
gyroscope in polar Earth orbit at about 650 km altitude.

A wide range of experiments have led to tight bounds on the PPN parameters, all
consistent with general relativity. The current values are listed in Table 3.

Gravity Probe B

On May 4, 2011, NASA announced the long-awaited results of Gravity Probe B
(GP-B). Over 47 years and 750 million $ in the making, GP-B was an orbiting
physics experiment, designed to measure the frame-dragging and geodetic effects of
Eq. (210). Josef Lense and Hans Thirring first pointed out the existence of the frame-
dragging phenomenon in 1918, but it was not until the 1960s that George Pugh in
the Defense Department and Leonard Schiff at Stanford independently pursued the
idea of measuring it with gyroscopes.
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Table 3 Current limits on the PPN parameters

63

Parameter Effect Limit Remarks
y—1 (i) Time delay 23 %1073 Cassini tracking
(ii) Light deflection 4x107* VLBI
B—1 (i) Perihelion shift 3x 1073 Assumes Jo» = 1077 from
helioseismology
(ii) Nordtvedt effect 23 x 107 n =4p —y — 3 assumed
& Earth tides 103 Gravimeter data
o) Orbital polarization 1074 Lunar laser ranging
4x107° PSR J1738+0333
an Solar spin precession 4 x 1077 Alignment of Sun and ecliptic
o3 Pulsar acceleration 2x 10720 Pulsar P statistics
n? Nordtvedt effect 9x 1074 Lunar laser ranging
1 - 2x 1072 Combined PPN bounds
o Binary motion 4 %1073 13,, for PSR 1913+16
&3 Newton’s 3rd law 10-8 Lunar acceleration
L4 - - Not independent

Heren =48 —y —3 —10§/3 — a1 —202/3 — 241/3 — £2/3

PPN parametrized post-Newtonian, VLBI very-long-baseline radio interferometry

GP-B started officially in late 1963 when NASA funded the initial research and
development (R&D) work that identified the new technologies needed to make such
a difficult measurement possible. Francis Everitt became Principal Investigator of
GP-B in 1981, and the project moved to the mission design phase in 1984. Follow-
ing a major review of the program by a National Academy of Sciences committee
in 1994, GP-B was approved for flight development, and began to collaborate with
the Lockheed-Martin and Marshall Space Flight Center. The satellite launched on
April 20, 2004 for a planned 16-month mission, but another five years of data anal-
ysis were needed to tease out the effects of relativity from a background of other
disturbances of the gyros!.

There were four gyroscopes aboard the GP-B satellite, launched into a polar orbit
with an altitude of 640 km above the Earth’s surface. Each gyroscope was a fused
silica rotor, about the size of a ping-pong ball, machined to be spherical and homo-
geneous to tolerances better than a part per million, and coated with a thin film
of niobium. The gyroscope assembly, which sat in a dewar of 2440 1 of superfluid
helium, was held at 1.8 K. At this temperature, niobium is a superconductor, and the
supercurrents in the niobium of each spinning rotor produce a “London” magnetic
moment parallel to its spin axis. Extremely sensitive magnetometers (superconduct-
ing quantum interference devices, or SQUIDs) attached to the gyroscope housing

1 From 1998 to 2011, CMW chaired the NASA Science Advisory Committee for GP-B.
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were capable of detecting minute changes in the orientation of the gyros’ magnetic
moments and hence the precessions predicted by general relativity.

At the start of the mission, the four gyros were aligned to spin along the sym-
metry axis of the spacecraft. This was also the optical axis of a telescope directly
mounted on the end of the structure housing the rotors. Spacecraft thrusters oriented
the telescope to point precisely toward the star IM Pegasi (HR 8703) in our galaxy
(except when the Earth intervened, once per orbit). In order to average out numerous
unwanted torques on the gyros, the spacecraft rotated about its axis once every 78 s.

Almost every aspect of the spacecraft, its subsystems, and the science instrumen-
tation performed extremely well, some far better than expected. Still, success relied
on figuring out the sources of error. In particular, having an accurate calibration of
the electronic readout from the SQUID magnetometers with respect to the tilt of the
gyros was essential. The plan for calibrating the SQUIDs was to exploit the aber-
ration of starlight, which causes a precisely calculable misalignment between the
rotors and the telescope as the latter shifts its pointing toward the guide star by up to
20 as to compensate for the orbital motion of the spacecraft and the Earth. However,
three important, but unexpected, phenomena were discovered during the experiment
that affected the accuracy of the results.

First, because each rotor is not exactly spherical, its principal axis rotates around
its spin axis with a period of several hours, with a fixed angle between the two axes.
This is the familiar “polhode” motion of a spinning top. In fact, this polhoding was
essential in the calibration process because it led to modulations of the SQUID out-
put via the residual trapped magnetic flux on each rotor (about 1 % of the London
moment). But the polhode period and angle of each rotor were observed to decrease
monotonically with time, implying the presence of some damping mechanism, and
this significantly complicated the calibration analysis. In addition, each rotor was
found to make occasional, seemingly random “jumps” in its orientation—some as
large as 100 milliarcseconds. Some rotors displayed more frequent jumps than oth-
ers. Without being able to continuously monitor the rotors’ orientation, the GP-B
team could not fully exploit the calibrating effect of the stellar aberration in their
analysis. Finally, during a planned 40-day, end-of-mission calibration phase, the
team discovered that when the spacecraft was deliberately pointed away from the
guide star by a large angle, the misalignment induced much larger torques on the
rotors than expected. From this, they inferred that even the very small misalign-
ments that occurred during the science phase of the mission induced torques that
were probably several hundred times larger than the designers had estimated.

What ensued during the data analysis phase following the mission was worthy of
a detective novel. The critical clue came from the calibration tests. Here, they took
advantage of the residual trapped magnetic flux on the gyroscope. (The designers
used superconducting lead shielding to suppress stray fields before they cooled the
niobium coated gyroscopes, but no shielding is ever perfect.) This flux adds a peri-
odic modulation to the SQUID output, which the team used to figure out the phase
and polhode angle of each rotor throughout the mission. This helped them to con-
clude that interactions between random patches of electrostatic potential fixed to the
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Table 4 Final results of

- Effect (mas/yr) Measured Predicted
Gravity Probe B

Geodetic precession| 6602 + 18 6606
Frame-dragging 372472 39.2

surface of each rotor, and similar patches on the inner surface of its spherical hous-
ing, were causing the extraneous torques. In principle, the rolling spacecraft should
have suppressed these effects, but they were larger than expected.

Fortunately, the patches are fixed on the various surfaces, and so it was possi-
ble to build a parametrized model of the patches on both surfaces using multipole
expansions, and to calculate the torques induced by those interactions when the spin
and spacecraft axes are misaligned, as a function of the parameters. One predic-
tion of the model was that the induced torque should be perpendicular to the plane
formed by the two axes, and this was clearly seen in the data. Another prediction of
the model was that, when the slowing decreasing polhode period crosses an integer
multiple of the spacecraft roll period, the torques fail to average over the roll period,
whereupon the spin axis precesses about its initial direction in an opening Cornu
spiral, then migrates to a new direction along a closing Cornu spiral. This is known
as a loxodromic path, familiar to navigators as a path of fixed bearing on the Earth’s
surface. Detailed observation of the orientation of the rotors during such “resonant
jumps” showed just such loxodromic behavior. In the end, every jump of every rotor
could be identified by its “mode number,” the integer relating its polhode period to
the spacecraft roll period.

The original goal of GP-B was to measure the frame-dragging precession with
an accuracy of 1 %, but the problems discovered over the course of the mission
dashed the initial optimism that this was possible. Although the GP-B team was
able to model the effects of the patches, they had to pay the price of the increase
in error that comes from using a model with so many parameters. The experiment
uncertainty quoted in the final result—roughly 20 % for frame dragging—is almost
totally dominated by those errors (see Table 4). Nevertheless, after the model was
applied to each rotor, all four gyros showed consistent relativistic precessions. Gyro
2 was particularly “unlucky”—it had the largest uncertainties because it suffered the
most resonant jumps. Numerous cross-checks were carried out, including estimating
the relativity effect during different segments of the 12-month science phase (vari-
ous events, including computer reboots and a massive solar storm in January 2005,
caused brief interruptions in data-taking), increasing and decreasing the number of
parameters in the torque model, and so on.

The most serious competition for the results from GP-B comes from the
LAGEOS experiment, in which laser ranging accurately tracked the paths of two
laser geodynamics satellites orbiting the Earth. Relativistic frame dragging induces
a small precession (around 30 milliarcseconds per year) of the orbital plane of each
satellite in the direction of the Earth’s rotation. However, the competing Newto-
nian effect of the Earth’s nonspherical shape (Eq. (84)) had to be subtracted to very
high precision using a model of the Earth’s gravity field. The first published result
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from LAGEOS in 1996 quoted an error for the frame-dragging measurement of 20—
30 %, though this result was likely too optimistic given the quality of the gravity
models available at the time. Later, the GRACE geodesy mission offered dramat-
ically improved Earth gravity models, and the analysis of the LAGEOS satellites
has finally yielded tests at a quoted level of approximately 10 %. In the chapter
“Fundamental Physics with the LAGEOS Satellites” by R. Peron, the LAGEOS
measurements are described in more detail.

5.5 Gravitational Radiation Reaction

We return to general relativity, and focus our attention on the odd-post-Newtonian-
order terms in Nps, K j\/, and BX/. We have already argued that the 1.5PN term
proportional to d3Z*(t)/dt> in Ns is a pure coordinate artifact to lowest order.
However, the next odd-order terms in these potentials are of 2.5PN order and are
nontrivial. They are responsible for the loss of energy, momentum, and angular
momentum in a dynamical system as the result of the radiation of gravitational
waves. After some work, it can be shown that these terms generate an additional
radiation-reaction force to the post-Newtonian Euler equation of hydrodynamics
(191), given by

dv/
p*d—”t = p* 0, U —3;p+ 0D+ 0(c™
+ e flg + 00, 211)
where
. 3) @ 2 ©)
fir = C_S[_p* TP 9jpg X +2(p" U — kp) T +3 (2p70;U = 9jp) I

@) 3 O I @

+2p* Tk u + 3,0* Uk xk Bp* z’re +§,o*£p/q Jpqi| . (212)
The O(c™?) symbol represents the post-Newtonian terms shown in Eq. (191), and
the O(c™*) symbol represents 2PN terms not shown here. The radiation reaction
force is itself coordinate dependent; one can change the coordinates by 2.5PN-order
corrections so that the 1PN and 2PN terms are unaffected, but the radiation-reaction
force is transformed into the simple form

: 26, Q)
S = ———=p* TUR k. 213
bi RR 505 1Y ( )
This is known as the Burke-Thorne gauge.
The Newtonian, 1PN, and 2PN contributions to the equations of motion are con-
servative, in that they enforce the conservation of total energy, momentum, and

angular momentum for an isolated system. The energy is given by

E=T+R2+En+ 0 )+ 0%, (214)
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where T, §2, and Ejy are defined just as in Eq. (18), but using p*. Now, however,
including the radiation reaction force, one finds that

dE C 26 ) . G © .
o= /p*v]f}{Rd3x ==33 4R /p*xkv1d3x =~353 4R Tik - (215)

However this last expression can be written as

dE G .y dG
— Y glbgln 4 4

— —(..). 216
dt 5¢5 dtcS( ) (216)

But because E is only well-defined to even post-Newtonian orders, the time-
derivative term on the right-hand side of Eq. (216) can be moved to the left-hand
side and absorbed into a modified energy that has been corrected by meaningless
2.5PN order terms. The final result is

B 6
dE - _ G Ttk k) (217)
dt 5¢5
We will see this exactly equals the energy loss as measured in the far zone. Similar
arguments can be made for the effects of radiation reaction on linear momentum
and angular momentum.

6 Far-zone Fields and Gravitational Radiation
6.1 The Quadrupole Formula

We now turn to the faraway wave-zone regime of our formal solution hj[\’?(t, x) of
the relaxed Einstein’s equation, given by Eq. (168). We first notice that this has the
general form of & ~ r~! f(r), where T = t — r/c. As a consequence, it is simple
to deduce that 9;h = —(n; /c)h + 002 Combining this fact with the harmonic
gauge condition Bﬂh"‘ﬂ = 0, we can show that

WY = nehi* + 0(r?),
1% = ninehi* + 0, (218)

and consequently, in the faraway wave zone, a knowledge of ~/¥ is enough to deter-
mine the other components of the field, modulo terms that are constant in time. For
gravitational waves, of course, this is all one needs.
The leading ¢ = 0 term in the expression (168) for /% is given by
jk 4G

h = ar |y, K, xNd*x + 0r7?). (219)
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Making use of the identity (178b), and discarding the surface term, we can rewrite
this in the form

W =SB + 007, (220)

where Z7¥ is given by Eq. (177a), evaluated at the retarded time 7 = ¢ — r/c.

This is the famous “quadrupole formula” of general relativity, that gives the
gravitational waveform in terms of two time derivatives of the source quadrupole
moment. During the middle 1970s, there was considerable debate over the validity
of the derivation of this formula, largely because of the fact that the effective source
%P extends over all space-time. The questions raised included the possibility that
higher moments of the effective source 7*# could diverge if the integrals were taken
to infinity, or that various surface integrals, such as the one involved in going from
Egs. (219) to (220), could actually fail to vanish. Ultimately, these concerns were
laid to rest. One approach involved recalling that the formal solution is actually
given by Eq. (164). Since h‘j\? is an integral over a finite spatial volume—the near
zone—it is by definition finite. Furthermore, it could be shown that the integration
over the far zone h% was likewise finite. In addition, any dependence of each inte-
gral on the arbitrarily chosen radius R of the boundary between the two zones was
shown to cancel term-by-term, order-by-order, in the sum h‘jﬁ + h% Similar argu-
ments were applied to the near-zone expressions for the fields, used in the equations
of motion.

The field 47/¥ in the faraway wave zone is a central ingredient in determining the
response of a gravitational wave detector. From the equation of geodesic deviation
(115), one can show that the relative acceleration of a pair of freely moving masses
that are nearly at rest in a local freely falling frame is given by

d*67 1.y
dr2 = Ehé“TEk >

(221)

where &/ is the physically measured displacement between the two bodies, and ¢ is
proper time as measured at the origin of the local frame. The subscript “TT” denotes
the transverse-traceless part, given by

. . 1 .
Ay (P/ 2 EPf"le) : (222)
where P} is a projection tensor, given by
P; = 8;- —n'nj. (223)

Gravitational-wave detection is covered in the chapter “The Detection of Gravita-
tional Waves” by S. Braccini and F. Fidecaro.

The field /% also determines the energy flux radiated to infinity, as expressed by
Eq. (154). Examining the expression for 7P (Eq. (160)) in the faraway zone, and
making use of Eq. (218), it is straightforward to show that

% =k + 007, (224)
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This is not surprising, since for a field propagating in a null direction, the energy
flux should be the energy density times a unit vector. Substituting this into Eq. (154),
with dS; = r2n;d$2 and taking the surface to infinity, we obtain

E=—c 7{ (—g)r X r?d. (225)
o
After some algebra using Eq. (218), it is also possible to show that

2
00 C ik ik -3
(—g)'CLL = mh}T}lé—vT + O(r ) (226)

Using the fact that P,i P]lf = P}, and Pii = 2, together with Eq. (220), we obtain

) (?) 3) 1
m
E=—7% I"MTPL (P Py — 5 Fim Ppq)) - (227)

where ((...)) denote the angular average, defined in Eq. (33). Making use of
Eq. (34), we arrive finally at

JE G ® 0
— — -3 k) k) i (228)

which is precisely the same as Eq. (217) for the energy lost as a consequence of
radiation reaction forces.

6.2 Energy Flux and Inspiraling Compact Binaries

For a binary star system, Z/% is given to lowest order by
7% = urirk, (229)

where u = mymy/(m| + my) is the reduced mass, and r(¢#) = x; — x». Calculating
the three time derivatives, and using the Newtonian equation of motion in place of
dv/dt, we obtain

i[_‘f _ _% 2 (?)4 (122 - 1172) (230)

where n := p/m. Notice that the fractional change in energy over one orbital period,
AE/E ~ (dE/dt)(P/E), can be written, using the fact that P ~ r3/2/(Gm)!/?,
and that E ~ uv? ~ Gum/r, in the schematic form

AE r3/2 r 8G?3 2(’")4 Gm Gm\>? 231)
E (Gm)12 \ Gum 15051 7 r T 2 ’
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indicating clearly that radiation damping is a 2.5PN-order effect. Using our Keple-
rian orbit formulae from Sect. 2, and averaging the energy loss over one orbit of the
binary system, we obtain the average rate of energy loss,

dE 32G* , ymy\3
dr 500 m (Z) Fo, (232)

where a is the semimajor axis, e is the eccentricity, and F(e) is given by

73 2 37 4
1+ﬂ€ +%€

F(e) := d_oyn (233)
It is useful to express these results in terms of the dimensionless variable x, given
by
2 Gm\*?
= —— . 234
* ( P 3 ) (234)

The quantity in parentheses is the ratio of the light travel time across a distance
given by Gm/c? to the orbit period; it is easy to see that x = Gm /ac* ~ (v/c)*. In
terms of x, we obtain
5

—_— = F(e). 235

7 G X (e) (235)
Since E o< a~! and P oc a/?, we have that 2P~ 'd P /dt = —3E~'dE/dt. Thus
we can obtain an expression for the rate of decrease of the orbital period,

dap 9% 5,

s nx>’“F(e). (236)
This prediction of the damping of an orbit caused by gravitational radiation reaction
has been confirmed spectacularly, first using the Hulse-Taylor binary pulsar PSR
1913+16, discovered in 1974, and later in a number of similar binary pulsar systems,
notably the “double pulsar,” J0737-3039, discovered in 2003. For more on binary
pulsar observations, see the chapter “The Role of Binary Pulsars in Testing Gravity
Theories” by A. Possenti and M. Burgay.

The Hulse—Taylor binary and the double-pulsar binary are destined to have their
orbits shrink to such a state that the two stars will merge to form a black hole,
on a timescale that is short compared to the age of the galaxy. If systems such
as this exist in the final stage of inspiral and merger today within several hundred
megaparsecs, the waves they emit should be detectable by the advanced ground-
based laser interferometers in the LIGO-Virgo-Geo network. In a similar vein, the
waves emitted during the inspiral and merger of a pair of supermassive black holes
should be detectable by a space-based interferometer such as LISA, out to very large
redshifts.

However, in order to enhance the detection confidence, and to extract useful
astrophysical information from the detected wave trains, it has been shown that
predictions for the motion and gravitational wave field will be needed that go far
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beyond the lowest, Newtonian, and post-Newtonian approximations that we have
discussed in this chapter. With this motivation, many groups have calculated the
higher-order corrections, mainly using techniques based on the post-Minkowskian
formalism presented here. The equations of motion for spinless binaries are now
known through 3.5PN order, and the effects of spin have also been calculated to
rather high post-Newtonian order. Similarly, the gravitational waveform and energy
flux have been calculated through 3.5PN order beyond the quadrupole formula
shown here; again many effects of spin have also been calculated. Work has also
begun on the extraordinarily difficult 4PN contributions to both the motion and
the waveform. To illustrate what these results look like, we quote here the energy
flux, expressed as an expansion in powers of the variable x, for spinless binaries in
circular orbits, through 3.5PN order:

dE 3265 5 5 1247 35 ;3
= = === 4+ = A x3?
d 5617 [ (336 + 12")x+ ™
44711 9271 65 ,\ , (8191 583 52
N ==X\ =t —n)x
9072 504 18 672 ' 24

6643739519 16 , 1712 . 846
DRI L D2 e Py
[ 69854400 " 37 105 105 MUY

(134543 41ﬂ2) 94403 , 775 3} ;

7776 48" )77 3004 T T 304"
16285 214745 193385 .\ e
( 504 1728 | 3024 " )” + 0@ @D

where C = 0.577... is the Euler constant. The first term in this sequence is the
leading quadrupole term of Eq. (235). Results like these will play a key role in the
development of gravitational wave astronomy.
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