Freak-Waves: Compact Equation Versus
Fully Nonlinear One

A.IL Dyachenko, D.I. Kachulin and V.E. Zakharov

Abstract We compare applicability of the recently derived compact equation for
surface wave with the fully nonlinear equations. Strongly nonlinear phenomena,
namely modulational instability and breathers with the steepness p ~ 0.4 are com-
pared in numerical simulations using both models.

1 Introduction

A two-dimensional potential flow of an ideal incompressible fluid of infinite depth
with a one-dimensional free surface (boundary) in a gravity field is described by the
following well-known set of equations:

Gxx + ¢z =0 (¢; > 0,z > —00),
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here n — x“yt — is the shape of a surface, ¢ <— x“y¥z°t — is a potential function
of the flow and g is a gravitational acceleration. As was shown in Zakharov (1968),
the variables n(x, t) and ¥ (x,1) = ¢(x,z,1t) are canonically conjugated, and

=n
satisfy the equations

SH on _ 8H

a o sy

Hamiltonian can be written as infinite series of powers of ¥ and 7, (see Zakharov
1968). Taking into account only three- and four-wave interactions, one can cut this
series after fourth order term:

1 ~ 1 ~ 1 ~ A~ A A
H=3 / g by — 5 / ()2~ WP ndx + 5 / xRy R R (k)
@

We will study two strongly nonlinear problems numerically:

e modulational instability of the homogeneous wave train of the Stokes waves up to
the freak-wave formation
e propagation of narrow breather with the steepness u ~ 0.4 — —0.5

The goal is to justify the applicability of approximate equation based on truncated
Hamiltonian (2) for strongly nonlinear flows of fluid. The reference solutions (fully
nonlinear) is performed for the Eq. (1) written in conformal variables, according to
Dyachenko (2001).

2 Fully Nonlinear Conformal Equations

To study two-dimensional potential flow of fluid one can perform the conformal
transformation to map the domain, filled with fluid

—00 < X < 00, —o0 <y < n(x,t), Z=x+1iy
in Z-plane to the lower half-plane
—0 < U< —00, —o0 < v <0, W=u+iv

in W-plane like in Figs.1 and 2. The shape of surface n(x,t) is given now by
parametric equations

y=y,t), x =x(u,t),
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Fig. 1 Physical plane Z y @
nex.t

X

Fig. 2 Conformal plane W v @

T u

As it was shown in Dyachenko (2001), Dyachenko et al. (1996a,b) the exact Eq. (1)
can be written as following:

Z, =iUZ,,
&, =iU®, — B+ig(Z —u). 3)

Here, ® = +i H Y is complex velocity potential, and

_ b _I:]wu _ b |¢u|2 _ b 2
U_P( IZMIZ)’ B_P(|ZM|2)_P(|®Z|). 4)

In (4) P is the projector operator generating a function analytical in the lower half-
plane

ﬁ(f):%(wiﬁ) 1.

1 faHdu

H (fw))="P-V. ; is the Hilbert transformation.
T

oo U —
Functions @ and Z can be easily analytically continued to the lower half-plane, just
by changing u by w.
Introducing new variables (Dyachenko 2001)
1 P,

R:Z_W’ andV:ﬂDZ:lz—w (5)
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one can transform system (3) into the following one

R, = i(UR,, — RU,),
V, =i(UV, — RB,,) + g(R — 1). (6)

Now U and B are the following:

U:éwé+0m
B=P(VV).

So, these exact (fully nonlinear) Eq. (6) give us reference solutions to compare with.

3 Compact Equation

In this section, we very briefly derive compact equation based on the truncated Hamil-
tonian (2). All the details of the derivation can be found in Dyachenko and Zakharov
(2011, 2012). It based on the following property of one-dimensional gravity surface
waves: In Dyachenko and Zakharov (1994) it was shown that four-wave interaction
coefficient vanishes on the following resonant manifold

k+ky = ko + k3,
Wi + Wg, = Wi, + Wiy

with nontrivial solution:

k=a(l+¢), ki =a(l+2)%¢?,
ky = —ag?, ks =a(l+¢+¢H%

Than only trivial resonant interaction remains in force:
k=kyki=k3y or k=k;3 ki =ko.

Vanishing of four-waves interaction allows us:

e to consider solutions which consist of waves propagating in the same direction
(all k in the initial condition and solution can be positive only)
e drastically simplify fourth order term in the truncated Hamiltonian (2).

To make this simplification one can apply appropriate canonical transformation to
the Hamiltonian. But first it is convenient to introduce complex normal canonical
variables in a standard way:

o= [ a+aty) Y= —i (g — a*y) (7
2g -k 2wy -k
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where wy = /g|k| and the Fourier transform is defined as follow:

1 > .
= /_ ar (e dx (8)

Using normal variable ag (f) the truncated Hamiltonian can be written as follows:

a(x,t) =

H = /wk|ak|2dk+
Vel (@F, aryny + ax, afyak )8k, —iy—kydkr dkydks+
1/U/qkz/q(aklakzak3 + ak, A, Ak )8y +ko+ks dk1dkod k3 +
/ WOk ag g a8ty +kp—ks —ksdk dodksdky+
+3 / G ok @h 3,7 Gy + Gy Oy Oy 07,80 1y 4 13—k Ay dbadkad kg +
+ 112 / R kaksks (a5, a5, Qr, Ok, + Gk ey ks Ay )k, +hy-+hs +ks A1 dRod k3 dka. (9)
Expressions for Vlfz]k3’ Uk kaks s W:f,f; GiTkzka Ri kaksks in Appendix (see 18, 19).
Then one applies transformation from variables ay to by to exclude nonresonant

cubic terms along with non resonant fourth order terms. Following Zakharov et al.
(1992) canonical transformation from by to a; can be written as the series:

..4k| ,../k ~
ay = by +/|:2ka bklbzzaklfk*kz_ Vklkzbklbkzsk*kl *kz_Ukklkzb;ckl b;25k+k1+k2:| dkidky

kklkz kkykok
+/[Aklk2k3bk1hk2bk3+ Asbs b Brobis + Ay 207 b bi + ASIRKs bt b e N aky dkodky
(10)

All coefficients in (10) are derived in Appendix (see 24, 26). After the transformation
(details of it are given in Dyachenko and Zakharov (2011, 2012)) Hamiltonian takes

the form in x-space:

ab|? ab* ab
—(p— —b*—) —k|p? (11)
2 ax ax

0x

H = /b*wkbdx + 2/

b(x) can be analytically continued to x + iy, y > 0. Motion equation for b(x, t)
should be understood as follow:

ab 5 0
—p ,
az 8b*

12)
here P+ projection operator to the upper half-plane.

+= %(1 —iH). (13)
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This operator is the consequence of only positive k in the system of waves. Corre-
sponding equation of motion is the following:

ab 2 ad d
— =dxb+ P | — () — — " —=b*) |-
ot “’"+4 [ O =5 5
1 4 N 0
-5 P [b ka(p'1) - —(b/k(|b|2)>} : (14)
2 ax
Transformation from b(x, ) to physical variables n(x, t) and ¥ (x, f) can be recov-

ered from canonical transformation. It has been derived in the Appendix. Here, we
write this transformation up to the second order:

n(x) = (k4b(x>+k4b<x>>+L Fboo) — o,
2g4 \/E
¥ (x) = —17<k‘ib<x) — kb)) + 5[ kib* (0)kib*(x) — k3b(x)kib(x)]
%ﬁ[l? bOORTb*(x) + Rb* 0k b)), (15)

Here H is Hilbert transformation with eigenvalue isign(k).

4 Modulational Instability of Wave Train

In this section, we perform numerical simulation of the modulational instability of
the homogeneous wave train in the framework of compact Eq. (14). Such a wave train
has two parameters: wavelength and steepness, i.e., maximal slope of the surface, u.
Initial steepness of the wave train was equal to & = 0.095 and the number of waves
in the periodic domain was equal to 100. These values were chosen for comparison
with the earlier simulation in the framework of fully nonlinear simulation in the
works (Dyachenko and Zakharov 2005; Zakharov et al. 2006, 2008). One can see
in Figs. 3 and 4 that both waves coincide in details. Different time of their appearing
is due to slightly different values of perturbations. Zoomed shape of the surface is
shown in the inset to Fig. 3.

Couple of snapshots of development of modulational instability is shown in Fig. 5.

Dynamics of surface in fully nonlinear Eq. (6) can be found at the address http://
www.itp.ac.ru/~kachulin/MInstability/Freak-0.095-end.avi and dynamics of the sur-
face in compact equation is at the address
http://www.itp.ac.ru/~kachulin/MInstability/Surface-end.avi.


http://www.itp.ac.ru/~kachulin/MInstability/Freak-0.095-end.avi
http://www.itp.ac.ru/~kachulin/MInstability/Freak-0.095-end.avi
http://www.itp.ac.ru/~kachulin/MInstability/Surface-end.avi
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Fig. 3 Freak-wave 0.005 =
formation after t = 802 0.004 | .
(fully nonlinear equation) g o2
0.003 | > 0.001
= ooo2f | >
X
- X

0.001

-0.001 |

-0.002

Fig. 4 Freak-wave 0.005
formation after t = 874
(compact equation)

0.004

0.003

0.002

n(xt = 874)

5 Breathers

Breather is the localized solution of (14) of the following type:
b(x,1) = B(x — Vi) kox—eot) (16)

where B(x) is localized function in space, having zero asymptotic at £00. In K space
it can be written as following:

b(t) = e 2 FVRI g, (17)

ko is the wavenumber of the carrier wave, V is the group velocity, wy is the frequency
close to wy,, and §2 is close to w%. Existence of such solution may indicate that equa-
tion is integrable one. However, in the paper (Dyachenko et al. 2013) nonintegrability
of the equation was proven.

In the papers (Dyachenko et al. 2013, 2014) such solutions with different group
velocities and amplitudes were found by iterative Petviashvili method. Here we
tried to get numerically very narrow breather for the compact equation with carrier
wavenumber kg = 50. Picture of real part of b(x,0) and modulus of b(x, 0) is
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Fig. 5 Formation of the freak wave. Free surface for different times is shown (compact equation)

shown in Fig. 6. Modulus of b corresponds in some sense to the envelope in NLSE
approximation. Profile of the surface calculated according to transformation (15) is
shown in Fig.7. Steepness of this solution is very high, u ~ 0.45. Profile of the

0.0015

0.001 1

0.0005 | ]

-0.0005

-0.001

Fig.6 Modulusof b(x) andreal partof b(x) with V = 1/20and §2 = 5.2. Solid line (1) corresponds
to the real part of b(x), dashed line (2) corresponds to modulus of b(x)



Freak-Waves: Compact Equation Versus Fully Nonlinear One 31

0.008

0.006 1

0.004 1

x 0.002 - 1

-0.002 - 1

-0.004 1

Fig. 7 Surface profile of the breather (compact equation)

steepness is shown in Fig. 8. This breather is exact solution of the compact Eq. (14)
and moves on the surface without changing (see Dyachenko et al. 2013, 2014).
Couple of snapshots of moving breather is given in Fig.9. It is clearly seen that

0.6

Fig. 8 Steepness of the breather (compact equation)
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Fig. 9 Free surface corresponds to the breather solution at different times (compact equation)

breather moves with the group velocity which is %\/% ~ 0.0707. Dynamics of
this breather in compact equation can be found at the address http://www.itp.ac.
ru/~kachulin/Breathers/kO0=50/deta(x,t).avi. Breather dynamics in fully nonlinear
equations can be found at
http://www.itp.ac.ru/~kachulin/Breathers/k0=50/STEEPNESS.avi.

Surface
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Fig. 10 Surface profile (fully nonlinear equations)


http://www.itp.ac.ru/~kachulin/Breathers/k0=50/deta(x,t).avi
http://www.itp.ac.ru/~kachulin/Breathers/k0=50/deta(x,t).avi
http://www.itp.ac.ru/~kachulin/Breathers/k0=50/STEEPNESS.avi
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Steepness
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Fig. 11 Profile of steepness (fully nonlinear equations)

In the paper (Dyachenko and Zakharov 2008) we have performed similar simula-
tions in the framework of fully nonlinear conformal equations (6). Here we present
pictures from that paper, namely surface of the fluid and its steepness (Figs. 10, 11).

Figures 8 and 11 show that numerical simulation of the highly nonlinear phenom-
ena, steep breather, in the framework of compact equation is very similar to that of
fully nonlinear equation. Recent laboratory experiment (Slunyaev et al. 2013), also
confirm existence of such highly narrow breathers at the surface.

6 Conclusions

We have demonstrated that compact equation although approximate, quantita-
tively describes strongly nonlinear phenomena at the surface of potential fluid. Espe-
cially, we have studied nonlinear stage of modulational instability up to the freak-
wave formation and propagation of very steep breather. Also compact equation can be
generalized for quasi one-dimensional waves propagating at the surface of 3D fluid,
see Dyachenko et al. (2014). When considering waves slightly inhomogeneous in
transverse direction, one can think in the spirit of Kadomtsev-Petviashvili equation
for Korteveg-de-Vries equation, namely one can treat now frequency wy depending
on both ky and ky as wy, k,, while leaving coefficient f,fz];(g not depending on y. b
now depends on both x and y:

1 ~ .
H = /b*cbkx,kybdxdy +3 /|b;|2 [%(bb;* —b*D) — Kx|b|2:| dxdy.



34 A.1. Dyachenko et al.

0.003

- 0.0025

0.002

0.0015

0.001

0.0005

0

-0.0005

-0.001

0.003

0.0015

: : : : : — -0.0015
6

Fig. 12 2D surface with a freak-wave (2D compact equation)

Here, we can show picture of numerical simulation of quasi one-dimensional wave
train. One can see in Fig. 12 top view of 100 almost 1D waves with the freak wave
in some place. Profile of the surface along the white line is also shown.
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Appendix

Coefficients in the Hamiltonian (9) can be calculated plugging expressions for com-
plex canonical variables into the (2):
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| gt k k
8 11 2 1 3,1
Ukkoky = 5 —= [ ls=—*Ligks + |-——* Liyks + |-——|*Liyiy | »
1K2K3 8 ﬁ k k 2K3 k1k3 1K3 k k2 1K2
1
1 g% 11 ky 1
VA = B S i Ly — | [T Lk — | [T L gy (18)
koks =8/ | kak B Tkks " Tkiky "2
1 1 1 1
whke _ ZL[ kK| g n kaka | _pooky | Kik3|F gk [K2k3 [P ks
kiky — 327 kzkz —k3—ka kiks kika kaky ko —ky kiky ky—ky
1
kiky |* M koka |* kg
" | kaks bk T ks ki=ks
1 1 1 1
gt = ZL[|kskal? Mkks koka | % ko—ky | | Kika|® gk K1k |k,
kikaks ™ 3057 Fika kiky kiks| ks kaks | ~Heks kaka| ~RR
1
kiks | ik kaks | ¥ koks
Ckaks| TRR T Ry bk
l 1 1
—1 [ |ksks|* Mok k2k4 Kok kaks |* ks | Kika|® gk
Riitoksky = a[ ko M + ks Kiks ks ik ks foka T+
| |
kiks |% 0 kk kika |7 gk
+ Toka ok, T faks Kok (19)
Here
Lk, = |kika| + kika
kak.
M = kika| (ki + k3| + Lk + kal + ko + k3| + |k + ka| = 2[k1| = 2[k2)).
(20)

To construct canonical transformation of general form we follow the book
(Zakharov et al. 1992) and use auxiliary Hamiltonian:

H= —i/ kzkg(bklbkzbki bklb;’;zb]z)(skl,k27k3dk1dk2dk3—
i~
- g/Uklkzkg (b, bk, by — biy biy iy ) ky ey +ks k1 dkad ks,
.. (Whsks 4 jyirkskay e pr gy s dkydkadksdls—
5 kiky kyka Pk Py Ph3 Oka Ok +hkp —k3 —kg A1 AKR2AKIARA
i

5/ k1k2k3 (bk1 bkzbkabkét by, bkzbk3bz4)8kl+k2+k3_k4dk1dk2dk3dk4—

i
BRT) / Riqtokaky (0, b7, bie, iy, — bio b bi )8k ko +ky -+ Ak dad ks d ks

21
with standard symmetry conditions for coefficients. Just mention that for W kik“ this
condition is the following:

k3ky k3ky kaks _ Trk1ko
Wk]kz Wk2k1 Wk1k2 = 7 Whsky - (22)
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Again, following Zakharov et al. (1992) general canonical transformation from by
to ay can be written as the series:

ay = by + / [2‘7/(]{/('2bk1bz25k1—k—k2 - kalkzbk. biyk—icy—ky — Uktyiabf, b;25k+k1+kz:| dkidk;
+ / [A’;I oty bl Diy iy, + AL B biy by + AL BE b by + AFRs b,fzb,’;}] didkadks — (23)
Coefficients A with upper and lower indices are equal to:
- ka+k3

k _ Lk ~k ko7
A koky = [§Gk1k2k3 T Viik—ki Vigks ~ — Vik =k U=ka—kskaks | Ok—k) —ky—ks3.

kky . % koks = kok3 k ~k3 Sk+ky koy+k3 k3 ~k1
Aloky = [_’Wkkl Wik, ~ 2Vigk—ky Viika—k; ~ Yy Vioks T+ 2Viks—k Vigk —ky T

+ U—k—kykk, U—k2—k3k2k3} Sktky—ky—ks3 >

kkiky _ k3 ok = k3 wkitky k+ki k3
Ay = [_Gkk1k2 T Visk—iy U=ko—kikaky = Vids—k Vigks T 2Vky Vioks—ko
- ~ k>
= 2U_p—kykky Vk3k2_k3] Sk-ky +hy —ks3 »
kkikok L~ ~k+ky ko +k3
ARRIRRS |:—§Rkk|k2k3 ~Viay U—ky—kskaks + Vit 3U—k—k1kk1i| Sketkey +hp k3 - (24)

Let us now substitute transformation (23) into the Hamiltonian (9) and calculate
second, third and fourth order terms.

Collecting all cubic terms after substitution and making symmetrization one
can get:

H; = /[ka;lq — (g, — w3 — a)kS)‘;kk' ]b,tlbkzbk35kl_kz_k3dk1dk2dk3+

2k3

1 ~
+ 5 /[Uk1k2k3 - (a)kl + Wiy + a)k3)Uk1k2k3]b]tlbzzbz38k1+k2+k3dkldk2dk3 +c.c.

(25)
it is possible to cancel nonresonant both cubic and fourth order terms. If
~ Vi ~ Ukkik
Vi = 12 Otk = 12 (26)

WL — W, —a)kz’ Wk + wg, —I—a)kz'
than H3 vanishes.

Counting all fourth terms, making symmetrization and calculating new H4 one
can get

1/ : - >
Hi =3 / (WO + DEE + (r, + 0k, — 0 — o) (WO — iWEEIBE, by, biy iy 5, 4
ky—k3—kqdkdkydksdks+
1 " . .
+3 / [(ijkm + Dy — @iy + ok + o1y — 0GR bE b, b by + c.c.] Skt

ka+k3—kqdkydkydksdks+
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1 -
+E / [(Rk1k2k3k4 +Diykaksky — (0ky +0k, +015 + Oky) Rikaksks )BF, b, bicy bR, + c.c.] Sk +

ko -+ky-+kadky dkadksdka. (27)

Here
kaky __ ~ky
Dy = Vk3k1 Vioka—koy |9k — @ks — O~k + Wy — Oy — Oly—ky

Vk4k1—k4 Visks—ky [@k1 = Oky — Oy —ky + Oky — Oy — Wk3—k,

~k3
Ve Vi ony — ony = 0ty + 015 — 04 — 015
k1+ka k3 +ka
Virks Visks + [Qhkithy = Okt = 0k + Ok kg — Oky — Oky | =

— U—ky—koki ko U—s—kakska [@k -+l + @y + Oky + Okyiey + 0ky + 0k, |, (28)

+++

[ 1+
ka32k2 —k3 V]ffk4_kl [wkz — Wky — Wky—k3 T Oy — Ofy — “’k4—k1] +
[ 1+

]

D/f?kzk_g = ka]lktb Vkm ks (Pki+ky — Ok — Oy — Ofey + O3 + Oy —fey)F
+ kal]ktk3 Vk2k4 ko, (@l k3 — Oy — Oky = Whgy + Oy + Oy )+
+ V/fzzkt %Vk1k4 b (O tky — Wky — Oy — Oy + Oy + Oy —fey)+
+ Uty —hoki ko Vk4k; ey Ok +hy + Oy + Oy — Opy + Oy + Oz ey
+ Uty —kskiks Vk4k2_k4 (k) k3 + Ok + Oky — Oy + Oy + Oky iy )+
+ U—ky—lskoks V;ilkl_k4 (Wkytky + Oky + Oky — Oy + Oy + 0 —1,),  (29)
Diykaksks = = Uty —kakika ‘7;533,::’{4 (O +hy + Ok + Oy + Okzhy — Oy — Ofy)—

— Uty —kskaks Vi, @k ks + Oky + 0k + Oy gy — Oy — k)=
- U_kl—k4klk4 Vlffk_'z—kz (k) +ky T Oy + Oy + Oy pky — Okz — Dky)—
- U—kz—k3k2k3 ‘7lflll<—:hl (Wky+ks + Oy + Oy + Oy kg — Oky — Oky)—
— Uty kateoks Vi ' @ty + 0y + 0y + 01y ks — Ok — 0ky)—
— Uty —katsks Vi o @k s + 01y + 01y + 0k 4y — 04y — 01)- (30)

To cancel nonresonant fourth order terms in (27) relations given below must be valid:

1 k
Gk = (G + D2 ),
kikaks Wk, F Oy + Oy — k1k2k3 kikaks
Ry koksks = (Rk1k2k3k4 + Dikoksks)- (31

Wiy + Wiy + Wiy + Wy

Now the Hamiltonian has only resonant four-wave interaction term (2 < 2):
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H= /wk|bk|2dk+
43 [ 1wl + DB+ @y + s — 01, — ) T
—lW]f:]f;)]bZI b}, biy iy Sty +hy—ks—ke 1 dlerdksd ks (32)
If we put
ksky . i5ksk
kakz“ — kafk; =0, (33)
we obtain so-called Zakharov equation with the following Hamiltonian:
U [ sk
H = /wk|bk|2dk + 5/ k13k24bk1 bkzbkgbk45k|+k2 ky—kadk1dkodksdky
ksk kak ksk
Tk = Wiko + Dicka (34)
At this moment the key point of the transformation takes place: we explicitly use

property of vanishing of 7, k3k4 on the resonant manifold and consider waves propa-
gating in the same dlrectlon. Then we chose instead of (33) the following expression:

1
kaks - vokska Fhoke _ ykske _ plaks
W iw, = T, - 35
kika T ——— Tk, = Wik, — D) 39)
here
- 0 (k)6 (k1) (k2)0 (k3)
Tk = - [k (& + K1) + kaks (k2 + k) —
—(kkzlk — ko| + kk3lk — k3| + kika|ki — ka| + kikslki — k3)], (36)

This coefficient Tk,;l;;} gives us simple Hamiltonian (11).

Now we can calculate symmetrized coefficients A of the cubic part of the trans-
formation:

k1ky 1 [*kgk;; 3/<4 k1+ky k3+ky
A = ; +2(U_ U_ +V, V
k3ky W, +wk2 —wpy —wpy kiko kiko ( ky—kakiky k3 —kak3ks k1ky k3kyg
ky ~ky ko kg ky ~k3 ko k3
- Vk3k17k3 Vk2k47k2 - Vk3k27k3 Vk1k47k1 - Vk4k1 —kyg ngkg,*kz - Vk4k27k4 Vk1k37k1) (37)

1
3(wp, + ok, + oy + gy

kikak3k 7 k3+k. 2+k.
Alialsks — 3 [_Rklk2k3k4 + 20Uk —kakiks Vs ™ + Uiy —shaks Vo

+h
+U_y k4k1k4Vk2k3 B0, k3k2k3Vk|k4 M40, k4k2k4Vklk3 + Uty —kaknks V, k.kv z)] (38)
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kykak3 -1 [ ky ki+ky kg ki+k3 kg
A = 2(V, V V, v,
ky Oy + Wy + Oy — gy Crakaks T2y Viaka—ks T Virks ~ Vioka—k
k3 ~ko ko+k3 (kg o k1
+ Ueky—kokika Vigks—iey TU—~ki—kakiks Vigko—ky Vioks ~ Vkika—ky — Y—ka—kskoks Vigk, —k,)
(39)
ki —1 [ k1 Sko+k3 (kg Sko+kyg ky
A = -2
kok3kyg 3(wk1 — gy — Oy — wk4) Gk2k3k4 (Vk2k3 Vk4k|—k4 + Vk2k4 Vk3k1—k3
k3+ky ¢k - kg ~ k3 - ko
FVisks  Vigki—ko T U=ka—kskoks Vi jky—k, T U=ko—kakaky Vi iy =k, T U=ka—kaksks Visko—k)) |-
(40)

Below we calculate Alliikgku Akikoksks Agkzk3 and Ai?g for the case when
canonical variable by has harmonics with positive k only.

Let us start with Ag ksks? expression (40). According to §-function in (24) k; is
also positive. One can finally get:

k1 _ Wiy + ok, + Wiy
kaksks 48w g

A Ok ey kakaka) (41)

Coefficient AK1%2K3k4 has to be calculated for negative k| (according to 8-function
in (24), so we will calculate it as A ~K1k2ksks,

Wy — Wky — W
48w g

A*k1k2k3k4 —

3 K (kykokska) 3. (42)

Coefficient Agkzk"3 has to be calculated both for positive and negative k;. For
ki > 0 the following is valid:

aftiaks O O T 0% ¥ O ks . (43)
4 l6mg
For k1 < 0 we will calculate it as A,;k‘kzk3. Let us start with the case k4 > kp,
k3 > kli
_ — 3Vk1ky — kok
A kikok3 — Cl)k4 + (Uk3 + wk2 wkl (k]kzk}k;‘,)ikl 154 2K3 (44)

ka 16mg Vkiks + koks
In the case kp > ki, kg > k3:

A;k}k;k; _ Okt Ok F O — 0 (ikokska) iy Vkika(2ks + k1) — N/kok3 (2ks — k1)

4 l6mrg Vkiks + Vkok3

(45)
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In the case k3 > ki, kg > kp:

—kikoks _ @y twp,; +op, —wgy 1 Jkika(2ky + k1) —kok3(2ky —k1)
Ay = (k1kokzks) 3 ky
4 lémg Vkikg + Vkok3

(46)
In the case k1 > kp, k3 > ky:

kikoky _ @ky TWks TOk, —0), 1 Jkikg kg + k1) — kok3(2ky — k1)
A, = (kikokskq) 4k
4 lémg Vkikq + Vkok3

(47)

Coefficient Allili2 has to be calculated both for positive and negative k. Below we

calculate A k1k2 for the case k1, ko, k3, ks > 0.Letus start with the case ko > k3, kg4 >
ki:

kiko

k3ks —

1
1 - k1kok3ks)#
Tkk3kk4 —7( 1koksks) k1 (3 kiko + k3k4)
W + Wpy — Wfy — Wiy 112 8

(48)

In the case k1 > k3, k4 > kp:

kiky __ 1

k3ky — X
Wi, +(1)k2 — Wiy — (,()k4

x [Tk'?k'? ekt (e (2k2+k1)+x/k3k4(2k2—k1))} 9)

In the case k4 > ki, ky > k3:

kiko 1

kaky = X
(3] + Wiy — Wy — (,()k4

x [T,ff,f; (k1k2k3k4) (,/klk (2k3 + k1) + v/k3ka(2k3 —kl))} (50)

In the case k3 > ki, ky > ky:

fk 1

k3ky = X
" Wiy + Oky — Wk3 — Wiy

1
x [Tk’?k"; _ kikakska)® (\/k1k2(2k4 T ky) + Vhaka (2ks — kl)):| (51)

8

For k1 < 0 we will calculate it as A klkz and k1, ko, k3, kg > 0O:
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—kiky _
Ak3k4 -

1
kykoksky)
(kikokska) ¥ (\/k1k4+«/k1k —‘/k3k4)i| -

1
Oy + Opy, — Wy — Wiy |: 8
1
_ (kikokzka)®

T67g ki (wk, + ok + or, — o) (52)

It appears that if spectrum of b(x) consists of harmonics with positive k only,
transformation from by to 1 and Y can be considerably simplified. To prove that,
let us calculate 1y and v, for positive k using transformations (23) and (7). To recover
nx and v for negative k one can use the following relations:

Nk = N Uk =Yg (53)
But first let us write n; and v as a power series of by up to the third order:

1 2 3 1 2 3
m=n +n0 0 we=v v v (54)

Obviously

,
n,i”=,/2—§[bk+btk], ylV = ‘/ ol — by (55)

Or
1 i
~l Al A1 A1
NV ) = — (kab(x) + k3bx)*), v D) = i - Th) — k1)),
ﬁgﬁ \/Z
(56)
Operators k% act in Fourier space as multiplication by |k|“.
Quadratic terms in (54) are the following:
e =5 [ / (V. + VA bE by St~ dkdley —
- /(Vklk2 + U—kklkz)bklbkz(sk—kl—kzdkldkz} ,
2) . 8 ~k
v =1y Yon [2/(Vk§1 _kkz)bklbk25k+k1 —kpydkidky—
- / Vo —U_km)bklbkzsk_kl_kzdkldkz} . (57)

All coefficients in (57) can be easily calculated using expressions (18), (26), prop-
erties (53) and little algebra. The following formulae are valid for both positive and
negative k:
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@ _ 4 k%b k%b 8 dkydk ki b k3 e s dkdk
U = 1 2er ki K3 Dky Ok—ky —ko AK14K2 + 1 Ok, Ko Dy Oktrky +ho AK1AK2

— Z/k bklk by Skt kzdkldkg}
(2) i 1 7
W= [ / Et + Vo by k5 b iy _spdkrdo—
1 1
— [ b B S s
1 1
—2sign (k) / (ki + VE)k{ b k3 iy Sy, kzdkldkz} : (58)

Applying Fourier transformation to (58) one can get

k. 1
2) " iz Th¥* 2
N (x) = 4\/§[k4 (x) —k*b*(x)]",
¥ (x) = %Uéﬁm YEEb* (x) — kA b(x)k3 b(x)1+
+ %ﬁ[lézb(x)/ﬁb*(x) F R (ORTb(x)]. (59)

Here H—is Hilbert transformation with eigenvalue isign(k).
Cubic terms in (54) are the following (k, k1, k» and k3 are positive):

Wk
n](c3) — l_ |:/(A/]§1kzk3 + Ak koks ) Oky Oky Ok Ok — k) —ky—ks AR 1 d ko d k3 +

/ (ARL, + ARNBE iy bis Sty —ky—ky i dkadks+
/ (AR + AR bE b by Sty o kgdkldkzdkz}

v = —i/: [/(Aklk2k3 — A_kkikoks )Pk iy Dies Sk—ky —ky— ks dk1 d ko d k3 +
+ / (AL = ARt by b St by k1 dkadk+

/ (AR = ALY b7 b br Sty 440 kqdkldkzdkg} (60)

Some of coefficients in (60) can be easily calculated using expressions for A and
little algebra :

Af ks F Atbikaks = 24
Wi + Wk, + Wi 1
Aklkzkz A _jkikoks = W’C(kklkzkﬁ“ (61)
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_ Wi, + Wk, + W 1
Akk1k2 + Ak]i/? _ 1 2 3k(kk1k2k3)4
8rg
kkiky —kks __ Wi 1
Ak3 — Ak1k2 = _8n'gk(kklk2k3)4 (62)
For k, k], k2, k3 >0
kok3
ARk g —kkoks Tk, _ &(kklkzlg)%k—
Haka + A W + O — Oy —ky 878
(k/<1kzk3)Z
87 in(k, ki, kp, k3)x
Vkk| +kaks Jkk| —koks
«/W \/sz ( O +0k; Tk, +wk3) \/W‘l'\/sz ( — Wk — Wi,y _wk3)
~kok3
= T + + 1
Ak = A0 = - - ST DO ok -
: Wk + wf; — gy — Wk, 8rg
1
kki1kokz)#
—%min(k,kl,kg,k@x
VEk| + Jkak3 JEET — K2k
«/W Vs ( wp T + g, + wks) - m (“)k — Wk — @k, _wk3)

(63)

Using properties (53) expressions for 77(3) and %53) can be extended for negative k,
so that the following formulae are valid for both positive and negative k:

n = / ki bklkz bk2k3 Biy Sty —ky—ksdhr dirdk+
24ng4f
+—/k by k by k by Sktkr ko -k dk1dkod k3 +
247‘[g4\/_ k12 Yky 3 Yky Ok ki tko+k3
1 1
kf(klkz]g)Z (klz +k22 +k32)
kkq —kkzk}
+/ (A )+ x
kzk? 871g%\/§

X bZl [;kzkaSk_.J(l_kz_k3dk1dk2dk3+
- 1 1 1
k3 (kikoks) (kf k2 + k32)

e —kk; kkzkl
+/ (A )+ X
ok Sng%«/i

X b, by i Sk tky +h ks Ak dad ks (64)
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v = (k ki k4 +k &y k“ +k ki k“)bklbkzbkgsk,kl,kz,kgdkldkzdlg—i-

'2477g4f/

+i7/(k k' k“ +k ky k“ +k k' k“)bklbkzh,q8k+kl+k2+k3dk]dk2dk;+
2rgi2

(g —kkok k3 (kykoks)
+/[z E(Akz}€3 =AY+ W b, by by Skt ky —ky—ky Ak 1 d ko d ez +

8 —kks kk k7 (kikaks)
+/ {1 /E(AkzklX B W b, biey iy Skcky +ho—ks k1 d ko d ks
(65)
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