Chapter 2
Preliminaries

2.1 Mathematical Notation

Standard notation is used throughout this book. Let R, R>0, R0, Z, Z>0, Z~¢ denote
the sets of real numbers, nonnegative real numbers, positive real numbers, integers,
nonnegative integers, and positive integers, respectively.

Let [E, Var, Corr, Cov denote the expectation, variance, correlation, and the covari-
ance operators, respectively.

Let AT € RM*N be the transpose of a matrix A € RV*M Let tr(A) and det(A)
denote the trace and the determinant of a matrix A € RV*V | respectively. Let
row; (A) € RM and col ;(A) € R denote the ith row and the jth column of a matrix
A € RV*M respectively.

The positive definiteness and the positive semi-definiteness of a square matrix A
are denoted by A > 0 and A > 0, respectively.

Let |x| denote the absolute value of a scalar x. Let ||X|| denote the standard
Euclidean norm (2-norm) of a vector X. The induced 2-norm of a matrix A is denoted
by [|A]|l. Let [|X|| o, denote the infinity norm of a vector X.

Let 1 denote the vector with all elements equal to one and | denote the identity
matrix with an appropriate size. Let ; be the standard basis vector of appropriate
size with 1 as its ith element and O on all other elements.

The symbol ® denotes the Kronecker product. The symbol o denotes the
Hadamard product (also known as the entry-wise product and the Schur product).

A random vector X, which is distributed by a normal distribution of mean pu and
covariance matrix C, is denoted by X ~ N(u, C). The corresponding probability
density function is denoted by N(x; u, C).

The relative complement of a set .4 in a set 53 is denoted by B\ A := BN A,
where A€ is the complement of A. For a set A € Z, we define z4 = {z; |i € A}
Let —A denote the set Z \ A.
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An undirected graph G = (V, &) is a tuple consisting of a set of vertices V :=
{1,---,n}and a set of edges £ C V x V. The neighbors of i € V in G are denoted
by Ni:={j e V| {ijle&}

Other notations will be explained in due course.

2.2 Physical Process Model

In this section, we review important notions for the Gaussian process which will be
used to model the physical phenomenon. In particular, we introduce a class of spa-
tiotemporal Gaussian process model with anisotropic covariance functions. The prop-
erties of Gaussian Markov random fields (GMREF) are also briefly reviewed.

2.2.1 Gaussian Process

A Gaussian process can be thought of a generalization of a Gaussian distribution over
a finite vector space to function space of infinite dimension. It is formally defined as
follows [53, 91]:

Definition 2.1 A Gaussian process (GP) is a collection of random variables, any
finite number of which have a consistent' joint Gaussian distribution.

A Gaussian process, denoted by
2(X) ~ GP (1(X), C(x, X; 0)) @1

is completely specified by its mean function 4 (X) and covariance function C (X, X'; 6)
which are defined as

pnx) =E[z(X)],
Cx,X50) =E[(z(¥) — 1(X) (z(X) — u(x))|0] .

Although not needed to be done, we take the mean function to be zero for notational
simplicity,2 i.e., u(x) = 0. If the covariance function C (X, X’; @) is invariant with
respect to translations in the input space, i.e., C(X, X’; ) = C(X — x'; 0), we call it
stationary. Furthermore, if the covariance function is a function of only the distance
between the inputs, i.e., C(X, X'; ) = C(||X —X'| ; #), then it is called isotropic.

1t is also known as the marginalization property. It means simply that the random variables obey
the usual rules of marginalization, etc.

2This is not a drastic limitation since the mean of the posterior process is not confined to zero [53].
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Fig. 2.1 Realization of a
two-dimensional (D = 2)
Gaussian process with

07 =501 =25and

oy = 1.5.

In practice, a parametric family of functions is used instead of fixing the covariance
function [84]. One common choice of a stationary covariance function is

N2
C(x,x:0) = 0% epr—zM} , (2.2)

2
= 20}

where x, is the ¢th element of X € R?. From (2.2), it can be easily seen that the
correlation between two inputs decreases as the distance between them increases.
This decreasing rate depends on the choice of the length scales {o,}. A very large
length scale means that the predictions would have little bearing on the correspond-
ing input which is then said to be insignificant. a]% gives the overall vertical scale
relative to the mean of the Gaussian process in the output space. These parame-
ters play the role of hyperparameters since they correspond to the hyperparame-
ters in neural networks and in the standard parametric model. Therefore, we define
6 = (GJ%, o1, JD)T € RP+H! a5 the hyperparameter vector. A realization of a
Gaussian process that is numerically generated is shown in Fig.2.1.

2.2.2 Spatiotemporal Gaussian Process

In this section, spatiotemporal Gaussian processes are of particular interest. Spa-
tiotemporal Gaussian processes are obtained as a special case of (2.1) by setting
X C RP x Rxq, where R? is for spatial locations and R is the temporal domain.
A spatiotemporal Gaussian process can be written as

72(8,1) ~ GP(u(s,t), C(s,t,8,t:0)),
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Fig. 2.2 Realization of a spatiotemporal (D = 2) Gaussian process with al% = 5,01 = 2.5,
op=15ando, =8atar=1,btr=>5andct = 10. '

where x = (87,17 € RP x R-o. We consider the following generalized
anisotropic covariance function C (X, X’; #) with a hyperparameter vector 6 :=
(U%,U],"' ’GDyal)T ERD+2:

D N2 _ 2
cx,x';:0) = ajzc exp (— Z %)exp (—%) , (2.3)
t t

=1

wheres,8' € Q Cc RP, 1t € R>o. {01, -+ ,0p} and o; are kernel bandwidths
for space and time, respectively. (2.3) shows that points close in the measurement
space and time indices are strongly correlated and produce similar values. In reality,
the larger temporal distance two measurements are taken with, the less correlated
they become, which strongly supports our generalized covariance function in (2.3).
This may also justify the truncation (or windowing) of the observed time series data
to limit the size of the covariance matrix for reducing the computational cost. A
spatially isotropic version of the covariance function in (2.3) has been used in [36].
A realization of a spatiotemporal Gaussian process that is numerically generated is
shown in Fig.2.2.

2.2.3 Gaussian Markov Random Field

The Gaussian Markov random field is formally defined as follows [92]:

Definition 2.2 (GMRF; [92, Definition 2.1]) Arandom vectorz = (z1, - -+ , 2 e
R is called a GMRF with respect to a graph G = (V, £) with mean p and precision
matrix Q > 0, if and only if its density has the form

Q 1
m(2) = @)V 2 exp (—E(Z -w'a@z- IL)) ,
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and (Q);; #0 < {i, j} € Eforalli # j, where the precision matrix (or information

matrix) @ = C~! is the inverse of the covariance matrix C, and |Q| denotes the
determinant of Q.

The Markov property of a GMRF can be shown by the following theorem.

Theorem 2.1 ([92, Theorem 2.4]) Let 2 be a GMRF with respect to G = (V, £).
Then the followings are equivalent.

1. The pairwise Markov property:
zilzjlz—iy i, jY ¢ Eandi # j,

where L denotes conditional independence and z—;j := 72— j) = 2Z7\{i,j}- This
implies that z; and z; are conditionally independent given observations at all
other vertices except {i, j} ifi and j are not neighbors.

2. The local Markov property:

zidz_yniylzn, foreveryi € 1.

3. The global Markov property:
zalzglze

for disjoint sets A, B, and C where C separates A and BB, and A and B are
nonempty.

If a graph G has small cardinalities of the neighbor sets, its precision matrix Q
becomes sparse with many zeros in its entries. This plays a key role in computation
efficiency of a GMRF which can be greatly exploited by the resource-constrained
mobile sensor network. For instance, some of the statistical inference can be obtained
directly from the precision matrix Q with conditional interpretations.

Theorem 2.2 ([92, Theorem 2.3]) Let Z be a GMRF with respect to G = (V, E)
with mean p and precision matrix Q > 0, then we have

1
E(zilz—i) = pi — Q@ ZN(Q)U(Z/’ — 1),
JeN;
Var(z; |z—i) = @
Q);;
@ Q)

Corr(zi, zj | 2—ij) = — Vi £ j.
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2.3 Mobile Sensor Network

In this section, we explain the sensor network formed by multiple mobile sensing
agents and present the measurement model used throughout the thesis.

Let N be the number of sensing agents distributed over the surveillance region
Q e RP. The identity of each agent is indexed by Z := {1, 2, --- , N}. Assume that
all agents are equipped with identical sensors and take noisy observations at time
t € Z-o. At time ¢, the sensing agent i takes a noise-corrupted measurement y; (¢)
at its current location q; (¢) € Q, i.e.,

yil) = 2(q;(0). 1) + e, & N, 02),

where the sensor noise ¢; is considered to be an independent and identically dis-
tributed Gaussian random variable. 62 > 0 is the noise level and we define the
signal-to-noise ratio as

Notice that when a static field is considered, we have z(S, t) = z(S).
For notational simplicity, we denote the collection of positions of all N agents at
time ¢ as (1), i.e.,

T
A = (a0, ay®’) e QY.
The collective measurements from all N mobile sensors at time ¢ are denoted by

Y, =@, yne)T e RV,

The cumulative measurements from time ¢ € Z to time ¢’ € Z-( are denoted by

T
. T T N(t'—t+1
Y, = (yt e ’yt,) cR (' —t+ )_

The communication network of mobile agents can be represented by an undirected
graph. Let G(¢) := (Z, £(t)) be anundirected communication graph such that an edge
(i, j) € £(¢) if and only if agent i can communicate with agent j # i at time . We
define the neighborhood of agent i at time ¢t by N;(t) := {j € Z|(, j) € E@)}.
Similarly, let qlil() denote the vector form of the collection of positions in
{a,) 1) € (}UN:(1)}. Let vyl denote vector form of the collection of obser-
vations in { y(q ; ®,t)jel{i}u M(t)}. The cumulative measurements of agent i
[i]

from time ¢ to time ¢ are denoted as Y.,
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2.4 Gaussian Processes for Regression

Suppose we have a dataset D = {(x, y@) i =1,---,n} collected by mobile
sensing agents where X¥) denotes an input vector of dimension D and y) denotes a
scalar value of the noise-corrupted output. The objective of probabilistic regression
is to compute the predictive distribution of the function values z, := z(X,) at some
test input X.

For notational simplicity, we define the design matrix X of dimension n x D as

the aggregation of n input vectors (i.e., row; (X) := (x)TY and the outputs are
collected in a vector y := (y1, - - | y)T The corresponding vector of noise-free
outputs is defined as z := (z(xV), -+, z(x"))T.

The advantage of the Gaussian process formulation is that the combination of the
prior and noise models can be carried out exactly via matrix operations [93]. The
idea of Gaussian process regression is to place a GP prior directly on the space of
functions without parameterizing the function z(-), i.e.,

7(z|0) = N(z; p, K),

where © € R" is the mean vector obtained by (@), = u(x(i)), and K =
Cov(z,2|0) € R"™" is the covariance matrix obtained by (K);; = cx® x): 9).
Notice that the GP model and all expressions are always conditional on the corre-
sponding inputs. In the following, we will always neglect the explicit conditioning
on the input matrix X.

The inference in the Gaussian process model is as follows. First, we assume a
joint GP prior 7 (2, z4|@) over functions, i.e.,

_ I K k
7 ul0) =N ([M(X*)] ’ [kT Ce X 0)]) ’ @9

where k :='Cov(z, 74|0) € R™ is the covariance between z and z, obtained by
(k); = C(x(’), X,; 0). Then, the joint posterior is obtained using Bayes rule, i.e.,

(2, 2:10,y) = %ﬁ)zlm

where we have used 7 (Y|2, z.) = 7 (Y|2). Finally, the desired predictive distribution
7 (z4|0,Y) is obtained by marginalizing out the latent variables in 2, i.e.,

(2410, Y) :/rr(z, 2410, y)dz
1
m(yl0)

2.5)

/ﬂ(ylz)ﬂ(Z, 7410, y)dz.
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Since we have the joint Gaussian prior given in (2.4) and
2
ylz~N (z, awl) ,

the integral in (2.5) can be evaluated in closed-form and the predictive distribution
turns out to be Gaussian, i.e.,

zx0,y ~ N (/Lz*\ﬂ,y’ O'iw,y) ) (2.6)
where
Moy = 1) + KK+ o2h) 7'y — ), 2.7)
and
Gzz*w,y = C(Xs, Xs; 0) — k' (K+ 02D k. (2.8)

For notational simplicity, we define the covariance matrix of the noisy observations
as C:=Cov(y,yl0) = K+ 03)[
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