Chapter 2
Noncontextuality Inequalities from Variable
Elimination

In this chapter we present a general method for deriving complete sets of Bell and
noncontextuality inequalities alternative to the direct solution of the hull problem for
correlation polytopes, discussed in the previous chapter, which provides some com-
putational advantages and allows for a complete characterization of the correlation
polytope even for scenarios with an arbitrary number of settings. The main results
of this chapter have been published in Refs. [1, 2].

Our method is based on the application of Fourier-Motzkin (FM) method of vari-
able elimination for systems of linear inequalities to conditions derived in Ref. [3]
as consistency conditions for putting together partial extensions of quantum prob-
abilities in order to obtain a classical probability description.More precisely, such
conditions are expressed in terms of a systems of linear inequalities where also corre-
lations between incompatible observables appear as variables: A classical probability
space representation exists for a given set of QM predictions if and only if the corre-
sponding system of linear inequalities admits a solution; Bell, or noncontextuality,
inequalities are obtained by eliminating the variables associated with correlations
between incompatible observables.

Our approach can be seen as a generalization of Fine’s derivation of the Clauser-
Horne-Shimony-Holt (CHSH) polytope [4]. It provides a generalization of the result
obtained by Sliwa [5] and Collins and Gisin [6], namely, the appearance of only
a finite number of families of Bell inequalities in measurement scenarios where
one experimenter is allowed to choose between an arbitrary number of different
measurements, and it allows for a complete characterization of a specific n-setting
noncontextuality scenario.

In the following, we shall present the general method and discuss it more in
details by means of simple examples. We then proceed to analyze some Bell and
noncontextuality scenarios, providing in some cases analytical results, and showing
the computational advantage in others.
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36 2 Noncontextuality Inequalities from Variable Elimination

2.1 Extension of Measures and Consistency Conditions

First we need a result on extension of probability measures which will be the basis
of our approach to the computation of H-representation for correlation polytopes.
More details can be found in Ref. [3].

Proposition 1 Consider any set of probabilities p; on a set of yes/no (i.e., {0, 1}-
valued) observables A; and correlations p;; on a subset of pairs A;, Aj, defining
a probability on each pair A;, Aj, with p; = (A;), pj = (Aj), pij = (AiAj);
describing observables A; as vertices and the above pairs as edges in a graph, any
set of predictions associated with a tree graph, i.e., a graph without closed loops,
admits a classical representation.

We call such a graph representation a compatibility graph. Some examples of
compatibility graphs are given in Figs. 2.1, 2.2, 2.3, 2.4, and examples of tree graphs
are given by Fig.2.1b, c, d.

Proposition 1 can then be generalized as follows [3].

Proposition 2 the same holds with yes/no observables A; substituted by free
Boolean algebras A;, p; by probabilities on A;, p;; by probabilities on the Boolean
algebra freely generated by the union of the sets of generators of A; and A;.

We recall that a Boolean algebra is freely generated by n generators By, ..., B,
if such generators are as much unconstrained as possible, i.e., they satisfy no con-
ditions except those necessary conditions defining a Boolean algebra (e.g., distrib-
utive law). Since all Boolean algebras freely generated by n < oo generators are
isomorphic, for the sake of simplicity, we can think of the the algebra of subsets
2% of the set X = {0, 1}, with set theoretic operations (N, U,°); then the subsets
Bi ={(x1,...,xp) € X |x; =1}, fori =1,...,n,canbe taken as free generators.
In terms of propositions and truth assignments, the free Boolean algebra assumption
amounts to the assumption that each possible {0, 1}-valued assignment to proposi-
tions is admissible. For more details see [7]. Notice that this is precisely the way how
we define the 2" vertices of the correlation polytope in Eq. (1.30).

The above results suggest a general method for the computation of H-represen-
tation for correlation polytopes, based on exploiting the automatically existing classi-
cal representations for subsets of observables with compatibility relations described
by tree graphs, as in Propositions 1 and 2 above. Conditions for classical repre-
sentability arise as consistency (i.e., coincidence on intersections) conditions for
putting together partial extensions associated with subgraphs, giving rise to a descrip-
tion of the initial compatibility graph as a tree graph on such extended nodes. Such
consistency conditions are expressed in terms of the existence of a solution for a set
of linear inequalities. One of the main application of Fourier-Motzkin algorithm is
precisely deciding whether a system of inequalities has a solution. It is thus suffi-
cient to solve the hull problem for a smaller polytope, i.e., compute the single partial
extensions, then constructing a higher dimensional polytope from that solution, i.e.,
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impose the consistency conditions, and finally apply FM algorithm, i.e., derive the
conditions for the existence of a solution.

We recall that the Fourier-Motzkin method consists in eliminating a variable
from a system of linear inequalities by summing, after a proper normalization, all
inequalities where it appears with plus sign with all inequalities where it appears with
minus sign. From a geometric point of view, since the system of linear inequalities
can represent a polytope (more generally, a cone), the above operation amounts to
a projection onto the coordinates associated to the remaining variables; for more
details see [8].

Although our method is general, different strategies are possible corresponding
to different partitions of the initial graph into subgraphs. We shall introduce the
details of our method by means of some simple examples. The first example is the
derivation of the CHSH polytope. It is interesting to notice that it is analogous to that
presented by Fine [4]; our method can be seen as a generalization of his idea to an
arbitrary number of observables. We shall then discuss more complex Bell scenarios
and some related computational results, and finally the complete characterization of
the correlation polytope for the n-cycle noncontextuality scenario.

2.2 Bell Inequalities

2.2.1 CHSH Polytope from Bell-Wigner Polytope

The CHSH polytope is generated by the following set of vertices
us = (€1, €2, €3, €4, €163, €164, €263, €284), & €{0,1}. (2.1

As previously discussed, it is associated with a bipartite measurement scenario in
which Alice can choose between two measurements, associated with propositions
A1 and A, and Bob can choose between two measurements, associated with propo-
sitions A3 and A4.

As already recognized by Fine [4] and discussed also in [3, 9], the existence of a
classical description for the four observables is equivalent to the existence of classical
descriptions for the two subsystems, {A1, Az, A3z} and {A1, Az, A4}, coinciding on
{A1, A2}. In fact, the two classical descriptions would give rise to an extension
of the probability assignment to the four observables satisfying the hypothesis of
Proposition 2 (see Fig.2.1a, b, ¢).

The constraints on the subsystem {A;, A;} imposed by the third observable, A3
or A4, are described by the Bell-Wigner polytope [10], i.e., the correlation polytope
associated with three proposition and their pairwise logical conjunctions, which is
given by the following inequalities:
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(a) (b) (©) (d)
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A
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Fig. 2.1 a Graph of the compatibility relations between the observables in the CHSH scenario.
b Partition in two subset of three observables with intersection {A, Az}. ¢ Tree graph obtained by
extending the probability measure on the algebra generated by Ay, A>. d Asymmetric case with
additional observables on Bob’s side

0<pij<pi, 0<p;jj <pj, ij=12,1s,2s, (2.2)
pi+pj—pij <1, ij =12,1s,2s, (2.3)

l —p1—p2—ps+pr2+ pis+ p2s =0, (2.4)
p1— pi2— pis+pas =0, (2.5)

p2— p12— pas + pis = 0, (2.6)

Ps — Pls — p2s + P12 = 0, (2.7)

for fixed s = 3 or 4.

Classical representability for QM prediction in the CHSH scenario amounts, there-
fore, to the existence of a common solution for the two systems of linear inequalities,
namely, it amounts to the existence of a value for p, consistent with the constraints
imposed by classical descriptions for the two subsystems of three observables.

As a consequence of general properties of Fourier-Motzkin method (see [8]), a
system of inequalities admits a solution if and only if the projected system, i.e., the
system obtained by eliminating one or more variables, admits a solution. It follows
that the above set of measurements admits a classical description if and only if
measured correlations, i.e., correlations between compatible observables, satisfy the
system of inequalities obtained by eliminating p1,.

In order to eliminate p1», we just apply Fourier-Motzkin method: We sum inequal-
ities where p1, appears with opposite sign and keep inequalities where it does not
appear. A posteriori, we realize that only redundant inequalities arise from (2.2) and
(2.3) and the combination of inequalities with the same index s.

The only interesting, i.e., non redundant, inequalities are those obtained from the
combination of (2.4)—(2.7) for different s, namely

—1 < pi3+ pia+ pa— p3 — p1 — ps <0, (2.8)
—1 < p23 + poa + p1a — p13 — p2 — p4 <0, 2.9)
—1 < pia+pis+ps—pu—p1—p3=<0, (2.10)
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—1 < poa+ p23+ pi3—pia—p2—p3 <0, (2.11)

that, together with the Egs. (2.2), (2.3) in which p> does not appear, give the H-
representation of the CHSH polytope.

2.2.2 Bipartite (2, n) Scenario

An analogous argument applies to the scenario in which Alice can choose between
two measurements and Bob can choose among n > 2 measurements, associated
with propositions As, ..., A,4+2: The initial system of inequalities is still given by
(2.2)—~(2.7), but with s taking values in {3, 4, ..., n + 2} (see Fig.2.1d).

Since only one variable (i.e., pj2) has to be eliminated, at most two inequalities
with different index s can be combined to give a valid inequality. Therefore, the final
set of inequalities is given by (2.8)—(2.11) with the pair 3, 4 substituted by any pair
i,jwithi,j € {3,...,n+2}and i < j. This is precisely the result obtained in
Refs. [5, 6].

2.2.3 Two Parties, Three Settings

Now consider the bipartite scenario in which Alice can choose among three mea-
surements, associated with propositions A1, A and A3, and Bob can choose among
three measurements, associated with propositions A4, As and Ag.

Analogously to the previous case, see Fig. 2.2, the existence of a classical descrip-
tion for the six observables is equivalent to the existence of classical descriptions
for the three subsystems, {A1, A2, A3, As}, {A1, A2, A3, As}and {A1, Az, A3, A},
coinciding on {A1, A2, A3}. A probability on {A{, A2, A3} is completely defined
once the probabilities py, p2, p3, P12, P13, P23, P123 are given.

It is therefore sufficient to calculate the correlation polytope associated with
probabilities p1, p2, p3, Pss Piss P2ss P3s» P12, P13, P23, P123, then consider the sys-
tem given by all the above inequalities for s = 4, 5, 6 and eliminate the variables

P12, P13, P23, P123.

Fig. 2.2 a Graph of the (a) (b)
compatibility relations A, A,
between the observables in
the bipartite (3, 3) scenario.
b Tree graph obtained by
extending the measure on the
algebra generated by

A1, Az, Az Ag

A,

A, A, A As
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2.2.4 Bipartite (3, n) Scenario

Again, by adding observables only on Bob’s side, one just obtains more copies of the
initial system of inequalities, but with different indices s. The situation is analogous
to that depicted in Fig. 2.1d, but with A1, substituted by 41,3.

In particular, since four variables have to be eliminated, at most 2* = 16 inequali-
ties with different indices s can be combined. As a result, all families of valid inequal-
ities for the general case (3, n) already arise in the case in which Alice performs 3
measurement and Bob 16.

2.2.5 Multipartite (m, ..., m, n) Scenario

The above argument can be extended to the case of p parties in which the first p — 1
can choose among m measurements, while the last one can choose among n > m
measurements: All families of inequalities can be obtained by studying the case in
which the last experimenter performs 2¢ measurements, where k is the number of
variables to be eliminated.

2.2.6 Computational Results

We have presented an alternative method for the computation of half-space repre-
sentation for correlation polytopes based on algebraic conditions and variable elim-
ination. Besides the explicit calculations presented above, a reasonable question is:
Does our method provide any computational advantage with respect to existing meth-
ods? In order to show the advantages of the tree graph method, we have computed
the H-representation for some simple polytopes, with (i) our tree graph method
using existing software implementing the Fourier-Motzkin algorithm; specifically,
we used porta [11], and (ii) using standard software for solving the hull problem;
specifically, we used cdd.

For simple cases like the (2, 2) (i.e., the CHSH) and (3, 3) scenarios, the compu-
tation is equally fast with both methods. However, remarkably, our tree graph method
is noticeably faster to compute asymmetric scenarios:

For the (3, 4) scenario, the tree graph method implemented with porta com-
pleted the calculation in ~11 min, while cdd needed ~20min. The 11 min include
the time (seconds) required to calculate the initial polytope (see Sect.2.2.3).

For the (3, 5) scenario, the tree graph method implemented with porta com-
pleted the calculation in ~72 min, while cdd was still running after a week and we
had to stop it.

All computations were performed on the same machine with an Intel Xeon CPU
running at 3.20 GHz.
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2.3 Noncontextuality Inequalities: The n-Cycle Scenario

The n-cycle contextuality scenario is given by n observables Xy, ..., X,_1 and the
set of maximal contexts.

Cn = {{XOa X1}7 R} {Xl’l—27 Xn—l}a {Xn—lv XO}} (212)

This scenario is the natural generalization of CHSH and KCBS scenarios, the
most fundamental scenarios for, respectively, nonlocality and contextuality. From
the point of view of contextuality scenarios, the n-cycle scenario for odd n has been
investigated by Liang, Spekkens, and Wiseman [12], who derived the inequality
(2.17) for odd n and discuss the maximal quantum violation. As a bipartite Bell
scenario, i.e., for even n, it has been investigate by Braunstein and Caves [13], who
derived the inequality (2.17) for even n, later the maximal quantum violation was
discussed [14].

In this section we give a complete characterization of the n-cycle polytope for any
n, proving that the only facets inequalities of the polytope are given by Eqs. (2.13a)—
(2.13d) together with Eq.(2.17).

A compatibility graph representation for the n-cycle scenario is given in Fig.2.3.
Here, it is convenient to use £1-valued variables instead of 0/1-valued. The corre-
sponding correlations, i.e., expectation values of the product of the outcomes, are
related to probabilities by the affine invertible transformation defined as

dp(++ [XiXiv1) = 1+ (Xi) + (Xip1) + (Xi Xip1), (2.13a)
Ap(+ — 1XiXit) = 1+ (Xi) — (Xit1) — (XiXit1), (2.13b)
Ap(— + 1 XiXiv1) = 1 = (Xi) + (Xit1) — (XiXit1), (2.13¢)
Ap(— —1XiXit1) =1 —(X;) — (Xit1) +(Xi Xit1) (2.13d)

As a consequence, the analysis of the correlation polytopes (i.e., number of vertices
and facets, tightness of a given inequality) defined in terms of +1-valued or 0/1-
valued variables are equivalent.

The n-cycle correlation polytope is then defined by the following 2" vertices

(X0 - s Xp—1, X0X1, - .., Xu—1X0), X; € {—1,1}. (2.14)

/\

c, c, C, C,

Fig. 2.3 Graphs associated to the compatibility relations among the observables X; for n =
3,4,5,6. C4q corresponds to CHSH case with the labelling of nodes A1, By, Az, Bz, in the usual
notation for Alice and Bob observables, and Cs corresponds to KCBS case with the labelling
X0, ..., X4
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In order to differentiate this with the probability case, we use the following notation
for a general vector

((Xo0), ..o (Xn—1), (X0 X1), ..., (Xn—1X0)). (2.15)

A set of tight inequalities is already given by the positivity conditions on the terms
in Eq.(2.13), namely

I+ (X)) + (Xig1) + (XiXit1) 20 (2.16a)
L+ (X;) — (Xit1) — (XiXi41) =0 (2.16b)
I —(Xi) + (Xit1) — (XiXit1) 2 0 (2.16¢)
I —(Xi) = (Xit1) +(XiXit1) 2 0 (2.16d)

one can easily proved that they are saturated by a set of affinely independent vertices
(2.14). Such conditions are trivially satisfied in QM since they involve only pairs of
jointly measurable observables.
The remaining facets of the n-cycle polytope are given by the 2"~ ! inequalities
n! NCHV
Q=X Xip)) = n-2, (2.17)
i=0

where v; € {—1, 1} such that the number of 7; = —1 is odd.

Our proof is based on the fact that the existence of a classical probability model for
the observables {Xo, ..., X,—1} is equivalent to the existence of classical models for
{Xo, ..., Xy—2}and {Xo, X,,—1, X;,—2}, coinciding on their intersection {X¢, X,,—2},
see Fig.2.4a, b, c. More precisely, if the two subsets of observables in Fig.2.4b
(n — 1)-cycle and 3-cycle, admit a classical representation, i.e. all the corresponding
inequalities are satisfied, then the set of probabilities can be extended, following

(b) 0 ()

0 n—1
~
\'\
e Sy n—2
S

-,
n—2

—3 {....n-3} n—1
n-3 ot o—~oc——0
{0,n—2}

Fig. 2.4 a n-cycle scenario. b subsets of observables that can be associated with the (n — 1)-
cycle and 3-cycle scenario by considering the “unmeasurable correlation” (XX, —2) (dashed line)
¢ Extended classical model that can be obtained if the two subset admits a classical representation
coinciding on their intersection. Such a model is automatically classical as it can be depicted as a
tree graph
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Propositions 1 and 2, asin Fig. 2.4c, i.e. two classical model for {0, 1, ..., n—3, n—2}
and for {0, n — 1, n — 2} coinciding on their intersection {0, n — 2}. By Proposition 2,
such a set already admits a classical representation.

Such a consistency condition for the intersection is written in terms of the “unmea-
surable correlation” (XoX,_»), i.e., a correlation between observables that are not
in a context and therefore cannot be jointly measured, but have nevertheless a well-
defined correlation in every classical model [9]. The final set of inequalities must not
contain the variable (X¢ X, —2), which must be removed by applying Fourier-Motzkin
(FM) elimination.

We can now proceed by induction on n. The case n = 3 is known. For the
inductive step, following the above argument, we calculate the n-cycle inequalities
by combining the (n — 1)-cycle inequalities for the subset { X, ..., X, _2} with the
3-cycle inequalities for { X, X,,—1, X,,—2}. We apply FM elimination on the variable
(X0X,,—2) from the whole set of inequalities. All inequalities in (2.17) are obtained
by combining one inequality, of the same form, for the (n — 1)-cycle with one
for the 3-cycle, and are in the right number. In fact, in half of the (n — 1)-cycle
inequalities, (XX, _») appears with the + sign, and in half with the — sign, and the
same for the 3-cycle. The number of possible combination is, therefore, given by
2n—3 24 2n—3 .0 = 2n—1.

Combining two inequalities for the (n — 1)-cycle, or two for the 3-cycle gives
a redundant inequality, as happens for combination of positivity conditions (2.16)
with inequalities of the form (2.17), the latter being obtainable as a sum of n — 1 (or
3) positivity conditions. There are no other inequalities.

Tightness can be proved by showing that inequalities (2.17) correspond to facets of
the 2n-dimensional correlation polytope, i.e., they are saturated by 2n noncontextual
vertices which generate an affine subspace of dimension 2n — 1. First, focus on the
inequality of the odd n-cycle for which all ; = 1. It is saturated by 2n vertices which
can be written as (+v;, w;), fori =0, ...,n— 1, where v; is a n-dimensional vector
given by a cyclic permutation of the components of v,—; = (+1, —1,+1, ..., +1)
and w;’s components are given by the corresponding products, of v;’s components,
namely, one component equal to 1 and n — 1 components equal to —1. Up to a
reordering of the vectors, it holds v; + vj+1 = 2e;41, with addition modulo n and
€y, ..., e,_1 the canonical basis of R”, and w; + (1,1, ..., 1) = 2¢;. As a conse-
quence, {(£v;, w;)}i=1,... 2n is abasis of R?", and, therefore, such vectors generate an
affine subspace of dimension 2n — 1. Since all the other vertices and inequalities are
obtained from this one via the mapping X; +— —X;, we are done for the odd case. For
the even case, the proof is slightly different: Take the inequality which has v = —1
and all the other 7; = 1. Again, it is saturated by 2n vertices which can be written as
(£vi, w;), fori =0,...,n— 1, with vg = 373 (—D)Fey, wo = — 37—y ex and

vi=eoter+ D (Dfec+ D (=D, (2.18)
2<k<i i<k<n—1
w,-=e0+e,»—zek, fori=1,...,n—1. (2.19)

k+£0,i
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The above vectors satisfy v,_1 — vg = 2ep, v — vo = 2e1, and v; — Vi1 =
(—=D)i*le;yq, fori =1,...,n—2,and w; +w;—2wo = 4ep, w; —wp = 2(ep+e¢;)
fori, j =1,...,n—1. Again, this implies that the vertices are affinely independent,

and all the other vertices and inequalities are generated via the relabelling X; — —X;.

2.4 Discussion

We developed an alternative method for the computation of the correlation polytope
associated with Bell and noncontextuality scenarios based on results on automatic
extension of probability measures and Fourier-Motzkin algorithm of variable elimi-
nation for systems of linear inequalities.

We applied our method to different Bell and noncontextuality scenarios. For the
Bell scenario, we derive some result on the minimal computation needed for a com-
pletely characterization of asymmetric scenarios where one experimenter has an arbi-
trary number of settings, thus generalizing a result by Sliwa [5] and Collins-Gisin
[6]. Moreover, we performed some explicit computations to show the advantages
with respect to usual algorithms solving directly the hull problem.

For noncontextuality scenario, we are able to give a complete characterization,
i.e., the complete set of tight inequalities, for the n-cycle scenario, which is the natural
generalization of the two most fundamental scenarios, respectively, for nonlocality
and contextuality, namely, the CHSH and KCBS scenario. To complete the discussion
on the n-cycle scenario, in Chap.4, we will compute the quantum bound by means
of Cabello-Severini-Winter method [15, 16].
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