
Chapter 2

Quantum Information Theory Fundamentals

Abstract In this chapter, we provide the basic concepts of quantum information

processing and quantum information theory. The following topics from quantum

information processing will be covered: state vectors, operators, density operators,

measurements, dynamics of a quantum system, superposition principle, quantum

parallelism, no-cloning theorem, and entanglement. The following concepts from

quantum information theory will be provided: Holevo information, accessible

information, Holevo bound, Shannon entropy and von Neumann entropy,

Schumacher’s noiseless quantum coding theorem, and Holevo–Schumacher–

Westmoreland theorem.

2.1 State Vectors, Operators, Projection Operators,
and Density Operators

In quantum mechanics, the primitive undefined concepts are physical system,
observable, and state [1–15]. A physical system is any sufficiently isolated quantum

object, say an electron, a photon, or a molecule. An observable will be associated

with a measurable property of a physical system, say energy or z-component of the

spin. The state of a physical system is a trickier concept in quantum mechanics

compared to classical mechanics. The problem arises when considering composite

physical systems. In particular, states exist, known as entangled states, for bipartite
physical systems in which neither of the subsystems is in a definite state. Even in

cases where physical systems can be described as being in a state, two classes of

states are possible: pure and mixed.
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2.1.1 State Vectors and Operators

The condition of a quantum-mechanical system is completely specified by its state
vector jψi in a Hilbert space H (a vector space [16] on which a positive-definite

scalar product is defined) over the field of complex numbers. Any state vector jαi,
also known as a ket, can be expressed in terms of basis vectors jϕni by

αj i ¼
X1
n¼1

an ϕnj i: ð2:1Þ

An observable, such as momentum and spin, can be represented by an operator,

say A, in the vector space of question. Quite generally, an operator acts on a ket

from the left: (A) � jαi¼A jαi, which results in another ket. An operator A is said to

be Hermitian if

A{ ¼ A, A{ ¼ AT
� �*

: ð2:2Þ

Suppose that the Hermitian operator A has a discrete set of eigenvalues a(1), . . .,
a(n), . . .. The associated eigenvectors (eigenkets) ja(1)i, . . ., |a(n)i, . . . can be

obtained from

A a nð Þ�� E
¼ a nð Þ a nð Þ�� E

: ð2:3Þ

The Hermitian conjugate of a ket jαi is denoted by hαj and called the “bra.” The

space dual to ket space is known as bra space. There exists a one-to-one corre-

spondence, dual correspondence (D.C.), between a ket space and a bra space:

αj i $D:C: αh j

a 1ð Þ�� �
, a 2ð Þ�� �

, . . . $D:C: a 1ð Þ� ��, a 2ð Þ� ��, . . .
αj i þ βj i $D:C: αh j þ βh j

cα αj i þ cb βj i $D:C: c∗α αh j þ c∗β βh j:

ð2:4Þ

The scalar (inner) product of two state vectors
��ϕi ¼X

n
an
��ϕni and��ψi ¼X

n
bn
��ϕni is defined by

ψ jϕh i ¼
X1
n¼1

anb
*
n: ð2:5Þ
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2.1.2 Projection Operators

The eigenkets {jξ(n)i} of operator Ξ form the basis so that arbitrary ket jψi can be

expressed in terms of eigenkets by

ψj i ¼
X1
n¼1

cn ξ nð Þ�� E
: ð2:6Þ

By multiplying (2.6) with hξ(n)j from the left, we obtain

ξ nð Þjψ
D E

¼
X1
j¼1

cj ξ nð Þjξ jð Þ
D E

¼ cn ξ nð Þjξ nð Þ
D E

þ
X1

j¼1, j 6¼n

c j ξ nð Þjξ jð Þ
D E

: ð2:7Þ

Since the eigenkets {jξ(n)i} form the basis, the principle of orthonormality is

satisfied ξ nð Þjξ jð Þ� � ¼ δnj, δnj ¼ 1, n ¼ j
0, n 6¼ j

�
so that (2.7) becomes

cn ¼ ξ nð Þjψ
D E

: ð2:8Þ

By substituting (2.8) into (2.6), we obtain

ψj i ¼
X1
n¼1

ξ nð Þjψ
D E

ξ nð Þ�� E
¼
X1
n¼1

ξ nð Þ�� E
ξ nð Þjψ
D E

: ð2:9Þ

Because ψj i ¼ I ψj i from (2.9), it is clear that

X1
n¼1

ξ nð Þ�� E
ξ nð Þ
D �� ¼ I; ð2:10Þ

and the relation above is known as the completeness relation. The operators under
summation in (2.10) are known as projection operators Pn:

Pn ¼ ξ nð Þ�� E
ξ nð Þ
D ��; ð2:11Þ

which satisfy the relationship
X1

n¼1
Pn ¼ I. It is easy to show that the ket (2.6) with

cn determined by (2.8) is of unit length:

ψ
��ψ� � ¼X1

n¼1

ψ
��ξ nð Þ

D E
ξ nð Þ��ψD E

¼
X1
n¼1

ψ
��ξ nð Þ

D E��� ���2 ¼ 1: ð2:12Þ
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The following theorem is an important theorem that will be used often throughout

the chapter.

It can be shown that the eigenvalues of a Hermitian operator A are real, and the

eigenkets are orthogonal:

a mð Þja nð Þ
D E

¼ δnm: ð2:13Þ

For the proof of this claim, an interested reader is referred to [1].

2.1.3 Photon, Spin-½ Systems, and Hadamard Gate

Photon. The x- and y-polarizations of the photon can be represented by

Exj i ¼ 1

0

� 	
Ey

�� � ¼ 0

1

� 	
:

On the other hand, the right and left circular polarizations can be represented by

ERj i ¼ 1ffiffiffi
2

p 1

j

� 	
ELj i ¼ 1ffiffiffi

2
p 1

� j

� 	
:

The 45� polarization ket can be represented as follows:

E45�j i ¼ cos
π

4

� �
Exj i þ sin

π

4

� �
Ey

�� � ¼ 1ffiffiffi
2

p Exj i þ Ey

�� �� � ¼ 1ffiffiffi
2

p 1

1

� 	
:

The bras corresponding to the left and right polarization can be written as

ERh j ¼ 1ffiffiffi
2

p 1 � jð Þ ELh j ¼ 1ffiffiffi
2

p 1 jð Þ:

It can be easily verified that the left and right states are orthogonal and that the right

polarization state is of unit length:

ER

��EL

� � ¼ 1

2
1 � jð Þ 1

� j

� 	
¼ 0 ER

��ER

� � ¼ 1

2
1 � jð Þ 1

j

� 	
¼ 1:

The completeness relation is clearly satisfied because

Exj i Exh j þ Ey

�� �
Ey

� �� ¼ 1

0

� 	
1 0ð Þ þ 0

1

� 	
0 1ð Þ ¼ 1 0

0 1

� 	
¼ I2:
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An arbitrary polarization state can be represented by

Ej i ¼ ERj i ER

��E� �þ ELj i EL

��E� �
:

For example, for E¼Ex, we obtain

Exj i ¼ ERj i ER

��Ex

� �þ ELj i EL

��Ex

� �
:

For the photon spin operator Smatrix representation, we have to solve the following

eigenvalue equation:

S ψj i ¼ λ ψj i:

The photon spin operator satisfies S2¼ I so that we can write

ψj i ¼ S2 ψj i ¼ S S ψj ið Þ ¼ S λ ψj ið Þ ¼ λS ψj i ¼ λ2 ψj i:

It is clear from the previous equation that λ2 ¼ 1 so that the corresponding

eigenvalues are λ ¼ �1. By substituting the eigenvalues into the eigenvalue

equation, we obtain that corresponding eigenkets are the left and the right polari-

zation states:

S ERj i ¼ ERj i S ELj i ¼ � ELj i:

The photon spin represented in {jExi, jEyi} basis can be obtained by

S _¼
Sxx Sxy

Syx Syy

 !
¼

Exh jS Exj i Exh jS Ey

�� �
Ey

� ��S Exj i Ey

� ��S Ey

�� �
 !

¼
0 � j

j 0

 !
:

Spin-1/2 Systems. The Sz basis in spin-1/2 systems can be written as

Ez;þj i; Ez;�j if g, where the corresponding basis kets represent the spin-up and

spin-down states. The eigenvalues are h=2, � h=2f g, and the corresponding

eigenket–eigenvalue relation is

Sz Sz;�j i ¼ �h
2
Sz;�j i, where Sz is the spin operator that can be represented in the

basis above as follows:

Sz ¼
X

i¼þ,�

X
j¼þ,�

ij i jh j Sz ij i|ffl{zffl}
i h
2
ij i

jh j ¼
X

i¼þ,�
i
h
2
ij i ih j ¼ h

2
þj i þh j � �j i �h jð Þ:
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The matrix representation of spin-½ systems is obtained by

Sz;þj i ¼
Sz;þ

��Sz;þ� �
Sz;�

��Sz;þ� �
 !

_¼
1

0

 !
Sz;�j i _¼

0

1

 !

Sz _¼
Sz;þh jSz Sz;þj i Sz;þh jSz Sz;�j i
Sz;�h jSz Sz;þj i Sz;�h jSz Sz;�j i

 !
¼ h

2

1 0

0 �1

 !
:

Hadamard Gate. The matrix representation of Hadamard operator (gate) is

given by

H ¼ 1ffiffiffi
2

p
1 1

1 �1

" #
:

It can easily be shown that the Hadamard gate is Hermitian and unitary as follows:

H{ ¼ 1ffiffiffi
2

p
1 1

1 �1

" #
¼ H

H{H ¼ 1ffiffiffi
2

p
1 1

1 �1

" #
1ffiffiffi
2

p
1 1

1 �1

" #
¼

1 0

0 1

" #
¼ I:

The eigenvalues for Hadamard gate can be obtained from det H � λIð Þ ¼ 0 to be

λ1,2 ¼ �1. By substituting the eigenvalues into the eigenvalue equation, namely,

H Ψ 1,2j i ¼ � Ψ 1,2j i, the corresponding eigenkets are obtained as follows:

Ψ 1j i ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 2

ffiffiffi
2

pp
1ffiffiffiffiffiffiffiffiffi
2
ffiffiffi
2

pp

2
6664

3
7775 Ψ 2j i ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 2

ffiffiffi
2

pp
� 1ffiffiffiffiffiffiffiffiffi

2
ffiffiffi
2

pp

2
6664

3
7775:

2.1.4 Density Operators

Let the large number of quantum systems of the same kind be prepared, each in one

of a set of states jϕni, and let the fraction of the system being in state jϕni be

denoted by probability Pn (n¼ 1, 2, . . .):

ϕmjϕnh i ¼ δmn,
X
n

Pn ¼ 1: ð2:14Þ

Therefore, this ensemble of quantum states represents a classical statistical mixture
of kets. The probability of obtaining ξn from the measurement of Ξ will be
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Pr ξkð Þ ¼
X1
n¼1

Pn ξkjϕnh ij j2 ¼
X1
n¼1

Pn ξkjϕnh i ϕnjξkh i ¼ ξkh jρ ξkj i; ð2:15Þ

where the operator ρ is known as a density operator, and it is defined by

ρ ¼
X1
n¼1

Pn ϕnj i ϕnh j: ð2:16Þ

The expected value of density operator is given by

ρh i ¼
X1
k¼1

ξkPr ξkð Þ ¼
X1
k¼1

ξk ξkh jρ ξkj i ¼
X1
k¼1

ξkh jρΞ ξkj i ¼ Tr ρΞð Þ: ð2:17Þ

The density operator properties can be summarized as follows:

1. The density operator is Hermitian (ρ+¼ ρ), with the set of orthonormal eigenkets

jϕni corresponding to the nonnegative eigenvalues Pn and Tr(ρ)¼ 1.

2. Any Hermitian operator with nonnegative eigenvalues and trace 1 may be

considered as a density operator.

3. The density operator is positive definite: hψ jρjψi� 0 for all jψi.
4. The density operator has the property Tr(ρ2)� 1, with equality iff one of the

prior probabilities is 1, and all the rest 0: ρ¼ jϕnihϕnj, and the density operator is
then a projection operator.

5. The eigenvalues of a density operator satisfy 0� λi� 1.

The proof of these properties is quite straightforward, and the proof is left as a

homework problem. When ρ is the projection operator, we say that it represents the
system in a pure state; otherwise, with Tr(ρ2)< 1, it represents a mixed state. A
mixed state in which all eigenkets occur with the same probability is known as a

completely mixed state and can be represented by

ρ ¼
X1
k¼1

1

n
ϕnj i ϕnh j ¼ 1

n
I ) Tr ρ2

� � ¼ 1

n
) 1

n
� Tr ρ2

� � � 1: ð2:18Þ

If the density matrix has off-diagonal elements different from zero, we say that it

exhibits the quantum interference, which means that state term can interfere with

each other. Let us observe the following pure state:

ψj i ¼
Xn
i¼1

αi ξij i ) ρ ¼ ψj i ψh j ¼
Xn
i¼1

αij j2 aij i aih j þ
Xn
i¼1

Xn
j¼1, j 6¼i

αiα
*
j ξij i ξ j

� ��
¼
Xn
i¼1

ξih jρ ξij i ξij i ξih j þ
Xn
i¼1

Xn
j¼1, j 6¼i

ξih jρ ξ j

�� � ξij i ξ j

� ��: ð2:19Þ
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The first term in (2.19) is related to the probability of the system being in state jaii,
and the second term is related to the quantum interference. It appears that the

off-diagonal elements of a mixed state will be zero, while these of pure state will be

nonzero. Notice that the existence of off-diagonal elements is base dependent;

therefore, to check for purity, it is a good idea to compute Tr(ρ2) instead.
In the quantum information theory, the density matrix can be used to determine

the amount of information conveyed by the quantum state, i.e., to compute the von

Neumann entropy:

S ¼ Tr ρ logρð Þ ¼ �
X
i

λilog2λi; ð2:20Þ

where λi are the eigenvalues of the density matrix. The corresponding Shannon

entropy can be calculated by

H ¼ �
X
i

pilog2 pi; ð2:21Þ

where pi is the probability of selecting the ith vector from an ensemble of orthog-

onal vectors.

Suppose now that S is a bipartite composite system with component subsystems

A and B. For example, the subsystem A can represent the quantum register Q and

subsystem B the environment E. The composite system can be represented by

AB¼A�B, where � stands for the tensor product. If the dimensionality of Hilbert

space HA is m and the dimensionality of Hilbert space HB is n, then the dimension-

ality of Hilbert space HAB will be mn. If jαi2A and jβi2B, then

jαijβi¼ jαi� jβi2AB. If the operator A acts on kets from HA and the operator

B on kets from HB, then the action of AB on jαijβi can be described as follows:

ABð Þ αj i βj i ¼ A αj ið Þ B βj ið Þ: ð2:22Þ
The norm of state jψi¼ |αi|βi2AB is determined by

ψ
��ψ� � ¼ α

��α� �
β
��β� �

: ð2:23Þ
Let {jαii} ({jβii}) be a basis for the Hilbert space HA (HB) and let E be an ensemble

of physical systems S described by the density operator ρ. The reduced density
operator ρA for subsystem A is defined to be the partial trace of ρ over B:

ρA ¼ TrB ρð Þ ¼
X
j

β j

��ρ��β j

� �
: ð2:24Þ

Similarly, the reduced density operator ρB for subsystems B is defined to be the

partial trace of ρ over A:

ρB ¼ TrA ρð Þ ¼
X
i

α j

��ρ��α j

� �
: ð2:25Þ
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2.2 Measurements, Uncertainty Relations, and Dynamics
of a Quantum System

2.2.1 Measurements

Each measurable physical quantity—observable (such as position, momentum, or

angular momentum) is associated with a Hermitian operator that has a complete set

of eigenkets. According to P. A. Dirac, “A measurement always causes the system

to jump into an eigenstate of the dynamical variable that is being measured [11].”

The Dirac’s statement can be formulated as the following postulate: an exact

measurement of an observable with operator A always yields as a result one of

the eigenvalues a(n) of A. Thus, the measurement changes the state, with the

measurement system “thrown into” one of its eigenstates, which can be represented

by: αj i ���������!A measurement
a jð Þ�� �

. If before measurement the system was in state jαi, the
probability that the result of a measurement will be the eigenvalue a(i) is given by

Pr a ið Þ
� �

¼ < a ið Þjα
E���2:���� ð2:26Þ

Since at least one of the eigenvalues must occur as the result of the measurements,

these probabilities satisfy

X
i

Pr a ið Þ
� �

¼
X
i

< a ið Þjα
E���2 ¼ 1:

���� ð2:27Þ

The expected value of the outcome of the measurement of A is given by

Ah i ¼
X
i

a ið ÞPr a ið Þ
� �

¼
X
i

a ið Þ a ið Þjα
D E��� ���2 ¼X

i

a ið Þ αja ið Þ
D E

a ið Þjα
D E

: ð2:28Þ

By applying the eigenvalue equation a ið Þ a ið Þ�� � ¼ A a ið Þ�� �
, (2.28) becomes

Ah i ¼
X
i

αh jA a ið Þ�� E
a ið Þjα
D E

: ð2:29Þ

By using further the completeness relation
X

i
a ið Þ�� E

a ið Þ
D �� ¼ I, we obtain the

expected value of the measurement of A to be simply

Ah i ¼ αh jA αj i: ð2:30Þ
In various situations, like initial state preparations for quantum information

processing (QIP) applications, we need to select one particular outcome of the

measurement. This procedure is known as the selective measurement (or filtration)
and it can be conducted as shown in Fig. 2.1.
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The result of the selective measurement can be interpreted as applying the

projection operator Pa0 to jαi to obtain

Pa0 αj i ¼ a
0�� E a

0 ��αD E
: ð2:31Þ

The probability that the outcome of the measurement of observable Ξ with

eigenvalues ξ(n) lies between (a, b) is given by

Pr ξ 2 R a; bð Þð Þ ¼
X

ξ nð Þ2R a;bð Þ
ξ nð Þjα
D E��� ���2 ¼ X

ξ nð Þ2R a;bð Þ
αjξ nð Þ
D E

ξ nð Þjα
D E

¼ αh jPab αj i ¼ Pabh i; ð2:32Þ

where with Pab we denoted the following projection operator:

Pab ¼
X

ξ nð Þ2R a;bð Þ
ξ nð Þ�� E

ξ nð Þ
D ��: ð2:33Þ

It can straightforwardly be shown that the projection operator Pab satisfies

P2
ab
¼ Pab , Pab Pab � Ið Þ ¼ 0: ð2:34Þ

Therefore, the eigenvalues of projection operator Pab are either 0 (corresponding to

the “false proposition”) or 1 (corresponding to the “true proposition”), and it is of

high importance in quantum detection theory [2].
In terms of projection operators, the state of the system after the measurement is

given by

αj i ���������!A measurement 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αh jP j αj ip Pj αj i, P j ¼ a jð Þ�� E

a jð Þ
D ��: ð2:35Þ

In case operator A has the same eigenvalue ai for the following eigenkets

a
jð Þ

i

��� En odi

j¼1
, with corresponding characteristic equation

A a
jð Þ

i

��� E
¼ ai a

jð Þ
i

��� E
; j ¼ 1, . . . , di; ð2:36Þ

|a’〉

A
measurement

|a’’〉 with a’’≠a’

||α〉
Fig. 2.1 The illustration of

the concept of a selective

measurement (filtration)
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we say that eigenvalue ai is degenerate of order di. The corresponding probability

of obtaining the measurement result ai can be found by

Pr aið Þ ¼
Xdi
j¼1

a
jð Þ

i jα
D E��� ���2: ð2:37Þ

The projective measurements can be generalized as follows. Let the set of mea-

surement operators be given by {Mm}, where index m stands for possible measure-

ment result, satisfying the property
X

m
M{

mMm ¼ I. The probability of finding the

measurement result m, given the state jψi, is given by

Pr mð Þ ¼ ψh jM{
mMm ψj i: ð2:38Þ

After the measurement, the system will be left in following state:

ψ fj i ¼ Mm ψj iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ψh jM{

mMm ψj i
q : ð2:39Þ

For projective measurements, clearlyMm ¼ Pm ¼ a mð Þ�� �
a mð Þ� ��, and from the prop-

erty above, we obtain

X
m

M{
mMm ¼

X
m

a mð Þ�� E
a mð Þ��a mð Þ
D E
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

1

a mð Þ
D �� ¼X

m

a mð Þ�� E
a mð Þ
D �� ¼X

m

Pm ¼ I;

ð2:40Þ

which is the completeness relationship. The probability of obtaining the m, the
result of the measurement, will be then

Pr mð Þ ¼ Tr P{
mPmρ

� � ¼ Tr Pmρð Þ ¼ Tr a mð Þ�� E
a mð Þ
D ��ρ� �

¼ a mð Þ
D ��ρ a mð Þ�� E

: ð2:41Þ

Another important type of measurement is known as a positive operator-valued
measure (POVM). A POVM consists of the set of operators {Em}, where each

operator Em is positive semidefinite, i.e., ψh jEm ψj i � 0, satisfying the relationshipX
m

Em ¼ I: ð2:42Þ

The POVM can be constructed from generalized measurement operators {Mm} by

settingEm ¼ M{
mMm. The probability of obtaining themth result of measurements is

given by Tr(Emρ). The POVM concept is in particular suitable to situations when

the measurements are not repeatable. For instance, by performing the measurement

on a photon, it can be destroyed so that the repeated measurements are not possible.
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2.2.2 Uncertainty Principle

Let A and B be two operators, which in general do not commute, i.e., AB 6¼BA. The
quantity [A, B]¼AB�BA is called the commutator of A and B, while the quantity
{A, B}¼AB +BA is called the anticommutator. Two observables A and B are said

to be compatible when their corresponding operators commute: [A, B]¼ 0. Two

observables A and B are said to be incompatible when [A, B] 6¼ 0. If in the set of

operators {A, B, C, . . .} all operators commute in pairs, namely, [A, B]¼ [A, C]¼
[B, C]¼ � � � ¼ 0, we say the set is a complete set of commuting observables (CSCO).

If two observables, say A and B, are to be measured simultaneously and exactly

on the same system, the system after the measurement must be left in the state ja(n);
b(n)i that is an eigenstate of both observables:

A a nð Þ; b nð Þ�� E
¼ a nð Þ a nð Þ; b nð Þ�� E

, B a nð Þ; b nð Þ�� E
¼ b nð Þ a nð Þ; b nð Þ�� E

: ð2:43Þ

This will be true only if AB¼BA or equivalently the commutator [A, B]¼
AB�BA¼ 0; that is when two operators commute as shown below:

AB a nð Þ; b nð Þ�� � ¼ A B a nð Þ; b nð Þ�� �� � ¼ Ab nð Þ a nð Þ; b nð Þ�� � ¼ b nð Þ � A a nð Þ; b nð Þ�� �
¼ a nð Þb nð Þ a nð Þ; b nð Þ�� �

BA a nð Þ; b nð Þ�� � ¼ a nð Þb nð Þ a nð Þ; b nð Þ�� �) AB ¼ BA:

ð2:44Þ

When two operators do not commute, they cannot be simultaneously measured with

the complete precision. Given an observable A, we define the operator

ΔA¼A�hAi, and the corresponding expectation value of (ΔA)2 that is known as

the dispersion of A:

ΔAð Þ2
D E

¼ A2 � 2A Ah i þ Ah i2
D E

¼ A2
� �� Ah i2: ð2:45Þ

Then, for any state, the following inequality is valid:

ΔAð Þ2
D E

ΔBð Þ2
D E

� 1

4
ΔA,ΔB½ 	h ij j2; ð2:46Þ

which is known as the Heisenberg uncertainty principle [1, 4, 17–26].

Example The commutation relation for coordinate X and momentum

P observables is given by X;P½ 	 ¼ jh. By substituting this commutation relation

into (2.46), we obtain

X2
� �

P2
� � � h2

4
:
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If we observe a large ensemble of N independent systems, all of them are in the

state jψi. On some systems, X is measured, and on some systems, P is measured.

The uncertainty principle asserts that for none state the product of dispersions

(variances) cannot be less than ћ2/4.

2.2.3 Time-Evolution Schr€odinger Equation

Time-evolution operator U(t, t0) transforms the initial ket at time instance t0, jα, t0i,
into the final ket at the time instance t by

α; t0; tj i ¼ U t; t0ð Þ α; t0j i: ð2:47Þ

This time-evolution operators must satisfy the following two properties:

1. Unitary property: U+(t, t0) U(t, t0)¼ I.
2. Composition property: U(t2, t0)¼U(t2, t1) U(t1, t0), t2> t1> t0.

Following (2.47), the action of infinitesimal time-evolution operatorU(t0 + dt, t0)
can be described by

α, t0; t0 þ dtj i ¼ U t0 þ dt, t0ð Þ α; t0j i: ð2:48Þ

The following operator satisfies all propositions above, when dt! 0:

U t0 þ dt, t0ð Þ ¼ 1� jΩdt, Ω{ ¼ Ω ð2:49Þ

where the operator Ω is related to the Hamiltonian H by H ¼ hΩ and the

Hamiltonian eigenvalues correspond to the energy E ¼ hω. For the infinitesimal

time-evolution operator U(t0 + dt, t0), we can derive the time-evolution equation as

follows. The starting point in derivation is the composition property:

U tþ dt, t0ð Þ ¼ U tþ dt, tð ÞU t; t0ð Þ ¼ 1� j

h
Hdt

� 	
U t; t0ð Þ: ð2:50Þ

Equation (2.50) can be rewritten into the following form:

lim
dt!0

U tþ dt, t0ð Þ � U t; t0ð Þ
dt

¼ � j

h
HU t; t0ð Þ; ð2:51Þ

and, by taking the partial derivative definition into account, (2.51) becomes

jh
∂
∂t

U t; t0ð Þ ¼ HU t; t0ð Þ; ð2:52Þ

and this equation is known as Schr€odinger equation for time-evolution operator.
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The Schr€odinger equation for a state ket [1, 4, 17–26] can be obtained by

applying the time-evolution operator on initial ket:

jh
∂
∂t

U t; t0ð Þ α; t0j i ¼ HU t; t0ð Þ α; t0j i; ð2:53Þ

which based on (2.52) can be rewritten as

jh
∂
∂t

α; t0; tj i ¼ H α; t0; tj i: ð2:54Þ

For conservative systems, for which the Hamiltonian is time invariant, we can easily

solve (2.54) to obtain

U t; t0ð Þ ¼ e�
j
hH t�t0ð Þ: ð2:55Þ

The time evolution of kets in conservative systems can therefore be described by

applying (2.55) in (2.47), which yields to

α tð Þj i ¼ e�
j
hH t�t0ð Þ α t0ð Þj i: ð2:56Þ

Therefore, the operators do not explicitly depend on time and this concept is known

as the Schr€odinger picture.
In the Heisenberg picture, on the other hand, the state vector is independent of

time, but operators depend on time:

A tð Þ ¼ e
j
hH t�t0ð ÞAe�

j
hH t�t0ð Þ: ð2:57Þ

The time-evolution equation in Heisenberg picture is given by

jh
dA tð Þ
dt

¼ A tð Þ,H½ 	 þ jh
∂A tð Þ
∂t

: ð2:58Þ

The density operator ρ, representing the statistical mixture of states, is independent

on time in the Heisenberg picture. The expectation value of a measurement of an

observable Ξ(t) at time instance t is given by

Et Ξ½ 	 ¼ Tr ρΞ tð Þ½ 	

Et Ξ½ 	 ¼ Tr ρ tð ÞΞ½ 	, ρ tð Þ ¼ e
j
hH t� t0ð Þρe�

j
hH t� t0ð Þ:

ð2:59Þ

Example The Hamiltonian for a two-state system is given by

H ¼ ω1 ω2

ω2 ω1

� �
:

The basis for this system is given by 0j i ¼ 1 0½ 	T, 1j i ¼ 0 1½ 	T
n o

:
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(a) Determine the eigenvalues and eigenkets of H, and express the eigenkets in

terms of basis.

(b) Determine the time evolution of the system described by the Schr€odinger
equation

jh
∂
∂t

ψj i ¼ H ψj i, ψ 0ð Þj i ¼ 0j i:

To determine the eigenkets of H, we start from the characteristic equation det

H � λIð Þ ¼ 0 and find that eigenvalues are λ1,2 ¼ ω1 � ω2. The corresponding

eigenvectors are

λ1j i ¼ 1ffiffiffi
2

p 1

1

� �
¼ 1ffiffiffi

2
p 0j i þ 1j ið Þ λ1j i ¼ 1ffiffiffi

2
p 1

�1

� �
¼ 1ffiffiffi

2
p 0j i � 1j ið Þ:

We now have to determine the time evolution of arbitrary ket

ψ tð Þj i ¼ α tð Þβ tð Þ½ 	T. The starting point is the Schr€odinger equation:

jh
∂
∂t

ψj i ¼ jh
_α tð Þ
_β tð Þ

2
4

3
5,

H ψj i ¼
ω1 ω2

ω2 ω1

2
4

3
5 α tð Þ

β tð Þ

2
4

3
5 ¼

ω1α tð Þ þ ω2β tð Þ

ω2α tð Þ þ ω1β tð Þ

2
4

3
5

) jh
_α tð Þ
_β tð Þ

2
4

3
5 ¼

ω1α tð Þ þ ω2β tð Þ

ω2α tð Þ þ ω1β tð Þ

2
4

3
5:

By substitution of α tð Þ þ β tð Þ ¼ γ tð Þ and α tð Þ � β tð Þ ¼ δ tð Þ, we obtain the

ordinary set of differential equations

jh
dγ tð Þ
dt

¼ ω1 þ ω2ð Þγ tð Þ jh
dδ tð Þ
dt

¼ ω1 � ω2ð Þδ tð Þ;

whose solution is γ tð Þ ¼ Cexp ω1þω2

jh

� �
and δ tð Þ ¼ Dexp ω1�ω2

jh t
� �

. From the initial

state ψ 0ð Þj i ¼ 0j i ¼ 1 0½ 	T, we obtain the unknown constants C¼D¼ 1 so that

state time evolution is given by

ψ tð Þj i ¼ exp � j

h
ω1t

� 	 cos
ω2t

h

� �
� j sin

ω2t

h

� �
2
664

3
775:
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2.3 Quantum Information Processing (QIP) Fundamentals

Fundamental features of QIP are different from that of classical computing and can

be summarized into three: (1) linear superposition, (2) quantum parallelism, and

(3) entanglement. Below we provide some basic details of these features:

1. Linear superposition. Contrary to the classical bit, a quantum bit or qubit can
take not only two discrete values 0 and 1 but also all possible linear combina-
tions of them. This is a consequence of a fundamental property of quantum

states: it is possible to construct a linear superposition of quantum state j0i and
quantum state j1i.

2. Quantum parallelism. The quantum parallelism is a possibility to perform a

large number of operations in parallel, which represents the key difference from

classical computing. Namely, in classical computing, it is possible to know what

the internal status of the computer is. On the other hand, because of the

no-cloning theorem, it is not possible to know the current state of the quantum

computer. This property has led to the development of the Shor factorization

algorithm, which can be used to crack the Rivest–Shamir–Adleman (RSA)

encryption protocol. Some other important quantum algorithms include the

Grover search algorithm, which is used to perform a search for an entry in an

unstructured database; the quantum Fourier transform, which is a basis for a

number of different algorithms; and Simon’s algorithm. The quantum computer

is able to encode all input strings of length N simultaneously into a single

computation step. In other words, the quantum computer is able simultaneously

to pursue 2N classical paths, indicating that the quantum computer is signifi-

cantly more powerful than the classical one.

3. Entanglement. At a quantum level, it appears that two quantum objects can form

a single entity, even when they are well separated from each other. Any attempt

to consider this entity as a combination of two independent quantum objects,

given by tensor product of quantum states, fails, unless the possibility of signal

propagation at superluminal speed is allowed. These quantum objects that

cannot be decomposed into tensor product of individual independent quantum

objects are called entangled quantum objects. Given the fact that arbitrary

quantum states cannot be copied, which is the consequence of the no-cloning

theorem, the communication at superluminal speed is not possible, and as

consequence, the entangled quantum states cannot be written as the tensor

product of independent quantum states. Moreover, it can be shown that the

amount of information contained in an entangled state of N qubits grows

exponentially instead of linearly, which is the case for classical bits.

In incoming subsections, we describe these fundamental features with more

details.
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2.3.1 Superposition Principle, Quantum Parallelism,
Quantum Gates, and QIP Basics

We say that the allowable states jμi and jνi of the quantum system satisfy the

superposition principle if their linear superposition αjμi+ βjνi, where α and β are

the complex numbers (α, β2C), is also allowable quantum state. Without loss of

generality, we typically observe the computational basis composed of the orthog-

onal canonical states 0j i ¼ 1

0

� �
, 1j i ¼ 0

1

� �
, so that the quantum bit, also known

as qubit, lies in a two-dimensional Hilbert space H, isomorphic to the C2 space, and

can be represented as

ψj i ¼ α 0j i þ β 1j i ¼ α
β

� 	
; α, β 2 C; αj j2 þ βj j2 ¼ 1: ð2:60Þ

If we perform the measurement of a qubit, we will get j0i with probability jαj2 and
j1i with probability of jβj2. Measurement changes the state of a qubit from a

superposition of j0i and j1i to the specific state consistent with the measurement

result. If we parameterize the probability amplitudes α and β as follows:

α ¼ cos
θ

2

� 	
, β ¼ e jϕ sin

θ

2

� 	
; ð2:61Þ

where θ is a polar angle and ϕ is an azimuthal angle, we can geometrically represent

the qubit by the Bloch sphere (or the Poincaré sphere for the photon) as illustrated in

Fig. 2.2. Bloch vector coordinates are given by (cosϕ sin θ, sinϕ sin θ, cos θ).
This Bloch vector representation is related to computational basis (CB) by

|ψ〉

x

y

z

φ

θ

|x〉→ |0〉

|y〉→|1〉

|R〉: θ=π/2, φ=π/2|L〉: θ=π/2, φ=–π/2

|+〉

|-〉

Fig. 2.2 Bloch (Poincaré) sphere representation of the single qubit
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ψ θ;ϕð Þj i ¼ cos θ=2ð Þ 0j i þ e jϕ sin θ=2ð Þ 1j i¼:
cos θ=2ð Þ

e jϕ sin θ=2ð Þ

 !
; ð2:62Þ

where 0� θ� π and 0�ϕ< 2π. The north and south poles correspond to compu-

tational j0i (jxi-polarization) and j1i (jyi-polarization) basis kets, respectively.

Other important bases are the diagonal basis {jþi, j�i}, very often denoted as

{j % i, |&i}, related to CB by

þj i ¼ %j i ¼ 1ffiffiffi
2

p 0j i þ 1j ið Þ, �j i ¼ &j i ¼ 1ffiffiffi
2

p 0j i � 1j ið Þ; ð2:63Þ

and the circular basis {jRi, jLi}, related to the CB as follows:

Rj i ¼ 1ffiffiffi
2

p 0j i þ j 1j ið Þ, Lj i ¼ 1ffiffiffi
2

p 0j i � j 1j ið Þ: ð2:64Þ

The pure qubit states lie on the Bloch sphere, while the mixed qubit states lie in the

interior of the Bloch sphere. The maximally mixed state I/2 (I denotes the identity
operator) lies in the center of the Bloch sphere. The orthogonal states are antipodal.

From Fig. 2.2, we see that CB, diagonal basis, and circular bases are 90� apart from
each other, and we often say that these three bases are mutually conjugate bases.
These bases are used as three pairs of signal states for the six-state quantum key

distribution (QKD) protocol. Another important basis used in QKD and for

eavesdropping is the Breidbart basis given by cos π=8ð Þ 0j i þ sin π=8ð Þ 1j i,f
� sin π=8ð Þ 0j i þ cos π=8ð Þ 1j ig:

The superposition principle is the key property that makes quantum parallelism

possible. To see this, let us juxtapose n qubits lying in n distinct two-dimensional

Hilbert spaces H0, H1, . . .,Hn�1 that are isomorphic to each other. In practice, this

means the qubits have been prepared separately, without any interaction, which can

be mathematically described by the tensor product

ψj i ¼ ψ0j i � ψ1j i � � � � � ψn�1j i 2 H0 � H1 � � � � � Hn�1: ð2:65Þ
Any arbitrary basis can be selected as the computational basis for Hi, i¼ 0, 1, . . .,
n� 1. However, for ease of exposition, we assume the computational basis to be j0ii
and j1ii. Consequently, we can represent the ith qubit as ψ ij i ¼ αi 0ij i þ βi 1ij i.
Introducing a further assumption, αi¼ βi¼2�1/2, without loss of generality, we now

have

ψj i ¼
Yn�1

i¼0

1ffiffiffi
2

p 0ij i þ 1ij ið Þ ¼ 2�n=2
X
x

xj i, x ¼ x0x1� � �xn�1, x j 2 0; 1f g: ð2:66Þ

This composite quantum system is called the n-qubit register, and as can be seen

from the equation above, it represents a superposition of 2n quantum states that exist

simultaneously! This is an example of quantum parallelism. In the classical realm, a

linear increase in size corresponds roughly to a linear increase in processing power.
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In the quantum world, due to the power of quantum parallelism, a linear increase in

size corresponds to an exponential increase in processing power. The downside,

however, is the accessibility to this parallelism. Remember that superposition

collapses the moment we attempt to measure it. The quantum circuit to create the

superposition state above, in other words Walsh–Hadamard transform, is shown in

Fig. 2.3. Therefore, the Walsh–Hadamard transform on n ancilla qubits in state

j00. . .0i can be implemented by applying the Hadamard operators (gates) H, whose
action is described in Fig. 2.3, on ancillary qubits.

More generally, a linear operator (gate) B can be expressed in terms of eigenkets

{ja(n)i} of a Hermitian operator A. The operator B is associated with a square
matrix (albeit infinite in extent), whose elements are

Bmn ¼ a mð Þ
D ��B a nð Þ�� E

; ð2:67Þ

and can explicitly be written as

B _¼
a 1ð Þ� ��B a 1ð Þ�� �

a 1ð Þ� ��B a 2ð Þ�� � � � �
a 2ð Þ� ��B a 1ð Þ�� �

a 2ð Þ� ��B a 2ð Þ�� � � � �
⋮ ⋮ ⋱

0
BB@

1
CCA; ð2:68Þ

where we use the notation _¼ to denote that operator B is represented by the matrix

above. Very important single-qubit gates are Hadamard gate H, the phase shift gate
S, the π/8 (or T ) gate, controlled-NOT (or CNOT) gate, and Pauli operators X, Y, Z.
The Hadamard gate H, phase shift gate, T gate, and CNOT gate have the following

matrix representation in CB {j0i, j1i}:

H ¼: 1ffiffiffi
2

p
1 1

1 �1

" #
, S ¼:

1 0

0 j

" #
, T ¼:

1 0

0 e jπ=4

" #
, CNOT ¼:

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

2
666664

3
777775:

ð2:69Þ

H

H

|0〉

|0〉

|0〉

|0〉

0 1 0 1 00 01 10 11

22 2
ψ

+ + + + +
= =

H

H

a

b

1

2n
x

xψ = ∑
.
.
.

Fig. 2.3 The Walsh–

Hadamard transform: (a) on
two qubits and (b) on
n qubits. The action of

the Hadamard gate

H on computational basis

kets is given by:

Hj0i¼ 2�1/2(j0i+ j1i) and
Hj1i¼ 2�1/2(j0i� j1i)
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The Pauli operators, on the other hand, have the following matrix representation

in CB:

X¼: 0 1

1 0

� �
, Y¼: 0 � j

j 0

� �
, Z¼: 1 0

0 �1

� �
: ð2:70Þ

The action of Pauli gates on an arbitrary qubit ψj i ¼ α 0j i þ β 1j i is given as follows:

X α 0j i þ β 1j ið Þ ¼ α 1j i þ β 0j i, Y α 0j i þ β 1j ið Þ ¼ j α 1j i � β 0j ið Þ,
Z α 0j i þ β 1j ið Þ ¼ a 0j i � b 1j i: ð2:71Þ

So the action of X gate is to introduce the bit flip, the action of Z gate is to introduce

the phase flip, and the action of Y gate is to simultaneously introduce the bit and

phase flips.

Several important single-, double-, and triple-qubit gates are shown in Fig. 2.4.

The action of a single-qubit gate is to apply the operator U on qubit jψi, which
results in another qubit. The controlled-U gate conditionally applies the operator

U on target qubit jψi, when the control qubit jci is in the j1i-state. One particularly
important controlled-U gate is CNOT gate. This gate flips the content of target qubit

jti when the control qubit jci is in j1i-state. The purpose of SWAP gate is to

interchange the positions of two qubits, and it can be implemented by using three

CNOT gates as shown in Fig. 2.4d. Finally, the Toffoli gate represents the gener-

alization of CNOT gate, where two control qubits are used.

U

U-gate

|ψ1〉

|ψ1〉|ψ2〉

|ψ2〉

|y 〉U |y 〉|y 〉 U

Controlled -U gate

|c〉

|c1〉
|c2〉

|c〉

|t 〉

Uc |y 〉 CNOT-gate

|t ⊕c〉

|c〉

|t 〉

|t ⊕(c1c2)〉

Control qubit

Target qubit

SWAP-gate Toffoli-gate

a b

c

d e

Fig. 2.4 Important quantum gates and their action: (a) single-qubit gate, (b) controlled-U gate, (c)
CNOT gate, (d) SWAP gate, and (e) Toffoli gate
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The minimum set of gates that can be used to perform arbitrary quantum

computation algorithm is known as the universal set of gates. The most popular

sets of universal quantum gates are {H, S, CNOT, Toffoli} gates, {H, S, π/8 (T),

CNOT} gates, Barenco gate, and Deutsch gate. By using these universal quantum

gates, more complicated operations can be performed. As an illustration, in Fig. 2.5,

the Bell state [Einstein–Podolsky–Rosen (EPR) pairs] preparation circuit is shown,

which is of high importance in quantum teleportation and QKD applications.

So far, single-, double-, and triple-qubit quantum gates have been considered.

An arbitrary quantum state of K qubits has the form
X

s
αs sj i, where s runs over all

binary strings of length K. Therefore, there are 2K complex coefficients, all inde-

pendent except for the normalization constraint:

X11...11
s¼00...00

αsj j2 ¼ 1: ð2:72Þ

For example, the state α00j00i+ α01j01i+ α10j10i + α11j11i (with

jα00j2 + jα01j2 + jα10j2 + jα11j2¼ 1) is the general 2-qubit state (we use j00i to denote
the tensor product j0i� j0i). The multiple qubits can be entangled so that they

cannot be decomposed into two separate states. For example, the Bell state or EPR

pair (j00i + j11i)/√2 cannot be written in terms of tensor product jψ1i jψ2i¼ (α1j0i
+ β1j1i)� (α2j0i+ β2j1i)¼ α1α2j00i+ α1β2j01i+ β1α2j10i+ β1β2j11i, because it

would require α1α2¼ β1β2¼ 1/√2, while α1β2¼ β1α2¼ 0, which a priori has no

reason to be valid. This state can be obtained by using circuit shown in Fig. 2.5, for

two-qubit input state j00i. We will return to the concept of entanglement in

Sect. 2.3.3.

The quantum parallelism can now be introduced more formally as follows. The

QIP device, denoted as QIP, implemented on a quantum register maps the input

string i1, . . ., iN to the output string O1(i), . . .,ON(i):

O1 ið Þ
⋮

ON ið Þ

0
BB@

1
CCA ¼ U QIPð Þ

i1

⋮

iN

0
BB@

1
CCA; ið Þ10 ¼ i1; . . . ; iNð Þ2: ð2:73Þ

The CB states are denoted by

i1; . . . ; iNj i ¼ i1j i � � � � � iNj i; i1, . . . , iN 2 0; 1f g: ð2:74Þ

|ψ1〉 H

|ψ2〉

|EPR12〉

Fig. 2.5 Bell state (EPR

pairs) preparation circuit
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The linear superposition allows us to form the following 2N-qubit state:

ψ inj i ¼ 1ffiffiffiffiffiffi
2N

p
X
i

i1; . . . ; iNj i
" #

� 0� � �0j i; ð2:75Þ

and upon the application of quantum operation U(QIP), the output can be

represented by

ψoutj i ¼ U QIPð Þ ψ inj i ¼ 1ffiffiffiffiffiffi
2N

p
X
i

i1; . . . ; iNj i � O1 ið Þ, . . . ,ON ið Þj i: ð2:76Þ

The QIP circuit (or a quantum computer) has been able to encode all input strings

generated by QIP into jψouti; in other words, it has simultaneously pursued 2N

classical paths. This ability of a QIP circuit to encode multiple computational

results into a quantum state in a single quantum computational step is known as

quantum parallelism, as mentioned earlier.

2.3.2 No-Cloning Theorem and Distinguishing
the Quantum States

Just like in quantum parallelism, the quantum superposition is also the key concept

behind our inability to clone arbitrary quantum states. To see this, let us think of a

quantum copier that takes as input an arbitrary quantum state and outputs two

copies of that state, resulting in a clone of the original state. For example, if the

input state is jψi, then the output of the copier is jψijψi. For an arbitrary quantum

state, such a copier raises a fundamental contradiction. Consider two arbitrary states

jψi and jχi that are inputted to the copier. When they are inputted individually, we

expect to get jψijψi and jχijχi. Now consider a superposition of these two states

given by

φj i ¼ α ψj i þ β χj i: ð2:77Þ

Based on the above description that the quantum copier clones the original state, we

expect the output,

φj i φj i ¼ α ψj i þ β χj ið Þ α ψj i þ β χj ið Þ
¼ α2 ψj i ψj i þ αβ ψj i χj i þ αβ χj i ψj i þ β2 χj i χj i:

ð2:78Þ

On the other hand, the linearity of quantum mechanics, as evidenced by the

Schrodinger wave equation, tells us that the quantum copier can be represented by a

unitary operator that performs the cloning. If such a unitary operator were to act on
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the superposition state jφi, the output would be a superposition of jψi|ψi and jχi|χi,
that is,

φ
0�� E

¼ α ψj i ψj i þ β χj i χj i: ð2:79Þ

As is clearly evident, the difference between previous two equations leads to

contradiction mentioned above. As a consequence, there is no unitary operator

that can clone jφi. We therefore, formulate the no-cloning theorem as follows.

No-cloning Theorem. No quantum copier exists that can clone an arbitrary quantum

state.

This result raises a related question: do there exist some specific states for which

cloning is possible? The answer to this question is (surprisingly) yes. Remember, a

key result of quantum mechanics is that unitary operators preserve probabilities.

This implies that inner (dot) products hφjφi and hφ0jφ0i should be identical. The

inner products hφjφi and hφ0jφ0i are, respectively, given by

φ
��φ� � ¼ ψh jα* þ χh jβ*� �

α ψj i þ β χj ið Þ
¼ αj j2 ψ

��ψ� �þ βj j2 χ
��χ� �þ α*β ψ

��χ� �þ αβ* χ
��ψ� �

φ
0 ��φ0� � ¼ ψh j ψh jα* þ χh j χh jβ*� �

α ψj i ψj i þ β χj i χj ið Þ
¼ αj j2 ψ

��ψ� ��� ��2 þ βj j2 χ
��χ� ��� ��2 þ α*β ψ

��χ� ��� ��2 þ αβ* χ
��ψ� ��� ��2:

ð2:80Þ

We know that ψ
��ψ� � ¼ χ

��χ� � ¼ 1. Therefore, the discrepancy lies in the cross

terms. Specifically, to avoid the contradiction that resulted in the no-cloning

theorem, we require that ψ
��χ� ��� ��2 ¼ ψ

��χ� �
. This condition can only be satisfied

when the states are orthogonal. Thus cloning is possible only for mutually orthog-

onal states. It is, however, important to remember a subtle point here. Even if we

have a mutually orthogonal set of states, we need a quantum copier (or unitary

operator) specifically for those states. If the unitary operator is specific to a different

set of mutually orthogonal states, cloning would fail. It would seem that the

no-cloning theorem would prevent us from exploiting the richness of quantum

mechanics. It turns out that this is not the case. A key example is the QKD that

with very high probability guarantees secure communication.

Not only that non-orthogonal quantum states cannot be cloned, they also cannot

be reliably distinguished. There is no measurement device we can create that can

reliably distinguish non-orthogonal states. This fundamental result plays an impor-

tant role in quantum cryptography. Its proof is based on contradiction. Let us assume

that the measurement operator M is the Hermitian operator (with corresponding

eigenvalues mi and corresponding projection operators Pi) of an observable M,

which allows unambiguously to distinguish between two non-orthogonal states jψ1i
and jψ2i. The eigenvaluem1 (m2) unambiguously identifies the state jψ1i (jψ2) as the

premeasurement state. We know that for projection operators the following proper-

ties are valid:
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ψ1h jP1 ψ1j i ¼ 1 ψ2h jP2 ψ2j i ¼ 1

ψ1h jP2 ψ1j i ¼ 0 ψ2h jP1 ψ2j i ¼ 0:
ð2:81Þ

Since jψ1i and jψ2i are non-orthogonal states, ψ1

��ψ2

� � 6¼ 0, and jψ2i can be

represented in terms of jψ1i and another state jχi that is orthogonal to jψ1i
ψ1

��χ� � ¼ 0
� �

as follows:

ψ2j i ¼ α ψ1j i þ β χj i: ð2:82Þ

From the projection operator properties, listed above, we can conclude the

following:

0¼ ψ1h jP2 ψ1j i ¼P2
2¼P2

ψ1h jP2P2 ψ1j i ¼ P2 ψ1j ik k2 ) P2 ψ1j i ¼ 0

1¼ ψ2h jP2 ψ2j i ¼ ψ2h jP2P2 ψ2j i ¼ α* ψ1h j þ β* χh j� �
αP2 ψ1j i þ βP2 χj ið Þ ¼ βj j2 χh jP2 χj i:

ð2:83Þ

Now we use the completeness relationship

1 ¼ χ
��χ� � ¼ χh j

X
i

Pi

zfflffl}|fflffl{I

χj i ¼
X
i

χh jPi χj i �
χh jPi χj i�0

χh jP2 χj i: ð2:84Þ

By combining the previous two equations, we obtain

1 ¼ ψ2h jP2 ψ2j i � βj j2 ) βj j2 ¼ 1; ð2:85Þ

indicating that the probability of finding of jψ2i in jχi is 1. Therefore, we conclude
that ψ2j i ¼ χj i, which is a contradiction. Therefore, indeed, it is impossible to
unambiguously distinguish non-orthogonal quantum states.

2.3.3 Quantum Entanglement

Let jψ0i, . . ., jψn�1i be n qubits lying in the Hilbert spaces H0, . . .,Hn�1, respec-

tively, and let the state of the joint quantum system lying in H0� � � � �Hn�1 be

denoted by jψi. The qubit jψi is then said to be entangled if it cannot be written in

the product state form

ψj i ¼ ψ0j i � ψ1j i � � � � � ψn�1j i: ð2:86Þ

Important examples of two-qubit states are Bell states, also known as EPR states

(pairs):
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B00j i ¼ 1ffiffiffi
2

p 00j i þ 11j ið Þ, B01j i ¼ 1ffiffiffi
2

p 01j i þ 10j ið Þ,

B10j i ¼ 1ffiffiffi
2

p 00j i � 11j ið Þ, B11j i ¼ 1ffiffiffi
2

p 01j i � 10j ið Þ:
ð2:87Þ

The n-qubit (n> 2) analogs of Bell states will be now briefly reviewed. One popular

family of entangled multiqubit states is Greenberger–Horne–Zeilinger (GHZ)

states:

GHZj i ¼ 1ffiffiffi
2

p 00� � �0j i � 11� � �1j ið Þ: ð2:88Þ

Another popular family of multiqubit entangled states is known as W states:

Wj i ¼ 1ffiffiffiffi
N

p 00� � �01j i þ 00� � �10j i þ � � � þ 01� � �00j i þ 10� � �00j ið Þ: ð2:89Þ

The W state of n qubits represents a superposition of single-weighted CB states,

each occurring with probability amplitude of N�1/2.

For a bipartite system, we can elegantly verify whether or not the qubit jψi is
a product state or an entangled one, by Schmidt decomposition [1, 7]. The

Schmidt decomposition theorem states that a pure state jψi of the composite system

HA � HB can be represented as

ψj i ¼
X
i

ci iAj i iBj i; ð2:90Þ

where jiAi and jiBi are orthonormal basis of the subsystems HA and HA, respec-

tively, and ci 2 ℜþ (ℜþ is the set of nonnegative real numbers) are Schmidt

coefficients that satisfy the following condition
X

i
c2i ¼ 1. For the proof of the

theorem, please refer to [1]. The Schmidt coefficients can be calculated from the

partial density matrix TraceB(jψihψ j). A corollary of the Schmidt decomposition

theorem is that a pure state in a composite system is a product state if and only if the

Schmidt rank is 1 and is an entangled state if and only if the Schmidt rank is greater

than one.

As an illustration, let us verify if the Bell state jB11i is an entangled one. We first

determine the density matrix:

ρ ¼ ψj i ψh j ¼ 1ffiffiffi
2

p 01j i � 10j ið Þ 1ffiffiffi
2

p 01h j � 10h jð Þ

¼ 1

2
01j i 01h j � 01j i 10h j � 10j i 01h j þ 10j i 10h jð Þ:
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By tracing out the subsystem B, we obtain

ρA ¼ TraceB ψj i ψh jð Þ ¼ 0B
��ψ� �

ψ
��0B� �þ 1B

��ψ� �
ψ
��1B� �

¼ 1

2
1j i 1h j þ 0j i 0h jð Þ ¼ 1

2
I:

The eigenvalues are c1¼ c2¼ 1/2, and the Schmidt rank is 2 indicating that the Bell

state jB11i is an entangled state.

2.3.4 Operator Sum Representation

Let the composite system C be composed of quantum registerQ and environment E.
This kind of system can be modeled as a closed quantum system. Because the

composite system is closed, its dynamic is unitary, and final state is specified by a

unitary operator U as follows: U ρ� ε0ð ÞU{, where ρ is a density operator of initial

state of quantum register Q and ε0 is the initial density operator of the environment

E. The reduced density operator of Q upon interaction ρf can be obtained by tracing
out the environment:

ρ f ¼ TrE U ρ� ε0ð ÞU{
� �
ξ ρð Þ: ð2:91Þ

The transformation (mapping) of initial density operator ρ to the final density

operator ρf, denoted asξ : ρ ! ρ f , given by (2.91), is often called the superoperator
or quantum operation. The final density operator can be expressed in the so-called

operator sum representation as follows:

ρ f ¼
X
k

EkρE
{
k ; ð2:92Þ

where Ek are the operation elements for the superoperator. Clearly, in the absence of

environment, the superoperator becomes UρU{, which is nothing else but a con-

ventional time-evolution quantum operation.

The operator sum representation can be used in the classification of quantum

operations into two categories: (1) trace preserving when Tr ξ(ρ)¼Tr ρ¼ 1 and

(2) non-trace preserving when Tr ξ(ρ)< 1. Starting from the trace-preserving

condition

Trρ ¼ Trξ ρð Þ ¼ Tr
X
k

EkρE
{
k

" #
¼ Tr ρ

X
k

EkE
{
k

" #
¼ 1; ð2:93Þ
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we obtain X
k

EkE
{
k ¼ I: ð2:94Þ

For non-trace-preserving quantum operation, (2.93) is not satisfied, and informally

we can write
X

k
EkE

{
k < I.

If the environment dimensionality is large enough, it can be found in pure state,

ε0¼ jϕ0ihϕ0j, and the corresponding superoperator becomes

ξ ρð Þ ¼ TrE U ρ� εð ÞU{
� � ¼X

k

ϕkh j Uρ� εU{� �
ϕkj i

¼
X
k

ϕkh j Uρ� ϕ0j i ϕ0h j|fflfflfflffl{zfflfflfflffl}
ε

 !
U{

 !
ϕkj i

¼
X
k

ϕkh jU ϕ0j i|fflfflfflfflfflffl{zfflfflfflfflfflffl}
Ek

ρ ϕ0h jU{ ϕkj i|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
E{
k

¼
X
k

EkρE
{
k , Ek ¼ ϕkh jU ϕ0j i: ð2:95Þ

The Ek operators in operator sum representation are known as Kraus operators.
As an illustration, let us consider bit-flip and phase-flip channels. Let the

composite system be given by jϕEi|ψQi, wherein the initial state of environment

is jϕEi¼ |0Ei. Let further the quantum subsystem Q interacts to the environment

E by the Pauli-X operator:

U ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1� p

p
I � I þ ffiffiffiffi

p
p

X � X, 0 � p � 1: ð2:96Þ

Therefore, with probability 1� p, we leave the quantum system untouched, while

with probability p we apply Pauli-X operator to both quantum subsystem and the

environment. By applying the operator U on environment state, we obtain

U ϕEj i ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1� p

p
I � I 0Ej i þ ffiffiffiffi

p
p

X � X 0Ej i ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1� p

p
0Ej iI þ ffiffiffiffi

p
p

1Ej iX: ð2:97Þ

The corresponding Kraus operators are given by

E0 ¼ 0Eh jU ϕEj i ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1� p

p
I, E1 ¼ 1Eh jU ϕEj i ¼ ffiffiffiffi

p
p

X: ð2:98Þ

Finally, the operator sum representation is given by

ξ ρð Þ ¼ E0ρE
{
0 þ E1ρE

{
1 ¼ 1� pð Þρþ pXρX: ð2:99Þ

In similar fashion, the Kraus operators for the phase-flip channel are given by

E0 ¼ 0Eh jU ϕEj i ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1� p

p
I, E1 ¼ 1Eh jU ϕEj i ¼ ffiffiffiffi

p
p

Z; ð2:100Þ
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and the corresponding operator sum representation is

ξ ρð Þ ¼ E0ρE
{
0 þ E1ρE

{
1 ¼ 1� pð Þρþ pZρZ: ð2:101Þ

2.3.5 Decoherence Effects, Depolarization, and Amplitude
Damping Channel Models

Quantum computation works by manipulating quantum interference effect. The

quantum interference, a manifestation of coherent superposition of quantum states,

is the cornerstone behind all quantum information tasks such as quantum compu-

tation and quantum communication. A major source of problem is our inability to

prevent our quantum system of interest from interacting with the surrounding

environment. This interaction results in an entanglement between the quantum

system and the environment leading to decoherence. To understand this system–

environment entanglement and decoherence better, let us consider a qubit described

by density state (matrix) ρ ¼ a b
c d

� �
interacting with the environment, described

by the following three states: j0Ei, j1Ei, and j2Ei. Without loss of generality, we

assume that environment was initially in state j0Ei. The unitary operator introduc-

ing the entanglement between the quantum system and the environment is defined

as

U 0j i 0Ej i ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
1� p

p
0j i 0Ej i þ ffiffiffiffi

p
p

0j i 1Ej i
U 0j i 0Ej i ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

1� p
p

1j i 0Ej i þ ffiffiffiffi
p

p
1j i 2Ej i: ð2:102Þ

The corresponding Kraus operators are given by

E0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1� p

p
I, E1 ¼ ffiffiffiffi

p
p

0j i 0h j, E2 ¼ ffiffiffiffi
p

p
1j i 1h j: ð2:103Þ

The operator sum representation is given by

ξ ρð Þ ¼ E0ρE
{
0 þ E1ρE

{
1 þ E2ρE

{
2 ¼

a 1� pð Þb
1� pð Þc d

� �
: ð2:104Þ

By applying these quantum operation n-times, the corresponding final state would

be

ρ f ¼ a 1� pð Þnb
1� pð Þnc d

� �
: ð2:105Þ
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If the probability p is expressed as p ¼ γΔt, we can write n ¼ t=Δt and in limit we

obtain

lim
Δt!0

1� pð Þn ¼ 1� γΔtð Þt=Δt ¼ e�γt: ð2:106Þ

Therefore, the corresponding operator sum representation as n tends to plus infinity
is given by

ξ ρð Þ ¼ a e�γtb
e�γtc d

� �
: ð2:107Þ

Clearly, the terms b and c go to zero as t increases, indicating that the relative phase
in the original state of the quantum system is lost, and the corresponding channel

model is known as the phase damping channel model.

In the above example, we have considered the coupling between a single-qubit

quantum system and the environment and discussed the resulting loss of interfer-

ence or coherent superposition. In general, for multiple qubit systems, decoherence

also results in loss of coupling between the qubits. In fact, with increasing com-

plexity and size of the quantum computer, the decoherence effect becomes worse.

Additionally, the quantum system lies in some complex Hilbert space where there

are infinite variations of errors that can cause decoherence.

A more general example of dephasing is the depolarization. The depolarizing
channel, as shown in Fig. 2.6, with probability 1� p leaves the qubit as it is, while

with probability p moves the initial state into ρf¼ I/2 that maximizes the von

Neumann entropy S(ρ)¼�Tr ρ log ρ¼ 1. The properties describing the model can

be summarized as follows:

1. Qubit errors are independent.

2. Single-qubit errors (X, Y, Z) are equally likely.

3. All qubits have the same single-error probability p/4.

The Kraus operators Ei of the channel should be selected as follows:

E0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3 p=4

p
I; E1 ¼

ffiffiffiffiffiffiffiffi
p=4

p
X; E1 ¼

ffiffiffiffiffiffiffiffi
p=4

p
X; E1 ¼

ffiffiffiffiffiffiffiffi
p=4

p
Z: ð2:108Þ

|Ψ〉= α|0〉 + β|1〉 |Ψ〉= α|0 〉 + β|1 〉
1−3p/4

X |Ψ〉= α|1 〉 + β|0 〉
p/4

Y |Ψ〉=  j (α|1〉 − β|0〉)

p/4

Z |Ψ〉= α|0〉 − β|1〉

p/4

|ψ〉 = α |0 〉 + β |1 〉
1−p

p

ρf =ρ

ρf = I/2

r = |y〉〈y ⎢

a b

Fig. 2.6 Depolarizing channel model: (a) Pauli operator description and (b) density operator

description

2.3 Quantum Information Processing (QIP) Fundamentals 49



The action of depolarizing channel is to perform the following mapping:

ρ ! ξ ρð Þ ¼
X

i
EiρE

{
i , where ρ is the initial density operator. Without loss of

generality, we will assume that initial state was pure ψj i ¼ a 0j i þ b 1j i so that

ρ ¼ ψj i ψh j ¼ a 0j i þ b 1j ið Þ 0h ja* þ 1h jb*� �
¼ aj j2 1 0

0 0

� �
þ ab*

0 1

0 0

� �
þ a*b

0 0

1 0

� �
þ bj j2 0 0

0 1

� �

¼ aj j2 ab*

a*b bj j2
" #

:

ð2:109Þ

The resulting quantum operation can be represented using operator sum represen-

tation as follows:

ξ ρð Þ ¼
X
i

EiρE
{
i ¼ 1� 3p

4

� 	
ρþ p

4
XρX þ YρY þ ZρZð Þ

¼ 1� 3 p

4

� 	
aj j2 ab*

a*b bj j2
" #

þ p

4

0 1

1 0

" #
aj j2 ab*

a*b bj j2
" #

0 1

1 0

" #

þ p

4

1 0

0 �1

" #
aj j2 ab*

a*b bj j2
" #

1 0

0 �1

" #
þ p

4

0 � j

j 0

" #
aj j2 ab*

a*b bj j2
" #

0 � j

j 0

" #

¼ 1� 3p

4

� 	
aj j2 ab*

a*b bj j2
" #

þ p

4

bj j2 a*b

ab* aj j2
" #

þ p

4

aj j2 �ab*

�a*b bj j2
" #

þ p

4

bj j2 �a*b

�ab* aj j2
" #

¼
1� p

2

� �
aj j2 þ p

2
bj j2 1� pð Þab*

1� pð Þa*b p

2
aj j2 þ 1� p

2

� �
bj j2

2
64

3
75

¼
1� pð Þ aj j2 þ p

2
aj j2 þ bj j2

� �
1� pð Þab*

1� pð Þa*b p

2
aj j2 þ bj j2

� �
þ 1� pð Þ bj j2

2
64

3
75:

ð2:110Þ

Since jaj2 + jbj2¼ 1, the operator sum representation can be written as

ξ ρð Þ ¼
X
i

EiρE
{
i ¼ 1� pð Þ aj j2 ab*

a*b bj j2
� �

þ p

2
I ¼ 1� pð Þρþ p

2
I: ð2:111Þ

The first line in (2.110) corresponds to the model shown in Fig. 2.6a, and the last

line (see also (2.111)) corresponds to the model shown in Fig. 2.6b. It is clear from

(2.109) and (2.111) that Tr ξ(ρ)¼Tr(ρ)¼ 1 meaning that the superoperator is trace

preserving. Notice that the depolarizing channel model in some other books/papers

can slightly be differently defined.
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In the rest of this subsection, we describe the amplitude damping channel model.

In certain quantum channels, the errors X, Y, and Z do not occur with the same

probability. In amplitude damping channel, the operation elements are given by

E0 ¼ 1 0

0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ε2

p
� 	

, E1 ¼ 0 ε
0 0

� 	
: ð2:112Þ

The spontaneous emission is an example of a physical process that can be modeled

using the amplitude damping channel model. If jψi¼ a j0i+ b j1i is the initial qubit
state ρ ¼ aj j2 ab*

a*b bj j2
� �� 	

, the effect of amplitude damping channel is to perform

the following mapping:

ρ ! ξ ρð Þ ¼ E0ρE
{
0 þ E1ρE

{
1 ¼

1 0

0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ε2

p
 !

aj j2 ab*

a*b bj j2
" #

1 0

0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ε2

p
 !

þ 0 ε

0 0

 !
aj j2 ab*

a*b bj j2
" #

0 0

ε 0

 !

¼ aj j2 ab*
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ε2

p

a*b
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ε2

p
bj j2 1� ε2ð Þ

 !
þ bj j2ε2 0

0 0

 !

¼ aj j2 þ ε2 bj j2 ab*
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ε2

p

a*b
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ε2

p
bj j2 1� ε2ð Þ

 !
:

ð2:113Þ

Probabilities P(0) and P(1) that E0 and E1 occur are given by

P 0ð Þ ¼ Tr E0ρE
{
0

� �
¼ Tr

aj j2 ab*
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ε2

p

a*b
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ε2

p
bj j2 1� ε2ð Þ

� 	
¼ 1� ε2 bj j2

P 1ð Þ ¼ Tr E1ρE
{
1

� �
¼ Tr

bj j2ε2 0

0 0

� 	
¼ ε2 bj j2:

ð2:114Þ

The corresponding amplitude damping channel model is shown in Fig. 2.7.

ρ = |ψ〉〈ψ|
|ψ〉 = α |0〉 + β |1〉

1- ε2 |b|2

ε 2|b|2

( )
2 * 2

2* 2 2

1

1 1
f

a ab

a b b

ε
ρ

ε ε

⎛ ⎞−
⎜ ⎟=
⎜ ⎟− −⎝ ⎠

2 2 0

0 0
f

b ερ
⎛ ⎞

= ⎜ ⎟⎜ ⎟⎝ ⎠

Fig. 2.7 Amplitude damping channel model
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2.4 Classical (Shannon) and Quantum (von Neumann)
Entropies

Let us observe a classical discrete memoryless source with the alphabet X¼
{x1, x2, . . ., xN}. The symbols from the alphabet are emitted by the source with

probabilities P(X¼ xn)¼ pn, n¼ 1, 2, . . .,N. The amount of information carried by

the kth symbol is related to the uncertainty that is resolved when this symbol occurs,

and it is defined as I xnð Þ ¼ log 1=pnð Þ ¼ �log pnð Þ, where the logarithm is to the

base 2. The classical (Shannon) entropy is defined as the measure of the average

amount of information per source symbol [27, 28]:

H Xð Þ ¼ E I xnð Þ½ 	 ¼
XN
n¼1

pnI xnð Þ ¼
XN
n¼1

pnlog2
1

pn

� 	
: ð2:115Þ

The Shannon entropy satisfies the following inequalities:

0 � H Xð Þ � logN ¼ log Xj j: ð2:116Þ

Let Q be a quantum system with the state described by the density operator ρx. The
probability that the output ρx is obtained is given by px¼P(x). The quantum source

is, therefore, described by the ensemble {ρx, px}, characterized by the mixed density

operator ρ ¼
X

x2X pxρx. Then the quantum (von Neumann) entropy is defined as

S ρð Þ ¼ �Tr ρ logρð Þ ¼ �
X
λi

λilogλi; ð2:117Þ

where λi are eigenvalues of ρ. When all quantum states are pure and mutually

orthogonal, then von Neumann entropy equals the Shannon entropy as in that case

pi¼ λi. As an illustration, in Fig. 2.8, we provide an interpretation of quantum

representation of the classical information.

Two different preparations P(i) and P( j), with H(X(i)) 6¼H(X( j))(i 6¼ j), can gen-

erate the same ρ and hence have the same von Neumann entropy S(ρ) because the
states of the two preparations may not be physically distinguishable from each other.

Classical discrete memoryless source

x1 xNx2 …

Preparation i Preparation j

|x1
(i )〉 |x2

(i )〉 |x1
(j )〉 |x2

(j )〉 |xN
(j )〉|xN

(i )〉…

p1
(i ) p1

(j )p2
(i ) p2

(j )pN
(i ) pN

(j )…

…

…

Fig. 2.8 The illustration of quantum representation of the classical information
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2.5 Holevo Information, Accessible Information,
and Holevo Bound

A classical discrete memoryless channel (DMC) is described by the set of transition

probabilities

p yk
��x j

� � ¼ P Y ¼ yk
��X ¼ x j

� �
; 0 � p yk

��x j

� � � 1 ð2:118Þ

satisfying the condition
X

k
p yk

��x j

� � ¼ 1. The conditional entropy of X, given

Y¼ yk, is related to the uncertainty of the channel input X by observing the channel

output yk, and it is defined as

H X
��Y ¼ yk

� � ¼X
j

p x j

��yk� �
log

1

p x j

��yk� �" #
; ð2:119Þ

where

p x j

��yk� � ¼ p yk
��x j

� �
p x j

� �
=p ykð Þ, p ykð Þ ¼

X
j

p yk
��x j

� �
p x j

� �
: ð2:120Þ

The amount of uncertainty remaining about the channel input X after the

observing channel output Y can be then determined by

H X
��Y� � ¼X

k

H X
��Y ¼ yk

� �
p ykð Þ

¼
X
k

p ykð Þ
X
j

p x j

��yk� �
log

1

p x j

��yk� �" #
: ð2:121Þ

Therefore, the amount of uncertainty about the channel input X that is resolved by

observing the channel input would be the difference H(X)�H(XjY ), and this

difference is known as the mutual information I(X, Y ) (also known as

transinformation) [29, 30]. In other words,

I X; Yð Þ ¼ H Xð Þ � H X
��Y� � ¼X

j

p x j

� �X
k

p yk
��x j

� �
log

p yk
��x j

� �
p ykð Þ

� �
: ð2:122Þ

The mutual information can also be defined between any two random variables

X and Y. In this case, the mutual information is related to the amount information

that Y has about X in average, namely, I(X;Y)¼H(X)�H(X|Y ). In other words, it

represents the amount of uncertainty about X that is resolved given that we know Y.
In the quantum information theory, we can provide a similar interpretation of

Holevo information. The Holevo information χ for the ensemble of states {ρx, px}
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corresponds to the average reduction in quantum entropy given that we know how ρ
was prepared, namely, ρ¼Σx pxρx, and it is defined as

χ ¼ S ρð Þ �
X
x

pxS ρxð Þ: ð2:123Þ

Holevo information is upper bounded by Shannon entropy, namely, χ�H(X).
Maximum of the mutual information over all generalized POVM measurement

schemes My, denoted as H(X:Y ), is known as accessible information, and it is

officially defined as

H X : Yð Þ ¼ max
My

I X; Yð Þ: ð2:124Þ

If the quantum states are pure and mutually orthogonal, instead of POVM we

consider projective measurements such that p(y|x)¼Tr(Myρx)¼Tr(Pyρx)¼ 1, iff

x¼ y and zero otherwise. In that case, H(X:Y)¼H(X) and Bob (receiver) is able

accurately to estimate the information sent by Alice (transmitter). If the states are

non-orthogonal, the accessible information is bounded by

H X : Yð Þ � S ρð Þ � H Xð Þ: ð2:125Þ

When ρx states are mixed states, the accessible information is bounded by the

Holevo information

H X : Yð Þ � χ: ð2:126Þ

Since the Holevo information is upper bounded by the Shannon entropy, we can

write

H X : Yð Þ � χ � H Xð Þ: ð2:127Þ

Therefore, it is impossible for Bob to completely recover the classical information,

characterized by H(X), which Alice has sent him over the quantum channel!

2.6 Schumacher’s Noiseless Quantum Coding Theorem
and Holevo–Schumacher–Westmoreland Theorem

2.6.1 Schumacher’s Noiseless Quantum Coding Theorem
and Quantum Compression

Consider a classical source X that generates symbols 0 and 1 with probabilities

p and 1� p, respectively. The probability of output sequence x1, . . ., xN is given by
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p x1; . . . ; xNð Þ ¼ p

X
i
xi 1� pð Þ

X
i
1� xið Þ !

N!1
pNp 1� pð ÞN 1� pð Þ: ð2:128Þ

By taking the logarithm of this probability, we obtain

log p x1; . . . ; xNð Þ � Np log pþ N 1� pð Þlog 1� pð Þ ¼ �NH Xð Þ: ð2:129Þ

Therefore, the probability of occurrence of the so-called typical sequence is

p x1; . . . ; xNð Þ � 2�NH Xð Þ, and in average, NH(X) bits are needed to represent any

typical sequence, which is illustrated in Fig. 2.9a. We denoted the typical set by T
(N, ε). Clearly, not much of the information will be lost if we consider 2NH(X) typical

sequences, instead of 2N possible sequences, in particular for large N. This obser-
vation can be used in data compression. Namely, with NH(X) bits, we can enumer-

ate all typical sequences. If the source output is a typical sequence, it will be

represented with NH(X) bits. On the other hand, when atypical sequence gets

generated by the source, we will assign a fixed index to it resulting in compression

loss. However, as N!1, the probability of occurrence of atypical sequence will

tend to zero resulting in arbitrary small information loss.

Let us now extend this concept to nonbinary sources. The law of large numbers

[27] applied to a nonbinary source with i.i.d. outputs X1, . . .,XN claims that as

N!1, the expected value of the source approaches the true value E(X) in

probability sense. In other words,

P
1

N

X
i

Xi � E Xð Þ
�����

����� � ε

 !
> 1� δ ð2:130Þ

Typical set
T(N,ε) has 2N(H + e) elements

Atypical
set

a bXN: |XN | elements

Typical subspace
T(N,ε): 2N(S + e) 

Typical subspace is
spanned by typical states.

Atypical
subspace

Hƒ N

Fig. 2.9 The illustration of typical set (a) and typical subspace (b)
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for sufficiently large N and ε, δ> 0. Based on the discussion for the typical set, we

can write

�N H Xð Þ þ ε½ 	 � logP x1; . . . ; xNð Þ � �N H Xð Þ � ε½ 	: ð2:131Þ

Since P[T(N, ε)]> 1� δ, the size of typical set, denoted as jT(N, ε)j, will be

bounded by

1� εð Þ2N H Xð Þ�ε½ 	 � T N; εð Þj j � 2N H Xð Þþε½ 	: ð2:132Þ

Suppose now that a compression rate R is larger than H(X), say R>H(X) + ε. Then
based on the discussion above, the total number of typical sequences is bounded by

T N; εð Þj j � 2N H Xð Þþε½ 	 � 2NR; ð2:133Þ

and the probability of occurrence of typical sequence is lower bounded by 1� δ,
where δ is arbitrary small.

The source encoding strategy can be described as follows. Let us divide the set of

all sequences generated by the source into typical and atypical sets as shown in

Fig. 2.9a. From the equation above, it is clear that sequences in the typical set can be

represented by at most NR bits. If an atypical sequence occurs, we assign to it a

fixed index. As N tends to infinity, the probability for this event to occur tends to

zero, indicating that we can encode and decode typical sequences reliably. On the

other hand, when R<H(X), we can encode maximum 2NR typical sequences,

labeled as TR(N, ε). Since the probability of occurrence of typical sequence is

upper bounded by 2�N[H(X)�ε], the typical sequences in TR(N, ε) will occur with
probability 2N[R�H(X)+ε], which tends to zero as N tends to infinity, indicating that

the reliable compression scheme does not exist in this case. With this, we have just

proved the Shannon’s source coding theorem, which can be formulated as follows.

Shannon’s Source Coding Theorem. For an i.i.d. source X, the reliable compres-

sion method exists for R>H(X). If, on the other hand, R<H(X), then no reliable

compression scheme exists.

Consider now a quantum source emitting a pure state jψxi with probability px,
described in terms of the mixed density operator

ρ ¼
X
x

px ψ xj i ψ xh j: ð2:134Þ

The quantum message comprises N quantum source outputs, independent of each

other, so that

ρ�N ¼ ρ� � � � � ρ: ð2:135Þ
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The mixed density operator can be expressed in in terms of eigenkets as

ρ ¼
X
α

λα λαj i λαh j: ð2:136Þ

The typical state is a state jλ1i . . . |λNi for which λ1 . . . λN is a typical sequence

satisfying the following inequality for sufficiently large N:

P
1

N
log

1

P λ1ð ÞP λ2ð Þ� � �P λNð Þ
� 	

� S ρð Þ
����

���� � ε

� 	
> 1� δ: ð2:137Þ

The projector on a typical subspace is given by

PT ¼
X
λ

λ1j i λ1h j � � � � � λNj i λNh j: ð2:138Þ

The projection of the quantum message on the typical subspace is determined by

PTρ�N: ð2:139Þ

The probability of the projections is given by its trace. By using the projection

operator, we can separate the total Hilbert space into typical and atypical subspaces,

as illustrated in Fig. 2.9b. The probability that the state of the quantum message lies

in the typical subspace is given by

P PTρ�N

� �
> 1� δ: ð2:140Þ

The bounds for the typical subspace Tλ(N, ε), following a similar methodology as

for typical sequences, can be determined as

1� εð Þ2N S ρð Þ�ε½ 	 � Tλ N; εð Þj j � 2N S ρð Þþε½ 	: ð2:141Þ

Now we are in a position to formulate the corresponding compression proce-
dure. Define the projector on the typical subspace PT and its complement projecting

on orthogonal subspaceP⊥
T ¼ I� PT (I is the identity operator) with corresponding

outcomes 0 and 1. For compression purposes, we perform the measurements using

two orthogonal operators with outputs denoted as 1 and 0, respectively. If the

outcome is 1, we know that the message is in a typical state, and we do nothing

further. If, on the other hand, the outcome is 0, we know that it belongs to atypical

subspace and numerate it as a fixed state from the typical subspace. Given that the

probability of this to happen can be made as small as possible for large N, we can
compress the quantum message without the loss of information. We shall now

formulate the Schumacher’s source coding theorem, the quantum information

theory equivalent to the Shannon’s source coding theorem. For derivation, an

interested reader is referred to [1].
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Schumacher’s Source Coding Theorem. Let {jψxi, px} be an i.i.d. quantum

source. If R> S(ρ), then there exists a reliable compression scheme of rate R for

this source. Otherwise, if R< S(ρ), then no reliable compression scheme of rate

R exists.

In the formulation of the Schumacher’s source coding theorem, we used the

concept of reliable compression, without formally introducing it. We say that the

compression is reliable if the corresponding entanglement fidelity tends to 1 for

large N:

F ρ�N;D
N∘CN

� �������!
N!1

1; ρ�N ¼ ψ�N

�� �
ψ�N

� ��, ψ�N

� ��
¼ ψ x1

�� �� � � � � ψ xN

�� � ð2:142Þ

where we used DN and CN to denote the decompression and compression opera-

tions, respectively, defined as the following mappings:

DN : HN
c ! HN , CN : HN ! HN

c ; ð2:143Þ

where HN
c is 2NR-dimensional subspace of HN. The entanglement fidelity

F represents the measure of the preservation of entanglement before and after

performing the trace-preserving quantum operation. There exist different defini-

tions of fidelity. Let ρ and σ be two density operators. Then the fidelity can be

defined as

F ρ; σð Þ ¼ Tr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ1=2σρ1=2

q� 	
: ð2:144Þ

For two pure states with density operators ρ ¼ ψj i ψh j, σ ¼ ϕj i ϕh j, the

corresponding fidelity will be

F ρ; σð Þ ¼ Tr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ1=2σρ1=2

p� �
¼ρ
2¼ρ

Tr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ψj i ψh j ϕj i ϕh jð Þ ψj i ψh jp� �

¼ Tr
ψj i ψ

��ϕ� �
ϕ
��ψ� �|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

ϕ
��ψ� ��� ��2

ψh j
0
B@

1
CA

1=2

¼ ϕ
��ψ� ��� ��Tr ψj i ψh jð Þ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

1

¼ ϕ
��ψ� ��� ��
ð2:145Þ

where we used the property of the density operators for pure states ρ2¼ ρ
(or equivalently ρ¼ ρ1/2). Clearly, for pure states, the fidelity corresponds to the

square root of probability of finding the system in state jϕi if it is known to

be prepared in state jψi (and vice versa). Since fidelity is related to the probability,

it ranges between 0 and 1, with 0 indicating that there is no overlap and 1 meaning

that the states are identical. The following properties of fidelity hold:

58 2 Quantum Information Theory Fundamentals



1. The symmetry property:

F ρ; σð Þ ¼ F σ; ρð Þ: ð2:146Þ

2. The fidelity is invariant under unitary operations:

F UρU{,UσU{
� � ¼ F ρ; σð Þ: ð2:147Þ

3. If ρ and σ commute, the fidelity can be expressed in terms of eigenvalues of ρ,
denoted as ri, and σ, denoted as si, as follows:

F ρ; σð Þ ¼
X
i

risið Þ1=2: ð2:148Þ

2.6.2 Holevo–Schumacher–Westmoreland Theorem
and Channel Coding

We have already introduced the concept of mutual information I(X, Y ) in Sect. 2.5,
where we defined it as I(X, Y )¼H(X)�H(YjX). H(X) represents the uncertainty

about the channel input X before observing the channel output Y, while H(X|Y)
denotes the conditional entropy or the amount of uncertainty remaining about the

channel input after the channel output has been received. Therefore, the mutual

information represents the amount of information (per symbol) that is conveyed by

the channel. In other words, it represents the uncertainty about the channel input

that is resolved by observing the channel output. The mutual information can be

interpreted by means of a Venn diagram shown in Fig. 2.10a. The left circle

represents the entropy of channel input, the right circle represents the entropy of

channel output, and the mutual information is obtained in intersection of these two

circles. Another interpretation due to Ingels [28] is shown in Fig. 2.10b. The mutual

information, i.e., the information conveyed by the channel, is obtained as the output

information minus information lost in the channel. One important figure of merit

the classical channel is the channel capacity, which is obtained by maximization of

mutual information I(X, Y ) over all possible input distributions:

C ¼ max
p xið Þf g

I X;Yð Þ: ð2:149Þ

The classical channel encoder accepts the message symbols and adds redundant

symbols according to a corresponding prescribed rule. The channel coding is the act

of transforming of a length-K sequence into a length-N codeword. The set of rules

specifying this transformation are called the channel code, which can be

represented as the following mapping:
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C : M ! X; ð2:150Þ

where C is the channel code,M is the set of information sequences of length K, and
X is the set of codewords of length N. The decoder exploits these redundant symbols

to determine which message symbol was actually transmitted. The concept of

classical channel coding is introduced in Fig. 2.11. An important class of channel

codes is the class of block codes. In an (N, K ) block code, the channel encoder

accepts information in successive K-symbol blocks and adds N�K redundant

symbols that are algebraically related to the K message symbols, thus producing

an overall encoded block of N symbols (N>K ), known as a codeword. If the block
code is systematic, the information symbols stay unchanged during the encoding

operation, and the encoding operation may be considered as adding the N�K
generalized parity checks to k information symbols. The code rate of the code is

defined as R¼K/N.
In order to determine the error-correction capability of the linear block code, we

have to introduce the concepts of Hamming distance and Hamming weight. The

Hamming distance d(x1, x2) between two codewords x1 and x2 is defined as the

number of locations in which these two vectors differ. The Hamming weight wt(x)
of a codeword vector x is defined as the number of nonzero elements in the vector.

The minimum distance dmin of a linear block code is defined as the smallest

Hamming distance between any pair of code vectors in the code space. Since the

H(X |Y) H(Y |X)I(X;Y)

H(X,Y)

H(Y)H(X)

a

Classical
channel

Input 
information H(X )

b

Output 
information H(Y)

Unwanted information
due to noise, H(X IY)

Information
lost in channel, H(Y IX)

Fig. 2.10 Interpretation of

the mutual information: (a)
using Venn diagrams and

(b) using the approach due

to Ingels
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zero vector is also a codeword, the minimum distance of a linear block code can be

defined as the smallest Hamming weight of the nonzero code vectors in the code.

The codewords can be represented as points in N-dimensional space, as shown in

Fig. 2.12. Decoding process can be visualized by creating the spheres of radius

t around codeword points. The received word vector r in Fig. 2.12a will be decoded
as a codeword xi because its Hamming distance d(xi, r)� t is closest to the

codeword xi. On the other hand, in the example shown in Fig. 2.12b, the Hamming

distance satisfies relation d(xi, xj)� 2t, and the received vector r that falls in

intersection area of two spheres cannot be uniquely decoded.

Therefore, (N, K) linear block code of minimum distance dmin can correct up to

t errors if and only if t � 1=2 dmin � 1ð Þb c or dmin� 2t+ 1 (where �b c denotes the
largest integer smaller or equal to the enclosed quantity). If we are only interested in

detecting ed errors, then the minimum distance should be dmin� ed + 1. However, if
we are interested in detecting ed errors and correcting ec errors, then the minimum

distance should be dmin� ed + ec + 1.
Shannon has shown that if R<C, we can construct 2NR length-N codewords that

can be sent over the (classical) channel with maximum probability of error

Encoder Channel DecoderMessage
sequence

2N H(X) typical
sequences

{p(y |x)}

2N H(Y |X) typical
2N H(Y ) typical

sequences

Codeword
(x1…xN)

2N H(Y) / 2N H(Y |X)=

2N [ H(Y)-H(Y |X) ]=

2N I(X;Y )

decodable
sequences

Maximize over the source
distribution X to achieve the
capacity C

sequences

Fig. 2.11 The illustration of classical channel coding and Shannon capacity theorem derivation

t t t
r

t

xi xi
xj xj

r

a b

Fig. 2.12 The illustration of Hamming distance: (a) d(xi, xj)� 2t+ 1 and (b) d(xi, xj)< 2t+ 1
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approaching zero for large N. In order to prove this claim, we introduce the concept

of jointly typical sequences. Two length-N sequences x and y are jointly typical

sequences if they satisfy the following set of inequalities:

P
1

N
log

1

P xð Þ
� 	

� H Xð Þ
����

���� � ε

� 	
> 1� δ ð2:151Þ

P
1

N
log

1

P yð Þ
� 	

� H Yð Þ
����

���� � ε

� 	
> 1� δ ð2:152Þ

P
1

N
log

1

P x; yð Þ
� 	

� H X; Yð Þ
����

���� � ε

� 	
> 1� δ ð2:153Þ

where P(x, y) denotes the joint probability of the two sequences and H(X, Y ) is their
joint entropy.

For an length-N input codeword randomly generated according to the probability

distribution of a source X, the number of random input sequences is approximately

2NH(X), and the number of output typical sequences is approximately 2NH(Y ).

Furthermore, the total number of input and output sequences that are jointly typical

is 2NH(X,Y ). Therefore, the total pairs of sequences that are simultaneously x-typical,

y-typical, and also jointly typical are 2

N H Xð Þ þ H Yð Þ � H X; Yð Þ½ 	|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
I X;Yð Þ ¼ 2NI X;Yð Þ,

where I(X, Y ) is the mutual information between X and Y, as illustrated in

Fig. 2.11(bottom). These are the maximum number of codeword sequences that

can be distinguished. One way of seeing this is to consider a single codeword. For

this codeword, the action of the channel, characterized by the conditional proba-

bility P(y|x), defines the Hamming sphere in which this codeword can lie after the

action of the channel. The size of this Hamming sphere is approximately 2NH Y
��X� �

.

Given that the total number of output typical sequences is approximately 2NH(Y ), if

we desire to have no overlap between two Hamming spheres, the maximum number

of codewords we can consider is given by 2NH Xð Þ=2NH Y
��X� �

¼ 2NI X;Yð Þ. To increase

this number, we need to maximize I(X, Y) over the distribution of X, as we do not

have a control over the channel. This maximal mutual information is referred to as

the capacity of the channel. If we have a rate R<C, then Shannon’s noisy channel

coding theorem tells us that we can construct 2NR length-N codewords that can be

sent over the channel with maximum probability of error approaching zero for large

N. Now we can formally formulate Shannon channel coding theorem as follows [1].

Shannon’s Channel Coding Theorem. Let us consider the transmission of 2N(C� ε)

equiprobable messages. Then there exists a classical channel coding scheme of rate

R<C in which the codewords are selected from all 2N possible words such that the

decoding error probability can be made arbitrary small for sufficiently large N.
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Now we consider the communication over the quantum channel, as illustrated in

Fig. 2.13. The quantum encoder for each message m out of M¼ 2NR generates a

product state codeword ρm drawn from the ensemble {px, ρx} as follows:

ρm ¼ ρm1
� � � � � ρmN

¼ ρ�N: ð2:154Þ

This quantum codeword is sent over the quantum channel described by the trace-

preserving quantum operation ε, resulting in the received quantum word:

σm ¼ ε ρm1

� �� ε ρm2

� �� � � � � ε ρmN

� �
: ð2:155Þ

Bob performs the measurement on received state using the POVM measurement

operators {Mm} in order to decode Alice’s message. The probability of successful

decoding is given by pm¼Trace(σmMm). The goal is to maximize the transmission

rate over the quantum channel so that the probability of decoding error is arbitrarily

small. The von Neumann entropy associated with the quantum encoder would be

S ρð Þ ¼ S
X

x
pxρx

� �
, while the dimensionality of the typical subspace of quantum

encoder is given by 2
NS

X
x
pxρx

� �
. On the other hand, the dimensionality of the

quantum subspace characterizing the quantum channel is given by

2
N

X
x
pxS σxð Þ

h i
. The quantum channel perturbs the quantum codeword transmit-

ted over the quantum channel by performing the trace-preserving quantum opera-

tion so that the entropy at the channel output can be written as S ε
X

x
pxρx

� �h i
,

while the dimensionality of the corresponding subspace is given by
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Fig. 2.13 The illustration of quantum channel coding and HSW theorem derivation
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2
NS ε

X
x
pxρx

� �h i
. The number of decodable codewords would be then

2
NS ε

X
x
pxρx

� �h i

2
N

X
x
pxS σxð Þ

h i ¼ 2

N S ε
X

x
px ρx

� �h izfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{S σh ið Þ

�
X

x
pxS σxð Þ

zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{S σð Þh i

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
χ εð Þ

8>>><
>>>:

9>>>=
>>>;

¼ 2N χ εð Þ: ð2:156Þ

In order to maximize the number of decodable codewords, we need to perform the

optimization of χ(ε) over px and ρx, which represents the simplified derivation of the

Holevo–Schumacher–Westmoreland (HSW) theorem, which can be formulated as

follows [1].

Holevo–Schumacher–Westmoreland (HSW) Theorem. Let us consider the

transmission of a codeword ρm drawn from the ensemble {px, ρx} over the quantum
channel, characterized by the trace-preserving quantum operation ε, with the rate

R<C(ε), where C(ε) is the product state capacity defined as

C εð Þ ¼ max
px;ρxf g

χ εð Þ ¼ max
px;ρxf g

S σh ið Þ � S σð Þh i½ 	

¼ max
px;ρxf g

S ε
X
x

pxρx

 !" #
�
X
x

pxS ε ρxð Þð Þ
" #

; ð2:157Þ

where the maximization of χ(ε) is performed over px and ρx. Then there exists a

coding scheme that allows reliable error-free transmission over the quantum channel.

2.7 Quantum Error-Correction Concepts

The QIP relies on delicate superposition states, which are sensitive to interactions

with environment, resulting in decoherence. Moreover, the quantum gates are

imperfect and the use of quantum error-correction coding (QECC) is necessary to

enable the fault-tolerant computing and to deal with quantum errors. QECC is also

essential in quantum communication and quantum teleportation applications. The

elements of quantum error-correction codes are shown in Fig. 2.14a. The (N, K )

QECC code performs the encoding of the quantum state of K qubits, specified by 2K

complex coefficients αs, into a quantum state of N qubits, in such a way that errors

can be detected and corrected, and all 2K complex coefficients can be perfectly

restored, up to the global phase shift. Namely, from quantum mechanics, we know

that two states jψi and e jθjψi are equal up to a global phase shift as the results of
measurement on both states are the same. A quantum error correction consists of
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four major steps: encoding, error detection, error recovery, and decoding, as shown

in Fig. 2.14a. The sender (Alice) encodes quantum information in state jψi with the
help of local ancilla qubits j0i and then sends the encoded qubits over a noisy

quantum channel (say free-space optical channel or optical fiber). The receiver

(Bob) performs multiqubit measurement on all qubits to diagnose the channel error

and performs a recovery unitary operation R to reverse the action of the channel.

The quantum error correction is essentially more complicated than classical error

correction. Difficulties for quantum error correction can be summarized as follows:

(1) the no-cloning theorem indicates that it is impossible to make a copy of an

arbitrary quantum state, (2) quantum errors are continuous and a qubit can be in any

superposition of the two bases states, and (3) the measurements destroy the quan-

tum information. The quantum error-correction principles will be more evident

after a simple example given below.

Assume we want to send a single qubit jψi¼ αj0i+ βj1i through the quantum

channel in which during transmission the transmitted qubit can be flipped to

X jψi¼ β j0i+ α j1i with probability p. Such a quantum channel is called a bit-
flip channel and it can be described as shown in Fig. 2.14b. A three-qubit flip code

sends the same qubit three times and therefore represents the repetition code

equivalent. The corresponding codewords in this code are 0
�� � ¼ 000j i and

1
�� � ¼ 111j i. The three-qubit flip code encoder is shown in Fig. 2.14c. One input

qubit and two ancillas are used at the input encoder, which can be represented by

ψ123j i ¼ α 000j i þ β 100j i. The first ancilla qubit (the second qubit at the encoder

input) is controlled by the information qubit (the first qubit at encoder input) so that

its output can be represented by CNOT12 α 000j i þ β 100j ið Þ ¼ α 000j i þ β 110j i
(if the control qubit is j1i the target qubit gets flipped; otherwise it stays

unchanged). The output of the first CNOT gate is used as input to the second

CNOT gate in which the second ancilla qubit (the third qubit) is controlled by the

information qubit (the first qubit) so that the corresponding encoder output is

Encoder
Error

Detection
Error

Recovery
Decoder

Potential errors Error correction

|ψ〉
|ψ〉

Quantum channel

|Ψ〉= α|0〉 + β|1〉 |Ψ〉= α|0〉 + β|1〉
1-p

X |Ψ〉= β|0〉 + α|1〉p

|ψ〉

|0〉

|0〉

a

b c

Fig. 2.14 (a) A quantum error-correction principle. (b) Bit-flipping channel model. (c) Three-
qubit flip code encoder
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obtained as CNOT13 α 000j i þ β 110j ið Þ ¼ α 000j i þ β 111j i, which indicates that

basis codewords are indeed 0
�� � and 1

�� �. With this code, we are capable to correct

a single-qubit flip error, which occurs with probability (1� p)3 + 3p
(1� p)2¼ 1� 3p2 + 2p3. Therefore, the probability of an error remaining

uncorrected or wrongly corrected with this code is 3p2� 2p3. It is clear from

Fig. 2.14c that three-qubit bit-flip encoder is a systematic encoder in which the

information qubit is unchanged, and the ancilla qubits are used to impose the

encoding operation and create the parity qubits (the output qubits 2 and 3).

Let us assume that a qubit flip occurred on the first qubit leading to received

quantum word jψ ri¼ α|100i+ β|011i. In order to identify the error, it is needed to

perform the measurements on the following observables: Z1Z2 and Z2Z3, where the
subscript denotes the index of a qubit on which a given Pauli gate is applied. The

result of the measurement is the eigenvalue�1, and corresponding eigenvectors are

two valid codewords, namely, j000i and j111i. The observables can be represented
as follows:

Z1Z2 ¼ 00j i 11h j þ 11j i 11h jð Þ � I � 01j i 01h j þ 10j i 10h jð Þ � I
Z2Z3 ¼ I � 00j i 11h j þ 11j i 11h jð Þ � I � 01j i 01h j þ 10j i 10h jð Þ: ð2:158Þ

It can be showed that ψ rh jZ1Z2 ψ rj i ¼ �1, ψ rh jZ2Z3 ψ rj i ¼ þ1, indicating that an

error occurred on either the first or second qubit but neither on the second nor third

qubit. The intersection reveals that the first qubit was in error. By using this

approach, we can create the three-qubit lookup table (LUT), given as Table 2.1.

Three-qubit flip code error detection and error-correction circuits are shown in

Fig. 2.15. The results of measurements on ancillas (see Fig. 2.15a) will determine

Table 2.1 The three-qubit

flip code LUT
Z1Z2 Z2Z3 Error

+1 +1 /

+1 �1 X3

�1 +1 X1

�1 �1 X2

H H

H H

X3

X2

X1Z1

Z2 Z2

Z3

Control

a

b

logic

|ψ〉

|0〉

|0〉

Fig. 2.15 (a) Three-qubit flip code error detection and error-correction circuit. (b) Decoder circuit
configuration
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the error syndrome [�1 �1], and based on LUT given by Table 2.1, we identify the

error event and apply corresponding Xi gate on the ith qubit being in error, and the

error gets corrected since X2¼ I. The control logic operation is described in

Table 2.1. For example, if both outputs at the measurements circuits are �1, the

operator X2 is activated. The last step is to perform decoding as shown in Fig. 2.15b

by simply reversing the order of elements in corresponding encoder.

2.8 Hydrogen-Like Atoms and Beyond

At this point, it is convenient to establish connection between wave quantum
mechanics and matrix quantum mechanics, as we will use the concept of the

wave function in the rest of the section. In wave mechanics, the information

about the state of a particle is described by the corresponding wave function
ψ(x, t)¼hx|ψi. The wave function gives the information about the location of the

particle, namely, the magnitude squared of the wave functions jψ(x, t)j2 is related to
the probability density function. The probability of finding the particle within the

interval x and x + dx is given by

dP x; tð Þ ¼ ψ x; tð Þj j2dx: ð2:159Þ

In wave quantum mechanics, the actions of the position X and the momentum

P operators are defined by

Xψ x; tð Þ ¼ xψ x; tð Þ Pψ x; tð Þ ¼ � jh
∂
∂x

ψ x; tð Þ: ð2:160Þ

When we apply the commutator to the test wave function ψ(x, t), we obtain

X;P½ 	ψ x; tð Þ ¼ XP� PXð Þψ x; tð Þ ¼ XPψ x; tð Þ � PXψ x; tð Þ

¼ � jhx
∂
∂x

ψ x; tð Þ þ jh
∂
∂x

Xψ x; tð Þð Þ

¼ � jhx
∂
∂x

ψ x; tð Þ þ jh
∂
∂x

xψ x; tð Þð Þ

¼ � jhx
∂
∂x

ψ x; tð Þ þ jh ψ x; tð Þ þ x
∂
∂x

ψ x; tð Þ
� 	

¼ jhψ x; tð Þ;

ð2:161Þ

indicating, therefore, that X;P½ 	 ¼ jh, which was used in the section on uncertainty

principle.
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A hydrogen atom is a bound system, consisting of a proton and a neutron, with

potential given by

V rð Þ ¼ � 1

4πε0

e2

r
; ð2:162Þ

where e is an electron charge. Therefore, the potential is only function of radial

coordinate, and because of spherical symmetry, it is convenient to use the spherical

coordinate system in which the Laplacian is defined by

∇2 ¼ 1

r2
∂
∂r

r2
∂
∂r

� 	
þ 1

r2 sin θ

∂
∂θ

sin θ
∂
∂θ

� 	
þ 1

r2 sin 2θ

∂2

∂ϕ2
: ð2:163Þ

The angular momentum operator L2 in spherical coordinates is given by

L2 ¼ �h2
1

sin θ

∂
∂θ

sin θ
∂
∂θ

� 	
þ 1

sin 2θ

∂2

∂ϕ2

" #
: ð2:164Þ

The Hamiltonian can be written by

H ¼ � h2

2m

1

r2
∂
∂r

r2
∂
∂r

� 	
þ 1

2mr2
L2 þ V rð Þ: ð2:165Þ

Because the operators L2 and Lz have the common eigenkets, the Hamiltonian leads

to the following three equations:

HΨ r; θ;ϕð Þ ¼ EΨ r; θ;ϕð Þ
L2Ψ r; θ;ϕð Þ ¼ h2l lþ 1ð ÞΨ r; θ;ϕð Þ
LzΨ r; θ;ϕð Þ ¼ mhΨ r; θ;ϕð Þ:

ð2:166Þ

With this problem, we can associate three quantum numbers: (1) the principal
quantum number, n, corresponding to the energy (originating from HamiltonianH );

(2) the azimuthal quantum number, l, representing the angular momentum (origi-

nating from L2); and (3) the magnetic quantum number, m, originating from Lz. In
order to solve (2.166), we can use the method of separation of variables:

Ψ r; θ;ϕð Þ ¼ R rð ÞΘ θð ÞΦ ϕð Þ. Since Θ(θ)Φ(ϕ) is related to the spherical harmonics

Θ θð ÞΦ ϕð Þ ¼ Ym
l θ;ϕð Þ, we are left with the radial equation to solve

� h2

2mr

d2

dr2
rRnl rð Þ½ 	 þ l lþ 1ð Þh2

2mr2
þ V rð Þ

� �
Rnl rð Þ ¼ ERnl rð Þ: ð2:167Þ
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The spherical harmonics Yml (θ,ϕ) are defined by

Ym
l θ;ϕð Þ ¼

�1ð Þm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1ð Þ l� mð Þ!
4π lþ mð Þ!

s
Pm
l cos θð Þe jmϕ, m > 0

�1ð Þ mj j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1ð Þ l� mj jð Þ!

4π lþ mð Þ!

s
P

mj j
l cos θð Þe jmϕ, m < 0

8>>>><
>>>>:

: ð2:168Þ

With Pm
l (x), we denoted the associated Legendre polynomials

Pm
l xð Þ ¼ 1� x2

� �m=2 dm

dxm
Pl xð Þ; ð2:169Þ

where Pl(x) are the Legendre polynomials, defined by

Pl xð Þ ¼ 1

2ll!

dl

dxl
x2 � 1
� �lh i

: ð2:170Þ

The Legendre polynomial can be determined recursively as follows:

lþ 1ð ÞPlþ1 xð Þ ¼ 2lþ 1ð ÞxPl xð Þ � lPl�1 xð Þ; P0 xð Þ ¼ 1, P1 xð Þ ¼ x: ð2:171Þ

By substituting the Coulomb potential into the radial equation, we obtain

� h2

2mr

d2

dr2
rRnl rð Þ½ 	 þ l lþ 1ð Þh2

2mr2
� 1

4πε0

e2

r

� �
Rnl rð Þ ¼ ERnl rð Þ: ð2:172Þ

The solution of radial equation can be written as

Rnl rð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

naH

� 	
n� l� 1ð Þ!

2n n� 1ð Þ!½ 	2
s

e�r=2aH
r

aH

� 	l

L2lþ1
nþ1

r

aH

� 	
; ð2:173Þ

where aH is the first Bohr radius (the lowest energy orbit radius) (aH¼ 0.0529 nm)

and L2lþ1
nþ1 r=aHð Þ are the corresponding associated Laguerre polynomials, defined by

Lα
n xð Þ ¼ x�αex

n!

dn

dxn
e�xxnþαð Þ: ð2:174Þ

The radial portion of the wave function is typically normalized as follows:ð1
0

r2 R rð Þj j2dr ¼ 1: ð2:175Þ
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The complete wave function is the product of radial wave function and spherical

harmonics:

Ψ r; θ;ϕð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

naH

� 	
n� l� 1ð Þ!

2n n� 1ð Þ!½ 	2
s

e�r=2aH
r

aH

� 	l

L2lþ1
nþ1

r

aH

� 	
Ym
l θ;ϕð Þ: ð2:176Þ

By substituting (2.168) and (2.173) into the wave function expression

Ψ r; θ;ϕð Þ ¼ R rð ÞΘ θð ÞΦ ϕð Þ, we obtain

Ψ ρ; θ;ϕð Þ ¼ Cn, l,me
�ρ=2 ρð ÞlL2lþ1

nþ1 ρð ÞP mj j
l cos θð Þe jmϕ; ð2:177Þ

where ρ¼ r/aH and Cn, m, l is the normalization constant obtained as product of

normalization constants in (2.168) and (2.176). The energy levels in hydrogen atom

are only functions on n and are given by

En ¼ E1

n2
, E1 ¼ � m2e4

32π2ε20h
2
¼ �13:6eV: ð2:178Þ

Because the values that l can take are {0, 1, . . ., n� 1}, while the values that m can

take are {�l,�l+ 1, . . ., l� 1, l}, and since the radial component is not a function of

m, the number of states with the same energy (the total degeneracy of the energy

level En) is

2
Xn�1

l¼0

2lþ 1ð Þ ¼ 2n2: ð2:179Þ

The states in which l¼ 0, 1, 2, 3, 4 are traditionally called s, p, d, f, and g,
respectively. The simpler eigenfunctions of the hydrogen atom, by ignoring the

normalization constant, are given in Table 2.2, which is obtained based on (2.177).

The results above applicable to many two-particle systems with attraction energy

are reversely proportional to the distance between them, provided that parameters

are properly chosen. For instance, if the charge of nucleus is Z, then in the calcula-

tions above, we need to substitute e2 by Ze2. Examples include deuterium, tritium,

ions that contain only one electron, positronium, and muonic atoms.

The total angular momentum of an electron j in an atom can be found as the

vector sum of orbital angular momentum l and spin s as by

j ¼ lþ s: ð2:180Þ

For a given value of azimuthal quantum number l, there exist two values of total

angular momentum quantum number of an electron: j¼ l+ 1/2 and j¼ l� 1/2.

Namely, as the electron undergoes orbital motion around the nucleus, it experiences

the magnetic field, and this interaction is known as the spin–orbit interaction.
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The result of this interaction is two states j¼ l+ s and j¼ l� swith slightly different
energies as shown in Fig. 2.16.

For atoms containing more than one electron, the total angular momentum J is

given by the sum of individual orbital momenta L¼ l1 + l2 + � � � and spins

S¼ s1 + s2 + � � �, so that we can write

J ¼ Lþ S; L¼l1 þ l2 þ � � �, S¼s1 þ s2 þ � � �: ð2:181Þ

This type of coupling is known as LS coupling. Another type of coupling, namely,

JJ coupling, occurs when individual js add together to produce the resulting J. The
LS coupling typically occurs in the lighter elements, while JJ coupling typically

occurs in heavy elements. In LS coupling, the magnitudes of L, S, and J are given by

Lj j ¼ h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L Lþ 1ð Þ

p
, Sj j ¼ h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S Sþ 1ð Þ

p
, Jj j ¼ h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ

p
; ð2:182Þ

where L, S, and J are quantum numbers satisfying the following properties: (1) L is

always a nonnegative integer, (2) the spin quantum number S is either integral or

Table 2.2 Hydrogen atom

eigenfunctions
State n l m Eigenfunction

1s 1 0 0 e�ρ=2

2s 2 0 0 e�ρ=2 1� ρð Þ
2p 2 1 �1

e�ρ=2ρ
sin θ e� jϕ

cos θ
sin θ e jϕ

8<
:0

1

3s 3 0 0 e�ρ=2 ρ2 � 4ρþ 2ð Þ
3p 3 1 �1

e�ρ=2 ρ2 � 2ρð Þ
sin θ e� jϕ

cos θ
sin θ e jϕ

8<
:0

1

3d 3 2 �2

e�ρ=2ρ2

sin 2θ e� j2ϕ

sin θ cos θ e� jϕ

1� 3 cos 2θ
sin θ cos θ e jϕ

sin 2θ e j2ϕ

8>>>><
>>>>:

�1

0

1

2

s-state

p-state

s
l

j

js
l

l   s       j
1+1/2=3/2
1–2/3=1/2

0+1/2

Fig. 2.16 Illustration

of spin–orbit interaction

2.8 Hydrogen-Like Atoms and Beyond 71



half-integral depending whether the number of electrons is even or odd, and (3) the

total angular momentum quantum number J is either integral or half-integral

depending whether the number of electrons is even or odd, respectively. The

spectroscopic notation of a state characterized by the quantum numbers L, S, and
J is as follows:

2Sþ1LJ; ð2:183Þ

where the quantity 2S + 1 is known as the multiplicity and determines the numbers

of different Js for a given value of L. If L� S, different values of J are L + S,
L+ S� 1, . . .,L� S, meaning that there are 2S + 1 possible values for J. If, on the

other hand, L< S, then the possible values of J are L+ S, L + S� 1, . . ., jL�Sj,
meaning only 2L + 1 different values for J exist. The states in which L¼ 0, 1, 2,

3, 4, 5, 6, 7, 8, . . . are traditionally called S, P, D, F, G, H, I, K,M, . . ., respectively.
The states with multiplicity 2S+ 1¼ 0, 1, 2, 3, 4, 5, and 6 are typically called

singlet, doublet, triplet, quartet, quintet, and sextet states, respectively.

2.9 Concluding Remarks

This chapter has provided an overview of the basic concepts of QIP and quantum

information theory. The following topics from QIP have been described in

Sects. 2.1–2.3: state vectors, operators, density operators, measurements, dynamics

of a quantum system, superposition principle, quantum parallelism, no-cloning

theorem, and entanglement. The following concepts from quantum information

theory have been described in Sects. 2.4–2.6: Holevo information, accessible

information, Holevo bound, Shannon entropy and von Neumann entropy,

Schumacher’s noiseless quantum coding theorem, and Holevo–Schumacher–

Westmoreland theorem. Section 2.7 has been elated to the quantum error-correction

concepts. Finally, Sect. 2.8 is devoted to the hydrogen-like atoms (and beyond).
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