Chapter 2
Univariate Fractional Polya Integral
Inequalities

Here we establish a series of various fractional Polya type integral inequalities with
the help of generalised right and left fractional derivatives. We give an application
to complex valued functions defined on the unit circle. It follows [5].

2.1 Introduction

We mention the following famous Polya’s integral inequality, see [13], [14, p. 62],
[15] and [16, p. 83].

Theorem 2.1 Let f (x) be differentiable and not identically a constant on [a, b]
with f (a) = f (b) = 0. Then the exists at least one point & € [a, b] such that

4 b
! > — x)dx. 2.1
rels ot rw e
In [17], Feng Qi presents the following very interesting Polya type integral
inequality (2.2), which generalizes (2.1).

Theorem 2.2 Let f (x) be differentiable and not identically constant on [a, b] with
f@=f®b)=0and M= sup |f (x)|. Then

x€la,b]
b b—a 2
/ f(x)dx| < G-ar M, (2.2)
a 4
h (b—a)? . .
where “=—~ in (2.2) is the best constant.
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10 2 Univariate Fractional Polya Integral Inequalities

The above motivate the current chapter.

In this chapter we present univariate fractional Polya type integral inequalities in
various cases, similar to (2.2).

For this purpose we need the following fractional calculus background.

Leta >0,m=la],B=a—m,0< B <1, feC(a,b),la b] CR,
x € [a, b]. The gamma function T is given by I' (o) = fooo e~ 11 1dr. We define
the left Riemann-Liouville integral

(JETf) () = / (x — )1 f () dr, (2.3)

T (o)

a < x < b. We define the subspace C7, ([a.b]) of C™ ([a, b]):
cg+([ab)_{fecm [a.b]) : T £ € €' (la, b])} 2.4)

For f € Cg, ([a, b]), we define the left generalized o -fractional derivative of f
over [a, b] as

s = (1) 25

see [1], p. 24. Canavati first in [6], introduced the above over [0, 1] .

Notlce that DY, f € C ([a, b]).

We need the following left fractional Taylor’s formula, see [1], pp. 8-10, and in
[6] the same formula over [0, 1] that appeared first.

Theorem 2.3 Let f € C7, ([a, b]).
(i) Ifa > 1, then

(x — a)2 (x —a)™~!
(m —1)!
(2.6)

f@=f@+ f@&—a+ f@——F—++f""@

F( )/ (x —0)* (DY, f) () dt, allx €[a,b].
(ii) If0 <a < 1, we have
1 * o— o
f(x)=m/a (x —0)* (DY, f) () dt, allx €[a,b]. (2.7)

Letagaina > 0,m =[], B = o —m, f € C ([a, b]), call the right Riemann-
Liouville fractional integral operator by

1 b
(JEf) (x) = m/ (t —x)* ' f () dt, (2.8)
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x € [a, b], see also [2, 9-11, 18]. Define the subspace of functions

Ci_(a.b) = {fec™ab): ;=" r™ e (abD}. @9

Define the right generalized «-fractional derivative of f over [a, b] as
o _ (_1ym—1 1-B (m)/
Dy_f=(=1 J,_"f , (2.10)
see [2]. We set Dg_f = f. Notice that D} f € C ([a, b]) .
We need the following right Taylor fractional formula from [2].
Theorem 2.4 Let f € C;_([a, b)), a > 0, m := [«]. Then
(i) Ifa > 1, we get

m—1

® (p
fo=> f k‘( Db+ (JEDY_f)(x), allx €[a,b]. (2.11)

k=0

(ii) If0 < a < 1, we get

[ @) =Dy f(x)= / (t —x)* N (DE_f) () dt, allx € [a,b].

(2.12)

I ()

Definition 2.5 ([3]) Let f € C ([a, b]), x € [a, b], ® > 0, m := [a]. Assume that
fecy ([“2,b])and f € €Y, ([a, “42]). We define the balanced Canavati type
fractional derivative by

Dy_f (x), for$? <x <b,

2.13
DY f (x), fora <x < %P, (2.13)

DY f (x) := {
In [4] we proved the following fractional Polya type integral inequality without any
boundary conditions.

Theorem 2.6 Let 0 < o < 1, f € C([a,b]). Assume [ € Cg, ([a, #]) and
fecy ([“2,b]). Set

iy () =max [ |92 1]

s|a,

[m ] . (2.14)

zl+b]

Then

b
5/ \f ()l dx < 2.15)

b
/ f(x)dx
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(HDg+fHOO’|:a’anrb:| + HD[;.lfHoo,[”;h,b]) (bga)a—H < My (f) (( —a)Ol+]

I (o +2) [ (o +2)2%°
(2.16)
Inequalities (2.15), (2.16) are sharp, namely they are attained by
(x —a), x € [a, &b
f*(x)zi(b x)“,xe{“”’ o] ,0<a < 1. (2.17)

Clearly here non zero constant functions f are excluded.
The last result also motivates this chapter.

Remark 2.7 (see [4]) When ¢ > 1, thus m = [«¢] > 1, and by assuming that
f(k) (a) = f(k) b)=0,k=0,1,...,m — 1, we can prove the same statements
(2.15-2.17) as in Theorem 2.6. If we set there « = 1 we derive exactly Theorem
2.2 . So we have generalized Theorem 2.2. Again here f™ cannot be a constant
different than zero, equivalently, f cannot be a non-trivial polynomial of degree m.

We continue here with other interesting univariate fractional Polya type inequal-
ities.

2.2 Main Results

We present our first main result.

Theorem 2.8 Let o > 1, m = [a], f € C (la,b]). Assume f € CJ (
and f € C¢_([“42, b)), such that f® (a) = f® (b) =0,k =0,1,. -1

Set
o) = {1011 ) 15 (e |- 09
Then
[ s e (522 1 g £
Ja “T@+1) 2 Ll([a,b])_r‘( + 1201
(2.19)
Here f cannot be a non-trivial polynomial of degree m.
Proof By assumption and Theorem 2.3 we have
1 * b
fx)= m/ (x — )71 (Dg, f) () dt, allx € |:a, at :| , (2.20)
o a

also it holds, by assumption and Theorem 2.4, that
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f()—l_,()/(t ) H(DE_f) (1) dt, allxe[ ;b b:|- (2.21)

By (2.20) we get

1 X
If )l < W/ (x — 0@V [(DE, f) ()] dt

atb

/2 (D2, £) ()] . allxe[a,a;b]. (2.22)

(x _ a)Ol—l

I ()

By (2.21) we derive

If(x)lsm/ t —x)* " |(DE_f) (1) dt

b — a—1 b b
g i rzj) /Hb ((DE_f) (1)|dt, allx e [“; ,b]. (2.23)
2

Consequently we have

# 1 aJZrb
/ If(x)ldxsr—a)(/a ( —a) 1dx)HDJHLI([ ] @20

1

“T@+) (bz ) 1Dy ([o.242))

and

b
/ If(x)ldng / (b =) dx ) |DE_f, (Tus (2.25)
o4t (@) n(= )

_ 1 b—a Do
~ o (550) 196 Ay e

Therefore we obtain by adding (2.24) and (2.25) that

/If(x)ld S CES) +1) (b2 ) [H Dgf], Li([e m])+IIDh fl, ([ay’b])}

1 b—a\”
=tz ) 1Pl =
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D D (b —ar 2.26
s 18 ) 1B () e 0%

proving the claim. W
We continue with

Theorem 2.9 Let p,g > 1 : §+ 5 =la> 5 m = [a], f € C (la, b]). Assume
f ey ([a, L)) and f e Ce ([“42, b)), such that f® (@) = f® (b) =0,

k=0,1,...,m— 1. When L ;g <a< 1, the last boundary conditions are void.
Set
A@(f)::nmx[HDg+fH%<Ptﬁq) ID5_fl, (P+b])}. (2.27)
Then

L

b 1 b_a Ot+p
[ s oonax < — (2 ) L @2
“ F@(p@—1+17 (a+ )

12207, gt + 1051 .| =

M () C(b—a) (2.29)
(@) (pa@—1)+1)7r (a + %) 27y

Again here f cannot be a non-trivial polynomial of degree m.

Proof By Theorem 2.3 we have

vun_r()/<x 0" |(DE, f) (0] dr

! (/x(x—t)p(a_l)dt) (/| (t)|th)
a) a

(pla=1)+1)

1 (x—a) »
< - Do, f u ,foralle[,
T (@) a1+ 1) ” ” ([u +b]) X a

1

a+b

} . (2.30)
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That is

1 (x — a)a71+% |: a+ bi|
If () < , . , forallx € |a,
PO TG e e o) S

(2.31)
Similarly from Theorem 2.4 we get

1 b
|fcm|s-FE5¥/ (t —x)* " |(DE_f) (1)|dt

b 5/ b i
@ ( / (t —x)P““)dt)p ( / |(Dy_f) (t)|th) (2.32)

1 (b—x)@ Vs

a+b ]
< D B ,forall x e ,b. (2.33)
@ (a—b+ Db SAN(E) } [2
That is
(b —x)° "1+ |:a +b ]
lf ()] < DY _f . , forallx € ,b.
F()(p(a_1)+1)%” b= ” ([ h]) 2
(2.34)
Consequently we obtain by (2.31) that

a+b

T f Wldx <

a

ath
1 . (/ 2 (x —a)‘x—l"'% dx) ||D f” ([u a+b]) =
F@)(pl@—1D+1Dr \Va

L c_ayﬁHth Ty (235)
T@) (pa@—1)+1)7 (oz—{—%) 2 Lq([a52]) "

Similarly it holds by (2.34) that

b
/ If (o)l dx <
#

N
(b_ ) 7 dx D —f a+ =
[ (@) (p(a—1)+1);( agh | D ”Lq([Th’b])
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1 L( l) (b;a) ”Db 1, L([=24]) (2.36)

Fr'e)(pla—DH+ D7 {a+

16

Adding (2.35) and (2.36) we have

l/bux )dx < ! (b_“)a+; 2.37)
x)|dx < .
a i(a—}-%) 2

F@(pla-DH+Dr

=<

(128 o #1951 )

\+

max [HDg-’-f”Lq([a,;]) | D f” ([ b ])] (b—a)a+%’ (2.38)

(@) (p(a—1)+1)7 (a+%)2“*

Q=] ™

proving the claim. W
Combining Theorem 2.6, Remark 2.7, Theorems 2.8 and 2.9, we obtain

Theorem 2.10 Let any p,g > 1 : %—i—%l =lLaoa>1m=]la], feC(a,b).
Assume [ € Cg, ([a “+b ) and f € Cj_ ([“%b,b]), such that f® (a) =

fO By =0k=01,..., m—l.Then

b
/mest

I K [ IR [
i I (a+2) ( 2) ’

1 b—a\®
[e+1) ( 2 ) ||DafHL1([a,b])’ (2.39)

LA T S - )

F@p@=-1+17 (a+1)

A
&)
\_/
Q
+
SIS
IA

. G-t M) o
mm[Ml(f)r( 2 Tatrn 1 2™
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M3 (f) - a)a+§ ] (2.40)

T (@) (pla—1)+1)7 (a ¥ %) 223

where My (f) as in (2.14), M> (f) asin (2.18) and M3 (f) as in (2.27).
Here f cannot be a non-trivial polynomial of degree m.

Corollary 2.11 Here all as in Theorem 2.10. Then

1 b
‘m/ﬂ f(x)dx

(e
T (@ +2) 29+

1 b
< m/ f ()l dx <

b—a), (2.41)

min

1

2rarn O "D F 1 ey -

(12505 s ) 1A )|

b-a)r <
I (a)(p(a—1)+1)7 (a n %) 2+
. b—-a)* M (f) a1
mmIM1 D et Tar T ™9
M3 (f) 1 - a)a+%71 ] (2.42)

1 o
(@) (pa@—1)+1)7 (a+;)2 2

In 1938, Ostrowski [12] proved the following important inequality.

Theorem 2.12 Let f : [a, b] — R be continuous on [a, b] and differentiable on
(a, b) whose derivative ' : (a,b) — R is bounded on (a,b), i.e., |f’”oo =

sup |f/ (t)| < +00. Then
te(a,b)

a+b)2

1 (x_ 2 ’
< [ZJFW} cb—a)||f . 243)

1 b
— / f@der— f(x)
—a )/,

for any x € [a, b]. The constant ?1L is the best possible.
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In (2.43) for x = %12 we get

‘_/ £y di— (a+b)‘§(b

We have proved the following

Vrler e

Theorem 2.13 Let f € C' ([a, b]), with f (“42) = 0. Then

/ f@®)dt <

where the constant % is the best possible.

” f’ ” (2.45)

So we proved once again (2.2) with only one initial condition.

2.3 Application

Inequalities for complex valued functions defined on the unit circle were studied
extensively by Dragomir, see [7, 8].

We give here our version for these functions involved in a Polya type inequality,
by applying a result of this chapter.

Let 1 € [a,b] € [0,27), the unit circle arc A = {z € C: z =€, 1 € [a, b]},
and f : A — C be a continuous function. Clearly here there exist functions u, v :
A — R continuous, the real and the complex part of f, respectively, such that

7 (e”) = (e"’) +iv (e”) . (2.46)
So that f is continuous, iff u, v are continuous.
Call g (1) = f(e"), (1) = u(e"), L) = v(e"), 1 € [a,b];sothat g :
[a,b] — Candly, > : [a, b] — R are continuous functions in 7.
If g has a derivative with respect to ¢, then /1, [ have also derivatives with respect

to t. In that case _ _ .
fi (e”) =y (e”) +iv (e”) , (2.47)
(i.e. g’ (1) =1} (1) +il} (1)), which means
fi (cost +isint) = u; (cost +1isint) 4+ iv; (cost +isint). (2.48)

Let us call x = cost, y = sint. Then

Uy (e”) = (cost +isint) =u (x +iy) = us (x,y) =



2.3 Application 19

ou (e”)

gudx  gudy _ du(e")

- —sint) 4+ — L cost. 2.49
ax 9t " 9y ot ox s+ cos (2.49)
Similarly we find that
. dv (' v (e
vy (e”) — % (—sint) + ;—y) cos. (2.50)

Since g is continuous on [a, b], then f ab f (ei ! ) dt exists. Furthermore it holds

/bf(e“) dz:/bu(e”) d:+i/bv(e”) dr. (2.51)

a a a

[l = [ ()

' b b
v(e”) =/ Il (t)|dt+/ L ()| dt.  (2.53)

[ etefar [

We give the following application of Theorem 2.10.

‘We have here that

(2.52)

Theorem 2.14 Let f € C (A, C), [a,b] C [0,27); any p,g > 1 : %+ql =1,
a>1,m = [a]. Assume l1,1 € CF, ([ a+b]) andly,lr € Cj_ ([“+b ]), such
that 11V (@) = 189 (@) =1 ) = 18 ) =0,k =0, 1,...,m — 1. Then

[ r@yal= [ ] ()
(HDZ‘m leo [o.e5] + 10500 e b]) (b_a)aﬂ’

I'e+2) 2

(2.54)

min

1 b—a\”
F(a+1)( 2 ) 120 2y g -

+

Ummn@MDthnqu(z)M;

F(Ot)(p(a—l)+1)p( %)
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min

(10000 g e + 19820 ) (o)
2) '

(o +2)

1 b—a\”
r(a+1)< 2 ) 192 1y a1

[” D, b|| L)t | Dyt I\Lq([u;b,b])} (b _ a)a+;

=
F(Ol)(P(Ot—l)—H)%(a_;_%) 2
- (b —a)**! M () .
mln[Ml ) F@122 Tt b —a)*,
M3 (ll? ] (b _a)a—t-% }+ (2'55)
F@ =1+ («+5)2
: (b—a)OH_l M2 (12) w
e IMI = [(e+2)2% T (a+1)2¢! b—-a),
M3 (1 el
e —— (b-a) +p],
T'(@)(pla@—1)+1)7 (a+;)2 :

where My (I;) as in (2.14), M> (I;) as in (2.18) and M3 (I;) as in (2.27),i = 1, 2.
Here 11, I cannot be non-trivial polynomials of degree m.
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