
Chapter 2
Fundamentals of Statics of Masonry Solids
and Structures

Abstract Groundings of statics of masonry solids and structures are the subject of
the chapter. Masonry behavior is strongly influenced by the dramatically lower
strength in tension than in compression. Masonry structures can thus suffer cracks
generating displacement fields, called mechanisms, which develop without any
internal opposition of the material. Collapse can occur without any material failure.
The Heyman masonry model, the idealized rigid in compression no tension
material, is fruitfully assumed as basis of the approach followed in the chapter. The
extension of this model to the masonry continuum is then developed. Strains and
detachments occurring in a no tension masonry solid can thus obtain a suitable
mathematical definition together with the admissible equilibrium. Both a proper
virtual work equation, that considers the boundary of the body including the crack
surfaces, as a condition on the loads, necessary and sufficient to the existence of the
masonry equilibrium, can be formulated. This last condition governs the collapse
strength of masonry structures. The notion of the minimum thrust, from both static
and kinematical approaches, is then introduced, widening the field of application of
the Limit Analysis also to the study of the actual stress states. A critical analysis of
the recent failure of the cathedral of Noto, in Sicily (Italy), useful to a better
understanding of the above discussed mechanical concepts, ends the chapter.

2.1 Introduction

Under a given loading path, a masonry structure can reach a collapse condition
solely due to loss of equilibrium, that is to say, in the absence of any material
failure. Such a condition can therefore arise even in masonry with infinite com-
pression strength. As discussed in the previous chapter, the tensile strength of
masonry is, in fact, very low, near zero. Consequently, masonry structures can
suffer cracks or detachments that may in turn generate displacement fields, often
called mechanisms, which develop without any internal opposition from the
material.
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As soon as the pushing loads begin to exceed the action of the resistant loads
along one of these mechanisms, the structure fails. It is thus easy to understand how
the presence of negligible tensile strength can disrupt the behavior of structures as
compared to the common elastic ones.

Clearly, other failure modes can occur, such as those depending on the com-
pression strength of the material, described in Chap. 1, or those involving the
destabilizing effects of axial loads, covered in Chap. 6. However, this first collapse
mode affects a wide variety of structures and is, in practice, the most relevant. It
stems from the essential aspects of the behavior of masonry structures, aspects
which were fully understood by ancient builders, and which have therefore shaped
the course of architecture since the origins up to the 19th century.

The aim of this chapter is to analyze these issues involved in such failure
mechanisms. The choice of the most convenient model to use for masonry materials
will be addressed first. Any model for describing masonry behavior must be as
simple as possible, but at the same time be able to represent its most salient aspects.
In this regard, the ingenious Heyman model of masonry as a no-tension material
that is rigid under compression (1966) is the most satisfactory for our purposes and
will be discussed in the following and constantly referred to throughout this book.

2.2 No-Tension Masonry Models

2.2.1 No-Tension Assumption

There are sound reasons for adopting the assumption of no tensile strength in
masonry. First of all, as evidenced in the previous chapter, most masonry materials
exhibit very low tensile strength. This is due, rather than to the mortar’s low tensile
strength, to the very low adhesion between mortar and bricks, which thus represents
the weakest link. Moreover, the mortar in historic constructions may be very poor.
Masonry may, in some exceptional cases, exhibit non-negligible tensile strength
and its behavior could, at first sight, be modeled as a traditional elastic material.
However, random dynamic actions, which can produce cracks in the masonry mass,
will eventually cause the material to revert to no-tension behavior.

The effects of subsequent slow penetration of humidity into the cracks can then
make things even worse. In such cases, it is possible that a masonry structure which
in its pristine state is able to sustain the action of given loads by virtue of its initial
non-negligible tensile strength, will not be able to sustain the same loads later, when
this strength is fading. In such cases the long-term behavior of masonry can be
conservatively assumed to follow the no-tension model. A number of examples,
some quite striking, will be discussed in the following.

To sum up then, it is clear that the no-tension assumption is well-grounded.
Indeed, it is widely adopted in nearly all the mechanical models proposed for
historic masonry structures.
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2.2.2 The Problem of Elastic Compressive Strains

In order for any model to adequately describe masonry structures, it must account
not only for elastic compressive strains, but for the continuous or discontinuous
extensional strains associated with cracking as well.

In-depth research studies into the behavior of elastic no-tension bodies have
been conducted by many authors, among which the works of Di Pasquale (1984),
Del Piero (1989), Lucchesi and co-workers (2003), Romano and Romano (1985),
Romano and Sacco (1986), Baratta (1982), Angelillo (2010), Trovalusci (1993),
Bacigalupo and Gambarotta (2011) etc. All have addressed the general problem of
the elastic equilibrium of no-tension bodies and, although numerous, noteworthy
stress solutions have been provided (Lucchesi et al. 2008), the much more complex
goal of solutions expressed in terms of displacement and strain fields remains
incompletely solved to date. The difficulties encountered in this latter research field
stem from the fact that the no-tension elastic model cannot easily account for the
presence of shear strains. One example in this regard is the masonry panel subjected
to bending and axial loads illustrated in Fig. 2.1. The panel, of thickness s, is loaded
at its top and base by the pressure p which remains constant along the band a and
then varies linearly from p to zero on the remaining band of width b. The borders of
the panel are free to deform. The band of width a, under uniform compression p,
shortens with respect to the horizontal axis of symmetry, c–c. The top sections of
the panel band, of width a, move vertically by the amount
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Eas
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2

ð2:1Þ

The side band of width b is axially loaded eccentrically. The left-hand corner of
the top section of this band moves vertically and remains in contact with the
right-hand corner of the top section of the band of width a. The right-hand band is
loaded by the axial load, N, and bending moment, M
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Fig. 2.1 The behavior of an
elastic no-tension panel under
variable compressions applied
at its base and top sections
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The top section of this band sinks under the action of N and rotates counter
clockwise under the bending moment M. The total vertical displacement of
left-hand corner of this section is
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which is equal to displacement (2.1). Cracks arise along the vertical line of con-
nection between the two bands. The maximum width Δ′ of these discontinuities or
detachments is

D0 ¼ M
12

2Esb3
L
2

� �2

¼ pL
8E

L
b

ð2:4Þ

Now, as the width b of the band becomes smaller and smaller, at the limit b→ 0,
we have

lim D0 ¼1
b!0 ð2:5Þ

In particular, if only one band of the panel is uniformly compressed, while the
other band is unloaded, the stress state is defined unequivocally. The loaded side is
uniformly compressed and the side band remains unloaded. Strains, on the contrary,
behave in a singular way. The unloaded side of the panel detaches from the loaded
one and tends towards infinity because a no-tension elastic material is unable to
accept the presence of shear strains along the contact zone between the loaded and
unloaded sides.

None of the linear segments, all contained within the unloaded masonry solid,
can in fact be shortened during deformation. This result emphasizes the singular
behavior of such panels and raises doubts about the ability of the elastic no-tension
model to realistically represent the response of masonry structures partially loaded
over their boundaries. By using the rigid in compression no-tension model, which
neglects the elastic strains, the solution is more regular. In this case, in place of the
diverging solution, the unloaded part of the panel can detach from the loaded part
by an arbitrary, but finite quantity (Fig. 2.2).

Neglecting the elastic compression strains has no influence on evaluation of the
limit loads. Indeed, from the perspective of Limit Analysis, we know that the
presence of elastic strains has no effect on the collapse load, except in the event that
the changes in geometry become relevant. This question has been thoroughly
studied in the general analysis of elastic-plastic bodies. During the onset of the
failure mechanism all stresses remain constant and new elastic strains do not
develop (Prager 1959). The same occurs for both elastic and rigid no-tension
structures, as will be shown in the following (Fig. 2.3).

Currently, only advanced, computationally demanding programs can provide
information on the effects of the elastic compressive strains within masonry model
of structures by assuming a small finite tensile strength.
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The problem is similar if we want to check the actual equilibrium state. At a first
sight the problem can be solved by assuming the elastic in compression no tension
model that permits to obtain the lacking equations: they express the compatibility of
the deformation of the structure with its external environment. On the contrary, the
research of equilibrium configuration of the rigid no tension masonry structures
under a given load distribution becomes statically undetermined. The external
constraints, representing the structure environment, will suffer a certain amount of
deformation, that we will call settlement. These deformations can be represented by
the settlement of the soil, as in the example of the arch of Fig. 2.4, or by the same
deformation of supporting substructures: for instance the deformation of the drum
sustaining a dome.

The elastic no tension solution, on the other hand, is dependent on the magnitude
of settlement only if this displacement is very small because rapidly it matches the
solution corresponding to the rigid no tension model.

Fig. 2.2 The rigid no-tension
panel partially compressed at
its base and top sections

g
P

Fig. 2.3 Collapse of the arch
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These considerations can be illustrated by the following example regarding the
behavior of an arch, studied by assuming the elastic in compression no tension
model. The example was studied by N. Zani of the university of Florence. The arch,
loaded by its own weight, suffers an horizontal settlement at its springing. It is
required to evaluate the variation of the thrust of the arch with the magnitude of the
imposed settlement. Figure 2.5 gives the plot of the thrust of the arch versus the
magnitude of the imposed settlement.

Starting from the fixed springings condition, the thrust of the arch drops
immediately as soon as the settlement occurs and approaches the value of the
minimum thrust, about equal to 874 kg, corresponding to the reaching of the
mechanism state. Further, Fig. 2.6 shows the pressure lines developing in the arch
respectively at the initial state, with fixed springings, and just after the thrust drop.

The assuming the rigid in compression no tension model prevents to describe,
during the loading progress, the gradual development of cracking in the structure
before the reaching the settlement mechanism state. But this phase of working of
masonry structures should be meaningless, owing to the strong sensitivity of
masonry structures to the magnitude of the settlement, as shown by the arch
behavior of Fig. 2.5.

Fig. 2.4 Settlement deformation of the masonry arch

Fig. 2.5 Plot of the thrust of
the elastic no tension arch
versus the horizontal
settlement (private
communication by N. Zani,
Departm. of Constructions,
Univ. of Florence, Italy, July
2011)
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After the settling displacements have reached a certain level, the structure
effectively becomes a mechanism and can adjust by maintaining its internal stresses
constant. With reference to the example masonry arch in Fig. 2.4, which has
undergone a slight increase in span due to settling of its springers, according to
Heyman (1995), it can be seen that the arch is able to adapt itself to the settlement
by maintaining the stresses constant regardless of the degree of settling.

In studying the real equilibrium states of masonry structures, equivalent results
can thus be obtained by applying the rigid no-tension model. As will be shown in
the following, the minimum thrust states can provide the additional equations
needed to solve the problem. On the wake of this Heyman suggestion, the so called
equilibrium approach (Huerta 2001) can permit to tackle with great simplicity the
research of the actual set up of masonry structures. In the end, summing up all the
previous discussions, we will make reference in our analysis to the rigid no tension
Heyman model.

2.3 The Rigid No-Tension Model

2.3.1 The Heyman’s Assumptions

The constitutive assumptions originally formulated by Heyman (1966) are as
follows:

(i) masonry is incapable of withstanding tensions;
(ii) masonry has infinite compressive strength;
(iii) elastic strains are negligible;
(iv) slidings cannot occur because masonry has infinite shear strength;

The corresponding uniaxial stress–strain relation is shown in Fig. 2.7. The first
two of Heyman’s assumptions above involve stresses; the latter two, strains.

Fig. 2.6 Pressure lines in the elastic no tension arch at its initial state, with fixed springings, and
near the mechanism state, just after the thrust drop. (private communication by N. Zani, Departm.
of Constructions, Univ. of Florence, Italy, July 2011)
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2.3.2 The Unit Resistant Masonry Cell

The foregoing assumptions turn out to be very clear if we refer to the elementary
resistant cell of the masonry structure, represented by two idealized rigid masonry
bricks compressed one against the other by a more or less eccentric axial load and
possibly loaded by a shear force (Fig. 2.8).

The two rigid bricks of the unit resistant cell, of height h, cannot deform
internally, but they can detach from each other (Fig. 2.9). A crack occurs in the cell.

The overall stress state is determined by an axial force N applied at the section’s
centre, a moment M and a shear force T. Thus, the stress state acting on the unit cell
can be represented by the vector

R ¼
M
N
T

2
4

3
5 ð2:6Þ

σ

ε

Fig. 2.7 Uniaxial stress–strain relation of rigid no-tension masonry material

Fig. 2.8 The unit resistant masonry cell

Fig. 2.9 Admissible displacements of the unit cell blocks
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According to assumption (i), only compressive stresses are consistent. Thus, the
eccentricity of the axial load N

e ¼ M=N ð2:7Þ

must satisfy the inequalities

�h=2 � e � h=2 ð2:8Þ

Assumption (iv) prohibits sliding. Consequently, the shear force T will not be
bound by any restrictions. Using the reference system N, M, T, any point in this
space thus defines a possible loading condition. Since shear T is uninvolved in
defining the limit equilibrium between the two ideal bricks, we can consider the
projection R0 of R on the coordinate plane N, M, as shown in Fig. 2.10.

According to (2.8), the eccentric axial loading state, defined by the values of the
axial force N and moment M (and which we will continue to indicate as Σ for the
sake of simplicity), cannot extend beyond the two limit lines represented in the
plane (N, M) by the two straight lines OA and OB in Fig. 2.10.

M ¼ N
h
2

M ¼ �N
h
2

ð2:9Þ

The set of all consistent stress states in the space M, N, T is thus the region
between the two π planes orthogonal to plane T = 0 having intersections with the
two limit lines M = Nh/2 and M = −Nh/2. In particular, region Y of the consistent
stress states is the region in plane M, N delimited by angle OAB. Specifically, a
vector Σ placed along either line OA or line OB, represents an axial force with
eccentricity respectively equal to h/2 or −h/2, as shown in Fig. 2.11a, b. These
peculiar stress states are denoted as Rþ

o and R�
o , and are expressed as
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Fig. 2.10 The region Y of the
admissible stresses
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Any deformation of the unit resistant cell will be either zero or a detachment
strain and will be represented by the strain vector

E ¼
/
D
c

2
4

3
5 ð2:11Þ

whose components ϕ, Δ and γ are the elementary strains along which the force
components M, N and T respectively do work. No strains can occur until the
eccentric axial force reaches the upper or the lower edge of the brick cell section
(Fig. 2.11a or b).

In the case of Fig. 2.11a, the stress is Rþ
o , and the corresponding detachment

strain, the vector Ε+, is produced by the opening of the hinge situated at the upper
edge of the section; in the case of Fig. 2.11b, the strain E� corresponds to the stress
R�
o These strains are thus defined as
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Strains (2.12) are kinematically consistent. Stresses at the limit state (+), rep-
resented by the vector Rþ

o , do not perform work on the corresponding detachment
strain Ε+. Likewise, at the limit state (–), R�

o does no work on the strain E�

(Fig. 2.12).

o
+ o

−

(a) (b)

Fig. 2.11 Limit stress states. a, b Limit state

o
+

o
−

+E ΔE

0=

−E

(a) (b) (c)

Fig. 2.12 Stress states not producing or producing detachment strains in the cell
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In fact
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The detachment strain Ε+ is thus orthogonal to the limit line M = Nh/2, while
vector e� is orthogonal to the other limit line M = − Nh/2, as shown in Fig. 2.13.
Let us now consider a generic consistent state of stress Σ, that is, within the angular
region Y: the resistant cell cannot thus be opened, so the stress Σ cannot do any
positive work on any detachment strain Ε (Fig. 2.14a).Thus the following
inequality holds

R � E� 0; 8R 2 Y, ð2:14Þ

where

R � E ¼ 0; ð2:15Þ
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Fig. 2.13 Admissible stress states and detachment strains
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Fig. 2.14 The non-positive work of stresses on the cell strains
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iff R ¼ Rþ
o and E ¼ Eþ , or R ¼ R�

o and E ¼ E�, (Fig. 2.14b). In short, we have

R�
o � E� ¼ 0 ð2:16Þ

This last inequality represents the normality rule connecting the limit stress with
the associated strain vectors. Taking both conditions (2.14) and (2.16) into account,
we also have

ðR�
o � RÞ � E� � 0; 8R 2 Y ð2:17Þ

which shows that the vector

ðR�
o � RÞ

is directed outside region Y, as shown in Fig. 2.13. Inequality (2.17) means that the
angle between vectors ðR�

o � RÞ and Ε± cannot be larger than π/2.
It is worthwhile examining the case in which all the stresses acting on the cell are

equal to zero. In this case, the cell can deform with all its degrees of freedom, as
shown in Fig. 2.15. Any consistent deformation of the cell can be expressed by a
linear combination of the basic strain components shown in Fig. 2.15: the two
strains Ε+ and Ε− and the uniaxial extension ΕΔ. Vector Ε+, originating at the
vertex O of the angular region Y in Fig. 2.11, is orthogonal to the limit line
R ¼ Rþ

o ; likewise vector Ε− is orthogonal to the limit line R ¼ R�
o .

Finally, the uniaxial detachment strain, ΕΔ, is represented by a vector originating
at the vertex O and acting along the positive direction of the axis N(Δ) in Fig. 2.16.
The overall strain, obtained by the linear combination of all the three basic vectors
Ε+, Ε–, and ΕΔ, lies within the angular region OAB having its vertex at the origin O
and bounded by the lines OA and OB, respectively orthogonal to the limit lines
R ¼ Rþ

o and R ¼ R�
o .

+E ΔE

 = 0 0=

−E

0=

Fig. 2.15 Possible basic strains occurring on the unloaded cell
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2.3.3 Properties of the Rigid No Tension Material

2.3.3.1 Stability

Let us imagine that a consistent stress state ΣΑ is applied to the cell by the agent
(A) and that another agent, defined as (B), applies additional stresses ΣΒ to the cell,
so that the overall stress reaches the limit state R�

o and the detachment strain e� can
occur. The additional stress state ΣB applied by agent (B) can be expressed as
(Fig. 2.17)

RB¼ R�
o � RA ð2:18Þ

When the E� occurs, agent (B) does the work ðR�
o � RAÞ � E� (Fig. 2.17), which

according to (2.17) cannot be negative.
The unit masonry cell thus requires that agent (B) expends energy to produce

detachment strains. According to Drucker (1959), given the assumed constitutive
equation, the masonry material may be defined stable. However, the behavior of the
material would be quite different if, on the contrary, its constitutive equation were
based on friction.
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Fig. 2.16 Overall strain of
the unloaded cell as the sum
of all the basic strains Eþ , E�

and ED of the cell
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Fig. 2.17 Stresses applied by agent a and subsequent agent b to reach the limit state
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2.3.3.2 Elasticity

Despite the foregoing results, the difference between masonry behavior and plastic
behavior is significant. Even according to the rigid in compression no-tension
model, masonry exhibits a behavior that, due to the lack of internal dissipation, can
be considered nonlinear elastic. To illustrate, let us examine the unit resistant cell in
Fig. 2.18 under a constant axial load N applied by agent (A) and a sequence of
loading–unloading cycles of the additional moment M produced by agent (B).

During the first additional loading, due to an increase in moment M, the
eccentricity of the axial load N increases gradually and the moment reaches the limit
moment Mo, at which point a small detachment strain increment, Δϕ, ensues. Agent
(B) expends energy to produce this strain Δϕ. Then, in the return cycle, the
expended energy is once again restored to agent (B) and the diagram of moment M
—rotation Δϕ takes the form illustrated in Fig. 2.18. Though in many aspects
similar to plastic deformations, the occurrence of detachment strains does not
involve energy expense. This result highlights a difference between the response of
classical elastic-plastic, or rigid-plastic materials, and masonry materials. This
question will be taken up again in Chap. 8 by examining some aspects of the
dynamic behavior of some elementary masonry structures.

2.3.3.3 The Coulomb Definition of the Masonry Material

The first three previously cited Heyman assumptions, (i), (ii) and (iii), which define
the assumed masonry model, can be easily understood as soon as masonry’s low
tensile strength is taken into account. It is noteworthy, however, that assumption
(iv), at first sight very different from the first three, can also be considered as
following directly from them (Como and Grimaldi 1985). This can be corroborated
in the context of so-called Mohr-Coulomb materials. In fact, with reference to a
plane stress state, according to the Coulomb criterion (1773), the shear strength
along the plane under the compressive stress σ is (Fig. 2.19)

N
MM

M

N

Mo

Δ

(1)

(2)
Mo

(3)

(4)

(5)

(6)

M

Δ

-Mo

(7)

Fig. 2.18 Loading and
unloading cycles
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s ¼ cþ r � tg/ ð2:19Þ

where ϕ is the angle of the internal friction. According to the Coulomb criterion, the
ratio between uniaxial compressive and tensile stresses takes the form

rrc
rrt

¼ 1þ sin/
1� sin/

ð2:20Þ

By gradually reducing the ratio σrt/σrc, at the limit we obtain

rrc
rrt

! 1 ) 1þ sin/
1� sin/

! 1 ) / ! p
2
: ð2:21Þ

The two limit lines of the Coulomb criterion, which form angle ϕ with the
horizontal axis, become vertical when ϕ → π/2 and the Coulomb criterion overlaps
the criterion of maximum tensile stress (Fig. 2.19). The internal friction strength
becomes unbounded and the condition σ ≤ 0 satisfies assumptions (i) and (ii) above.

2.4 The Masonry Continuum

It can seem strange to use the model of “continuum” to describe the mechanical
behavior of a material having a discrete structure, composed by bricks or stones and
eventually by mortar beds.

This is indeed possible because essentials of the masonry behavior don’t require
to specify the internal composition of the material but only its unilateral response,
so conditioned by the dramatically lower strength in tension than in compression.
This can be made assuming the above discussed basic features of the masonry
behavior and the simple model of the material rigid in compression but without
tension strength.

φ

τ

σ

τ

σ

π/2

Fig. 2.19 The Coulomb failure criterion, which for ϕ → π/2 overlaps the failure criterion of zero
maximum tensile stress
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According to this no-tension model, a masonry body can be considered an
assemblage of rigid particles held together by the compressive stresses produced by
loads. The small size of the stones compared to the dimensions of the body enables
it to be considered a continuous body instead of a discrete system of many indi-
vidual particles. When the compression stresses that held stones together cancel out
in some regions of the masonry body, it can get deformed. Cracks can thus occur in
the masonry mass: they represent discontinuities or detachments of the displace-
ment fields describing the deformation of the body.

The above assumptions of the rigid in compression no-tension model can thus be
adopted for the masonry continuum in a more general form by means of suitable
conditions that we will go to look for (Como 1992). At the same time, the use of the
continuous medium immediately makes the powerful methods of calculus available
and able to describe the discontinuous mechanism displacements, due to cracks
formation. The study of the failure of masonry bodies due to the cracking devel-
opment can thus be made in a general form.

In the next sections the compatibility conditions on loads and stresses will be
established and then the compatibility conditions for displacements and strain fields.

Various kinds of mechanism displacements can be in fact defined for rigid in
compression no tension bodies. Figure 2.20 shows the mechanism displacement
due to relative rotations of the three parts in which an arch has been subdivided. In
this case no extension strains occur in the arch segments. Figure 2.21 shows the
case of the panel that suffers continuous extension strains producing an inner crack.

Fig. 2.20 Mechanism induced by rigid rotations of parts of the arch

Fig. 2.21 Mechanism induced by extension strains distributed over the upper zone of a panel

70 2 Fundamentals of Statics of Masonry Solids and Structures



2.4.1 Compatibility Conditions on Loads

Let us consider a masonry body occupying the region Ω, whose boundary is
denoted as ∂Ω, which we assume to be sufficiently regular (Fig. 2.22). The body is
loaded by mass and surface loadings ρ(Ω) and p. The loaded part of the body
surface ∂Ω is ∂Ωp. The surface region ∂Ωr is subjected to appropriate boundary
conditions. Furthermore, the line f indicates a crack. Unlike linear elastic bodies, for
masonry structures external loads and internal stresses must necessarily satisfy
some compatibility conditions, which are what we are now seeking to define.

For example, tensile forces cannot be applied on the boundary of a no-tension
masonry body. Indeed, the surface loads, p, must be exerted on the surface ∂Ωp, so
that at any point on surface ∂Ωp the following condition holds

pðPÞ � n� 0; 8P 2 @Xp ð2:22Þ

where n is the unit vector of the outward normal to ∂Ωp at point P.
Likewise, the reactions rðPÞ that take place along the boundary ∂Ωr will also act

on ∂Ωr, and we thus have

rðPÞ � n� 0; P 2 @Xr: ð2:23Þ

Inequalities (2.22) and (2.23) represent the compatibility conditions on the
surface loads p and reactions r. As consequence of condition (2.22), self-equili-
brated load distributions cannot be applied to the masonry body.

2.4.2 Compatibility Conditions on Stresses

Tensile stresses can never develop inside the masonry mass, hence

rðPÞ� 0: ð2:24Þ

p∂Ω

r∂Ω
Ω

f

p

n

Fig. 2.22 The masonry body
occupying the region Ω with
boundary ∂Ω
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Condition (2.24) establishes that at each point P of the body the largest of the
principal stresses must be either a compression or equal to zero. Condition (2.24),
which was originally formulated by Di Pasquale (1984), defines the domain Y of the
statically admissible stress tensors σ.

Let P be an arbitrary point inside the region Ω of the body, dS an oriented
surface element passing through P and having the unit vector n̂(P) on the outward
normal originating at P, and tðnÞðPÞ the associated tension vector representing the
force transmitted across the oriented surface element dS. Tensile interactions are not
admissible: for any normal n̂ of surface element dS (Fig. 2.23), the following
inequality thus holds

tðnÞðPÞ � n̂ðPÞ� 0 ð2:25Þ

Apart from restating the material’s incapacity to sustain tensile stresses, condi-
tion (2.25) also determines several important properties of the stress, which is the
topic of the next section.

2.4.3 First Consequence of the No-Tension Assumption

The main consequences of the assumption that masonry materials cannot withstand
any tension at all are:

(1) Masonry is incompatible with load scattering
(2) The internal resistant structures arising in the body depend on the geometry of

the applied loads

Let us consider a masonry wall loaded only on its inner band, as illustrated in
Fig. 2.24. It is immediately evident that no load scattering, or dispersion, occurs
inside the wall (Di Pasquale 1984). Let us section the wall along the line a–a and
consider the equilibrium of the corresponding side band of the wall bounded by the
line a–a and the corresponding external edge. By considering the vector stress

P

n

(n) 
t

Fig. 2.23 Vector stress on a generic plane without tensile components

72 2 Fundamentals of Statics of Masonry Solids and Structures



tn
a�aðPÞ and its component along the normal na–a to line a–a at each point on line

a–a, we get

Z
a�a

tn
a�aðPÞ � na�adS ¼ 0: ð2:26Þ

On the other hand, by accounting for the fact that along line a–a, the stress
vectors tn

a�aðPÞ must satisfy condition (2.25), from condition (2.26) we obtain

tðn
a�aÞðPÞ � n̂a�aðPÞ ¼ 0; ð2:260Þ

whence, if

tðn
a�aÞðPÞ 6¼ 0; ð2:27Þ

at each point P on the line a–a, a distribution of shear stresses could develop along
the edge a–a. This is however inadmissible, because a positive principal stress
could occur along the line a–a, which contrasts with (2.24). Consequently, the
stress states along a–a is null, that is

tðn
a�aÞðPÞ ¼ 0: ð2:270Þ

This also occurs along any section b–b transverse to the considered band, as well
as along any inclined section c–c in Fig. 2.20. The side bands of the considered
masonry are thus unloaded.

In Chap. 6 it will be shown that the lack of loads dispersion actually occurs in
masonry walls. This result does not imply that there cannot exist stress distributions
radiating from a point of a solid, related to the peculiar load distribution on the
surface of the body. The rightmost scheme in Fig. 2.24 shows such a case.

a

a

b b

c

c

Fig. 2.24 Resistant masonry band without load scattering
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Masonry channels the applied loads within its interior to its boundaries along
well-defined compression bands determined by the loads’ geometry. The loads
determine the resistant masonry structure within the actual masonry body:If the
loads change, the resistant masonry structure will consequently change. Viollet–Le
Duc (1854–1868) clearly grasped this peculiar behavior of masonry constructions.

The behavior of linear elastic bodies is completely different, in that such bodies,
to the contrary, spread out the action of point loads and, according to the so-called
St. Venant principle, ‘soften’ the actions of self-equilibrated load distributions.

2.4.4 Impenetrability Condition on the Displacement Fields

The strains and detachments that can occur in a masonry body are defined by
displacement fields

u Pð Þ; P 2 X; ð2:28Þ

called mechanisms, where Ω is the region occupied by the body of boundary ∂Ω,
which we assume to be sufficiently regular. These displacement functions must
satisfy suitable kinematic compatibility conditions, which we shall now examine.
Impenetrability between the rigid stones requires that the displacement function u
(P) cannot produce any contraction between points connected by segments entirely
contained within the body. Thus, if (P1, P2) is such a pair of points in Ω, and (Q1,
Q2) is the corresponding pair after the transformation

dðQ1;Q2Þ� dðP1;P2Þ ð2:29Þ

where d(Q1, Q2) denotes the distance of the segment connecting the points (Como
1992). According to these assumptions, no internal sliding can occur.
Consequently during the development of body deformation, cracks or detachments,
representing point discontinuities of the displacement function u(P), must represent
openings. In short, masonry material can only expand or be opened. Thus, the
relative displacement between a pair of points located across the line of the crack
will occur along the direction normal to the crack.

2.4.5 Compatibility Conditions on Strains and Detachments

Let us consider the line f of the crack and its two edges f − and f + (Fig. 2.25). We
choose a point P on f and the corresponding points P− on edge f − and P + on the
other edge f +, obtained by intersecting f −and f + with the line of the unit vector, for
instance n�, located along the outward normal to f − and passing through P−
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(Fig. 2.25). Cracks can open only along the direction of n�. We can thus define the
crack opening vector or the detachment vector as follows:

Dðn�ÞuðPÞ ¼ ½uðPþ Þ � uðP�Þ�n�; ð2:30Þ

whence we obtain

½uðPþ Þ � uðP�Þ� � n� ¼ uðPþ Þ � uðP�Þ[ 0; ð2:31Þ

where u(P+) and u(P−) are the scalar values of uðPþ Þ and uðP�Þ. Consequently, we
can define the scalar crack opening by means of the positive quantity

Dðn�ÞuðPÞ ¼ uðPþ Þ � uðP�Þ[ 0: ð2:32Þ

Inequality (2.32) is the first kinematic compatibility condition to be satisfied by
the mechanism displacement u(P) along the cracks (Como 1992).

Strains, expressed by mean derivatives of function u(P), can conversely develop
within those regions of the masonry body where the displacement function u(P) is
sufficiently regular. These strains can only involve expansions, and so at each point
of these regions we have the condition

eðPÞ� 0; ð2:33Þ

which signifies simply that the smallest of the principal strains cannot be negative.
The set of all strain tensors satisfying the inequality (2.33) is denoted by Y′. Lastly,
the presence of external constraints along boundary ∂Ω of the body requires further
restrictions to the displacement fields.

Let ∂Ωr be the part of the surface of the body where restraints are applied and
n be the outward normal at the any given point P of ∂Ωr. During deformation parts
of the body’s boundary can detach from the surface ∂Ωr, initially in contact with the
body. Thus, if n is the outward normal to ∂Ωr the following condition will hold
(Fig. 2.26)

f −

P+

f +

( )P+u( )P−u

[ ( ) ( )]P P+ −−u u
f

P− −n

Fig. 2.25 The opening of a crack
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uðPÞ � n� 0; 8P 2 @Xr: ð2:34Þ

Inequalities (2.32–2.34) represent the kinematic compatibility conditions
imposed on displacement functions u(P). In particular, inequalities (2.32) and
(2.33) must be satisfied on the sets of points defined by the displacement field
u(P) itself. Redefinition of the boundary and interior of the cracked masonry body
is required and will be addressed in the following.

2.4.6 The Boundary of the Cracked Body

Developing a general analysis of the equilibrium of masonry bodies is generally a
very difficult task due to the discontinuities present in the corresponding dis-
placement functions. Volpert and Hujiadev’s idea (1985) of including the set of all
discontinuity points of the function u(P) within the body’s boundary turns out to be
quite fruitful. First of all, the previous conditions on stress and strain and on stress
vectors and detachments. Following this suggestion and Como’s formulations
(1992), let us now consider, for any displacement field u(P) of the masonry body
satisfying all previous compatibility conditions, the set

CðuÞ ð2:35Þ

of all points of discontinuities, that is, the set of all cracks, each with its two edges.
This set is a new part of the boundary of the body, generated by the cracks
associated to mechanism u(P). Consequently, we can define, the region XðuÞ
lacking cracks associated to mechanism u(P), that is, the region

XðuÞ ¼ X=CðuÞ: ð2:36Þ

As per customary representations, the left-hand scheme in Fig. 2.27 shows the
boundary of the masonry body crossed by crack f; the right-hand scheme instead
shows the boundary @XðuÞ that includes the two edges of crack f. This latter shows
that we can cover the entire boundary @XðuÞ, for instance, by circling region XðuÞ
in the counter clockwise direction, that is, having region XðuÞ always on the left.
The kinematic compatibility conditions (2.32–2.34) can now be more thoroughly
specified. Thus, following (2.32) and (2.33), the following conditions hold

n

u

r∂Ω

Fig. 2.26 Unilateral boundary constraint of the masonry body
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Dðn�ÞuðPÞ ¼ uðPþ Þ � uðP�Þ[ 0 P 2 CðuÞ ð2:37Þ

eðPÞ� 0 P 2 XðuÞ: ð2:370Þ

The first is defined along the cracks, i.e. on the region CðuÞ and the second in the
region XðuÞ, free from cracks.

Let us consider now the stress vector along a crack, i.e. on the region CðuÞ at the
actual stress state of the cracked body.

Recalling the previous definition of crack orientation, let us reconsider line f of
the crack having two edges f− and f+ and the two points P− and, P+ located
respectively along the edges f+ and f−. The orientation of the crack is defined by the
unit vector n� of the outward normal to f− passing through P− (Fig. 2.28). The
actual tension vector

t
ðn�Þ
a ðP�Þ ð2:38Þ

p∂Ω

r∂Ω

p

Ω

f

p∂Ω

r
∂Ω

(   )Γ u

(   )Ω u  

p

Fig. 2.27 The boundary of the masonry body and the new boundary of the cracked body
corresponding to mechanism u

f −

−n
P−

P+

( ) ( )n P
− −t

f +
( ) ( )n P

+ +t
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f −

−nP−

P+

( ) ( )n
a P

− −t

f +

( ) ( )n
a P

− +t

+n

(a) (b)

Fig. 2.28 a Actual stress vector, not admissible unless null. b Generic stress vector acting on the
crack edge
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cannot thrust on the actual crack edge. Thus, we have

t
ðn�Þ
a ðP�Þ � n� ¼ 0; P� 2 f�: ð2:39Þ

Likewise, considering the opposite tension vector,

t
ðnþ Þ
a ðPþ Þ ð2:380Þ

applied at P + on the opposite edge f + of the crack, equal and opposite to t
ðn�Þ
a ðP�Þ,

such that

t
ðnþ Þ
a ðPþ Þ ¼ � t

ðn�Þ
a ðP�Þ; ð2:40Þ

will satisfy the condition

t
ðnþ Þ
a ðPþ Þ � nþ ¼ 0; P 2 f þ ð2:390Þ

Consequently, if not equal to zero, t
ðn�Þ
a ðP�Þ, will be orthogonal to n� to edge f −

and t
ðnþ Þ
a ðP �Þ will be orthogonal to the normal nþ to edge f +. But shearing stresses

cannot be exist along the crack edges f − and f +, as shown at Sect. 2.3.3.
Consequently, the stress vector is null along the crack edges and no stress trans-
mission occurs across the cracks at the actual state of the masonry body. Thus we
have

t
ðn�Þ
a ðP�Þ ¼ 0; P� 2 f� t

ðnþ Þ
a ðPþ Þ ¼ 0; P 2 f þ ð2:41Þ

Likewise, if we consider, in place of the actual tension vector acting along the

crack, any admissible tension vector t
ðn�Þ
a ðP �Þ applied at P −, or t

ðnþ Þ
a ðPþ Þ applied

at P +, we can write

t
ðn�Þ
a ðP�Þ � n� � 0; P� 2 f�t

ðnþ Þ
a ðPþ Þ � nþ � 0; Pþ 2 f þ : ð2:42Þ

2.4.7 Coupled Conditions on Stresses and Strains
and on Stress Vectors and Detachments

Within the region lacking cracks XðuÞ only purely stretching strains can occur.
These can effectively develop at each point P 2 XðuÞ and along a given direction
only if the actual stress component at P and along the same direction vanishes. In
brief, extensions can occur only in the directions along which the compressive
stress is zero. Thus, the following normality condition holds (Fig. 2.29)
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raðPÞ � eðPÞ ¼ 0 P 2 XðuÞ; ð2:43Þ

where raðPÞ is the actual stress and eðPÞ the actual strain at P. It is worth pointing
out that condition (2.43) extends to the continuum the simple, intuitive condition
(2.15) discussed for the unit resistant masonry cell.

Likewise, as consequence of (2.24) and (2.33), the generic admissible stress and
the generic admissible strain at a point P of region Ω(u) will be linked by the
following inequality

rðPÞ � eðPÞ� 0 P 2 XðuÞ 8r 2 Y ; 8e 2 Y 0: ð2:44Þ

Equivalent relations hold along the cracks. By coupling the conditions involving
generic admissible stress vectors and detachments, we can immediately establish
the following inequalities

t
ðn�Þ
a ðP�Þ � Dðn�ÞuðPÞ� 0; u 2 M; P 2 f � ð2:45Þ

or,

t
ðnþ Þ
a ðPþ Þ � Dðn�ÞuðPÞ� 0; u 2 M; P 2 f þ ; ð2:450Þ

which must be satisfied by any admissible stress vector tðnÞðPÞ and admissible
detachment Dðn�ÞðPÞu. Conditions (2.45) and (2.45′) show that the admissible stress
vectors, cannot never pull within the interior of the body.

2.4.8 Specifications for One-Dimensional Masonry Systems

The previous general definitions can be specified for the simple case of
one-dimensional structures, as, for instane, for a masonry arch.

Let us consider, for instance, the arch illustrated in Fig. 2.30, whose pressure
line, wholly within the arch, meets the arch extrados at points A and C and its
intrados at B and D. Hinges are thus formed at A, B, C and D. A mechanism
displacement ensues. The corresponding vertical displacements of the arch are

σ1

ε2

ε1

σ2

σ1

σ2

Fig. 2.29 Admissible stresses and strains in masonry material
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shown in Fig. 2.30. The mechanism is kinematically compatible. In fact, the counter
clockwise rotation at hinge A of segment AB detaches section A from the left
springing of the arch; likewise, the rotation of CD at D, also counter clockwise,
detaches section D from the right springing. Relative rotations at B and C occur
with the formation of opening hinges at B and C. Figure 2.31 shows a symmetric
mechanism composed of the four rigid segments AB, BC, CD and DE connected by
the five hinges A, B, C, D and E. The relative rotations occurring between con-
tiguous rigid segments give rise to compatible deformations.

Lastly, Fig. 2.32 shows two mechanisms, the left compatible, the right
incompatible.

2.4.9 Indeformable Masonry Structures

Due to their geometries and constraints some masonry structures cannot be
deformed to give rise to mechanisms: interpenetration of the material arises for any
hinge position. Examples of structures of this type are the flying buttress or the
platbands inserted between fixed springers (Fig. 2.33, left and middle). For such
structural systems, in short, we have

M ¼ [: ð2:46Þ

This condition is a consequence of the assumption of the compressionally rigid
material. Another example is the stair ramp shown at the left in Fig. 2.33.

A
B

C

D

Fig. 2.30 The pressure line
of the arch

A
B

C

D
E

A

Fig. 2.31 Symmetric
five-hinge mechanism in an
arch

80 2 Fundamentals of Statics of Masonry Solids and Structures



2.5 Equilibrium and Compatibility

2.5.1 Principle of Virtual Work

Let us consider a masonry body under the action of the loads p at an admissible
equilibrium state. Let δu(P) ∊ M be a mechanism field, representing a kinematically
admissible virtual displacement of the body. Cracks will arise during the devel-
opment of the virtual mechanism δu(P) and CðduÞ will be the region representing
the cracks’ boundaries. Consequently,

XðduÞ ¼ X=CðduÞ ð2:47Þ

is the corresponding region occupied by the crack-free body. The new boundary of
the body associated to the virtual displacement δu is then obtained by adding to the
initial boundary ∂Ω the crack boundaries, that is,

@XðduÞ ¼ @X[CðduÞ: ð2:48Þ

Fig. 2.32 Compatible mech. Incompatible mech

Fig. 2.33 Examples of no mechanisms masonry structures
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The virtual displacement δu satisfies the above kinematic compatibility condi-
tions along the discontinuities’ surfaces CðduÞ and we thus have

Dðn�ÞduðPÞ ¼ duðPþ Þ � duðP�Þ[ 0 P 2 CðduÞ: ð2:49Þ

Moreover, in the inner crack-free region XðduÞ, the corresponding strains, in
conformity with (2.33), will satisfy the following inequality

deðPÞ� 0; de ¼ DduðPÞ; P 2 XðduÞ; ð2:50Þ

where D is the known operator that associates the strains δε to the displacement
δu in XðduÞ. Finally, according to conditions (2.34), on the boundary ∂Ωr we have

duðPÞ � n� 0; P 2 @Xr ð2:51Þ

The virtual mechanism δu will satisfy the kinematic compatibility conditions
(2.49–2.51). Likewise, we can define the static compatibility conditions for the
admissible stresses in equilibrium with loads p. Thus, from (2.44) we have

rðPÞ � deðPÞ� 0; deðPÞ ¼ DduðPÞ; P 2 XðduÞ; du 2 M: ð2:52Þ

At the same time, considering the two points P− and P+ located along the
direction of the outward normal to a virtual crack, where the jump Dðn�ÞuðP�Þ of δu
(P) occurs, from (2.45) we have

tðn
þ ÞðPþ Þ � Dðn�ÞðP�Þdu� 0; du 2 M; P 2 f þ : ð2:53Þ

Lastly, the reaction r, acting along ∂Ωr will satisfy the condition

rðPÞ � duðPÞ� 0; P 2 @Xr: ð2:54Þ

Inequalities (2.52–2.54) are the coupled compatibility conditions associated to
the virtual mechanism δu(P). These conditions, together with the internal equilib-
rium equations, define the admissible equilibrium state of the masonry solid, which,
for the sake of simplicity, we will indicate as AE.

The equilibrium of the body is governed by the principle of the so called virtual
works or of the virtual displacements. This principle will take a particular form that
is representative of the compressionally rigid no-tension bodies that will be ana-
lyzed along the lines previously set forth by Como (1992, 2012). At any point
P within the region XðduÞ, the stress field σ will satisfy inequality (2.52) together
with the following internal equilibrium equation

rij;j þ qi ¼ 0: ð2:55Þ

Now let dV be a generic volume element around P in XðduÞ. The virtual work
done to displace this element is
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ðrij;j þ qiÞduidV : ð2:56Þ

According to the equilibrium Eq. (2.55), this work vanishes. Integration of
(2.56) over the volume XðduÞ thus yields

Z
XðduÞ

ðrij;j þ qiÞduidV ¼ 0: ð2:57Þ

From (2.57), the Gauss–Green theorem, together with some tensor calculations
and previous specifications, enables us to obtain

Z
XðduÞ

rij;jdeijdV ¼
Z

@XðduÞ

tðnÞi duidS þ
Z

XðduÞ

qiduidV ; ð2:58Þ

where n is the unit vector along the outward normal to the crack surface.
Figure 2.34a shows a masonry arch in an admissible equilibrium state under the

action of loads p and internal stress σ. Figure 2.34b also shows the displacement
field δu with hinges A, B, C and D, together with the corresponding internal cracks
BB’ and CC’. Figure 2.34a, b also show:

– the cracks’ boundaries CðduÞ;
– the region XðduÞ ¼ X=CðduÞ lacking cracks;
– the overall boundary of the body, including the crack boundaries

@XðduÞ ¼ @X[CðduÞ.
The entire boundary can also be specified by the union of the boundaries CðduÞ,

∂Ωr and ∂Ωp

@XðduÞ ¼ CðduÞ [ @Xr [ @Xp: ð2:59Þ

A

C D

B

( )δΓ u

( )Ω u
Ω ∂Ω

f

(a) (b)

Fig. 2.34 The boundary of the crack-free arch and the new boundary including the cracks
associated to virtual mechanism δu
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The internal work (2.58) can now be written in a more explicit form. In fact,
according to (2.59), we have

Z
XðduÞ

rij;jdeijdV ¼
Z

CðduÞ

tðnÞi duidS þ
Z
@Xr

rðnÞi duidSþ
Z
@Xp

pðnÞi duidSþ
Z

XðduÞ

qiduidV :

ð2:60Þ

To work out the first integral in the second member of (2.60), by moving around

the whole contour of the body, the virtual work of the interactions tðnÞi can be
evaluated along each of the two edges of the cracks (Fig. 2.34b). For the sake of
simplicity, we can refer to a single crack alone and write

CðduÞ ¼ C1ðduÞ [C2ðduÞ; ð2:61Þ

where C1ðduÞ and C2ðduÞ are the two equal surfaces representing the two edges of
the crack. Evaluating the first integral in the second member of (2.60) thus gives

Z
CðduÞ

tðnÞi duidS ¼
Z

C1ðduÞ

tðn
�Þ

i duiðP�ÞdS þ
Z

C2ðduÞ

tðn
þ Þ

i duiðPþ ÞdS: ð2:62Þ

On the other hand, using expression (2.32) for the crack opening Dðn�ÞuðPÞ, we
have

duiðP�Þ ¼ duiðPþ Þ � Dðn�ÞduiðPÞ; ð2:63Þ

Substituting (2.63) into (2.62) gives

Z
CðduÞ

tðnÞi duidS ¼
Z

C1ðduÞ

tðn
�Þ

i duiðPþ ÞdS

�
Z

C1ðduÞ

tðn
�Þ

i Dðn�ÞduiðPÞdSþ
Z

C2ðduÞ

tðn
þ Þ

i duiðPþ ÞdS: ð2:620Þ

Furthermore, by taking into account that

tðn
�Þ

i ¼ � tðn
þ Þ

i ; ð2:64Þ
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we get

Z
CðduÞ

tðnÞi duidS ¼ �
Z

C1ðduÞ

tðn
þ Þ

i duiðPþ ÞdS

�
Z

C2ðduÞ

tðn
�Þ

i Dðn�ÞduiðPÞdSþ
Z

C2ðduÞ

tðn
þ Þ

i duiðPþ ÞdS: ð2:620Þ

On the other hand,

Z
C1ðduÞ

tðn
þ Þ

i duiðPþ ÞdS ¼
Z

C2ðduÞ

tðn
þ Þ

i duiðPþ ÞdS: ð2:65Þ

In fact, the integral is evaluated on the same surface because C1ðduÞ and C2ðduÞ
are equal, hence

Z
CðduÞ

tðnÞi duidS ¼ �
Z

C2ðduÞ

tðn
�Þ

i Dðn�Þdui ð2:66Þ

or

Z
CðduÞ

tðnÞi duidS ¼
Z

C1ðduÞ

tðn
þ Þ

i Dðn�ÞduidS ð2:660Þ

Finally, summing up the work along all the crack surfaces, we get

Z
XðduÞ

rij;jdeijdV ¼
X
k

Z
C1
k ðduÞ

tðn
þ Þ

i Dðn�ÞduidSþ
Z
@Xr

rðnÞi duidSþ
Z
@Xp

pðnÞi duidSþ
Z

XðduÞ

qiduidV :

ð2:67Þ

With the following definitions

ftðnþ Þ;Dðn�Þdug ¼
X
k

Z

C1
k ðduÞ

tðn
þ Þ

i Dðn�ÞduidS; hr; dui ¼
Z
@Xr

rðnÞi duidS; ð2:68Þ

hp; dui ¼
Z
@Xp

pðnÞi duidSþ
Z

XðduÞ

qiduidV ; hr; dei ¼
Z

XðduÞ

rij;jdeijdV ; ð2:680Þ
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condition (2.67) becomes

hr; dei ¼ ftðnþ Þ;Dðn�Þdugþ hr; duiþ hp; dui 8du 2 M: ð2:69Þ

Moreover, inequalities (2.52), (2.53) and (2.54) can be expressed as

hr; dei � 0 ftðnþ Þ;Dðn�Þdug� 0 hr; dui � 0: ð2:70Þ

Vice versa, working back step by step from Eq. (2.69), we arrive at Eq. (2.55), of
course, in obedience of all compatibility conditions.

Thus, conditions (2.69) and (2.70) are necessary and sufficient for the admissible
equilibrium and provide a suitable representation for the principle of virtual work
for rigid no-tension masonry bodies (Como 1992). Comparing the current formu-
lation of the same principle for linear elastic solids with this one concerning
no-tension bodies, the difference is that here the work of the tension vectors of the
virtual detachments Δδu must be added, as must also the associated compatibility
conditions (2.70). Figure 2.41 shows the two systems, of forces and deformations,
respectively statically and kinematically compatible, connected together by con-
dition (2.69), representing the principle of virtual works.

2.5.2 Variational Inequality for the Existence
of the Admissible Equilibrium State

A correctly constrained linear elastic structure is always able to reach a consistent,
equilibrated configuration. In brief, the problem of the linear elastic equilibrium
admits a solution for any loads distribution. However, for no-tension masonry
structures this no longer holds true. Masonry structures can, on the contrary, col-
lapse under loading p. It is therefore useful to seek conditions, involving only
known quantities, that enable predicting whether any given body made of a rigid
no-tension material can withstand the action of the assigned loads. Although
conditions (2.69) and (2.70) are necessary and sufficient to guarantee the existence
of admissible equilibrium, they must be satisfied by both the loads and the internal
stresses. However, these latter may be a priori unknown.

In this section we shall prove that the variational inequality on loads p alone

hp; dui � 0; 8 du 2 M ð2:71Þ

is necessary and sufficient to guarantee the existence of the AE state.
It should be noted that the mechanisms δu represent the various deformation

modes of the body. Inequality (2.71) thus simply means that the body is in an AE
state under loads p iff the work of these loads p is not positive along any possible
deformation of the body.
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Necessity follows immediately from (2.69) and (2.70). In the context of elastic
no-tension models, proofs of the sufficiency of condition (2.71) have been furnished
by Romano and Romano (1985) and Romano and Sacco (1986). Another simple
proof, in the framework of the rigid no-tension model, has been given by Como
(1992). The main lines of this latter proof are the following.

If the variational inequality (2.71) was only necessary, but insufficient, it could
be also satisfied by loads p unsustainable by the body in the AE state. Such a
situation is however impossible. It will in fact be shown that any load p that is
unsustainable by the body in an AE state and that consequently sets the body in
motion (Fig. 2.35), does positive work on displacement v along which the body
begins to move. This contradiction with the assumption proves the statement.

Let us therefore assume, ad absurdum, that, in spite of condition (2.71), the body
is not in an AE state under loads p, and let us then consider the motion defined by
the velocity field v(P, t) initiated just after application of the loads. A simple
example is represented by the collapse of an arch loaded by its weight and a central
point load, as in Fig. 2.36. The body will begin to move. At any instant during the
motion, the stress field σ will satisfy the internal constraints, i.e., condition (2.24),
and the normality rule (2.43). Thus,

rðP; tÞ� 0; rðP; tÞ �_eðP; tÞ ¼ 0; P 2 XðvÞ; 8 t� 0: ð2:72Þ

By applying the virtual work equation in which we take, as virtual displacement
δu, the actual displacement occurring during movement of the body over time
interval dt, we have

Δ(n)δu δu

δε
σ

p
ρ

t(n)

Fig. 2.35 The two systems, forces and deformations, respectively statically and kinematically
compatible, connected by the virtual work equation

Fig. 2.36 The masonry arch
at incipient failure
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du ¼ vðP; tÞdt: ð2:73Þ

Thus, with

de ¼_eðP; tÞdt; DðnÞdu ¼ DðnÞvðP; tÞdt ð2:730Þ

where _e ¼ de=dt and taking into account the inertial forces produced in the body
due to acceleration _v, we obtain

hr; _ei ¼ ftðnþ Þ;Dðn�Þvgþ hr; viþ hp; vi � hq _v; vi; t[ 0: ð2:74Þ

Thus, during the motion we have, with the previous notation,

hrðPÞ; _ei ¼ 0; ftðnþ Þ;Dðn�Þvg ¼ 0 hr; vi ¼ 0: ð2:75Þ

The first of conditions (2.75) follows from the second of (2.72). Regarding the
second condition, note that when cracks begin to open, the stress interaction tðn

þ Þ

vanishes since Dðn�Þv 6¼ 0 along them.
Likewise, if during the motion, the body is displaced away from the constraint

boundary ∂Ωr, there v 6¼ 0 and consequently r = 0, and the last condition in (2.75)
also holds. Thus, condition (2.74) becomes

hp; vi � hq _v; vi ¼ 0; t[ 0: ð2:76Þ

The kinetic energy of the body is

T ¼ 1=2hqv; vi ð2:77Þ

and its rate of change is

dT
dt

¼ hq _v; vi: ð2:78Þ

Equation (2.76) thus becomes

hp; vi ¼ dT
dt

; t[ 0: ð2:79Þ

However, when the body begins to move the derivative dT/dt of the kinetic
energy can only be positive. Thus, if loads p are applied and cannot be sustained,
the body begins to move and the work done by loads p along the displacement of
this motion is positive. Such a result contradicts assumption (2.71), whence we can
conclude that if hp; dui � 0; 8du 2 M, the body is in an AE state.
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2.5.3 No-Existence of Self-Equilibrated Stress Fields
in Deformable Structures

Within the framework of no-tension models, another typical aspect of the behavior
of masonry bodies that can be deformed with mechanisms, is their inability to
sustain self-equilibrated stresses. Likewise, the reactions of constraints vanish in the
absence of external loads.

The proof of this property follows immediately from application of the principle
of virtual work (2.69), together with compatibility conditions (2.70). In fact, with
vanishing loads, the following conditions hold

hr; dei ¼ ftðnþ Þ;Dðn�Þdugþ hr; dui 8du 2 M; ð2:690Þ

hr; dei � 0 ftðnþ Þ;Dðn�Þdug� 0 hr; dui� 0 8du 2 M: ð2:700Þ

Both conditions (2.69′) and (2.70′) can be satisfied, 8du 2 M, only if

hr; dei ¼ 0ftðnþ Þ;Dðn�Þdug ¼ 0 hr; dui¼0: ð2:80Þ

We can now assume that any straight segment S leaving from any point of the
constrained boundary ∂Ωr intersects the opposite side of the body only at points of
its free boundary, as certainly it turns out for all the structures rising from the
ground (Fig. 2.37). Extensions can thus develop along the segments S.

For any point P along S. It will be thus possible to choose a mechanism δu such
that in a neighborhood I(P) of P the strains ε(δu) along S will be positive.
Consequently, by virtue of (2.80), r � 0 in I(P). We can repeat the argument for
any other point on S so that r � 0 along all the segment S. All the points in the
body can be intercepted by segments S and r � 0 in the whole body. The same
results is obtained considering the occurrence of detachments.

In conclusion, taking into account that conditions (2.80) must be satisfied for
each mechanism du, we get

r � 0; tðnÞ � 0; r � 0: ð2:81Þ

in the unloaded masonry structure. Thus, self-stresses and reactions vanish in
unloaded masonry structures that can be deformed through mechanisms. Deformable
masonry structures can thus be considered statically determinate systems.

P
r r

Fig. 2.37 Deformable systems: no self-equilibrated stresses and constraint reactions
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2.5.4 Indeformable Structures: Statically Indeterminate
Behaviour

For indeformable masonry systems the set M of the kinematically admissible
mechanisms is empty. Self-equilibrated stresses do exist in indeformable masonry
systems. In such cases, conditions (2.80) are in fact satisfied by

de � 0 Dðn�Þdu � 0 du � 0; ð2:82Þ

which, by virtue of (2.80), yields

r 6¼ 0 tðnÞ 6¼ 0 r 6¼ 0: ð2:83Þ

Figure 2.37 shows some examples of self-stresses acting in indeformable
masonry systems. Note that such a state requires the presence of fixed constraints.

The existence of constraint reactions in absence of external loads allows to better
define the indeformable structures. For these systems it is in fact possible, starting
from a point of the laterally constrained sections, to trace at least one straight line
wholly contained within the structure (Fig. 2.38). The flying buttress, sketched in
left of Fig. 2.35, is one example of such an indeformable system.

2.5.5 Admissible Equilibrium in One-Dimensional Systems

All the foregoing conditions governing the admissible equilibrium of masonry
bodies take simpler forms when referred to a one-dimensional structure.

Let us consider the masonry arch shown in Fig. 2.39. It is in an AE state under
the action of loads p. Figure 2.38 shows the pressure line in the arch as the curve
joining all points traversed in each section of the arch by the resultant of all the
forces preceding or following the section.

The internal stresses, σ, are all compressive in each section of the arch. In
one-dimensional systems potential stretching strains of the voussoirs lead to dis-
placements negligible with respect to those produced by the relative rotations at the

Fig. 2.38 Indeformable systems: existence of self-equilibrated stresses and reactions
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hinges. In defining the corresponding mechanisms, it is thus possible to consider
only detachments Dðn�Þu arising in the voussoirs, where hinges develop, and
consequently neglect any strains, ε, that may spread into the voussoirs, occupying
the region, XðuÞ, defined above.

We can also assume that the external constraints are fixed. Hence, neither the
work of reactions, r, nor the work of stresses, σ on the strains, ε, will appear in the
virtual work equation. With these restrictions, this equation takes the simpler form

ftðnþ Þ;Dðn�Þdugþ hp; dui ¼ 0 8du 2 M; ð2:690Þ

associated to the admissibility condition

ftðnþ Þ;Dðn�Þdug� 0: ð2:700Þ

Recalling previous definitions, note that the symbol in parentheses is the sum of
the product of the stress vectors by the corresponding virtual detachments.

The forces acting on the side sections of a small voussoir of the arch are equal
and opposite to the resultant of the stress vectors, tðn

þ Þ and tðn
�Þ, acting on the

sections of the arch facing the side sections of the voussoir.
They can be expressed in terms of the components N, M and T of the resultant

vector, Σ (Fig. 2.40). Consequently, if, according to (2.45′), the work of tðn
þ ÞðPþ Þ

on the detachment Dðn�Þdu is non-negative, the work of the equal and opposite
actions on the detachments themselves will be non-positive (Fig. 2.41).

σ

Fig. 2.39 The arch in a statically admissible equilibrium state: the pressure line is wholly
contained within the arch

P-

P+

( )n Pt ( )n Pt

σ

++
− −

Fig. 2.40 Internal actions
and reactions inside the
masonry arch
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The resultant of forces tðn
þ Þ or tðn

�Þ acting on the transverse sections delimiting
the crack, where a hinge is formed, can be decomposed into the components of the
axial force, N, the bending moment,M, and the shear, T, of the resultant vector Σ, as
defined by (2.6). At the same time, the detachments, Dðn�Þdu, can, in turn, be
expressed in terms of the virtual deformation vector, δ Ε, whose components are the
axial displacement, δΔ, and the relative rotation, δϕ, defined according to (2.11). In
brief, for the sake of simplicity, we can write

ftðnþ Þ;Dðn�Þdug ¼ �hR; dEi; ð2:84Þ

and the equation of virtual work (2.69′) becomes

hp; dui ¼ hR; dEi 8du 2 M; ð2:690Þ

and the admissibility condition on the stresses, finding (2.14), is

hR; dEi � 0: ð2:140Þ

The virtual work Eq. (2.80) thus takes the typical form expressing the equality
between internal and external virtual work (Fig. 2.42).

Σ ( )+nt

δΕ ( )δ−Δ n u

Fig. 2.41 The opposite in sign works of stresses σ and of the stress vectors t(n+)

A

B
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D

E

A

B D

E

C
p

δΕ

δu

Σ

(a) (b)

Fig. 2.42 a System of external and internal forces. b System of virtual displacements and strains
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2.5.6 Admissible Equilibrium of Elastic No Tension
One-Dimensional Systems

Condition (2.88), with its associated compatibility conditions, can be generalized to
the case of structures with elastic ashlars free to detach each other (Fig. 2.43).

The virtual strain field can be decomposed into the compressive elastic and the
extensive anelastic share

EðduÞ ¼ EeðduÞþEf ðduÞ 8du 2 M ð2:85Þ

where,

EeðduÞ� 0; Ef ðduÞ� 0 8du 2 M ð2:86Þ

Condition (2.69′) thus becomes

hp; dui ¼ hR;Ef ðduÞiþ hR;EeðduÞi 8du 2 M ð2:690Þ

with

hR;EeðduÞi � 0 hR;Ef ðduÞi � 0 8du 2 M ð2:860Þ

At the same section at least one of strains εe(δu) and εf (δu) is zero. Thus

Ef ðduðPÞÞ � EeðduðPÞÞ ¼ 0 8du 2 M ð2:87Þ

Using the same argument of Sect. 2.5.3 we can affirm that self stresses cannot
develop in the elastic no tension systems, as for the rigid no tension ones.

2.5.7 Weight and Live Loads

Loads acting on a structure can be subdivided into two broad categories having
different characteristics. On the one hand, there are the so-called dead loads or
weight loads g, which are permanent and generally quite large, and on the other,

(a) (b) (c)

Fig. 2.43 a Admissible Σ. b admissible Εε. c admissible Εf
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live loads, p, which can be considered to be determined by the loading parameter λ.
Thus, we can write

p ¼ gþ kq: ð2:88Þ

As a rule, the weight, g, represents the resistant load for a masonry structure.
Consequently, recalling condition (2.71), the structure will certainly be safe under
the action of its own weight g, and the following condition will be satisfied

hg; vi \ 0; 8v 2 M; ð2:710Þ

or

hg; vi \� k, k [ 0, 8v 2 M: ð2:7100Þ

The weight will always oppose any deformation of the masonry structure. For
instance, with reference to Fig. 2.43, conditions (2.71′) or (2.71″) imply that the
pressure line, corresponding to the weight g, will always be contained within the
arch. In particular, condition (2.71″) dictates that the pressure curve can never touch
the arch extrados or intrados, at any section, as shown in Fig. 2.44.

In the case of the arch illustrated in Fig. 2.44, the weight g, evaluated per unit
length on the horizontal projection, is symmetrical and increases from the key to the
springers. All kinematically admissible mechanisms develop vertical displacements
in which lifting is dominant. It is thereby clear why arch equilibrium is as a rule
strictly admissible under their own weight alone, unless, of course, the arch is too
slender. Live loads, q, can exert a pushing action along mechanisms. Thus, for any
assigned distribution of live loads q, it is admissible that at least one mechanism
exist along which load q will do positive work.

The contribution to resistance of the weight g come by virtue of the structure’s
geometry. Masonry structures must be designed so that the mechanisms produce
vertical displacements in which lifting is always dominant, thereby satisfying
condition (2.87) for any mechanism. It is the geometry alone that ensures that the
structure’s weight counters the emergence of any mechanisms.

σ

g

Fig. 2.44 Pressure line strictly contained within the arch
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2.5.8 Mechanism States

The previous Fig. 2.41 shows the sketch of a masonry arch in equilibrium under
loads p and having its pressure line wholly contained within its thickness. In this
state internal stresses oppose any deformation of the arch. It is however possible
that a structure in admissible equilibrium under loads p be freely deformed by a
given mechanism displacement um, defined by an arbitrary constant. In such a state,
instead, the internal stresses and constraint reactions do not counter the emergence
of the mechanism. Such a masonry structure is said to be in a mechanism state
defined by the displacement um. The mechanism, which implies the occurrence of a
small movement of the structure while the admissible equilibrium is maintained,
has arbitrary magnitude.

More precisely, the mechanism state, defined by the displacement field um, is
considered to be effectively activated in any body in admissible equilibrium under
the loads p when the following conditions are simultaneously satisfied:

– equilibrium between loads p and internal stresses σ

hr; dei ¼ ftðnþ Þ;Dðn�Þdugþ hr; duiþ hp; dui 8du 2 M; ð2:89Þ

– admissibility of the internal stress state

hr; dei � 0 ftðnþ Þ;Dðn�Þdug� 0 hr; dui � 0; ð2:90Þ

– lack of opposition by the internal stresses to activation of the mechanism dis-
placement um

ftðnþ ÞðPþ Þ;Dðn�ÞumðP�Þg ¼ 0; Pþ ;P� 2 CðumÞ
hrðPÞ; eðumðPÞÞi ¼ 0; P 2 XðumÞ;

hrðPÞ; umðPÞi ¼ 0; P 2 @Xr:

ð2:91Þ

Conditions (2.89), (2.90) and (2.91) are not altered if the mechanism displace-
ment um is affected by a constant factor: the displacement um, which is small with
respect to the structure’s dimensions, thus has indefinite amplitude.

One consequence of conditions (2.91) is that the external loads p also offer no
opposition to the development of the mechanism displacement um. In fact, setting
du ¼ um, conditions (2.89) and (2.91) yield

hp; umi¼ 0 ð2:92Þ
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A mechanism state occurs in masonry structures under various peculiar equi-
librium conditions, for example, just at the limit equilibrium attained upon collapse,
or due to settling, as shown schematically in the two sketches in Figs. 2.43 and
2.44. Figure 2.45 shows the state of a masonry pier loaded by a central vertical
force N and a horizontal one,

S ¼ NB=2H: ð2:93Þ

The value of S has been chosen so that the resultant of N and S passes precisely
through the toe O. The internal forces are due to axial force N and shear S: at the
base section their resultant passes through the toe O. The mechanism vc is repre-
sented by the counterclockwise rotation of the pier around the hinge at O. No
detachment strain occurs at any section of the panel except at its base: here the
resultant of the stresses passes exactly through hinge O. The mechanism condition
(2.92) is thus satisfied.. The pier is at a mechanism state under loads N and S and
can rotate in the counterclockwise direction around hinge O.

The case shown in Fig. 2.46 shows another example of a mechanism state
differing from the previous condition of limit equilibrium. A slight increase in the
span of an arch has been caused by settling of its foundation.

θ

S
N

H

B

O

Fig. 2.45 Pier failure under
force S

Fig. 2.46 The settled arch
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The arch, now free at its springings, is loaded by the forces g and the thrust
μr. The pressure line of the arch, without ever leaving the interior of the arch
thickness, passes through the hinges indicated in the figure. The arch is thus in a
mechanism state. The extension of the span of the arch can increase arbitrarily
under the action of the constant loads q and the constant thrust μr.

2.6 Collapse State

2.6.1 Definitions

Let us now consider a masonry structure under a loading path p(λ), with λ the
loading parameter. According to (2.86), we assume that the loads p(λ) are made up
of the resistant component g, i.e. the dead loads, and the pushing forces λq. We
moreover assume that by increasing λ, the structure, initially in a safe AE state, will
pass through a sequence of safe admissible equilibrium states, in the sense that
condition (2.71) will always be satisfied in the strict form:

hgþ kq; dui \0; k[ 0; 8du 2 M: ð2:94Þ

Lastly, we assume that at some point during the loading process, when λ attains a
critical value λc, the structure will reach a mechanism state defined by the mech-
anism uc. It is moreover admissible for the live loads, q, to push along uc, or in
other terms that

hq; uci [ 0: ð2:95Þ

Consequently, at λ = λc, condition (2.94) continues to be satisfied along all
mechanisms other than uc, so that

hgþ kcq; dui \0; kc [ 0; 8du 6¼ uc 2 M; ð2:96Þ

while, on the contrary, the work done by the forces p ¼ gþ kcq vanishes along the
mechanism uc, which is to say

hgþ kcq; uci ¼ 0; kc [ 0; uc 2 M: ð2:97Þ

Thus, as soon as the loading parameter λ is further increased beyond λc, by
accounting for (2.95), we have

ð d
dk

hpðkÞ; uciÞkc ¼ hq; uci [ 0: ð2:98Þ

Accordingly, condition (2.71), necessary and sufficient for the existence of an
admissible equilibrium state, is violated and the structure collapses. At this collapse
state an exchange occurs from conditions of existence to those of non-existence of
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an admissible equilibrium state. Condition (2.95) evidences the presence of a
pushing action by live loads, q along displacement uc, the failure mechanism.

The development of this displacement can be represented by a sequence kuc of
mechanisms of increasing amplitude. Collapse thus occurs under constant loads,
because by gradually increasing the constant k > 0, we consistently have

hg; kuciþ kchq; kuci ¼ 0; kuc 2 M; k[ 0 ð2:970Þ
for any amplitude of mechanism kuc. Constant loads also imply constant stresses.
The failure mechanism thus develops under frozen loads and stresses. There is no
energy dissipation at collapse. Nevertheless, the masonry structure is able to
maintain its limit strength during the development of the failure mechanism, as
occurs for a steel bar upon yielding.

Despite the lack of dissipation, the behavior at collapse of masonry structures is
similar to that of ductile steel structures, as predicted by Limit Analysis.

The possibility of reaching collapse during a loading process represents the most
relevant aspect of the behavior of masonry structures: for such structures, weight
and geometry are the only strength resources countering failure.

Summing up all the foregoing general assumptions, it can be stated that a
collapse state under loads g + λcq, is attained when the following four conditions
are satisfied simultaneously:

(1) equilibrium under loads g + λcq and stresses σc.
Consequently, the virtual work equation holds

hrcðPÞ; eðduÞi ¼ hg; duiþ kchq; dui; 8du 2 M; ð2:99Þ

(2) compatibility of internal stresses σc

hrcðPÞ; eðduÞi � 0; ð2:100Þ
(3) existence of a mechanism state uc under loadings g + λcq:

9uc 2 M : hrc; eðucÞi ¼ 0; ð2:101Þ
(4) positive work performed by live loads q along mechanism uc:

hq;uci[ 0: ð2:102Þ
In the following, we will prove the static and the kinematic theorems of Limit

Analysis in their specific form for masonry structures. The earliest proofs of the
validity of Limit Analysis to masonry structures dates back to Kooharian (1954),
Prager (1959) and Heyman (1966).

The proofs described in the next sections follow the lines of reasoning formu-
lated by Como (1992, 1996a, b). A number of different checks of the theorems have
been provided within the no-tension framework by others, such as for example,
Sinopoli et al. (1998).
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2.6.2 The Static Theorem

Let us consider a masonry structure loaded by fixed dead loads g and the additional
live load k�q, with λ− the multiplier of loads q. A given known stress distribution
r� is in an admissible equilibrium with the assigned loads. The statement of the
theorem is thus the following:

The loads g + k�q are not greater that the collapse loads if admissible equi-
librium exists between the loads gþ k�q and the internal stresses r�ðPÞ

The assumptions underlying the theorem are:

• equilibrium between g + k�q and r�ðPÞ:

hr�ðPÞ; eðduÞi¼hg; dui þ k�hq; dui 8du 2 M ð2:103Þ

• static compatibility of stresses r�ðPÞ:

hr�ðPÞ; eðduÞi � 0; 8du 2 M: ð2:104Þ

Together, assumptions (2.103) and (2.104) yield:

k� � kc: ð2:105Þ

The proof of the theorem starts by considering that at collapse, under loads

gþ kcq;

the following condition will be satisfied

hrcðPÞ; eðucÞi ¼ hg; uciþ kchq; uci: ð2:106Þ

Such condition, in which σc denotes the corresponding stresses, is obtained by
applying the virtual work equation to the collapse state with du ¼ uc.

At collapse, however, the mechanism condition (2.101) also holds, because the
internal stresses rc do not oppose the development of the mechanism uc.
Consequently, from (2.106) we get

0 ¼ hg; uciþ kchq; uci: ð2:990Þ

Furthermore, taking into account the assumed existence of admissible equilib-
rium between the loads gþ k�q and the internal stresses r�, from (2.103) with
du ¼ uc, we obtain
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hr�ðPÞ; eðucÞi ¼ hg; uci þ k�hq; uci: ð2:107Þ

By subtracting the previous equality (2.99′) from this, we get

hr�ðPÞ; eðucÞi ¼ ðk� � kcÞhq; uci: ð2:108Þ

On the other hand, the static compatibility of stresses r�ðPÞ, expressed by
inequality (2.104) with du ¼ uc, gives

hr�ðPÞ; eðucÞi � 0 ð2:109Þ

whence, from (2.108)

ðk� � kcÞhq; uci � 0: ð2:110Þ

At collapse, according to (2.102), the work of the live loads q along the failure
mechanism uc is positive; thus, from (2.110) we have (λ− − λc) ≤ 0, or

k� � kc: ð2:111Þ

The static multiplier λ− is thus not greater than the collapse multiplier λc. The
static theorem is one of most important theorems in Structural Engineering.
Frequently, when checking the behavior of complex structures under the action of
given load distributions, we make conjectures about different internal resistant
systems, many of which are unable to sustain the loads (with the exception of at
least one).

The static theorem, perhaps surprisingly, tells us that the structure will not fail;
that it is certainly able to produce at least one resistant system able to support the
loads (though not necessarily the one identified).

The search for states of admissible equilibrium by applying the static theorem
begins with construction of a preliminary equilibrium configuration of the structure,
for instance, by using funicular polygons, and then verifying its static admissibility.
For example, in the case of an arch under given loads, a funicular curve of the load
distribution is first drawn and then checked to see whether it is wholly contained
within the arch. If it is, the loads are not greater than the collapse ones and the
structure is in equilibrium.

2.6.3 The Kinematic Theorem

Assuming that a structure is in a mechanism state under loads gþ kþ q along a
given mechanism u+, the multiplier λ+ is initially unknown. However, according to
(2.92), we have
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0 ¼ hg; uþ i þ kþ hq; uþ i ð2:112Þ

and the kinematic multiplier λ+, satisfying (2.112), is thus defined as

kþ ¼ � hg; uþ i
hq; uþ i ð2:113Þ

Condition (2.112) implies equilibrium along the mechanism uþ between the
pushing load kþ q and the resistant weights g. We also assume that the loads q push
along uþ , hence

hq; uþ i[ 0: ð2:114Þ

Under such conditions, the theorem states that the kinematic multiplier λ+ cannot
be lower than the collapse multiplier λc, that is,

kþ � kc: ð2:115Þ

Once again in this case the proof depends on conditions defining the collapse
state, particularly the condition of limit equilibrium. Thus, from condition (2.99)
with du ¼ uþ , we obtain

hrcðPÞ; eðuþ Þi ¼ hg; uþ iþ kchq; uþ i; ð2:990Þ

which by subtracting equality (2.112) yields

hrcðPÞ; eðuþ Þi ¼ ðkc � kþ Þhq; uþ i: ð2:116Þ

On the other hand, simply because an admissible equilibrium still exists at
collapse, from (2.100), with du ¼ uþ , we have

hrcðPÞ; eðuþ Þi � 0; ð2:1000Þ

and from (2.116) we obtain

ðkc � kþ Þ hq;uþ i � 0: ð2:1160Þ

Hence, taking into account to our initial assumptions (2.114)

kþ � kc: ð2:117Þ

Multiplier λ+, i.e., the kinematically admissible multiplier of loads q, represents
the upper bound of the collapse multiplier λc.
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2.6.4 Uniqueness of the Collapse Multiplier

Let us assume, ad absurdum, that two different values λc1 and λc2 of the collapse
load multiplier exist. Both λc1 and λc2 satisfy the equilibrium conditions (2.99)
between loads and stresses. Moreover, the stress compatibility conditions (2.100)
are satisfied, as are conditions (2.101) required for the existence of the mechanism
state, as well as (2.102). Let us now assume, for instance, that

kc1 � kc2: ð2:118Þ

However, the failure multiplier λc2 is also a statically admissible multiplier, since
it satisfies the equilibrium conditions with the corresponding internal compatible
stresses σc1. Thus, if λc1 is a collapse multiplier, from (2.111) we also have

kc2 � kc1: ð2:119Þ

Comparison of (2.118) with (2.119) yields

kc1 ¼ kc2:

The result should be the same if, on the contrary, it were assumed that λc2 ≤ λc1.
The collapse multiplier is thus unique, though, in general, the failure mechanism is
not.

The two theorems, static and kinematic, set a bounding interval for the collapse
multiplier, because

k� � kc � kþ : ð2:120Þ

It should be recognized that the collapse load does not depend on the material
properties, but only on the geometry of the structure and the magnitude of the dead
loads. Subsequent chapters will provide in-depth examples of the numerous
applications of the theorems presented here.

2.6.5 Indeformable Systems: Lack of Collapse

Under the action of external loads, an indeformable system tends to become
deformed, resulting in dilatation and cracking. On the other hand the interpene-
tration strength of the material, together with the presence of fixed constraints,
prevents any deformation. Thus, only compressions can take place within the body.
The indeformable structure will be thus always able to sustain the applied loads.
Collapse mechanisms cannot therefore exist and such systems never fail, unless the
material undergoes crushing or the constraints are displaced through settling.
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The same conclusion can be reached from another perspective. As noted pre-
viously, self-equilibrated stresses do exist in these systems. An arbitrary
self-equilibrated stress distribution can be added to any stress field in equilibrium
with the loads in such a way that the overall stress state turns out to be solely
compressive. Referring to any of the three illustrations in Fig. 2.47, once a funicular
polygon of the applied loads is traced, for instance, passing through the intrados at
the springers and the extrados at the key section, we can apply two equal and
opposite forces able to modify the polygon so that it remains entirely contained
within the structure. These self-equilibrated stresses are produced by the same
external loads that tend to deform the structure and force the external constraints.
Such structures are thus able to sustain any load.

The real problem, on the other hand, is evaluating the most probable thrust
transmitted by the structure at its supports. The indeterminacy of the static solutions
can be overcome by seeking solutions within the framework of the principles of
minimum thrust. The thrust also slightly deforms the supports and activates mini-
mum thrust states.

It should lastly be noted that for such systems the usual assumption of infinitely
strong masonry can be opportunely removed with in order to obtain more realistic
evaluations of a structure’s maximum capacity, as we will show in the next chapter.

2.6.6 Collapse State for the Elastic No Tension Systems

The definition of collapse state given at Sect. 2.6.1 for the rigid in compression no
tension bodies holds also for the elastic no tension systems. During the loading
failure is met when a mechanism uc turns up along which the structure deforms
under constant loads g + λcq and, consequently, under constant stresses. No elastic
strain increments Δσ take place at the collapse. To prove this statement, let us
admit, by contradiction, that the failure displacement is composed both by cracking
and elastic strain increments εf (uc) and εe (uc). Thus, if the stress increment Δσ
takes place, the equilibrium condition under constant loads and along the failure
displacement uc gives

Fig. 2.47 Lack of collapse for indeformable systems
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hDr; ef ðucÞiþ hDr; eeðucÞi ¼ 0 ð2:121Þ

But along the failure displacement we have

hDr; ef ðucÞi ¼ 0 ð2:122Þ

because the stress increments Δσ cannot oppose the opening deformations of the
structure. Hence, condition (2.123) becomes

hDr; eeðucÞi ¼ 0 ð2:123Þ

But this result cannot occur because, when elastic strains take place, the work
hDr; eeðucÞi represents an positive elastic strain energy. Thus

Dr ¼ 0 ð2:124Þ

The failure of the elastic no tension systems thus occurs with a mechanism
displacement, in absence of elastic strain. Internal stresses maintain frozen during
the collapse. This result is useful for a better inderstandig of the behaviour at the
collapse of masonry structures reinforced by elasto-plastic systems, as for instance,
steel ties (Fig. 2.48). At the collapse these devices, at the plastic state, follow at
constant stress the occurrence of the failure mechanism.

2.7 Incipient Settled States

2.7.1 Definitions

Let us consider a masonry structure at a safe admissible equilibrium state at con-
figuration Ci under the actions of loads g and the corresponding internal stresses σi.
For deformable systems inequality (2.71′) holds, so we have

Fig. 2.48 Failure of a
masonry wall reinforced by
steel ties. During the
mechanism, plartuc stretching
occurs in the steel ties
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hg; dui\ 0; 8du 2 M: ð2:125Þ

Evidently, according to Sect. 2.6.5, the assumption of a safe admissible equi-
librium state at the initial configuration Ci undr the loads g is still valid also if the
structure, for its initial constraint conditions, is indeformable. Recall that the
equilibrium at Ci is safe because no mechanism exists along which the work of
loads g vanishes.

Let us now assume that the structure becomes slightly deformed as a conse-
quence of the incipient settlement mechanism, vs, occurring at one of its external
constraints. By way of example, consider the arch in Fig. 2.49, which undergoes a
slight increase in span due to settling.

Let Cs be the configuration taken on by the structure once settlement has
occurred. By assuming that Cs is very near Ci, we can refer to the geometry of the
initial configuration Ci when expressing the equilibrium equations. The settlement
mechanism, vs, is the displacement field that moves the structure from Ci to Cs.

As the settlement occurs, the structure’s internal equilibrium shifts from initial
configuration Ci to the displaced one Cs. Changes in the internal stresses and
constraint reactions will occur during the transition from Ci to Cs, so that the initial
stress state, ri, admissible and in equilibrium with loads g, is altered and becomes

rs:

This internal stress state, σs, which accounts for settlement vs, is statically
admissible and thus satisfies the inequality

hrs; eðduÞi � 0 ð2:126Þ

Likewise, the settled constraint, which before the settling, produced the reaction
lir, after the settling produces the new reaction

lsr; ð2:127Þ

where r is a given force having the direction of reaction of the settled constraint and
μ is the corresponding multiplier. In brief, during the development of the settlement
mechanism, vs the structure will remain in a state of admissible equilibrium while

Fig. 2.49 Arch with
increased span due to settling
at its springers
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the stresses vary from ri to rs, the corresponding pressure line shifts from πi to πs
and the reaction of the settled constraint changes from lir to μsr.

In the case of the masonry arch that has undergone a slight increase in span, its
pressure line πs will pass through the hinges corresponding to mechanism vs.
Consequently, no work will be done by the internal stresses rs on the deformations
corresponding to vs. The same occurs for any structure that is slightly deformed by
a mechanism and adapts itself to settling. Thus, at the settlement state the following
mechanism state holds

hrs; eðvsÞi ¼ 0: ð2:128Þ

We can release the structure by removing the settled configuration constraint by
applying the reaction μsr to the eliminated constraint. The set of all mechanisms of
the released structure is denoted by �M. In the released structure in the settled state,
the applied loads are represented by both the weights g and the reactions μsr. Thus,
considering the released structure in the admissible settled equilibrium state, from
the virtual work equation we get

hg; duiþ lshr; dui ¼ hrs; eðduÞi; 8du 2 �M; ð2:129Þ

which for du ¼ vs, according to (2.128), yields

hg; vsiþ lshr; vsi ¼ 0: ð2:130Þ

Loads g perform positive work along the mechanism displacements vs, while the
reaction μsr of the released constraint opposes settling, so that

hg; vsi[ 0 ð2:131Þ

and

lshr; vsi\ 0: ð2:132Þ

An admissible settlement equilibrium state is therefore defined once the mech-
anism settlement vs has taken place. Conditions (2.126–2.132), define the admis-
sible settlement equilibrium state.

2.7.2 Features of Incipient Settled States

Firstly, once the slight settlement, vs, has occurred and the structure has shifted into
configuration Cs, the settled constraint can once again be made active.

In spite of the settling that occurred, the work of the loads due to any mecha-
nism, du is still the same as the work evaluated at the initial configuration Ci,
assuming, of course, that displacements, vs, are very small (as stated above) and that
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the changes in geometry are consequently negligible. Thus, if at the initial state Ci,
the admissibility condition hg; dui\0; 8du 2 M is satisfied, the same condition will
still be satisfied by the new configuration Cs. In this regard, recall Heyman’s
statement (1966): “if the foundations of a stone structure are liable to small
movements, such movements will never, of themselves, promote the collapse of the
structure”. Moreover, if settlement vs returns, increases and becomes

kvs; k [ 1; ð2:133Þ

the static arrangement of the structure will not change, and the internal stresses will
remain fixed at σs. Indeed, as the stresses σs are forced to satisfy condition (2.128),
they will continue to satisfy the same condition when the structure deforms by
displacements k times larger than the prior ones. Thus, if the pressure curve skims
the extrados and the intrados of the arch at the hinges corresponding to mechanism
vs, and condition (2.128) is consequently satisfied, the same condition (2.128) will
continue to be satisfied by assuming the mechanisms kvs, k > 1. Consequently the
work of the same stresses, σs, on the deformations associated to displacements kvs
continues to be zero. Likewise, the thrust μsr, which according to (2.129), satisfies
the equilibrium with the loads g along the displacements vs, will continue to satisfy
the same equilibrium condition (2.129) along the displacement field kvs, k > 1. In
short, the structure freely follows any increase in the settlement, maintaining its
configuration in admissible equilibrium: settling develops with frozen internal
stresses, σs, and constraint reactions, μsr. The actual degree of settling is difficult to
quantify. Despite this uncertainty, the internal stress state of the structure is, to the
contrary, well-defined. No equilibrium loss will occur during the settling. This is a
peculiar aspect of masonry structures that can explain the great durability and
longevity of so many historic buildings. How do we evaluate this stress state and
the corresponding reaction of the settled restraint? The answer to this question will
be provided in the following sections.

2.7.3 Statically Admissible Thrusts: The Static
Theorem of Minimum Thrust

Let us now look at the static equilibrium of a structure that has previously
undergone settling. Two relevant examples are represented by a masonry arch
whose span is lengthened by settling at the springings and the vertical settlement of
the central pier of a masonry bridge. The settled structure is certainly at AE
equilibrium under the loads g and internal stresses σ. We know, a priori, nothing
about the internal stresses σ occurring in the settled state, except that they are
statically admissible. Let S be the set of all statically admissible internal stresses, σ,
with r 2 S. We choose any one such distribution of statically admissible stresses σ.
A thrust lr of the released constraint will correspond unequivocally to this distri-
bution, hence let
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lrðr 2 SÞ ð2:134Þ

be the reaction of the settled constraint associated to the statically admissible
stresses σ. For any r 2 S, we can associate the reaction lrðr 2 SÞ, which defines
the thrust of the settled constraint.

According to our assumptions, in the released structure the following equation
between loads g, internal stresses σ and the corresponding thrust lrðr 2 SÞ for the
AE holds

hg; duiþ lrðrÞ hr; dui ¼ hr; eðduÞi; r 2 S; 8du 2 �M: ð2:135Þ

Moreover, the following inequality

hr; eðduÞi � 0 8du 2 �M ð2:136Þ

will also be satisfied for the admissibility of the stresses r 2 S. Thrust lrðr 2 SÞ, in
equilibrium with loads g and internal stresses σ, that is to say, satisfying condition
(2.135), represents any state of statically admissible thrust. Now, of all the statically
admissible thrusts, which one corresponds to the settled state?

We know that the actual thrust in the settled state corresponds to an admissible
stress state that does no work on the deformations occurring during the settlement
mechanism, that is, it satisfies (2.128). If we define vs as the effective settlement
mechanism, we specify condition (2.135) using du ¼ vs to obtain

hg; vsiþ lðrÞ hr; vsi ¼ hr; eðvsÞi r 2 S: ð2:137Þ

We now subtract equality (2.130), regarding the actual settlement state, from
equality (2.137) to obtain

ðlðrÞ � lsÞ hr; vsi ¼ hr; eðvsÞi r 2 S: ð2:138Þ

By taking (2.136) into account, from (2.138), with du ¼ vs, we get

ðlðrÞ � lsÞ hr; vsi � 0 r 2 S; ð2:139Þ

and by virtue of (2.132), we obtain

ls � lðrÞ r 2 S ð2:140Þ

The multiplier, μs, of the settled thrust r is thus lower than all the statically
admissible multipliers μ. The thrust in the settled state is consequently the lowest of
all the statically admissible thrusts.

This finding (Como 1996a, b, 1998) relates to a previously described,
well-known property of masonry arches that undergo an increase in span due to
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settling at the springings: such an arch is in the state of minimum thrust because its
pressure line corresponds to the minimum span and the maximum sag, as shown by
Heyman (1966).

2.7.4 Kinematically Admissible Thrusts: The Kinematic
Theorem of the Minimum Thrust

Le us now examine the settlement equilibrium state from a kinematic point of view.
The actual settlement mechanism is unknown: for instance, for the case of the arch,
we cannot know the position of the internal hinge. We only know that, during the
development of the mechanism, loads g will do positive work, while the work of the
reaction of the settled constraint is, to the contrary, negative.

Let �M be the set of all kinematically admissible settlement mechanisms of the
released structure: they do not allow for any internal interpenetration of masonry
and respect all the restrictions for the other unsettled constraints. Let us consider
some settlement mechanism

v 2 �M ð2:141Þ

of the released structure. The loads g will push along v and consequently

hg; vi[ 0: ð2:142Þ

We define the kinematic multiplier, λ, of the reaction r of the settled constraint as
that multiplier able to ensure equilibrium of the structure along the assumed set-
tlement mechanism, v, or, in other terms, that the following condition holds

hg; vi þ khr; vi¼ 0: ð2:143Þ

Reaction λr(v) opposes the development of settling, v, given that, by taking
(2.142) into account, we get

khr; vi\0: ð2:144Þ

where r is any resistant reaction of the settled constraint. The kinematic multiplier
kðvÞ of reaction r is thus defined as

kðvÞ ¼ � hg; vi
hr; vi ; v 2 �M: ð2:145Þ

Let us now search for the conditions under which kinematic reaction krðvÞ may
represent the actual settled state. This latter is represented by the reaction, μsr, that
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satisfies the foregoing settlement conditions (2.126), (2.128), (2.129), (2.130),
(2.131) and (2.132). Thus, let us assume du ¼ v in (2.139) to get

hg; viþ lshr; vi ¼ hrs; eðvÞi; v 2 �M; ð2:146Þ

where, according to (2.126)

hrs; eðvÞi � 0 v 2 �M: ð2:147Þ

Now, subtracting (2.143) from equality (2.146) yields

ðls � kðvÞÞ hr; vi ¼ hrs; eðvÞi v 2 �M: ð2:148Þ

Moreover, from (2.126), with du ¼ v, we get ðls � kðvÞÞ hr; vi � 0 and, con-
sequently, from (2.144) (Como 1996a, b, 1998)

ls � kðvÞ v 2 �M: ð2:149Þ

For any settlement mechanism, v 2 �M, the corresponding kinematic multiplier,
kðv 2 �MÞ, can never be greater than the actual settlement multiplier, μs. Thus μs is
the maximum of all kinematic multipliers, kðv 2 �MÞ, for varying v in the set of all
settlement mechanisms �M, or in other terms

ls ¼ MAXð� hg; vi
hr; viÞ v 2 �M: ð2:150Þ

2.7.5 Uniqueness of the Settlement Multiplier

The proof of the uniqueness of the settlement multiplier follows the same path as
that for the collapse multiplier.

2.7.6 The Class of the Statical and Kinematical Settlement
Multipliers

kðv 2 �MÞ is any admissible kinematic multiplier, defined according to (2.145). The
corresponding thrust kðv 2 �MÞ r is not, as a rule, statically admissible. Since

kðv 2 �MÞ�MAXkðv 2 �MÞ ¼ ls; ð2:151Þ

the thrust kðv 2 �MÞ r is weaker than the minimum thrust lsr. Moreover, lðr 2 SÞ
is any statically admissible multiplier that, according to previous definitions, is not
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kinematically admissible, in the sense that the internal stresses are not generally
associated to a mechanism. In the case of an arch, for instance, the pressure line
corresponding to the stress distribution, r 2 S, does not skim the extrados and
intrados of the arch to form hinges in numbers sufficient to produce a kinematically
admissible mechanism. The thrust lðrÞr is greater than the minimum lsr and

ls ¼ MIN
r

lðrÞ� lðrÞ: ð2:152Þ

In conclusion, we obtain

kðvÞ�MAXkðvÞ ¼ ls ¼ MINlðrÞ� lðrÞ: ð2:153Þ

The actual settlement mechanism, vs, together with the reaction of the settled
constraint, may be determined via (2.153). These results will be applied in the
following to analyze the statics of a number of masonry structures.

The problem of the evaluation of the minimum thrust for the rounded arch was
analyzed by Coulomb (1773). Coulomb guessed that such a state was reached by
the settled arch that endured a light widening at its springers. The pressure line
touches the intrados and the extrados of the arch to form the hinges of the settlement
mechanism. Figure 2.57 shows the rounded arch with the three hinges symmetricaly
placed. The position of the hinge C, having distance d from the horizontal straight
line passing through the key hinge A, is defined by the angle β.

Figure 2.57 shows the force V, resultant of the weights of the segment AC of the
arch.

Position of V is given by its distance LA from the internal hinge C. Coulomb,
esamining the equilibrium of the segment AC of the arch and for a given position of
the hinge C, i.e. for a given β, valuated the thrust of the arch as

H ¼ VLA
d

ð2:154Þ

Thus thrust H depends on the angle β. Coulomb noticed, as pointed out by
Ochsendorf (2006), that the minimum thrust of the arch was attained by the
maximum of thrust (2.154) by varying the angle β, as shown in Fig. 2.57. This
remark can be explained taking into account that the thrust (2.154) is just the
kinematical thrust corresponding to definition (2.150). According to the kinematical
theorem the minimum thrust has to be searched as the maximum of the kinematical
ones

HMin ¼ Max
b

H ¼ Max
b

hg; vi
D

ð2:155Þ

Expression (2.155) corresponds to (2.154). In fact the work of the weight g(x) of
the arch along the vertical displacements v(x) produced by the settlment mechanism
is
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hg; vi ¼ h
Z
AC

gðxÞ � x � dx ð2:156Þ

The force V is on the other hand defined as

V ¼
Z
AC

gðxÞ � dx ð2:157Þ

The distance LA

V � LA ¼
Z
AC

gðxÞ � x � dx ð2:158Þ

gives the position of the force V. Consequently we get, with (2.158) or

H ¼
h
R
AC

gðxÞ � x � dx
d � # ð2:159Þ

Finally, taking into account that Δ = d θ (Fig. 2.50) we can write

H ¼ V � LA
d

¼ hg; vi
D

ð2:160Þ

The thrust (2.146) is properly the kinematical thrust defined by (2.140). On the
other hand the minimumthrust of the arch is the maximum of all the kinemathical
thrusts H by varying the angle β, i.e. the position of the internal hinges C. Thus we
have

HMin ¼ Max
b

H ¼ Max
b

hg; vi
D

ð2:161Þ

The kinematical thrust of the rounded arch of minimum thickness, i.e. with
t/R = 0.1075, attains its maximum at the angle β = 54.5°, (Ochsendorf 2006).

Fig. 2.50 The research of the
minimum thrust of the arch
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2.7.7 An Application of the Kinematic Approach.
A Minimum Thrust Assessment

Let us consider the masonry bridge sketched out in Fig. 2.51. The bridge’s central
pier has undergone vertical settling. The settlement mechanism is traced out in the
figure, where lsr indicates the vertical reaction of the central pier.

The figure also shows the critical sections where hinges are located: they are the
two points O at the base corners of the right and left abutments, point A at the
connection section between the abutments and girders, and point B at an inter-
mediate section along the girder extrados. The distance between hinges B and C is
denoted by x. The vertical settlement of the central pier defines the position of
hinges O and A of the abutments, which will rotate outwardly. Hinges B, whose
positions are instead unknown, are each at a distance a + x from the internal edge of
the abutments. The same figure shows the deformation of the bridge corresponding
to the assumed mechanism. Our aim is to evaluate the reaction Rc of the central pier.
Let us consider any settlement mechanism, v, and the corresponding kinematic
reaction of the pier, denoted by μr defined by the equilibrium equation along v

hg; viþ lhr; vi ¼ 0: ðaÞ

The corresponding kinematic multiplier, which depends on the position of hinge
B, is thus given by

lðxÞ ¼ � hg; vi
hr; vi : ðbÞ

gg 2g 2g 

a a a 4a 4a 

a 

a 

O O

A A
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a
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a x 3a -x

μ

θ θ

θ

Fig. 2.51 A masonry bridge whose central pier has settled vertically
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The actual pier reaction Rc can thus be obtained as the maximum of all kinematic
reactions (b) by varying v in the set of settlement mechanisms. We now evaluate the
work, hg, v i and hr, v i. The work of weight g along the mechanism is given by

hg; vi ¼ 2½�2g
a2h
2

� g
a2h
2

þ g
x2h
2

þ gð3a� xÞxhþ 2g
axh
2
�

¼ gð�3a2 � x2 þ 8axÞh ðcÞ

while the work hr, v i of the pier’s reaction is −xθ. According to (b), the kinematic
reaction is thus given by

lrðxÞ ¼ gð�3a2 � x2 þ 8axÞ
x

0� x� 3a; ðdÞ

depending on the position x of hinge B, which lies in the range 0 ≤ x ≤ 3a. When
x ! 0; lr ! �1, and for x = 3a, μr = 4ga (Fig. 2.52).

The function μ(x) effectively reaches a maximum for 0 ≤ x ≤ 3a. The value �x at
which μr(x) attains its maximum is thus obtained by solving the equation

dðlrÞ
dx

¼ gð3a
2

x2
� 1Þ ¼ 0; ðeÞ

which yields

x ¼ �x ¼ a
ffiffiffi
3

p
	 1:73a: ðfÞ

The reaction of the central pier is evaluated by substituting (f) into (d), which
yields

Rc ¼ lrmax ¼ lrðx ¼ a
ffiffiffi
3

p
Þ ¼ 2gað4�

ffiffiffi
3

p
Þ 	 4:54ga: ðgÞ

We will now show that the internal stress corresponding to the evaluated reac-
tion is statically admissible. Figure 2.53 illustrates the equilibrium of the central
part of the bridge, including the girder segments from hinges B to the pier.

3a x

μ

3a

μrm

Fig. 2.52 Finding the
maximum of function μr(x)
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The pressure line passes through hinge B and has a horizontal tangent at B. With
the aim of evaluating the thrust, S, shown in the figure, let us examine the equi-
librium of the portion of the girder between B and the abutment, as shown in
Fig. 2.53. The length of this portion is aþ�x ¼ að1þ ffiffiffi

3
p Þ (Fig. 2.54). The shear

force V transmitted to the abutment can be obtained via the equilibrium equation
along the vertical direction:

V ¼ gað
ffiffiffi
3

p
þ 1Þ:

We can also evaluate the thrust S. At y ¼ aþ�x ¼ að1þ ffiffiffi
3

p Þ, we have Sa�
gðaþ�xÞ2=2 ¼ 0 and

S ¼ ga
2
ð

ffiffiffi
3

p
þ 1Þ2 ¼ gað2þ

ffiffiffi
3

p
Þ:

To obtain the corresponding pressure line, we can evaluate the moment acting at
the section center located at distance y from B, which gives us

MðyÞ ¼ S
a
2
� g

y2

2
¼ g

a2

2
ð2þ

ffiffiffi
3

p
Þ � g

y2

2
:

The axial force N equals the thrust S, while the eccentricity of N is M(y)/S.
Moreover, from the equilibrium along the vertical direction of the abutment, we get
(Fig. 2.55)

S

a 3a x−

a

a

B B

S

3a x−

Fig. 2.53 Stress state around
the central pier
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y
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V
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Fig. 2.54 Stresses in the span
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Rl ¼ 2gaþV ¼ 2gaþ gað
ffiffiffi
3

p
þ 1Þ ¼ ga

ffiffiffi
3

p
ð1þ

ffiffiffi
3

p
Þ:

The abutment is loaded by a central axial force, N, from the head to midway
along its height. Beneath this section the axial load varies and becomes
ga

ffiffiffi
3

p ð2þ ffiffiffi
3

p Þ, and its eccentricity ranges from 0 to a/2.
It can thus be concluded that the structure of the bridge, whose central pier has

settled by
ffiffiffi
3

p
ah and is subject to the assumed loads and reaction lrð�xÞ at the base

of the central pier, is in admissible equilibrium.
passing through the hinges of the settlement mechanism. The stress state is also

statically admissible, thus proving that the thrusts, determined as the maximum of
all kinematically admissible ones, is the sought for minimum thrust.

Figure 2.56 shows the overall pressure line on the entire structure of the bridge.
The minimum thrust can also be obtained by searching among the admissible

funicular curves of the loads: the curve exhibiting the minimum slope at the sec-
tions where the girders join the central pier corresponds to this minimum.

2.7.8 Masonry Structures at Their Actual State

Limit Analysis, whose bases have been discussed above, offers the possibility of
performing useful checks of the bearing capacity of masonry structures within the
framework of the rigid no-tension model. However, Limit Analysis alone does not

S

V
S

Rl a

Fig. 2.55 Stresses in the
abutments

S

Rl

Fig. 2.56 The pressure line
in the bridge
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provide the means to analyze the actual equilibrium state of a masonry structure.
The admissible equilibrium equations alone are not enough to evaluate the internal
stresses, as such problem is statically indeterminate.

To this end, other additional equations are required: the compatibility equations,
as in the case of elastic structures. However, according to the rigid no-tension
model, masonry structures cannot be deformed unless a mechanism is activated.
Consequently, these supplementary equations cannot be formulated. Heyman
(1995) however found that useful information can instead be obtained in the same
context of the simple rigid no-tension model, that is, providing that the deforma-
bility of the constraints connecting the structure to the surrounding environment are
taken into account. In brief, the assumption that settling of some constraints will
inevitably occur may provide the required supplementary equations. Such an
assumption generally reflects the real behavior of masonry structures, which fre-
quently push against their supports that are in turn deformed by these thrusting
actions. An arch or a dome, for instance, is inserted into a more complex structural
system that must sustain their thrusts. These auxiliary structures undergo lateral
deformations and can displace the springings of the arch or dome to follow their
deformation. A minimal thrust state takes place in the arch or dome. The same
occurs, for example, in the settling of the foundation of a masonry bridge pier. In
many cases even a very thin crack can signal the occurrence of deformation.

The degree of settling can be predicted only with difficulty. Thankfully, the
compatibility equations expressing the occurrence of settling do not require
defining the magnitude of the settlement, but only indication of the constraints to
the settled state. In more complex structures, as for instance a multi-span bridge or a
masonry wall with openings, inspection of cracking patterns can provide useful
information regarding the settlement mechanism effectively produced. According to
this approach, determination of the actual stress state in masonry structures
becomes statically determinate and Limit Analysis can once again be fruitfully
applied, as will be shown. A number of useful applications of this approach will be
described in later chapters.

2.8 Geometry and Strength: The Theory of Proportions
of the Past Architecture

Masonry constructions have a long history. They have been built, studied, tested for
about 7000 years but throughout all this time the material masonry, in spite of the
large variety of its typologies, has maintained the same mechanical features. It is an
unilateral material which can resist compression, but not tension.

This aspect has influenced the history of constructions and has marked out a
forced path in the long research of the various structural solutions.

Construction experiences condensed during the time in the form of structural
rules. The essence of these rules is that proportion controls the overall form of the
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structure of the building. A Theory of Proportions developed slowly since Vitruvius
up to Leon Battista Alberti and Palladio.

According to this theory Statics of masonry structures has to be ruled solely by
geometry. Knowledge of the most suitable proportions amongst the various com-
ponents of a structure and of their basic measure, the modulus, irrespective of its
absolute magnitude, represented the essence of the art of past constructions. Since
antiquity master builders have always used simple geometrical rules for designing
arches or buttresses for a cross vault.

An ‘ideal city’ was conceived according these rules, as shown by the famous
painting of an unknown artist of the fifteenth century (Fig. 2.57). Then, later, in the
nineteenth century, masonry architecture felt into decay due the appearance of new
materials and new structural forms.

Galileo confuted the rules of proportional design in his Dialogues (Fig. 2.58).
Galileo observed that, given any structure which supports its own weight, if we
multiply its size by a certain factor k maintaining its geometrical form, it becomes
weaker.

To illustrate this statement by way of example, let us examine two similar beams
a and A built with the same material and loaded by their own weights. The beam

Fig. 2.57 The ideal city conceived according to the “proportionality theory”

Fig. 2.58 The Galileo
example of beam
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A is k times larger than the beam a. In the transverse direction the beams have the
same width s. Stresses σ and σ′ in the beams a and A are respectively

r ¼ M
W

r0 ¼ M0

W 0 ¼ kr ð2:162Þ

As a consequence, the beam A, as it grows in size, becomes weaker than the
beam a. If we want maintain the same strength, the cross sections of the beam
A must become thicker, as shown in the classical sketch of Fig. 2.59, taken from
Galileo Dialogues.

Galileo realized that his discovery contradicted the rules of the proportional
design of his days.

Some scholars, as Parson (1970), Benvenuto (1981), Mark (1990), identified in
the Galileo judgement the irrefutable proof of the error rooted in the theory of
proportions. On the contrary, for other scholars, as Dorn (1970), Heyman (1995),
Baratta (1982) and Huerta (2001), the Galileo conclusion was not applicable to
masonry constructions because for them the material strength plays no role.

We will show now, by means a direct proof and in the strict context of the no
tension masonry model, that the Theory of Proportions is correct.

In previous sections we have seen that weight and geometry represent the
essential elements in the strength of masonry structures. More precisely, it is the
proportions among a structure’s various constituent parts that define a its geometry,
irrespective of the actual absolute dimensions.

To illustrate this by way of example, let us examine the two similar arches a and
A in Fig. 2.60. Arch A, on the right, is k times larger than the arch a, on the left, or
in other words, arch A is a k times magnified copy of arch a. In the transverse
direction, i.e. in the direction orthogonal to their plane, the structures have the same
width s. Each segment in structure A is thus k times longer than the corresponding
segment in structure a. We can moreover consider other similar structures, such as
s and S shown in Fig. 2.47, and refer to the same system of coordinate axes with
origin O defined at the same position (Fig. 2.61). By definition, two points pi and
Pi, having respective coordinates (xi, yi) and (Xi, Yi), are conjugated if

Fig. 2.59 Larger thickness of
the great bone in order to have
the same strength of the small
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Xi ¼ kxi Yi ¼ kyi: ð2:163Þ

So, the two arches a and A, for instance, are subdivided into an equal number of
conjugated voussoirs vi and Vi (1, 2,…i,…N), i.e. having centers having
coordinates

ðbxi; byiÞ ðBxi;ByiÞ ð2:164Þ

with

Bxi ¼ kbxi Byi ¼ kbyi: ð2:1630Þ

At the same time the dimensions of the voussoirs ci of arch a are length di and
height hi, while those of voussoirs Ci of arch A are Di and Hi (i = 1, 2,…N), with
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f
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gi

θ

kL

kxi

Vi=kvi
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θ

a) A)

Fig. 2.60 Geometries of two similar arches and two corresponding mechanisms governed by
dimension ratio k
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P

o
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s)     S) 

Fig. 2.61 Another example of two similar structures, s and S, in which the latter is the k times
magnification of the former
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Di = k di and Hi = khi. Consequently, if gi and Gi are the weights of the voussoirs,
we have

Gi ¼ k2gi: ð2:165Þ

Let us now consider the conjugated mechanisms m and M, respectively for
structures s and S: the latter is the k magnification of the former. The two mech-
anisms present the same rotation parameter θ and their hinge points ci and Ci are
conjugated. Hence, if lJ is the distance of the hinges of the arch a mechanism from
the left springing, the corresponding distance of the hinges of arch A will be klj, and
the lines connecting the two corresponding hinges are parallel to each other, as
shown in Fig. 2.60. The centre, bi, of voussoir i of the arch a, being at distance xi
from the corresponding point of rotation, moves vertically by vi.

Likewise,

Vi ¼ kvi: ð2:166Þ

and kxi are the vertical displacement and analogous distance of centre Bi of the
corresponding voussoir i of arch A. Let us now assume that structure a is stable
under its own weight g, as defined according to (2.71′),

hg; vi ¼
XN
1

givi\0 ð2:167Þ

for any mechanism v. The work hg,vi is evaluated considering the work of the
weight forces gi on the corresponding vertical displacements vi of the mechanism.

We will now show that the k magnified structure A is thus also stable under its
own weight, in the sense that, analogously for any mechanism V, we will have

hG;Vi ¼
XN
1

GiVi\0: ð2:1670Þ

In fact, according to the foregoing assumptions and definitions, due to the
similarity between s and S and associated mechanisms m and M from (2.127) and
(2.128)

hG;Vi ¼
XN
1

GiVi ¼ k3
XN
1

givi\0: ð2:168Þ

Thus, to conclude, if a structure under its own weight is stable, a k times
magnified copy will also be stable.

The same outcome holds in a more general sense. Let us consider the two similar
structure s and S of Fig. 2.62 where now only the weights, ga and Ga, of their central
spans increase via loading parameters λ and Λ. Αccording to the kinematic
approach, the maximum load λoga that structure s can sustain (see Sect. 2.6.3) can
be obtained as
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ko ¼ Min � hg; vi
hga; vi

� �
¼ Min �

P
giviP
gaivi

� �
v 2 M ð2:169Þ

where g is the pier weight and gai and gi the corresponding weights of the voussoirs
into which the structure has been divided. Likewise, the maximum load ΛoG that
the k magnified structure S can sustain is

Ko ¼ Min � hG;Vi
hGa;Vi

� �
¼ Min �

P
GiViP
gaiVi

� �
V 2 M: ð2:170Þ

However, according to previous assumptions

Gi ¼ k2gi: Gai ¼ k2gai Vi ¼ kvi; ð2:171Þ

and the two structures s and S exhibit the same strength under loads λg and ΛG. In
fact. we have

Ko ¼ Min � k3
P

givi
k3

P
gaivi

� �
¼ ko: ð2:172Þ

This result holds even if we consider that, instead of vertical loads λg, there are
horizontal forces λg, still proportional to weight g, acting on the structure. Such a
loading condition is frequently considered representative of seismic actions. The
two similar structures s and S in Fig. 2.63 thus exhibit the same horizontal strength
under the action of horizontal forces λg and ΛG.

These results, here directly proved, were well known to architects of the past and
formed the basis for their fundamental rules of construction. As set down in the
theory of proportions by Andrea Palladio and Leo Battista Alberti, the statics of
masonry structures is governed solely by their geometry and, consequently, by their
basic measurement, the modulus, irrespective of their absolute measurements

Yi= kyi

Xi= kxi

P

i

o

Gi

yi

xi

p

gi

o
s) S) 

Fig. 2.62 The k similar
structures loaded by
increasing weights along their
spans
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Knowledge of the most suitable proportions amongst the various components of
a masonry structure (knowledge often jealously guarded by past masters) repre-
sented the essence of the art of construction.

As discussed throughout this book, these results, arrived at through centuries’
long experience, is a direct consequence of the unique, fundamental behavior of
masonry. By way of example, Iori (2009) has recalled two Romans dome con-
structions: the Pantheon and the Temple of Romulus, similar but different in scale
(Fig. 2.64). Both the constructions have the maximum height equal to the dome
diameter and a drum thickness equal to 0.3 of the radius.

Yi

Xi

P

i

o

λGi

Gi

yi xi

p λgi

gi

o

s ) S) 

Fig. 2.63 Similar structures
under horizontal load λg and
λG

Fig. 2.64 The Pantheon in Rome and the Temple of Romulus (Iori 2009)
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Appendix

A.1 Lessons from the Failure of Cathedral of Noto

The Church

In order to better illustrate the foregoing basic assumptions regarding the behavior
of masonry structures, it is useful to analyze the causes of the 1996 collapse of the
Cathedral of Noto (Sicily). The Noto cathedral has two side aisles and a central
nave. The beautiful 40 m-wide, 32 m-high baroque facade is flanked by two bell
towers, as shown in Fig. 2.65.

The bases of the towers and facade are 3.40 m below the level of the Church
floor (assumed to be at 0.00 m). The tower’s foundations are partially exposed near
the side streets due to some excavation work done in the late 19th century. The
lateral walls of the Church are faced with regular blocks and mortar beds, while
rubble masonry with poor mortar makes up the walls’ inner cores. The five piers
that run alongside the central nave, are similar in structure to the lateral walls:
facings made of regular square blocks of local travertine with inner rubble masonry
(Fig. 2.66). Only their bases were built with the more substantial Noto limestone.

The piers have a roughly rectangular cross section, 3.25 m × 1.60 m, with their
main lengths laid along the church’s longitudinal direction. The piers sustaining the
dome at the transept are larger in cross section: 6.50 m × 1.65 m.

The side aisles are roofed by small domes set on small drums, in turn, sustained
by the side walls and longitudinal and transverse arches spanning from walls to
piers (Figs. 2.66 and 2.67). All the domes and arches of the aisles have a thick inner
rubble structure and regular facings with squared stone blocks.

A long wall running along the top of the interior piers sustains a reinforced
concrete floor that was built to replace the original wooden roof during past
restructuring work. Fortunately, the operations spared the high transverse masonry
arches spanning the nave. The spherical dome, with an inner diameter of 11.20 m

Fig. 2.65 Cathedral façade
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was built using strong blocks of Modica limestone on top of a drum containing
several large windows. The dome and drum were 1.30 m thick. The foundations of
the church’s lateral walls are made up of continuous masonry walls set on a thick
formation of sandstone and clays. The more superficial foundations of the piers rest
on an arenaceous formation 1 m beneath the level of the church floor.

Construction of the Cathedral was begun in 1753 and completed in 1769. The
dome has collapsed a number of times: first during its construction, a second time
during an 1848 earthquake, after which it was rebuilt for the third time between
1860 and 1862 and remained up to the most recent collapse in 1996. It has since
been reconstructed. In 1990 an earthquake measuring 4.7 on the Richter scale struck
the entire region of Syracuse and seriously damaged many structures of the church.
In the area of Noto the damage was rated at level VI on the Modified Mercalli
Intensity scale (MMI). The Church was seriously damaged in the earthquake: the

Fig. 2.66 The plan of the Cathedral

Fig. 2.67 Cross section of the church at the nave and transept
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transverse arches together with the aisle roofs suffered deep cracking, particularly
on the right aisle. Afterwards, some damaged piers were buttressed with simple
scaffolding and the church remained open while its condition continued to worsen,
until its near complete collapse in 1996.

The 1996 Collapse

The failure occurred suddenly, without any storm or earthquake, and affected the
entire interior of the church. All the piers and coverings of the right nave collapsed
together with the dome. Only the beautiful façade was spared. Figure 2.68a, b show
the interior of the cathedral with the remnants of the dome after the collapse.

Investigations of the Causes of the Failure

A committee appointed by the Court of Syracuse, composed of M. Como, G. Croci,
M.T. Lo Balbo, A. Migliacci, and F. Selleri, carried out a survey to ascertain the
cause of the collapse (1998, 2001). Compression strengths of the various stones:
local travertine: σrm = 61 kg/cm2; Noto limestone, σrm = 195 kg/cm2; giuggiulena
stone, σrm = 95 kg/cm2; Modica limestone, σrm = 220 kg/cm2.

Fig. 2.68 a The interior of the church after collapse; b The collapsed dome
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After all the various investigations, geotechnical drillings, material testing and
ground-penetrating radar explorations, it became possible to examine the bases of
the failed piers as soon as the rubble was completely cleared (Figs. 2.69 and 2.70).

The Structural Collapse: How Can We Explain the Failure?

Despite the presence of many cavities in the soil beneath the church floor, accurate
numerical and geotechnical investigations excluded the possibility that settling of
the foundation had occurred, a conclusion that was also confirmed by visual

Fig. 2.69 Upper fragment of
pier 4

Fig. 2.70 The base of pier 4,
weakened by the passageway
to the pulpit
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inspection of the pier bases. The elements that were fundamental to enabling def-
inition of the failure kinematics were the counter rotation of the upper parts of the
failed piers near the transept and the sequence of cracks that signalled failure of the
upper reinforced concrete ring beam. Figure 2.71 shows the strong wrenching
action exerted on the reinforced concrete ring beam running along the top of the
upper wall lining the nave, revealing the point where the collapse started—precisely
at the position of pier n. 4. This pier was weaker than the others due to the presence
of an old interior passageway providing access to the pulpit (Fig. 2.70). The
presence of the overhead transverse arches at the level of the roof over the nave
determined a two-hinge mechanism, one at the pier base and the other high up at the
springing of the transverse arch. This mechanism caused counter-rotation of the
upper part of the piers, which was in effect confirmed by examination of the
position of the parts of the failed piers (Fig. 2.69). The structure of the cathedral was
thick and resistant. In particular, the transverse arches, drums and small domes
roofing the aisles, constructed with heavy concrete (Fig. 2.74), give the impression
of a solid monolithic structure. The roofs also gave the appearance of behaving as a
single unified mass, able to transmit only axial loads to their supports.

However, contrary to appearances, these thick roofing structures were actually
particularly vulnerable. The concrete had very little tensile strength, so these
structures were able to sustain their own weight and transmit it to the underlying
piers only as long as the concrete was intact. However, if its strength were to decay,
for instance due to damage from sudden seismic actions or slow masonry decay by
the action of rainwater seeping into the masonry, the behavior of the structure
would change drastically (Fig. 2.72).

Fig. 2.71 Cracking of the
ring beam showing the strong
pulling action due to the
collapse of underlying pier 4
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In fact, the 1990 earthquake caused extensive damage to many of the cathedral’s
structures. Alarming cracks appeared in its support structures, especially on the
right side. When the thick structures covering the right aisle cracked, their mono-
lithic behavior was lost and strong thrusts were activated. Static checks of the piers
lining the nave revealed that the compression stresses acting upon them were
admissible only for the heavy vertical loads acting alone; if instead the action of the

Fig. 2.72 The massively
thick concrete of the arches
and small domes

Fig. 2.73 The failure
mechanism
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thrusts of the domes and arches were taken into account, the check showed that the
piers were at the very limit for failure. Figures 2.73 and 2.74 show the collapse
mechanism and the distribution of thrusts and internal stresses of pier n.4.

Lesson to Be Learned from the Failure

The lesson imparted by the failure of the Noto Cathedral serves as confirmation
that, in the interplay between weight and geometry, only the no-tension model can
provide reliable indications as to the true strength of masonry structures. Thus,
although a certain amount of tensile strength may be allowed for, in the end, it is the
no-tension model that best predicts the true behavior of masonry structures.

We must therefore distinguish between structures that are intrinsically stable—
that is, those that, given their geometry and load distribution, can sustain the loads
within the assumptions of no-tension behavior—and those that are instead intrin-
sically unstable—unable to sustain such thrusts under the no-tension model.

In this sense, the structure of the cathedral was intrinsically unstable.
Unfortunately, the apparent solidity of the vaulted concrete systems was

Fig. 2.74 The limit
equilibrium of the pier
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misleading. In fact, once the thrusts of the arches and domes covering the right aisle
were activated by the cracking, the piers were unable to sustain these thrusts and
consequently collapsed.

Ironically, the church’s collapse could have been avoided by simply fixing
chains under the transverse arches and right aisle domes just after the damage
caused by the 1990 earthquake.

The cathedral of Noto has since been rebuilt and currently represents one of the
most extraordinary examples of baroque architecture in Italy, particularly in its
magnificent façade.
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