Chapter 1
Introducing Reflection

Electromagnetic, acoustic and particle waves all scatter, diffract and interfere.
Reflection is the result of the constructive interference of many scattered or dif-
fracted waves originating from scatterers in a stratified medium. This fundamental
many-body approach is hard to apply (two illustrations are given in Sect. 1.5).
Usually one replaces the collection of scatterers by an effective medium whose
properties are represented, as far as wave propagation is concerned, by a function of
position and frequency (or energy), such as the dielectric function ¢ in the elec-
tromagnetic case, or the effective potential V in the quantum particle case.
Electromagnetic and particle waves then satisfy the same kind of linear partial
differential equation, with ¢ and V playing similar roles.

In a medium with planar stratification the functions ¢ and V depend on only one
spatial variable, and the partial differential equations then separate. Snell’s Law is a
direct consequence of this separability of the spatial dependence, or equivalently, of
the invariance of the reflecting material with respect to translations along the sur-
face. The differential equations, and the elementary reflection properties which
follow from them, are derived for electromagnetic, particle, and acoustic waves in
the first four sections. The many-body, constructive interference, aspect of reflec-
tion is outlined in Sect. 1.5. Finally, Sect. 1.6 previews some of the main results in
Chaps. 2-20.

1.1 The Electromagnetic s Wave

The reflection of a plane electromagnetic wave at a planar interface between two
media is completely characterized when solutions for two mutually perpendicular
polarizations are known. The polarizations conventionally chosen are: one with its
electric vector perpendicular to the plane of incidence (labelled s, from the German
senkrecht, perpendicular), and the other with its electric vector parallel to the plane
of incidence (labelled p).

We consider monochromatic waves, of angular frequency . The reflection of a
general electromagnetic wave (a pulse, for example) can be analysed as that of a
superposition of monochromatic waves. For a given o the time dependence of all
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fields is carried in the factor e ™. (This is the convention in quantum and solid state
physics, and much of optics. In radio and electrical engineering the factor e’” is often
used. With the convention used here the dielectric function has positive imaginary
part in the case of absorption.) We will mostly consider non-magnetic media in this
book. The electrodynamic properties of a medium are then contained in the dielectric
function &(r, @) which is the ratio of the permitivity of the medium at position r and
angular frequency o to that of the vacuum. The wave equations follow from

Maxwell’s two curl equations relating the electric field E and the magnetic field B:

VxE=ioB or VxE=i"B, (1.1)
C
VxB=—itoE o VxB=—isE, (1.2)
C C

(The equations on the left are in SI units, those on the right in Gaussian units; the
difference lies in the positioning of the speed of light c. In reflection studies, theory
and experiment deal in dimensionless ratios, which are independent of the choice of
units. Even the formal distinction disappears from (1.5) onward.)

For a planar interface lying in the xy plane, and an electromagnetic wave
propagating in the x and z directions, the s wave has E = (0, E,,0) and (1.1) gives

——2=i—B,, —2=i—B, (1.3)

and By = 0. The other curl equation gives

OB, B OB, P

az E: c ye (14)

On eliminating B, and B, from (1.3) and (1.4), we obtain a second order partial

differential equation for E,,
O’E,
Ox?

PE, o’
57 Tiah =0 (1.5)

+

For planar stratifications the dielectric function depends on one spatial variable, z.
The partial differential equation is then separable, with

Ey(x,z,1) = ¢ ®VE (), (1.6)

where E(z) satisfies the ordinary differential equation

d’E i
Z c
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Fig. 1.1 Reflection of the electromagnetic s wave at a planar interface between media
characterized by dielectric constants & =n? and & = n?. The figure is drawn the airlwater
interface at optical frequencies, with &, ~ 1, ¢, ~ (4/3)*

The meanings of k, K and g are evident from (1.5), (1.6) and (1.7): k = s'/zw/c is
the local magnitude of the wavevector, K = k, is the component of the wavevector
along the interface, and g = k; is the component of the wavevector normal to the
interface. For a plane wave incident from medium 1 as shown in Fig. 1.1, the
existence of the separation-of-variables constant K (= ki, = k’lx = ky,) implies

8:/2 sin 0; :si/z sin 6] :s;/z sin 0y, (1.8)
where 0, 0’1, and 6, are the angles of incidence, reflection, and transmission (or
refraction).

Thus the fact that ¢ is a function of one spatial coordinate only, and the con-
sequent separation of variables, implies the laws of reflection and refraction: the
angle of reflection is equal to the angle of incidence, and the angles of incidence and
refraction are related by Snell’s Law. The refractive indices of the two media,
defined as coefficients in Snell’s Law n;sin 0; = nysin 0,, are n; = \/¢; and
ny = /€. Note that the laws of reflection-refraction do not depend on the transition
between the two media being sharp: they are valid for an arbitrary variation of &(z)
between the asymptotic values ¢; and &,.

As ¢ attains its limiting values & = n? and & = n3, ¢ = (ew?/c* — Kz)l/ ? takes
the limiting values
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Fig. 1.2 Graphical representation of k> = ¢> +K? and K = k; sin 0, = ky sin 0. The figure is
drawn for the airlwater interface, as in Fig. 1.1. For incidence from the optically denser lower
medium, as the angle of incidence 0, increases the magnitude of the tangential component K of the
wavevector will increase beyond the magnitude k; of the wavevector in the upper medium. No
transmitted wave is then possible, and there will be total internal reflection

w w
qi1 :I’ll—Cosgl, q2 =n2—00392. (19)
c c

(For 0; > 0. = arcsin(ny/n,) there is total reflection, g, is imaginary, and 0, is
complex. This is discussed along with the particle case in Sect. 1.3.) Snell’s Law
and the relationships between the wavevector components are incorporated together
in Fig. 1.2.

We now define the reflection and transmission amplitudes r, and ¢, in terms of
the limiting forms of the solution of (1.7):

eiqlz + 7 eiiqlz — E(Z) — I eiqzz. (l 10)

The reflection amplitude is thus defined as the ratio of the coefficient of e %' to that
of €412, the transmission amplitude as the coefficient of ei%2% when the incident wave
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€17 has unit amplitude. Theory aims to obtain general properties of the reflection
and transmission amplitudes, and to develop methods for calculating these for a
given dielectric function profile. The calculation is simple for the important step

profile

to(z) = { o (2<0) (1.11)

& (z>0)

For this profile we obtain r, and ¢, from the continuity of E and dE/dz at z = 0. (If,
for example, dE/dz were discontinuous, d’E / dz? would have a delta function part,
and (1.7) would not be satisfied.) For the step profile, E is given by the left and right
sides of (1.10) for z<0 and z > 0, respectively. The continuity of E and dE/dz at
the origin gives

1+rs0 :tSO) 1671(1 _VSO) :iq2ts0~ (112)
Thus

q —q 2q,
== 5 tso = .
q1+q2 q1+q2

(1.13)

50

On using (1.8) and (1.9), the expressions (1.13) may be put into the Fresnel forms
(Fresnel 1823)

sin (6, — 0;) 2sin 0, cos 0,
=2 T = 2R PR 1.14
T 0,10 T Sin, 1 0) (1.14)

The phases of the reflected and transmitted waves are specified only when the
phase of the incident wave and the location of the interface are specified. The above
equations are for the discontinuity in &(z) located at z = 0. In general, for the step
located at z3,

2igiz; 41 — 42

o _ elln—g)a 241 (1.15)
q1 T 42

rso = € .
’ q1+q

50

A special situation arises at grazing incidence (0; — m/2,q; — 0), when the
incident and reflected waves are propagating in the same direction. Then the phase
of the reflected wave is well-defined without specification of the interface location,
and rq9 — —1 (even in the case of the total internal reflection, when ¢, is imagi-
nary). The fact that r;, — —1 at grazing incidence is a general property of reflection
from all interfaces, as will be shown in Sect. 2.3.

The classical electromagnetic fields E and B are real quantities, and the complex
notation is used for mathematical convenience. (Complex fields are intrinsic in the
quantum theory of particles, however.) The physical reflected s wave is, for unit
amplitude of the incident wave,
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Fig. 1.3 Step profile reflectivity for the s wave. The parameters are for the air|water interface at
optical frequencies, as in Figs. 1.1 and 1.2. The lower curve is for light incident from air; the upper
curve for light incident from water shows total internal reflection for angle of incidence greater
than 0, = arcsin(%) ~ 48.6°

Re{r, e!K—02=90Y — Re(r,) cos (Kx — g1z — wt) — Im(ry) sin (Kx — q1z — i)

The reflected intensity is proportional to the time average of the square of this,
namely

1 1 1
3 [Re(r,)]* + 3 [Im(r,)) = 3 Iryf?

The incident intensity is proportional to the time average of cos®(Kx + g1z — wt),
which is 1/2. Thus, R, = |ry|* is the ratio of the reflected intensity to the incident
intensity. This quantity is called the reflectivity, or reflectance. Figure 1.3 shows R;
for a sharp transition between air and water, with light incident from air, and from
water.

1.2 The Electromagnetic p Wave

We again take the incident and reflected waves propagating in the zx plane, and the
stratifications lying in xy planes. For the p wave, B = (0,B,,0); the Maxwell
equation (1.1) gives

OE, OE W
az 787;: l;By, (116)

while (1.2) implies E, = 0 and
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= = jge—F), —=—ie—E,. (1.17)
c X

Elimination of E, and E, gives

0 (10B, 0 (10B, w
&(EE) +8_Z(Ea_z)+c—23yo. (1.18)

When ¢ is a function of one spatial coordinate z, the laws of reflection and refraction
again follow from the separability of (1.18). We set

By(x,z,1) = & )B(z) (1.19)

where K has the same meaning as for the s wave; then B(z) satisfies the ordinary

differential equation
d (1dB w*  K?
— == ———|B=0 1.20
dz (s dz>+(c2 8) (1.20)

When ¢ is constant (outside the interfacial region), the p wave equation has the
same form as the s wave equation, with the same wavevector component g per-
pendicular to the interface. But within the interface there is an additional term
proportional to the product of de¢/dz and dB/dz. This term may be removed (and
(1.20) converted to the form of the s wave (1.7)) in two ways. The first involves
defining a new dependent variable

€1

b= (—)123 (1.21)

&

(The factor 8}/ % makes identical the limiting forms of » and B in medium 1.) The
equation satisfied by b is

&b, d?e1/2 1d% 3 [1de\*
— +qb=0 2op P e (22 1.22
g2 tob=0 a=a el =t e 3 se) (12

This form of the p polarization equation is useful for special profiles, in particular
the exponential profile, which has Ine¢ linear in z, and the Rayleigh profile, which
has &!/? linear in z. These are discussed in Chap. 2. It is also useful at short
wavelengths, in the derivation of a perturbation theory for the p wave (Chap. 6).

The second transformation which removes the (de/dz)(dB/dz) term is a dilation
of the z variable in proportion to the local value of &(z): we define a new inde-
pendent variable Z by
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dZ = edz (1.23)
Then, as may be seen on division of (1.20) by &, the p wave equation reads

B, , lo* K> /q\?
T 0B=0 =T - () (1.24)
This equation, in terms of the dilated z variable, and a reduced normal component
of the wavevector, Q = ¢/¢, will be useful in many applications throughout this
book.

The p wave reflection and transmission amplitudes are defined in terms of the
limiting forms of B(z):

ez _ r e % — B(z) — @tp ez (1.25)
ny

The reason for the factors —1 and n,/n; = (&/ 81)1/ ? multiplying r, and 1, is that
we wish 7, and r, and #, and f, to refer to the same quantity, here chosen to be the
electric field. (This is not the only convention in use: some authors have the
opposite sign on r,.) The electric field components for the p wave are found from
(1.2), (1.19) and (1.25) to have the limiting forms

oy 77 cos 0 €O (e 4 7, € 09)) g2 cos O 1 T,

(1.26)

-1/2 . i(Kx—wt) ( Niq1z —iq1z -1/2 . i(Kx + qrz—ot)
—& “sinb e (" —r,e %)) — E, — —g, '“sinbyt,e .

(1.27)

The x-component of the electric field (tangential to the interface) thus has the
reflection amplitude 7,, while the z-component (normal to the interface) has
reflection amplitude —7,,.

At normal incidence there is no physical difference between the s and p polar-
izations: both have electric and magnetic fields tangential to the interface. For our
geometry, E, is zero at normal incidence, and (1.1) implies OE,/0z = i(w/c)B,.
Thus B, the solution of (1.20) and (1.25), must be proportional to dE/dz, where E is
the solution of (1.7) and (1.10). On substituting dE/dz for B in (1.20) (with K set
equal to zero) the left side becomes

d (1 /dE i w? .
dz | e \ dz2 c?
and this is zero, by (1.7). Thus (1.20) is satisfied by dE/dz at normal incidence. The

proportionality of B and dE/dz at normal incidence, when applied to the limiting
forms (1.10) and (1.25), gives the equality of 7, with r; and of 7, with .
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(Proportionality of B and dE/dz could be replaced by equality of B and
(¢/iw)dE/dz, but then (1.25) would have to be modified by the factor n;.)

At a discontinuity in the dielectric function, B and ¢ 'dB/dz = dB/dZ are
continuous (from (1.20) or (1.24)). For the step profile &y(z) defined by (1.11), B is

equal to

ez _ Oefiqlz (Z < 0)
Bo(z) = { @tpoléiqzz (z > 0) (1.28)

The continuity of B and ¢~ 'dB/dz at the origin gives

1 — po :Z—?l‘po, (129)

. R
10 (1 +rpo> = lQQn—?lpo, (130)

where Q1 = q1/¢&; and O, = ¢2/¢&,. Thus (compare (1.13))

01— ny 20,
—7, =, —1 = ——: 131
"0+ 0 m” T 0+0 (131)
On using (1.8) and (1.9) we obtain the Fresnel forms
tan(6, — 0,) 2sin 6, cos 0; (132)

rPo:tan(92+91)’ o = sin (0, + 01) cos (0, — 0;)

The reflectivity of the p polarization off a discontinuity in the dielectric function is
shown in Fig. 1.4.

From (1.31) we see that the p wave shows zero reflection when Q; = Q», that is
at the Brewster angle

0p = arctan 2. (1.33)
nj

It is apparent from (1.24) that this angle has special significance not only for a sharp
transition between two media, but for diffuse profiles as well. This is because the
wave equation in the dilated variable Z links two media with effective wavevector
components Q, and O, which are equal at this angle. The s and p effective
wavevector components g and Q are shown in Fig. 1.5, which also illustrates the
reason for small p reflectivity at the Brewster angle. The Figure shows g versus z
and Q? versus Z for the hyperbolic tangent profile

1 Z
e(z) ==(e1+&) — 5(81 — &) tanh %’ (1.34)

N —
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Fig. 1.4 Step profile reflectivity for the p wave, for the air-water interface. The curve for light
incident from air is zero at the Brewster angle arctan(4/3) ~ 53.1°. For incidence from water the
reflectivity is zero at the Brewster angle arctan(3/4) ~ 36.9°, and unity beyond the critical angle
0. = arcsin(3/4) ~ 48.6°

for which the dilated z coordinate is

Z=—(ea+&)z— (& — sz)alncosh(i) . (1.35)

N —

At the Brewster angle 0p,

(0/c)
%ZQ%ZmZ i (1.36)
2
K2 — 2 _ g2 b8 (9) _ 1.37
16205 B eite \e ( )

From (1.24), a general profile &(z) has Q7 at the Brewster angle given by

Q*(0p,2) = _c:;—{g(z) _ S‘SﬁZ} : (1.38)

Thus the bump in Q? at the Brewster angle (see Fig. 1.5) has the analytic form

o? (e —&)(e — &)

— 1.3
2 2(e+&) (1.39)

Q*(0p,2) — Q3 =

The p wave equation in the Z, Q notation has reflection at 0p due to the small
variation in the effective wavevector component Q as given by (1.39). For the step
profile, ¢ equals either ¢; or &, and there is no variation in Q and thus no reflection.
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Fig. 1.5 Squares of the 2
normal wavevector 0 22
component g and of the L£q,

effective normal component O
for the s and p waves. The

®
figure shows ¢*(z) and Q?(Z)
for the hyperbolic tangent
dielectric function profile, at
three angles of incidence. The
upper curve (in each case) is :
for normal incidence, the
middle curve is at the
Brewster angle 0 =
arctan(ny/ny) and the lower
curve is at the critical angle
for total internal reflection,
0. = arcsin(ny /ny). The -5 0 z/a 5
refractive indices n; = 4/3
and n, = 1 approximate the

water|air interface. Water is 5 3
on the left in both diagrams %
©

-3 0 Zia 5

A common explanation for the small reflection of the p polarization at 05 is in
terms of the angular dependence of the dipole radiation from each atom or molecule
which produces the transmitted and reflected waves. The far-field radiation pattern
of a dipole has zero amplitude along the line of oscillation of the dipole (see
Sect. 1.5, (1.78)). We see from (1.32) that r is zero when 0; + 0, = /2, that is
when the refracted and reflected waves are at a right angle (see Fig. 1.6). The
argument goes that at this angle of incidence there is no radiation from the accel-
erated electrons in the material to produce a p-polarized signal in the direction of
specular reflection (upper part of Fig. 1.6). But zero reflection also exists in the
reverse case of material to vacuum (lower figure). In this case the explanation in
terms of electrons radiating along the transmitted beam to produce (or fail to
produce) the reflected beam does not apply. Further, a similar case of zero reflection
at the interface between two unlike media occurs with acoustic waves (as will be
discussed in Sect. 1.4), and in that case the radiation from each scatterer does not
have a dipole character.
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Fig. 1.6 Illustrating complete
transmission of the p wave at
the Brewster angle. In each 2
case 0 = m/2 — Op, so the //’
transmitted and non-reflected P
rays are at right angles 00 &
B| B.7 \ vacuum
~
(%) glass
2
0
2 vacuum
/|
// glass
6 (0
/ B| B
7
/
/
/
/
/

1.3 Particle Waves

In non-relativistic quantum mechanics, the motion of a particle of mass m and
energy &£ in a potential V is determined by Schrddinger’s equation for the proba-
bility amplitude P,

2
—Zh—vqu+vq’=5qf. (1.40)
m

(h is Planck’s constant divided by 2n.) We shall consider reflection at a planar
stratified boundary region between two uniform media characterized by potentials
Vi and V,. Examples of the particles and interfaces to which this description applies
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are: electrons at a junction between two metals (with possibly an oxide layer in
between); neutrons reflecting off a solid or liquid surface; and helium atoms
reflecting at a liquid helium surface. In each of these examples the potential V in the
single-particle equation (1.40) is an effective potential, representing the net effect of
all the interactions between the particle and the scatterers in the medium through
which it moves. An example of how this effective potential is determined is given in
Sect. 1.5.

We again consider plane waves propagating in the zx plane, incident on a planar
interface, with stratification in the z direction. For this geometry, V depends on one
spatial variable z, and W is independent of y. The z, x variable dependence in (1.40)
is then separable, with

Y(z,x) = e®Y(z) (1.41)

(it is usual to suppress the time dependence e ikt ). Substitution of (1.41) into
(1.40) gives an ordinary differential equation for :

A =0 PO =TFE-VERI-K. (14
From (1.41), K is the x-component of the wavevector in either medium, and is an
invariant of the motion, because of the absence of transverse components of the
force, OV /0x = 0 = 9V /Oy. If the angles of incidence, reflection and refraction are
0y, 0}, and 0,, the laws of reflection and refraction follow from the invariance of
K =k =kj, =k

kysin0; = ky sin 0 = kysin 0y, (1.43)

where
i q; = 72 [ ‘i]' ( '44)

As before, g is the component of the wavevector normal to the interface, with
limiting values

kycost, =q1 — q(z) — g2 = ko cos 0. (1.45)

These relations are summarized in Fig. 1.7.

On comparison of (1.7) and (1.42) we see that there is a one-to-one corre-
spondence between the reflection problems for the electromagnetic s wave and
particle waves obeying Schrédinger’s equation, with the replacement
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vacuum

K aluminium

Fig. 1.7 Graphical representation of k> = ¢*> + K? and of K = k; sin ; = kg sin 0y. (We use zero
as subscript since in this example the upper medium is the vacuum; V; is the vacuum potential,
usually taken as zero.) The figure is drawn for electrons at 10eV above the Fermi level in bulk
aluminium, at the aluminium-vacuum interface. & — V; &~ 11.7eV, so & — V| = 21.7eV;
Vo—Er =~ 4.2eV, so £€—Vy~58eV; the ratio of the refractive indices is {(&—V;)/

(E—Vo)P ~ 1.934

&(2) % o %’;’ €= V()] (1.46)

The reflection amplitude r and the transmission amplitude ¢ are defined in terms of
the limiting forms of the solution of (1.42):

e e T y(z) — 1eE, (1.47)
For example, for the potential step

Volz) = { 1‘2 Eig; (1.48)

continuity of ¥ and dy//dz at z = 0 gives the Fresnel-type equations

— 2
P . A L (1.49)
q1+q2 q1+q

Note that, as in the case of electromagnetic waves, the boundary conditions follow
from the differential equations; they are not an additional assumption of the theory.
A refractive index can be defined for particles. From (1.43) and (1.44) we see

that the refractive index is proportional to (£ — V)l/ 2, that is to the square root of
the kinetic energy, or to the local value of the wavevector k. The proportionality to
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(€- V)l/ ? is also a classical result: the equations for the conservation of energy
and transverse momentum for a particle incident at angle 6; onto a planar strati-
fication between media 1 and 2 read

1 1
Emv%—i—vl :E:Emv%—i—vz, (1.50)
nvyq sin 01 = mvp sin 02 . (151)

Equation (1.51) shows that the refractive indices are proportional to v;, which from
(1.50) are equal to [2(€ — V;)/m]"/%. However, partial reflection does not exist for
classical particles: there is either total reflection (when V > & — %m(vl sin 91)2
anywhere), or no reflection (when V<& — %m(vl sin 01)2 everywhere).

In contrast, total reflection occurs in the wave theory only if V, > & — i2K? /2m;
q» is then imaginary, leading to exponential decay of the probability amplitude in
medium 2. Regions of imaginary ¢ (negative ¢> = (2m/h*)(E — V) — K?) where
V> € — KK? /2m), do not lead to fotal reflection when ¢, is real, because of
tunneling. Electromagnetic waves are likewise totally reflected when ¢, is imagi-

nary, that is when &,? /> <K?, or sin’0; > ¢, /¢;. Thus the critical angle for total
reflection is given by

1/2 1/2
-V
0. = arcsin (:) , 0. = arcsin (g — Vj) (1.52)
V
2
60°
V
1
5 z

0

Fig. 1.8 Probability amplitudes, at two angles of incidence, for particle waves incident from the
left onto a linear ramp potential. The energy and potential values are such that 0, = 45°
(V1:V5:€ = 1:3:5). The upper two waves are the real and imaginary parts of the probability
amplitude y for incidence at 30°. The lower curve is the imaginary part of the probability
amplitude for a totally reflected wave, incident at 60°. The real part is not shown, since the real and
imaginary parts of i are proportional to each other in total reflection: Im//Re ) = tan §/2 when
r =e® (Sect. 2.2). The classical turning point zy (where ¢> = 0) is halfway up the ramp
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600 -
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Fig. 1.9 The electromagnetic s wave at two angles of incidence onto a linear dielectric function
profile. The radiation is incident from the left. The dielectric constants are ¢; = 2,¢; = 1, so that
0. = 45°. The lower two waves are the real and imaginary parts of the electric field E(z), at 30°
angle of incidence. The upper curve is the real part of E(z) for a totally reflected wave incident at

60°. The curves are drawn at the level of (cK/ w)2 for each angle of incidence. The wavefunctions
for the electromagnetic s wave and for the particle waves of Fig. 1.8 are the same

in the electromagnetic and particle wave cases. Partial and total reflection of particle
and electromagnetic s waves is compared in Figs. 1.8 and 1.9. Note that at 30°

incidence the net flux at the right of the barrier, q2|t|2, is the same as the net flux on

the left, g1 (1 — |r[*), despite the visible increase in the real and imaginary parts of
the probability amplitude to the right. At 60° incidence the wave is totally reflected.
The probability amplitudes are drawn about the levels £ — K> /2m, the energy
available for motion in the z direction.

1.4 Acoustic Waves

There is an interesting close correspondence between the reflection of sound and the
reflection of the electromagnetic p wave. This will be demonstrated in the simplest
case of fluid, non-viscous media. Dissipation via viscosity and scattering can be
accommodated by the use of a complex sound speed.

Sound waves propagate changes in density and pressure which are usually very
small compared to the mean values. The equations of motion, continuity, and state
can then be linearized by setting

density = 0+ 9,, pressure = p + pg, (1.53)

where ¢ and p are the mean local values of the density and pressure, and g, and p,
are the small excess time-dependent values due to the presence of acoustic waves.
On dropping second order terms in g,, p, and in the velocity of a fluid element, and
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neglecting the force due to gravity apart from its effect on stratification according to
density, one obtains the equation (Bergmann 1946)

) 1
v2pa—v———§v9-vpa:o. (1.54)

Here v* = (0p/8g), is the adiabatic derivative of the pressure with respect to
density, and gives the square of the local phase velocity in the medium.

Consider now the reflection of sound at an interface characterized by a density
profile ¢(z) and an adiabatic pressure derivative (9p/dg), = v*(z). For a plane
monochromatic wave propagating in the zx plane, we have

Palz,x,1) = P(z) eF—0), (1.55)

K is again the component of the wavevector along the interface, and is a constant of
the motion:

Kzgsin& :gsinez, (1.56)
Vi %)

where v, v, are the limiting values of {(8p/8g)x}l/2 in the two media, and 0, 0,

are the angles of incidence and refraction. The differential equation for P is obtained
by substitution of (1.55) into (1.54):

d /1dP )
o0—|(-— | +4°P =0, 1.57
odz <Q dz> 1 ( )

with
2
2 w 2

= : 1.58
q () T (1.58)

q is again the normal component of the wavevector, with limiting values
q1 = (@/vy)cos 0,92 = (w/vz) cos 0,.

The term (dg/dz)(dP/dz) in (1.57) may be removed by introducing a new
dependent variable P/,/g, as Bergmann notes. This is analogous to the transfor-
mation to B/+/¢ discussed in Sect. 1.2. A more fruitful approach is analogous to the
transformation to a dilated z variable in the p wave case: (1.57) has the same form
as the electromagnetic p wave equation

d (1dB »
— | —— B=0
dz <8 dz) +e
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In terms of a new independent variable Z, defined by dZ = odz, (1.57) becomes

d*p
— +0°P=0, 0=

7 (1.59)

LSS

(As defined here, Z and Q no longer have the dimensions of length and of
(Iength)~'; this can be remedied by respectively dividing Z and multiplying Q by
some density, for example (9, + 0,)/2.)

It is clear from the form of (1.59), and the discussion of reflection at the Brewster
angle given in Sect. 1.2, that weak reflection of acoustic waves (zero reflection, in
the case of a sharp transition between the two media) is expected whenever
01 = Q. This holds when

cos 04 _ cos 0, . (1.60)
21V1 2V2

This result was first given (for a sharp interface) by George Green (1838). On
eliminating 0, from (1.60) and Snell’s Law (1.56), one finds that weak reflection
occurs at an angle of incidence 0; = 6 (which we will call Green’s angle) given by

(02)’ = (e)* (1.61)

tan® 0 =
ei(vi —13)

In contrast to the electromagnetic p wave case, weak reflection of acoustic waves
does not happen at a certain angle at a boundary between any two media: the
quantities g,;v; — @,v, and v; — v, must have opposite signs.

At Green’s angle 0 (where Q| = Q,), K? is equal to

k- (Q‘)Z(Qz)z (1.62)
“o-a |\ v/ [

and the common value of Q; and Q, is given by

Qé:“’—z{i—%}- (1.63)

2 2\ 2
0r — @ \vp v

According to (1.59), the acoustic wave in the Z variable then reflects from the bump
in 02, given by

Cli-a) | v ) now)
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One can define an acoustic reflection amplitude r and a transmission amplitude ¢
in terms of the pressure:

eI 4 re?  P(z) — te'® (1.65)

For a sharp transition between media 1 and 2, P and dP/odz = dP/dZ are con-
tinuous at the boundary. (This is evident from (1.57); note that, as in the electro-
magnetic and particle wave cases, the differential equation dictates the boundary
conditions, which are not an additional input to the theory.) Thus, for a sharp
boundary located at the origin,

01— , 20

r==——-, =—. 1.66
01+, 01+ (1.66)
These may be rewritten as
tan 0, — o, tan 0 20, tan 0
,— Qtanth — o tan 1’ . 0, tan b _ (1.67)
0, tan 0, + ¢, tan 0, 0, tan 0, + ¢, tan 0,

Total reflection occurs for angles of incidence greater than

0. = arcsin (ﬂ) (1.68)

V2

0 30 60 90
0

Fig. 1.10 Reflectivity of acoustic waves at a mercury-water interface, according to (1.66). For
sound incident from the slower medium (mercury) total reflection occurs beyond the critical angle
0. ~ 78.21°. Very close is the Green’s angle 0 =~ 78.18°, so the reflectivity changes from zero to
unity in 0.03°. For sound incident from water the Green’s angle is very close to glancing
incidence, 0 ~ 89.12°. Thus again the reflectivity changes from zero to unity very rapidly. The
curves are drawn for py,/pp,0 = 13.57, vug /vi,0 = 0.9789
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0 30 60 90
6

Fig. 1.11 Reflectivity of acoustic waves at a water-carbon tetrachloride interface, obtained from
(1.66). For sound incident from the slower medium (CCly) the Green’s angle is 6 ~ 1.73°, and
total reflection occurs beyond 0, = 38.86°. For sound incident from water the Green’s angle is
0O ~ 2.76°. The curves are drawn for pcey, /pn,0 = 1.595, veey, /vi,o0 = 0.6274

This result follows on setting 6, = 7/2 in (1.56); it holds for any interface, no
matter how diffuse, provided absorption can be neglected. The critical angle 0, will
be close to Green’s angle 0g, if the latter exists, when v; ~ v, The reflectivity of a
step profile then rapidly goes from zero at O to unity at 6. and beyond, as illus-
trated for the mercury-water interface in Fig. 1.10.

When ¢,v; =~ 9,v; the reflectivity at normal incidence is small, and 0g (f it
exists) will also be small. This is the case for carbon tetrachloride and water,
illustrated in Fig. 1.11.

1.5 Scattering and Reflection

Most of the results in this book come from analysis of the differential equations for
waves in material media, the media being characterized by a dielectric function, or
an effective potential, or the density and speed of sound, in the case of electro-
magnetic, particle or acoustic waves. This approach hides the many-body com-
plexity of the real physics: specular reflection, for example, is the result of the
constructive interference of many scattered or re-radiated waves. A discussion of
reflection from this point of view will be given here; it leads to values for the
functions characterizing the media, such as ¢ and V, in terms of the properties of the
particles comprising the system. Such approaches go back to Lorentz (1909),
Darwin (1924) and Hartree (1928) in the electromagnetic case. We will begin with
an adaptation of Fermi’s (1950) argument for the effective potential of a collection
of neutron scatterers, since this is simpler.
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—_—
—

P 0 z axis
—_—r
_—

Fig. 1.12 Reflection of neutrons by a slab of scatterers. The thickness Az of the slab is such that
kAz is small, so that the phase of the plane wave e’<, (incident from the leff) is nearly constant over
the slab

Consider the reflection of a beam of neutrons by a thin slab of material. The
neutrons interact with the nuclei in the slab. For slow neutrons this interaction is
characterized by a length b, the scattering length for neutrons off a bound scatterer.
An incident plane wave e causes each scatterer to radiate a spherical wave
—be'*" /1. The reflected wave is found by summing up the scattered waves from all
parts of the slab. The geometry is illustrated in Fig. 1.12.

If n is the number density of the scatterers, (2npdeAz)n is the number of scat-
terers within an annulus between p and ¢ + dg, where p = /x% + y? is the distance
from the z axis. The reflected wave at P is thus

« b ikr
x//,:/dQZnQAzn (— ¢ ) (1.69)
0

r

For fixed z we have odg = rdr, so that

W, = —2mnbAz /dreik’. (1.70)

-2

The integral over r is not defined as it stands, because we have used ekt as the
incident wave, namely a plane wave extending to infinity in the x and y directions.
In practice the incident wave would be a finite beam, with an amplitude decreasing

with ¢ = (x* + yz)l/ % The resulting integral for , then is well-defined. When such
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decrease is slow on the scale of k! (the beam is many wavelengths wide), the
integral is equal to —e~/ik, and

_ 2m?bAz ik

b= (171)

This is a reflected wave, with reflection amplitude equal to the coefficient of e =<,

We will now show that the reflection amplitude due to a thin slab of thickness Az
and effective potential V is (to lowest order in V)

Az\ 2mV
rl—(g) PR (1.72)

(What follows is heuristic; a rigorous proof is given in Chap. 3; see in particular (3.
14).) Consider the effect of a potential hump, or well, which is small in extent in
comparison with the wavelength. Seen on the scale of the wavelength, the hump
appears as a spike, and its main effect is to create a change of slope in the wave-
function: on integrating (1.42) (at normal incidence) across the hump, we have

22

V(e =) == [ 2R e~ VEIIE. (1.73)

21

For wavelengths long compared to the extent of the hump, y is nearly constant over

its effect, so when z, — z; is small compared to k= h(ZmE)_l/ 2, and the hump is
centred on the origin,
22
, , 2m
V' (22) =¥ (21) zﬁlﬁ(O) dzV(z) (1.74)

21

(The zero of energy has been chosen so that V goes to zero on either side of the
hump.) From (1.47) the left side is equal to ik(z — 1 +7) + O(k?). The assumption
that ¥ remains nearly constant from z; to z; also implies 1+ 7 ~ /(0) ~ . Thus
(1.74) gives

r (%k) 2}1_’;1 /sz(z). (1.75)

21

For V constant inside the hump (of extent Az), and zero outside, this reduces to
(1.72).

We can now give an expression for the effective potential of a collection of
scatterers: (1.71) and (1.72) together imply that this is
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h2
V=dn <2m> nb (1.76)

The scattered waves interfere constructively to give a reflected and a transmitted
wave, as if the medium were completely homogeneous and acted on the particles
with a potential given by (1.76). We have considered normal incidence; at oblique
incidence the constructive interference of the spherically diverging waves from the
scatterers within the slab is in the specular and straight-through directions.

We now turn to the more complex question of electromagnetic radiation
interacting with the atoms or molecules in a thin slab of material. We will calculate
the field at P in front of a slab, as in Fig. 1.12. The incident electric field propagates
in the z direction, and is taken to be polarized along the x direction,

E = & (E),0,0) (1.77)

When the wavelength is large compared to atomic size, each atom radiates pre-
dominantly as a dipole. For a given atom with dipole p, oscillating at the impressed
angular frequency o, the electric field at r = rr from the atom is (see for example
Jackson (1975), Sect. 9.2)

ikr

E=2"

{kz(f'xp) xf'+[3(f'-p)f'—p](l—%>}, (1.78)

r

where k = w/c. The far field (given by the first term) is a spherically diverging
wave, with E transverse to r. We do not omit the near field, since we do not wish to
assume that kr >> 1. All dipoles are taken to lie along the direction of the incident
electric field, and to have the same strength «E(, where o is the polarizability of an
atom:

p = e " (akE,0,0) (1.79)

The point P is at (0,0, z), with z<0. The contribution to the electric field at P from
a dipole at (x,y,0) is then

oE, ei(krfwl)

X
73

202, 2 . 3x°
kK (y"+2°) + (1 — ikr) r—2_1 (1.80)
with E, and E; odd in x and thus integrating to zero when we sum over the dipolar
fields. Thus the net field at P due to all the dipoles (of number density n) in the thin
slab is, on changing to the cylindrical coordinates ¢ and ¢ and integrating over ¢,
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o0
ikr 2
‘ . 3
EJ™® = e oEynnAz / doo5 {k2<e2 +22%) + (1 — ikr) <£2 - 2> }
r- r
0

' T ik 32
= e "“aEynnAz / dr—- {kz(r2 +2%) + (1 — ikr) (1 — —2> }
I r

(1.81)

The first term is an integral of the form (1.70); the others may be obtained from it by
integration by parts. The result is

E)‘(ﬁp(’les = efi(kZ + “”)ZnikanAon. (1 82)

The reflection amplitude for the slab is the coefficient of Eqe~* (kz+o0) §n (1.82). We
compare this with the result analogous to (1.72) for the reflection amplitude due to a
thin slab of dielectric constant &,

" :%kAz(s— 1). (1.83)

Thus the effective dielectric constant of a slab of atoms of polarizability o« and
number density n is

e~ 1 +4nan. (1.84)

We have neglected the effects of the dipolar fields on each other. When these are
taken into account, the resulting dielectric constant for a uniform medium becomes.

B 1+§nom

& (1.85)

1 —%mon

This expression is known as the Clausius-Mossotti or Lorentz-Lorenz formula
(Lorentz 1909). The result (1.84) is the first-order term in the on expansion of
(1.85). The form of (1.85), with n = n(z), remains valid with a high degree of
accuracy in a stratified medium of polarizable atoms (Castle and Lekner 1980;
Lekner 1983).

1.6 A Look Ahead

In the preceding sections we have introduced the definitions and basic equations for
the reflection of electromagnetic, particle and acoustic compressional waves by
planar stratified media. The remainder of the book is written predominantly in
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electromagnetic notation; a translation of the main results into particle-wave lan-
guage is made in Chap. 15, and Chap. 16 deals with neutron and X-ray reflection.
The final Chaps. 17-20 are on acoustic waves, chiral media, pulses and
wavepackets, and finite beams. Here we preview the chapters, stating and dis-
cussing some of their results and techniques in order to give the reader a feel for the
structure and content of the book.

Chapter 2 contains both general results, true for reflection and transmission at
any transition between two homogeneous media, and some specific results for
exactly solvable profiles. Among the general results are the conservation law

a1(1 = [r2’) = ganaf?, (1.86)

and reciprocity relations such as

1
rn = ——2r%, (1.87)
)
and
@tz = qifa1- (1.88)

The conservation law (1.86), which holds for real gq; and ¢, and in the absence of
absorption within the interface, represents conservation of energy in the electro-
magnetic case, and conservation of probability density current in the particle case.
The relation (1.87) holds under the same conditions, and implies that the reflectance

R= \r|2 is the same from either side of incidence on a nonabsorbing interface. The
relation (1.88) is more general, being valid also in the presence of absorption within
the interface. It implies the equality of the transmittances T1, = (g2/q 1)\t12|2, T =
(q1/42)|121]?, representing the energy or particle flux through the inhomogeneity,
for incidence from medium 1 or from medium 2. (When the polarization subscripts
s and p are omitted, the relation quoted is understood to be valid for either wave.)

For inhomogeneous interfaces extending from z; to zp, with ¢ = ¢; for z <z; and
& = &, the s wave reflection and transmission amplitudes may be expressed in
terms of the values and derivatives of two linearly independent solutions F' and G of
(1.7) within z; <z <2, evaluated at z; and z5:

s =
e 12(F1Ga = GiF>) 1 i) (FIGs = GIF}) +igx(F{ G2 = GiF) — (FiGh — GiFy) - (1.89)
0©142(Fi1G2 = GiF2) +iq\(F1Gy = GiFy) — iq2(F{ Gy = GYF2) + (F1Gy = G F3)’
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ty =
ella-02)2ig, (F,G) — G,F}) (1.90)
0192(F1G2 — Gi1F2) +iqi(F1G), — GiFy) — iqa(F1 G2 — G\ F2) + (F1G), — G| Fy)

Similar expressions can be written down for the p polarization. These results are
useful for specific profiles for which the solutions are known functions, such as the
Airy functions for the linear profile, and the Bessel functions for the exponential
profile. General results may also be deduced from (1.89) and (1.90), for example
that r;, — —1 and ¢, — 0 at grazing incidence, and that r, and ¢, tend to the Fresnel
values (1.15) as Az = z, — z; tends to zero. From the p polarization expressions one
finds that r, — 1 and #, — O at grazing incidence. Thus r,/r, always moves in the
complex plane from + 1 at normal incidence to —1 at grazing incidence, and the
number of principal angles (or ellipsometric Brewster angles), defined by
Re(r,/rs) = 0, is therefore always odd.

Chapter 2 also lists the exact solutions for three dielectric function profiles which
are solvable for both the s and p polarizations, and another (the important hyper-
bolic tangent profile) which is solvable for the s wave only. Two other cases which
are solvable for the s wave case, the sech’(z/a) and the linear profile, are discussed
in Sects. 4.3 and 5.2 respectively, where their solution is relevant to the problem at
hand.

Chapter 3 treats the reflection of long waves, that is those whose wavelength is
large compared to the thickness of the reflecting inhomogeneity. The long-wave
results are obtained from perturbation theories, which in turn derive from exact
integral and integro-differential equations obeyed by the s and p waves. For
example, from the perturbation theory for the s wave one finds that the reflection
amplitude, to second order in the interface thickness, is given by

2q10%/c?
(@1 + )

22
{iil —2q27 _w/c)h%} +oe (1.91)

rs =TIy +
Y q1+q

n
>

where the /,, are integrals of dimension (length)
I = / dz[e(z) — eo(2)]2" . (1.92)
—0

In (1.92), &(z) is the dielectric function profile under consideration, and &y(z) is the
step dielectric function defined in (1.11), which has the reflection amplitude 7
given in (1.13). The integrals 4, depend on the relative positioning of the actual
profile ¢ and the step profile &y. A theory which calculates reflection amplitudes as a
perturbation series about a reference profile (here &) must obtain results for
observables, such as |ry|>, which are invariant to the relative positioning of the
actual and reference profile. If r =rg+ri+rm+ ---,
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R=|r]" = o) +2Re(ryr) + {|r1|* + 2Re(rir)} + -+, (1.93)

and we see from (1.91) that the first order term r; is imaginary in the absence of
absorption or total internal reflection for the s wave. (The same is true for the p
wave, as is shown in Sect. 3.4.) Then there is no term in R of first order in the
interface thickness, for either polarization. The second order term is given by the
expression within the braces in (1.93); from (1.91) we have

2 4/ 4
— 4, w*/c
R, = (‘“ qz) 1442 /4 it e, (1.94)
g1+ q (g1 +q2)

where the integral invariant i, is given by
i =2(e; —&)dy — A3 (1.95)

(The subscript 2 denotes dimensionality (length)2.) The integrals 4; and A, which
enter into 7y and R;, depend on the relative positioning of the actual and reference
profiles, but the combination of integrals which comprise #, is invariant with respect
to the choice of positioning. Similar results are obtained for the observables r, /s,

and R, = |r,,|2:

2i K?
,,m(r_p) Sy TR S (1.96)
(01 + Q) 6162

(01— O :
R = <Q1+Q2>

40,0, {604. w? 2{ <1 l)] K* ) 2}
g\ abk— 5K +{—+— + —1(e1 +¢ —7 4o

a162(Q1+02)* L ¢ Tt PTG T e)" T v [(e1+e2)i> = ]
(1.97)

In (1.97) j, is another second order invariant, and the first order invariant /; is
defined by

I = / dzw: / dz{sl—&-sz—%—s} (1.98)

&

These results show that, in the long wave limit, the observables R,, R,,, and r, /s
take universal form. The integral invariants /j, i;, and i, depend on the profile shape
and extent only. All frequency and angular dependence is contained in the coeffi-
cients of Iy, i1, and i, and is the same for all non-singular profiles. (The degenerate
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case & =& requires special consideration for the ellipsometric ratio r,/rs
however.)

Equations (1.94), (1.96) and (1.97) illustrate how theory answers the question
“what information can be obtained from a given experiment?” From (1.94) we see
that measurement of the s reflectivity in the long wave case can determine only one
characteristic of the interface, the invariant i. Experimental data at different angles
of incidence give no new information (we are assuming that the interface has no
roughness, and the absence of absorption in the interface or substrate), merely the
opportunity to reduce the uncertainty in i;. The same is true for ellipsometry to
lowest order in the interface thickness: one parameter (the invariant I;) can be
determined, at any angle of incidence. The p wave reflectance (1.97) carries more
information, because the direction of the electric field relative to the interface
changes with the angle of incidence. In principle, the values of I7, i and i, may be
determined by intensity measurements at a mimimum of three angles of incidence.

The long wave results described above were obtained from perturbation theory,
the perturbation being the deviation of the actual profile &(z) from the step profile
€0(z). The simplest example of a perturbation theory expression for the reflection
amplitude is that for reflection by a film between like media:

o0
272
= a;zf;g / dz(s — #) ", (1.99)
—0o0

Here ¢y is the common value of g; and ¢»; & is likewise the common value of ¢;
and &. The normal incidence, thin film version of this result has been used in
Sect. 1.5 ((1.72) and (1.83)). Note that /P diverges at grazing incidence (as
qo — 0). This is unphysical: for passive media the reflection amplitude must stay
within the unit circle, and in fact we saw that the exact r, tends to —1 at grazing
incidence.

This troublesome divergence at grazing incidence remains in higher order per-
turbation expressions, but is removed by the variational theory developed in
Chap. 4. The simplest trial function, vy, = €=, leads to the variational expression

w?/c?
~ S 2(2q0)
r:ar = —Z)Oz/(z ) (1.100)

14

2igo /(2q0)

In this expression 4(2qo) is the Fourier integral in (1.99), and ¢(2¢o) is a double
integral defined in Chap. 4. The variational result (1.100) is not divergent at grazing
incidence; in fact it tends to the correct value of —1 as gy — 0, since the integrals 4
and ¢ have the property that ¢(0) = 2*(0). Further, 7' is correct to second order in
the film thickness, whereas " is not. These properties are shared by the varia-
tional expressions, derived in Chap. 4, for s and p wave reflection amplitudes
between unlike media.
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Non-linear, first order differential equations (of the Riccati type) for the reflec-
tion amplitudes are derived in Chap. 5. Two kinds of equations are used: those for a
quantity ¢(z) which tends to re 2% as 7 — —oo, and those for (z), tending to r in
the same limit. For the s wave, the respective equations are

/

' 2igo =T (1 = 1.101

o' +2igo 2q( %), ( )
q/ . .

r= 2 (¥t — pe 29), (1.102)

where primes denote differentiation with respect to z, and the phase integral ¢ is
defined by

Z

P(z) = /qu(C)- (1.103)

The corresponding equations for the p wave reflection amplitudes have Q'/Q
instead of ¢’ /¢ on the right-hand side. From (1.101) it is shown in Sect. 5.4 that R;
has the Fresnel reflectivity as an upper bound for all monotonic profiles:

2
Ry <Ry = <°h qz) (1.104)
q1+q2
A similar bound holds for R, when Q(z) = ¢(z)/&(z) is monotonic.
Integration of (1.102) from z = —oco to 4+ oo gives
o0
q o :
re=— / dz- (¥ — r*(z) e 7). (1.105)
q

The r(z) on the right-hand side is the reflection amplitude of a profile truncated at z.
If the reflection is weak, one can get an approximate expression for r; by omitting
the term proportional to 7> on the right. This is the weak reflection or Rayleigh
approximation,

q
= / dz—— e??. (1.106)
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The corresponding approximation in the p wave case is

2
r[’f—/dzzQe : (1.107)

—00

At normal incidence both (1.106) and (1.107) reduce to

b4
1

Ay [ @t g0=2 [an@, (o)

—00

where n = ¢'/2 is the refractive index. If one makes the further (and drastic)
approximations of replacing 2n by ny + n, and ¢, by (w/c)(n; + ny)z = (ky +k2)z,
(1.108) simplifies to

oo

o — / a4z 3 it + ke (1.109)
ny+ny dz

—0o0

Expressions closely related to (1.109) have been used by Buff et al. (1965) and by
Huang and Webb (1969) in the analysis of reflection from the diffuse interface of a
binary mixture.

The Rayleigh approximation works very well when the reflection is weak, but
fails near grazing incidence. The Rayleigh approximation (1.106) and the long
wave limiting form (1.94) are compared in Fig. 1.13 with the exact reflectivity for
the hyperbolic tangent profile

1 1 :
s(z)zi(sﬁrsz)fi(el — &) tanhz. (1.110)

For this profile the phase integral can be evaluated analytically (see Sect. 6.4),
ir = (n2/3)(e; — &)*a® from Table 3.1, and the exact reflectivity is (from Sect. 2.5)

R, = {—Sinh”(q‘ _QZ)“}Z. (1.111)

sinh (g + ¢2)a

The figure illustrates the strengths and limitations of the long wave and weak
reflection approximations: the long wave expression is good at glancing incidence,
where the effective wavelength 27/q is large, while the Rayleigh approximation is
good near normal incidence, but fails near glancing incidence, since the reflection is
then strong (as always).

The reflection of short waves, that is those whose wavelength is small compared
to the thickness of the interface, is discussed in Chap. 6. In the short wave limit the
reflection properties usually approach the behaviour of classical particles, which are
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Fig. 1.13 Reflectivity of the s wave by the tanh profile (1.110), for & = 1 and & = (4/3)* and
wa/c = 0.2. For this value of wa/c the distance in which the dielectric function changes over
80 % of its range (from (9¢; +¢,)/10 to (& +9¢,)/10) is about one seventh of the wavelength of
the incident radiation. The curve e is the exact reflectivity (1.111), the dashed curve e/R gives the
ratio of the exact to the Rayleigh reflectivities, and the curve L/e gives the ratio of the long-wave
limiting form (1.94) to the exact value

either totally reflected or not reflected. Away from classical turning points, which
located at the zeros of ¢?(z), approximate solutions of (1.7) are the Liouville-Green
functions

V. = <%>Eei¢7 v = (%)Eeid) (1.112)

(¢ is the phase integral defined in (1.103)). A perturbation theory based on a
Green’s function constructed from vy, gives the first order reflection amplitude

o0
A1 / apeie], 7 (1.113)
s 2 4if’ '

where
1dg 1dg
=——=—— 1.114
V=i d qdd ( )

is a dimensionless function which must be small for the short wave approximation
to hold. The perturbation theory result is closely related to the Rayleigh approxi-
mation (which is the first term of another perturbation approach, the Bremmer series
discussed in Sect. 6.5), as can be seen by writing (1.106) in the form
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rf:—% / doye”®. (1.115)

Unlike the long wave case, the reflection properties of short waves depend on the
detail of the reflecting inhomogeneity, and do not take a universal form. For
example: in the case of the profiles of finite range, which have a discontinuity in

slope at the endpoints z; and z,, both ;{51) and rf give

1 i —i 12
KY:Iie(¢l+¢z>{yle e T (1.116)

where ¢, and ¢, are the values of the phase integral at z; and 25, Ap = ¢, — ¢4,
and ... denotes that exponentially small terms have been omitted. (The function y
changes in value from O to y; at z;, and from 7, to 0 at z;). A similar result holds for
the p wave:

1 . ‘

=g el *4’2){3)1 cos20; e ¢ — 4, cos 20, e’M’} + e (L.117)
i

Both the s and p reflectivities are thus oscillatory functions of A¢, and decay as the

inverse square of the vacuum wavenumber w/c. The dominant part of the s

reflectivity is

1
RS:1_6{y%+y§—2y1y2 cos2Ad )+ -+ - (1.118)

(The p reflectivity has the same form, with ycos 26 replacing y.) This oscillatory
behaviour, with amplitude decreasing with frequency, is characteristic of profiles
with discontinuities in slope or higher order derivatives. Profiles with no such
discontinuities, such as the hyperbolic tangent, show exponential decrease with
wa/c in the short wave limit, a being characteristic of the profile thickness.
Approximations such as (1.116) and (1.117), and the Rayleigh approximation,
fail at grazing incidence, and in the presence of turning points. When there is a
single turning point (¢*> < 0 for z > 7o, say) there is total reflection. For the s wave

20

= e, 8~ Z/dzq(z) —g, (1.119)
0

the phase decrement 7/2 being universal for smooth profiles. In the case of two
turning points (g> <0 for z; <z<z,), the classically forbidden region ¢> <0 is
tunneled through by a portion of the wave. The transmission amplitude then varies
approximately as exp(—2A®), where A® is the increment in the imaginary part of
the phase integral between the turning points:
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AD = /dz|q(z)|. (1.120)

21

Reflection from anisotropic media is considered in Chaps. 7 and 8. Uniaxial
systems are characterized by two dielectric functions &,(z, ) and &.(z, w). The
most general uniaxial reflection problem, with arbitrary orientation of the optic axis
relative to the reflecting surface and the plane of incidence, is discussed in Chap. 8.
In the simplest case where the system retains azimuthal symmetry about the normal
to the interface (Chap. 7), the optic axis is also normal to the interface, and ¢,(z, ®)
and &.(z,w) give the response of the system to electric field components respec-
tively parallel and perpendicular to the interface. The resolution of electromagnetic
waves into s and p components remains valid in this case, with the equations to be
satisfied modified from (1.7) and (1.20) to

d&’E 2

dz2+(8[,i)2—K2)E:0, (1.121)
d (1dB\ (o* K

d_z<£_0d_z>+<c_2_z) —o. (1.122)

Equation (1.121) has the same form as (1.7), with ¢, replacing ¢, but (1.122) differs
from the isotropic case, since it contains both ¢, and ¢,. There are corresponding
changes in the p wave reflection amplitude, and in r, /r,. The ellipsometric ratio, for
example, still takes the form (1.96) in the long wave case, but the invariant [ is

now given by
I = / dz{81+62—8282—£0}. (1.123)
ve

(this applies to the case of an anisotropic thin film between isotropic media 1 and 2.)
For reflection at a sharp boundary between an isotropic medium 1 and an aniso-
tropic medium characterized by ¢, and ¢,, with its optic axis normal to the reflecting
surface, there is zero reflection for the p polarization at

€o(&o — €1) 1/2
0p = arctan{} . (1.124)
81(86 - 81)

In the case of an anisotropic film, characterized by &,(z) and &.(z), on a homoge-
neous anisotropic substrate characterized by &, and &, the form (1.96) is still
valid, with &, replacing ¢, in the factor multiplying /; and
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00
2
&7 — €208 &1 — & €18
I = / dz{l o ‘e — } (1.125)
€1 — &0 &1 — &0 Ee
—00

Ellipsometry is discussed in Chap. 9. The emphasis is on the analysis of what
various ellipsometric configurations measure. We discuss transmission as well as
reflection ellipsometry.

The effect of absorption (the dissipation of electromagnetic energy within the
medium) is discussed in Chap. 10. Absorption is included phenomenologically in
the Maxwell equations by means of a complex dielectric function, & = ¢, + i¢;. This
simple change has far-reaching consequences for reflection properties. In the case
of reflection at the sharp surface of an absorbing medium (a metal, for example), the
Fresnel equations (1.13) and (1.31) retain their form, but now g, = g, +ig; and
0> = 0, +1i0Q; = (qr +iq;)/ (&, + ig;), Where

21 ) ) L
(%) = E{Sr — gy sin” 0; +[(& — & sin® 0, )2+8i2]%}7 (1.126)
i &2
“a_ af2 (1.127)
o cqi/o

The ellipsometric ratio r,/r, no longer has the real axis as its trajectory, but lies
within the upper half of the unit circle:

n _ 4ilg; +a7) — K* +2iq19:K? (1.128)
s (q19- +K2)* + g}q?

Some of the general results derived in Chap. 2 still hold, notably the fact that
rs — —1 and r, — 1 at grazing incidence, and the implication that there is an odd
number of principal angles of incidence at which Re(r,/rs) = 0. The reciprocity
relation (1.88) also holds, and thus the transmittance of an absorbing system is
independent of the direction of propagation of the radiation.

Zero reflection is not possible off an absorbing medium with a sharp boundary,
for either polarization. If however a dielectric layer is deposited on the absorber,
zero reflectance is possible for both polarizations (at different angles of incidence);
this interference-absorption effect thus produces reflection polarizers (Sect. 10.3).

A thin absorbing film on a transparent substrate always decreases the trans-
mittance, but reflectance can be either increased or decreased, depending on the
polarization and whether ¢; <ég, or & > ¢&. For example, the s reflectivity to first
order in the film thickness is given by

a ¢\ 4q1(q — q) @ i
R, = — 3 —Z/dzgi(z)+~~. (1.129)
q1+q2 (g1 +q2)” ¢
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The form (1.96) for the ellipsometric ratio is still valid, with I; complex:

£1628, . 182
I = / dz<81+82—8%+8i2—8r>—|—l / dz[sf—&—s?}gi' (1.130)

—00 —00

An important and dramatic effect due to absorption is that of attenuated total
reflection, discussed in Sect. 10.6. An absorbing layer (typically a metal film)
deposited between two dielectrics can turn a total reflection configuration into one
whose p reflectance is small at resonance, and can be zero for proper choice of
thickness of metal film and angle of incidence. This phenomenon is an
interference-attenuation effect, associated with the resonant excitation of electro-
magnetic surface waves at a metal-dielectric interface.

Chapter 11 deals with the inversion of reflectance and ellipsometric data to
obtain the parameters of the reflector. For example, if the real and imaginary parts
0, and g; of r,/r, are measured at angle of incidence 0, and the interface is known
to be sharply defined on the scale of the wavelength, the real and imaginary parts of
¢ may be found from

o 1 = sin® 0, + sin” 0, tan® 0, (1- Qz)z — 4Q’22—’_4i(12_ Q%)Qi. (1.131)

& [(1—e,)" +0fl
If a model reflection amplitude is constructed as a function of wave vector com-
ponent in medium 1, and analytically continued to negative q; via r(—q1) = r*(q1),
an explicit inversion is possible (Sect. 11.3) to obtain the dielectric function profile
which would give this reflection amplitude in the Rayleigh approximation. In the s
wave case the result is

2x
@z sin? 0; + cos? 0 exp | —4 / dyF,(y)], (1.132)
&1
—00

where x = ¢! [ d{q({) and F; is the Fourier transform of ry:

17 -
F(y) =5 / dgie™ " "ry(q1). (1.133)
—0Q

Matrix and numerical methods are developed in Chap. 12. Any stratified med-
ium may be approximated by a set of homogeneous layers. The matrix methods
connect, via a two-by-two matrix, the coefficients of either the two independent
solutions, or the field amplitude and its derivative, at the entry and exit points of a
layer. In the latter case these matrix relations for a homogeneous layer between z,,
and z,, 4 are as follows: for the s wave, with D = dE/dz,
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E, 1) _ cos d, g,'siné, \ [ Ex
(D,,H) n (—qn sind,  cos oy, D, ) (1.134)
For the p wave, with C = ¢~ 'dB/dz, Q, = g, /é,, the matrix relation is
Bii1) _ cos 9, Q. 'siné, \ { Bx
(Cn+l> N (—Q,, sin &, cos J,, C, ) (1.135)

For a profile approximated by N homogeneous layers, the reflection and trans-
mission properties are determined by the profile matrix, which is a product of N
layer matrices such as those in (1.134) or (1.135). If the elements of the profile
matrix for the s polarization are s;, for example, the reflection and transmission
amplitudes for an interface between media a and b are

_ 2in9aqpS12 + 821 +1qa522 — igps11 (1.136)
’ GaqpS12 — $21 + iqas22 + iqps11’

ty = &P 2i4a . (1.137)
qaqpS12 — S21 +iqaS22 +iqpSti

(Here oo = q,z; and f = qpzy +1, 71 and zy 41 being the boundaries of the inho-
mogeneity.) In the absence of absorption the matrix elements are real. The matrix
formulation, and the results (1.136) and (1.137), remain valid in the presence of
absorption also, but the matrix elements are now complex.

The matrices in (1.134) and (1.135) are unimodular (have unit determinant); this
fact simplifies the treatment of periodically stratified media (Sect. 12.3 and Chap.
13), which in turn has important application to the multilayer dielectric mirrors.
Numerical methods based on the matrix formulation are also discussed in Chap. 12.
Reflection of s waves by an arbitrary layer extending from a to b can be repre-
sented, to second order in the layer thickness, by the s matrix

l—}dzqz(z)(b—z) b—a
“ , (1.138)
— [dzq*(2) 1— [dzq*(2)(z — a)

(This result, and a similar one for the p matrix, are derived in Sect. 12.4.) In Sect.
12.8, a given interface is approximated by a set of layers within which the dielectric
function &(z), and thus also ¢*(z), vary linearly with z. The matrix methods can be
applied without modification to total reflection and tunneling; reflection and
transmission through absorbing layers requires computation with complex matrix
elements, the formalism being otherwise unaltered. Wavefunctions within the
stratification may be obtained as a by-product of the profile matrix calculation.


http://dx.doi.org/10.1007/978-3-319-23627-8_12
http://dx.doi.org/10.1007/978-3-319-23627-8_13
http://dx.doi.org/10.1007/978-3-319-23627-8_12
http://dx.doi.org/10.1007/978-3-319-23627-8_12
http://dx.doi.org/10.1007/978-3-319-23627-8_12

1.6 A Look Ahead 37

Chapter 14 deals with reflection from rough surfaces. A planar stratified surface,
no matter how diffuse, gives specular reflection of an incident plane wave, but
rough surfaces scatter as well as reflect. The Rayleigh criterion for negligible
roughness is (Sect. 14.1)

gh < 1 (1.139)

where g (as always) is the normal component of the wavevector, and / is a measure
of the variation in the height of the surface. When (1.139) is satisfied the surface
will reflect specularly. According to the Rayleigh criterion, for given roughness and
angle of incidence long waves may be reflected specularly and short waves dif-
fusely, or for given roughness and wavelength there may be diffuse scattering near
normal incidence and specular reflection near grazing incidence. Chapter 14 treats
the reflection from corrugated surfaces (diffraction gratings), from liquid metal and
liquid dielectric surfaces (scattering by thermally excited surface waves), in both
cases using the methods of Rayleigh, and gives an outline of the application of the
Helmholtz theorem to the scattering by rough surfaces (the Kirchhoff or surface
integral method).

Chapter 15 adapts the content of the previous chapters to the language of particle
waves obeying the Schrodinger equation. There follow three new chapters on
special topics: 16 Neutron and X-ray reflection, 17 Acoustic waves, and 18 Chiral
isotropic media.

In the last two chapters we finally move away from the assumption that the
incident field consists of unbounded plane waves: the reflection of electromagnetic
pulses and particle wavepackets is considered in Chap. 19, and that of finite beams
in Chap. 20. We find that nearly monochromatic pulses reflect (in the first
approximation) without change of shape, with a time delay Az determined by the
frequency variation of the phase of the reflection amplitude:

ds

At = —.
dw

(1.140)
(The derivative is to be evaluated at the dominant angular frequency of the pulse.)

For example: total reflection at normal incidence has r, = e and the short wave
limiting form is found from (1.119) to be

20

w T
, =22 o) — = 1.141
d c/dzn(z ) 5 ( )
0

where n(z, w) is the refractive index, and zo is the turning point determined by
n(zo, w) = 0. (This formula applies to reflection from the ionosphere, for example,
in which case n> = ¢~ 1 — wﬁ /®?, where m, is the plasma angular frequency,
proportional to the square root of ionospheric electron density.) From (1.140) and
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(1.141) we find that the time delay is the same as for pulse travel to the turning
point and back at the group velocity u(z, w) = dw/dk, where k = nw/c:

Z 20
2
AtzZ/%:—/dz[n—&-w@} (1.142)
u c ow
0 0

The Appendix of Chap. 19 summarises the universal properties of electromagnetic
pulses. The other parts of Chap. 19 deal with the reflection of particle wavepackets,
illustrated by exact solutions.

Pulses are built up from waves of differing frequencies. Bounded beams
(Chap. 20) can be regarded as superpositions of plane waves of differing directions
of propagation. Just as the reflection of pulses is determined by the frequency
dependence of the reflection amplitude, the reflection of beams depends on the
angular dependence of the reflection amplitude. There is a lateral shift on reflection
of a beam of radiation,

do
Av=——2. (1.143)

where K is the lateral component of the wavevector (K = k), and the derivative is
to be evaluated at the dominant value of K for the incident beam. A particularly
interesting case is total reflection at a sharp boundary. For 6; > 0. the phase of the s
wave reflection amplitude is

05y = —2 arctan @, (1.144)
q1
and (1.143) leads to the beam shift
2K Al tan 0,

Ax, = (1.145)

qilg|  m (sin® 0, — sin>6,)"*’

where 1; is the wavelength 27/k; = 2nc/njw in the first medium. This beam shift
is divergent at the critical angle (where g, = 0), and in fact the formula (1.139) fails
there, since (1.143) is derived on the assumption of a slow variation of the phase
shift with angle. In practice (1.145) works well to close proximity of the critical
angle, as discussed in Sect. 20.2. Appendix 1 in Chap. 20 we show that the |g,|
singularity in the phase shift at 0, = ()C+ is universal for nonabsorbing profiles.
Finally, Appendix 2 in Chap. 20 outlines the somewhat surprising polarization
properties of finite electromagnetic beams.
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