
Chapter 2
Heat and Fluid Flow in Single
Microchannels

This chapter illustrates the analytical and hybrid numerical–analytical treatment of
fluid flow and heat transfer in single microchannels, under different conditions and
configurations, starting with transient slip flow and steady, transient, and periodic
convection, also in the slip flow regime, for simple parallel plates and circular
capillary tube geometries. Then, the situation of convection with electroosmotic
flow is considered more closely. After establishing the basic solution for the direct
problems, an inverse analysis via Bayesian inference is provided, for estimating the
coefficients associated with the slip and temperature jump conditions within the slip
flow regime. Also, the situation of longitudinally irregular walls, such as in the case
of corrugated or rough channel walls, are handled both by solving the full set of
Navier–Stokes equations for the flow problem and by simplifying the
flow-governing equations for very low Reynolds numbers and mild geometric
variations. Conjugated heat transfer in microchannels, which occurs quite fre-
quently at this scale, is then analyzed accounting for the full energy equations in
both the solid and the fluid, through the single domain formulation. Finally,
microchannels with arbitrary cross-sectional shapes are considered, again via the
single domain formulation, including conjugation effects with the surrounding
walls. This chapter thus provides the background on the physical analysis and
solution methodologies for heat and fluid flow in single microchannels, so as to
advance into the analysis of microsystems in the next chapter.

2.1 Transient Slip Flow in Microchannels

In recent years attention has been directed to the analysis of transient flow in
microchannels with wall slip effects (Wiwatanapataphee et al. 2009; Wu et al. 2008;
Colin 2005; Sabry et al. 2004; De Socio and Marino 2002; Yang et al. 2002; Khaled
and Vafai 2004; Aubert 1999; Bestman et al. 1995). Unsteady one-dimensional
models have been extended from classical works, and analytical solutions have
been sought for fully developed flows in simple geometries and for well-defined
functional forms of the prescribed pressure gradient time variation or for the time
dependence of the wall-imposed velocity, in the case of a Couette flow application.
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Such solutions are relevant not only from the Microfluidics point of view, but also
in the analysis of transient and periodic convection regimen in microchannels, as
discussed in Castellões et al. (2007). The goal of this section is to solve a
one-dimensional slip flow model for transient laminar incompressible flow in
microchannels, such as circular tubes and parallel-plate channels, which accounts
for a pressure gradient time variation in any functional form, by making use of the
classical integral transform method, and thus yielding analytical expressions for the
time and space dependence of the velocity fields in the fully developed region.

Therefore, fully developed incompressible laminar flow with slip effects at the
walls is considered, inside a circular microtube or a parallel-plate microchannel,
subjected to a pressure gradient dp/dz that varies in an arbitrary functional form
with the time variable. The velocity field is represented by u(r, t), which varies with
the transversal coordinate, r, and time, t. The related time-dependent axial
momentum equation (z-direction) is then written in dimensionless form as
(Castellões et al. 2007)
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where n = 0 for a parallel-plate channel, and n = 1 for a circular tube, and adopting
the following dimensionless groups:

R ¼ r
r1
; s ¼ vt

r21
; UðR; sÞ ¼ uðr; tÞ

um
; PðsÞ ¼ �ðdp=dzÞr21

lum
;

b� ¼ 2Knbv; Kn ¼ k=2r1; bv ¼ ð2� amÞ=am
ð2:4Þ

The classical integral transform method is here employed to provide an exact
solution to the transient slip flow problem in Eqs. (2.1)–(2.3). One important aspect
in this kind of eigenfunction expansion approach is the convergence enhancement
achievable by introducing analytical solutions that filter the original problem source
terms, which are responsible for an eventual slow convergence behavior. Thus, we
start the integral transformation process by obtaining the filtering solution based on
the quasi-steady version of the present problem:

UðR; sÞ ¼ UPðR; sÞþUhðR; sÞ ð2:5Þ

The quasi-steady solution of problem (2.1)–(2.3), essentially removing the
transient term in Eq. (2.1), is thus considered as
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The above ODE is directly integrated to yield the analytical filter in terms of the
dimensionless time-variable pressure gradient:

UPðR ; sÞ ¼ PðsÞ ð2 b
� þ 1 � R2Þ
2 ðn þ 1Þ ð2:8Þ

The resulting formulation for the filtered potential Uh, is then given as
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UhðR; 0Þ ¼ U�
0ðRÞ ¼ U0ðRÞ � UPðR; 0Þ ð2:11Þ

where the resulting source term for the filtered system becomes

P�ðR; sÞ ¼ � @UP

@s
ð2:12Þ

The following simple eigenvalue problem is obtained from separation of vari-
ables applied to the homogeneous version of Eq. (2.1), and employed for the
integral transformation pair construction:

d
dR

ðRn duðRÞ
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ÞþRnk2uðRÞ ¼ 0 ð2:13Þ

with boundary conditions:
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The eigenfunctions umðRÞ are readily obtained and given as

umðRÞ ¼ cos kmRð Þ; for n ¼ 0; umðRÞ ¼ J0 kmRð Þ; for n ¼ 1 ð2:15a; bÞ

and the related eigenvalues are computed from satisfaction of the boundary con-
dition Eq. (2.14b), while the normalization integral is analytically computed from
the definition
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Nm ¼
Z1
0

Rnu2
mðRÞdR ð2:16Þ

The integral transform pair is written as

Uh R; sð Þ ¼
X1
m¼1

1
Nm

um Rð Þ �Um sð Þ; inverse ð2:17Þ

�Um sð Þ ¼
Z1
0

RnumðRÞUh R; sð ÞdR; transform ð2:18Þ

Operating the filtered momentum balance Eq. (2.9) with
R 1
0 um Rð Þð:Þ dR and

transforming all the original potentials with the aid of the inversion formula, we
obtain the following ordinary differential equations:

d�Um sð Þ
ds

þ k2m �Um sð Þ ¼ �gmðsÞ; s[ 0; m ¼ 1; 2; 3. . . ð2:19Þ

where the transformed source term is computed from

�gmðsÞ ¼
Z1
0

RnumðRÞP�ðR; sÞdR ð2:20Þ

Similarly, the filtered initial condition (2.11) is operated on withR 1
0 R

n/m Rð Þð:ÞdR, to yield:

Umð0Þ ¼ �fm; �fm ¼
Z1
0

RnumðRÞU�
0ðRÞdR ð2:21Þ

Equations (2.19)–(2.21) are readily solved to yield the analytical expression for
the transformed velocity field:

�UmðsÞ ¼ �fm expð�k2msÞþ
Zs
0

exp½�k2mðs� s0Þ��gmðs0Þds0 ð2:22Þ

Once the above solution is obtained for the transformed potential, the inversion
formula, Eq. (2.17), can be used to evaluate the filtered velocity, and then the
original field from Eq. (2.5). For computational purposes, the infinite series is
evaluated to a sufficiently large finite order so as to achieve the user’s requested
accuracy target.
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For the transient flow analysis, we considered both geometries (parallel-plate
channel and circular tube) under two different and representative transient situa-
tions: flow start-up with a step change or a periodic time variation of the pressure
gradient (Mikhailov and Ozisik 1984). Here, due to space limitations, we present
only a few of the parallel-plate channel case results (n = 0). By assigning numerical
values to the parameter, β* = 0.1, according to the chosen dimensionless formu-
lation, the pressure gradient for the start-up case with a unit step change is written as

PðsÞ ¼ 3
3b� þ 1

ð2:23Þ

For the periodic case, the definition of the dimensionless time-variable source
term is given for the parallel-plates geometry as

PðsÞ ¼ 3
3b� þ 1

ð1� sinðXsÞ
2

Þ ð2:24Þ

with Ω = π/15 for the reported example.
Table 2.1 illustrates the excellent convergence characteristics of the proposed

eigenfunction expansion, for the case of a periodic pressure gradient in a
parallel-plate channel with β* = 0.1, and considering four different values of the
dimensionless time. Truncation orders N = 10 and 30 are explicitly shown,
demonstrating that six converged significant digits at least are achieved for N as low
as 10. Also presented are the numerical results obtained via the Method of Lines
implemented in the built in routine NDSolve of the Mathematica system (Wolfram
2008). These results agree to within four significant digits. To the graph scale, the
results from the integral transform solution and from the numerical built in routine
are essentially coincident, since one can only observe numerical deviations in the
last two significant digits. The analytical solution is also observed to be fully
converged even with less than 10 terms in the expansion.

Table 2.1 Convergence behavior of eigenfunction expansion for the dimensionless velocity and
comparison with routine NDSolve (Wolfram 2008) (parallel-plate channel, periodic flow, β* = 0.1)

U(R, τ); GITT with N = 10, N = 30, and NDSolve (Wolfram 2008)

Solution R τ = 5 τ = 10 τ = 15 τ = 20

GITT—N = 10 0.0 0.827503 0.755419 1.31248 1.94167

GITT—N = 30 0.827503 0.755419 1.31248 1.94167

NDSolve 0.827530 0.755389 1.31251 1.94160

GITT—N = 10 0.6 0.577521 0.529949 0.921623 1.36090

GITT—N = 30 0.577521 0.529949 0.921623 1.36090

NDSolve 0.577539 0.529928 0.921641 1.36084

GITT—N = 10 1.0 0.136928 0.126572 0.220405 0.324602

GITT—N = 30 0.136928 0.126572 0.220405 0.324602

NDSolve 0.136932 0.126567 0.220408 0.324585
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For the start-up flow case, we obtain the following set of curves of the dimen-
sionless velocity profiles evolution shown in Fig. 2.1a, where the increase with time
in the fluid velocity at the wall can be clearly observed. The three-dimensional plot
for the velocity distribution is given in Fig. 2.1b for the periodic case, and we can
observe the quasi-steady-state (periodic state) establishment, and the time variation
of the dimensionless slip velocity.

2.2 Steady, Transient, and Periodic Convection with Slip
Flow

After the early work of Sparrow and Lin (1962) on laminar forced convection with
slip flow, only much more recently, and especially along the last two decades, the
heat transfer literature has demonstrated a vivid and growing interest in thermal
analysis of slip flows, motivated by the booming research on microchannels and
microsystems, both through experimental and analytical approaches, as pointed out
in various reviews (Bayazitoglu and Tunc 2001; Rostami et al. 2002; Morini 2004;
Yener et al. 2005; Sobhan and Peterson 2008; Kakaç et al. 2014). Since the
available analytical information on heat transfer in ducts could not be directly
extended to flows within microchannels with wall slip and temperature jump, a
number of contributions have been directed toward the analysis of internal forced
convection in the microscale. In the papers (Barron et al. 1996, 1997), the original
approach in the classical work of Graetz (1883) is used to evaluate the eigenvalues
for the Graetz problem extended to slip flow. The problem considered in that paper
has also an exact solution in terms of the confluent hypergeometric function,
explored in Mikhailov and Cotta (1997, 2005) to develop Mathematica rules
(Wolfram 2008) for computing the desired eigenvalues with user-specified working
precision. Following the work in Barron et al. (1996, 1997), the same technique was
employed to solve the laminar flow heat convection problem in a cylindrical
microchannel with constant uniform temperature at the boundary (Ameel et al.

Fig. 2.1 Transient evolution of dimensionless velocity profile for parallel-plates channel (n = 0),
for (a) step change and (b) periodic variation in pressure gradient, β* = 0.1
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1997 and Larrodé et al. 2000), taking into account both the velocity slip and
temperature jump at the tube wall. Later on (Yu and Ameel 2001, 2002; Tunc and
Bayazitoglu 2002a, b) the analytical contributions were directed toward more
general problem formulations, including viscous dissipation in the fluid and
two-dimensional flow geometries, such as rectangular channels. For this purpose, a
more flexible hybrid numerical–analytical approach was employed, based on the
ideas of the Generalized Integral Transform Technique, GITT (Cotta 1990, 1993,
1994, 1998; Cotta and Mikhailov 1997, 2001, 2006), thus avoiding more involved
analysis in relation to the eigenvalue problem.

All such analysis are restricted to steady-state situations, and very little is
apparently available on transient convective heat transfer within microchannels.
Nevertheless, the analysis of unsteady phenomena in applications with microsys-
tems is relevant and in many situations is required (Jiang et al. 2000; Castellões
et al. 2007). Then, the ability of predicting unsteady temperature fields is essential
in the controlled temperature variation within the system. Nevertheless, only in
Tunc and Bayazitoglu (2002b), an approximate analytical solution was first pre-
sented for transient convection in microchannels with slip flow, for a step change on
wall temperature, based on a previously proposed hybrid approach that combines
the Laplace and Integral transforms concepts (Cotta and Ozisik 1986).

In this context, the goal of this section is thus to illustrate the results obtained
from a hybrid numerical–analytical solution for transient temperature distributions
in a fluid flowing through parallel-plate microchannels, taking into account the
velocity and temperature jumps at the duct wall surface (Cotta et al. 2004a, 2007).
The approach makes use of the GITT, but invoking the exact analytical solution of
the corresponding eigenvalue problem in terms of confluent hypergeometric
functions (Mikhailov and Cotta 2005), to eliminate the transversal coordinate in the
original formulation. Instead of recalling the Laplace transform approach as in Cotta
and Ozisik (1986), Tunc and Bayazitoglu (2002b), the GITT is employed in partial
transformation mode (Cotta and Gerk 1994; Castellões and Cotta 2006; Cotta et al.
2014a, b), as discussed in Sect. 1.3.1, when the spatial variable with dominant
convection effects is not eliminated through integral transformation, and the
resulting transformed one-dimensional partial differential system is here numeri-
cally solved by the Method of Lines, implemented within the routine NDSolve of
the Mathematica system (Wolfram 2008). This combination of solution method-
ologies provides a very effective eigenfunction expansion behavior, through the fast
converging analytical representation in the transversal coordinate, together with a
flexible and reliable numerical approach for the transient and longitudinal behavior
of the coupled transformed potentials, allowing for accurately handling transient
convective heat transfer under any ratio of convection and diffusion effects (Cotta
et al. 2014a, b).

Therefore, consider transient-state heat transfer in thermally developing,
hydrodynamically developed forced laminar flow inside a microchannel under the
following additional assumptions:

• The flow is incompressible with constant physical properties.

2.2 Steady, Transient, and Periodic Convection with Slip Flow 37

http://dx.doi.org/10.1007/978-3-319-23312-3_1


• Free convection of heat is negligible.
• The temperature of the channel wall is prescribed and uniform, and equal to

initial temperature.

The specific boundary condition of prescribed wall temperature is adopted to
illustrate the approach, but the method can similarly handle other cases. The tem-
perature T(y, x, t) of a fluid with developed velocity profile u(y, t), flowing along the
channel in the region 0 < y < r1, x > 0, is then described by the following problem in
dimensionless form:

@hðn; g; sÞ
@s

þ Uðg; sÞ @hðn; g; sÞ
@n

¼ @2hðn; g; sÞ
@g2

þ 1
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@2hðn; g; sÞ
@n2

þ Br
@Uðg; sÞ

@g

� �2

ð2:25Þ

in 0\n\K; 0\g\1; s[ 0, and subjected to the following boundary and initial
conditions:
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����
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¼ 0 ð2:26a; bÞ

@hðn; g; sÞ
@g

����
g¼0

¼ 0; h ðn; 1; sÞ ¼ � 2 b bm Kn
@hðn; g; sÞ

@g

����
g¼1

ð2:27a; bÞ

h ðn; g; 0 Þ ¼ 0 ð2:28Þ

where we have considered the following dimensionless groups:

n ¼ a

um r21
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Pe*
x
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; s ¼ a t
r21

; U ðg; sÞ ¼ uðy; tÞ
um

; Pe* ¼ um r1
a

;

Br ¼ l u2m
kDTc

; h ðn; g; s Þ ¼ T ðx; y; tÞ � Tw
DTc

; b ¼ bt
bm

;

ð2:29Þ

The dimensionless velocity profile is given, employing the steady-state velocity
as filter, as

Uðg; sÞ ¼ UpermðgÞþU�ðg; sÞ ð2:30Þ

with the steady and transient components of the velocity, as special case of the
solution derived in Sect. 2.1.

UpermðgÞ ¼ 6bmKnþ 3
2ð1� g2Þ

1þ 6bmKn
ð2:31Þ
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U�ðg; sÞ ¼
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n¼ 1

�Uo;ne
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Zs
0

�gvnðs0Þe�f2n ðs� s0Þ ds0

0
@

1
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where the norm is defined as in Eq. (2.16), and

�Uo; n ¼
Z1
0

�UpermðgÞcosðfngÞdg ð2:33Þ

�gvnðsÞ ¼
Z1
0

ðd
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dg2
þ PðsÞÞ cosðfngÞdg ð2:34Þ

Here fn are the positive roots of the transcendental equation

cos ðf Þ � 2KnbmfsinðfÞ ¼ 0 ð2:35Þ

The above exact solution is obtained by the Classical Integral Transform
method, as presented in Sect. 2.1.

The integral transform solution of Eqs. (2.25)–(2.28) shall now consider a
Sturm–Liouville problem that includes the steady component of the velocity profile,
UpermðgÞ, in its formulation (Mikhailov and Cotta 1997, 2005; Cotta et al. 2004b),
where wiðgÞ are the eigenfunctions, in 0\g\1:

d2wiðgÞ
dg2

þUpermðgÞl2i wiðgÞ ¼ 0 ð2:36Þ

dwiðgÞ
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����
g¼0

¼ 0; 2bbmKn
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����
g¼1

þ wið1Þ ¼ 0 ð2:37a; bÞ

and defining the norm and normalized eigenfunction as

Ni ¼
Z1
0

UpermðgÞw2
i ðgÞdg; ~wiðgÞ ¼

wiðgÞ
N1=2
i

ð2:38a; bÞ

Equation (2.36) can thus be analytically solved, as discussed in Mikhailov and
Cotta (1997, 2005), in terms of the confluent hypergeometric function, also known
as Kummer function 1F1[a, b; z], readily available in the Mathematica system
(Wolfram 2008), as
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wiðgÞ ¼ 1F1
1� við1þ 4KnbmÞ

4
;
1
2
; vig

2
� �

evi
g2

2 ð2:39Þ
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ð2:40Þ

Equation (2.39) satisfies the first two Eqs. (2.36)–(2.37a), while Eq. (2.37b)
gives an eigencondition which provides the eigenvalues for the expansion.

The next step is thus the definition of the transform-inverse pair for the
dimensionless temperature, given, respectively, by

�hiðn; sÞ ¼
Z1
0

UpermðgÞhðn; g; sÞ~wiðgÞdg ð2:41Þ

hðn; g; sÞ ¼
X1
i¼1

�hi ðn; sÞ ~wi ð gÞ ð2:42Þ

Here it has been chosen to apply the GITT on Eqs. (2.25)–(2.28) in the partial
transformation strategy (Cotta and Gerk 1994), as discussed in Sect. 1.3.1, resulting
in the one-dimensional partial differential system below:
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in 0\n\K; s[ 0, and subjected to the following boundary and initial conditions:

�hið0; sÞ ¼ �he; iðsÞ; @�hiðn; sÞ
@n

����
n¼K

¼ 0 ð2:44a; bÞ
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where
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0
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0

U�ðg; sÞ~wiðgÞ~wjðgÞdg ð2:46a; bÞ
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The numerical Method of Lines as implemented in the routine NDSolve of the
Mathematica system (Wolfram 2008) deals with system (2.43)–(2.45) by
employing a default high-order finite difference discretization in the spatial variable
n, and creating a coupled system of ordinary differential equations for the trans-
formed dimensionless temperature evaluated on the knots of the created mesh. This
resulting system is internally solved with a stiffness switching method for stiff ODE
systems. Once numerical results have been obtained and automatically interpolated
by NDSolve, one can apply the inverse expression (2.42) to obtain the full
dimensionless temperature field, hðn; g; sÞ. The dimensionless bulk tempera-
ture,hm ðn; s Þ, and the local Nusselt number, Nuðn; sÞ, can be found from

hmðn; sÞ ¼

R1
0
Uðg; sÞhðn; g; sÞdg
R1
0
Uðg; sÞdg

; Nu ¼ hDh

k
¼ � 4

hmðn; sÞ
@h
@g

����
g¼1

ð2:48a; bÞ

Before proceeding to the analysis of transient convection with slip flow and
temperature jump, we first verify the present integral transform approach in partial
transformation scheme, and inspect the convergence behavior in both the eigen-
function expansion and the numerical procedure for the transformed partial dif-
ferential system. Therefore, the test case by Gondim et al. (2003, 2007) for a regular
parallel-plate channel (Kn = 0), with steady velocity profile, is here considered for
different and representative values of the Péclet number. It should be noted that gas
flows in microchannels are likely to result in relatively low values of Reynolds
number, in the range of incompressible flow modeling here adopted, which then
produce Péclet numbers in a not very wide range. Therefore, Fig. 2.2a, b, respec-
tively, for Pe = 1 and Pe = 10, show the excellent agreement between the present
results and the total integral transformation in Gondim et al. (2003, 2007), where a
double integral transformation in both transversal and longitudinal coordinates is
employed. A truncation order of just N = 15 terms was considered sufficient for
convergence in the present verification, as will be examined in what follows, since
we are dealing with a single integral transformation, which is performed along the
most diffusive direction (η) and exactly transforming the transversal convection
term, as opposed to the double transformation in Gondim et al. (2003, 2007), which
requires larger truncation orders.

Transient forced convection in microchannels is then studied for typical values
of the accommodation factors (am ¼ 1:0 and at ¼ 0:92) and considering air as the
working fluid (Pr = 0.7 and c ¼ 1:4). Numerical solutions were generated for
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Fig. 2.2 Transient evolution of dimensionless average temperature and verification with Gondim
et al. (2003, 2007) for parallel-plates channel and step change in inlet temperature, Kn = 0, Br = 0,
and S = 15. In (a) Pe = 1, in (b) Pe = 10
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typical parameter values, Kn = 0.01 and Pe = 10, with bt ¼ 1:957 and bm ¼ 1:0.
For such physical situation, the values for the remaining governing parameters
when working with air are: Re = 14.3 (Reynolds number), Ma = 0.02 (Mach
number), Dh = 50 µm. Figure 2.3 shows the effect of Brinkman number on the
transient behavior of the local Nusselt number, for the following governing
parameter values, Pe = 10, Kn = 0.01, and Br = 0, 0.001, 0.005, and 0.01, with
N = 15. The effect of increasing the Nusselt number while increasing the internal
heat generation via larger values of the Brinkman number, as also evident in
previous steady-state analysis, is here reproduced, while the transient solutions
approach such steady configurations.

Figure 2.4a, b presents the deviations encountered in the local Nusselt number
within the entrance region with and without considering axial conduction in the
formulation, for the transient and steady states, respectively, with Pe = 10,
Kn = 0.01, Br = 0, and N = 15. Clearly, neglecting axial diffusion along the fluid in
this case, causes a noticeable difference on the local Nusselt number, for the two
values of dimensionless time (s = 0.03 and 0.05) and for the steady situation. The
inclusion of axial diffusion in the model leads to higher heat transfer coefficients,
with a marked difference from the formulation without axial diffusion. This com-
parison was particularly plotted taking the dimensionless physical dimension x/Dh,
removing the Péclet number from the abscissa definition.
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Fig. 2.3 Influence of Brinkman number on local Nusselt number evolution (parallel-plate
channel, Pe = 10, Kn = 0.01, Br = 0, 0.001, 0.005, and 0.01, S = 15)
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Figure 2.5 presents the influence of Knudsen number (Kn) on the local Nusselt
number, for Pe = 10, Kn = 0, 0.001, 0.01, and 0.1, Br = 0, N = 15, along the
entrance region of the parallel-plates channel during both the transient and steady
regimen, respectively. It can be observed that variation of the local Nusselt number
in such different levels of the microscale effect is remarkable, with a significant
increase in Nu for decreasing Kn. This set of results also allows for the inspection
of the comparative transient behavior, which indicates the less pronounced transient
phenomena when the Knudsen number is increased. The microscale effects prac-
tically cease for Kn = 0.001, all along the transient behavior.

Figure 2.6a, b presents the variation of average temperature in time for fixed
axial positions, considering a constant pressure gradient and both a sinusoidal and a
sawtooth variation in time of inlet temperature, respectively, with a frequency of
p=15. Also, it is presented the influence of Brinkman number in the sinusoidal
situation. It should be noted that the transient effects in the microscale occur within
very short time periods, and the quasi-steady thermal response is rapidly estab-
lished. In the sinusoidal case, one may observe the periodic system response to the
inlet perturbation, with amplitude and phase lag noticeably modified by the viscous
dissipation effect.

The bulk temperature behavior encountered for the periodic variation of inlet
temperature with a different functional form (sawtooth shape) is presented in
Fig. 2.6b, considering again a frequency of p=15, but disregarding the viscous
dissipation effects. Three different axial positions are considered for the average
temperature. Such periodic response may only be obtained through the full transient
analysis, by afterward considering sufficiently large elapsed times, as opposed to
the simpler sinusoidal case, which allows for a direct quasi-steady analysis (Cotta
et al. 2003).

Results for time-variable pressure gradients in microchannels convection are
presented in Fig. 2.7. A sinusoidal time varying pressure gradient with a frequency
of p=15 is considered, combined with a unit step variation of inlet temperature,
neglecting viscous dissipation. The presence of a unit step variation of inlet tem-
perature is noted in the fast initial transient period. After it, the periodic behavior
imposed in the convection by the pressure gradient is dominant, leading to a
quasi-steady state.

Figure 2.7 compares the behavior of the local Nusselt number in a fixed axial
position along the channel when considering the periodic variation of pressure
gradient and the Nusselt number when the solution is obtained with a constant
pressure gradient. One can observe the behavior of Nusselt number for the periodic
situation oscillating around the solution for constant pressure gradient, character-
izing the periodic system response, again after a very brief initial transient region.
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2.3 Convection in Electroosmotic Flow

In the present section, forced convection under electroosmotic flow in
microchannels is illustrated (Soares et al. 2005, 2008), aiming at a better under-
standing of the involved phenomena. The Generalized Integral Transform
Technique (GITT), under the partial transformation mode, as discussed in Sect. 1.3.
1, is employed to solve the convection problem and to provide converged results for
bulk temperature and Nusselt numbers along the channel length. The GITT is also
employed to solve the corresponding eigenvalue problem, as shown in Sect. 1.3.4.
A pseudo-transient formulation of the problem is considered, which yields
steady-state results with significant computational savings.

For illustration of the proposed hybrid solution, the case of an actual rectangular
microchannel with 10 μm × 200 μm × 2 cm (height × width × length), with one
surface made of glass and the other made of silicon, is here considered (Soares et al.
2008). As the width is 20 times greater than the height, it is then modeled as a
parallel-plates microchannel, as depicted in Fig. 2.8.

The following assumptions are considered for the hydrodynamic problem for-
mulation: (a) Newtonian fluid, with constant physical properties; (b) incompress-
ible, laminar, and fully developed flow; (c) steady-state flow; (d) purely
electroosmotic flow (which means that there is no pressure gradient); (e) electric
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temperature and no viscous dissipation)
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Fig. 2.8 Schematic illustration of the parallel-plates microchannel with electroosmotic flow

field externally applied on the fluid, in the x-direction. Under these assumptions, the
flow problem formulation simply results in u = u(y). After some manipulation, the
Navier–Stokes equations take the following dimensionless form, with no-slip
boundary conditions on both surfaces:

d2U Yð Þ
dY2 � GE�

x
d2 �w Yð Þ
dY2

¼ 0; 0\Y\1 ð2:49aÞ

U 0ð Þ ¼ 0; U 1ð Þ ¼ 0 ð2:49b; cÞ

with

G ¼ e eokbT 1m
L z q l um

ð2:50Þ

where E�
x is the dimensionless externally applied electric field, �w Yð Þ is the

dimensionless electric potential, ε the dielectric constant of the medium, ε0 the
permittivity of vacuum, kb the Boltzmann constant, T is the absolute temperature, ζm
a reference zeta potential, L the length of the microchannel, z the ion charge, q the
elemental charge, μ the fluid viscosity, and um a reference velocity.

The dimensionless electric potential is obtained by a combination of Poisson and
Boltzmann distribution equations (Yang et al. 2001), and is given as

d2�w Yð Þ
dY2 ¼ Z2�w Yð Þ 0\Y\1 ð2:51aÞ

w 0ð Þ ¼ �11; �w 1ð Þ ¼ �12 ð2:51b; cÞ

where Z = κd = d/λ is a parameter that relates the length of the channel and the EDL
length, λ, that is computed as the inverse of the Debye–Hückel parameter, written as
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j2 ¼ 2n0 z2q2

ee0kbT
ð2:52Þ

where n0 is bulk concentration of ions, and �11 and �12 are dimensionless zeta
potentials (EDL field at the top of the Stern layer). Both systems, Eqs. (2.49)–(2.52),
are easily solved by integrating and substituting boundary conditions, to yield

�w Yð Þ ¼ e�YZ �11 e2Z � e2YZð Þþ�12 eZþ 2YZ � eZð Þ½ �
e2Z � 1

ð2:53Þ

U Yð Þ ¼ e�YZE�
xG �11 e2Z þ eYZ � e2YZ � e2Zþ YZ � YeYZ þ Ye2Zþ YZð Þ½ �

e2Z � 1
þ

e�YZE�
xG �12 eZþ 2YZ � eZ þ YeYZ � Ye2Zþ YZð Þ½ �

e2Z � 1

ð2:54Þ

where the dimensionless parameters considered are written as

X ¼ x
d
1
Pe

; Y ¼ y
d
; H ¼ L

d Pe
; U Yð Þ ¼ u yð Þ

um
;

�w Yð Þ ¼ z q
kbT

w yð Þ; E�
x ¼

ExL
1m

; Pe ¼ um d
a

; 1m ¼ 11 þ 12
2

ð2:55Þ

In the present example, the microchannel is subjected to a uniform and constant
prescribed heat flux at the silicon surface, and to natural convection with the
ambient air at the glass surface. The additional following assumptions are con-
sidered: (a) transient or pseudo-transient state; (b) axial heat diffusion (low Peclet
numbers); (c) all heat that is applied to the silicon surface is transferred to the fluid;
(d) non-negligible thermal resistance of glass surface; (e) negligible Joule heating
effects (Horiuchi and Dutta 2004). For this problem, the energy conservation
equation can be written, in dimensionless form, as

@h X; Y ; sð Þ
@s

þU Yð Þ @h X; Y ; sð Þ
@X

¼ 1
Pe2

@2h X; Y ; sð Þ
@X2 þ @2h X; Y ; sð Þ

@Y2 ;

0\X\H; 0\Y\1; s[ 0
ð2:56aÞ

h 0; Y ; sð Þ ¼ 0;
@h X; Y ; sð Þ

@X

����
X¼H

¼ 0 ð2:56b; cÞ

@h X; Y ; sð Þ
@Y

����
Y¼0

¼ �Uw;
@h X; Y ; sð Þ

@Y

����
Y¼1

¼ �Bih X; 1; sð Þ ð2:56d; eÞ

h X; Y ; 0ð Þ ¼ 0 ð2:56fÞ
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where the following additional parameters are considered:

s ¼ a
d2

t; h X; Y ; sð Þ ¼ T x; y; tð Þ � T1
DT

; Uw ¼ uw d
kf DT

;

Bi ¼ hefd
kf

; hef ¼ kvh1
h1ev þ kv

ð2:57Þ

In Eq. (2.57), T∞ is the temperature of the ambient air, ΔT is a reference tem-
perature difference, ϕw is the applied heat flux at the silicon surface, kf the thermal
conductivity of the fluid, hef the effective heat transfer coefficient that considers the
transversal thermal resistance of the glass surface, kv the thermal conductivity of
glass, h∞ the convection heat transfer coefficient, and ev the thickness of the glass
surface. The thermal capacitance of the wall is disregarded, since the main goal is to
obtain steady-state solutions from the pseudo-transient formulation.

The bulk temperature and the local Nusselt numbers for both surfaces are
defined as

hm X; sð Þ ¼

R1
Y¼0

U Yð Þ h X; Y ; sð Þ dY

R1
Y¼0

U Yð Þ dY
ð2:58Þ

Nu1 ¼ 2Uw

h X; 0; sð Þ � hm X; sð Þ ; Nu2 ¼ 2Bi
h X; 1; sð Þ

hm X; sð Þ � h X; 1; sð Þ ð2:59a; bÞ

Before proceeding to the integral transformation of problem (2.56), a filtering
solution can be employed to homogenize the boundary conditions, in the form:

h X; Y ; sð Þ ¼ h� X; Y ; sð Þþ hf Yð Þ ð2:60Þ

The filtering solution is obtained from the following ordinary differential
equation:

d2hf Yð Þ
dY2 ¼ 0; in 0\Y\1 ð2:61Þ

dhf Yð Þ
dY

����
Y¼0

þ Uw ¼ 0;
dhf Yð Þ
dY

����
Y¼1

þ Bi hf 1ð Þ ¼ 0 ð2:62a; bÞ

which is readily solved as

hf Yð Þ ¼ Uw 1þBið Þ
Bi

� UwY ð2:63Þ
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The filtered problem, after substitution of Eq. (2.60) into Eq. (2.56), is then
obtained as

@h� X; Y ; sð Þ
@s

þU Yð Þ @h
� X; Y ; sð Þ
@X

¼ 1
Pe2

@2h� X; Y ; sð Þ
@X2 þ @2h� X; Y ; sð Þ

@Y2 ;

0\X\H; 0\Y\1; s[ 0
ð2:64Þ

h� 0; Y ; sð Þ ¼ �hf Yð Þ; @h� X; Y ; sð Þ
@X

����
X¼H

¼ 0 ð2:65a; bÞ

@h� X; Y ; sð Þ
@Y

����
Y¼0

¼ 0;
@h� X; Y ; sð Þ

@Y

����
Y¼1

þBi h� X; 1; sð Þ ¼ 0 ð2:66a; bÞ

h� X; Y ; 0ð Þ ¼ �hf Yð Þ ð2:67Þ

The Generalized Integral Transform Technique (GITT) is employed to solve
Eqs. (2.64)–(2.67) with the velocity profile defined by Eq. (2.54). The first step in
the application of this method is to define an eigenvalue problem. In the present
situation, we have chosen to define an eigenvalue problem that includes the velocity
profile (Soares et al. 2008):

d2Ci Yð Þ
dY2 þ d2i U Yð ÞCi Yð Þ ¼ 0 0\Y\1 ð2:68aÞ

dCi Yð Þ
dY

����
Y¼0

¼ 0;
dCi Yð Þ
dY

����
Y¼1

þ BiCi 1ð Þ ¼ 0 ð2:68b; cÞ

which is solved by GITT itself, as discussed in Sect. 1.3.4. For this purpose, we define
an auxiliary problem for the original eigenvalue problem, Eq. (2.68), in the form:

d2Xm Yð Þ
dY2 þ v2m Xm Yð Þ ¼ 0 0\Y\1 ð2:69aÞ

dXm Yð Þ
dY

����
Y¼0

¼ 0;
dXm Yð Þ

dY

����
Y¼1

þ BiXm 1ð Þ ¼ 0 ð2:69b; cÞ

and the following inverse transform pair,

Ci xð Þ ¼
X1
m¼1

~Xm xð Þ �Ci;m ; inverse ð2:70Þ

�Ci;m ¼
Z1
0

~Xm xð ÞCi xð Þ dx; transform ð2:71Þ
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where ~Xm xð Þ is the normalized eigenfunction from the auxiliary problem, given as
~Xm xð Þ ¼ Xm xð Þ

N1=2
m

, and Nm ¼ R 10 Xm xð Þ½ �2dx is the norm of the auxiliary eigenfunctions.

The analytical solution of Eq. (2.69) is given as

Xm Yð Þ ¼ cos mmYð Þ ð2:72Þ

where mm are the eigenvalues of the auxiliary problem, given by the positive roots of

sinðmmÞ � Bi
mm

cos mmð Þ ¼ 0 ð2:73Þ

Following the formalism in the GITT approach in solving eigenvalue problems,
described in Sect. 1.3.4, one then proceeds to obtain the eigenvectors �Ci;m,m=1, 2,…,
up to a finite-order Saux, and to reconstructCi xð Þ using Eq. (2.70), considering S terms
in the series solution, sufficiently large to achieve the desired number of significant
digits in the final result.

One may now define the inverse transform pair for the dimensionless temper-
ature integral transformation, in terms of the original eigenfunctions:

h� X; Y ; sð Þ ¼
X1
i¼1

~Ci Yð Þ �hi X; sð Þ ; inverse ð2:74Þ

�hi X; sð Þ ¼
Z1

Y¼0

U Yð Þ ~Ci Yð Þ h� X; Y ; sð ÞdY ; transform ð2:75Þ

The norm is then given as

Ni ¼
Z1

Y¼0

U Yð Þ Ci Yð Þ½ �2 dY ð2:76Þ

To proceed with the integral transformation process, one operates on Eq. (2.64)

with
R 1
Y¼0 �ð Þ~Ci Yð ÞdY and on Eqs. (2.65) and (2.67) with

R 1
Y¼0 �ð ÞU Yð Þ~Ci Yð ÞdY

(boundary and initial conditions), and after some manipulations, the following
transformed partial differential system is obtained:

X1
j¼1

Aij
@�hj X; sð Þ

@s
þ @�hi X; sð Þ

@X
¼ 1
Pe2
X1
j¼1

Aij
@2�hj X; sð Þ

@X2 � d2i
�hi X; sð Þ

0\X\H; s[ 0

ð2:77aÞ
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�hi 0; sð Þ ¼ ��hf ;
@�hi X; sð Þ

@X

����
X¼H

¼ 0 ð2:77b; cÞ

�hi X; 0ð Þ ¼ ��hf ð2:77dÞ

where

Ai j ¼
Z1
0

~CiðgÞ~CjðgÞdg ð2:78Þ

�hf ¼
Z1

Y¼0

U Yð Þ~Ci Yð Þhf Yð ÞdY ð2:79Þ

The transformed coupled system of partial differential equations is numerically
solved by the Method of Lines, implemented in routine NDSolve of the
Mathematica platform, truncating the infinite sums to a number S of terms, suffi-
cient to ensure convergence to within the desired number of significant digits. Once
the transformed potentials �hi

� 	
are numerically computed, this routine gives the

solution as interpolating functions, that allow for the direct application of the
inverse formula, Eq. (2.74), to obtain the filtered dimensionless temperature field.

To generate a few representative results to be here presented, an electrolytic
solution of KCl in water is considered (ε = 80, μ = 0.9 × 10−3 kg/ms, ρ = 998 kg/m3,
kf = 0.6 W/mK, α = 1.44 × 10−7 m2/s, z = 1), with molar concentration of 10−4 M.
Also, considering as an example um = 2 mm/s (Karniadakis et al. 2005), it is
possible to estimate Pe = 0.139 (Peclet number) and Re = 0.022 (Reynolds num-
ber). With such low values of Peclet number, axial heat diffusion along the fluid
cannot possibly be disregarded. At the molar concentration above considered, the
zeta potential is equal to −100 mV at the silicon surface (Mala et al. 1997a, b) and
equal to −59 mV at the glass surface (Erickson et al. 2000). Using this data, at
ambient temperature (T = 298 K), the Debye–Hückel parameter is
κ = 3.25625 × 106 m−1; consequently, the length of the EDL is λ = 307.1 nm and
Z = 32.562. It has been considered Z = 25, which is a typical electroosmotic flow
parameter, under the applied electric field of 1 V/mm.

For the forced convection application, a prescribed heat flux of 1000 W/m2 at the
silicon surface has been considered. A maximum temperature difference of 80 °C is
used, to avoid boiling inside the microchannel. A convection heat transfer coeffi-
cient of 25 W/m2 K is considered, corresponding to natural convection with air at
the external ambient temperature. The thermal conductivity of glass is 0.8 W/m K,
and using such values one reaches an effective heat transfer coefficient (hef) of
24.62 W/m2 K and Bi = 0.00041. A parabolic velocity profile is expected for
Z = 0.5, since it represents a situation where the EDL length is greater than
the channel diameter, equivalent to a constant pressure gradient across the channel.
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The value of Z = 50 represents a typical electroosmotic flow, and then a plug flow
velocity profile is expected when the zeta potentials at the surfaces are the same.

As shown in Table 2.2, the required truncation orders to reach convergence in
the eigenvalue problem solution have been inspected, when a typical electroosmotic
velocity profile is used (Z = 25). It is clear that Sexc = 30 terms are enough to assure
convergence to within six significant digits in the eigenvalues results, in the range
of eigenvalue orders analyzed. S is the number of terms in the truncated series for
the temperature field (for the computation of the dimensionless temperature), and
Sexc extra terms are used in the eigenvalue problem representation to assure and
verify convergence, thus Saux = S + Sexc.

It is also of interest to analyze the convergence of the method (GITT) as directly
applied to the original convection–diffusion problem. Table 2.3 shows the results
for the bulk temperature convergence, with Z ¼ 25, applied electric field of
1 V/mm and heat flux of 1500 W/m2 . Clearly, the eigenfunction expansion for
the bulk temperatures presents an excellent convergence behavior, with five sig-
nificant digits practically converged at truncation orders as low as S = 15. On the
other hand, the Nusselt number formal expressions demonstrate a slower conver-
gence behavior of up to three converged digits at the same truncation orders,
as expected, though sufficiently accurate, with just a simple boundary filter as the
one here used to accelerate convergence.

Figure 2.9 shows the variation of EDL against the Z parameter, for a 10−4 M
solution, and Fig. 2.9 shows the velocity profile for the same conditions, illustrating

Table 2.2 Convergence of some of thefirst ten eigenvalues for a typical electroosmotic flow (Z=25)

Sexc = 0 Sexc = 10 Sexc = 20 Sexc = 30 Sexc = 40 Sexc = 50

μ2 19.42276 19.42214 19.42211 19.42211 19.42210 19.42210

μ4 57.65417 57.63324 57.63238 57.63228 57.63225 57.63224

μ6 95.62972 95.47825 95.47373 95.47318 95.47306 95.47303

μ8 134.07163 133.15624 133.14161 133.13997 133.13962 133.13952

μ10 183.12336 170.77145 170.73302 170.72925 170.72847 170.72824

Table 2.3 Dimensionless bulk temperature convergence behavior

X S ¼ 5 S ¼ 10 S ¼ 15 S ¼ 20

s ¼ 2000 t ¼ 1:39 sð Þ 250 0.27029 0.27019 0.27020 0.27020

500 0.37750 0.37737 0.37738 0.37738

1000 0.42374 0.42361 0.42361 0.42361

2000 0.42639 0.42626 0.42627 0.42627

s ¼ 6000 t ¼ 4:17 sð Þ 250 0.34837 0.34813 0.34814 0.34814

500 0.52720 0.52682 0.52684 0.52684

1000 0.66065 0.66030 0.66032 0.66032

2000 0.69584 0.69557 0.69558 0.69558

s ¼ 12;000 t ¼ 8:347 sð Þ 250 0.35838 0.35832 0.35832 0.35832

500 0.54767 0.54756 0.54756 0.54756

1000 0.69972 0.69952 0.69952 0.69952

2000 0.75248 0.75222 0.75222 0.75222
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Fig. 2.9 (a) EDL field variation with Z parameter. (b) Velocity profile variation with Z parameter
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the quite variable shapes of velocity profiles that are achievable in such physical
situations. Figure 2.10a, b presents the dimensionless bulk temperature for different
prescribed heat fluxes and electric fields, respectively, where one may readily
observe the increase in bulk temperature levels within the channel when either the

Fig. 2.10 (a) Bulk temperature variation with applied wall heat flux (1 V/mm). (b) Bulk
temperature variation with applied electric field (1000 W/m2)
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prescribed heat flux is increased or the applied electric field is reduced. Such
information can be used so as to select the values that might be used in actual
experimental runs, in order to avoid boiling of the fluid inside the channel. Also,
Fig. 2.11a, b shows the local Nusselt numbers along both surfaces (silicon and

Fig. 2.11 (a) Local Nusselt number on silicon surface for different applied electric fields (b) Local
Nusselt number on glass surface for different applied electric fields
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glass), for different velocity profiles, as obtained by the variation in electric field,
i.e., a greater electric field represents a larger average velocity and thus a larger
Nusselt number at the heated surface.

2.4 Inverse Problem Analysis for Convection in Slip Flow

The accuracy of the analytic-based solutions for forced convection in microchan-
nels with slip flow, shown in the previous sections, are dependent on the also
accurate determination of the momentum and thermal accommodation coefficients,
as required by the slip and temperature jump boundary conditions inherent to the
slip flow model, that accounts for non-continuum effects at the fluid–surface
interactions. Fundamental experimental work on rarefied gas dynamics has offered
measurements of the tangential momentum accommodation coefficient, requiring,
for instance, high vacuum and molecular beams impinging on carefully prepared
substrates, such as reviewed in Agrawal and Prabhu (2008), but very few results are
available for the actual conditions of the flow configuration within microchannels
and their bounding walls (Arkilic et al. 2001; Hsieh et al. 2004). The experiments
indicate that the tangential momentum accommodation coefficient generally
assumes values between 0.2 and 1.0, with the lower limit being associated with
exceptionally smooth surfaces and the upper limit with very rough or highly oxi-
dized surfaces (Barber and Emerson 2006). Similar considerations are pertinent to
the measurement of thermal accommodation coefficients (Rader et al. 2005), where
an even more limited experimental database is available, and apparently no pre-
vious work seems to be available on the identification of this coefficient in actual
heat and fluid flow conditions within specific pressure and temperature levels
pertinent to MEMS applications, and in addition, for actual geometry and finishing
of the microchannel walls.

Thus, we take advantage of the accuracy, robustness, and efficiency of the direct
problem solution, to tackle the associated inverse heat transfer problem analysis
(Naveira-Cotta et al. 2011a, b; Knupp et al. 2012a) toward the simultaneous esti-
mation of momentum and thermal accommodation coefficients in microchannel
flows with velocity slip and temperature jump (Naveira-Cotta et al. 2009, 2010a, b).
A Bayesian inference approach is adopted in the solution of the identification
problem, based on the Markov Chain Monte Carlo method (MCMC) and the
Metropolis–Hastings algorithm (Kaipio and Somersalo 2004; Gamerman and Lopes
2006). Only simulated temperature measurements at the external faces of the
channel walls, obtained for instance via infrared thermography with microscopic
lens, are used in the inverse analysis in order to demonstrate the capabilities of the
proposed approach. A sensitivity analysis allows for the inspection of the identi-
fication problem behavior with respect to the parameters to be estimated.

The approach here employed in the direct problem solution for forced convec-
tion in microchannels is borrowed from a previous work on diffusion in hetero-
geneous media, with arbitrarily space variable thermophysical properties
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(Naveira-Cotta et al. 2009). In this sense, the dimensionless velocity fields are
mathematically equivalent to space variable thermal capacitances, and the solution
procedure is here briefly described.

For a general purpose automatic implementation, it is quite desirable to employ a
flexible computational approach to handle eigenvalue problems with arbitrarily
variable coefficients. Thus, the Generalized Integral Transform Technique (GITT) is
here employed in the solution of the Sturm–Liouville problem via the proposition of
a simpler auxiliary eigenvalue problem, as detailed in Sect. 1.3.4, and expanding
the unknown eigenfunctions in terms of the chosen basis (Naveira-Cotta et al.
2011a, b). Also, the variable equation coefficients may themselves be expanded in
terms of known eigenfunctions (Naveira-Cotta et al. 2009), so as to allow for a fully
analytical implementation of the coefficient matrices in the transformed system.

In order to illustrate the direct–inverse problem analysis, we consider a
two-dimensional situation consisting of a parallel-plate microchannel, with steady
thermally developing laminar flow of a gas within the slip flow regime. The fluid is
assumed to enter the channel with a fully developed velocity profile and a uniform
temperature, exchanging heat by convection with the surroundings with an external
heat transfer coefficient that is not known a priori in the inverse problem analysis.
Thermophysical properties are assumed to be constant, while axial diffusion and
viscous dissipation are neglected. Although more involved formulations could be
handled by the present approach, the direct problem solution here illustrated suffices
to demonstrate the applicability of the proposed direct–inverse problem analysis. In
dimensionless form, the energy equation for the fluid within the microchannel,
accounting for the symmetry of the heat transfer process, can be written as

WðYÞ @hðY ; ZÞ
@Z

¼ @2hðY ; ZÞ
@Y2 ; 0\Y\1; Z[ 0 ð2:80Þ

hðY ; 0Þ ¼ 1; 0� Y � 1; ð2:81Þ

@hðY ; ZÞ
@Y Y¼0j ¼ 0;

@hðY ; ZÞ
@Y Y¼1j ¼ �Bieffhð1; ZÞ; Z[ 0 ð2:82a; bÞ

The function W(Y) is related to the fully developed velocity profile across the
microchannel, while the parameter Bieff includes the temperature jump condition
and the external convective heat transfer. Eventually, conjugated effects represented
by heat conduction resistance across the wall, if relevant, can also be directly
incorporated into this coefficient. The dimensionless groups are defined as

Y ¼ y
y1

; Z ¼ af z
uavy21

; hðY ; ZÞ ¼ Tðy; zÞ � T1
T0 � T1

; WðYÞ ¼ uðyÞ
uav

;

Bi ¼ hey1
kf

; Kn ¼ k
2y1

; Bieff ¼ Bi
1þ 2KnbtBi

ð2:83Þ
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and,

bt ¼
ð2� atÞ

at

2c
ðcþ 1Þ

1
Pr

ð2:84Þ

is the wall temperature jump coefficient and αt is the thermal accommodation
coefficient, λ is the molecular mean free path, γ = cp/cv, while cp is specific heat at
constant pressure, cv specific heat at constant volume, Pr is the Prandtl number, 2y1
is the distance between the plates, uav is the average flow velocity, kf is the thermal
conductivity of the fluid, αf is the thermal diffusivity of the fluid, T0 is the inlet flow
temperature, T∞ is the external environment temperature, and he is the external heat
transfer coefficient. Conjugation effects and viscous dissipation are disregarded in
this particular example and the Knudsen number, Kn, is within the slip flow regime
bounds. The dimensionless velocity profile is given as

WðYÞ ¼ 6Knbv þ 3ð1� Y2Þ=2
1þ 6Knbv

ð2:85Þ

where

bv ¼
ð2� amÞ

am
ð2:86Þ

is the wall velocity slip coefficient and αm is the tangential momentum accom-
modation coefficient.

The corresponding temperature jump is accounted for to provide the temperature
distribution at the wall:

hwðZÞ ¼ 1
1þ 2KnBibt

hð1; ZÞ ð2:87Þ

The vector of parameters to be estimated in this slip flow example is then given
as

PT ¼ ½bv; bt;Bieff � ð2:88Þ

The solution of the dimensionless problem (2.80)–(2.82) is then a special case
from the general solution given in (Naveira-Cotta et al. 2009), and written as

h Y ; Zð Þ ¼
X1
i¼1

f i ~wi Yð Þ e�l2i Z ; with f i ¼ �
~w0
i 1ð Þ
l2i

ð2:89Þ
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where ψi(Y) are eigenfunctions of the following Sturm–Liouville problem:

d2wiðYÞ
dY2 þ l2i WðYÞwiðYÞ ¼ 0; 0\Y\1 ð2:90Þ

dwiðYÞ
dY Y¼0j ¼ 0;

dwiðYÞ
dY Y¼1j ¼ �Bieffwið1Þ ð2:91a; bÞ

with the corresponding normalization integral and normalized form of the
eigenfunction

Ni ¼
Z1
0

WðYÞw2
i ðYÞdY ; ~wiðYÞ ¼

wiðYÞ
N1=2
i

ð2:92a; bÞ

The solution of problem (2.90)–(2.91) was obtained in (Mikhailov and Cotta
2005; Cotta et al. 2004b) in terms of the confluent hypergeometric function, also
known as Kummer function, as discussed in Sect. 2.2, readily available in the
Mathematica system (Wolfram 2008). Here, a more convenient path for the cor-
responding inverse problem analysis was chosen, in light of the intensive compu-
tational task required by the parameters identification algorithm, so as to provide a
solution in terms of simpler functions. Thus, following the ideas in Sect. 1.3.4, the
solution of problem (7) is provided as an eigenfunction expansion from a simpler
eigenvalue problem (Naveira-Cotta et al. 2009), that retains the same boundary
conditions of the original problem, but avoids the variable coefficient corresponding
to the dimensionless velocity field, in the form:

d2XnðYÞ
dY2 þ k2nXnðYÞ ¼ 0; 0\Y\1 ð2:93Þ

dXnðYÞ
dY Y¼0j ¼ 0;

dXnðYÞ
dY Y¼1j ¼ �BieffXnð1Þ ð2:94a; bÞ

which is readily solved as

XnðYÞ ¼ cosðknYÞ; kn tanðknÞ ¼ Bieff ; n ¼ 1; 2; . . . ð2:95a; bÞ

Once the auxiliary eigenfunctions and eigenvalues have been obtained, we may
express the desired eigenfunction of the original problem as an expansion of these
simpler functions:

wiðYÞ ¼
X1
n¼1

~XnðYÞ�wi;n; inverse ð2:96Þ
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�wi; n ¼
Z 1

0

~Xn Yð Þwi Yð ÞdY ; transform ð2:97Þ

The integral transformation of the original eigenvalue problem is then performed

by employing the operator
R 1
0
~XnðYÞð:ÞdY ; over Eq. (2.90), which results in the

following algebraic eigenvalue problem for the original problem eigenvalues and
corresponding eigenvectors:

ðA� l2BÞ�w ¼ 0 ð2:98Þ

�w ¼ f�wn;mg; B ¼ fBn;mg; Bn;m ¼
Z1
0

WðYÞ~XnðYÞ~XmðYÞdY ð2:99a–cÞ

An;m ¼ k2ndn;m; where dn;m ¼ 1; for n ¼ m; or dn;m ¼ 0; for n 6¼ m ð2:100Þ

The algebraic problem (2.98)–(2.100) can be numerically solved to provide
results for the eigenvalues μ2 and eigenvectors �w from this matrix eigenvalue
problem analysis (Naveira-Cotta et al. 2009), which will be combined within the
inverse formula (2.96) to provide the desired eigenfunctions of the original
eigenvalue problem.

The fluid temperature at the interface with the wall is then directly computed
from the inverse formula as

h 1; Zð Þ ¼
X1
i¼1

�fi~wi 1ð Þe�l2i Z ð2:101Þ

A Bayesian estimator (Kaipio and Somersalo 2004) is basically concerned with
the analysis of the posterior probability density, which is the conditional probability
of the parameters given the measurements, while the likelihood is the conditional
probability of the measurements given the parameters. If we assume the parameters
and the measurement errors to be independent Gaussian random variables, with
known means and covariance matrices, and that the measurement errors are addi-
tive, a closed form expression can be derived for the posterior probability density.
In this case, the estimator that maximizes the posterior probability density can be
recast in the form of a minimization problem involving the maximum a posteriori
objective function (MAP). On the other hand, if different prior probability densities
are assumed for the parameters, the posterior probability distribution may not allow
for an analytical treatment. In this case, Markov Chain Monte Carlo (MCMC)
methods are used to draw samples of all possible parameters, so that inference on
the posterior probability becomes inference on the samples. This section makes use
of Bayesian techniques for the estimation of parameters in microscale forced
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convection problems, via the MCMC method (Kaipio and Somersalo 2004;
Gamerman and Lopes 2006), as applied to the simultaneous identification of the
momentum and thermal accommodation coefficients in slip flow modeling. The
Metropolis–Hastings algorithm is employed for the sampling procedure
(Gamerman and Lopes 2006), implemented in the Mathematica platform (Wolfram
2008).

Consider the vector of parameters appearing in the physical model formulation
as

PT � P1;P2; . . .;PNp

 � ð2:102Þ

where Np is the number of parameters. For the solution of the inverse problem of
estimating P, we assume available the measured temperature data given as

Y� Tð Þ ¼ ~Y1 �~T1;~Y2 �~T2; . . .;~YNx �~TNx
� 	 ð2:103Þ

where ~Yi contains the measured temperatures for each of the Nx sensors at time ti,
i = 1, …, Nt, that is,

~Yi �~Ti
� 	 ¼ Yi1 � Ti1 ; Yi2 � Ti2; . . .; YiNt � TiNtð Þ for i ¼ 1; . . .;Nx ð2:104Þ

so that we have Nm = NxNt measurements in total. In the present steady-state
estimation procedure, the sensors are assumed to be distributed along the channel
wall length and the measurements are taken as an average in a time interval within
the steady period (Nt = 1).

Bayes’ theorem can then be stated as (Kaipio and Somersalo 2004; Gamerman
and Lopes 2006):

pposterior Pð Þ ¼ p PjYð Þ ¼ p Pð Þp YjPð Þ
p Yð Þ ð2:105Þ

where pposterior(P) is the posterior probability density, that is, the conditional
probability of the parameters P given the measurements Y; p(P) is the prior density,
that is, a statistical model for the information about the unknown parameters prior to
the measurements; p(Y|P) is the likelihood function, which gives the relative
probability density of different measurement outcomes Y with a fixed P, and p(Y) is
the marginal probability density of the measurements, which plays the role of a
normalizing constant.

In this work we assume that the measurement errors are Gaussian random
variables, with known (modeled) means and covariances, and that the measurement
errors are additive and independent of the unknowns. With these hypotheses, the
likelihood function can be expressed as (Kaipio and Somersalo 2004; Gamerman
and Lopes 2006):
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p YjPð Þ ¼ 2pð Þ�M=2jWj�1=2 exp � 1
2
Y� T Pð Þ½ �TW�1 Y� T Pð Þ½ �

� 

ð2:106Þ

where W is the covariance matrix of the measurement errors.
The inference based on simulation techniques uses samples to extract informa-

tion about the posterior distribution p(P|Y). As a sample is always a partial sub-
stitute of the information contained in a density, simulation-based methods are
inherently approximate and should only be used when it is impossible to include the
extraction of analytical information from the posteriori, as is the case in the present
study. Unfortunately, for most problems of practical relevance it is complicated to
generate the posteriori p(P|Y). Therefore, more sophisticated methods are required
to obtain a sample of p(P|Y), for example, the simulation technique based on
Markov chains (Gamerman and Lopes 2006). The numerical method most used to
explore the space of states of the posteriori is the Monte Carlo approach. The Monte
Carlo simulation is based on a large number of samples of the probability density
function (in this case, the function of the posterior probability density p(P|Y)).
Several sampling strategies are proposed in the literature, including the Monte
Carlo method with Markov Chain (MCMC), adopted in this work, where the basic
idea is to simulate a “random walk” in the space of p(P|Y) that converges to a
stationary distribution, which is the distribution of interest in the problem.

A Markov chain is a stochastic process {P0, P1, …} such that the distribution of
Pi, given all previous values P0, …, Pi−1, depends only on Pi−1. That is, it interprets
the fact that for a process satisfying the Markov property of Eq. (2.105), given the
present, the past is irrelevant to predict its position in a future instant (Gamerman
and Lopes 2006):

p Pi 2 AjP0; . . .;Pi�1ð Þ ¼ p Pi 2 AjPi�1ð Þ ð2:107Þ

The most commonly used algorithm in the Monte Carlo method with Markov
Chain is the Metropolis–Hastings, here employed (Kaipio and Somersalo 2004;
Gamerman and Lopes 2006). The Metropolis–Hastings algorithm uses the same
idea of the rejection methods, i.e., a value is generated from an auxiliary distri-
bution and accepted with a given probability. This correction mechanism ensures
the convergence of the chain for the equilibrium distribution. That is, the algorithm
now includes an additional step, where the transition mechanism depends on a
proposal for a transition and a stage of assessing the equilibrium density, but this is
represented by the global transition via the probability of acceptance.

The Metropolis–Hastings algorithm uses an auxiliary probability density func-
tion, q(P*|P), from which it is easy to obtain sample values. Assuming that the
chain is in a state P, a new candidate value, P*, is generated from the auxiliary
distribution q(P*|P), given the current state of the chain P. The new value P* is
accepted with probability given as Eq. (2.106) below, where the ratio that appears
in this equation was called by Hastings (Gamerman and Lopes 2006) the ratio test,
today called the ratio of Hastings “RH”:
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RH P; P�ð Þ ¼ min 1;
p P�jYð Þq P�jPð Þ
p PjYð Þq PjP�ð Þ

� �
ð2:108Þ

where p(P|Y)is the a posteriori distribution of interest. An important observation is
that we only need to know p(P|Y) up to a constant, since we are working with ratios
between densities and such normalization constant is canceled.

In practical terms, this means that the simulation of a sample of p(P|Y) using the
Metropolis–Hastings algorithm can be outlined as follows (Gamerman and Lopes
2006):

1. Boot up the iterations counter of the chain i = 0 and assign an initial value P(0).
2. Generate a candidate value P* of the distribution q(P*|P).
3. Calculate the probability of acceptance of the candidate value RH P;P�ð Þ by

Eq. (2.106).
4. Generate a random number u with uniform distribution, i.e., u * U(0, 1),
5. If u ≤ RH then the new value is accepted and we let P (i+1) = P*. Otherwise, the

new value is rejected and we let P (i+1) = P(i).
6. Increase the counter i to i + 1 and return to step 2.

The transition core q(P*|P) defines only a proposal for a movement that can be
confirmed by RH P;P�ð Þ. For this reason it is usually called the proposal or density
distribution. The success of the method depends on not so low acceptance rates and
proposals that are easy to simulate. The method replaces a difficulty in generating p
(P|Y) by several generations of the proposal q(P*|P). In this study we have chosen
to adopt symmetrical chains, i.e., q(P*|P) = q(P|P*) for all (P*,P). In this case,
Eq. (2.109) reduces to the ratio of the posterior densities calculated at the previous
and proposed chain positions, and does not depend on q(P*|P).

Before addressing the estimation of the unknown parameters, it is desirable to
perform a sensitivity analysis, when the behavior of the determinant of the matrix
JTJ (Ozisik and Orlande 2000) needs to be analyzed in order to inspect the
influence of the number of parameters to be estimated in the solution of the inverse
problem. The sensitivity matrix J is defined as

J Pð Þ ¼ @TT Pð Þ
@P

� �T
¼

@T1
@P1

@T1
@P2

@T1
@P3

. . . @T1
@PNp

@T2
@P1

@T2
@P2

@T2
@P3

. . . @T2
@PNp

..

. ..
. ..

. ..
.

@TNm
@P1

@TNm
@P2

@TNm
@P3

. . . @TNm
@PNp

2
666664

3
777775 ð2:109Þ

Where Nm is the total number of measurements and Np is total number of
unknown parameters. The sensitivity coefficients Jij ¼ @Ti

@Pj
give the sensitivity of Ti

(solution of the direct problem) with respect to changes in the parameter Pj. A small
value of the magnitude of Jij indicates that large changes in Pj yield small changes
in Ti. It can be easily noticed that the estimation of the parameter Pj is extremely
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difficult in such cases, because basically the same value for Ti would be obtained for
a wide range of values of Pj. In fact, when the sensitivity coefficients are small,
JTJ
�� �� � 0 and the inverse problem is said to be ill-conditioned. It can also be shown
that JTJ

�� �� is null if any column of J can be expressed as a linear combination of
other columns (Ozisik and Orlande 2000). Therefore, it is desirable to have linearly
independent sensitivity coefficients Jij with large magnitudes, so that the parameter
estimation problem is not very sensitive to measurement errors and accurate esti-
mates of the parameters can be obtained. The comparison of the magnitude of the
sensitivity coefficients, as well as the analysis of possible linear dependence, is
more easily performed using the reduced sensitivity coefficients instead of the
original ones. The reduced sensitivity coefficients are obtained by multiplying the
original sensitivity coefficients, Jij, by the parameters that they refer to. Therefore,
they have units of the measured variables, which is used as a basis of comparison.

The direct problem solution was first validated by direct comparison with the
benchmark results provided in Mikhailov and Cotta (2005), as illustrated in Cotta
et al. (2009b), for the case of a parallel-plates under prescribed uniform wall
temperature Bi ! 1ð Þ. The constructed algorithm for the inverse analysis was then
also validated for this same benchmark problem with Bi ! 1, from a theoretical
perspective, assuming the fluid temperature at the wall to be measurable. Then, the
theory presented in Naveira-Cotta et al. (2010a, b), takes advantage of the accuracy,
robustness, and efficiency of the direct problem solution of Sects. 1.3.1 and 1.3.4, to
tackle the associated inverse heat transfer problem, toward the simultaneous esti-
mation of momentum and thermal accommodation coefficients in microchannel
flows with velocity slip and temperature jump. Here this approach is employed in a
more challenging example, so as to explore the limits of the identification procedure
just summarized.

Only wall temperature measurements, obtained from simulated data, are
employed in this section, which may be obtained for instance through infrared
thermography. A total of 1000 uniformly distributed points along the dimensionless
channel length, Zf = 5, are initially adopted. The simulated measurements are
considered normally distributed with averages at the simulated values and 1 %
standard deviation. They were obtained with 50 terms in the eigenfunction
expansions, while the direct problem solution within the inverse problem procedure
was handled with 20 terms only, in order to avoid the inverse crime. The test case
data obtained from a hypothetical nitrogen flow within a silicon substrate is sum-
marized in Table 2.4.

Table 2.4 Summary of the
pertinent data

Parameter Value

Kn 0.025

βv 1.5

βt 3.88

Bieff 0.8
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The simulated wall temperature measurements (symbols) are plotted with the
exact solution (solid line) in Fig. 2.12, where the representative experimental error
adopted can be clearly noticed.

Figure 2.13 illustrates the reduced sensitivity coefficients for each of the three
parameters βv (dotted line), βt (dashed line), Bieff (dot-dashed line). This figure
indicates that the estimation of the effective Biot number and βt, should not pose

Fig. 2.12 Simulated wall temperature measurements with 1 % standard deviation

Fig. 2.13 Comparison of reduced sensitivity coefficients along the channel for the three
parameters to be estimated
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difficulties, since their sensitivity coefficients are large and linearly independent
with respect to the others. On the other hand, the sensitivity coefficients with respect
to the slip boundary condition coefficient, βv, are much smaller, and some diffi-
culties in its estimation can be anticipated, unless an informative prior is provided.
In fact, an initial attempt of estimating the three parameters was performed by
providing non-informative uniform probability distribution functions for the
effective Biot number, a poor informative prior for βt through a truncated normal
distribution probability with very large standard deviation of 50 %, and an infor-
mative truncated normal prior for βv with a standard deviation of 35 %, within the
admissible minimum and maximum interval values for each parameter. It was then
observed, especially for the parameter βv, that a more informative prior would be
required for achieving a fast convergence in the estimation procedure and a narrow
interval of the estimated distribution. Fortunately, a priori information for both βv
and Bi can in principle be obtained for most experimental conditions, by utilizing
pressure and mass flow rate measurements to approximate the slip coefficient and
by employing classical correlations for estimating the external heat transfer coef-
ficient, respectively. We have then proceeded to the analysis of the inverse problem
by providing more informative probability distributions as prior for βv, while
maintaining the same probability distribution as prior for the other two parameter
Bieff and βt. The Gaussian priors for βv and βt were initially assumed with means at
the exact values.

Figure 2.14a–c illustrates the evolution of the Markov chains (up to 50,000
states) for the estimation of the three parameters, βv, βt, and Bieff, respectively,
involving a Gaussian prior for βv with 20 % standard deviation. Also shown are
dotted lines for the expected exact value and dashed lines for the admissible
minimum and maximum limits for each parameter. One may clearly observe that
the Markov chain for the parameter Bieff has a distinguished behavior of a very fast
convergence, in comparison to the other two parameters, requiring less than 1,000
states. The slip boundary condition coefficient, βv, appears to be the worst one to
estimate in the present situation, as also indicated by the respective sensitivity
analysis (Fig. 2.13).

Another form of analyzing these results can be provided by both sets of curves in
Figs. 2.15a–c and 2.16a–c. In Fig. 2.15a–c it is shown the prior probability dis-
tribution functions, which can then be compared to the subsequent sampling fre-
quency histograms of the posterior, neglecting the first 10,000 states in each chain,
presented in Fig. 2.16a–c. One may clearly observe that the identification algorithm
markedly narrows the a posteriori distributions, with respect to all three priors
distributions, within the domain defined by the minimum and maximum values of
the admissible intervals. For the effective Biot number, as shown in Fig. 2.16c, the
posterior distribution is shown in the superposed zoomed image.
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Fig. 2.14 Markov chains evolution for each of the three parameters in the slip flow test case, for
truncated normal distribution with standard deviation of 20% as prior for bv: ðaÞ bv; ðbÞbt; ðcÞBieff
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Fig. 2.15 Prior information for each of the three parameters: (a) truncated normal distribution
with standard deviation of 20 % for bv; (b) truncated normal distribution with standard deviation of
50 % for bt; (c) uniform distribution for Bieff
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(a)

(b)

(c)

Fig. 2.16 Posterior information for each of the three parameters: (a) for bv; (b) for bt; (c) for Bieff
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Table 2.5 summarizes the input data and illustrates not only the estimated values,
after neglecting the first 10,000 states in each chain (total of 50,000 states), but also
the minimum and maximum values of the 95 % confidence intervals for such
estimated parameters. For all three parameters, including the least sensitive
parameter, βv, the exact value lies within the confidence intervals, though it presents
the widest interval among the three estimated parameters.

Figure 2.17 provides a direct comparison of the velocity distribution across the
channel, as computed from the exact (solid line) and estimated (long dashed line)
values of the slip coefficient, and also the velocity profiles as obtained from the
lower (dotted line) and upper (dashed-dotted line) bounds of the 95 % confidence
interval. In this case some slight changes in the velocity distribution are observable
to the graph scale. As expected from the reasonably accurate estimation of the slip
coefficient shown in Table 2.5, the two curves (exact and estimated) are essentially
coincident.

Table 2.5 Estimated parameters values with 50,000 states in Markov chains (first 10,000 states
for the chains burn-in) and the corresponding 95 % confidence intervals, for truncated normal
distribution with standard deviation of 20 % as prior for bv

P Exact Search interval
[min, max]

Initial
guess

Estimated Confidence interval
[min, max]

βv 1.5 [1.0, 5.0] 3 1.4731 [1.1014, 1.8649]

βt 3.88 [1.0, 5.0] 3 3.8908 [3.6886, 4.0770]

Bieff 0.8 [0.008, 8.0] 4.04 0.7992 [0.7923, 0.8068]

Fig. 2.17 Reconstructed velocity with estimated parameters (long dashes), with lower (dotted),
upper (dashed-dotted) bounds of confidence interval, and exact (solid)
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Fig. 2.18 Markov chains evolution for each of the three parameters in the slip flow test case, for
truncated normal distribution with standard deviation of 35% as prior for bv: ðaÞbv; ðbÞbt; ðcÞBieff
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Then, we illustrate the effect of increasing the standard deviation on the average
values informed as prior distribution for the coefficient βv, now markedly increased
to 35 %. From Fig. 2.18a–c for the three Markov chains, one may conclude that the
βv Markov chain convergence is the one most noticeably affected, in comparison to
the previously presented case, where a narrower standard deviation of the priors
distribution for the coefficient βv have been employed. Clearly, an increased number
of states on the βv Markov chain (up to 110,000) is needed to achieve convergence,
after the first 40,000 states (burn-in period), while the Markov chains for the other
two parameters do not present a marked variation with respect to those presented in
Fig. 2.14a–c. Also shown are dotted lines for the expected exact value and dashed
lines for the admissible limits for each parameter.

Table 2.6 summarizes the input data and illustrates not only the estimated values,
after neglecting the first 40,000 states in each chain, but also the minimum and
maximum values of the 95 % confidence intervals for such estimated parameters.
As observed from Table 2.6, the less informative prior similarly affects the width of
the confidence interval for the parameter βv, though the estimated value remains
fairly reasonable. The estimation of the other two parameters is less affected.

2.5 Microchannels with Corrugated Walls

Microchannels with corrugated or rough walls along their length are fairly common,
either as a result of inherent fabrication irregularities or as a strategy for heat or
mass transfer enhancement in different contexts and applications. Simulation of heat
and fluid flow in such configurations in general requires costly purely discrete
solutions of the governing mass, momentum, and energy balances for irregular
domains. The present section is aimed at illustrating how the Generalized Integral
Transform Technique (GITT) can be applied in the hybrid numerical–analytical
solution of the Navier–Stokes equations for flow within corrugated channels (Silva
et al. 2004, 2005, 2007, 2011), as well as in the solution of the energy equation for
both steady and transient regimen through an approximate analysis of the flow
problem and considering axial diffusion and preheating/cooling of microchannels
(Castellões and Cotta 2008; Castellões et al. 2010).

Table 2.6 Estimated parameters values with 110,000 states in Markov chains (neglecting first
40,000 states for the chains burn-in) and the corresponding 95 % confidence intervals for 35 %
standard deviation in the priors distributions

P Exact Search interval
[min, max]

Initial
guess

Estimated Confidence interval
[min, max]

βv 1.5 [1.0, 5.0] 1.65 1.7618 [1.1633, 2.2525]

βt 3.88 [1.0, 5.0] 4.628 3.9915 [3.7628, 4.2058]

Bieff 0.8 [0.008, 8.0] 4.04 0.7960 [0.7880, 0.8042]
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2.5.1 Flow Analysis via Full Navier–Stokes Equations

Laminar flow within a microchannel with longitudinally corrugated walls is here
analyzed (Silva et al. 2004, 2005, 2007, 2011). The arbitrarily irregular boundaries
can be originated by inherent irregularities in the microfabrication process of a
straight channel or produced on purpose for heat and mass transfer enhancement
goals. Figure 2.19 provides a general schematic drawing for the channel flow
problem to be studied. Laminar incompressible flow of a Newtonian fluid is con-
sidered, for a two-dimensional geometry and steady state, governed by the conti-
nuity and Navier–Stokes equations, written in the primitive variables formulation
and in dimensionless form as

@u
@x

þ @v
@y

¼ 0 ð2:110Þ

u
@u
@x

þ v
@u
@y

¼ � @p
@x

þ 1
Re

@2u
@x2

þ @2u
@y2

� �
ð2:111Þ

u
@v
@x

þ v
@v
@y

¼ � @p
@y

þ 1
Re

@2v
@x2

þ @2v
@y2

� �
ð2:112Þ

In order to achieve automatic satisfaction of the continuity equation and elimi-
nate the pressure field, the streamfunction only formulation is here preferred, as in
previous solutions of the Navier–Stokes equations through GITT, for instance
(Perez-Guerrero and Cotta 1992, 1995; Perez-Guerrero et al. 2000). The definition
of streamfunction is employed according to:

u ¼ @w
@y

; v ¼ � @w
@x

ð2:113a; bÞ

y

x

y2(x)

y1(x)

n

u=1

v=0

Fig. 2.19 Schematic representation of the fluid flow problem in a two-dimensional microchannel
with longitudinally corrugated walls
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The dimensionless groups employed in Eqs. (2.110)–(2.112) are given as

x ¼ x�=b; y ¼ y�=b; y1ðxÞ ¼ y�1ðx�Þ=b; y2ðxÞ ¼ y�2ðx�Þ=b;
u ¼ u�=u0; v ¼ v�=u0; p ¼ p�=qu20; Re ¼ bu0=m

ð2:114Þ

where b represents half the distance between the walls at the duct inlet.
The flow equations are then rewritten in the streamfunction only formulation and

becomes:

@w
@y

@3w
@x3

þ @3w
@x@y2

� �
� @w

@x
@3w
@x2@y

þ @3w
@y3

� �
¼ 1

Re
r4w ð2:115Þ

where wðx; yÞ is the streamfunction which obeys the following no-slip and
impermeable walls boundary conditions in the transversal coordinate y:

wðx;�y1ðxÞÞ ¼ k1;
@wðx;�y1ðxÞÞ

@n
¼ 0; wðx; y2ðxÞÞ ¼ k2;

@wðx; y2ðxÞÞ
@n

¼ 0 ð2:116a–dÞ

where in the application that follows a symmetric boundary shape will be con-
sidered, given as y1(x) = y2(x) = 1 + f(x), with f(x) being the function that represents
the corrugation at the walls, while n, k1, and k2 are the normal vector to the wall
surface, and the values of the streamfunction at the walls, respectively.

The boundary conditions at the channel entrance are given as

wð0; yÞ ¼ k1;
@wðx; yÞ

@x

����
x¼0

¼ 0 ð2:117a; bÞ

Considering a fully developed flow condition at the channel exit, for a straight
parallel-plate channel geometry, the exit boundary conditions are given as

wðx1; yÞ ¼ k1 þ
Zy
�y1

u1ðy0Þdy0; @wðx; yÞ
@x

����
x¼x1

¼ 0 ð2:118a; bÞ

where the dimensionless fully developed velocity profile is written as

u1 yð Þ ¼ 3
4
Q 1�y2
� 	 ð2:119Þ

where Q is given as

wð0; y2ðxÞÞ ¼ k2 ¼ Qþ k1 ð2:120Þ
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For improved computational performance, it is convenient to define a filter to
homogenize the boundary conditions in the transversal coordinate, y. A general
analytical filter may be considered, following (Silva et al. 2004, 2011), as

wðx; yÞ ¼ /ðx; yÞþFðx; yÞ ð2:121Þ

where /ðx; yÞ represents the unknown potential to be determined, while Fðx; yÞ is
the proposed filter, which recovers the value of the streamfunction, wðx; yÞ, at the
wall. Substituting Eq. (2.121) into Eq. (2.115) yields:
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and for the boundary conditions

/ðx;�y1ðxÞÞ ¼ k1 � Fðx;�y1ðxÞÞ; @/ðx;�y1ðxÞÞ
@n

¼ 0 ð2:123a; bÞ

/ðx; y2ðxÞÞ ¼ k2 � Fðx; y2ðxÞÞ; @/ðx; y2ðxÞÞ
@n

¼ 0 ð2:124a; bÞ

An analytical filter Fðx; yÞ can be readily constructed by considering that at each
longitudinal position along the corrugated channel, a fully developed velocity
profile, u∞(y; x), is attained, thus completely neglecting the inertia terms at each
cross section. This analytical solution offers both an approximate expression for the
velocity field at very low Reynolds number and a straightforward filtering solution
that shall be employed in the following development. For convenience in the filter
definition, a coordinate transformation is introduced, given as

g ¼ y� y3ðxÞ; y3ðxÞ ¼ 1
2
y2ðxÞ � y1ðxÞ½ �; y0ðxÞ ¼ 1

2
y2ðxÞþ y1ðxÞ½ �

ð2:125a–cÞ

Then, the filtering solution based on the fully developed flow solution is written as

Fðg; xÞ ¼ 3
4
Q

g
y0

� �
� 1
3

g
y0

� �3
" #

þ Q
2
þ k1 ð2:126Þ
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Defining a normalized space variable, ξ = η/y0, within the domain [–1, 1], one may
rewrite Eq. (2.126) as

FðnÞ ¼ 3
4
Q n� 1

3
n3

� �
þ Q

2
þ k1 ð2:127Þ

In light of the homogeneous boundary conditions that result from the filtering
proposed, the auxiliary eigenvalue problem for the integral transformation process
is chosen in the transversal direction, y. The following integral transform pair is
then proposed:

Transform: �/iðxÞ ¼
Zy2
�y1

~Yiðx; yÞ/ðx; yÞdy ð2:128Þ

Inverse: /ðx; yÞ ¼
X1
i¼1

~Yiðx; yÞ�/iðxÞ ð2:129Þ

where ~Yiðx; yÞ are the normalized eigenfunctions, and the adopted eigenvalue
problem, in terms of the original transversal coordinate, is given as

d4Yiðx; yÞ
dy4

¼ b4i Yiðx; yÞ ð2:130Þ

Yiðx;�y1Þ ¼ 0;
dYiðx;�y1Þ

dn
¼ 0 ð2:131a; bÞ

Yiðx; y2Þ ¼ 0;
dYiðx; y2Þ

dn
¼ 0 ð2:132a; bÞ

where the independent variable x becomes a parameter in the eigenvalue problem,
in light of the x variable cross section. Employing the same coordinate transfor-
mation used for the filter, the eigenvalue problem formulation is rewritten as

d4YiðnÞ
dn4

¼ y0bið Þ4YiðnÞ ¼ k4i YiðnÞ ð2:133Þ

Yið�1Þ ¼ 0;
dYið�1Þ

dn
¼ 0 ð2:134a; bÞ

Yið1Þ ¼ 0;
dYið1Þ
dn

¼ 0 ð2:135a; bÞ
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which leads to the following eigenfunctions, YiðnÞ:

YiðnÞ ¼
cosðkinÞ
cosðkiÞ � coshðkinÞ

coshðkiÞ ; i ¼ 1; 3; 5; . . .

sinðkinÞ
sinðkiÞ � sinhðkinÞ

sinhðkiÞ ; i ¼ 2; 4; 6; . . .

8>><
>>: ð2:136a; bÞ

and the corresponding normalization integral is determined from:

Ni ¼ y0

Z1
0

Y2
i ðnÞdn; i ¼ 1; 2; 3; . . . ð2:137Þ

thus,NiðxÞ ¼ 2y0ðxÞ. Then the normalized eigenfunctions, ~Yiðx; yÞ, are constructed as

~Yiðx; yÞ ¼ Yiðx; yÞffiffiffiffiffi
Ni

p ð2:138Þ

Applying the integral transformation to the filtered problem, employing the
inverse formula in the various potential derivatives, one reaches the following
transformed ordinary differential system:
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where the coefficients are defined in Silva et al. (2004, 2007, 2011) and the
respective transformed boundary conditions are given as

/ið0Þ ¼ 0; /ið1Þ ¼ 0 ð2:140a; bÞ

d/ið0Þ
dx

¼ 0;
d/ið1Þ

dx
¼ 0 ð2:140c; dÞ

In the discussion that follows, results are presented for two situations, corre-
sponding to a sinusoidal wavy channel wall and a corrugated triangular-shaped wall
constructed via Fourier transforms (Sias et al. 2005). Different values of Reynolds
number were considered, Re = 100, 300, 500, and 700, in a wide range of relatively
large Reynolds numbers for microchannel applications, with corrugation
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amplitudes of 3 and 5 % of half the distance between the channel walls and
corrugation frequencies of p and 3p.

First, results are presented for a sinusoidally wavy wall, with bounding surfaces
defined by the function f ðxÞ ¼ a sin½xðx� 3Þ�, as shown in Fig. 2.20. Tables 2.7,
2.8, 2.9, and 2.10 illustrate the convergence of the streamfunction values along the
line y = 0.5, for the two extreme values of Re here analyzed, and for the two relative
corrugation amplitudes.

For x ¼ p, as can be seen from Tables 2.7 and 2.8, an excellent convergence
rate of the streamfunction could be observed, reaching, for instance, five significant
digits of convergence with truncation orders as low as 14 terms for Re = 100,
increasing to 18–22 terms for the larger value of Re = 700. In this case, for a few

2b

x
y2(x)

y1(x)

xtotal

Fig. 2.20 Schematic representation of the channel with sinusoidal wavy walls

Table 2.7 Streamfunction convergence at y = 0.5 for Re = 100, α = 3 %, and ω = π

N x = 0 x = 3 x = 9 x = 15 x = 18

6 0.68750 0.69504 0.68989 0.68267 0.68863

10 0.68750 0.69510 0.69025 0.68296 0.68867

14 0.68750 0.69511 0.69029 0.68299 0.68867

18 0.68750 0.69511 0.69029 0.68299 0.68867

22 0.68750 0.69511 0.69029 0.68299 0.68867

26 0.68750 0.69511 0.69029 0.68299 0.68867

Table 2.8 Streamfunction convergence at y = 0.5 for Re = 700, α = 5 %, and ω = π

N x = 0 x = 3 x = 9 x = 15 x = 18

6 0.68750 0.69902 0.68609 0.67429 0.68829

10 0.68750 0.70089 0.68884 0.67648 0.69051

14 0.68750 0.70154 0.69061 0.67796 0.69130

18 0.68750 0.70156 0.69108 0.67839 0.69147

22 0.68750 0.70157 0.69126 0.67856 0.69153

26 0.68750 0.70157 0.69127 0.67858 0.69155
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positions, convergence can be reached to four significant digits within the range of
truncation orders explored in Table 2.8. For x ¼ 3p, shown in Tables 2.9 and 2.10,
the convergence behavior is also satisfactory, again yielding five significant digits
of convergence in the case of Re = 100, while for the more critical situation of
Re = 700, in some points three significant digits are fully converged to the maxi-
mum truncation order of just 26 terms here considered.

Figure 2.21a, b presents results for the product friction factor-Reynolds number
(f Re), obtained for the various Reynolds numbers (Re = 100, 300, 500, 700) and for
two situations in terms of the corrugation shape, namely, (a) a ¼ 3% and x ¼ p;
(b) α = 5 % and x ¼ 3p. The overall behavior follows the findings of Wang and
Chen (2002) and the benchmark results of Silva et al. (2011), with the marked
increase on friction factor with the increase on both amplitude and frequency of the
corrugations.

A brief convergence analysis of the longitudinal velocity component is also
provided in Table 2.11, for Re = 100, α = 3 %, and y = 0.5, with ω = π and 3π.
Convergence was critically compared at two different sections in each case, one
between the peaks of the corrugations, where the channel is narrower, and the other
between the valleys of the corrugations, where the channel is wider. The two
sections are roughly half way between the entrance and the exit of the channel. As
expected, the convergence rates are not as fast as for the streamfunction
(Perez-Guerrero and Cotta 1992, 1995; Perez-Guerrero et al. 2000). Nevertheless,

Table 2.9 Streamfunction convergence at y = 0.5 for Re = 100, α = 3 %, and ω = 3π

N x = 0 x = 3 x = 9 x = 15 x = 18

6 0.68750 0.71216 0.69012 0.66000 0.68550

10 0.68750 0.71224 0.69003 0.65973 0.68537

14 0.68750 0.71227 0.69017 0.65976 0.68537

18 0.68750 0.71227 0.69019 0.65977 0.68537

22 0.68750 0.71227 0.69019 0.65977 0.68537

26 0.68750 0.71227 0.69019 0.65977 0.68537

Table 2.10 Streamfunction convergence at y = 0.5 for Re = 700, α = 5 %, and ω = 3π

N x = 0 x = 3 x = 9 x = 15 x = 18

6 0.68750 0.66418 0.58295 0.56011 0.62729

10 0.68750 0.69444 0.63440 0.60499 0.66630

14 0.68750 0.69439 0.63575 0.60612 0.66632

18 0.68750 0.69442 0.63682 0.60705 0.66652

22 0.68750 0.69449 0.63754 0.60753 0.66640

26 0.68750 0.69456 0.63815 0.61072 0.67079
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(a) 

(b) 

αα=3% 
ω=π

α=5% 
ω=3π

Fig. 2.21 Product friction factor-Reynolds number along the sinusoidally wavy channel for
(a) a ¼ 3% and x ¼ p; (b) a ¼ 5% and x ¼ 3p

Table 2.11 Convergence of the longitudinal velocity component for Re = 100, α = 3 %, and
y = 0.5 (sinusoidal wavy wall)

N ω = π ω = 3π

xconv = 8.50 xdiv = 9.50 xconv = 8.14992 xdiv = 9.84994

6 1.15150 1.12331 1.14896 1.13601

10 1.15519 1.12137 1.15661 1.12803

14 1.15478 1.12135 1.15250 1.13025

18 1.15485 1.12134 1.15445 1.12985

22 1.15483 1.12135 1.15351 1.13001

26 1.15484 1.12134 1.15405 1.12992
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for a corrugation amplitude of 3 %, four to five significant digits are achieved in the
velocity value, for both frequencies analyzed, x ¼ p and 3p, within the maximum
truncation order of just 26 terms here adopted.

Figure 2.22 provides an example of the streamfunction isolines as obtained from
the present solution, taking only the case with more significant recirculations within
the channel corrugation regions (Re ¼ 700, a ¼ 5%, and x ¼ 3p).

Next, the case of a triangular corrugated wall is considered, as expressed by the
following Fourier transforms representation of the triangular wave:

f ðxÞ ¼ a
X5
n¼1

8 sinðnp=2Þ
ðnpÞ2 sin½nxðx� 3Þ� ð2:141Þ

Figure 2.23 provides an illustration of this geometry, and the corrugation fre-
quencies were again taken as x ¼ p and 3p, while a represents the amplitude of the
half wave.

αα=5%
ω=3π

Re=700

Fig. 2.22 Streamfunction isolines for Re ¼ 700, a ¼ 5%, and x ¼ 3p (sinusoidal wavy wall)

2b

x

y1(x)

y2(x)

x total

Fig. 2.23 Schematic representation of the microchannel with triangular-shaped corrugation
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Tables 2.12 and 2.13 illustrate the convergence behavior of the streamfunction
along the line y = 0.5, with Re = 100, α = 3 %, and ω = π and 3π, respectively, for
the triangular-shaped corrugated wall as reproduced by the Fourier transform
above. In both situations one can observe the excellent convergence characteristics,
with five fully converged significant digits within the range of parameters here
considered.

Figure 2.24 provides the curves for the product friction factor-Reynolds number
(f Re) as obtained for the channel with triangular-shaped corrugation, for Re = 100,
x ¼ p, a ¼ 3, and 5%. Again, one may notice an increase in friction fator, for
increasing corrugation amplitude.

As in the previous case of a sinusoidal wall, Table 2.14 provides a brief illus-
tration of the convergence behavior of the longitudinal velocity component in the
case of a triangular-shaped corrugation. The velocity field is tabulated at y = 0.5 and
for Re = 100, α = 3 %, x ¼ p, and x ¼ 3p. Also in this case, an excellent
convergence pattern is achieved, with some slight reduction in the convergence
rates at the locations where the channel is more narrow for x ¼ 3p.

Table 2.12 Convergence of the streamfunction along y = 0.5 for Re = 100, α = 3 %, and ω = π
(triangular-shaped corrugation)

N x = 0 x = 3 x = 9 x = 15 x = 18

6 0.68750 0.68975 0.68719 0.67810 0.68351

10 0.68750 0.69176 0.68874 0.68100 0.68536

14 0.68750 0.69177 0.68877 0.68102 0.68536

18 0.68750 0.69177 0.68877 0.68102 0.68536

22 0.68750 0.69177 0.68877 0.68102 0.68536

26 0.68750 0.69177 0.68877 0.68102 0.68536

Table 2.13 Convergence of the streamfunction along y = 0.5 for Re = 100, α = 3 %, and ω = 3π
(triangular-shaped corrugation)

N x = 0 x = 3 x = 9 x = 15 x = 18

6 0.68750 0.66246 0.71067 0.66793 0.66666

10 0.68750 0.69596 0.62044 0.55732 0.60890

14 0.68750 0.69597 0.62040 0.55762 0.60882

18 0.68750 0.69597 0.62045 0.55751 0.60882

22 0.68750 0.69597 0.62048 0.55758 0.60882

26 0.68750 0.69597 0.62049 0.55757 0.60882
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2.5.2 Heat Transfer Analysis with Approximate Velocity
Profile

Transient laminar forced convection within microchannels formed by corrugated
plates is now considered (Castellões and Cotta 2008; Castellões et al. 2010). Three
regions along the channel are considered in the problem formulation, as described in
Fig. 2.25. First, an adiabatic region with smooth walls, followed by the heat transfer
section with prescribed temperatures at the corrugated walls, and the third one,
following the corrugated region, is again made of smooth adiabatic walls. The
problem formulation here presented and solved by integral transforms is fairly gen-
eral, but the test case to be analyzed adopts the same sinusoidal walls geometry and

Re=100
ωω =  π

α=3%
α=5%

Fig. 2.24 Product friction factor-Reynolds number along the triangular-shaped corrugated
channel for Re = 100, x ¼ p, a ¼ 3, and 5%

Table 2.14 Convergence of the longitudinal velocity component for Re = 100, α = 3 %, and
y = 0.5 (triangular wavy wall)

N ω = π ω = 3π

xconv = 8.49990 xdiv = 9.49990 xconv = 8.15 xdiv = 9.82499

6 1.15088 1.12674 1.16363 1.11390

10 1.15342 1.12234 1.18285 1.15667

14 1.15252 1.12280 1.17748 1.16454

18 1.15283 1.12261 1.18073 1.16181

22 1.15268 1.12270 1.17897 1.16299

26 1.15277 1.12265 1.18008 1.16241
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boundary conditions as presented by Wang and Chen (2002). The walls boundaries
are then described by the following functions along the longitudinal coordinate:

fy�0ðx�Þ ¼
y�0; 0\x�\L�1
y�0 þ a� sin px� � L�1

� 	
12
L�2
; L�1\x�\L�2

y�0; L�2\x�\L�

8<
: ð2:142Þ

fy�1ðx�Þ ¼
y�1; 0\x�\L�1
y�1 þ a� sin px� � L�1

� 	
12
L�2
; L�1\x�\L�2

y�1; L�2\x�\L�

8<
: ð2:143Þ

The two-dimensional steady flow is assumed to be laminar and incompressible,
with constant thermophysical properties, while viscous dissipation and natural
convection effects are neglected. Due to the possible low values of Péclet number,
in light of the lower range of Reynolds numbers, axial diffusion along the fluid is
not disregarded. Also, the flow is assumed to be fully developed at the first section
entrance, but varies along the axial coordinate once the corrugated section is
reached.

In obtaining the velocity field along the flow, the full Navier–Stokes equations
should be employed, yielding the variable velocity components and pressure field
along the transversal and longitudinal directions, as demonstrated in the previous
section, where the Generalized Integral Transform Technique (GITT) has been
employed in the hybrid numerical–analytical solution of this laminar flow (Silva
et al. 2007, 2011). However, for sufficiently low Reynolds numbers and mild
variations on the wall corrugations, an approximate solution for the velocity field
has been previously proposed (Özişik et al. 1982), essentially by accounting for the
variable cross section within the local mass balance equation, but neglecting the
momentum equations influence on the velocity components development. These

Fig. 2.25 Geometry and coordinates system for heat transfer in corrugated channel
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explicit solutions for the velocity components are particularly handy, especially in
design, optimization, and inverse analysis, and shall be here exploited to demon-
strate the transient thermal problem solution. Thus, following this approach, the
velocity components are analytically derived as (Castellões et al. 2010):

u�ðx�; y�Þ ¼ �ðy�0 � y�1Þ
ðfy�0ðx�Þ � fy�1ðx�ÞÞ3

½�y� 2 þ y� ðfy�0ðx�Þþ fy�1ðx�ÞÞ � fy�0ðx�Þ fy�1ðx�Þ�

ð2:144Þ

v�ðx�; y�Þ ¼ �ðy�0 � y�1Þ
ðfy�0ðx�Þ � fy�1ðx�ÞÞ4

6ðy� fy�0ðx�ÞÞðy� fy�1ðx�ÞÞ:



: fy�01 ðx�Þðy� fy�0ðx�ÞÞ � fy�00 ðx�Þðy� fy�1ðx�ÞÞ
� 	�

ð2:145Þ

It can be noticed that according to the approximate solution in Eqs. (2.45) and
(2.46), at the entrance and exit of the corrugated section, as well as for a smooth
heat transfer section, the flow becomes the classical parabolic fully developed
velocity profile for parallel plates, given in the present coordinates system by

u�ðy�Þ ¼ 6

ðy�0 � y�1Þ2
�y� 2 þ y� ðy�0 þ y�1Þ � y�0 y

�
1


 � ð2:146Þ

while the transversal velocity component vanishes. Once the velocity field is
available, the transient energy balance is to be solved, given as

@T�ðx�; y�; t�Þ
@t�

þ u�ðx�; y�Þ @T
�

@x�
þ v�ðx�; y�Þ @T

�

@y�
¼ a

@2T�

@x� 2
þ @2T�

@y� 2

� �
;

0\x�\L�; fy�0ðx�Þ\y�\fy�1ðx�Þ; t� [ 0 ð2:147Þ

T�ðx�; y�; 0Þ ¼ T�
0 ðx�; y�Þ ð2:148Þ

T�ð0; y�; t�Þ ¼ T�
e ðy�; t�Þ;

@T�

@x�

����
x�¼L�

¼ 0 ð2:149a; bÞ

for 0\x�\L�1;

@T�

@y�

����
y�¼fy�0ðx�Þ

¼ 0

@T�

@y�

����
y�¼fy�1ðx�Þ

¼ 0

8>>>><
>>>>:

; ð2:150a; bÞ

for L�1 � x� � L�2;
T�ðx�; y� ¼ fy�0ðx�Þ; t�Þ ¼ T�

w;0

T�ðx�; y� ¼ fy�1ðx�Þ; t�Þ ¼ T�
w;1

(
ð2:150c; dÞ
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for L�2\x�\L�;

@T�

@y�

����
y�¼fy�0ðx�Þ

¼ 0

@T�

@y�

����
y�¼fy�1ðx�Þ

¼ 0

8>>>><
>>>>:

ð2:150e; fÞ

The following dimensionless groups are defined:

n ¼ a
umd

x� ¼ 1
Pe

x�

d
; y ¼ y�

d
; uðn; yÞ ¼ u�ðx�; y�Þ

um
; vðn; yÞ ¼ v�ðx�; y�Þ

um

t ¼ a
d2

t�; TAðn; y; tÞ ¼
T�ðx�; y�; t�Þ � T�

w;0

DTc
; Pe ¼ umd

a
; d ¼ y�1 � y�0

2
ð2:151Þ

Then, the dimensionless form of the temperature problem is written as

@TA
@t

þ uðn; yÞ @TA
@n

þ Pe vðn; yÞ @TA
@y

¼ 1
Pe2

@2TA
@n2

þ @2TA
@y2

;

0\n\L; fy0ðnÞ\y\fy1ðnÞ; t[ 0
ð2:152Þ

TAðn; y; 0Þ ¼ TA;0ðn; yÞ ð2:153Þ

TAð0; y; tÞ ¼ TA;eðy; tÞ;
@TA
@n

����
n¼L

¼ 0 ð2:154a; bÞ

for 0\n\L1;

@TA
@y

����
y¼fy0ðnÞ

¼ 0

@TA
@y

����
y¼fy1ðnÞ

¼ 0

8>>>><
>>>>:

; ð2:155a; bÞ

for L1 � n� L2;
TAðn; y ¼ fy0ðnÞ; tÞ ¼ 0

TAðn; y ¼ fy1ðnÞ; tÞ ¼ TA;w;1

(
ð2:155c; dÞ

for L2 \n\ L;

@TA
@y

����
y¼fy0ðnÞ

¼ 0

@TA
@y

����
y¼fy1ðnÞ

¼ 0

8>>>><
>>>>:

ð2:155e; fÞ

It can be observed from Eq. (2.155c,d) that the formulation does not impose
axial symmetry to the thermal problem, but if symmetry prevails, Eq. (2.155d) shall
be a homogeneous one.
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In light of the discontinuity on the boundary conditions at the junction of the
regions, it is adequate to propose a domain decomposition to handle the three
mathematical problems separately, coupled at the cross sections between each pair
of regions. The three problems formulation should therefore include the continuity
conditions of temperature and heat flux at the fluid interfaces between the regions.
Thus, the problem formulation for the first adiabatic region becomes

@T1
@t

þ uðn; yÞ @T1
@n

þ Pe vðn; yÞ @T1
@y

¼ 1
Pe2

@2T1
@n2

þ @2T1
@y2

;

0\n\L1; fy0ðnÞ\y\fy1ðnÞ; t[ 0
ð2:156Þ

T1ðn; y; 0Þ ¼ TA;0ðn; yÞ ð2:157Þ

T1ð0; y; tÞ ¼ TA;eðy; tÞ;
@T1
@n

����
n¼L1

¼ @TA;2
@n

����
n¼L1

;
@T1
@y

����
y¼fy0ðnÞ

¼ 0;
@T1
@y

����
y¼fy1ðnÞ

¼ 0

ð2:158a–dÞ

For the heat exchanging section, we have

@TA;2
@t

þ uðn; yÞ @TA;2
@n

þ Pe vðn; yÞ @TA;2
@y

¼ 1
Pe2

@2TA;2
@n2

þ @2TA;2
@y2

;

L1\n\L2; fy0ðnÞ\y\fy1ðnÞ; t[ 0
ð2:159Þ

TA;2ðn; y; 0Þ ¼ TA;0ðn; yÞ ð2:160Þ

TA;2ðn ¼ L1; y; tÞ ¼ T1ðn ¼ L1; y; tÞ; TA;2ðn ¼ L2; y; tÞ ¼ T3ðn ¼ L2; y; tÞ
ð2:161a; bÞ

TA;2ðn; y ¼ fy0ðnÞ; tÞ ¼ 0; TA;2ðn; y ¼ fy1ðnÞ; tÞ ¼ TA;w;1 ð2:162a; bÞ

and finally for the exiting section, also adiabatic:

@T3
@t

þ uðn; yÞ @T3
@n

þ Pe vðn; yÞ @T3
@y

¼ 1
Pe2

@2T3
@n2

þ @2T3
@y2

;

L2\n\L; fy0ðnÞ\y\fy1ðnÞ; t[ 0
ð2:163Þ

T3ðn; y; 0Þ ¼ TA;0ðn; yÞ ð2:164Þ

@T3
@n

����
n¼L2

¼ @TA;2
@n

����
n¼L2

;
@T3
@n

����
n¼L1

¼ 0;
@T3
@y

����
y¼fy0ðnÞ

¼ 0;
@T3
@y

����
y¼fy1ðnÞ

¼ 0 ð2:165a–dÞ
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The temperature problem for the heated section remains nonhomogeneous in
Eq. (2.162b). In order to homogenize the problem in the transversal direction y, a
filtering solution, /ðn; yÞ, is employed for the potential TA;2ðn; y; tÞ, in the form:

TA;2ðn; y; tÞ ¼ T2ðn; y; tÞ þ /ðn; yÞ ð2:166Þ

A simple and sufficiently general form for the filter /ðn; yÞ is obtained by
satisfying the diffusion operator in the transversal direction, which yields

/ðn; yÞ ¼ TA;w;1
fy0ðnÞ � y

fy0ðnÞ � fy1ðnÞ ð2:167Þ

Then, the homogeneous filtered problem for the corrugated section is given as

@T2
@t

þ uðn; yÞ @T2
@n

þ Pe vðn; yÞ @T2
@y

¼ 1
Pe2

@2T2
@n2

þ @2T2
@y2

þ gðn; yÞ;

L1\n\L2; fy0ðnÞ\y\fy1ðnÞ; t[ 0

ð2:168Þ

T2ðn; y; t ¼ 0Þ ¼ TA;0ðn; yÞ � /ðn; yÞ ð2:169Þ

T2ðn ¼ L1; y; tÞ ¼ T1ðn ¼ L1; y; tÞ � /ðn ¼ L1; yÞ;
T2ðn ¼ L2; y; tÞ ¼ T3ðn ¼ L2; y; tÞ � /ðn ¼ L2; yÞ

ð2:170a; bÞ

T2ðn; y ¼ fy0ðnÞ; tÞ ¼ 0; T2ðn; y ¼ fy1ðnÞ; tÞ ¼ 0 ð2:171a; bÞ

where

gðn; yÞ ¼ 1
Pe2

@2/

@n2
� Pe vðn; yÞ @/

@n
� uðn; yÞ @/

@y
ð2:172Þ

Next, the decomposed domain is described with three different coordinates systems,
which match at the two interfaces, as shown in Fig. 2.26. The normalized longitudinal
coordinates are then computed in terms of the original dimensionless coordinate as

x1 ¼ 1
L1

n; x2 ¼ 1
ðL2 � L1Þ ðL2 � nÞ; x3 ¼ 1

ðL� L2Þ ðn� L2Þ ð2:173Þ

Thus, in terms of the redefined coordinates systems the dimensionless problem
formulation is given, for each of the three regions, as

@T1
@t

þ uðx1; yÞ @T1
@x1

1
L1

þ Pe vðx1; yÞ @T1
@y

¼ 1
Pe2

1
L21

@2T1
@x21

þ @2T1
@y2

;

0\x1\1; y0\y\y1; t[ 0

ð2:174Þ
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T1ðx1; y; t ¼ 0Þ ¼ T1; 0ðx1; yÞ ð2:175Þ

T1ðx1 ¼ 0; y; tÞ ¼ TA;eðy; tÞ;
@T1
@x1

����
x1¼1

¼ � @T2
@x2

����
x2¼1

L1
L2 � L1

ð2:176a; bÞ

@T1
@y

����
y¼y0

¼ 0;
@T1
@y

����
y¼y1

¼ 0 ð2:177a; bÞ

@T2
@t

þ uðx2; yÞ @T2
@x2

�1
ðL2 � L1Þ
� �

þ Pe vðx2; yÞ @T2
@y

¼ 1
Pe2

1

ðL2 � L1Þ2
@2T2
@x22

þ @2T2
@y2

þ gðx1; yÞ; 0\x2\1; fy0ðx2Þ\y\fy1ðx2Þ; t[ 0

ð2:178Þ

T2ðx2; y; t ¼ 0Þ ¼ T2;0ðx2; yÞ � /ðx2; yÞ ð2:179Þ

T2ðx2 ¼ 0; y; tÞ ¼ T3ðx3 ¼ 0; y; tÞ � /ðx2 ¼ 0; yÞ;
T2ðx2 ¼ 1; y; tÞ ¼ T1ðx1 ¼ 1; y; tÞ � /ðx2 ¼ 1; yÞ ð2:180a; bÞ

T2ðx2; y ¼ fy0ðx2Þ; tÞ ¼ 0; T2ðx2; y ¼ fy1ðx2Þ; tÞ ¼ 0 ð2:181a; bÞ

/ðx2; yÞ ¼ TA;w;1
fy0ðx2Þ � y

fy0ðx2Þ � fy1ðx2Þ ; ð2:182aÞ

Fig. 2.26 Coordinates systems for the decomposed domain in heat transfer analysis of corrugated
channel
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gðx2; yÞ ¼ 1

Pe2ðL2 � L1Þ2
@2/

@x22
� Pe vðx2; yÞ @/

@y
þ uðx2; yÞ @/

@x2

1
ðL2 � L1Þ

ð2:182bÞ

@T3
@t

þ uðx3; yÞ @T3
@x3

1
ðL� L2Þ þ Pe vðx3; yÞ @T3

@y
¼ 1

Pe2
1

ðL� L2Þ2
@2T3
@x23

þ @2T3
@y2

;

0\x3\1; y0\y\y1; t[ 0

ð2:183Þ

T3ðx3; y; t ¼ 0Þ ¼ T3;0ðx3; yÞ ð2:184Þ

@T3
@x3

����
x3¼0

¼ � @T2
@x2

����
x2¼0

L� L2
L2 � L1

;
@T3
@x3

����
x3¼1

¼ 0 ð2:185a; bÞ

@T3
@y

����
y¼y0

¼ 0;
@T3
@y

����
y¼y1

¼ 0 ð2:186a; bÞ

One may observe that after the coordinates systems redefinition, the problems
are coupled only at the interfaces and all the domains limits are the same, and
therefore the dependent variables may be algebraically interpreted as applied to one
single domain in the longitudinal coordinate (0 < x < 1).

Following the GITT formalism, the auxiliary problems are now defined to con-
struct the eigenfunction expansions in each region. For regions 1 and 3 it is adopted
the same eigenvalue problem, with second kind boundary conditions, given as

d2wi

dy2
þ l2i wiðyÞ ¼ 0; y0\y\y1; ð2:187Þ

dwi

dy

����
y¼y0

¼ 0;
dwi

dy

����
y¼y1

¼ 0 ð2:188a; bÞ

whose solution in terms of eigenfunctions, norms, and eigenvalues is readily found
as

wiðyÞ ¼ 1; i ¼ 0
cosðliðy� y0ÞÞ; i ¼ 1; 2; 3. . .

�
ð2:189Þ

Nwi
¼
Zy1
y0

w2
i ðyÞdy ¼

y1 � y0; i ¼ 0
y1 � y0

2
; i ¼ 1; 2; 3. . .

8<
: ð2:190Þ
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li ¼
0; i ¼ 0
i p

y1�y0
; i ¼ 1; 2; 3. . .

�
ð2:191Þ

For region 2, the auxiliary problem has to account for the irregular walls, which
is incorporated into the eigenfunctions and eigenvalues via the functions of x that
describe the transversal domain bounding walls, as shown below:

@2Cm

@y2
þ b2mðxÞ Cmðx; yÞ ¼ 0; fy0ðxÞ\y\fy1ðxÞ ð2:192Þ

Cmðy ¼ fy0ðxÞÞ ¼ 0; Cmðy ¼ fy1ðxÞÞ ¼ 0 ð2:193a; bÞ

Thus, the x-dependent eigenfunctions, norms, and eigenvalues are given as

Cmðx; yÞ ¼ sin bmðxÞ ðy � fy0ðxÞÞð Þ ð2:194Þ

NCmðxÞ ¼
Zfy1ðxÞ

fy0ðxÞ

C2
mðx; yÞdy ¼

fy1ðxÞ � fy0ðxÞ
2

ð2:195Þ

bmðxÞ ¼
m p

fy1ðxÞ � fy0ðxÞ ; m ¼ 1; 2; 3. . . ð2:196Þ

Once the eigenvalue problems have been defined and solved, the integral
transform pairs (transform-inverse) are constructed as

Transform: �T1; iðx; tÞ ¼
Zy1
y0

T1ðx; y; tÞwiðyÞ dy ð2:197Þ

Inverse: T1ðx; y; tÞ ¼
X1
i¼0

1
Nwi

�T1; iðx; tÞwiðyÞ ð2:198Þ

Transform: �T2;mðx; tÞ ¼
Zfy1ðxÞ

fy0ðxÞ

T2ðx; y; tÞCmðx; yÞ dy ð2:199Þ

Inverse: T2ðx; y; tÞ ¼
X1
m¼1

1
NCmðxÞ

�T2;mðx; tÞCmðx; yÞ ð2:200Þ

Transform: �T3; iðx; tÞ ¼
Zy1
y0

T3ðx; y; tÞwiðyÞ dy ð2:201Þ
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Inverse: T3ðx; y; tÞ ¼
X1
i¼0

1
Nwi

�T3; iðx; tÞwiðyÞ ð2:202Þ

Onemay start with the integral transformation of Eqs. (2.174)–(2.177) for region 1,
operating with

R y1
y0
wiðyÞ �ð Þ dy, and after substitution of the inverse formula (2.198)

and some manipulation, the transformed system becomes

@�T1; i
@t

þ 1
L1

X1
j¼0

Ai j
@�T1;j
@x

¼ 1
Pe2L21

@2�T1;i
@x2

� l2i �T1;iðx; tÞ; 0\x\1; t[ 0 ð2:203Þ

�T1;iðx; t ¼ 0Þ ¼ �T1;0;iðxÞ ð2:204Þ
�T1; iðx ¼ 0; tÞ ¼ �Te;iðtÞ; ð2:205aÞ

@�T1;i
@x

����
x¼1

¼ � L1
L2 � L1

X1
n¼1

1
NCnðx¼1Þ

Binðx ¼ 1Þ @
�T2;n
@x

����
x¼1

ð2:205bÞ

Similarly, Eqs. (2.178)–(2.182) are operated on with
R fy1ðxÞ
fy0ðxÞ Cmðx; yÞ �ð Þ dy to

yield the transformed version for the temperature problem in region 2

@�T2;m
@t

¼ 1

Pe2 ðL2 � L1Þ2
@2�T2;m
@x2

þ
X1
n¼1

@�T2; n
@x

1

Pe2 ðL2 � L1Þ2
"

2
d
dx

1
NCnðxÞ

� �
NCnðxÞ dmn þ 2

NCnðxÞ
FmnðxÞ

� �

þ 1
L2 � L1

1
NCnðxÞ

DmnðxÞ
� ��

þ
X1
n¼1

�T2; nðx; tÞ 1

Pe2 ðL2 � L1Þ2
"

	 d2

dx2
1

NCnðxÞ

� �
NCnðxÞ dmn þ 2

d
dx

1
NCnðxÞ

� �
FmnðxÞ þ 1

NCnðxÞ
GmnðxÞ

� �

þ 1
L2 � L1

1
NCnðxÞ

CmnðxÞþ d
dx

1
NCnðxÞ

� �
DmnðxÞ

� �

� Pe
1

NCnðxÞ
EmnðxÞ

� �
� b2mðxÞ dmn

�
þ �gmðxÞ; 0\x\1; t[ 0

ð2:206Þ
�T2;mðx; t ¼ 0Þ ¼ �T2;0;mðxÞ � �/mðxÞ ð2:207Þ
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�T2;mðx ¼ 0; tÞ ¼
X1
j¼0

1
Nwj

Bm jðx ¼ 0Þ �T3; jðx ¼ 0; tÞ
 !

� �/mðx ¼ 0Þ ð2:208Þ

�T2;mðx ¼ 1; tÞ ¼
X1
j¼0

1
Nwj

Bm jðx ¼ 1Þ �T1; jðx ¼ 1; tÞ
 !

� �/mðx ¼ 1Þ ð2:209Þ

and finally, for region 3, Eqs. (2.183)–(2.186) are operated on with
R y1
y0
wiðyÞ �ð Þdy,

to furnish

@�T3; i
@t

þ 1
L� L2

X1
j¼0

Ai j
@�T3; j
@x

¼ 1

Pe2 ðL� L2Þ2
@2�T3; i
@x2

� l2i �T3;i ðx; tÞ;

0\x\1; t[ 0;

ð2:210Þ

�T3;iðx; t ¼ 0Þ ¼ �T3;0;iðxÞ ð2:211Þ

@�T3;i
@x

����
x¼0

¼ � L� L2
L2 � L1

X1
n¼1

1
NCmðx¼0Þ

Bi nðx ¼ 0Þ @
�T2;n
@x

����
x¼0

;
@�T3;i
@x

����
x¼1

¼ 0

ð2:212a; bÞ

The coefficients that appear on the transformed system are analytically obtained
from the following integrations:

Ai j ¼ 1
Nwj

Zy1
y0

uðyÞwiðyÞwjðyÞ dy ; Bn iðxÞ ¼
Zy1
y0

wiðyÞCnðx; yÞ dy ð2:213a; bÞ

CmnðxÞ ¼
Zfy1ðxÞ

fy0ðxÞ

uðx; yÞCmðx; yÞ @Cn

@x
dy; DmnðxÞ ¼

Zfy1ðxÞ
fy0ðxÞ

uðx; yÞCmðx; yÞCnðx; yÞ dy

ð2:214a; bÞ

EmnðxÞ ¼
Zfy1ðxÞ

fy0ðxÞ

vðx; yÞCmðx; yÞ @Cn

@y
dy; FmnðxÞ ¼

Zfy1ðxÞ
fy0ðxÞ

Cmðx; yÞ @Cn

@x
dy

ð2:215a; bÞ
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GmnðxÞ ¼
Zfy1ðxÞ

fy0ðxÞ

Cmðx; yÞ @
2Cn

@x2
dy; �gmðxÞ ¼

Zfy1ðxÞ
fy0ðxÞ

gðx; yÞCmðx; yÞ dy

ð2:216a; bÞ

�/mðxÞ ¼
Zfy1ðxÞ

fy0ðxÞ

/ðx; yÞCmðx; yÞ dy ð2:217Þ

Equations (2.203)–(2.217) form an infinite system of partial differential equa-
tions having as independent variables the unified dimensionless longitudinal
coordinate, x, and dimensionless time, t, and as dependent variables the transformed
temperatures in each region. For computational purposes, the system is truncated to
a finite order, truncating the eigenfunction expansions for each field in a sufficiently
large number of terms for each region (N1, N2 and N3). Due to the x-variable nature
of the system coefficients, Eqs. (2.213)–(2.217), the PDE system has to be
numerically solved, for instance employing the Method of Lines with local error
control as implemented on the function NDSolve of the Mathematica
symbolic-numerical computation platform (Wolfram 2008).

For the thermal problem, results are reported in terms of the bulk temperature
and the local Nusselt numbers at the two channel walls (yielding the same results
for the symmetric situation), as defined below:

Tmðn; tÞ ¼
R fy1ðnÞ
fy0ðnÞ uðn; yÞ TAðn; y; tÞ dyR fy1ðnÞ

fy0ðnÞ uðn; yÞ dy
ð2:218Þ

Nu1 ðn; tÞ ¼ �4
Tmðn; tÞ rTA � ny1

� 	
; Nu0 ðn; tÞ ¼ 4

Tmðn; tÞ rTA � ny0
� 	

ð2:219a; bÞ

The constructed computer code was first verified against the transient convection
results within smooth parallel-plates channel of Sect. 2.2 (Castellões et al. 2007), with
one single region, i.e., only the heat transfer section. A thorough convergence analysis
was undertaken on the temperature results so as to provide confidence on the
numerical results reported. The truncation orders of N1 = 4, N2 = 8, and N3 = 4 were
sufficient to provide three to four significant digits in the temperature field results, in a
wide range of the dimensionless longitudinal coordinate and for Péclet numbers
Pe = 1, 10, and 30. It was also concluded that the order of the expansions is required to
gradually increase as Pe increases. The analysis for smooth parallel plates was also
validated by comparing the results to a previously reported analytical solution (Tan
andNormandia 1975), which accounts for the upstream adiabatic region, under steady
laminar forced convection for low Péclet numbers (Castellões et al. 2010).
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Figure 2.27 illustrates the influence of axial heat diffusion in the fluid, showing
the steady-state dimensionless bulk temperatures along the channel for Pe = 1, 10,
and 30, and especially across the interface between the upstream adiabatic region
and the heat transfer section, represented by a dashed line. The precooling (or
heating) effect provided by the presence of the upstream region is noticeable for the
lower values of Péclet number. This effect is quite relevant along the transient state
as well, as illustrated in Fig. 2.28 for Pe = 30. As a result, heat transfer enhancement
effect is in fact observed, resulting in higher values of the Nusselt number in this
region for decreasing Péclet number. As can be deduced, significant errors may
result if experimental results are employed to estimate average Nusselt numbers that
assume the bulk temperature at the heat transfer section inlet as the uniform tem-
perature at the upstream region inlet.

Results now illustrate the verification of the approximate velocity field given by
Eqs. (2.144)–(2.146) in describing the flow behavior in the corrugated channel.
This simplified approach is expected to provide reasonable results for lower values
of the Reynolds number and for smoother corrugations. Thus, numerical results for
the full Navier–Stokes formulation were employed in the verification of the present
approximate analytical solutions, as obtained from the GITT hybrid numerical–
analytical solution of the previous section, as reported in (Silva 2003). Figure 2.29a
depicts the longitudinal velocity component at different axial positions along the
corrugated section, for the selected values of Re = 10 and α = 0.1, and Fig. 2.29b
presents the velocity component for a less smooth corrugation, with α = 0.2.

-20 -10 0 10 20
(ξ - L1) Pe

0

0.2

0.4

0.6

0.8

1

A
ve

ra
ge

 te
m

pe
ra

tu
re

Pe = 1
Pe = 10
Pe = 30

Fig. 2.27 Comparison of dimensionless bulk temperatures in smooth parallel-plates channel along
both the upstream adiabatic region and heat transfer section at steady state for different values of
Péclet number (dashed line is the interface between the two regions)
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One may observe that the increase in the wall corrugation amplitude yields a less
accurate velocity component calculated from the approximation through
Eqs. (2.144)–(2.146), especially in regions closer to the inlet of the corrugated
region. Also, increasing the Reynolds number results in some loss of accuracy in
the simplified solution, but its relative merits should be highlighted, as observed in
Fig. 2.30 which demonstrates that the results are still reasonably accurate for the
case of Re = 100 and α = 0.1, and apparently the increase in corrugation amplitude
of Fig. 2.29b was more significant in deviating the approximate solution from the
converged GITT results for the full Navier–Stokes formulation than the increase in
Reynolds number of Fig. 2.30. The comparisons of the longitudinal velocity
component are emphasized since the related convective term is the most important
one in the heat transfer problem.

Proceeding to the transient thermal analysis, Fig. 2.31 illustrates the time evo-
lution of the bulk temperature for Pe = 10, where the dashed line denotes the
interface between the adiabatic region 1 and the corrugated section, region 2. One
may observe that due to the low Reynolds number employed (and consequently low
Péclet number), the axial diffusion along the fluid has a sensible effect on the bulk
temperature evolution within the access region (region 1) along the transient period.
The steady-state results are, however, closer to the situation of an unheated inlet
section, which would be obtained by the model that neglects axial diffusion of heat
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Fig. 2.28 Transient behavior of the dimensionless bulk temperature in smooth parallel-plates
channel along both the upstream adiabatic region and the heat transfer section for Pe = 30 and
t = 0.5, 1.0, 1.5, and steady state (dashed line is the interface between the two regions)
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within the fluid. Hence, for microchannel applications that involve low Péclet
numbers, the behavior of the thermal wave front can be markedly affected by the
presence of an adiabatic inlet section. It is also observed that the bulk temperature
behavior presents a fluctuating shape due to the presence of the wall corrugations.

Figure 2.32 illustrates the effect of the Péclet number on the bulk temperatures
for the steady-state situation. It can be clearly observed a more significant pre-
heating effect in region 1 due to the lower value of Pe, but also the more pro-
nounced effects on the bulk temperature fluctuations due to the wall corrugations in
the case of a smaller axial diffusion of heat, when the transversal effect plays a
major role in the governing equation.
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Fig. 2.29 Comparison of longitudinal velocity component for corrugated channel between
approximate results (Castellões et al. 2010) and GITT solution (Silva 2003; Silva et al. 2011), for
(a) Re = 10 and α = 0.1 and (b) Re = 10 and α = 0.2
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Fig. 2.30 Comparison of longitudinal velocity component for corrugated channel between
approximate results (Castellões et al. 2010) and GITT solution (Silva 2003; Silva et al. 2011), for
Re = 100 and α = 0.1
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Fig. 2.31 Transient behavior of bulk temperature on regions 1 and 2 for Pe = 10, α = 0.1, and
t = 2, 3, 5, and steady state (Castellões et al. 2010)
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In order to investigate the heat transfer enhancement, Fig. 2.33 depicts the local
Nusselt number for Pe = 10 for both α = 0.1 and 0.2. As reference, the smooth
parallel-plate channel case is also plotted. It is observed that even with the lower
corrugation amplitude value some noticeable heat transfer enhancement is already
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Fig. 2.32 Influence of Péclet number on the bulk temperature behavior along regions 1 and 2 in
steady state, for Pe = 10 and 30, and α = 0.1 (Castellões et al. 2010)
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Fig. 2.33 Local Nusselt
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(Castellões et al. 2010)
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evident, and marked increases in the local heat transfer coefficient are achieved for
the higher corrugation amplitude value for this value of Pe.

Aimed at investigating the corrugation effects of one wall on the heat transfer
rate at the opposite wall, a few results are now reported for nonsymmetrical cases
(Castellões 2010), as summarized in Table 2.15.

Besides the three nonsymmetrical cases given in Table 2.15, in order to provide
comparative results, two additional symmetrical cases are also included in the
analysis, namely the case with no corrugation (smooth walls) and the reference case
proposed by Wang and Chen (2002), which is symmetrical with the lower and
upper plates corrugation amplitude given as a ¼ 0:1.

Figure 2.34 depicts the local Nusselt number at the lower plate, which has the
same corrugation amplitude for Cases 0, 1, 2, and the base case. It is observed that
for lower corrugation amplitudes of the upper plate, higher amplitude oscillations of
the Nusselt number are observed at the lower plate. For instance, one may observe
that Case 0, which employs a smooth upper plate a1 ¼ 0ð Þ, and Case 1, which
employs a1 ¼ 0:05, yields higher amplitude oscillations for the lower plate Nusselt
number in comparison to the reference case a1 ¼ 0:1ð Þ, while Case 3, which
employs a higher corrugation amplitude at the upper plate a1 ¼ 0:15ð Þ, yields a
lower amplitude oscillation for the local Nusselt number estimated at the lower
plate. The local Nusselt number at the upper plate for these different configurations
is shown in Fig. 2.35. It is observed that keeping the corrugation amplitude of the
lower plate constant and varying the corrugation amplitude of the upper plate yields
significant variation in both amplitude and phase lag of the local Nusselt number at
the upper plate. One may notice that a nontrivial behavior is observed, for instance
Case 0, which employs a smooth upper wall a1 ¼ 0ð Þ, yields significant oscillation
on the Nusselt number at this same wall due to corrugation effects of the opposite

Table 2.15 Summary of the nonsymmetrical wall corrugation cases

Case Corrugation
amplitude at the
lower wall, a0

Corrugation
amplitude at the
upper wall, a1

Schematic drawing

0 0.1 0

-1

0

1

1 0.1 0.05

-1

0

1

2 0.1 0.15

-1

0

1
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Fig. 2.34 Local Nusselt numbers at the lower wall at steady state for nonsymmetrical corrugated
channels with Pe = 10 (Castellões 2010)
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Fig. 2.35 Local Nusselt
numbers at the upper wall at
steady state for
nonsymmetrical corrugated
channels with Pe = 10
(Castellões 2010)
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plate. This Nusselt number amplitude oscillation is even higher than observed for
Case 1 and the base case, which employ corrugated upper walls. Nonetheless, the
case which yields the highest amplitude oscillation on the calculated Nusselt
number at the upper wall is Case 2, which in fact corresponds to the case with
highest corrugation amplitude at the upper wall a1 ¼ 0:15ð Þ.

2.6 Conjugated Heat Transfer in Microchannels

Participation of the microchannel or microsystem substrate in the overall heat
transfer process can be a major effect in the prediction of heat transfer coefficients in
such situations, as briefly discussed in Sect. 1.2. Conjugated heat transfer in
microchannels has been studied, for instance, both analytically and experimentally
by Nunes et al. (2010), and its relevance was clearly demonstrated. In that work,
since the substrate was formed by metallic walls, an improved lumped-differential
formulation was developed and employed for the heat conduction along the walls,
which could then be incorporated as boundary conditions in the convective heat
transfer formulation for the fluid temperature. This section deals with a more
general formulation for conjugated heat transfer in microchannels, by introducing
the strategy of single domain reformulation in combination with the integral
transform method, as described in Sect. 1.3.3. This approach was introduced in the
solution of conjugated heat transfer in the simpler geometry of a parallel-plates
channel (Knupp et al. 2012a, b), and then progressively extended to include other
effects of relevance at the microscale, such as axial diffusion, preheating, or cooling
ahead of the heat transfer section, rectangular cross sections, and transient state
(Knupp et al. 2013a, b, 2014a, 2015a), besides, more recently, velocity and tem-
perature jump conditions (Knupp et al. 2015c). The presentation that follows is
initially based on a parallel-plates channel configuration (Knupp et al. 2012a),
illustrating the analysis of first-order slip flow modeling (Knupp et al. 2015c), and
then the extension to a three-dimensional configuration represented by a rectangular
microchannel with its corresponding substrate (Knupp et al. 2014a).

2.6.1 Parallel-Plates Channel

A simple geometry of a parallel-plates channel is first illustrated for the analysis of
conjugated heat transfer in microchannels, so as to allow for an exact analytical
solution for comparison purposes. The schematic drawing presented in Fig. 2.36
illustrates the problem geometry and coordinates system, which involves incom-
pressible flow in a parallel-plates channel, undergoing heat transfer due to a pre-
scribed temperature at the external face of the channel wall Twð Þ, different from the
inlet fluid temperature Tinð Þ. Axial heat diffusion is disregarded in both fluid stream
and channel walls, and thus the channel wall participates on the heat transfer process
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through transversal heat conduction only. The flow is considered hydrodynamically
developed with velocity profile uf ðyÞ. The corresponding Knudsen number may fall
either within the region of validity of the classical continuum governing equations
and boundary conditions (Knupp et al. 2012b, 2013b) or within the region of validity
of the first-order slip flow modeling (Knupp et al. 2015c).

Considering the more general situation, the dimensionless mathematical for-
mulation of this conjugated problem with a temperature jump interface condition is
given as

Fluid heat convection equation:

Uf ðYÞ @hf ðY ; ZÞ
@Z

¼ @2hf
@Y2 ; 0\Y\Yi; Z[ 0 ð2:220Þ

hf ðY ; 0Þ ¼ 1; 0� Y � Yi ð2:221Þ

@hf
@Y

����
Y¼0

¼ 0; Z[ 0 ð2:222Þ

2Knbt
@hf
@Y

����
Y¼Yi

þ hf ðYi; ZÞ ¼ hsðYi; ZÞ; Z[ 0 ð2:223Þ

Solid heat conduction equation:

@2hs
@Y2 ¼ 0; Yi\Y\1; Z[ 0 ð2:224Þ

ks
kf

@hs
@Y

����
Y¼Yi

¼ @hf
@Y

����
Y¼Yi

; Z[ 0 ð2:225Þ

hsð1; ZÞ ¼ 0; Z[ 0 ð2:226Þ

where Yi indicates the dimensionless interface position between the fluid stream and
the wall internal surface. The other corresponding dimensionless groups are given
as

Fig. 2.36 Schematic drawing
of the conjugated problem in
a parallel-plates channel
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Z ¼ z=Le
RePr

¼ z
LePe

; Y ¼ y
Le

; U ¼ u
uav

; h ¼ T � Tw
Tin � Tw

;

Re ¼ uavLe
mf

; Pr ¼ mf
af

; Pe ¼ Re Pr ¼ uavLe
af

; Kn ¼ k
2Lf

ð2:227Þ

and

bt ¼
2� atð Þ
at

2c
cþ 1ð Þ

1
Pr

ð2:228Þ

is the wall temperature jump coefficient, at is the thermal accommodation coeffi-
cient, k is the molecular mean free path, and c ¼ cp=cv. The dimensionless velocity
profile, Uf ðYÞ, appearing in Eq. (2.220) in the slip flow regime situation is given by
Mikhailov and Cotta (2005)

Uf ðYÞ ¼ 6Knbv þ 3ð1� Y2Þ=2
1þ 6Knbv

ð2:229Þ

where

bv ¼
2� am
am

ð2:230Þ

is the wall velocity slip coefficient and am is the tangential momentum accommo-
dation coefficient.

The solution through single domain formulation and integral transforms is
achieved by proposing a fictitious thin layer between the fluid stream and the
channel wall, in such a way that this layer can be chosen with dimensionless
thickness and thermal conductivity, Lfic and Kfic, respectively, so as to impose the
desired temperature jump condition that results in hf ðYi; ZÞ 6¼ hsðYi; ZÞ.

A one-dimensional steady-state heat conduction formulation is imposed to the
fictitious layer, which results in a linear temperature distribution in the space
coordinate, yielding the following relations for the interface conditions:

�Kfic
@hfic
@Y

¼ �@hf
@Y

����
Y¼Yi

; hficðYi; ZÞ ¼ hf ðYi; ZÞ;
hficðYi þ Lfic; ZÞ ¼ hsðYi þ Lfic; ZÞ

ð2:231a–cÞ

and, therefore,

hsðYi þ Lfic; ZÞ � hf ðYi; ZÞ ¼ � Lfic
Kfic

@hf
@Y

����
Y¼Yi

ð2:232Þ
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However, from the temperature jump condition given by Eq. (2.223), the tem-
perature difference between the fluid at the interface and the channel wall internal
surface must be equal to

hsðYi þ Lfic; ZÞ � hf ðYi; ZÞ ¼ �2Knbt
@hf
@Y

����
Y¼Yi

ð2:233Þ

Therefore, the simulation of a temperature jump condition through the single
domain formulation strategy, using the fictitious material layer, can be obtained
with the relation

Lfic
Kfic

¼ 2Knbt ð2:234Þ

Hence, the fictitious layer introduced can be set with arbitrary values for the
dimensionless thickness and thermal conductivity in such a way that the ratio given
by Eq. (2.234) is attained, in order to achieve the desired temperature jump con-
dition. The conjugated problem including the temperature jump condition can then
be written as a single domain formulation with space variable coefficients

UðYÞ @h
�ðY ; ZÞ
@Z

¼ @

@Y
KðYÞ @h

�

@Y

� �
; 0\Y\1þ Lfic; Z[ 0 ð2:235Þ

h�ðY ; 0Þ ¼ 1; 0� Y � 1þ Lfic ð2:236Þ

@h�

@Y

����
Y¼0

¼ 0; h�ð1þ Lfic; ZÞ ¼ 0; Z[ 0 ð2:237a; bÞ

where

UðYÞ ¼ Uf ðYÞ; if 0\Y\Yi
0; if Yi\Y\1þ Lfic

�
ð2:238Þ

KðYÞ ¼
1; if 0\Y\Yi
Kfic; if Yi\Y\Yi þ Lfic
ks=kf ; if Yi þ Lfic\Y\1þ Lfic

8<
: ð2:239Þ

Once the problem given by Eqs. (2.235)–(2.239) is solved, the final temperature
distribution can be readily obtained by disregarding the fictitious layer from the
solution

hðY ; ZÞ ¼ h�ðY ; ZÞ; if 0� Y � Yi
h�ðY þ Lfic; ZÞ; if Y [ Yi

�
ð2:240Þ

108 2 Heat and Fluid Flow in Single Microchannels



So, whereas h� is defined for 0� Y � 1þ Lfic, h is defined for 0� Y � 1, the
original problem domain before the introduction of the fictitious layer.

Following the single domain formulation procedure described in Sect. 1.3.3, the
problem given by Eqs. (2.235)–(2.239) can be solved through the proposition of the
eigenvalue problem directly obtained from the application of separation of variables,
so that all the information concerning the transition of the two subdomains are
represented within the eigenvalue problem, by means of the space variable coeffi-
cients KðYÞ and UðYÞ. Therefore, the following eigenvalue problem is employed:

d
dY

KðYÞ dwiðYÞ
dY

� �
þ l2i UðYÞwiðYÞ ¼ 0 ð2:241Þ

dwi

dY

����
Y¼0

¼ 0 ð2:242Þ

wið1þ LficÞ ¼ 0 ð2:243Þ

The eigenvalue problem given by Eqs. (2.241)–(2.243) is solved by the GITT
itself in order to provide a hybrid numerical–analytical solution, as described in
Sect. 1.3.4, and also detailed in (Knupp et al. 2012b) for this particular
one-dimensional problem. Once this solution is made available, problem (2.235)–
(2.239) becomes exactly transformable, and the analytical solution can be written as

h�ðY ; ZÞ ¼
XN
i¼1

�h�0;i expð�l2i ZÞ~wiðYÞ ð2:244Þ

where the inlet condition is transformed as

�h�0;i ¼
Z1
0

UðYÞ~wiðYÞh�ðY ; 0ÞdY ð2:245Þ

The conjugated problem here considered, either with the classical temperature
continuity at the fluid–solid interface or with the temperature jump condition, also
allows for exact solution through the Classical Integral Transform approach, as
detailed in Knupp et al. (2012a, 2015c), respectively. This exact solution is used to
provide benchmark results in the discussion that follows.

Some results are also reported for the local Nusselt number, calculated as
(Knupp et al. 2015a–c)

NuZ ¼ hZDh

kf
¼ �

2Lf
Le

@hf ðY ;ZÞ
@Y

���
Y¼Yi

hf ;bðZÞ � hsðYi; ZÞ ð2:246Þ
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where Dh ¼ 2Lf is the hydraulic diameter. The dimensionless fluid bulk tempera-
ture is given as

hf ;bðZÞ ¼
R Yi
0 Uf ðYÞhf ðY ; ZÞdYR Yi

0 Uf ðYÞdY
ð2:247Þ

In order to avoid the direct evaluation of the derivative @h=@Y jY¼Yi when using
the single domain formulation, the following alternative integral balance formula
(Cotta and Mikhailov 1997) has been used:

@h
@Y

����
Y¼Yi

¼
ZYi
0

UðYÞ @h
@Z

dY ð2:248Þ

In the example chosen to demonstrate the methodology, the dimensionless
thermal conductivity has been calculated motivated by an application with a
microchannel made of PMMA (polymethyl methacrylate), with ks ¼ 0:2W=m 
C,
and with air as the working fluid (kf ¼ 0:0271W=m 
C), so that ks=kf ¼ 7:38. Also,
for this example, it has been considered bv ¼ 1:5, bt ¼ 2:0, and Kn ¼ 0:025 (if not
explicitly stated otherwise). For the hybrid solution with the single domain for-
mulation and integral transforms, it has been employed the dimensionless length
value of Lfic ¼ 0:05 in all situations, and the dimensionless thermal conductivity
has been obtained from Eq. (2.234) in order to achieve the desired temperature
jump condition.

The convergence behavior is presented in Table 2.16, showing the temperature
at three different transversal positions, Y = 0 (channel centreline), Y = 0.25, and
Y = 0.5 (wall), at the axial length of Z = 0.05, for different truncation orders in the
eigenvalue problem solution, from M = 25 up to M = 300, besides the exact
solution. All results are presented with N = 5 terms in the final temperature
expansion which is enough to yield full convergence to the five digits shown. For
this example with conjugation effects, it is observed that a convergence of at least
three significant digits is obtained for M < 300, yielding at least two digits of
agreement with the exact solution. In the worst situation, occurring at the wall, the
relative error remains at most around 1 % for M = 300. Figure 2.37 depicts the
transversal temperature profiles at three different axial lengths, Z = 0.05, 0.5, and
0.2, where one can observe a good agreement of the proposed solution with the
exact solution throughout, for both the fluid stream and the channel wall regions.

The convergence behavior analysis for the fully developed Nusselt number is
illustrated in Table 2.17, which shows the calculated fully developedNusselt numbers
for different truncation orders in the eigenvalue problem solution, from M = 25 to
M = 300, besides the exact fully developed Nusselt number. Here a convergence of
two significant digits is observed forM < 300, with two significant digits of agreement
with the exact value, presenting a relative error of 0.6 % at M = 300.
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Figure 2.38 depicts the local Nusselt number (exact solution and single domain
formulation with GITT) for different Knudsen numbers, Kn ! 0 (no-slip and no
temperature jump), Kn = 0.025, 0.05, and 0.1. Despite the fairly good agreement of
the proposed hybrid solution with the exact one for all cases, further improvement
on convergence behavior and agreement with the exact solution can be obtained for
instance by fixing Kfic ¼ 1 (the same dimensionless thermal conductivity of the
fluid) in all cases, with the thickness Lfic calculated accordingly, in order to yield a
simpler space variable coefficient KðYÞ, with less abrupt variations.

Table 2.16 Convergence behavior of the temperature distribution with respect to the eigenvalue
problem truncation order (Knupp et al. 2015c)

M hð0; 0:05Þ Relative
err. (%)

hð0:25; 0:05Þ Relative
err. (%)

hð0:5; 0:05Þ Relative
err. (%)

50 0.89526 0.36 0.72414 1.02 0.29571 5.86

75 0.89589 0.29 0.72592 0.78 0.30023 4.42

100 0.89674 0.20 0.72758 0.55 0.30403 3.21

125 0.89705 0.16 0.72843 0.43 0.30641 2.46

150 0.89730 0.13 0.72886 0.37 0.30724 2.19

175 0.89750 0.11 0.72938 0.30 0.30868 1.73

200 0.89760 0.10 0.72957 0.28 0.30906 1.61

225 0.89772 0.09 0.72985 0.24 0.30979 1.38

250 0.89779 0.08 0.73001 0.22 0.31021 1.25

275 0.89785 0.07 0.73015 0.20 0.31049 1.16

300 0.89791 0.06 0.73030 0.18 0.31092 1.02

Exact 0.89849 – 0.73159 – 0.31412 –

Fig. 2.37 Transversal
temperature profiles (exact
solution and single domain
formulation with GITT)
(Knupp et al. 2015c)
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2.6.2 Rectangular Channel

It is here considered the incompressible internal laminar flow of a Newtonian fluid
inside a rectangular microchannel (Knupp et al. 2014a–c), where the external wall
faces are subjected to a prescribed temperature Tw. The channel walls participate in
the heat transfer process both in the transversal and longitudinal directions. The
fluid flows with a fully developed velocity profile in laminar regime, uðx; yÞ,
without slip, and thermally developing from an uniform inlet temperature, Tin.
A schematic drawing of the geometry and coordinates is given in Fig. 2.39a, b.

Table 2.17 Convergence
behavior of the fully
developed Nusselt number
with respect to the eigenvalue
problem truncation order in
the example with conjugation
effects (Knupp et al. 2015c)

M Nu Relative error (%)

50 6.0480 3.58

75 5.9895 2.58

100 5.9491 1.89

125 5.9241 1.46

150 5.9132 1.27

175 5.8992 1.03

200 5.8938 0.939

225 5.8864 0.813

250 5.8818 0.733

275 5.8783 0.674

300 5.8741 0.603

Exact 5.8390 –

Fig. 2.38 Local Nusselt
numbers (exact solution and
single domain formulation
with GITT), for different
Knudsen numbers (Knupp
et al. 2015c)
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For a sufficiently long microchannel, the steady-state conjugated problem is thus
formulated as a single domain, as described in Sect. 1.3.3, in the form:

uðx; yÞwf
@Tðx; y; zÞ

@z
¼ @

@x
kðx; yÞ @T

@x

� �
þ @

@y
kðx; yÞ @T

@y

� �
þ kðx; yÞ @

2T
@z2

;

0\x\Ld; 0\y\Le; 0\z\z1
ð2:249Þ

@T
@x

����
x¼0

¼ 0; TðLd ; y; zÞ ¼ Tw ð2:250a; bÞ

@T
@y

����
y¼0

¼ 0; Tðx; Le; zÞ ¼ Tw ð2:251a; bÞ

Tðx; y; 0Þ ¼ Tin;
@T
@z

����
z¼z1

¼ 0 ð2:252a; bÞ

where the following space variable functions are defined to represent the abrupt
transition at the interfaces between the fluid and solid regions:

uðx; yÞ ¼ uf ðx; yÞ; for 0� y� Lf =2 and 0� x� Lw=2
0 elsewhere

�
ð2:253Þ

kðx; yÞ ¼ kf ; for 0� y� Lf =2 and 0� x� Lw=2
ks; elsewhere

�
ð2:254Þ

Fig. 2.39 Schematic representation of the three-dimensional conjugated problem in a rectangular
microchannel: (a) coordinates system; (b) cross section
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where wf is the fluid thermal capacitance, qf cpf , ks is the thermal conductivity of the
wall material, kf is the fluid thermal conductivity, and uf ðx; yÞ is the fully developed
velocity profile. Now consider the definition of the following dimensionless groups:

Z ¼ z=Dh

RePr
¼ z

DhPe
; Y ¼ y

Le
; X ¼ x

Ld
; Uf ¼ u

uav
; h ¼ T � Tw

Tin � Tw
;

Yi ¼ Lf
2Le

; Xi ¼ Lw
2Ld

; K ¼ k
kf
; Re ¼ uavDh

m
; Pr ¼ m

a
;

Pe ¼ Re Pr ¼ uavDh

a
; a ¼ kf

wf
; ry ¼ Le

Lf Lw
Lf þLw

; rx ¼ Ld
Lf Lw

Lf þLw

ð2:255Þ

where uav is the average flow velocity. The problem given by Eqs. (2.249)–(2.254)
may then be rewritten in dimensionless form, already with homogeneous boundary
conditions in the X and Y directions, as

UðX;YÞ @hðX;Y ; ZÞ
@Z

¼ KðX;YÞ
Pe2

@2h
@Z2 þ 4

r2y

@

@Y
KðX;YÞ @h

@Y

� �

þ 4
r2x

@

@X
KðX; YÞ @h

@X

� �
; 0\X\1; 0\Y\1; 0\Z\Z1

ð2:256Þ

@h
@X

����
X¼0

¼ 0; hð1; Y ; ZÞ ¼ 0 ð2:257a; bÞ

@h
@Y

����
Y¼0

¼ 0; hðX; 1; ZÞ ¼ 0 ð2:258a; bÞ

hðX; Y ; 0Þ ¼ 1;
@h
@Z

����
Z¼Z1

¼ 0 ð2:259a; bÞ

The dimensionless space variable coefficients are given as

UðX; YÞ ¼ Uf ðX; YÞ; for 0� Y � Yi and 0�X�Xi

0; elsewhere

�
ð2:260Þ

KðX; YÞ ¼ 1; for 0� Y � Yi and 0�X �Xi

ks=kf ; elsewhere

�
ð2:261Þ
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The dimensionless fully developed velocity profile is written as (Cotta 1993)

Uf ðX; YÞ ¼ A�X1
k¼1

BkFkðYÞGkðXÞ ð2:262Þ

where

A� ¼ 48
p3

1� 192
p5

Xi

Yi

X1
k¼1

1
k5

tanh kpYi=2Xið Þ
" #�1

; Bk ¼ �1ð Þðk�1Þ=2

k3
ð2:263a; bÞ

FkðYÞ ¼ 1� coshðakYÞ= coshðakYiÞ; GkðXÞ ¼ cosðakXÞ; ak ¼ kp
2Xi

ð2:264a–cÞ

As proposed in Knupp et al. (2013a, b) for a two-dimensional problem, a
pseudo-transient term is incorporated to the above formulation as an alternative to
numerically solving the transformed boundary value problem

@hðX; Y ; Z; tÞ
@t

¼ �UðX; YÞ @h
@Z

þ KðX; YÞ
Pe2

@2h
@Z2 þ 4

r2y

@

@Y
KðX; YÞ @h

@Y

� �

þ 4
r2x

@

@X
KðX; YÞ @h

@X

� �
; 0\X\1; 0\Y\1; 0\Z\Z1

ð2:265Þ

@h
@X

����
X¼0

¼ 0; hð1; Y ; Z; tÞ ¼ 0 ð2:266a; bÞ

@h
@Y

����
Y¼0

¼ 0; hðX; 1; Z; tÞ ¼ 0 ð2:267a; bÞ

hðX; Y ; 0; tÞ ¼ 1;
@h
@Z

����
Z¼Z1

¼ 0 ð2:268a; bÞ

hðX;Y ; Z; 0Þ ¼ h0 ð2:269Þ

where the dimensionless initial condition h0 is an arbitrary function, preferably an
estimate of the steady-state solution so as to accelerate convergence of the
pseudo-transient solution. Thus, for the integral transform solution of problem
(2.265)–(2.269), via the partial transformation scheme, the following double inte-
gral transformation is proposed:
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transform : �hiðZ; tÞ ¼
Z1
0

Z1
0

~wiðX;YÞhðX; Y ; Z; tÞdXdY ð2:270Þ

inverse : h ðX; Y ; Z; tÞ ¼
X1
i¼1

~wiðX; YÞ�hiðZ; tÞ ð2:271Þ

where the eigenfunctions, ~wiðX; YÞ, and corresponding eigenvalues, li, are obtained
from the following two-dimensional eigenvalue problem:

4
r2x

@

@X
KðX; YÞ @wiðX; YÞ

@X

� �
þ 4

r2y

@

@Y
KðX; YÞ @wiðX; YÞ

@Y

� �
þ l2i wi ¼ 0 ð2:272Þ

@wi

@X

����
X¼0

¼ 0; wið1; YÞ ¼ 0 ð2:273a; bÞ

@wi

@Y

����
Y¼0

¼ 0; wiðX; 1Þ ¼ 0 ð2:274a; bÞ

with the normalized eigenfunctions given as

~wiðX; YÞ ¼
wiðX; YÞffiffiffiffiffi

Ni
p ð2:275Þ

Ni ¼
Z1
0

Z1
0

w2
i ðX; YÞdXdY ð2:276Þ

The solution of problem (2.272)–(2.274) requires application of the Generalized
Integral Transform Technique (GITT) itself (Cotta 1993), following the procedure
detailed in Sect. 1.3.4, and here summarized for the specific application under
consideration. For the moment, considering that the eigenfunctions ~wiðX; YÞ and

eigenvalues li are known, the integral operator
R 1
0

R 1
0
~wiðX; YÞ �ð ÞdXdY is applied to

problem (2.265)–(2.269), yielding the following one-dimensional partial differential
system:

@�hiðZ; tÞ
@t

þ l2i
�hi ¼ giðZ; t; �hÞ; i ¼ 1; 2; . . . ð2:277Þ
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where

giðZ; t; �hÞ ¼ �
X1
n¼1

@�hn
@Z

Z1
0

Z1
0

UðX; YÞ~wi
~wndXdY

þ
X1
n¼1

@2�hn
@Z2

Z1
0

Z1
0

KðX; YÞ
Pe2

~wi
~wndXdY

ð2:278Þ

�h ¼ �h1; �h2; . . .
� � ð2:279Þ

with the transformed boundary and initial conditions

�hið0; tÞ ¼
Z1
0

Z1
0

~widXdY ;
@�hi
@Z

����
Z¼Z1

¼ 0 ð2:280a; bÞ

�hiðZ; 0Þ ¼
Z1
0

Z1
0

~wi
�h0dXdY ð2:281Þ

The partial differential system given by Eqs. (2.277)–(2.281), once truncated to a
sufficiently large finite-order N to satisfy the requested accuracy, can be numerically
solved for the transformed potentials, �hiðZ; tÞ. The representation of the dimen-
sionless temperature field, h, is then obtained at any position ðX; Y ; ZÞ and
pseudo-time t through the inverse formula given by Eq. (2.271). It should be
recalled that t in this pseudo-transient formulation should be large enough so that
the steady state be reached.

Back to the solution of the space variable coefficients eigenvalue problem
defined in Eqs. (2.272)–(2.274), following the formalism presented in Sect. 1.3.4, a
simpler eigenvalue problem is considered for implementing its GITT solution. This
auxiliary problem is here taken simply as a constant coefficients case

@2XiðX; YÞ
@X2 þ @2XiðX; YÞ

@Y2 þ k2i XiðX; YÞ ¼ 0 ð2:282Þ

@Xi

@X

����
X¼0

¼ 0; Xið1; YÞ ¼ 0 ð2:283a; bÞ

@Xi

@Y

����
Y¼0

¼ 0; XiðX; 1Þ ¼ 0 ð2:284a; bÞ
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Applying separation of variables to problem (2.282)–(2.284) above, it is then
proposed that the auxiliary eigenfunction be expressed by the product of two
one-dimensional eigenfunctions as

XðX; YÞ ¼ fðXÞnðYÞ ð2:285Þ

where

d2fmðXÞ
dX2 þ k2X;mfm ¼ 0 ð2:286Þ

dfm
dX

����
X¼0

¼ 0; fmð1Þ ¼ 0 ð2:287a; bÞ

and

d2nnðYÞ
dY2 þ k2Y ;nnn ¼ 0 ð2:288Þ

dnn
dY

����
Y¼0

¼ 0; nnð1Þ ¼ 0 ð2:289a; bÞ

The eigenvalue problems (2.286)–(2.289) have straightforward analytical solu-
tions and the auxiliary eigenfunctions and eigenvalues are then written as

Xm;nðX; YÞ ¼ fmðXÞnnðYÞ ð2:290Þ

k2m:n ¼ k2X;m þ k2Y ;n ð2:291Þ

Thus, the following integral transform pair is proposed for the determination of
the original eigenfunctions, wðX; YÞ:

Transform: �wm;n ¼
Z1
0

Z1
0

~Xm;nðX; YÞwðX; YÞdXdY ð2:292Þ

Inverse: wðX; YÞ ¼
X1
m¼1

X1
n¼1

~Xm;nðX; YÞ�wm;n ð2:293Þ

where

~Xm;nðX; YÞ ¼ Xm;nðX; YÞffiffiffiffiffiffiffiffiffi
Nm;n

p ð2:294Þ
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Nm;n ¼
Z1
0

Z1
0

X2
m;nðX; YÞdXdY ð2:295Þ

In order to more efficiently compute the eigenfunction expansion represented by
the inverse formula in Eq. (2.293), the double summation is rewritten as a single
summation, according to an appropriate reordering rule for the most relevant terms
in the final numerical result of the multiple sum (Cotta and Mikhailov 1997; Correa
et al. 1997). Since the full solution is not known a priori, one fairly simple and
effective reordering scheme is based on the sum of the squared eigenvalues, as
given by Eqs. (2.249)–(2.254). Then, the inversion formula is rewritten as

wðX; YÞ ¼
X1
i¼1

~XiðX; YÞ�wi ð2:296Þ

where for each index i is associated a pair ðm; nÞ corresponding to the indices in the
eigenvalues for each coordinate direction, k2X;m þ k2Y ;n, once the result is reorganized
in ascending order. The eigenvalue problem (2.272)–(2.274) is then integral

transformed through the operator
R 1
0

R 1
0
~XiðX; YÞ �ð ÞdXdY , resulting in the following

algebraic eigensystem analysis:

ðAþCÞ �w
� � ¼ l2B �w

� � ð2:297Þ

Aij ¼
Z1
0

1� 4
r2x

Kð1; YÞ
� �

~Xið1; YÞ@
~Xj

@X

�����
X¼1

�
Z1
0

1� 4
r2x

KðX; YÞ
� �

@ ~Xi

@X
@ ~Xj

@X
dX

8<
:

9=
;dY

þ
Z1
0

1� 4
r2y

KðX; 1Þ
" #

~XiðX; 1Þ@
~Xj

@Y

�����
Y¼1

�
Z1
0

1� 4
r2y

KðX; YÞ
" #

@ ~Xi

@Y
@ ~Xj

@Y
dY

8<
:

9=
;dX

ð2:298Þ

Cij ¼ k2i dij; Bij ¼
Z1
0

Z1
0

UðX; YÞ~XiðX; YÞ~XjðX; YÞdXdY ; ð2:299a; bÞ

The algebraic eigenvalue problem defined by Eqs. (2.297)–(2.299) can then be
numerically handled by well-established algorithms and subroutines for matrix
eigenvalue problems, once system (2.297) is truncated to a sufficiently large
finite-order M, providing the eigenvalues, li, and corresponding eigenvectors,
�wi

� �
, which are combined through the inverse formula with reordering scheme

given by Eq. (2.296), resulting in an explicit representation of the desired original
eigenfunctions, wiðX; YÞ, thus completing the hybrid numerical–analytical solution.
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The analysis is started by verifying the convergence of the numerical solution of
the eigenvalue problem (2.272)–(2.274) and comparing it to previously published
results for purely convective heat transfer in the square channel case (Cotta 1993;
Knupp et al. 2014a), which can be reproduced with Le ¼ Ld and Lf ¼ Lw, and by
letting Xi ! 1 and Yi ! 1, which corresponds to considering the very thin wall
case without participation. From the results for the first ten eigenvalues of the
two-dimensional problem, presented in Table 2.18, one can observe that for a
truncation order in the algebraic eigensystem of M = 60, after employing the
reordering scheme, at least five significant digits of agreement with the reference
solution (Cotta 1993) are achieved. It should be mentioned that the reference results
(Cotta 1993) were obtained with 12 terms in expansion for each coordinate
direction, i.e., a total of 144 terms in the double summation without reordering. It is
also observable that even at fairly low truncation orders (M = 30), at least four
significant digits in the first ten eigenvalues have been reproduced.

Next, the analysis of the conjugated problem is performed, considering the case
of a square rectangular channel with participating walls with Xi ¼ Yi ¼ 0:5 and
ks=kf ¼ 0:25 (Knupp et al. 2014a), which corresponds to water flow inside acrylic
(PMMA) microchannels. Figure 2.40a, b illustrates the space variable coefficients,
UðX; YÞ and KðX; YÞ, respectively, for this case.

Table 2.19 presents the convergence of the first ten eigenvalues of the conju-
gated problem with respect to the truncation order M of the algebraic eigensystem,
where it can be observed a convergence to at least four significant digits within this
range of truncation order, as also pointed out in (Knupp et al. 2014a).

Also, in Fig. 2.41 it is presented the convergence characteristics of the 15th
eigenfunction of the two-dimensional problem with space variable coefficients,
w15ðX; YÞ, as a function of the coordinate Y and at X ¼ 0, for different truncation
orders M, where full convergence to the graphic scale is observed at the largest
truncation orders of M = 50 and 60.

Table 2.18 Verification of the GITT solution for the two-dimensional eigenvalue problem in the
pure convection case for a square channel Xi ! 1;Yi ! 1ð Þ
Order/M 20 30 40 50 60 Cotta (1993)a

1 2.97753 2.97753 2.97753 2.97753 2.97753 2.9775

2 17.7709 17.7708 17.7708 17.7708 17.7708 17.7708

3 18.4230 18.4229 18.4229 18.4228 18.4228 18.4228

4 39.4731 39.4726 39.4725 39.4725 39.4725 39.4724

5 48.3331 48.3312 48.3307 48.3305 48.3305 48.3304

6 48.5449 48.5432 48.5427 48.5426 48.5425 48.5425

7 74.1169 74.0761 74.0754 74.0752 74.0751 74.0751

8 80.1736 80.1128 80.1121 80.112 80.1119 80.1117

9 93.7606 93.5279 93.5234 93.5225 93.5221 93.5219

10 93.8132 93.5851 93.5807 93.5797 93.5794 93.5791
aCotta (1993, p. 337)
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Figure 2.42 illustrates the transversal profiles of the temperature field, along the
coordinate Y , from the channel centerline Y ¼ 0ð Þ up to the wall external surface
Y ¼ 1ð Þ, at X ¼ 0, for various longitudinal positions along the flow, where one may
clearly distinguish the different behaviors of the temperature field in the fluid
Y\0:5ð Þ and wall Y [ 0:5ð Þ regions. The present solution is then verified by
comparing numerical results of the temperature field against the finite elements
solution from the commercial code COMSOL Multiphysics. It can then be noticed
from Fig. 2.42 that the GITT and COMSOL solutions are fully coincident to the
graphic scale.

A convergence analysis of the temperature field is then provided in Table 2.20,
for the longitudinal position Z = 0.5 where it can be observed that with up to N = 70
terms in the eigenfunction expansion, one can achieve a consistent convergence of
at least four significant digits in the dimensionless temperature field. The numerical

Fig. 2.40 Space variable coefficients in the single domain formulation: (a) UðX;YÞ, (b) KðX;YÞ
(Knupp et al. 2014a)

Table 2.19 Convergence of the first ten eigenvalues for the two-dimensional eigenvalue problem
in the conjugated problem with a square channel Xi ¼ Yi ¼ 0:5ð Þ
Order/M 20 30 40 50 60

1 1.39134 1.38445 1.38423 1.38053 1.38041

2 4.78343 4.75225 4.75111 4.73512 4.73457

3 5.01807 4.98355 4.98342 4.96632 4.96613

4 6.14949 6.11103 6.11017 6.09191 6.09142

5 6.84602 6.82480 6.82418 6.81570 6.81535

6 6.91248 6.88612 6.8855 6.87494 6.87466

7 7.90935 7.86898 7.86790 7.85054 7.84986

8 8.24535 8.23550 8.23237 8.22749 8.22632

9 9.48937 9.46766 9.46472 9.45748 9.45653

10 10.1862 10.1161 10.1062 10.0821 10.0784
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Fig. 2.41 Convergence of
the eigenfunction w15ðX;YÞ
for different truncation orders,
M

Fig. 2.42 Temperature
profiles along the transversal
coordinate Yð Þ, at X ¼ 0,
from the channel centerline up
to the wall external surface,
for different longitudinal
positions along the channel
(aspect ratio = 1)

Table 2.20 Convergence of the temperature field eigenfunction expansion (X = 0)

Truncation order N Z = 0.5

Y = 0.0 Y = 0.3 Y = 0.6 Y = 0.9

30 0.6991 0.6666 0.5169 0.1400

40 0.6994 0.6667 0.5169 0.1402

50 0.6994 0.6667 0.5169 0.1403

60 0.6994 0.6667 0.5169 0.1402

70 0.6993 0.6667 0.5169 0.1402

Numericala 0.70 0.67 0.51 0.14
aNumerical solution (COMSOL Multiphysics)
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results from the COMSOL Multiphysics simulation are also shown in the last line
of the column, and an agreement to the first two significant digits can be observed,
since the third and fourth digits of the finite elements solution are not yet fully
converged due to the meshing size employed in this example, despite the fact that
the “extra fine” meshing option has been adopted in the automatic mesh generation
of the COMSOL code. For further accuracy, it would be necessary a few trials to
improve the meshing or to adopt an adaptive meshing scheme.

Figure 2.43 illustrates the evolution of the fluid bulk temperature along the flow
for rectangular channels of different aspect ration, Lw=Lf ¼ 1, 2:5, 5, and 10, in
comparison with the solution for the limiting case of a parallel-plates channel,
Lw=Lf ! 1. In this graph one may observe the progressive tendency of the bulk
fluid temperature curves to approach the limiting case of a parallel-plates channel as
the aspect ratio is increased, as expected, and notice that the bulk temperature
progresses in a shorter dimensionless duct length toward the prescribed external
wall temperature, as the aspect ratio is increased from the square channel to the
parallel-plates case.

Additional verification of the GITT hybrid solution in comparison against the
COMSOL numerical solution is also provided by considering a different aspect
ratio of 2.5 (with Xi ¼ 0:7143 and Yi ¼ 0:5). Figure 2.44a presents the transversal
temperature distributions along the coordinate Y , from the center of the channel
Y ¼ 0ð Þ up to the wall external surface Y ¼ 1ð Þ, at X ¼ 0, whereas Fig. 2.44b
provides the temperature distributions along the coordinate X, also from the center
of the channel X ¼ 0ð Þ up to the wall external surface X ¼ 1ð Þ, at Y ¼ 0, for
different longitudinal positions along the channel length.

The location of the solid–fluid interface is drawn in these graphs represented
with vertical dashed line to aid in the identification of the transition region. Also,

Fig. 2.43 Evolution of the
bulk fluid temperature along
the channel length for
different aspect ration and
comparison with the limiting
case of a parallel-plates
channel conjugated problem
solution
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the approximate results from the COMSOL code are plotted in red dots over the
solid black lines for the GITT solution. The comparison between the integral
transforms and finite element solutions are once again in excellent agreement to the
graphic scale.

2.7 Microchannels with Arbitrary Cross Section

This section focus on the heat and fluid flow analysis for microchannels with
arbitrarily shaped cross sections, complementing in scope the ideas in Sect. 2.5, that
deals with irregular boundaries along the channel length, and Sect. 2.6, which
analyzed the conjugated heat transfer problem in regular geometries. The integral

Fig. 2.44 Temperature
distribution for the aspect
ratio case of 2.5 along
(a) transversal coordinate
Y , at X ¼ 0; and (b) along
transversal coordinate X,
at Y ¼ 0
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transform solution of heat and fluid flow in irregular channels has been dealt with
before for laminar flows (Aparecido and Cotta 1987, 1990, 1992; Barbuto and Cotta
1997; Quaresma et al. 2006; Monteiro et al. 2010), through direct integral trans-
formation over the irregular domain, based on eigenvalue problems written for the
same irregular region. Here, an alternative solution path is employed to deal with
arbitrarily shaped channels, through the single domain reformulation, both for the
fully developed flow and for the conjugated heat transfer analysis.

2.7.1 Flow Problem

Steady-state laminar incompressible fully developed flow of a Newtonian fluid is
here considered, within a channel with arbitrary cross section which remains uni-
form along the flow direction (Knupp et al. 2015). The momentum equation in the
longitudinal direction (z), formulated as a single region model, is given as

@

@x
mðx; yÞ @uðx; yÞ

@x

� �
þ @

@y
mðx; yÞ @uðx; yÞ

@y

� �
� Cðx; yÞ

qðx; yÞ ¼ 0 ð2:300Þ

uð0; yÞ ¼ uðLx; yÞ ¼ uðx; 0Þ ¼ uðx; LyÞ ¼ 0 ð2:301a–dÞ

with

Cðx; yÞ ¼
@p
@z ¼ Dp=Lz; in the fluid stream
0; in the solid region

�
ð2:302Þ

where the space variable kinematic viscosity and density, vðx; yÞ and qðx; yÞ, are
given, respectively, by

mðx; yÞ ¼ mf ; in the fluid stream
ms ! 1; in the solid region

�
ð2:303Þ

qðx; yÞ ¼ qf ; in the fluid stream

qs; in the solid region

(
ð2:304Þ

where mf and qf represent the fluid kinematic viscosity and density, and ms and qs
represent the equivalent solid properties. For the kinematic viscosity corresponding
to the solid region, ms, the value can be arbitrarily chosen, as long as it is high
enough so that the calculated velocities in the solid region will result to be zero, as
physically required.

Proceeding with the GITT formalism for the solution of the problem given by
Eqs. (2.300)–(2.304), the following transform/inverse pair is defined:
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Transform: �ui ¼
ZLy
0

ZLx
0

~viðx; yÞuðx; yÞdxdy ð2:305Þ

Inverse: uðx; yÞ ¼
X1
i¼1

~viðx; yÞ�ui ð2:306Þ

with

~viðx; yÞ ¼
viðx; yÞffiffiffiffiffi

Ni
p ð2:307Þ

Ni ¼
ZLx
0

ZLy
0

v2i ðx; yÞdxdy ð2:308Þ

where the normalized eigenfunctions ~viðx; yÞ and corresponding eigenvalues gi are
calculated from the solution of a properly chosen eigenvalue problem. As discussed
in Sect. 1.3.3, the integral transformation of the single domain reformulation con-
sists mainly in adopting the eigenvalue problem obtained by directly applying
separation of variables to the single domain model, as formulated in problem (2.
300)–(2.304), so that all the information concerning the transition of the two
original domains may be represented within the eigenfunctions. Hence, the fol-
lowing eigenvalue problem is considered:

@

@x
mðx; yÞ @viðx; yÞ

@x

� �
þ @

@y
mðx; yÞ @viðx; yÞ

@y

� �
þ g2i vi ¼ 0 ð2:309Þ

vð0; yÞ ¼ vðLx; yÞ ¼ vðx; 0Þ ¼ vðx; LyÞ ¼ 0 ð2:310a–dÞ

Even though it is not possible to obtain an explicit analytic solution for the
eigenvalue problem given by Eqs. (2.309)–(2.310), the GITT itself can be
employed in order to provide a hybrid numerical–analytical solution, by trans-
forming the original problem into a standard algebraic eigenvalue problem, as
detailed in Sect. 1.3.4 (Cotta 1993). Once this solution is made available,
problem (2.300)–(2.304) becomes fully transformable when operated withR 1
0

R 1
0 ~viðx; yÞ �ð Þdxdy, yielding a linear decoupled algebraic problem for the trans-

formed velocities, with analytical solution given as

�ui ¼ 1
g2i

Z1
0

Z1
0

~viðx; yÞ
Cðx; yÞ
qðx; yÞdxdy; i ¼ 1; 2; . . . ð2:311Þ
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The transformed potentials �ui can then be readily substituted into the inverse
formula given by Eq. (2.306), yielding an analytic representation for the velocity
field uðx; yÞ.

One may notice that the bounding domain for the analysis of the flow problem is
not required to be the same as the actual physical domain, including the whole solid
region, since the objective of proposing a bounding domain for the flow problem is
merely to simplify the solution of the original irregular region problem, by per-
forming the integral transformation over a regular domain.

2.7.2 Heat Transfer Problem

The conjugated heat transfer problem involving thermally developing flow is now
handled for the irregular channel and the surrounding solid walls. The transient
single domain formulation for the energy balance, grouping the convection and
axial diffusion terms as a source function, is then written as

wðx; yÞ @Tðx; y; z; tÞ
@t

¼ @

@x
kðx; yÞ @T

@x

� �
þ @

@y
kðx; yÞ @T

@y

� �
þPðx; t; TÞ ð2:312Þ

with

Pðx; t; TÞ ¼ �uðx; yÞwðx; yÞ @T
@z

þ kðx; yÞ @
2T
@z2

ð2:313Þ

with boundary conditions, already made homogeneous through filtering in both the
x and y directions, given as

aþ bkðx; yÞ @

@n

� �
Tðx; y; z; tÞ ¼ 0; x; y 2 Sxy; 0\z\Lz; t[ 0 ð2:314Þ

where Sxy refers to the outside wall surface, where the boundary conditions can be
of first or third kind, depending on the chosen values of the coefficients α and β. The
initial condition is written in a general form as

Tðx; y; z; 0Þ ¼ f ðx; y; zÞ; 0\x\Lx; 0\y\Ly; 0\z\Lz ð2:315Þ

while the boundary conditions in the longitudinal direction are taken in the present
case as

Tðx; y; 0; tÞ ¼ Tinðx; yÞ; @T
@z

����
z¼Lz

¼ 0; 0\x\Lx; 0\y\Ly; t[ 0 ð2:316a; bÞ
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The space variable coefficients are given as

uðx; yÞ ¼ uf ðx; yÞ; fluid stream
u ! 0; solid region

�
ð2:317Þ

wðx; yÞ ¼ wf ; fluid stream
ws; solid region

�
ð2:318Þ

kðx; yÞ ¼ kf ; fluid stream
ks; solid region

�
ð2:319Þ

It should be recalled that the terms with partial derivatives with respect to the
coordinate z were gathered into the source term Pðx; t; TÞ, since the partial trans-
formation scheme shall be adopted in this case, aimed at eliminating, by integral
transformation, only the coordinates x and y, in which the diffusive effects are
predominant, and thus not applying the integral transformation over the coordinate z.

Hence, proceeding with the GITT formalism for partial transformation in order
to solve the problem given by Eqs. (2.312)–(2.319), the following integral trans-
form pair is employed:

Transform: �Tiðz; tÞ ¼
ZLy
0

ZLx
0

wðx; yÞ~wiðx; yÞTðx; y; z; tÞdxdy ð2:320Þ

Inverse: Tðx; y; z; tÞ ¼
X1
i¼1

~wiðx; yÞ�Tiðz; tÞ ð2:321Þ

where the eigenfunctions ~wiðx; yÞ and corresponding eigenvalues li are obtained
from the solution of the following eigenvalue problem:

@

@x
kðx; yÞ @wiðx; yÞ

@x

� �
þ @

@y
kðx; yÞ @wiðx; yÞ

@y

� �
þ l2i wðx; yÞwi ¼ 0 ð2:322Þ

aþ bkðx; yÞ @

@n

� �
wiðx; yÞ ¼ 0; x; y 2 Sxy ð2:323Þ

with normalized eigenfunctions and norms written as

~wiðx; yÞ ¼
wiðx; yÞffiffiffiffiffi

Ni
p ; Ni ¼

ZLy
0

ZLx
0

wðx; yÞw2
i ðx; yÞdxdy; ð2:324a; bÞ

Once again the GITT itself must be employed in the solution of the eigenvalue
problem (2.322)–(2.323), by transforming the original problem into an algebraic
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eigensystem, which is readily solved, and then yielding analytical representations
for the eigenfunctions (Cotta 1993). After the eigenfunctions ~wiðx; yÞ are made
available, problem (2.312)–(2.319) is integral transformed through the operatorR Ly
0

R Lx
0

~wiðx; yÞ �ð Þdxdy, yielding the one-dimensional transformed partial differential
system

@�Tiðz; tÞ
@t

þ l2i �Ti ¼ �giðz; t; �TÞ; i ¼ 1; 2; . . . ð2:325Þ

�giðz; t; �TÞ ¼ �
X1
j¼1

@�Tj
@z

ZLy
0

ZLx
0

wðx; yÞuðx; yÞ~wiðx; yÞ~wjðx; yÞdxdy

�
X1
j¼1

@2�Tj
@z2

ZLy
0

ZLx
0

kðx; yÞ~wiðx; yÞ~wjðx; yÞdxdy ð2:326Þ

where

�T ¼ �T1; �T2; . . .f g ð2:327Þ

with the transformed boundary and initial conditions

�Tið0; tÞ ¼ �Tin �
ZLy
0

ZLx
0

wðx; yÞ~wiðx; yÞTinðx; yÞdxdy;
@�Ti
@z

����
z¼Lz

¼ 0 ð2:328a; bÞ

�Tiðz; 0Þ ¼ �fiðzÞ �
ZLy
0

ZLx
0

wðx; yÞ~wiðx; yÞf ðx; y; zÞdxdy ð2:329Þ

The transformed system given by Eqs. (2.325)–(2.329), upon truncation to a
user-prescribed finite-order N, is numerically solved for the transformed potentials
�Tiðz; tÞ, with i ¼ 1; 2; . . .;N. Then, the inversion formula given by Eq. (2.321), can
be readily employed to recover the sought temperature field Tðx; y; z; tÞ.

2.7.3 Test Cases

The analysis is started with the comparison of the solution of the flow problem via the
single domain formulation and integral transforms with an exact analytical solution.
Aimed at chosing a problem for which exact analytical solution is readily available, a
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simple case is first investigated, consisting of a Hagen–Poiseuille flow. For the
definition of a single region model defined in a rectangular domain, consider
Fig. 2.45, which depicts the circular channel with radius R ¼ 1 inside a square with
side 2R. In Fig. 2.45, the gray hatched region is considered to be the channel walls,
whereas the blank region is considered to be the fluid stream region. This cross
section is supposed to remain uniform along the longitudinal direction. In the same
figure, it is also represented the lines r1 and r2, which are going to be used later for
plotting the velocity profiles for comparison purposes.

As an illustration, the input data has been taken as Dp=Lz ¼ �8, mf ¼ 1, and
qf ¼ 1, yielding unitary average velocity inside the circular channel. The exact
analytical solution for the fully developed velocity field inside the circular duct is
given as

uðrÞ ¼ 2 1� r2
� 	 ð2:330Þ

which is going to be used as a benchmark for verification purposes.
For the solution via the single domain/integral transforms approach, besides the

pressure difference and the fluid properties, already defined above, the following
values have been assigned to the parameters related to the solid region, ms ¼ 102

and qs ¼ qf . Tables 2.21 and 2.22 illustrate the convergence behavior of the
velocity field, presenting the calculated velocity u at some different positions along
directions r1 and r2 (defined in Fig. 2.45), respectively, by varying the truncation
order in the velocity eigenfunction expansion, N ¼ 50; 65; 80; 95; 110, with a
fixed number of terms in the solution of the eigenvalue problem M ¼ 120ð Þ. It is

Fig. 2.45 Schematic
representation of the channel
cross section (circular tube)
employed in the single
domain formulation and
integral transforms solution
verification
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observed a convergence of at least three significant digits with the increase in the
truncation order, and an agreement of at least two significant digits with the exact
velocities at the selected positions, calculated from Eq. (2.330). It is inspected that
in the worst case the relative error remains below 3 %, which occurs near the fluid–
solid interface.

Aimed at giving an overall picture of the approximate solution for the flow
problem obtained via the single domain approach, in Fig. 2.46a, b this approximate
solution is critically compared to the exact analytical velocity profiles along the two
directions r1 and r2 (defined in Fig. 2.45), respectively, where an excellent agree-
ment between the approximate and exact results is observed throughout, even for
the region near the interface between the fluid and solid regions. The figures also
clearly show that the solid region recovers zero velocity, as it should be, and the
no-slip condition at the circular contour corresponding to the channel walls is
satisfied.

Table 2.21 Convergence behavior of the velocity field (along r1) with respect to the truncation
order of the velocity field expansion Nð Þ, with fixed M ¼ 120 terms in the eigenvalue problem
solution (flow in circular tube)

N u

r1 ¼ 0:2 r1 ¼ 0:4 r1 ¼ 0:6 r1 ¼ 0:8

N = 50 1.9200 1.6730 1.2652 0.6994

N = 65 1.9188 1.6732 1.2642 0.6986

N = 80 1.9198 1.6726 1.2644 0.6984

N = 95 1.9198 1.6736 1.2652 0.6996

N = 110 1.9192 1.6734 1.2652 0.6996

Exact 1.92 1.68 1.28 0.72

Table 2.22 Convergence behavior of the velocity field (along r2) with respect to the truncation
order of the velocity field expansion Nð Þ, with fixed M ¼ 120 terms in the eigenvalue problem
solution (flow in circular tube)

N u

r2 ¼ 0:2 r2 ¼ 0:4 r2 ¼ 0:6 r2 ¼ 0:8

N = 50 1.9182 1.6724 1.2786 0.7338

N = 65 1.9176 1.6714 1.2784 0.7330

N = 80 1.9184 1.6722 1.2778 0.7326

N = 95 1.9180 1.6718 1.2780 0.7326

N = 110 1.9178 1.6722 1.2784 0.7328

Exact 1.92 1.68 1.28 0.72
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Now the flexibility and robustness of the single domain/integral transforms
approach is illustrated through the investigation of the flow in a channel with the
cross-sectional shape presented in Fig. 2.47, which also defines the single region
model in a rectangular domain, where the gray hatched region is considered to be
the region of solid walls, whereas the blank region is considered to be the region of
the fluid stream, where the fully developed velocity field is to be determined. Also
for this case, it has been prescribed unitary dimensionless average velocity inside
the channel. Since there is no exact solution available for the velocity in the pro-
posed channel, the problem was also modeled on the commercial CFD solver
Comsol Multiphysics, in order to provide a numerical solution through the finite
element method for comparison purposes.

Fig. 2.46 Comparison between exact and single domain formulation/integral transforms solution
(flow in circular tube): (a) velocity profile along r1; (b) velocity profile along r2

Fig. 2.47 Schematic representation of the channel cross section employed in the single domain
formulation
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In Fig. 2.48a, b, the GITT solution of the flow problem is critically compared to
the velocity profiles obtained through the Comsol Multiphysics software along y
(for x ¼ 0; 0:3; 0:6) and along x (for y ¼ 0:3; 0:5; 0:8), respectively, and an
excellent agreement between the hybrid and numerical solutions is observed
throughout. Again, it becomes evident that the single domain formulation/integral
transforms solution recovers the expected null velocity fields at the solid region,
also respecting the no-slip boundary condition, while allowing for a more
straightforward integral transformation of the complex configuration, by enveloping
the irregular channel within a simpler regular domain with the help of the space
variable coefficients.

The conjugated heat transfer problem is now analyzed, for the proposed
geometry inspired by a laser-ablated microchannel on a polymeric substrate, as
presented in Fig. 2.49, considering a dimensionless average velocity Uavg ¼ 2
inside the channel. A particular dimensionless numerical case with Tin ¼ 0 and
prescribed uniform temperature at the external walls, T ¼ 1 (a ¼ 1 and b ¼ 0),
with dimensionless solid thermal conductivity, ks ¼ 0:25, and fluid thermal con-
ductivity, kf ¼ 1, typical of the case of water flow inside acrylic channels, is more
closely analyzed to report a few representative results.

Figure 2.50a provides the temperature distributions along the x coordinate at
y ¼ 1, from the centerline of the channel up to the external wall surface, while
Fig. 2.50b shows the temperature distributions along the vertical y coordinate at the
centerline x ¼ 0, all the way from the bottom to the top base of the polymeric
structure. Again, the agreement of the hybrid GITT solution with the purely
numerical solution of the CFD solver is remarkable, all along the thermally
developing region, as can be seen from the various curves for different values of the
longitudinal coordinate, z.

Fig. 2.48 Comparison between finite elements solution (COMSOL) and GITT with single domain
formulation for flow in irregular channel—(a) velocity profiles along y; (b) velocity profiles along x

2.7 Microchannels with Arbitrary Cross Section 133



A comparison of the GITT and the COMSOL solutions is also provided along
the actual transient behavior of the conjugated problem, by showing in Fig. 2.51 the
time evolution of the channel centerline temperature x ¼ 0; y ¼ 1ð Þ, for different
values of the longitudinal coordinate, z. Again, the curves from the hybrid and
numerical solutions are practically coincident to the graphical scale, throughout
both the time and longitudinal coordinate domains.

Fig. 2.49 Schematic representation of microchannel on polymeric substrate for analysis of
conjugated heat transfer in irregular channel and surrounding substrate

Fig. 2.50 Comparison of GITT and numerical (COMSOL Multiphysics) solutions of conjugated
heat transfer in complex configuration. (a) Temperature distributions along x; (b) temperature
distributions along y
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In order to further illustrate the robustness and flexibility of the single
domain/integral transforms approach, an additional example is provided by con-
sidering a multi-stream heat exchanger with five microchannels, as shown in
Fig. 2.52. The wall and fluid temperature profiles are plotted in Fig. 2.53a, b,
comparing the GITT and COMSOL calculated temperatures for different longitu-
dinal positions (z) across the transversal directions: (a) along x, at y ¼ 0:2, and
(b) along y at x ¼ 0. It may be observed that there is excellent adherence to the
graphical scale between the two sets of temperature results. Clearly, the transitions
between the solid and fluid regions are accurately accounted for by the single
domain formulation and the corresponding eigenfunctions. It should be pointed out
that this problem employs the same entrance and boundary conditions previously
used, i.e., Tin ¼ 0 and T ¼ 1 (a ¼ 1 and b ¼ 0), and dimensionless solid thermal
conductivity, ks ¼ 0:25, and fluid thermal conductivity, kf ¼ 1. Thus, the
multi-stream heat exchanger problem can be adequately modeled as a single

Fig. 2.51 Comparisons between GITT and COMSOL solutions of the channel centerline
temperature (x ¼ 0,y ¼ 1) as a function of time tð Þ, and for different longitudinal positions (z)

Fig. 2.52 Schematic representation of the multi-stream heat exchanger cross section
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domain by just properly defining the space variable coefficients so as to capture the
five microchannels geometry and their transitions within the substrate.

Besides the remarkable adherence between the hybrid and numerical solutions
presented, a few more results are presented in Tables 2.23 and 2.24 in order to

Table 2.23 Convergence behavior of the steady-state temperature profile along x with respect to
the truncation order of the expansion Nð Þ, with fixed M ¼ 120 terms in the eigenvalue problem
solution (multi-stream heat exchanger), at (a) z ¼ 0:1; (b) z ¼ 0:2

(a)

N Tðx; y ¼ 0:2; z ¼ 0:1Þ
x ¼ 0:0 x ¼ 0:3 x ¼ 0:6 x ¼ 0:9

N = 75 0.3537 0.3642 0.3979 0.5828

N = 85 0.3533 0.3640 0.3975 0.5824

N = 95 0.3532 0.3646 0.3988 0.5825

N = 105 0.3527 0.3661 0.3986 0.5825

N = 115 0.3519 0.3631 0.3998 0.5824

COMSOL 0.35 0.36 0.40 0.58

(b)

N Tðx; y ¼ 0:2; z ¼ 0:2Þ
x ¼ 0:0 x ¼ 0:3 x ¼ 0:6 x ¼ 0:9

N = 75 0.6238 0.6314 0.6686 0.8202

N = 85 0.6236 0.6312 0.6681 0.8192

N = 95 0.6235 0.6315 0.6687 0.8192

N = 105 0.6232 0.6325 0.6686 0.8193

N = 115 0.6224 0.6298 0.6697 0.8193

COMSOL 0.62 0.63 0.67 0.82

Fig. 2.53 Comparisons between GITT and COMSOL solutions for the fluid and wall temperature
profiles for the multi-stream heat exchanger: (a) along x, at y ¼ 0:2, and (b) along y at x ¼ 0, for
different longitudinal positions zð Þ
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illustrate the convergence behavior of the GITT solution with respect to the number
of terms employed in the temperature field expansion, where it can be observed a
full convergence of at least two significant digits, in the worst case, within the
truncation orders considered, and the adherence to the COMSOL solution can be
confirmed in tabular form.

Table 2.24 Convergence behavior of the steady-state temperature profile along y with respect to
the truncation order of the expansion Nð Þ, with fixed M ¼ 120 terms in the eigenvalue problem
solution (multi-stream heat exchanger), at (a) z ¼ 0:1; (b) z ¼ 0:2

(a)

N Tðx ¼ 0; y; z ¼ 0:1Þ
y ¼ 0:1 y ¼ 0:2 y ¼ 0:3

N = 75 0.5070 0.3537 0.4913

N = 85 0.5066 0.3533 0.4909

N = 95 0.5069 0.3532 0.4916

N = 105 0.5064 0.3527 0.4930

N = 115 0.5063 0.3519 0.4927

COMSOL 0.51 0.35 0.50

(b)

N Tðx ¼ 0; y; z ¼ 0:2Þ
y ¼ 0:1 y ¼ 0:2 y ¼ 0:3

N = 75 0.7403 0.6238 0.7265

N = 85 0.7403 0.6236 0.7267

N = 95 0.7403 0.6235 0.7270

N = 105 0.7400 0.6232 0.7278

N = 115 0.7399 0.6224 0.7276

COMSOL 0.74 0.62 0.73
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