
Chapter 1
Introducing Reflection

Electromagnetic, acoustic and particle waves all scatter, diffract and interfere.
Reflection is the result of the constructive interference of many scattered or dif-
fracted waves originating from scatterers in a stratified medium. This fundamental
many-body approach is hard to apply (two illustrations are given in Sect. 1.5).
Usually one replaces the collection of scatterers by an effective medium whose
properties are represented, as far as wave propagation is concerned, by a function of
position and frequency (or energy), such as the dielectric function e in the elec-
tromagnetic case, or the effective potential V in the quantum particle case.
Electromagnetic and particle waves then satisfy the same kind of linear partial
differential equation, with e and V playing similar roles.

In a medium with planar stratification the functions e and V depend on only one
spatial variable, and the partial differential equations then separate. Snell’s Law is a
direct consequence of this separability of the spatial dependence, or equivalently, of
the invariance of the reflecting material with respect to translations along the sur-
face. The differential equations, and the elementary reflection properties which
follow from them, are derived for electromagnetic, particle, and acoustic waves in
the first four sections. The many-body, constructive interference, aspect of reflec-
tion is outlined in Sect. 1.5. Finally, Sect. 1.6 previews some of the main results in
Chaps. 2–20.

1.1 The Electromagnetic s Wave

The reflection of a plane electromagnetic wave at a planar interface between two
media is completely characterized when solutions for two mutually perpendicular
polarizations are known. The polarizations conventionally chosen are: one with its
electric vector perpendicular to the plane of incidence (labelled s, from the German
senkrecht, perpendicular), and the other with its electric vector parallel to the plane
of incidence (labelled p).

We consider monochromatic waves, of angular frequency x. The reflection of a
general electromagnetic wave (a pulse, for example) can be analysed as that of a
superposition of monochromatic waves. For a given x the time dependence of all
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fields is carried in the factor e�ixt. (This is the convention in quantum and solid state
physics, and much of optics. In radio and electrical engineering the factor eixt is often
used. With the convention used here the dielectric function has positive imaginary
part in the case of absorption.) We will mostly consider non-magnetic media in this
book. The electrodynamic properties of a medium are then contained in the dielectric
function eðr;xÞ which is the ratio of the permitivity of the medium at position r and
angular frequency x to that of the vacuum. The wave equations follow from
Maxwell’s two curl equations relating the electric field E and the magnetic field B:

r� E ¼ ixB or r� E ¼ i
x
c
B; ð1:1Þ

r � B ¼ �ie x
c2

E or r� B ¼ �ie x
c
E: ð1:2Þ

(The equations on the left are in SI units, those on the right in Gaussian units; the
difference lies in the positioning of the speed of light c. In reflection studies, theory
and experiment deal in dimensionless ratios, which are independent of the choice of
units. Even the formal distinction disappears from (1.5) onward.)

For a planar interface lying in the xy plane, and an electromagnetic wave
propagating in the x and z directions, the s wave has E ¼ ð0;Ey; 0Þ and (1.1) gives

� @Ey

@z
¼ i

x
c
Bx;

@Ey

@x
¼ i

x
c
Bz; ð1:3Þ

and By ¼ 0. The other curl equation gives

@Bx

@z
� @Bz

@x
¼ �ie x

c
Ey: ð1:4Þ

On eliminating Bx and Bz from (1.3) and (1.4), we obtain a second order partial
differential equation for Ey,

@2Ey

@x2
þ @2Ey

@z2
þ e

x2

c2
Ey ¼ 0: ð1:5Þ

For planar stratifications the dielectric function depends on one spatial variable, z.
The partial differential equation is then separable, with

Ey x; z; tð Þ ¼ ei Kx�xtð ÞE zð Þ; ð1:6Þ

where EðzÞ satisfies the ordinary differential equation

d2E
dz2
þ q2E ¼ 0; q2 ¼ e

x2

c2
� K2 ¼ k2 � K2: ð1:7Þ
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The meanings of k, K and q are evident from (1.5), (1.6) and (1.7): k ¼ e1=2x=c is
the local magnitude of the wavevector, K ¼ kx is the component of the wavevector
along the interface, and q ¼ kz is the component of the wavevector normal to the
interface. For a plane wave incident from medium 1 as shown in Fig. 1.1, the
existence of the separation-of-variables constant Kð¼ k1x ¼ k01x ¼ k2xÞ implies

e1=21 sin h1 ¼ e1=21 sin h01 ¼ e1=22 sin h2; ð1:8Þ

where h1, h
0
1, and h2 are the angles of incidence, reflection, and transmission (or

refraction).
Thus the fact that e is a function of one spatial coordinate only, and the con-

sequent separation of variables, implies the laws of reflection and refraction: the
angle of reflection is equal to the angle of incidence, and the angles of incidence and
refraction are related by Snell’s Law. The refractive indices of the two media,
defined as coefficients in Snell’s Law n1 sin h1 ¼ n2 sin h2, are n1 ¼ ffiffiffiffi

e1
p

and
n2 ¼ ffiffiffiffi

e2
p

. Note that the laws of reflection-refraction do not depend on the transition
between the two media being sharp: they are valid for an arbitrary variation of eðzÞ
between the asymptotic values e1 and e2.

As e attains its limiting values e1 ¼ n21 and e2 ¼ n22, q ¼ ðex2=c2 � K2Þ1=2 takes
the limiting values

Fig. 1.1 Reflection of the electromagnetic s wave at a planar interface between media
characterized by dielectric constants e1 ¼ n21 and e2 ¼ n22. The figure is drawn the air|water
interface at optical frequencies, with e1 � 1; e2 � 4=3ð Þ2
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q1 ¼ n1
x
c
cos h1; q2 ¼ n2

x
c
cos h2: ð1:9Þ

(For h1 [ hc ¼ arcsinðn2=n1Þ there is total reflection, q2 is imaginary, and h2 is
complex. This is discussed along with the particle case in Sect. 1.3.) Snell’s Law
and the relationships between the wavevector components are incorporated together
in Fig. 1.2.

We now define the reflection and transmission amplitudes rs and ts in terms of
the limiting forms of the solution of (1.7):

eiq1zþ rs e�iq1z  E zð Þ ! ts eiq2z: ð1:10Þ

The reflection amplitude is thus defined as the ratio of the coefficient of e�iq1z to that
of eiq1z, the transmission amplitude as the coefficient of eiq2z when the incident wave

Fig. 1.2 Graphical representation of k2 ¼ q2þK2 and K ¼ k1 sin h1 ¼ k2 sin h2. The figure is
drawn for the air|water interface, as in Fig. 1.1. For incidence from the optically denser lower
medium, as the angle of incidence h2 increases the magnitude of the tangential component K of the
wavevector will increase beyond the magnitude k1 of the wavevector in the upper medium. No
transmitted wave is then possible, and there will be total internal reflection
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eiq1z has unit amplitude. Theory aims to obtain general properties of the reflection
and transmission amplitudes, and to develop methods for calculating these for a
given dielectric function profile. The calculation is simple for the important step
profile

e0ðzÞ ¼ e1 ðz\0Þ
e2 ðz[ 0Þ

�
ð1:11Þ

For this profile we obtain rs and ts from the continuity of E and dE=dz at z ¼ 0. (If,
for example, dE=dz were discontinuous, d2E=dz2 would have a delta function part,
and (1.7) would not be satisfied.) For the step profile, E is given by the left and right
sides of (1.10) for z\0 and z[ 0, respectively. The continuity of E and dE=dz at
the origin gives

1þ rs0 ¼ ts0; iq1 1� rs0ð Þ ¼ iq2ts0: ð1:12Þ

Thus

rs0 ¼ q1 � q2
q1þ q2

; ts0 ¼ 2q1
q1þ q2

: ð1:13Þ

On using (1.8) and (1.9), the expressions (1.13) may be put into the Fresnel forms
(Fresnel 1823)

rs0 ¼ sin ðh2 � h1Þ
sin ðh2þ h1Þ ; ts0 ¼ 2 sin h2 cos h1

sin ðh2þ h1Þ ð1:14Þ

The phases of the reflected and transmitted waves are specified only when the
phase of the incident wave and the location of the interface are specified. The above
equations are for the discontinuity in eðzÞ located at z ¼ 0. In general, for the step
located at z1,

rs0 ¼ e2iq1z1
q1 � q2
q1þ q2

; ts0 ¼ eiðq1�q2Þz1
2q1

q1þ q2
: ð1:15Þ

A special situation arises at grazing incidence ðh1 ! p=2; q1 ! 0Þ, when the
incident and reflected waves are propagating in the same direction. Then the phase
of the reflected wave is well-defined without specification of the interface location,
and rs0 ! �1 (even in the case of the total internal reflection, when q2 is imagi-
nary). The fact that rs ! �1 at grazing incidence is a general property of reflection
from all interfaces, as will be shown in Sect. 2.3.

The classical electromagnetic fields E and B are real quantities, and the complex
notation is used for mathematical convenience. (Complex fields are intrinsic in the
quantum theory of particles, however.) The physical reflected s wave is, for unit
amplitude of the incident wave,
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Refrs eiðKx�q1z�xtÞg ¼ ReðrsÞ cos ðKx� q1z� xtÞ � ImðrsÞ sin ðKx� q1z� xtÞ

The reflected intensity is proportional to the time average of the square of this,
namely

1
2
½ReðrsÞ�2þ 1

2
½ImðrsÞ�2 ¼ 1

2
jrsj2

The incident intensity is proportional to the time average of cos2ðKxþ q1z� xtÞ,
which is 1=2. Thus, Rs ¼ jrsj2 is the ratio of the reflected intensity to the incident
intensity. This quantity is called the reflectivity, or reflectance. Figure 1.3 shows Rs

for a sharp transition between air and water, with light incident from air, and from
water.

1.2 The Electromagnetic p Wave

We again take the incident and reflected waves propagating in the zx plane, and the
stratifications lying in xy planes. For the p wave, B ¼ ð0;By; 0Þ; the Maxwell
equation (1.1) gives

@Ex

@z
� @Ez

@x
¼ i

x
c
By; ð1:16Þ

while (1.2) implies Ey ¼ 0 and

Fig. 1.3 Step profile reflectivity for the s wave. The parameters are for the air|water interface at
optical frequencies, as in Figs. 1.1 and 1.2. The lower curve is for light incident from air; the upper
curve for light incident from water shows total internal reflection for angle of incidence greater
than hc ¼ arcsin 3

4
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@By

@z
¼ ie

x
c
Ex;

@By

@x
¼ �ie x

c
Ez: ð1:17Þ

Elimination of Ex and Ez gives

@

@x
1
e
@By

@x

� �
þ @

@z
1
e
@By

@z

� �
þ x2

c2
By ¼ 0: ð1:18Þ

When e is a function of one spatial coordinate z, the laws of reflection and refraction
again follow from the separability of (1.18). We set

Byðx; z; tÞ ¼ eiðKx�xtÞBðzÞ ð1:19Þ

where K has the same meaning as for the s wave; then BðzÞ satisfies the ordinary
differential equation

d
dz

1
e
dB
dz

� �
þ x2

c2
� K2

e

� �
B ¼ 0 ð1:20Þ

When e is constant (outside the interfacial region), the p wave equation has the
same form as the s wave equation, with the same wavevector component q per-
pendicular to the interface. But within the interface there is an additional term
proportional to the product of de=dz and dB=dz. This term may be removed (and
(1.20) converted to the form of the s wave (1.7)) in two ways. The first involves
defining a new dependent variable

b ¼ e1
e

� 	12
B ð1:21Þ

(The factor e1=21 makes identical the limiting forms of b and B in medium 1.) The
equation satisfied by b is

d2b
dz2
þ q2bb ¼ 0; q2b ¼ q2 � e1=2

d2e�1=2

dz2
¼ q2þ 1

2e
d2e
dz2
� 3
4

1
e
de
dz

� �2

ð1:22Þ

This form of the p polarization equation is useful for special profiles, in particular
the exponential profile, which has ln e linear in z, and the Rayleigh profile, which
has e�1=2 linear in z. These are discussed in Chap. 2. It is also useful at short
wavelengths, in the derivation of a perturbation theory for the p wave (Chap. 6).

The second transformation which removes the ðde=dzÞðdB=dzÞ term is a dilation
of the z variable in proportion to the local value of eðzÞ: we define a new inde-
pendent variable Z by
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dZ ¼ e dz ð1:23Þ

Then, as may be seen on division of (1.20) by e, the p wave equation reads

d2B
dZ2 þQ2B ¼ 0; Q2 ¼ 1

e
x2

c2
� K2

e2
¼ q

e

� 	2
: ð1:24Þ

This equation, in terms of the dilated z variable, and a reduced normal component
of the wavevector, Q ¼ q=e, will be useful in many applications throughout this
book.

The p wave reflection and transmission amplitudes are defined in terms of the
limiting forms of BðzÞ:

eiq1z � rp e�iq1z  BðzÞ ! n2
n1

tp eiq2z ð1:25Þ

The reason for the factors �1 and n2=n1 ¼ ðe2=e1Þ1=2 multiplying rp and tp is that
we wish rs and rp and tp and ts to refer to the same quantity, here chosen to be the
electric field. (This is not the only convention in use: some authors have the
opposite sign on rp.) The electric field components for the p wave are found from
(1.2), (1.19) and (1.25) to have the limiting forms

e�1=21 cos h1 eiðKx�xtÞð eiq1zþ rp e�iq1zÞÞ  Ex ! e�1=21 cos h2 tp eiðKxþ q2z�xtÞ;

ð1:26Þ

�e�1=21 sin h1 eiðKx�xtÞð eiq1z � rp e�iq1zÞÞ  Ez ! �e�1=21 sin h2 tp eiðKxþ q2z�xtÞ:

ð1:27Þ

The x-component of the electric field (tangential to the interface) thus has the
reflection amplitude rp, while the z-component (normal to the interface) has
reflection amplitude �rp.

At normal incidence there is no physical difference between the s and p polar-
izations: both have electric and magnetic fields tangential to the interface. For our
geometry, Ez is zero at normal incidence, and (1.1) implies @Ex=@z ¼ iðx=cÞBy.
Thus B, the solution of (1.20) and (1.25), must be proportional to dE=dz, where E is
the solution of (1.7) and (1.10). On substituting dE=dz for B in (1.20) (with K set
equal to zero) the left side becomes

d
dz

1
e

d2E
dz2
þ e

x2

c2
E

� �� 


and this is zero, by (1.7). Thus (1.20) is satisfied by dE=dz at normal incidence. The
proportionality of B and dE=dz at normal incidence, when applied to the limiting
forms (1.10) and (1.25), gives the equality of rp with rs and of tp with ts.
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(Proportionality of B and dE=dz could be replaced by equality of B and
ðc=ixÞdE=dz, but then (1.25) would have to be modified by the factor n1.)

At a discontinuity in the dielectric function, B and e�1dB=dz ¼ dB=dZ are
continuous (from (1.20) or (1.24)). For the step profile e0ðzÞ defined by (1.11), B is
equal to

B0ðzÞ ¼ eiq1z � rp0 e�iq1z ðz\ 0Þ
n2
n1
tp0 eiq2z ðz [ 0Þ

�
ð1:28Þ

The continuity of B and e�1dB=dz at the origin gives

1� rp0 ¼ n2
n1

tp0; ð1:29Þ

iQ1 1þ rp0
� � ¼ iQ2

n2
n1

tp0; ð1:30Þ

where Q1 ¼ q1=e1 and Q2 ¼ q2=e2. Thus (compare (1.13))

�rp0 ¼ Q1 � Q2

Q1þQ2
;

n2
n1

tp0 ¼ 2Q1

Q1þQ2
: ð1:31Þ

On using (1.8) and (1.9) we obtain the Fresnel forms

rp0 ¼ tanðh2 � h1Þ
tanðh2þ h1Þ ; tp0 ¼ 2 sin h2 cos h1

sin ðh2þ h1Þ cos ðh2 � h1Þ ð1:32Þ

The reflectivity of the p polarization off a discontinuity in the dielectric function is
shown in Fig. 1.4.

From (1.31) we see that the p wave shows zero reflection when Q1 ¼ Q2, that is
at the Brewster angle

hB ¼ arctan
n2
n1

: ð1:33Þ

It is apparent from (1.24) that this angle has special significance not only for a sharp
transition between two media, but for diffuse profiles as well. This is because the
wave equation in the dilated variable Z links two media with effective wavevector
components Q1, and Q2 which are equal at this angle. The s and p effective
wavevector components q and Q are shown in Fig. 1.5, which also illustrates the
reason for small p reflectivity at the Brewster angle. The Figure shows q2 versus z
and Q2 versus Z for the hyperbolic tangent profile

e zð Þ ¼ 1
2

e1þ e2ð Þ � 1
2

e1 � e2ð Þ tanh z
2a

; ð1:34Þ
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for which the dilated z coordinate is

Z ¼ 1
2

e1þ e2ð Þz� e1 � e2ð Þa ln cosh z
2a

� 	
: ð1:35Þ

At the Brewster angle hB,

Q2
1 ¼ Q2

2 ¼
ðx=cÞ2
e1þ e2

¼ Q2
B; ð1:36Þ

K2 ¼ e1e2Q
2
B ¼ K2

B ¼
e1e2

e1þ e2

x
c

� 	2
: ð1:37Þ

From (1.24), a general profile eðzÞ has Q2 at the Brewster angle given by

Q2 hB; zð Þ ¼
x2

c2 e zð Þ � e1e2
e1 þ e2

n o
e2 zð Þ : ð1:38Þ

Thus the bump in Q2 at the Brewster angle (see Fig. 1.5) has the analytic form

Q2 hB; zð Þ � Q2
B ¼

x2

c2
e1 � eð Þ e� e2ð Þ
e2 e1þ e2ð Þ : ð1:39Þ

The p wave equation in the Z, Q notation has reflection at hB due to the small
variation in the effective wavevector component Q as given by (1.39). For the step
profile, e equals either e1 or e2, and there is no variation in Q and thus no reflection.

Fig. 1.4 Step profile reflectivity for the p wave, for the air-water interface. The curve for light
incident from air is zero at the Brewster angle arctanð4=3Þ � 53:1�. For incidence from water the
reflectivity is zero at the Brewster angle arctanð3=4Þ � 36:9�, and unity beyond the critical angle
hc ¼ arcsin 3=4ð Þ � 48:6�
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A common explanation for the small reflection of the p polarization at hB is in
terms of the angular dependence of the dipole radiation from each atom or molecule
which produces the transmitted and reflected waves. The far-field radiation pattern
of a dipole has zero amplitude along the line of oscillation of the dipole (see
Sect. 1.5, (1.78)). We see from (1.32) that rp0 is zero when h1þ h2 ¼ p=2, that is
when the refracted and reflected waves are at a right angle (see Fig. 1.6). The
argument goes that at this angle of incidence there is no radiation from the accel-
erated electrons in the material to produce a p-polarized signal in the direction of
specular reflection (upper part of Fig. 1.6). But zero reflection also exists in the
reverse case of material to vacuum (lower figure). In this case the explanation in
terms of electrons radiating along the transmitted beam to produce (or fail to
produce) the reflected beam does not apply. Further, a similar case of zero reflection
at the interface between two unlike media occurs with acoustic waves (as will be
discussed in Sect. 1.4), and in that case the radiation from each scatterer does not
have a dipole character.

Fig. 1.5 Squares of the
normal wavevector
component q and of the
effective normal component Q
for the s and p waves. The
figure shows q2ðzÞ and Q2ðZÞ
for the hyperbolic tangent
dielectric function profile, at
three angles of incidence. The
upper curve (in each case) is
for normal incidence, the
middle curve is at the
Brewster angle hB ¼
arctanðn2=n1Þ and the lower
curve is at the critical angle
for total internal reflection,
hc ¼ arcsinðn2=n1Þ. The
refractive indices n1 ¼ 4=3
and n2 ¼ 1 approximate the
water|air interface. Water is
on the left in both diagrams
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1.3 Particle Waves

In non-relativistic quantum mechanics, the motion of a particle of mass m and
energy E in a potential V is determined by Schrödinger’s equation for the proba-
bility amplitude W,

� �h2

2m
r2WþVW ¼ EW: ð1:40Þ

(�h is Planck’s constant divided by 2p.) We shall consider reflection at a planar
stratified boundary region between two uniform media characterized by potentials
V1 and V2. Examples of the particles and interfaces to which this description applies

Fig. 1.6 Illustrating complete
transmission of the p wave at
the Brewster angle. In each
case h2 ¼ p=2� hB, so the
transmitted and non-reflected
rays are at right angles
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are: electrons at a junction between two metals (with possibly an oxide layer in
between); neutrons reflecting off a solid or liquid surface; and helium atoms
reflecting at a liquid helium surface. In each of these examples the potential V in the
single-particle equation (1.40) is an effective potential, representing the net effect of
all the interactions between the particle and the scatterers in the medium through
which it moves. An example of how this effective potential is determined is given in
Sect. 1.5.

We again consider plane waves propagating in the zx plane, incident on a planar
interface, with stratification in the z direction. For this geometry, V depends on one
spatial variable z, and W is independent of y. The z, x variable dependence in (1.40)
is then separable, with

Wðz; xÞ ¼ eiKxwðzÞ ð1:41Þ

(it is usual to suppress the time dependence e�iEt=�h). Substitution of (1.41) into
(1.40) gives an ordinary differential equation for w:

d2w
dz2
þ q2w ¼ 0; q2 zð Þ ¼ 2m

�h2
E � V zð Þ½ � � K2: ð1:42Þ

From (1.41), K is the x-component of the wavevector in either medium, and is an
invariant of the motion, because of the absence of transverse components of the
force, @V=@x ¼ 0 ¼ @V=@y. If the angles of incidence, reflection and refraction are
h1, h

0
1, and h2, the laws of reflection and refraction follow from the invariance of

K ¼ k1x ¼ k01x ¼ k2x:

k1 sin h1 ¼ k1 sin h
0
1 ¼ k2 sin h2; ð1:43Þ

where

k2i ¼ K2þ q2i ¼
2m

�h2
E � Vi½ �: ð1:44Þ

As before, q is the component of the wavevector normal to the interface, with
limiting values

k1 cos h1 ¼ q1  q zð Þ ! q2 ¼ k2 cos h2: ð1:45Þ

These relations are summarized in Fig. 1.7.
On comparison of (1.7) and (1.42) we see that there is a one-to-one corre-

spondence between the reflection problems for the electromagnetic s wave and
particle waves obeying Schrödinger’s equation, with the replacement
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e zð Þx
2

c2
$ 2m

�h2
E � V zð Þ½ �: ð1:46Þ

The reflection amplitude r and the transmission amplitude t are defined in terms of
the limiting forms of the solution of (1.42):

eiq1zþ r e�iq1z  w zð Þ ! t eiq2z: ð1:47Þ

For example, for the potential step

V0ðzÞ ¼ V1 ðz\0Þ
V2 ðz[0Þ

�
ð1:48Þ

continuity of w and dw=dz at z ¼ 0 gives the Fresnel-type equations

r0 ¼ q1 � q2
q1þ q2

; t0 ¼ 2q1
q1þ q2

: ð1:49Þ

Note that, as in the case of electromagnetic waves, the boundary conditions follow
from the differential equations; they are not an additional assumption of the theory.

A refractive index can be defined for particles. From (1.43) and (1.44) we see

that the refractive index is proportional to ðE � VÞ1=2, that is to the square root of
the kinetic energy, or to the local value of the wavevector k. The proportionality to

Fig. 1.7 Graphical representation of k2 ¼ q2þK2 and of K ¼ k1 sin h1 ¼ k0 sin h0. (We use zero
as subscript since in this example the upper medium is the vacuum; V0 is the vacuum potential,
usually taken as zero.) The figure is drawn for electrons at 10 eV above the Fermi level in bulk
aluminium, at the aluminium-vacuum interface. EF � V1 � 11:7 eV, so E � V1 � 21:7 eV;
V0 � EF � 4:2 eV, so E � V0 � 5:8 eV; the ratio of the refractive indices is E � V1ð Þ=f
E � V0ð Þg12 � 1:934
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ðE � VÞ1=2 is also a classical result: the equations for the conservation of energy
and transverse momentum for a particle incident at angle h1 onto a planar strati-
fication between media 1 and 2 read

1
2
mv21þV1 ¼ E ¼ 1

2
mv22þV2; ð1:50Þ

mv1 sin h1 ¼ mv2 sin h2 : ð1:51Þ

Equation (1.51) shows that the refractive indices are proportional to vi, which from

(1.50) are equal to ½2ðE � ViÞ=m�1=2. However, partial reflection does not exist for
classical particles: there is either total reflection (when V [ E � 1

2mðv1 sin h1Þ2
anywhere), or no reflection (when V\E � 1

2mðv1 sin h1Þ2 everywhere).
In contrast, total reflection occurs in the wave theory only if V2 [ E � �h2K2=2m;

q2 is then imaginary, leading to exponential decay of the probability amplitude in
medium 2. Regions of imaginary q (negative q2 ¼ ð2m=�h2ÞðE � VÞ � K2) where
V [ E � �h2K2=2m), do not lead to total reflection when q2 is real, because of
tunneling. Electromagnetic waves are likewise totally reflected when q2 is imagi-
nary, that is when e2x2=c2\K2, or sin2h1 [ e2=e1. Thus the critical angle for total
reflection is given by

hc ¼ arcsin
e2
e1

� �1=2

; hc ¼ arcsin
E � V2

E � V1

� �1=2

ð1:52Þ

Fig. 1.8 Probability amplitudes, at two angles of incidence, for particle waves incident from the
left onto a linear ramp potential. The energy and potential values are such that hc ¼ 45�

(V1:V2:E ¼ 1:3:5). The upper two waves are the real and imaginary parts of the probability
amplitude w for incidence at 30�. The lower curve is the imaginary part of the probability
amplitude for a totally reflected wave, incident at 60�. The real part is not shown, since the real and
imaginary parts of w are proportional to each other in total reflection: Imw=Rew ¼ tan d=2 when
r ¼ eid (Sect. 2.2). The classical turning point z0 (where q2 ¼ 0) is halfway up the ramp
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in the electromagnetic and particle wave cases. Partial and total reflection of particle
and electromagnetic s waves is compared in Figs. 1.8 and 1.9. Note that at 30�

incidence the net flux at the right of the barrier, q2 tj j2, is the same as the net flux on
the left, q1ð1� rj j2Þ, despite the visible increase in the real and imaginary parts of
the probability amplitude to the right. At 60� incidence the wave is totally reflected.
The probability amplitudes are drawn about the levels E � �h2K2=2m, the energy
available for motion in the z direction.

1.4 Acoustic Waves

There is an interesting close correspondence between the reflection of sound and the
reflection of the electromagnetic p wave. This will be demonstrated in the simplest
case of fluid, non-viscous media. Dissipation via viscosity and scattering can be
accommodated by the use of a complex sound speed.

Sound waves propagate changes in density and pressure which are usually very
small compared to the mean values. The equations of motion, continuity, and state
can then be linearized by setting

density ¼ .þ .a; pressure ¼ pþ pa; ð1:53Þ

where . and p are the mean local values of the density and pressure, and .a and pa
are the small excess time-dependent values due to the presence of acoustic waves.
On dropping second order terms in .a; pa and in the velocity of a fluid element, and

Fig. 1.9 The electromagnetic s wave at two angles of incidence onto a linear dielectric function
profile. The radiation is incident from the left. The dielectric constants are e1 ¼ 2; e2 ¼ 1, so that
hc ¼ 45�. The lower two waves are the real and imaginary parts of the electric field EðzÞ, at 30�
angle of incidence. The upper curve is the real part of EðzÞ for a totally reflected wave incident at
60�. The curves are drawn at the level of cK=xð Þ2 for each angle of incidence. The wavefunctions
for the electromagnetic s wave and for the particle waves of Fig. 1.8 are the same
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neglecting the force due to gravity apart from its effect on stratification according to
density, one obtains the equation (Bergmann 1946)

r2pa � 1
v2

@2pa
@t2
� 1
.
r. � rpa ¼ 0: ð1:54Þ

Here v2 ¼ ð@p=@.Þs is the adiabatic derivative of the pressure with respect to
density, and gives the square of the local phase velocity in the medium.

Consider now the reflection of sound at an interface characterized by a density
profile .ðzÞ and an adiabatic pressure derivative ð@p=@.Þs ¼ v2ðzÞ. For a plane
monochromatic wave propagating in the zx plane, we have

pa z; x; tð Þ ¼ P zð Þ ei Kx�xtð Þ: ð1:55Þ

K is again the component of the wavevector along the interface, and is a constant of
the motion:

K ¼ x
v1

sin h1 ¼ x
v2

sin h2 ; ð1:56Þ

where v1; v2 are the limiting values of ð@p=@.Þs
� �1=2

in the two media, and h1; h2
are the angles of incidence and refraction. The differential equation for P is obtained
by substitution of (1.55) into (1.54):

.
d
dz

1
.
dP
dz

� �
þ q2P ¼ 0; ð1:57Þ

with

q2ðzÞ ¼ x2

v2ðzÞ � K2; ð1:58Þ

q is again the normal component of the wavevector, with limiting values
q1 ¼ x=v1ð Þ cos h1; q2 ¼ ðx=v2Þ cos h2.

The term ðd.=dzÞðdP=dzÞ in (1.57) may be removed by introducing a new
dependent variable P=

ffiffiffi
.
p

, as Bergmann notes. This is analogous to the transfor-
mation to B=

ffiffi
e
p

discussed in Sect. 1.2. A more fruitful approach is analogous to the
transformation to a dilated z variable in the p wave case: (1.57) has the same form
as the electromagnetic p wave equation

e
d
dz

1
e
dB
dz

� �
þ q2B ¼ 0
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In terms of a new independent variable Z, defined by dZ ¼ .dz, (1.57) becomes

d2P
dZ2 þQ2P ¼ 0; Q ¼ q

.
: ð1:59Þ

(As defined here, Z and Q no longer have the dimensions of length and of
ðlengthÞ�1; this can be remedied by respectively dividing Z and multiplying Q by
some density, for example ð.1þ .2Þ=2:)

It is clear from the form of (1.59), and the discussion of reflection at the Brewster
angle given in Sect. 1.2, that weak reflection of acoustic waves (zero reflection, in
the case of a sharp transition between the two media) is expected whenever
Q1 ¼ Q2. This holds when

cos h1
.1v1

¼ cos h2
.2v2

: ð1:60Þ

This result was first given (for a sharp interface) by George Green (1838). On
eliminating h2 from (1.60) and Snell’s Law (1.56), one finds that weak reflection
occurs at an angle of incidence h1 ¼ hG (which we will call Green’s angle) given by

tan2 hG ¼ ð.2v2Þ
2 � ð.1v1Þ2

.21ðv21 � v22Þ
: ð1:61Þ

In contrast to the electromagnetic p wave case, weak reflection of acoustic waves
does not happen at a certain angle at a boundary between any two media: the
quantities .1v1 � .2v2 and v1 � v2 must have opposite signs.

At Green’s angle hG (where Q1 ¼ Q2), K2 is equal to

K2
G ¼

x2

.21 � .22

.1
v2

� �2

� .2
v1

� �2
( )

; ð1:62Þ

and the common value of Q1 and Q2 is given by

Q2
G ¼

x2

.21 � .22

1
v21
� 1
v22

� 

: ð1:63Þ

According to (1.59), the acoustic wave in the Z variable then reflects from the bump
in Q2, given by

Q2 � Q2
G ¼

x2

.2 .21 � .22
� � .21 � .22

v2
� .1

v2

� �2

þ .2
v1

� �2

�.2 1
v21
� 1
v22

� �( )
: ð1:64Þ
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One can define an acoustic reflection amplitude r and a transmission amplitude t
in terms of the pressure:

eiq1zþ r eiq1z  P zð Þ ! t eiq2z: ð1:65Þ

For a sharp transition between media 1 and 2, P and dP=.dz ¼ dP=dZ are con-
tinuous at the boundary. (This is evident from (1.57); note that, as in the electro-
magnetic and particle wave cases, the differential equation dictates the boundary
conditions, which are not an additional input to the theory.) Thus, for a sharp
boundary located at the origin,

r ¼ Q1 � Q2

Q1þQ2
; t ¼ 2Q1

Q1þQ2
: ð1:66Þ

These may be rewritten as

r ¼ .2 tan h2 � .1 tan h1
.2 tan h2þ .1 tan h1

; t ¼ 2.2 tan h2
.2 tan h2þ .1 tan h1

: ð1:67Þ

Total reflection occurs for angles of incidence greater than

hc ¼ arcsin
v1
v2

� �
: ð1:68Þ

Fig. 1.10 Reflectivity of acoustic waves at a mercury-water interface, according to (1.66). For
sound incident from the slower medium (mercury) total reflection occurs beyond the critical angle
hc � 78:21�. Very close is the Green’s angle hG � 78:18�, so the reflectivity changes from zero to
unity in 0:03�. For sound incident from water the Green’s angle is very close to glancing
incidence, hG � 89:12�. Thus again the reflectivity changes from zero to unity very rapidly. The
curves are drawn for qHg=qH2O ¼ 13:57; vHg=vH2O ¼ 0:9789
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This result follows on setting h2 ¼ p=2 in (1.56); it holds for any interface, no
matter how diffuse, provided absorption can be neglected. The critical angle hc will
be close to Green’s angle hG, if the latter exists, when v1 ’ v2 The reflectivity of a
step profile then rapidly goes from zero at hG to unity at hc and beyond, as illus-
trated for the mercury-water interface in Fig. 1.10.

When .1v1 ’ .2v2 the reflectivity at normal incidence is small, and hG (if it
exists) will also be small. This is the case for carbon tetrachloride and water,
illustrated in Fig. 1.11.

1.5 Scattering and Reflection

Most of the results in this book come from analysis of the differential equations for
waves in material media, the media being characterized by a dielectric function, or
an effective potential, or the density and speed of sound, in the case of electro-
magnetic, particle or acoustic waves. This approach hides the many-body com-
plexity of the real physics: specular reflection, for example, is the result of the
constructive interference of many scattered or re-radiated waves. A discussion of
reflection from this point of view will be given here; it leads to values for the
functions characterizing the media, such as e and V , in terms of the properties of the
particles comprising the system. Such approaches go back to Lorentz (1909),
Darwin (1924) and Hartree (1928) in the electromagnetic case. We will begin with
an adaptation of Fermi’s (1950) argument for the effective potential of a collection
of neutron scatterers, since this is simpler.

Fig. 1.11 Reflectivity of acoustic waves at a water-carbon tetrachloride interface, obtained from
(1.66). For sound incident from the slower medium (CCl4) the Green’s angle is hG � 1:73�, and
total reflection occurs beyond hc � 38:86�. For sound incident from water the Green’s angle is
hG � 2:76�. The curves are drawn for qCCl4=qH2O ¼ 1:595; vCCl4=vH2O ¼ 0:6274
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Consider the reflection of a beam of neutrons by a thin slab of material. The
neutrons interact with the nuclei in the slab. For slow neutrons this interaction is
characterized by a length b, the scattering length for neutrons off a bound scatterer.
An incident plane wave eikz causes each scatterer to radiate a spherical wave
�beikr=r. The reflected wave is found by summing up the scattered waves from all
parts of the slab. The geometry is illustrated in Fig. 1.12.

If n is the number density of the scatterers, ð2p.d.DzÞn is the number of scat-
terers within an annulus between q and .þ d., where q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þ y2

p
is the distance

from the z axis. The reflected wave at P is thus

wr ¼
Z1
0

d.2p.Dz n � b eikr

r

� �
: ð1:69Þ

For fixed z we have .d. ¼ rdr, so that

wr ¼ �2pnbDz
Z1
�z

dr eikr: ð1:70Þ

The integral over r is not defined as it stands, because we have used eikz as the
incident wave, namely a plane wave extending to infinity in the x and y directions.
In practice the incident wave would be a finite beam, with an amplitude decreasing

with . ¼ ðx2þ y2Þ1=2. The resulting integral for wr then is well-defined. When such

Fig. 1.12 Reflection of neutrons by a slab of scatterers. The thickness Dz of the slab is such that
kDz is small, so that the phase of the plane wave eikz, (incident from the left) is nearly constant over
the slab
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decrease is slow on the scale of k�1 (the beam is many wavelengths wide), the
integral is equal to �e�ikz=ik, and

wr ¼
2pnbDz

ik
e�ikz ð1:71Þ

This is a reflected wave, with reflection amplitude equal to the coefficient of e�ikz.
We will now show that the reflection amplitude due to a thin slab of thickness Dz

and effective potential V is (to lowest order in V)

r1 ¼ Dz
2ik

� �
2mV

�h2
: ð1:72Þ

(What follows is heuristic; a rigorous proof is given in Chap. 3; see in particular (3.
14).) Consider the effect of a potential hump, or well, which is small in extent in
comparison with the wavelength. Seen on the scale of the wavelength, the hump
appears as a spike, and its main effect is to create a change of slope in the wave-
function: on integrating (1.42) (at normal incidence) across the hump, we have

w0 z2ð Þ � w0 z1ð Þ ¼ �
Zz2
z1

dz
2m

�h2
E � V zð Þ½ �w zð Þ: ð1:73Þ

For wavelengths long compared to the extent of the hump, w is nearly constant over

its effect, so when z2 � z1 is small compared to k�1 ¼ �hð2mEÞ�1=2, and the hump is
centred on the origin,

w0ðz2Þ � w0ðz1Þ ’ 2m

�h2
wð0Þ

Zz2
z1

dzVðzÞ ð1:74Þ

(The zero of energy has been chosen so that V goes to zero on either side of the
hump.) From (1.47) the left side is equal to ikðt � 1þ rÞþOðk2Þ. The assumption
that w remains nearly constant from z1 to z2 also implies 1þ r ’ wð0Þ ’ t. Thus
(1.74) gives

r ’ 1
2ik

� �
2m

�h2

Zz2
z1

dz V zð Þ: ð1:75Þ

For V constant inside the hump (of extent Dz), and zero outside, this reduces to
(1.72).

We can now give an expression for the effective potential of a collection of
scatterers: (1.71) and (1.72) together imply that this is
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V ¼ 4p
�h2

2m

� �
nb: ð1:76Þ

The scattered waves interfere constructively to give a reflected and a transmitted
wave, as if the medium were completely homogeneous and acted on the particles
with a potential given by (1.76). We have considered normal incidence; at oblique
incidence the constructive interference of the spherically diverging waves from the
scatterers within the slab is in the specular and straight-through directions.

We now turn to the more complex question of electromagnetic radiation
interacting with the atoms or molecules in a thin slab of material. We will calculate
the field at P in front of a slab, as in Fig. 1.12. The incident electric field propagates
in the z direction, and is taken to be polarized along the x direction,

E ¼ eiðkz�xtÞðE0; 0; 0Þ ð1:77Þ

When the wavelength is large compared to atomic size, each atom radiates pre-
dominantly as a dipole. For a given atom with dipole p, oscillating at the impressed
angular frequency x, the electric field at r ¼ rr̂ from the atom is (see for example
Jackson (1975), Sect. 9.2)

E ¼ eikr

r
k2 r̂� pð Þ � r̂þ 3 r̂ � pð Þr̂� p½ � 1

r2
� ik

r

� �� 

; ð1:78Þ

where k ¼ x=c. The far field (given by the first term) is a spherically diverging
wave, with E transverse to r. We do not omit the near field, since we do not wish to
assume that kr � 1. All dipoles are taken to lie along the direction of the incident
electric field, and to have the same strength aE0, where a is the polarizability of an
atom:

p ¼ e�ixtðaE0; 0; 0Þ ð1:79Þ

The point P is at ð0; 0; zÞ, with z\0. The contribution to the electric field at P from
a dipole at ðx; y; 0Þ is then

Ex ¼ aE0 eiðkr�xtÞ

r3
k2ðy2þ z2Þþ ð1� ikrÞ 3x2

r2
� 1

� �� 

ð1:80Þ

with Ey and Ez odd in x and thus integrating to zero when we sum over the dipolar
fields. Thus the net field at P due to all the dipoles (of number density n) in the thin
slab is, on changing to the cylindrical coordinates . and / and integrating over /,
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Edipoles
x ¼ e�ixtaE0npDz

Z1
0

d. .
eikr

r3
k2ð.2þ 2z2Þþ ð1� ikrÞ 3.2

r2
� 2

� �� 


¼ e�ixtaE0npDz
Z1
�z

dr
eikr

r2
k2ðr2þ z2Þþ ð1� ikrÞ 1� 3z2

r2

� �� 

:

ð1:81Þ

The first term is an integral of the form (1.70); the others may be obtained from it by
integration by parts. The result is

Edipoles
x ¼ e�iðkzþxtÞ2pikanDzE0: ð1:82Þ

The reflection amplitude for the slab is the coefficient of E0e�iðkzþxtÞ in (1.82). We
compare this with the result analogous to (1.72) for the reflection amplitude due to a
thin slab of dielectric constant e,

r1 ¼ i
2
kDz e� 1ð Þ: ð1:83Þ

Thus the effective dielectric constant of a slab of atoms of polarizability a and
number density n is

e ’ 1þ 4pan: ð1:84Þ

We have neglected the effects of the dipolar fields on each other. When these are
taken into account, the resulting dielectric constant for a uniform medium becomes.

e ¼ 1þ 8
3 pan

1� 4
3 pan

: ð1:85Þ

This expression is known as the Clausius-Mossotti or Lorentz-Lorenz formula
(Lorentz 1909). The result (1.84) is the first-order term in the an expansion of
(1.85). The form of (1.85), with n ¼ nðzÞ, remains valid with a high degree of
accuracy in a stratified medium of polarizable atoms (Castle and Lekner 1980;
Lekner 1983).

1.6 A Look Ahead

In the preceding sections we have introduced the definitions and basic equations for
the reflection of electromagnetic, particle and acoustic compressional waves by
planar stratified media. The remainder of the book is written predominantly in
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electromagnetic notation; a translation of the main results into particle-wave lan-
guage is made in Chap. 15, and Chap. 16 deals with neutron and X-ray reflection.
The final Chaps. 17–20 are on acoustic waves, chiral media, pulses and
wavepackets, and finite beams. Here we preview the chapters, stating and dis-
cussing some of their results and techniques in order to give the reader a feel for the
structure and content of the book.

Chapter 2 contains both general results, true for reflection and transmission at
any transition between two homogeneous media, and some specific results for
exactly solvable profiles. Among the general results are the conservation law

q1ð1� jr12j2Þ ¼ q2jt12j2; ð1:86Þ

and reciprocity relations such as

r21 ¼ � t12
t	12

r	12 ð1:87Þ

and

q2t12 ¼ q1t21: ð1:88Þ

The conservation law (1.86), which holds for real q1 and q2 and in the absence of
absorption within the interface, represents conservation of energy in the electro-
magnetic case, and conservation of probability density current in the particle case.
The relation (1.87) holds under the same conditions, and implies that the reflectance
R ¼ jrj2 is the same from either side of incidence on a nonabsorbing interface. The
relation (1.88) is more general, being valid also in the presence of absorption within
the interface. It implies the equality of the transmittances T12 ¼ ðq2=q1Þjt12j2; T21 ¼
ðq1=q2Þjt21j2, representing the energy or particle flux through the inhomogeneity,
for incidence from medium 1 or from medium 2. (When the polarization subscripts
s and p are omitted, the relation quoted is understood to be valid for either wave.)

For inhomogeneous interfaces extending from z1 to z2, with e ¼ e1 for z
 z1 and
e ¼ e2, the s wave reflection and transmission amplitudes may be expressed in
terms of the values and derivatives of two linearly independent solutions F and G of
(1.7) within z1
 z
 z2, evaluated at z1 and z2:

rs ¼

e2iq1z1
q1q2ðF1G2 � G1F2Þþ iq1ðF1G02 � G1F02Þþ iq2ðF01G2 � G01F2Þ � ðF01G02 � G01F

0
2Þ

q1q2ðF1G2 � G1F2Þþ iq1ðF1G02 � G1F02Þ � iq2ðF01G2 � G01F2Þþ ðF01G02 � G01F
0
2Þ
;
ð1:89Þ
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ts ¼
eiðq1z1�q2z2Þ2iq1ðF2G02 � G2F02Þ

q1q2ðF1G2 � G1F2Þþ iq1ðF1G02 � G1F02Þ � iq2ðF01G2 � G01F2Þþ ðF01G02 � G01F
0
2Þ
:
ð1:90Þ

Similar expressions can be written down for the p polarization. These results are
useful for specific profiles for which the solutions are known functions, such as the
Airy functions for the linear profile, and the Bessel functions for the exponential
profile. General results may also be deduced from (1.89) and (1.90), for example
that rs ! �1 and ts ! 0 at grazing incidence, and that rs and ts tend to the Fresnel
values (1.15) as Dz ¼ z2 � z1 tends to zero. From the p polarization expressions one
finds that rp ! 1 and tp ! 0 at grazing incidence. Thus rp=rs always moves in the
complex plane from þ 1 at normal incidence to �1 at grazing incidence, and the
number of principal angles (or ellipsometric Brewster angles), defined by
Reðrp=rsÞ ¼ 0, is therefore always odd.

Chapter 2 also lists the exact solutions for three dielectric function profiles which
are solvable for both the s and p polarizations, and another (the important hyper-
bolic tangent profile) which is solvable for the s wave only. Two other cases which
are solvable for the s wave case, the sech2ðz=aÞ and the linear profile, are discussed
in Sects. 4.3 and 5.2 respectively, where their solution is relevant to the problem at
hand.

Chapter 3 treats the reflection of long waves, that is those whose wavelength is
large compared to the thickness of the reflecting inhomogeneity. The long-wave
results are obtained from perturbation theories, which in turn derive from exact
integral and integro-differential equations obeyed by the s and p waves. For
example, from the perturbation theory for the s wave one finds that the reflection
amplitude, to second order in the interface thickness, is given by

rs ¼ rs0þ 2q1x2=c2

ðq1þ q2Þ2
ik1 � 2q2k2 � x2=c2

q1þ q2
k21

� 

þ � � � ; ð1:91Þ

where the kn are integrals of dimension ðlengthÞn,

kn ¼
Z1
�1

dz e zð Þ � e0 zð Þ½ �zn�1: ð1:92Þ

In (1.92), eðzÞ is the dielectric function profile under consideration, and e0ðzÞ is the
step dielectric function defined in (1.11), which has the reflection amplitude rs0
given in (1.13). The integrals kn depend on the relative positioning of the actual
profile e and the step profile e0. A theory which calculates reflection amplitudes as a
perturbation series about a reference profile (here e0) must obtain results for
observables, such as jrsj2, which are invariant to the relative positioning of the
actual and reference profile. If r ¼ r0þ r1þ r2þ � � � ;
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R ¼ jrj2 ¼ jr0j2þ 2Reðr	0r1Þþ fjr1j2þ 2Reðr	0r2Þgþ � � � ; ð1:93Þ

and we see from (1.91) that the first order term r1 is imaginary in the absence of
absorption or total internal reflection for the s wave. (The same is true for the p
wave, as is shown in Sect. 3.4.) Then there is no term in R of first order in the
interface thickness, for either polarization. The second order term is given by the
expression within the braces in (1.93); from (1.91) we have

R1 ¼ q1 � q2
q1þ q2

� �2

� 4q1q2x4=c4

ðq1þ q2Þ4
i2þ � � � ; ð1:94Þ

where the integral invariant i2 is given by

i2 ¼ 2ðe1 � e2Þk2 � k21: ð1:95Þ

(The subscript 2 denotes dimensionality ðlengthÞ2.) The integrals k1 and k2 which
enter into rs and Rs, depend on the relative positioning of the actual and reference
profiles, but the combination of integrals which comprise i2 is invariant with respect
to the choice of positioning. Similar results are obtained for the observables rp=rs,

and Rp ¼ jrpj2:

rs0
rp
rs

� �
¼ rp0 � 2iQ1

ðQ1þQ2Þ2
K2

e1e2
I1þ � � � ; ð1:96Þ

Rp ¼ Q1 � Q2

Q1þQ2

� �2

� 4Q1Q2

e1e2ðQ1þQ2Þ4
x4

c4
i2 � x2

c2
K2 j2þ 1

e1
þ 1

e2

� �
i2


 �
þ K4

e1e2
½ðe1þ e2Þj2 � I21 �

� 

þ � � � ;

ð1:97Þ

In (1.97) j2 is another second order invariant, and the first order invariant I1 is
defined by

I1 ¼
Z1
�1

dz
ðe1 � eÞðe� e2Þ

e
¼

Z1
�1

dz e1þ e2 � e1e2
e
� e

n o
ð1:98Þ

These results show that, in the long wave limit, the observables Rs, Rp, and rp=rs
take universal form. The integral invariants I1, i1, and i2 depend on the profile shape
and extent only. All frequency and angular dependence is contained in the coeffi-
cients of I1, i1, and i2, and is the same for all non-singular profiles. (The degenerate
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case e1 ¼ e2 requires special consideration for the ellipsometric ratio rp=rs
however.)

Equations (1.94), (1.96) and (1.97) illustrate how theory answers the question
“what information can be obtained from a given experiment?” From (1.94) we see
that measurement of the s reflectivity in the long wave case can determine only one
characteristic of the interface, the invariant i2. Experimental data at different angles
of incidence give no new information (we are assuming that the interface has no
roughness, and the absence of absorption in the interface or substrate), merely the
opportunity to reduce the uncertainty in i2. The same is true for ellipsometry to
lowest order in the interface thickness: one parameter (the invariant I1) can be
determined, at any angle of incidence. The p wave reflectance (1.97) carries more
information, because the direction of the electric field relative to the interface
changes with the angle of incidence. In principle, the values of I21 , i2 and i2 may be
determined by intensity measurements at a mimimum of three angles of incidence.

The long wave results described above were obtained from perturbation theory,
the perturbation being the deviation of the actual profile eðzÞ from the step profile
e0ðzÞ. The simplest example of a perturbation theory expression for the reflection
amplitude is that for reflection by a film between like media:

rperts ¼ �x2=c2

2iq0

Z1
�1

dz e� e0ð Þ e2iq0z: ð1:99Þ

Here q0 is the common value of q1 and q2; e0 is likewise the common value of e1
and e2. The normal incidence, thin film version of this result has been used in
Sect. 1.5 ((1.72) and (1.83)). Note that rperts diverges at grazing incidence (as
q0 ! 0). This is unphysical: for passive media the reflection amplitude must stay
within the unit circle, and in fact we saw that the exact rs tends to �1 at grazing
incidence.

This troublesome divergence at grazing incidence remains in higher order per-
turbation expressions, but is removed by the variational theory developed in
Chap. 4. The simplest trial function, w0 ¼ eiq0z, leads to the variational expression

rvars ¼
� x2=c2

2iq0
kð2q0Þ

1þ x2=c2

2iq0
rð2q0Þ
kð2q0Þ

ð1:100Þ

In this expression kð2q0Þ is the Fourier integral in (1.99), and rð2q0Þ is a double
integral defined in Chap. 4. The variational result (1.100) is not divergent at grazing
incidence; in fact it tends to the correct value of �1 as q0 ! 0, since the integrals k
and r have the property that rð0Þ ¼ k2ð0Þ. Further, rvars is correct to second order in
the film thickness, whereas rperts is not. These properties are shared by the varia-
tional expressions, derived in Chap. 4, for s and p wave reflection amplitudes
between unlike media.
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Non-linear, first order differential equations (of the Riccati type) for the reflec-
tion amplitudes are derived in Chap. 5. Two kinds of equations are used: those for a
quantity .ðzÞ which tends to re�2iq1z as z! �1, and those for rðzÞ, tending to r in
the same limit. For the s wave, the respective equations are

.0 þ 2iq. ¼ q0

2q
1� .2
� �

; ð1:101Þ

r0 ¼ q0

2q
e2i/ � r2 e�2i/

� �
; ð1:102Þ

where primes denote differentiation with respect to z, and the phase integral / is
defined by

/ zð Þ ¼
Zz

df q fð Þ: ð1:103Þ

The corresponding equations for the p wave reflection amplitudes have Q0=Q
instead of q0=q on the right-hand side. From (1.101) it is shown in Sect. 5.4 that Rs

has the Fresnel reflectivity as an upper bound for all monotonic profiles:

Rs
Rs0 ¼ q1 � q2
q1þ q2

� �2

ð1:104Þ

A similar bound holds for Rp when QðzÞ ¼ qðzÞ=eðzÞ is monotonic.
Integration of (1.102) from z ¼ �1 to þ1 gives

rs ¼ �
Z1
�1

dz
q0

2q
e2i/ � r2 zð Þ e�2i/� �

: ð1:105Þ

The rðzÞ on the right-hand side is the reflection amplitude of a profile truncated at z.
If the reflection is weak, one can get an approximate expression for rs by omitting
the term proportional to r2 on the right. This is the weak reflection or Rayleigh
approximation,

rRs ¼ �
Z1
�1

dz
q0

2q
e2i/: ð1:106Þ
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The corresponding approximation in the p wave case is

rRp ¼
Z1
�1

dz
Q0

2Q
e2i/: ð1:107Þ

At normal incidence both (1.106) and (1.107) reduce to

rRn ¼ �
1
2

Z1
�1

dz
n0

n
e2i/n ; /n zð Þ ¼ x

c

Zz

df n fð Þ; ð1:108Þ

where n ¼ e1=2 is the refractive index. If one makes the further (and drastic)
approximations of replacing 2n by n1þ n2 and /n by ðx=cÞðn1þ n2Þz ¼ ðk1þ k2Þz,
(1.108) simplifies to

rn ’ � 1
n1þ n2

Z1
�1

dz
dn
dz

ei k1 þ k2ð Þz: ð1:109Þ

Expressions closely related to (1.109) have been used by Buff et al. (1965) and by
Huang and Webb (1969) in the analysis of reflection from the diffuse interface of a
binary mixture.

The Rayleigh approximation works very well when the reflection is weak, but
fails near grazing incidence. The Rayleigh approximation (1.106) and the long
wave limiting form (1.94) are compared in Fig. 1.13 with the exact reflectivity for
the hyperbolic tangent profile

e zð Þ ¼ 1
2

e1þ e2ð Þ � 1
2

e1 � e2ð Þ tanh z
2a

: ð1:110Þ

For this profile the phase integral can be evaluated analytically (see Sect. 6.4),
i2 ¼ ðp2=3Þðe1 � e2Þ2a2 from Table 3.1, and the exact reflectivity is (from Sect. 2.5)

Rs ¼ sinh pðq1 � q2Þa
sinh pðq1þ q2Þa

� 
2

: ð1:111Þ

The figure illustrates the strengths and limitations of the long wave and weak
reflection approximations: the long wave expression is good at glancing incidence,
where the effective wavelength 2p=q is large, while the Rayleigh approximation is
good near normal incidence, but fails near glancing incidence, since the reflection is
then strong (as always).

The reflection of short waves, that is those whose wavelength is small compared
to the thickness of the interface, is discussed in Chap. 6. In the short wave limit the
reflection properties usually approach the behaviour of classical particles, which are
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either totally reflected or not reflected. Away from classical turning points, which
located at the zeros of q2ðzÞ, approximate solutions of (1.7) are the Liouville-Green
functions

wþ ¼
q1
q

� �1
2

ei/; w� ¼
q2
q

� �1
2

e�i/ ð1:112Þ

(/ is the phase integral defined in (1.103)). A perturbation theory based on a
Green’s function constructed from w� gives the first order reflection amplitude

rð1Þs ¼ �
1
2

Z1
�1

d/ e2i/ c� c2

4i

� 

; ð1:113Þ

where

c ¼ 1
q2

dq
dz
¼ 1

q
dq
d/

ð1:114Þ

is a dimensionless function which must be small for the short wave approximation
to hold. The perturbation theory result is closely related to the Rayleigh approxi-
mation (which is the first term of another perturbation approach, the Bremmer series
discussed in Sect. 6.5), as can be seen by writing (1.106) in the form

Fig. 1.13 Reflectivity of the s wave by the tanh profile (1.110), for e1 ¼ 1 and e2 ¼ 4=3ð Þ2 and
xa=c ¼ 0:2. For this value of xa=c the distance in which the dielectric function changes over
80% of its range (from ð9e1þ e2Þ=10 to ðe1þ 9e2Þ=10) is about one seventh of the wavelength of
the incident radiation. The curve e is the exact reflectivity (1.111), the dashed curve e=R gives the
ratio of the exact to the Rayleigh reflectivities, and the curve L=e gives the ratio of the long-wave
limiting form (1.94) to the exact value
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rRs ¼ �
1
2

Z1
�1

d/ c e2i/: ð1:115Þ

Unlike the long wave case, the reflection properties of short waves depend on the
detail of the reflecting inhomogeneity, and do not take a universal form. For
example: in the case of the profiles of finite range, which have a discontinuity in

slope at the endpoints z1 and z2, both rð1Þs and rRs give

rs ¼ 1
4i

eið/1 þ/2Þ c1 e
�iD/ � c2 e

iD/
� �þ � � � ; ð1:116Þ

where /1 and /2 are the values of the phase integral at z1 and z2, D/ ¼ /2 � /1,
and . . . denotes that exponentially small terms have been omitted. (The function c
changes in value from 0 to c1 at z1, and from c2 to 0 at z2). A similar result holds for
the p wave:

rp ¼ 1
4i

eið/1 þ/2Þ c1 cos 2h1 e�iD/ � c2 cos 2h2 eiD/
� �þ � � � : ð1:117Þ

Both the s and p reflectivities are thus oscillatory functions of D/, and decay as the
inverse square of the vacuum wavenumber x=c. The dominant part of the s
reflectivity is

Rs ¼ 1
16

c21þ c22 � 2c1c2 cos 2D/
� �þ � � � : ð1:118Þ

(The p reflectivity has the same form, with c cos 2h replacing c.) This oscillatory
behaviour, with amplitude decreasing with frequency, is characteristic of profiles
with discontinuities in slope or higher order derivatives. Profiles with no such
discontinuities, such as the hyperbolic tangent, show exponential decrease with
xa=c in the short wave limit, a being characteristic of the profile thickness.

Approximations such as (1.116) and (1.117), and the Rayleigh approximation,
fail at grazing incidence, and in the presence of turning points. When there is a
single turning point (q2
 0 for z� z0, say) there is total reflection. For the s wave

rs ¼ eids ; ds ’ 2
Zz0
0

dz q zð Þ � p
2
; ð1:119Þ

the phase decrement p=2 being universal for smooth profiles. In the case of two
turning points (q2\0 for z1
 z
 z2), the classically forbidden region q2\0 is
tunneled through by a portion of the wave. The transmission amplitude then varies
approximately as expð�2DUÞ, where DU is the increment in the imaginary part of
the phase integral between the turning points:
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DU ¼
Zz2
z1

dz q zð Þj j: ð1:120Þ

Reflection from anisotropic media is considered in Chaps. 7 and 8. Uniaxial
systems are characterized by two dielectric functions eoðz;xÞ and eeðz;xÞ. The
most general uniaxial reflection problem, with arbitrary orientation of the optic axis
relative to the reflecting surface and the plane of incidence, is discussed in Chap. 8.
In the simplest case where the system retains azimuthal symmetry about the normal
to the interface (Chap. 7), the optic axis is also normal to the interface, and eoðz;xÞ
and eeðz;xÞ give the response of the system to electric field components respec-
tively parallel and perpendicular to the interface. The resolution of electromagnetic
waves into s and p components remains valid in this case, with the equations to be
satisfied modified from (1.7) and (1.20) to

d2E
dz2
þ eo

x2

c2
� K2

� �
E ¼ 0; ð1:121Þ

d
dz

1
eo

dB
dz

� �
þ x2

c2
� K2

ee

� �
¼ 0: ð1:122Þ

Equation (1.121) has the same form as (1.7), with eo replacing e, but (1.122) differs
from the isotropic case, since it contains both eo and ee. There are corresponding
changes in the p wave reflection amplitude, and in rp=rs. The ellipsometric ratio, for
example, still takes the form (1.96) in the long wave case, but the invariant I1 is
now given by

I1 ¼
Z1
�1

dz e1þ e2 � e1e2
ee
� eo

� 

: ð1:123Þ

(this applies to the case of an anisotropic thin film between isotropic media 1 and 2.)
For reflection at a sharp boundary between an isotropic medium 1 and an aniso-
tropic medium characterized by eo and ee, with its optic axis normal to the reflecting
surface, there is zero reflection for the p polarization at

hB ¼ arctan
eoðeo � e1Þ
e1ðee � e1Þ

� 
1=2

: ð1:124Þ

In the case of an anisotropic film, characterized by eoðzÞ and eeðzÞ, on a homoge-
neous anisotropic substrate characterized by e2o and e2e, the form (1.96) is still
valid, with e2e replacing e2 in the factor multiplying I1 and
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I1 ¼
Z1
�1

dz
e21 � e2oe2e
e1 � e2o

� e1 � e2e
e1 � e2o

eo � e1e2e
ee

� 

: ð1:125Þ

Ellipsometry is discussed in Chap. 9. The emphasis is on the analysis of what
various ellipsometric configurations measure. We discuss transmission as well as
reflection ellipsometry.

The effect of absorption (the dissipation of electromagnetic energy within the
medium) is discussed in Chap. 10. Absorption is included phenomenologically in
the Maxwell equations by means of a complex dielectric function, e ¼ er þ iei. This
simple change has far-reaching consequences for reflection properties. In the case
of reflection at the sharp surface of an absorbing medium (a metal, for example), the
Fresnel equations (1.13) and (1.31) retain their form, but now q2 ¼ qr þ iqi and
Q2 ¼ Qr þ iQi ¼ ðqr þ iqiÞ=ðer þ ieiÞ, where

cqr
x

� 	2
¼ 1

2
er � e1 sin2 h1 þ ½ðer � e1 sin2 h1 Þ2þ e2i �

1
2

n o
; ð1:126Þ

cqi
x
¼ ei=2

cqi=x
: ð1:127Þ

The ellipsometric ratio rp=rs no longer has the real axis as its trajectory, but lies
within the upper half of the unit circle:

rp
rs
¼ q21ðq2r þ q2i Þ � K4þ 2iq1qiK2

ðq1qr þK2Þ2þ q21q
2
i

: ð1:128Þ

Some of the general results derived in Chap. 2 still hold, notably the fact that
rs ! �1 and rp ! 1 at grazing incidence, and the implication that there is an odd
number of principal angles of incidence at which Reðrp=rsÞ ¼ 0. The reciprocity
relation (1.88) also holds, and thus the transmittance of an absorbing system is
independent of the direction of propagation of the radiation.

Zero reflection is not possible off an absorbing medium with a sharp boundary,
for either polarization. If however a dielectric layer is deposited on the absorber,
zero reflectance is possible for both polarizations (at different angles of incidence);
this interference-absorption effect thus produces reflection polarizers (Sect. 10.3).

A thin absorbing film on a transparent substrate always decreases the trans-
mittance, but reflectance can be either increased or decreased, depending on the
polarization and whether e1\e2 or e1 [ e2. For example, the s reflectivity to first
order in the film thickness is given by

Rs ¼ q1 � q2
q1þ q2

� �2

� 4q1ðq1 � q2Þ
ðq1þ q2Þ3

x2

c2

Z1
�1

dz eiðzÞþ � � � : ð1:129Þ
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The form (1.96) for the ellipsometric ratio is still valid, with I1 complex:

I1 ¼
Z1
�1

dz e1þ e2 � e1e2er
e2r þ e2i

� er

� �
þ i

Z1
�1

dz
e1e2

e2r þ e2i


 �
ei: ð1:130Þ

An important and dramatic effect due to absorption is that of attenuated total
reflection, discussed in Sect. 10.6. An absorbing layer (typically a metal film)
deposited between two dielectrics can turn a total reflection configuration into one
whose p reflectance is small at resonance, and can be zero for proper choice of
thickness of metal film and angle of incidence. This phenomenon is an
interference-attenuation effect, associated with the resonant excitation of electro-
magnetic surface waves at a metal-dielectric interface.

Chapter 11 deals with the inversion of reflectance and ellipsometric data to
obtain the parameters of the reflector. For example, if the real and imaginary parts
.r and .i of rp=rs are measured at angle of incidence h1 and the interface is known
to be sharply defined on the scale of the wavelength, the real and imaginary parts of
e may be found from

er þ iei
e1

¼ sin2 h1 þ sin2 h1 tan2 h1
ð1� .2r Þ2 � 4.2i þ 4ið1� .2r Þ.i

½ð1� .rÞ2þ .2i �2
: ð1:131Þ

If a model reflection amplitude is constructed as a function of wave vector com-
ponent in medium 1, and analytically continued to negative q1 via rð�q1Þ ¼ r	ðq1Þ,
an explicit inversion is possible (Sect. 11.3) to obtain the dielectric function profile
which would give this reflection amplitude in the Rayleigh approximation. In the s
wave case the result is

eðxÞ
e1
’ sin2 h1 þ cos2 h1 exp �4

Z2x
�1

dy Fs yð Þ
0
@

1
A; ð1:132Þ

where x ¼ q�11

R z dfqðfÞ and Fs is the Fourier transform of rs:

Fs yð Þ ¼ 1
2p

Z1
�1

dq1e�iq1yrs q1ð Þ: ð1:133Þ

Matrix and numerical methods are developed in Chap. 12. Any stratified med-
ium may be approximated by a set of homogeneous layers. The matrix methods
connect, via a two-by-two matrix, the coefficients of either the two independent
solutions, or the field amplitude and its derivative, at the entry and exit points of a
layer. In the latter case these matrix relations for a homogeneous layer between zn
and znþ 1 are as follows: for the s wave, with D ¼ dE=dz,
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Enþ 1

Dnþ 1

� �
¼ cos dn q�1n sin dn
�qn sin dn cos dn

� �
En

Dn

� �
: ð1:134Þ

For the p wave, with C ¼ e�1dB=dz;Qn ¼ qn=en; the matrix relation is

Bnþ 1

Cnþ 1

� �
¼ cos dn Q�1n sin dn
�Qn sin dn cos dn

� �
Bn

Cn

� �
: ð1:135Þ

For a profile approximated by N homogeneous layers, the reflection and trans-
mission properties are determined by the profile matrix, which is a product of N
layer matrices such as those in (1.134) or (1.135). If the elements of the profile
matrix for the s polarization are sij, for example, the reflection and transmission
amplitudes for an interface between media a and b are

rs ¼ e2ia
qaqbs12þ s21þ iqas22 � iqbs11
qaqbs12 � s21þ iqas22þ iqbs11

; ð1:136Þ

ts ¼ eiða�bÞ
2iqa

qaqbs12 � s21þ iqas22þ iqbs11
: ð1:137Þ

(Here a ¼ qaz1 and b ¼ qbzNþ 1, z1 and zNþ 1 being the boundaries of the inho-
mogeneity.) In the absence of absorption the matrix elements are real. The matrix
formulation, and the results (1.136) and (1.137), remain valid in the presence of
absorption also, but the matrix elements are now complex.

The matrices in (1.134) and (1.135) are unimodular (have unit determinant); this
fact simplifies the treatment of periodically stratified media (Sect. 12.3 and Chap.
13), which in turn has important application to the multilayer dielectric mirrors.
Numerical methods based on the matrix formulation are also discussed in Chap. 12.
Reflection of s waves by an arbitrary layer extending from a to b can be repre-
sented, to second order in the layer thickness, by the s matrix

1� Rb
a
dz q2ðzÞðb� zÞ b� a

� Rb
a
dz q2ðzÞ 1� Rb

a
dz q2ðzÞðz� aÞ

0
BBB@

1
CCCA: ð1:138Þ

(This result, and a similar one for the p matrix, are derived in Sect. 12.4.) In Sect.
12.8, a given interface is approximated by a set of layers within which the dielectric
function eðzÞ, and thus also q2ðzÞ, vary linearly with z. The matrix methods can be
applied without modification to total reflection and tunneling; reflection and
transmission through absorbing layers requires computation with complex matrix
elements, the formalism being otherwise unaltered. Wavefunctions within the
stratification may be obtained as a by-product of the profile matrix calculation.
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Chapter 14 deals with reflection from rough surfaces. A planar stratified surface,
no matter how diffuse, gives specular reflection of an incident plane wave, but
rough surfaces scatter as well as reflect. The Rayleigh criterion for negligible
roughness is (Sect. 14.1)

qh
 1 ð1:139Þ

where q (as always) is the normal component of the wavevector, and h is a measure
of the variation in the height of the surface. When (1.139) is satisfied the surface
will reflect specularly. According to the Rayleigh criterion, for given roughness and
angle of incidence long waves may be reflected specularly and short waves dif-
fusely, or for given roughness and wavelength there may be diffuse scattering near
normal incidence and specular reflection near grazing incidence. Chapter 14 treats
the reflection from corrugated surfaces (diffraction gratings), from liquid metal and
liquid dielectric surfaces (scattering by thermally excited surface waves), in both
cases using the methods of Rayleigh, and gives an outline of the application of the
Helmholtz theorem to the scattering by rough surfaces (the Kirchhoff or surface
integral method).

Chapter 15 adapts the content of the previous chapters to the language of particle
waves obeying the Schrödinger equation. There follow three new chapters on
special topics: 16 Neutron and X-ray reflection, 17 Acoustic waves, and 18 Chiral
isotropic media.

In the last two chapters we finally move away from the assumption that the
incident field consists of unbounded plane waves: the reflection of electromagnetic
pulses and particle wavepackets is considered in Chap. 19, and that of finite beams
in Chap. 20. We find that nearly monochromatic pulses reflect (in the first
approximation) without change of shape, with a time delay Dt determined by the
frequency variation of the phase of the reflection amplitude:

Dt ¼ dd
dx

: ð1:140Þ

(The derivative is to be evaluated at the dominant angular frequency of the pulse.)
For example: total reflection at normal incidence has rn ¼ eidn , and the short wave
limiting form is found from (1.119) to be

dn ¼ 2
x
c

Zz0
0

dz n z;xð Þ � p
2
; ð1:141Þ

where nðz;xÞ is the refractive index, and z0 is the turning point determined by
nðz0;xÞ ¼ 0: (This formula applies to reflection from the ionosphere, for example,
in which case n2 ¼ e ’ 1� x2

p=x
2, where xp is the plasma angular frequency,

proportional to the square root of ionospheric electron density.) From (1.140) and
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(1.141) we find that the time delay is the same as for pulse travel to the turning
point and back at the group velocity uðz;xÞ ¼ dx=dk, where k ¼ nx=c:

Dt ¼ 2
Zz

0

dz
u
¼ 2

c

Zz0
0

dz nþx
@n
@x


 �
: ð1:142Þ

The Appendix of Chap. 19 summarises the universal properties of electromagnetic
pulses. The other parts of Chap. 19 deal with the reflection of particle wavepackets,
illustrated by exact solutions.

Pulses are built up from waves of differing frequencies. Bounded beams
(Chap. 20) can be regarded as superpositions of plane waves of differing directions
of propagation. Just as the reflection of pulses is determined by the frequency
dependence of the reflection amplitude, the reflection of beams depends on the
angular dependence of the reflection amplitude. There is a lateral shift on reflection
of a beam of radiation,

Dx ¼ � dd
dK

; ð1:143Þ

where K is the lateral component of the wavevector ðK ¼ kxÞ, and the derivative is
to be evaluated at the dominant value of K for the incident beam. A particularly
interesting case is total reflection at a sharp boundary. For h1 [ hc the phase of the s
wave reflection amplitude is

ds ¼ �2 arctan
q2j j
q1

; ð1:144Þ

and (1.143) leads to the beam shift

Dxs ¼ 2K
q1jq2j ¼

k1
p

tan h1
ð sin2 h1 � sin2 hc Þ1=2

; ð1:145Þ

where k1 is the wavelength 2p=k1 ¼ 2pc=n1x in the first medium. This beam shift
is divergent at the critical angle (where q2 ¼ 0), and in fact the formula (1.139) fails
there, since (1.143) is derived on the assumption of a slow variation of the phase
shift with angle. In practice (1.145) works well to close proximity of the critical
angle, as discussed in Sect. 20.2. Appendix 1 in Chap. 20 we show that the jq2j
singularity in the phase shift at h1 ¼ hþc is universal for nonabsorbing profiles.
Finally, Appendix 2 in Chap. 20 outlines the somewhat surprising polarization
properties of finite electromagnetic beams.
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