
Chapter 2
The Standard Model of Cosmology

2.1 Introduction

The standard model of cosmology encompasses our knowledge of the Universe as a
whole. It has matured over the last century, consolidating its theoretical foundations
with increasingly accurate observations. The main assumptions on which it rests are:

• On sufficiently large scales the Universe is homogeneous and isotropic (the cos-
mological principle).

• The energy content of the Universe is modelled in terms of cosmological fluids
with constant equation of state: photons, baryons, neutrinos, cold dark matter and
dark energy.

• The gravitational interactions between the cosmological fluids are described by
Einstein’s general relativity (GR).

Along with the above theoretical assumptions, the standard model of cosmology
includes the fundamental observation that the Universe is expanding.

2.1.1 Summary of the Chapter

In this chapter we analyse these features in detail, starting with the cosmological
principle in Sect. 2.2. The assumptions of isotropy and homogeneity lead to the
formulation of the FLRW metric, which we introduce in Sect. 2.3. We derive the
dynamic evolution of this metric in Sect. 2.4 by solving the Einstein equation; in
particular, we find that the cosmic expansion is one of the solutions and is favoured by
themeasured abundances of the various species. The presence of a cosmic expansion,
in turn, indicates that the primordial Universe was in a very hot and dense state
where thermal equilibrium between the species was established. This prediction is
spectacularly confirmed by the observation of a cosmic microwave background with
a blackbody spectrum, which is the subject of Sect. 2.5. We conclude the chapter by
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discussing in Sect. 2.6 some important problems of the hot Big Bang scenario and
one of the possible ways to solve them: the mechanism of cosmic inflation, a phase
of accelerated expansion in the early Universe.

Note that in Sect. 2.6.4 we shall briefly discuss how non-linearities might arise
during inflation that generate non-Gaussian signatures. The work described in this
thesis is ultimately motivated by the quest to measure said non-Gaussianity.

2.2 The Cosmological Principle

The cosmological principle (CP) states that on sufficiently large scales the Universe
is homogeneous and isotropic. Homogeneity means that different patches of the
Universe have the same average physical properties. In particular, any cosmological
fluid has the same energy density, pressure and temperature everywhere. Isotropy
means that there are no preferred directions in the Universe. Any observer measuring
a cosmological quantity—e.g. the photon flux or a galaxy count—in two different
directions should find the same value.

Homogeneity does not imply isotropy. For example, a Universe filled with a
homogeneous magnetic field is homogeneous but not isotropic. On the other hand,
isotropy about one location does not guarantee homogeneity. The simplest case is
given by an observer at the centre of an isotropic explosion, but there are other
examples of inhomogeneous distributions that project isotropically on the sky of one
observer [25]. However, isotropy about two locations does guarantee homogeneity
and isotropy about all locations (Peacock [62, pp.65–67]).

The cosmological principle is spectacularly violated on small scales. Planets, stars
and galaxies should not exist in a perfectly homogeneous Universe. However, when
zooming out on scales larger than roughly 100 h−1 Mpc, where 1Mpc = 3.086 ×
1022 m = 3.262 × 106 ly is roughly the average distance between two galaxies, the
Universe does become smooth, as we detail in Sect. 2.2.1. This allows us to treat
the dynamics of the cosmological fluids on the largest scales as if the Universe were
perfectly homogeneous and isotropic. In this limit, the physics and the resulting
equation are particularly simple, as discussed in Sect. 2.3.

The cosmological principle also allows us to define a universal time variable, the
cosmic time, defined as the time measured by observers at rest with respect to the
matter in their vicinity. The homogeneity of the Universe ensures that the clocks of
these fundamental observers can be synchronised with respect to the evolution of the
universal homogeneous density. We choose the zero of the cosmic time to coincide
with the Big Bang, which we shall introduce in Sect. 2.4. As a consequence, the
cosmic time is interpreted as the age of the Universe.
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2.2.1 Validity of the Cosmological Principle

The cosmological principle is crucial in order to make sense of the Universe, as it
allows us to give universal significance to our local measurements. Furthermore, as
we shall see in Sect. 2.4, it leads to an elegant dynamical solution of Einstein’s equa-
tions. When it was proposed , however, the cosmological principle was little more
than a conjecture. As cosmological observations increased in number and accuracy,
it was substantiated by more and more evidence. Nevertheless, the cosmological
principle has not been proven unambiguously yet.

The main difficulty lies in the fact that it is impossible to observationally prove
the homogeneity of the Universe without first assuming the Copernican principle,
according to which we do not occupy a special position in the Universe.1 The reason
is that any observation has only access to our past light cone. Even worse, we cannot
effectively move in cosmic time or space, so that we can only probe the past light
cone of here and now. As a result, our observations mix time and space in such a way
that we cannot tell the difference between an evolving homogeneous distribution of
matter and an inhomogeneous one with a different time evolution [52].

If we accept the Copernican principle, however, the existence of isotropy in the
observable Universe (that is, isotropy in the past light cone of Earth) would automat-
ically imply the homogeneity of the whole Universe [26, 52]. Isotropy, contrary to
homogeneity, is well established by many observations. The most relevant ones are
the nearly perfect isotropy of the Cosmic Microwave Background [11], the isotropy
of the X-ray background [71] and the isotropies of various source populations, e.g.
radio galaxies [64]. The isotropy of the CMB also provides a good argument for
homogeneity, since its angular distribution is linked to the three-dimensional fluctu-
ations of the gravitational potential during recombination [84].

Not assuming the Copernican principle has two important consequences. First,
the observed isotropy could not be used to infer homogeneity, not even in our local
Universe. Secondly, observations would need to be interpreted in light of our special
position. This is the case in the so-called void models, where the cosmological
principle is assumed to be valid but our Galaxy sits close to the center of an under-
dense area which is radially inhomogeneous (the void). While some of these models
have the benefit of removing the need for a cosmological constant by modifying the
redshift-distance relationship (see, e.g., Refs. [55, 60, 80]), they fail to reproduce all
the available observations at the same time [14, 17, 58, 83, 86, 88, 89]. For a review
of other ways to test the Copernican principle, refer to Refs. [16, 35, 52].

A useful check for the homogeneity of the observable Universe consists in count-
ing objects in a galaxy-survey in regions of increasing volume. In a homogeneous
Universe, the mean density of galaxies in these regions should approach a constant
value at a certain homogeneity scale. In order to look for this scale in the data, one
needs to assume a cosmological model to convert the measured fluxes of galaxies to
distances; hence it is more of a consistency check for homogeneous models rather

1This is also referred to as the weak cosmological principle by Ellis [26].
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than a test of homogeneity. 2He largest-volume measurement (V ∼ 1 h−3 Gpc3)
to date was performed by Scrimgeour et al. [72] using the blue galaxies of the
WiggleZ survey [23]. They found homogeneity for scales larger than 70 h−1 Mpc,
in agreement with what previously obtained by Hogg et al. [40] using large red
galaxies,3 and in disagreement with earlier results that suggested a fractal structure
of the Universe [66, 79]. Interesting discussions about the scale of homogeneity and
the fractal Universe can also be found in Refs. [19, 34]. For an observational test of
homogeneity that relies only on the angular distances of galaxies, and is therefore
less model-dependent, refer to Ref. [5].

2.3 The Expansion of the Universe

In the 1910s Vesto Slipher had noticed by measuring their light spectra that most of
nearby galaxies—or nebulae, as they were called at the time—were quickly receding
from us [75, 76]. In 1929, Edwin Hubble [41] independently confirmed that galax-
ies where receding and found a correlation between their radial velocity and their
distance from us. This observation is encoded in Hubble’s law, whereby there is a
linear relationship between the radial speed with which a galaxy recedes from Earth
and its distance to it:

v = H0 r . (2.1)

The proportionality constant is now called Hubble constant.
If one assumes the cosmological principle, Hubble’s law becomes universal: any

two galaxies move away from each other with a speed proportional to the distance
that separates them. In reality, the cosmological principle alone suffices to enforce
the proportionality between distance and radial velocity. Isotropy enforces the radial
motion, while homogeneity ensures that the recession velocity is proportional to the
distance [36, 62]. However, the cosmological principle alone does not specify the
sign of this proportionality, which Hubble found to be positive.

Hubble’s discovery was soon linked to previous theoretical papers by Georges
Lemaître [45, 46] and Alexander Friedmann [32]. In these pioneering works, the
authors found dynamical solutions to Einstein equations where the Universe could
expand indefinitely in a homogeneous manner. In this context, Hubble’s law is the
empirical consequence of a more fundamental concept: space itself is expanding.
The apparent recession of galaxies is just one manifestation of the expansion of the
Universe, and H0 represents the homogeneous expansion rate.4 In the expanding

2T.
3As a comparison consider that the disk of our Galaxy, the Milky Way, which is an average galaxy,
measures just around 30 kpc.
4It is sometimes thought that Hubble discovered the expansion of the Universe in his 1929 paper.
This was not the case, as the first connection to Lemaître and Friedmann works was made in 1930
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Universe picture, the receding galaxies are not thought as projectiles shooting away
through space, but as objects at rest in expanding space. Similarly, the recession
speed is not the speed of something moving through space, but of space itself; it
is not a local phenomenon and this is why it can exceed the speed of light without
changing the causal structure of space-time [36].

Thevalue of H0 cannot be predicted by theoreticalmeans: only observation canpin
it down. Since distance measurements are subject to high uncertainty, it is customary
to parametrize the Hubble constant by means of the pure number h:

H0 ≡ 100 h
km/s

Mpc
(2.2)

= h

9.77Gyr
(2.3)

= h

4.69 × 1041
GeV (assuming � = 1) (2.4)

= h

2998Mpc
(assuming c = 1) . (2.5)

In his seminal paper, Hubble estimated h ∼ 5. The most accurate local measure-
ments of h to date employ Cepheid variables and Type Ia supernovae in low-redshift
galaxies, and read

h = 0.738 ± 0.024 (Riess et al. [69]) , (2.6)

h = 0.743 ± 0.021 (Freedman et al. [31]) , (2.7)

at 68% confidence level. The Planck CMB satellite obtained a more precise value
[67], but it is an indirect estimate as it assumes a cosmological (ΛCDM) model:

h = 0.6780 ± 0.0077 (Planck+WP+highL+BAO) , (2.8)

at 68% confidence level. There is a mild tension between the two measurements,
which could be explained by some unknown source of systematic error in the local
measurement or by the fact that theΛCDMmodel assumed in Planck’s data analysis
is incorrect [67, 81].

On small scales the cosmological principle fails because, over time, gravitational
instability creates bound structures such as stars, galaxies and clusters of galaxies.
Hence, we expect galaxies to have their own motions decoupled from the Hubble
expansion, which are called peculiar velocities. An example of peculiar velocity is
the circular motion of the galaxies of a cluster around the common centre of mass.
In most cases, the magnitude of the peculiar velocities does not exceed 103 km/s;

(Footnote 4 continued)
by Arthur Eddington and Willem de Sitter. An account by the American Institute of Physics of
the fascinating story behind the discovery of the expansion of the Universe can be found at the
following URL: http://www.aip.org/history/cosmology/ideas/expanding.htm.

http://www.aip.org/history/cosmology/ideas/expanding.htm
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using the measured values for H0, we expect peculiar velocities to be negligible
with respect to the Hubble flow for objects distant more than roughly 100Mpc. It is
reassuring that such a value is consistent with the homogeneity scale discussed in
Sect. 2.2.

2.3.1 The Metric

The dynamics of the expanding Universe are better understood in terms of observers
who are at restwith theHubble expansion, the so-called comoving observers. Comov-
ing observers perceive the Universe as isotropic and see objects receding from them
according to Hubble’s law. In this section, we shall employ comoving coordinates
defined as the coordinate system where all comoving observers have constant spatial
coordinates, i.e. are static. Any motion in comoving coordinates has the Hubble part
subtracted so that the only velocities are the peculiar ones.

In differential geometry the distance ds between two infinitesimally nearby space-
time points (x0, x1, x2, x3) and (x0 + dx0, x1 + dx1, x2 + dx2, x3 + dx3) is called
the line element and is defined as

ds2 = gμν (x) dxμdxν for μ, ν = 0, 1, 2, 3 .

Here gμν(x) is the metric, a (0,2) tensor which determines how distances are com-
puted in the considered space-time manifold. We shall adopt comoving coordinates
and set x0 = c t where t is the cosmic time.

The metric that describes a homogeneous and isotropic expanding space-time is
called the Friedmann-Lemaître-Robertson-Walker (FLRW ) metric [32, 46, 70, 82].
In comoving coordinates, it is given by

ds2 = −(c dt)2 + a(t)2 γi j dxi dx j . (2.9)

The cosmic time t , introduced in Sect. 2.2, is defined so that the Universe has the
same density everywhere at each moment in time. The scale factor a(t) parametrises
the uniform expansion of the Universe. We express the spatial part of ds2 so that, in
comoving and spherical coordinates (ρ, θ,φ), it reads

γi j dxi dx j = dρ2 + Sk(ρ)2
(

dθ2 + sin2 θ dφ2
)

. (2.10)

With this choice, the quantity dχ2 ≡ γi j dxi dx j has the meaning of a comoving
distance or coordinate distance. The function Sk(ρ) depends on the spatial curvature
of the Universe, which in these models is uniform and is given by k/a2. Even before
discussing its form, it should be noted that for radial trajectories (dφ = dθ = 0) the
comoving distance coincides with the radial comoving coordinate.
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We distinguish three different geometries for the Universe based on the value of
the curvature constant k:

Sk(ρ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ρ flat geometry (k = 0)

sin(ρ) spherical geometry (k = +1)

sinh(ρ) hyperbolic geometry (k = −1) .

(2.11)

For k = 0, the comoving distance is just the usual Euclidean distance: dχ2 =
δi j x i x j . The value of the curvature constant k is a free parameter in the FLRW
models and, as the Hubble constant, has to be determined by experiment. Recent
results from the WMAP [39] and Planck [67] CMB satellites constrain the spatial
curvature to be negligible, thus suggesting that we live in a Universe with a flat
geometry. We shall assume k = 0 for the rest of this work. This allows us to choose
coordinates where ρ and χ are lengths (measured in Mpc) and the scale factor is a
dimensionless quantity such that a(t0) = 1 [24].

Now that we have introduced the concept of scale factor, Hubble’s law follows
easily. Given an observer at the origin of a spherical coordinate system, we define
the physical coordinates of an object as r = a(t) x, where x = (x1, x2, x3) are its
comoving coordinates. The distance r = a(t)χ along a radial path is the physical
distance and can be thought as the distance that would be measured by stretching a
tape measure in a uniformly curved surface [36]. There are two contributions to the
velocity d r/dt :

d r
dt

= 1

a

da

dt
r + a

dx
dt

. (2.12)

We project along the radial direction r̂ in order to obtain an expression for the radial
velocity v = d r/dt · r̂:

v = 1

a

da

dt
r + a

dx
dt

· r̂ . (2.13)

The term a dx/dt · r̂ is the peculiar velocity of the object. For a comoving object
(dx/dt = 0) we obtain the so-called velocity-distance law:

v = 1

a

da

dt
r . (2.14)

The above equation has the same form of Hubble’s law in Eq. 2.1. From a direct
comparison, we see that the Hubble constant H0 is just the present-day value of the
Hubble parameter defined as

H ≡ 1

a

da

dt
. (2.15)
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Conformal time The FLRW metric can be conveniently expressed using the con-
formal time defined as dτ = dt/a:

ds2 = a(τ )2
{

−(c dτ )2 + γi j dxi dx j
}

= a(τ )2 ημν dxμ dxν , (2.16)

where ημν is the Minkowski metric of special relativity and we have assumed flat
space (k = 0). In the following chapters we shall use τ instead of t as the evolution
variable for the cosmological perturbations, and assume units where c = 1. It should
be noted that, for a radial trajectory, the conformal time is equal to the comoving
distance divided by c.

2.3.2 Light in an Expanding Universe

The cosmological data that we extract from the Universe (temperature and polar-
isation maps, galaxy surveys, lensing maps, etc.) rely on the observation of light,
with the exceptions of neutrinos and, possibly, gravitational radiation. It is therefore
crucial to understand how light is affected by the expansion of the Universe.

2.3.2.1 Expansion Redshift

All physical lengths are stretched by the expansion of the Universe; the wavelength
of a light wave makes no exception. Light emitted by a comoving source at time t
with wavelength λ will be seen by a comoving observer today with a wavelength λ0
given by

λ0

λ
= a(t0)

a(t)
.

As it travels through the expanding Universe, the light emitted from distant objects
experiences an expansion redshift: its spectrum is uniformly shifted to larger wave-
length and lower energies by an amount depending solely on the time of emission,
regardless of whether the light consists of radio waves or gamma rays.

By adopting the same convention as in spectroscopy, where the fractional wave-
length shift (λ0 − λ)/λ is denoted by the letter z, we write the expansion-redshift
law

1 + z(t) = a(t0)

a(t)
. (2.17)

If we assume that the laws governing the emission and absorption of light do not
change through cosmic evolution, the expansion redshift of a cosmological source
can be inferred from its electromagnetic spectrum. Thanks to spectroscopic galaxy
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surveys such as 2dF [18], SDSS-II [87], WiggleZ [23] and BOSS [20], we have
now measured the optical spectra of millions of galaxies and thus determined their
redshift.

In an expanding Universe, the sources with the highest redshift are the ones
farthest away from us. Hence, high-redshift objects have to be more luminous than
low-redshift ones for us to be able to see them. The highest-redshift galaxy that
has been spectroscopically confirmed to date has z = 7.51 [29],5 and a candidate
galaxy with z = 11.9 [27] has been recently reported. In a ΛCDM Universe, the
light from these galaxies was emitted about 13 billion years ago and their distance
is now growing at a rate of many times the speed of light.

In the following, we will sometimes use the redshift as a time variable to para-
metrize the evolution of the Universe. This is correct since z is a monotonically
decreasing function of a which in turn, in an expanding Universe, is a monotonically
increasing function of cosmic time. Note also that from Eq. 2.17 it follows that today
(a(t0) = 1) the redshift vanishes: z(t0) = 0.

2.3.2.2 Other Redshifts

The expansion redshift should not be confused with the Doppler effect. The Doppler
effect produces a shift in the observed wavelength of photons because of the relative
motion between source and observer. The recession velocity does not give rise to
a Doppler shift because it does not describe the motion of objects in space, but
the rate at which distances grow in the expanding Universe. Incidentally, this is
why recession velocities can be larger than the speed of light. What gives rise to
the expansion redshift is the wavelength of photons getting stretched during their
trajectory through expanding space. On the other hand, Doppler redshift is generated
by the peculiar velocities of the galaxies, which cannot exceed the speed of light.

A third type of redshift, the gravitational redshift, arises from the fact that the
photons frequencies change as they travel through an inhomogeneous gravitational
field. For example, we expect the light from a cluster of galaxies to be gravitationally
redshifted, as the gravitational field at the centre of the cluster is different from that
on the surface of Earth.

Expansion redshift, Doppler redshift and gravitational redshift coexist in the spec-
trum of galaxies and, in general, of all astrophysical sources. When determining the
expansion redshift of an object, the non-cosmological Doppler and gravitational
redshifts must be subtracted or accounted for in the error budget. The gravitational
redshift is usually not toomuch of a concern as it shifts the spectrum by just z ∼ 10−3

[36]. However, in the local Universe, say for z < 0.01, the peculiar velocities give
rise to a Doppler redshift of the same order of the expansion one. This is a man-
ifestation of the breakdown of the cosmological principle on small scales due to

5Note that a galaxy with a spectroscopic redshift of z = 8.6 had been previously reported in
Ref. [44], but it was later found to be a spurious signal in Ref. [12].
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gravitational instability. For more distant objects, peculiar velocities become negli-
gible with respect to recession velocities and one can trust the measured redshift to
be due to the expansion of the Universe.

2.3.3 Comoving Distance

In Sect. 2.3.1 we have introduced the concept of comoving distance χ as the dimen-
sionless distance between two spatial points on the comoving grid. The great advan-
tage of χ is that it is constant in time, since its expression only involves comoving
coordinates. On the other hand, the physical distance, given by r = a(t)χ, is the
tape-measure distance on a grid which is not comoving with the expansion, and
hence increases with time.

But how are these theoretical distances related to the measured redshift of an
object? Since redshift is intrinsically related to light propagation, we need to study
the trajectory of photons from a source to us. This is described by the null geodesics
(ds2 = 0) along a radial path (dφ = dθ = 0),6 which in the case of the FLRW metric
in Eq. 2.9 yields

dχ = c

a
dt . (2.18)

This result is intuitive: the actual speed of a photon does not vary, but its speed with
respect to expanding coordinates is larger when the Universe is small (a < 1). A
photon that was emitted at a time tems and observed at tobs will have travelled a
comoving distance of

χ (tems, tobs) =
∫ tobs

tems

c

a(t)
dt . (2.19)

Any comoving distance is by construction independent of time. If another photon is
emitted soon after the first one (say, at time t1 + dt1), it is obviously observed after
the first one (say, at time t2 + dt2), but the comoving distance covered is the same.
In formulae, χ (t1, t2) = χ (t1 + dt1, t2 + dt2). Inserting this identity in Eq. 2.19
yields dt1/a(t1) = dt2/a(t2): the quantity dt/a(t) is conserved along the light cone.
This is a formal demonstration of the fact that all time intervals get stretched while
propagating through an expanding Universe. Since dλ = cdt , this is true also for all
wavelengths.

Using the expansion-redshift law, 1+z = a0/a and the definition of the expansion
rate, aH = da/dt , the comoving distance can be related to the redshift by

6It should be noted that, given the choice of the spatial metric in Eq. 2.10, the comoving distance
for a radial path is just the radial comoving coordinate.
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dχ = − c

a0 H(z)
dz , (2.20)

where a0 ≡ a(t0). Thus, the comoving distance travelled by a photon emitted at a
redshift z and received today (z = 0) is given by

χ(z) = c

a0

∫ z

0

dz

H(z)
= c

a0 H0

∫ z

0

dz

E(z)
, (2.21)

where we have defined the dimensionless parameter E(z) ≡ H(z)/H0 [6]. We shall
refer to the above formula as the distance-redshift law; it is important because it
relates the geometry of the Universe (χ and H ) to the measured redshift. By using
the velocity-distance relation v = H0 r and the identity r(t, t0) = a0 χ(t, t0), we
obtain the velocity-redshift law

v

c
=

∫ z

0

dz

E(z)
, (2.22)

which is key to convert a redshift to the recession velocity at the time of emission.
The distance-redshift and velocity-redshift laws tell us that, in order to infer the

distances and velocities of an object, we first need to know the expansion history
of the Universe H(z) all the way to when the light was emitted. The reason is that
our cosmological observations are limited to the region of space-time included in
our past light cone. We, as observers, do not have access to a the world map but
only to a single world picture taken now and here [36]. The farthest sources in our
world picture emitted their light at a time where the expansion rate was significantly
different from the current value, H0. Furthermore, the emitted light travelled for a
long time in an expanding Universe. Hence, the measured redshift is related to the
distance covered by the light by the expansion history between emission time and
observation time.

If the object is very close, however, the integral
∫ z
0 dz/E(z) can be Taylor

expanded around z = 0 [6]:

∫ z

0

dz

E(z)
� z − E ′(0)

2
z2 + 1

6

[
2E ′(0)2 − E ′′(0)

]
z3 + O(z4) , (2.23)

where the prime represents a derivative with respect to z. By keeping only the first
term in the expansion, the distance-redshift andvelocity-redshift lawsbecome respec-
tively

c z = H0 r (2.24)

and

v = c z . (2.25)
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In his famous 1929 paper, Hubble interpreted his velocity measurements as peculiar
velocities rather than recession velocities. He used the Fizeau-Doppler formula to
convert redshifts in velocities, which happens to coincide with the z → 0 limit of
the velocity-redshift law. For this reason, some authors prefer to refer to cz = H0 r
as the Hubble’s law (rather than v = H0 r ) in order to keep clear the distinction
between the Doppler redshift and velocity redshift [36].

2.3.4 The Hubble Time

The Hubble time tH is defined as the inverse of the Hubble parameter. The current
value of the Hubble time is easily obtained from the definition of H0 in Eq. 2.2:

tH0 ≡ 1

H0
= 9.77 h−1 Gyr .

Given constant expansion, i.e. d2a/dt2 = 0, the Hubble time is the time needed by
the Universe to double in size. Equivalently, the solution to:

a(t1) + da

dt
Δt = a(t2) , (2.26)

for a(t2) = 2a(t1) is Δt = H−1(t1). If the expansion had been constant after the
Big Bang, the Hubble time would be the age of the Universe; to see it, substitute
a(t1) = 0 and a(t2) = a in the above equation.

In a more realistic model where the expansion rate varies, the Hubble time does
not correspond anymore to the age of the Universe. It rather sets the time-scale for the
expansion of the Universe: in a time comparable to H−1 the expansion parameter
increases noticeably. In the currently accepted accelerating ΛCDM model, tH0 is
still a good proxy for the current age of the Universe. Using Planck cosmological
parameters [67], one finds t0 = 13.817 ± 0.048Gyr against tH0 � 14.6Gyr.

2.3.5 The Hubble Radius

The Hubble radius L H is defined as the physical distance travelled by light in a
Hubble time. From Eq. 2.2, its current value is given by

L H0 ≡ c

H0
= 2998 h−1 Mpc . (2.27)
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By virtue of the velocity-distance law (v = Hr ), objects farther than a Hubble radius
recede faster than light.7 Therefore, given a constant expansion, an object located at
the centre of a sphere whose radius is equal to the Hubble radius will never be able to
interact with objects outside the sphere; a super-luminar motion is necessary for the
contrary to be true. In these conditions, the Hubble radius is the maximum extension
of the future light cone of any event in the Universe.

However, if the expansion of the Universe slows down, the Hubble sphere swells
and an increasing number of regions in the Universe will eventually enter in causal
contact. The time-scale needed for this to happen is the Hubble time. On the other
hand, if the Universe experiences an accelerated expansion, any object located inside
the Hubble sphere now will be out of it after a long enough time; as a result an
increasing number of causally disconnected regionswill be created. In an accelerating
Universe light cannot keep up with the expansion.

Because of this causal interpretation, the Hubble radius is often referred to as
horizon. Being defined as

c

H(t)
,

the horizon is a physical distance, not a comoving one. Its comoving counterpart is
obtained by dividing it by the expansion parameter:

c

a(t) H(t)
.

The above quantity, called the comoving horizon, is not to be confused with the
particle horizon, which we define below and represents the maximum distance a
particle could have travelled since the Big Bang until a certain time t .

2.3.5.1 Particle Horizon and Causality

The distance travelled by a photon from the Big Bang up to a certain time t is known
as the particle horizon. Its expression in comoving coordinates is obtained from Eq.
2.19 by setting tems = 0 and tobs = t :

χ(t) ≡
∫ t

0
c

dt

a(t)
.

Since the speed of light is the limit velocity, the particle horizon represents the
maximum comoving distance any particle could have travelled up to time t . Note
that the particle horizon is proportional to the conformal time τ appearing in
Eq. 2.16:

7Note that this behaviour does not invalidate special relativity since expansion is uniformeverywhere
in the Universe and therefore no exchange of information is possible as a result of the super-luminar
velocity.
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χ(t) = c τ (t) . (2.28)

In the following we shall use the conformal time and the comoving particle horizon
interchangeably.

At any moment t in the evolution of the Universe, the particle horizon χ(t) is
the maximum extension of the past light cone for all events in the Universe. In
particular, for an observer on Earth, the present-day particle horizon sets the size of
the observable Universe. Its value depends on the cosmological model adopted; for
a ΛCDM model, it roughly amounts to χ(t0) � 14,000Mpc. For the same model,
c t0 � 4,000Mpc . There is a subtle difference between the particle horizon χ(t)
and the Hubble horizon c/(aH): the former is a measure of the past light cone of
an event given the previous expansion history, while the latter sets the extent of its
future light cone based on the instantaneous value of H .

2.4 The Background Evolution

In order to derive the time evolution of the scale parameter a(t) we need to relate
the metric with the energy content of the Universe. This is achieved via the Einstein
equation:

Rμν − 1

2
gμν R = 8π G Tμν , (2.29)

where we have set c = 1 and

• Rμν is the Ricci tensor, defined as the self-contraction of the Riemann tensor. It
can be expressed in terms of the Christoffel symbols or affine connection,

Γ μ
αβ = gμν

2

[
∂gαν

∂xβ
+ ∂gβν

∂xα
− ∂gαβ

∂xν

]
(2.30)

as

Rμν = ∂Γ α
μν

∂xα
− ∂Γ α

μα

∂xν
+ Γ α

βα Γ β
μν − Γ α

βν Γ β
μα . (2.31)

• R = gμν Rμν is the Ricci scalar.
• Tμν is the total energy-momentum tensor, source of the gravitational field.
• G is Newton’s gravitational constant.

Inserting the metric for an FLRW Universe in comoving coordinates (Eq. 2.9), we
find that for an isotropic Universe the only non-zero components of the connection,
Ricci tensor and Ricci scalar are, respectively,
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Γ 0
i j = δi j a′ a and Γ i

0 j = Γ i
j0 = δi j

a′

a
, (2.32)

R00 = −3
a′′

a
and Ri j = δi j

(
2 a′ 2 + a a′′) , (2.33)

R = 6

[
a′′

a
+

(
a′

a

)2
]

, (2.34)

where the primes denote differentiation with respect to cosmic time, a′ = da/dt .
The left hand side of the Einstein equation is called the Einstein tensor Gμν and can
be determined using the above relations:

G00 = 3

(
a′

a

)2

, Gi j = −δi j

(
a′ 2 + 2 a a′′) Gi0 = G0i = 0 . (2.35)

The total energy-momentum tensor is given by the sum of the energy-momentum
tensors of the species in the Universe, that is,

Tμν =
∑

a

Ta,μν , (2.36)

where a = γ, b, ν, c,Λ for photons, baryons, neutrinos, cold dark matter and dark
energy, respectively. The fact that the spatial Einstein tensor is diagonal is a direct
consequence of the isotropy of theFLRW metric. The energy-momentum is forced to
be diagonal too, meaning that the cosmological fluids cannot have peculiar velocities
or anisotropic stresses. Therefore, in the simple FLRW model a fluid is characterised
only by its energy density ρ(t) and its pressure P(t).

We shall assume that the fluids that compose the Universe are barotropic, that is,
their pressure is given as an explicit function of their energy density. The relation
between P and ρ is called the equation of state of the fluid; we parametrise it via the
barotropic parameter w as

P = w(ρ) ρ . (2.37)

The energy-momentum tensor of the fluid ‘a’ is thus expressed as

Ta,00 = ρa , Ta,i j = δi j wa(ρ) ρa . (2.38)

As we shall soon see, knowing the equation of state w(ρ) of the various species is
needed to derive the expansion history of the Universe. Relativistic species (R), such
as the photons, the neutrinos and the massive species while still relativistic, have a
constant equation of state:wR = 1

3 . Non-relativistic species (M), such as the baryons
and cold dark matter after decoupling, instead, have no pressure:wM = 0. Note that,
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already in a simple mixture of matter and radiation, w ceases to be constant. In
this work we treat dark energy as a cosmological constant, which is equivalent to a
negative pressure fluid with constant equation of state: wΛ = −1.

2.4.1 Friedmann Equation

The time-time component of the Einstein equations is called theFriedmann equation,

H2 = 8π G

3
ρ − k

a2 , (2.39)

where H = a′/a is the Hubble parameter and ρ = ∑
ρa is the total energy density

of the Universe. We have included the curvature contribution, k, to highlight the fact
that in a flat universe (k = 0) the total density always equals the critical density ρcrit,
defined as

ρcrit ≡ 3 H2

8π G
.

The critical density depends on time; its present-day value can be easily computed
in terms of the Hubble constant:

ρcrit(t0) = 1.878 h2 × 10−26 kg

m3 (2.40)

= 2.775 h−1 × 1011
M�(

h−1 Mpc
)3 (2.41)

= 10.54 h2
GeV

m3 (assuming c = 1) . (2.42)

This is an astonishingly small number: with a density of 1.27 kg/m3, air is around
1026 times denser than the critical density. However, since 1011–1012 solar masses
is close to the mass of a typical galaxy and 1Mpc is the order of magnitude of the
typical galaxy separation, the Universe cannot be too distant from the critical density.

The density of the species normalised to the critical density of the Universe is
called the density parameter:

Ωa(t) ≡ ρa(t)

ρcrit(t)
. (2.43)

Using the information on the equations of state of the various species (Sect. 2.4.3),
the Friedmann equation can be recast in terms of the present-day value of the density
parameters, Ωa0 ≡ Ωa(t0), as
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H2 = H2
0

[
ΩM0

a3 + ΩR0

a4 + Ωk0

a2 + ΩΛ0

]
, (2.44)

where H0 ≡ H(t0) and

ΩM0 = ρM(t0)

ρcrit(t0)
, ΩR0 = ρR(t0)

ρcrit(t0)
, Ωk0 = − k

a2
0 H2

0

, ΩΛ0 = Λ

3 H2
0

.

(2.45)

(In this thesis, cosmological quantities indexed by a ‘0’ are evaluated today, X0 ≡
X (t0)).

2.4.2 Acceleration Equation

In an FLRW Universe, the spatial components of the Einstein equation reduce to a
single expression, the acceleration equation:

a′′

a
= −4π G

3
(ρ + 3 P) , (2.46)

where P = ∑
Pa is the combined pressure of all the species. The acceleration

equation holds also in a curved Universe, where k �= 0.
The pressure and the density appear in the acceleration equation on equal grounds:

they both contribute to increasing the gravitational attraction and thus decelerate the
cosmic expansion. This might seem counter intuitive, as we are used to thinking of
pressure as something that powers expansive processes such as explosions. This is
indeed true if a force is supplied bymeans of a gradient in the pressure field; however,
in a homogeneous Universe, P is the same everywhere and no pressure forces are
possible.

2.4.3 Continuity Equation

The evolution of the matter species is determined by the conservation of the energy
and momentum,

T μ
ν;μ = ∂μT μ

ν + Γ μ
αμT α

ν − Γ α
νμT μ

α = 0 . (2.47)

Due to isotropy, the only meaningful equation is ν = 0, the continuity equation:

ρ′ + 3 H (ρ + P) = 0 , (2.48)
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which, in terms of the barotropic parameter, reads

ρ′ + 3 H ρ (w + 1) = 0 . (2.49)

The continuity equation applies separately to each species as, for the epochs of
interest, their particle number is conserved and their energy exchange is negligible.
Then, for a fluid ‘a’ with a constant equation of state, P = wρ, the continuity
equation can be solved to yield

ρa ∝ a− 3 (1+wa) . (2.50)

For radiation (w = 1/3), cold matter (w = 0) and the cosmological constant (w =
−1), the density is thus given by

ρR ∝ a−4 , ρM ∝ a−3 , ρΛ = constant . (2.51)

In the more general case of a time-dependent equation of state, w = w(a), one has
to solve the following integral:

ρ ∝ exp

(
−3

∫ a

0

dã

ã

[
1 + w(ã)

])
. (2.52)

2.4.4 Expansion History

The expansion history of a universe filled by a single species with constant equation
of state can be inferred analytically. This is achieved by inserting the general equation
of state (Eq. 2.50) into the Friedmann equation (Eq. 2.39) and solving for a(t). If the
curvature k is neglected, we have that [24]

a ∝ t2/(3 (1+w)) ∝ τ2/(1+3w) , H ∝ t−1 ∝ a−3(1+w)/2 , w = constant �= −1 ,

a ∝ t2/3 ∝ τ2 , H ∝ t−1 ∝ a−3/2 , w = 0 (cold matter) ,

a ∝ t1/2 ∝ τ , H ∝ t−1 ∝ a−2 , w = 1/3 (radiation) ,

a ∝ eH t ∝ 1/|τ | , H = constant , w = −1 (cosmol. constant) .
(2.53)

Recall that t is the cosmic time and τ is the conformal time, dτ = dt/a.
In the general case of a mixture of fluids, one has to rely on the full Friedmann

equation (Eq. 2.44):

1

a

da

dt
= H0

√
Ω M0

a3 + Ω R0

a4 + Ωk0

a2 + ΩΛ0 , (2.54)

which yields a time integral that is easily solved for a(t) once the cosmological
parameters are specified. These have beenmeasured to high accuracy. For the Hubble
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constant, H0 = 100 h km/s/Mpc, and the density parameter of matter, Ω M = Ωb +
Ωc, we adopt the best fit values obtained by the Planck experiment [67],

h = 0.6780 ± 0.0077 , Ωb0 h2 = 0.02214 ± 0.00024 , Ωc0 h2 = 0.1187 ± 0.0017 ,

(2.55)

at 68% confidence level. The density parameter of the photon fluid is determined by
the value of the CMB temperature [30],

T0 = 2.725 ± 0.001K at 95% confidence level , (2.56)

which, for a blackbody spectrum, yields

Ωγ0 h2 = 2.49 × 10−5 and Ων0 h2 = 1.69 × 10−5 , (2.57)

where we have used the fact that the massless neutrino density is roughly equal to
0.68Ωγ because they are fermions rather than bosons and are at a lower temperature.
Finally, we assume a flat Universe (Ωk = 0) so that the density of dark energy can
be determined as

ΩΛ0 = 1 − Ω R0 − Ω M0 = 0.694 . (2.58)

In Fig. 2.1 we show the evolution of the scale factor obtained for the above para-
meters. Depending on the species that is the most abundant, we identify three epochs
in the cosmic history: the radiation dominated era (a ∝ τ ), the matter domination

Fig. 2.1 Cosmic history of theUniverse. The blue curve is the scale factor as a function of conformal
time, obtained by solving the Friedmann equation in Eq. 2.54. Today corresponds to a = 1 and τ =
14,200Mpc. The three black dot-dashed curves are the density parameters of radiation (Ω R), cold
matter (Ω M) and dark energy considered as a cosmological constant fluid (ΩΛ). The intersections
between the three Ω’s naturally split the cosmic history in three epochs: the radiation domination
era (a ∝ τ ), the matter domination era (a ∝ τ2) and the dark energy domination era (a ∝ 1/τ )
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era (a ∝ τ2) and the dark-energy dominated era (a ∝ 1/τ ). The transitions between
the three eras take place at

aeq = Ω R0

Ω M0
= 2.96 × 10−4 and aΛ = Ω M0

ΩΛ0
= 0.44 , (2.59)

which correspond, respectively, to zeq = 3380 and zΛ = 1.26.

The Big Bang If we inspect the acceleration equation Eq. 2.46,

a′′

a
= −4π G

3
ρ (3w + 1) , (2.60)

we see that in the early Universe when radiation dominates (w = 1/3 > 0), the
second derivative of a(t) is negative; that is, a(t) is a concave curve. Thus, we expect
the scale factor of the Universe to cross the a = 0 line in a finite amount of time;
the moment when this happens is called the Big Bang.8 The Big Bang represents a
singularity in the coordinates (the spatial metric vanishes for a = 0), in the Ricci
scalar (Eq. 2.34) and in the density (ρR ∝ a−4).

2.5 The Cosmic Microwave Background

Soon after the Big Bang, the particle density is so high that the species interact at a
rate much higher than the expansion rate, with all kinds of particle-antiparticle pairs
being created and annihilated. As a result of these continuous collisions, particles of
different species are in thermal equilibrium, i.e. they can be considered to be part of
a single cosmic plasma with a common temperature and average kinetic energy.

Photons in thermal equilibriumobey a blackbody spectrum, which is characterised
by a simple relation between the energy density ργ and the ambient temperature T ,

ργ = α T 4 , (2.61)

where the proportionality constant is the Stefen-Boltzmann constant times 4/c, that
is,α = π2k4B/(�3c3). Since the energy density of radiation scales with a−4, it follows
that the temperature of the cosmic plasma scales as a−1:

T = 2.725K

a
= (z + 1) 2.35 × 10−4 eV , (2.62)

wherewe have used the current CMB temperature as normalisation and, in the second
equality,wehave assumedunitswhere theBoltzmann constant kB = 11,605−1 eV/K

8The name was invented during a radio interview by Fred Hoyle, the main supporter of a steady
state Universe, as a mockery of the idea of an expanding Universe. Refer to the following URL for
the transcript: http://www.joh.cam.ac.uk/library/special_collections/hoyle/exhibition/radio/.

http://www.joh.cam.ac.uk/library/special_collections/hoyle/exhibition/radio/
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is equal to one. To give an idea of the scales involved, we can use the fact that a ∝ t1/2

in the radiation dominated era to write

T � 1.5 × 1010 K

√
1s

t
� 1.3MeV

√
1s

t
, (2.63)

Thus, one second after the Big Bang, the average photon has an energy of ∼1MeV
while, after 50,000 years, its energy has dropped to 1 eV.

In an expandingUniverse, however, thermal equilibrium does not last forever. The
particles of a given species interact with a rate proportional to their number density,
which decays as a−3. The expansion rate H , on the other hand, never decays faster
than a−3/2 (Eq. 2.53), meaning that, eventually, it will exceed the interaction rate.
As a result, the thermal equilibrium cannot be maintained anymore and the particle
species is said to have decoupled from the cosmic plasma. As we shall see in the next
sections, the photons decouple at a redshift of z � 1100, soon after matter-radiation
equality. Then, why do we speak of “temperature of the photons”, if they are not
in thermal equilibrium? The answer is simple: the cosmic expansion preserves the
blackbody spectrum of the photon fluid even when it is out of thermal equilibrium.
Due to its E/T dependence, the distribution function is frozen as it redshifts into
a similar distribution with a lower temperature proportional to 1/a (we will come
back to this point in Sect. 4.3.1). Thus, after decoupling, the photon fluid possesses
an effective temperature rather than a thermodynamical one.

The presence of this blackbody, isotropic background radiation of cosmic origin is
a definite prediction of the Big Bang model. The first measurement that was directly
linked [21] to the cosmic background radiation was made serendipitously in 1963 by
Penzias and Wilson [65], who measured an isotropic excess temperature of around
3.5K. Since then, many experiments were performed to measure the present-day
CMB spectrum over different wavelengths. The most accurate measurement of the
CMBspectrumwasmade by the FIRASexperiment, launched in 1989 on board of the
NASA Cosmic Background Explorer (COBE). The spectrum measured by FIRAS
[30, 54] is blackbody to high accuracy and is shown in Fig. 2.2. The blackbody
form of the CMB spectrum has been confirmed by several other experiments for
wavelengths outside the millimetre range, as shown in Fig. 2.3. The measured CMB
temperature, T0 = 2.725 ± 0.001K [30], implies that the average CMB photon has
the following properties:

frequency ∼ 160GHz , wavelength ∼ 2mm , energy ∼ 0.7meV . (2.64)

2.5.1 Compton Scattering

After the temperature of the cosmic plasma has dropped below the electron mass,
T 
 511 keV, the only process that maintains the photons in thermal equilibrium are
the rapid collisions with the free electrons. In general, the scattering of a photon by

http://dx.doi.org/10.1007/978-3-319-21882-3_4
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Fig. 2.2 The cosmic microwave background spectrum as measured by FIRAS. The error bars have
been multiplied by 400 to make them visible; the line represents the best-fit blackbody spectrum
at T = 2.725K. Source Data from FIRAS [30], image courtesy of Edward L. Wright from the
website http://www.astro.ucla.edu/~wright/cosmo_01.htm

Fig. 2.3 The CMB blackbody spectrum as confirmed by measurements over a broad range of
wavelengths. Credit: Fig. 19.1 of Ref. [61], reproduced with permission of Springer Publishing
(http://pdg.lbl.gov/1998/contents_large_sports.html); coloured additions courtesy of Karl-Heinz
Kampert (http://astro.uni-wuppertal.de/~kampert/Cosmology-WS0607.html)

http://www.astro.ucla.edu/~wright/cosmo_01.htm
http://pdg.lbl.gov/1998/contents_large_sports.html
http://astro.uni-wuppertal.de/~kampert/Cosmology-WS0607.html
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a free charged particle is called Compton scattering. It is an inelastic process, as an
incident photon deflected by an angle θ experiences awavelength shiftΔλ ≡ λ′−λ of

Δλ = λc (1 − cos θ) , (2.65)

where λc ≡ h/(mc) is the Compton wavelength of the target particle, which is
assumed to be at rest. In terms of the photon’s energy (Eγ = hc/λ), the formula
translates to

ΔEγ

E ′
γ

= (cos θ − 1)
Eγ

m c2
, (2.66)

which means that the fractional change in the photon’s energy is negligible as long
as its energy is much smaller than the target’s mass. The condition definitely applies
to our context, where we consider temperatures of the order of the eV and the target
particles are electrons with mec2 = 511 keV.9 In this limit, the process is elastic and
is called Thomson Scattering.

The total cross-section for the Thomson scattering is given by [22]

σT = 8π

3
α2 λ2

c = 8π

3

(
α�

mc

)2

(2.67)

= 6.652 × 10−29m2 (2.68)

= 4.328 × 10−17eV−2 (assuming h = c = 1 ) , (2.69)

whereα � 1/137 is the fine structure constant and in the last equalities we have used
the electron mass mec2 = 511 keV. It is important to note that the cross section is
inversely proportional to the squared mass of the target particle. Therefore, provided
that protons and electrons have the same number density, photon-electron collisions
(mec2 = 511 keV) are severalmillion timesmore likely that photon-proton collisions
(m pc2 = 938GeV). For this reason,we shall ignore the latter and focus on the former.

2.5.1.1 Interaction Rate and Optical Depth

Here we introduce the interaction rate κ̇ and the optical depth κ that will be useful
in the following chapters to derive and numerically solve the Boltzmann equation.

The cross-section σ associated with a scattering process is defined so that

d N = n σ dx (2.70)

9Note that, in the context of the cosmological perturbations, even this tiny energy transfer has to be
considered, as we shall see in Sect. 4.5.2.

http://dx.doi.org/10.1007/978-3-319-21882-3_4
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is the average number of scatterings the incident particle undergoes when covering
a distance of dx in a material with a density n of scattering targets. Since d N/dx
is the average number of scatterings per unit of length, its inverse is the mean free
path:

λ = 1

n σ
, (2.71)

i.e. the average distance a particle covers between two consecutive scatterings. If the
velocity dx/dt of the incident particle is known, then it is straightforward to obtain
the interaction rate d N/dt , that is the average number of scatterings per unit of time.
For a photon,

d N

dt
= n σ c . (2.72)

The inverse of the interaction rate is the average timeelapsedbetween twoconsecutive
scatterings; we shall call this quantity mean free time. For a photon it is given by:

tγ = 1

n σ c
. (2.73)

In the context of the cosmic microwave background, the optical depth or optical
depth, κ, is the average number of Thomson scatterings a photon undergoes from
the time t up to now,

κ(t) =
∫ t0

t
dt ′ ne σT c . (2.74)

The optical depth is a monotonically decreasing function of time; its time derivative
is just the interaction rate with a negative sign

dκ

dt
= −ne σT c . (2.75)

In terms of conformal time, dτ = dt/a, the interaction rate reads

κ̇ = dκ

dτ
= −a ne σT c . (2.76)

2.5.2 Recombination and Decoupling

The frequent Thomson scatterings between the photons and the electrons before
recombination keep the two fluids in thermal equilibrium. Together with the protons,
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which are tightly coupledwith the electrons via Coulomb scattering, the three species
form a unique fluid with a common temperature.

The photons are maintained in thermal equilibrium as long as their interaction
rate with the electrons, ne σT c, exceeds the cosmic expansion rate, H . If we assume
that the electrons remain free throughout cosmic evolution, such decoupling happens
only at a redshift of z ∼ 40 [22]. The electrons, however, do not stay free as it is
energetically favourable for them to combine with the free protons to form hydrogen
atoms via the reaction

e− + p −→ H + γ (13.6 eV) . (2.77)

In the early Universe, the energy and the density of photons are so high that the
hydrogen atoms thus formed are rapidly disrupted via the inverse reaction; thus,
most of the electrons are free and the abundance of neutral hydrogen is very low. As
the Universe expands and cools, however, more and more atoms are able to form and
endure in a process that is called recombination.

During recombination, the number density of free electrons quickly drops and
so does the rate of photon scatterings, |dκ/dt | = neσT c. When the interaction rate
is surpassed by the expansion rate, the photon fluid goes out of equilibrium and
decouples from the electron fluid. As a result, the photons can stream freely in a
now transparent Universe. This process is called decoupling. As we shall see below,
decoupling happens during recombination.

Recombination is a complicated process that involves non-equilibrium physics
and is usually treated using the Boltzmann formalism. In principle, to obtain the
ionisation history of the Universe requires solving a system with 300+ differential
equations, one per energy level of the hydrogen atom [73]. In practice, however, one
can model the hydrogen atom as having effectively three energy levels: ground state,
first excited state and continuum [63] (see also Sect. 5.3.4). Numerical codes such as
RECFAST [73] start from this 3-level approximation to compute the ionisation history
of the Universe in less than a second with sub-percent accuracy over a wide range of
redshifts. The codeHyRec [4] implements an evenmore accurate numerical treatment
of recombination where four energy levels are considered that is mathematically
equivalent to the multi-level approach [3].

However, it is still possible to make general statements about recombination and
decoupling without resorting to a numerical computation, and we shall do so in
the following two subsections. One of the major simplifications that we shall adopt
is to assume that all the protons are in hydrogen nuclei, thus ignoring the ∼25%
contribution in mass that is expected from the helium nuclei. Since about 1 proton
out of every 8 is in a Helium nucleus, this results in an error of roughly 10%.

http://dx.doi.org/10.1007/978-3-319-21882-3_5
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2.5.2.1 Recombination

The quantity of interest is the free electron fraction or ionisation fraction,

xe ≡ ne

ne + nH
, (2.78)

where ne, n p and nH are respectively the number densities of free electrons, free
protons and neutral hydrogen atoms; note that, since the Universe is globally neutral,
ne = n p. If we neglect the small number of electrons and protons in Helium nuclei,
the denominator is equal to the number density of baryons: ne + nH � nb.

Before recombination begins, the reaction e + p ←→ H + γ is in equilibrium
and we use the Saha ionisation equation [22, 24] to describe it:

x2e
1 − xe

= 1

ne + nH

(
me T

2 π

)3/2

e−ε/T . (2.79)

If we approximate ne + nH � nb and multiply and divide the right hand side by the
blackbody density of the photons, nγ = 2/π2 T 3 ζ(3), where ζ(3) � 1.2021, we
obtain

x2e
1 − xe

� 0.265
nγ

nb

(me

T

)3/2
e−ε/T . (2.80)

The nγ/nb factor is the photon to baryon ratio, which is constrained by observations
[39] to be equal to∼1.64×109, while ε = 13.6 eV is the hydrogen ionisation energy.

The function xe(z) from the Saha equation is shown in Fig. 2.4. Due to the pres-
ence of the exponential term, we see that recombination is a sudden process. If
we conventionally set the recombination temperature Trec as the temperature when
xe(Trec) = 0.5, the Saha equation yields

Trec = 0.32 eV = 3700K , and zrec = 1360 . (2.81)

Because of the steep slope of the xe curve, these values are not particularly sensitive
to the choice of xe(Trec). It should be noted that Trec is considerably smaller than
the energy needed to ionise an hydrogen atom. The reason is that the large value
of nγ/nb pushes xe to unity and significantly delays recombination; the photons
are so abundant that, even at sub-eV energies, there are still enough of them in the
high-energy tail of the Planck distribution to keep the Universe ionised [24].

The Saha equation is meant to be accurate only when recombination happens in
quasi-equilibrium. In Fig. 2.4, we show the Saha solution together with the “exact”
ionisation history as obtained from solving the Boltzmann equation. As expected,
the Saha approximation is accurate in determining the redshift when recombination
starts but it fails at lower redshifts when the system goes out of equilibrium. It should
be noted that the xe curve flattens at low redshift, as if recombination at some point
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Fig. 2.4 Ionisation history of recombination. The free electron fraction is plotted against redshift
and temperature. Recombination starts when xe begins to drop and is a quick process. The Saha
approximation (Eq. 2.80) correctly describes the beginning of recombination, but fails when the
average energy of the photons becomes too small to maintain the e + p ↔ H + γ reaction in
equilibrium. Note that the exact solution does not drop to zero but, due to the reaction “freezing”
when σT xe nb c 
 H , it asymptotes to xe � 10−3. Source Dodelson [22, p. 72], reproduced with
permission from Elsevier Books

had become ineffective in binding electrons and protons. This is indeedwhat happens
after the recombination rate drops below the expansion rate, so that recombination
“freezes” and the ionisation fraction remains constant.

2.5.2.2 Decoupling

Two particle species decouple from each other when their interaction rate drops
below the cosmic expansion rate. Roughly speaking, if a photon scatters an electron
less than once in an expansion time, equilibrium between the two species cannot
be maintained. As we mentioned above, all the species are doomed to decouple at
some point due to the expansion rate decreasing slower than any interaction rate.
For the photons, the process of recombination anticipates this moment by suddenly
removing most of the free electrons from the Universe.

We estimate the redshift of photon decoupling by equating the rate of photon
scatterings with the cosmic expansion rate:

ne(zdec)σT c = H(zdec). (2.82)

Provided that we neglect the helium nuclei, we can express the fraction of free
electrons as

ne = xe nb = xe
Ωb0 ρcrit

m p
(1 + z)3 .
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where we have used nb = ρb0/m p a−3. The Hubble parameter is given by the
Friedmann equation Eq. 2.44,

H2 = H2
0 (1 + z)3 Ω M0

(
1 + 1 + z

1 + zeq

)
, (2.83)

where we have neglected the cosmological constant and the curvature because they
were insignificant at the high redshifts considered. By enforcing the condition in Eq.
2.82 we obtain

xe (1 + zdec)
3/2

(
1 + 1 + zdec

1 + zeq

)−1/2

=
[

m p H0 Ω
1/2
M0

c ρcrit σT Ωb0

]
. (2.84)

Inserting the cosmological parameters considered in Sect. 2.4.4, the term in the right
hand side evaluates to 236 and zeq � 3380. The ionisation fraction xe needs to be
computed numerically (Saha’s equation is of no use when xe is small) and we do so
by using RECFAST [73]. This results in the values zdec � 900 and xe(zdec) � 10−2,
which imply that photon decoupling takes place during recombination (recombina-
tion ends when the ionisation fraction reaches the freeze-out value of xe � 10−3, see
Fig. 2.4). It is interesting to note that if recombination did not happen the photons
would have decoupled only at z � 40; this can be seen by setting xe = 1 in the above
equation.

In Sect. 5.5 (and inSONG) we shall use amore sophisticatedmethod to determine
the time of photon decoupling, making use of the visibility function, the probability
that a photon last scattered at a given redshift. In particular, we shall see that the
visibility function peaks at zdec � 1100, a redshift slightly higher than what we
have inferred by enforcing ne σT c = H . For a standard ΛCDMmodel, a redshift of
zdec � 1100 correponds to

χ (zdec) � 280Mpc , t (zdec) � 380, 000 yr , T (zdec) � 0.26 eV . (2.85)

The three-dimensional spatial surface identified by the time of decoupling is called
the last scattering surface (LSS). Note that the comoving particle horizon at the
LSS, χ(zdec) � 280Mpc, is roughly 80 times smaller than the one today, χ0 �
14200Mpc.

Weconclude this section bynoting that the electrons remain coupled to the photons
even after recombination ends and the photons go out of thermal equilibrium. That
is, the photons decouple from the electrons but not viceversa. This happens because
the mean free path of an electron is much shorter than that of a photon, for the simple
reason that there are many more photons than electrons. Equivalently, the interaction
rate of the free electrons (σT nγ c) is much larger than that of the photons (σT xe nb c)
because nγ/nb 
 1. Therefore, the temperature of the electrons does not decay as
1/a2, as it would be expected from a thermal fluid of massive particles, but follows
that of the CMB until low redshifts.

http://dx.doi.org/10.1007/978-3-319-21882-3_5
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2.6 Cosmic Inflation

The standard hot Big Bang model introduced in the previous sections succesfully
accounts for the observed expansion of the Universe (Sect. 2.4.4), for the blackbody
spectrum of the cosmic microwave background (Sect. 2.5) and for the abundances of
the light nuclei created via nuclesynthesis (see, for example Refs. [22] and [24]). The
model, however, is unable to answer several important observational and theoretical
questions that we list below.

• The Big Bang singularity The most obvious issue is the presence of a a sin-
gularity in the finite past, the Big Bang (Sect. 2.4), when the curvature and the
density of the Universe are divergent.

• The Horizon problem Any sign of correlations between regions of the Universe
separated by a distance larger than the particle horizon cannot be explained by
the standard model (Sect. 2.3.5). This is, however, what we observe: the cosmic
microwave background has the same temperature with a precision of a part over
105 regardless of the direction of observation. The particle horizon at decoupling
was 80 times smaller than the current value (Sect. 2.5.2.2), meaning that we would
expect to observe fluctuations of order unity in the temperature of the CMB sky on
angular scales of about 1◦. The fact that we do not observe such fluctuations poses
a causality problem that is referred to as the horizon problem: how can regions of
the Universe be so similar if they did not have enough time to interact?

• The Flatness problem The Friedmann and acceleration equations (Eqs. 2.44
and 2.46) can be combined to obtain an evolution equation for the total density
parameter Ω(t) ≡ ρ/ρcrit = 1 − k/(a2H2):

d

dt

[
Ω(t) − 1

] = [
Ω(t) − 1

]
Ω(t) (1 + 3w) . (2.86)

This equation shows that, for a Universe with an equation of state of w > −1/3,
such as in a mixture of matter and radiation, the solution Ω(t) = 1 is dynamically
unstable; in fact, the sign of the derivative is positive for Ω(t) > 1 and negative
for Ω(t) < 1 so that Ω(t) will always evolve away from unity. This means
that, for the Universe to be close to the critical density today as observations
suggest, it had to be much more so in the past. For example, for a current value
of 0.1 < Ω0 < 2, it can be shown [24] that |Ω − 1| ≤ 10−15 at nucleosynthesis
(z � 109) and |Ω−1| ≤ 10−60 at thePlanck time (tP = √

�G/c5 � 5.4×10−44 s).
The smallness of these values poses a fine-tuning issue that is called the flatness
problem: how can the Universe be still so close to the critical density?

• The structure problem We observe tiny anisotropies in the CMBwith an ampli-
tude of ΔT/T ≈ 105 and, more evidently, the observed Universe is highly inho-
mogeneous with a strongly clustered distribution of galaxies on small scales. By
which mechanism was this structure formed?

These shortcomings of the hot Big Bang model are all connected to the initial
conditions of the Universe. In this section we shall see that, apart from the Big Bang
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singularity, they can be solved by postulating the existence of a phase of accelerated
expansion in the early Universe, the so-called cosmic inflation. We first describe in
Sect. 2.6.1 how inflation solves the aforementioned cosmological problems. Then,
in Sect. 2.6.2 we show that the inflationary expansion can be achieved if the early
Universe was dominated by a slowly-evolving scalar field, the so-called inflaton. In
section Sect. 2.6.3 we briefly discuss how inflation generates the density fluctuations
that have seeded the observed structure on large scales. In particular, we shall focus
on the possibility that these primordial fluctuations are non-Gaussian, thus opening
a window on interesting new physics. (Note that to do so we use the concepts of
cosmological perturbations and n-point functions, which are described only in the
next chapter.)

In this section we shall only mention the fundamental properties of inflation.
A detailed description of the topic can be found in several textbooks. For exam-
ple, Chap. 6 of Dodelson [22] provides a pedagogical introduction to inflation while
Liddle and Lyth [47] treat inflation from a more advanced point of view; we refer
the reader to these references for the omissions of this section. Technical reviews
focussed on the generation of non-Gaussianity during inflation can be found in
Refs. [8, 15].

2.6.1 The Accelerated Expansion

The mechanism of cosmic inflation [2, 33, 50, 77] consists of postulating the exis-
tence of a period in which the Universe was much smaller than what one would infer
based on the standard Big Bang model. In this period, the same regions of the Uni-
verse that we see today as separate and independent, were actually in causal contact.
In order to link this “small universe” with the size of the universe today, one needs
to postulate a phase in between where the Universe has expanded much quicker than
the normal rate; hence the name cosmic inflation. In Fig. 2.5 we explain this process
in terms of a conformal diagram of cosmic inflation.

Cosmic inflation solves the horizon problem by connecting regions that, in a
standard Big Bang model, would be causally disconnected. For this to happen, the
comoving Hubble radius, which we defined in Sect. 2.3.5 to be c/(aH), at the
beginning of inflation had to be larger than the largest scale observable today, that
is the current comoving Hubble radius. Since after inflation the horizon grows with
time (Sect. 2.4.4), it follows that during inflation it has to decrease; the expansion
during inflation must therefore satisfy

d

dt

[
1

aH

]
< 0 ⇒ d2a

dt2
> 0 , (2.87)

that is, the expansion had to be accelerated. It is important to remark that it is not the
accelerated expansion that solves the horizon problem: the causal connection (i.e. the
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Fig. 2.5 Conformal diagram of inflation. The y-axis is conformal time, while the x-axis is distance.
Our vantage point is today (τ0), on the x = 0 vertical line. The standardBigBangmodel predicts that
the dynamical evolution of the Universe started at τ = 0 (green horizontal line). In this picture, the
past light cones of two distant CMB patches (small orange triangles) do not intersect, because the
particle horizon at the time where the CMB is formed (horizontal line at τrec) is much smaller than
τ0. Therefore, we expect order-unity differences in the CMB temperature on large scales. However,
we observe the CMB today to be almost perfectly isotropic on all scales; this is the horizon problem.
In the inflationary scenario, the horizon problem is solved by postulating the existence of a period
where the two CMB patches were in casual contact (big orange triangle). This is achieved by
extending the time axis below τ = 0 in order to allow the past-light cones of the two CMB patches
to intersect. A period of accelerated expansion, cosmic inflation, is needed in order to bridge the
gap between the “small Universe” where the casual contact was established, and the large value
of today’s particle horizon. In this context, τ = 0 is not a singularity but an apparent Big Bang,
as it marks the end of inflation and the decay of the inflaton (Sect. 2.6.2) into a thermal mix of
elementary particles. The actual Big Bang singularity sits at τ → −∞. Source Courtesy of Daniel
Baumann, from Fig. 9 of Baumann [10]

Universe becoming uniform) is established before inflation and what inflation does
is to put those regions out of reach again, because this is how we see them today.

The accelerated expansion, however, does solve the flatness problem, because
it washes out any curvature, stretching the geometry of the Universe so much that
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it becomes spatially flat [38]. More quantitatively, we see from the acceleration
equation (Eq. 2.46),

a′′

a
= −4π G

3
(ρ + 3 P) , (2.88)

that the Universe undergoes an accelerated expansion only if ρ + 3 P < 0 or, in
terms of the barotropic parameter, if w < − 1

3 . If we inspect Eq. 2.86, we realise that
this is the same condition needed to make Ω(t) = 1 an attractor solution; that is, if
cosmic inflation lasted long enough, the flatness problem would be solved without
the need to fine tune the initial curvature. In fact, we can ask the question: how many
times must the Universe double in size during inflation to justify the fact that today’s
Universe is so close to the critical density? The answer comes from the Friedmann
equation for a constant equation of state (Eq. 2.44):

|Ω(t) − 1| = 3 |k|
8π G a2 ρ

∝ a1+ 3w . (2.89)

If we assume that during the inflationary phase w = −1, then |Ω(t) − 1| decreases
like a−2; to bring |Ω(t) − 1| to today’s value of order unity from ∼10−60 at the
Planck time would require that

N ≡ ln

(
aend
aini

)
� 30 ln(10) � 70 , (2.90)

where N is called the number of e-foldings and aini and aend mark the beginning and
the end of inflation, respectively.

Cosmic inflation provides a solution to the structure problem that is rooted in
quantum mechanics; we postpone this discussion until Sect. 2.6.3.

2.6.2 Single Field Model

Inflation is a mechanism rather than a theory of the early Universe, a phase of accel-
erated expansion before which the comoving horizon was larger than the largest
scale observable today. We have seen that to realise the accelerated expansion it
is necessary for the matter content of the Universe to have an equation of state of
w < − 1

3 , which corresponds to a negative pressure, ρ+3 P < 0. Neither cold matter
(w = 0) nor radiation (w = 1

3 ) are suitable candidates as they have positive pressure;
the cosmological constant (w = −1) can produce an accelerated expansion but is
completely negligible in the early Universe, so it cannot be responsible for inflation.

Let us see how the presence of a scalar field, which we call the inflaton φ, can
trigger the mechanism of cosmic inflation. The scalar field Lagrangian is given by
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Lφ = − 1

2
∂μ φ ∂μ φ − V (φ) , (2.91)

where V (φ) is the potential for the field, which we assume to be positive. In principle
L should include terms to account for the interactions with the other species, but we
postulate that they are negligible during inflation. The pressure and the energy density
of the inflaton field can be inferred from its energy-momentum tensor:

Tμν = ∂μ φ ∂ν φ − 1

2
gμν ∂α φ ∂α φ − gμν V (φ) . (2.92)

Here we assume that the Universe is homoegenous, so that gμν is the conformal
FLRW metric in Eq. 2.16 and the spatial gradients of φ vanish. It follows that

ρφ = −T 0
0 = 1

2
φ′ 2 + V (φ) and Pφ = 1

3
T i

i = 1

2
φ′ 2 − V (φ) .

(2.93)

where φ′ = dφ/dt . The expression for the energy density is reminiscent of that
of a particle moving in a potential V with velocity φ′ and kinetic energy 1

2 φ′ 2. In
this picture, a field with negative pressure is one with more potential energy than
kinetic. In the limit where the inflaton field is constant (φ′ = 0), its kinetic energy
vanishes and we have a constant energy density: ρφ = V (φ) = constant. If we
assume that the energy density and pressure of the Universe are dominated by the
inflaton’s contribution, the expansion rate of the Universe is determined by ρφ via
the Friedmann equation Eq. 2.39:

H = 1

a

da

dt
=

√
8π G ρφ

3
= constant , (2.94)

It follows that a Universe whose dynamical evolution is determined by a constant
scalar field expands at an exponential rate: a ∝ eH t , where H ∝ √

ρφ constant.
Inflation is therefore realised.

The Friedmann equation (Eq. 2.39) during inflation reads

H2 = 1

3m2
P

(
1

2
φ′ 2 + V (φ)

)
, (2.95)

where we have introduced the Planck mass mP ≡ (8πG)−1/2 � 2.4 × 1018 GeV.
The Friedmann and acceleration (Eq. 2.46) equations can be combined to yield the
background evolution of the inflaton,

φ′′ + 3 H φ′ + V,φ = 0 , (2.96)

where the primes denote derivatives with respect to cosmic time t and V,φ = ∂V/∂φ.
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Fig. 2.6 Example of a slow-roll inflationary potential.As long as the inflaton’s kinetic energy, 12 φ′ 2,
is negligible with respect to its potential energy, V (φ), the Universe expands in an accelerated
fashion; this limit corresponds to the constant part of the potential. When 1

2 φ′ 2 � V (φ), the
acceleration can no longer be sustained and inflation ends. When the inflaton reaches the minimum
of the potential, reheating occurs and the energy density of the inflaton is converted into a thermal
mix of elementary particles. Source Courtesy of Daniel Baumann, from Fig. 10 of Baumann [10]

2.6.2.1 The Slow-Roll Condition

We have just proved that a scalar field can drive inflation as long as it does not evolve
significantly, φ′ 2 
 V (φ). The issue now is to determine the potential V (φ) that
keeps φ nearly constant for the number of e-foldings necessary to solve the horizon
and flatness problems. Most models of inflation satisfy the slow-roll condition [2,
50], whereby the inflaton stays nearly constant by slowly rolling down a potential
that is almost flat. We show an example of a slow-roll potential in Fig. 2.6. Because
inflation cannot last forever, the potential needs to have a minimum; as time goes
on, the inflaton approaches this minimum and, due to the increased slope of the
potential, it starts to evolve faster. Inflation comes to an end when the kinetic energy
1
2 φ′ 2 grows to be of the order of the potential V (φ). When the inflaton eventually
reaches the minimum of the potential, the coupling with the other fields becomes
significant so that it decays into a thermal mix of elementary particles [24], leading
to a radiation dominated universe in a process called reheating. In practice, we can
think of the reheating process after inflation as the moment when the hot Big Bang
occurs, in which matter and radiation as we know them start to be created.

Many different potentials can be devised that satisfy the slow-roll condition. It
is customary to parametrise them with two variables that vanish in the limit where
φ is constant. The first slow-roll parameter η quantifies the variation in the Hubble
factor, and is related to the first derivative of the inflaton potential. It is defined as

ε ≡ d

dt

(
1

H

)
= − H ′

H2 ≈ m2
P

2

(
V,φ

V

)2

. (2.97)
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Whenever the inflaton field is constant, φ′ = 0, then also H ∝ √
ρφ is constant (Eq.

2.94) meaning that the ε parameter vanishes. In fact, the slow-roll condition requires
ε 
 1, an assumption that implies an approximate time-translation invariance of the
background. On the other hand, in the radiation dominated era ε = 2; in fact, one can
define the inflationary epoch as ε < 1. The second slow-roll parameter, η, is directly
related to the second derivative of the potential,10

η ≡ m2
P

(
V,φφ

V

)
. (2.99)

Again, in the case of a constant field or potential this parameter vanishes. As we shall
see below, the most important predictions of inflation can be recast in terms of the
slow-roll parameters ε and η.

2.6.3 Primordial Fluctuations

Cosmic inflation was originally proposed to solve the horizon and flatness prob-
lems [2, 33, 50, 77], but it was soon realised that it also provided a mechanism to
generate primordial density fluctuations [7, 37, 59, 78]. The idea is that the struc-
ture that we observe today, such as the CMB anisotropies and the galaxy distribution,
formed starting from tiny quantumfluctuations set during inflation and later enhanced
throughout cosmic history via gravitational instability. These primordial fluctuations
were generated asmicroscopic quantum vacuumfluctuations in the inflaton field that,
during inflation, were stretched and imprinted on superhorizon scales by the acceler-
ated expansion. These density fluctuations reentered the horizon after inflation ended
and served as initial conditions for the anisotropy and the growth of structure in the
Universe.

In what follows, we briefly describe the main features of the primordial fluctua-
tions generated during inflation. To do so, we need to use some concepts that will be
formally defined only in the next chapter, like the idea that the primordial fluctuations
generated during inflation are stochastic in nature and, therefore, their magnitude is
determined in terms of their variance (in real space) or their power spectrum (in
Fourier space). We will also use of the concepts of scalar and tensor (Sect. 3.3.1)
perturbations (Sect. 3.4), power spectrum (Sect. 3.7.1) and bispectrum (Sect. 3.7.2).

10In defining the slow-roll parameters, we are using the notation of the review by Bartolo et al. [8].
Chen [15], on the other hand, denotes the quantity in Eq. 2.99 as η V and uses the symbol η for a
third slow-roll parameter:

η ≡ −2 η V + 4 ε = ε′

ε H
. (2.98)

.

http://dx.doi.org/10.1007/978-3-319-21882-3_3
http://dx.doi.org/10.1007/978-3-319-21882-3_3
http://dx.doi.org/10.1007/978-3-319-21882-3_3
http://dx.doi.org/10.1007/978-3-319-21882-3_3
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2.6.3.1 Scalar Fluctuations

The primordial fluctuations generated during slow-roll inflation are expected to have
nearly the samevarianceon all spatial scales. The reason is that the slow-roll condition
ε = −H ′/H2 
 1 results into an approximate time-translation invariance of the
background. Therefore, the primordial fluctuations are produced with approximately
the same background expansion rate regardless of the scale considered. This scale
invariance is usually quantified in terms of the scalar spectral index, ns , defined
to be the slope of the dimensionless power spectrum of the primordial curvature
perturbation,

PR ∝ k ns−1 . (2.100)

The condition of scale invariance translates to ns = 1. However, the presence of
structure in the inflaton potential affects the expansion rate and, therefore, it generates
deviations from scale invariance. In a slow-roll inflationarymodelwhere the potential
is nearly flat, these deviations are small [8, 15]:

ns = 1 − 6 ε + 2 η . (2.101)

Because the slow-roll parameters ε and η describe, respectively, the first and second
derivative of the inflaton potential V (φ), measuring ns is equivalent to constraining
the shape of V (φ). The cosmic microwave background is strongly affected by the
tilt of the primordial fluctuations and, as a result, it can be used to constrain ns [67]:

ns = 0.9603 ± 0.0073 at 68% confidence level . (2.102)

Thismeasurement is in agreementwith the slow-roll inflationarymodels and suggests
that the two slow-roll parameters have a value of O(10−2).

Another important observable of inflation is the amplitude As of the primordial
fluctuations, which is defined as

PR(k) = As

(
k

k0

) ns−1

, (2.103)

where k0 is the pivot scale. In the slow-roll limit, the amplitude As is connected to
the ratio between the inflaton potential and the slow-roll parameter ε [68]:

As = V

24π2 m4
P ε

. (2.104)

By measuring the amplitude of the CMB angular spectrum, the Planck team [68]
found the value ln(1010 As) = 3.089+0.024

−0.027 at 68% confidence level for a pivot scale
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of k0 = 0.05Mpc−1, which translates to a constraint on the energy scale of inflation,
V 1/4, and on ε:

V 1/4

ε1/4
= 0.027mP = 6.6 × 1016 GeV . (2.105)

2.6.3.2 Gravitational Waves

Another prediction from inflation is the presence of a background of primordial
gravitational waves. These are generated with the same mechanism as the scalar
fluctuations and are thus also expected to be nearly scale invariant. The power spec-
trum of tensor fluctuations,

P t (k) = At

(
k

k0

) nt

, (2.106)

defines the tensor amplitude At and the tensor spectral index nt , which vanishes
for a scale-invariant spectrum. For a slowly rolling scalar field, they are given by
[22, 68]

At = 2 V

3π2 m4
P

, and nt = −2 ε . (2.107)

In the slow-roll limit, a consistency relation links the spectral index nt to the ampli-
tudes of the scalar and tensor power spectra:

r ≡ P t

PR
= −8 nt , (2.108)

where we have defined the tensor-to-scalar ratio r . Since As has already been exper-
imentally determined, measuring the value of r would automatically yield the ampli-
tude of the tensor perturbations At and, through the consistency relation, the tilt nt of
the tensor spectrum. Furthermore, a determination of r would imply also an indirect
detection of the gravitational waves. So far, only upper limits for the tensor-to-scalar
exist; in Fig. 2.7 we show the joint measurement of r and ns produced by the Planck
experiment [68].

2.6.4 Non-Gaussianity

The inflation observables that we have introduced in the previous subsection, the
spectral index ns and the tensor-to-scalar ratio r , are defined with respect to the
power spectrum of the primordial curvature perturbation, PR. The power spectrum,
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Fig. 2.7 Constraints on the spectral tilt and the tensor-to-scalar ratio r from Planck [68]. The
ellipses represent the 68 and 95% confidence limits on ns and r for various combinations of
datasets (WP WMAP polarisation, BAO Baryon acoustic oscillation, highL high-resolution CMB
data). The theoretical predictions of several inflationary models are also shown. Credit: Fig. 1 on
p.10 of Ref. [68] by the Planck collaboration, A&A, reproduced with permission c© ESO

however, is just one of the infinite series of n-point functions that characterise the
primordial field (Sect. 3.4). In the case of a Gaussian random field, these moments
can be expressed as products of PR; for an arbitrary field, this is not the case: the
higher-order moments contain extra information that eludes the power spectrum and
that, as we shall soon see, is precious to understand the non-linear physics at work
in the early Universe. We shall refer to this extra information as non-Gaussianity,
simply because it is absent for Gaussian perturbations.

In this thesis, we focus on the three-point function of the primordial curvature
perturbation, or primordial bispectrum. The full formalism to characterise the bis-
pectrumand its observability in the cosmicmicrowave backgroundwill be introduced
in Chap.6. The purpose of this subsection is to explain our motivations for studying
the bispectrum; therefore, for now, we shall keep the technical details to a minimum.

The primordial bispectrum is important for two reasons. First, it is the lowest order
statistic sensitive towhether a perturbation isGaussian or non-Gaussian. This follows
from the fact that the three-point function of a Gaussian random field with zero mean
vanishes. Secondly, it is directly related to the angular bispectrum of the cosmic
microwave background, which is an observable quantity [42, 43, 85]. Therefore, the
primordial bispectrum as inferred from the CMB has the power of discriminating
models of inflation based on the amount of non-Gaussianity they produce.

The standard slow-roll inflation models that we have described above, where the
accelerated expansion is driven by a non-interacting scalar field, produce a bispec-
trum of the order of the slow-roll parameters [1, 53]; for all practical purposes, this
non-Gaussianity can be considered negligible. This is intuitive as the bispectrum is
inherently related to the non-linearities in the propagation of the field. In the “vanilla”

http://dx.doi.org/10.1007/978-3-319-21882-3_3
http://dx.doi.org/10.1007/978-3-319-21882-3_6
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models, the inflaton propagates freely along a very flat potential (ε, |η| 
 1), so that
any self-interaction term of the inflaton potential and the gravitational coupling must
be very small; consequently, the non-linearities are also suppressed [8].

Measuring a significant bispectrum would therefore rule out the simplest models
of inflation. It should be stressed that these models are otherwise highly successful
in reproducing the required duration of inflation and the observed shape of the power
spectrum. The non-Gaussianity measurement is thus complementary to the usual
inflation observables, ns and r , and it provides extra information on the physics of
the early Universe that is useful to break degeneracies between models that would
otherwise be observationally equivalent.

The constraining power of the primordial bispectrum and its observability promp-
ted particle physicists and cosmologists to join forces and investigate many well-
motivated extensions to the inflationary vanilla model. The multiple-field models,
for example, postulate that two ormore fields are present during inflation. Thesemod-
els are appealing also because, from the point of view of particle physics, it is natural
to have several other fields that contribute to the inflationary dynamics. If the fields
interact, the Lagrangian will include non-linear contributions that ultimately lead to
deviations from pure Gaussian statistics [8, 13, 74]. This is not, however, the only
mechanism to create non-Gaussianity in amulti-fieldmodel. In the curvaton scenario
[28, 49, 51, 56, 57], for example, the inflaton field drives the accelerated expansion
as in a single field model, while a subdominant second field, the curvaton, is respon-
sible for generating the curvature perturbations. In this case, the non-Gaussianity is
produced by the non-linear evolution of the curvature perturbation on superhorizon
scales.

Other extensions to the vanilla model include features in the inflaton potential, the
presence of a non-canonical kinetic term, non-linearities in the initial vacuum state or
modifications to the theory of gravity [15]. These features generally translate to non-
Gaussian signatures in the primordial curvature perturbation and, thus, in specific
shapes of the bispectrum. For a review on these models and their observability, refer
to the reviews in Refs. [9, 42, 48, 85].

In summary, the non-Gaussianity of the cosmological perturbations opens a win-
dow on the non-linear physics of the early Universe; the CMB bispectrum is the
observable that allows us to look through this window. The subject of this thesis is
the connection between the primordial non-Gaussianity and the CMB bispectrum.
In the following chapters, we shall answer the questions: how is the measured CMB
bispectrum affected by the non-linear evolution that happens after inflation? Would
this effect significantly bias a measurement of the primordial signal?

The answers can be found in Chap.6.

http://dx.doi.org/10.1007/978-3-319-21882-3_6
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