
Chapter 2

Strain Measures

Abstract Strain measures for hyperelastic materials must model the effect of finite

deformations. They are single-based second-order tensors, either Eulerian or

Lagrangian, and are defined in terms of the Cauchy-Green deformation tensors,

which are derived from the deformation gradient. The Green-Lagrange strain tensor

is Lagrangian based, while the Almansi strain tensor is Eulerian based. Both of

these strain measures are described in detail. The Green-Lagrange strain tensor is in

terms of the right Cauchy-Green deformation tensor, while the Almansi strain

tensor is in terms of the left Cauchy-Green deformation tensor. The reduced

invariants of the right and left Cauchy-Green deformation tensors, known as the

invariants of the right and left Cauchy-Green distortion tensors, are introduced, and

the derivation of the reduced invariants is presented and defined. Since the strain

measures are derived from the deformation gradient, they are related, the relation-

ship is easily demonstrated. An additional strain measure, one which is less

commonly employed, is the Biot strain tensor. The different strain measures can

be formally reduced to those of linear elastic systems, this being demonstrated.

The important right Cauchy-Green deformation tensor, or the Green deformation
tensor, is defined by

CIJ ¼ ∂xk
∂XI

∂xk
∂XJ

¼ FkIFkJ or C ¼ FTF ð2:1Þ

or, in terms of the distortion gradient,

CIJ ¼ J2=3FkIFkJ or C ¼ J2=3F
T
F ð2:2Þ

Then, with

CIJ ¼ FkIFkJ or C ¼ F
T
F ð2:3Þ
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we also have the relationship

CIJ ¼ J�2=3CIJ or C ¼ J�2=3C ð2:4Þ

The inverse of CIJ, C
�1
IJ , is called the Piola deformation tensor.

The also important left Cauchy-Green deformation tensor, which is also some-

times called the Finger tensor, is defined by

bi j ¼ ∂xi
∂XK

∂x j

∂XK
¼ FiKFjK or b ¼ FFT ð2:5aÞ

where, also

bij ¼ FiKFjK or b ¼ FF
T ð2:5bÞ

The inverse of bij, b
�1
i j , is called the Cauchy deformation tensor.

We can also note here that

I1 ¼ bii ¼ CII or I1 ¼ tr b ¼ tr C ð2:6aÞ

I2 ¼ 1

2
I
2

1 � I02

� �
ð2:6bÞ

where

I02 ¼ bikbki ¼ CIKCKI or I02 ¼ tr b b
� � ¼ tr CC

� � ð2:6cÞ

and

I3 ¼ det bi j ¼ det CIJ or I3 ¼ det b ¼ det C ð2:6dÞ

where Ī1, Ī2, Ī3 are the conventionally defined principal invariants of the right and

left Cauchy-Green distortion, or reduced, tensors. Sometimes the alternative defi-

nition I2 ¼ I02 is used (Bonet and Wood 2008).

We can write the Green, or Green-Lagrange, strain tensor components as

EIJ ¼ 1

2
FkIuk,J þ FkJuk, Ið Þ ð2:7aÞ

or

EIJ ¼ 1

2

∂ui
∂XJ

þ ∂u j

∂XI
þ ∂uk
∂XI

∂uk
∂XJ

� �
ð2:7bÞ

or, considering Equation (2.1), as
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EIJ ¼ 1

2
CIJ � δIJð Þ or E ¼ 1

2
C� 1ð Þ ð2:8Þ

We can note that by dropping the third term on the right-hand side of Equation

(2.7b) we have, significantly, the standard small strain relationship for linear

elasticity which can also be written as

ε ¼ 1

2
Fþ FT
� �� 1 ð2:9Þ

The Eulerian strain tensor, or Almansi strain tensor (Almansi 1911), is defined

in terms of the left Cauchy-Green deformation tensor, as

ei j ¼ 1

2
δi j � b�1

i j

� �
ð2:10aÞ

or, in terms of displacement as

ei j ¼ 1

2

∂ui
∂x j

þ ∂u j

∂xi
� ∂uk

∂xi

∂uk
∂x j

� �
ð2:10bÞ

We note that the two defined strain states are related through the expressions

EIJ ¼ FkIeklFlJ or E ¼ FTeF ð2:11aÞ

and

ei j ¼ FKiEKLFL j or e ¼ F�TEF�1 ð2:11bÞ

The Green-Lagrange and Almansi strains are the two classical strain measures.

Now, let us consider deviatoric strain. We can write for the deviatoric Green-

Lagrange strain

EIJ ¼ 1

2
FkIFkJ � δIJ
� � ð2:12Þ

and, for the deviatoric Almansi strain,

ei j ¼ 1

2
δi j � FKiFK j

� � ð2:13Þ

and, defining

BiJ ¼ F
T
Ji or B ¼ F

�T ð2:14Þ
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where F
T
Ji is the transpose of the inverse of the distortion gradient tensor, we can

also write for the deviatoric Almansi strain,

ei j ¼ 1

2
δi j � BiKB jK

� � ð2:15Þ

Another strain measure, one which is not too commonly employed, is the Biot
strain tensor (Biot 1939). It is defined as

UIJ ¼ UIJ � δIJ or U ¼ U� 1 ð2:16Þ

UIJ being the right stretch tensor which is obtained from polar decomposition, as
shown in the next chapter.
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