Chapter 2
The Boltzmann Transport Equation

2.1 Derivation of the Boltzmann Transport Equation

The non-relativistic Boltzmann equation is given by

of F Sf
T vV V= (%) .
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where r, v, and ¢ are independent variables.

Problem 2.1 Show that the Boltzmann equation (2.1) is invariant with respect to

Galilean transformations.

Solution For simplicity let us consider a Cartesian inertial system K with
(orthogonal) axes x, y, z and an inertial system K’ with axes x’,y’, 7’ that is moving
with speed w in positive x-direction with respect to K. The Galilean transformation

is then given by

/
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2.1

where e, is the unit vector in x-direction. In particular, for each coordinate we find
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78 2 The Boltzmann Transport Equation

Note that r, v, and ¢ are independent variables, while the new coordinate ' depends
on time ¢. More precisely, X' depends on time 7.

Consider now the change in variables, i.e., f (r,v,1) — f (¥ (¢),v’, 7). Thus, we
have the following transformations:

A. Since the new spatial coordinate depends on time we have to rewrite the time
derivative and obtain

o of of o o
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where of /or' = Vv and 0r' /0t = —we,.
B. For the gradient of f we find
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Therefore, V, = V.
C. Similarly we find
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It follows that V, = V,/. Moreover, since @’ = a we have F' = F.

Substituting the above results, the Boltzmann equation reads
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Note that v was replaced by v’ +we,. Therefore, the Boltzmann equation is invariant
under Galilean transformation, i.e., it retains its form.

Problem 2.2 Show that the Boltzmann equation (2.1) transforms into the mixed
phase space coordinate form

0 o (0w i _FN\Y (Y
o Tt ge— (E + (5 + ¢;) o _) 3c; (8;)6,,1, 22

where we used Einstein’s summation convention, i.e., we sum over double indices.
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Solution We rewrite the Boltzmann equation as

o o Fof (5f)
coll

o " or T moy,  \sr

The velocity v of a particle can also be described with respect to the bulk flow
velocity u(r, t), through v = ¢(r, t) +u(r, t), where (v ) = u(r,t) and (c(r,1) ) = 0.
Here, ¢ is the random velocity and sometimes also called the peculiar or thermal
velocity. The random velocity can then be written as ¢(r,f) = v — u(r, t), where
each component can be described by

ci(r, t) =V; —ui(r, t). 2.3)

Note that each component ¢; depends on all spatial coordinates and time.

Sometimes it might be more convenient to express the phase space distribution
finterms of r, ¢, and ¢ instead of r, v, and ¢. This means, that one has to introduce
a mixed phase space, where the configuration space coordinate is inertial, but the
velocity-space coordinate system is an accelerated system because it is tied to the
instantaneous local bulk velocity. (Taken from [1].)

In this case one has to transfer the Boltzmann equation into the new mixed
phase space coordinate system. The pdf f(r, v, 7) transforms then into f (r, c, ). By
replacing the independent variable v with the random velocity ¢, one has to take into
account that the new variable ¢(r, r) depends on r and 7. Similar to the preceding
problem we have to transform the derivatives accordingly, which is done in the
following.

¢ The time derivative transforms into

of af  df dc;
— = — 4+ ——. 24
ot ot dc¢; Ot 24)
The time derivative of the new variable c;(r,f) can be written as (because it
depends on u, which depends on time ¢)

8c,~ _ aC,' 814,- 8u,~

B ow ot ot
where we used dc;/du; = —1. In this case Eq. (2.4) becomes

af af  Ou; of
a9 ot de (2.5)

» The derivative with respect to the spatial coordinates can be written as
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80 2 The Boltzmann Transport Equation

Note that we use a different index for ¢, since each component ¢; depends on all
spatial coordinates r;. By using Eq. (2.3) we find

by _ ety _ iy

Bri N BMj 37‘,‘ a}’i7
where we again used dc;/du; = —1. In this case we find for relation (2.6)

af af af BMJ L of af BM,
vi or; = or; Y% 8c] ar Yo "or; ~ Y% ac; ar,

2.7
Note that we swapped the indices i and j for the velocity v and the random
velocity ¢ in the last term on the right side. We do that, because we want to
summarize the result in terms of df /dc;, and not df /dc;. According to Einstein’s
summation convention, swapping the indices has no influence on the summation.
Substituting v;; by Eq. (2.3) we find

af of du; of
v,arl:(uﬁrc,)a —(uj+c ,)3 %

* Finally, we transform

o oda o
v; = 3 dc; dv;  oc;’

where we used dc;/dv; = 1 according to Eq. (2.3).
By summarizing all transformations we obtain Eq. (2.2).

Problem 2.3 Find the general solution to the Boltzmann equation (2.1) in the
absence of collisions, i.e., (§f/8t)c.on = 0. Derive the general solution for the case
that the force F = 0.

Solution We consider first the force-free case with F = 0 and then the case
where F = const. # 0.

* For simplicity we use the one-dimensional Boltzmann equation

of of

Z +u,— =0

ot T ox
and deduce the three-dimensional case from that result. Note that the function
f depends on the independent variables x and ¢, i.e., f = f(x, ). We solve this
partial differential equation by using the method of characteristics. Therefore,
we parameterize x and ¢ through the parameter s, so that f = f(#(s), x(s)).
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The system of characteristics (system of ordinary differential equations, ODE)
and the initial conditions (for s = 0) are given by

dr(s) _ 1 t(0) = 0 (2.8a)
ds

dx(s) =, x(0) = xo (2.8b)
ds

d,

J;(SS) =0 £(0) = f(x0). (2.8¢)

The solutions to the differential equations (2.8a)—(2.8c) are given by

1(s) =s+c c1=0 ts) =s
x(s) = ves + ¢ ) = Xo = x(s) = ves + xo
fls) =c3 c3 = f(xo) f(s) = f(xo),

and are referred to as the characteristic curve or simply the characteristic. In
particular, we find immediately

s=1
x(1) = vt + xo Xo = X — Uyl

The characteristics are therefore curves which go through the point xj at time
t = 0 into the direction of vy. The solution of the Boltzmann equation with initial
condition f(x, r = 0) = f(xo) can, therefore, be written as

S, 1) = f(xo) = G(x — vy1),

which means that the solution is constant along the characteristic. One can
interpret this solution in the way, that the initial profile f(x) is transported with
velocity v, without changing the form of that profile. Going back to the three-
dimensional case the solution is simply given by

fx.1) = f(xo) = G(x —vi).

 For the (1D) collisionless Boltzmann equation with F = const. # 0 we have
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Here, the function f depends on x, v, and ¢, i.e., f = f(x, vy, ). The system of
characteristics with the initial conditions is given by

o

! 10) =0 (2.92)
ds
dx(s) =, x(0) = x (2.9b)
ds
dv(s) =a, 1:(0) = vy (2.90)
ds
dJ;(SS) =0 f(0) = f(x0, v0), (2.9d)

where a, is the acceleration in x direction. We start by solving the characteristic
equation (2.9¢)

dv,(s) _
ds

(23 - Vi(8) = axs + ¢y - Vx(8) = @xs + Vo,

where we used the initial condition v,(s = 0) = v,. The second differential
equation (2.9b) can then be written as

dx(s)
ds

= Uy = xS + V0,

where we substituted the solution of the first differential equation. The solution
to this differential equation is given by

x(s) = a—zxs2 + V08 + 2 — x(s) = a—zxs2 + V408 + X0,
where we used the above initial condition. Obviously, we also find
ts)=s+c;3 == t(s) = s.
Therefore, the characteristics are
x(t) = a—zxt2 + vyt + X0 - Xo =X — a—zxt2 — Uyot
V(7)) = ayt + vy — Vyo = Uy — dyl. (2.10)

The function f is constant along the characteristic described by Eq. (2.10),

F@v0) = f00.00) = G [ (x= T = var) . (o —aun) |
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We can easily test, that the function G solves the Boltzmann equation. We use
fx v 1) = G(P.0),
where
dﬁzx—%tz—vxot, O = v, — ayt.

We find for the derivatives (for simplicity we abbreviate derivatives as dG/0t =
G, and 0G/0® = Gg):

a

a_f; =Go D 4+ GoO; = Go (—axt — vx) + Go (—ay)
ad

Uxi = Uqu)QDX = Uqu)
ox
a
ax—f = a,Gp®,, = a,Ge.
v,

Adding all results up we find (since —a,t — vy + vy = 0, see Eq. (2.10))

ad ad a
—f+ Uy f+ax_f:Gdb(_axt_vxo+Ux)+G@(_ax+ax):O-
ot ox vy

2.2 The Boltzmann Collision Operator

Problem 2.4 Show that for a # b,

S((x—a)(x—0)) = ﬁ [6(x —a) + 8(x—D)].

Solution For an arbitrary function g(x) with roots! x; and g’(x;) # 0 the delta
function is given by

8(x —x;)

8<g(x>)—2| TR

'A root or zero, x;, of a function g(x) is defined such that g(x;) = 0, i.e., the function vanishes at
Xi.
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For the above function g(x) = (x — a)(x — b) = x*> — ax — bx + ab the roots are
x1 = a and x, = b and the derivative is given by g’(x) = 2x —a — b. We find

8(x—a)+ ;8()(— b)

§ ((x — a)(x — b)) DRa—a—b| |2b —a — b

Problem 2.5 Consider the relative motion of two particles P; and P, moving in
each other’s field of force with position vectors | and r,, and with masses m; and
my, see Fig. 2.1. The particles are subject to the central forces F; and F,, which are
parallel to r = r; — r, and depend, therefore, only on r = |r; — r,|. Starting from
the reduced mass equation of motion in polar coordinates,

.. : - .- aV(r
M (r _ r@z) e, +M <r9 + 2r9) es = —#er, @2.11)
r
Ay
X
Fig. 2.1 Schematic of an electron (with charge eZ;, where Z; = —1) scattering in the Coulomb

field of an ion (with charge eZ,, where Z, > 0 ). The trajectory of the electron is hyperbolic with
eccentricity €
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complete the steps in the derivation of

a9 b P 2V(r)
@y 1 )
r2 Mg?

2.12)

where 0 is the angle of the incoming particle, b is the impact parameter, g is the
constant relative speed, M = mym;/(my +m;) is the relative (or reduced) mass, and
V(r) is the potential energy with V(r = oo) = 0.

Solution We consider first the conservation laws for angular momentum and
total energy. In the second part we derive the expression given by Eq. (2.12).

A. Conservation of Angular Momentum. Here we describe two alternatives. The
first alternative is based on the Lagrangian and the conservation law for angular
momentum is derived by considering the angular component (coordinate) of
the Lagrangian. The second alternative is based on the definition of the angular
momentum.

a. Alternative 1—Equation (2.11) describes the equations of motion in both
directions, r and 6. To verify this equation we start with the Lagrangian,
which is given by

L=T-V,

where T is the kinetic energy and V = V/(r) is the potential energy. Note
that in this particular case (polar coordinates) the kinetic energy T = Mv?/2
consists of a radial and angular component, T = T, + Tj, so that

M, M, Mo, M,
L= ?UV =+ ?UO —V(}’) = E}’ + E}’ 9 — V(}"),
where the radial and angular components of the velocity are given by v, = i
and vp = rf), with v> = v,2 + vﬁ. The equations of motion are then given by

doL oL
dtdg;  0g; B
where the coordinate ¢; = r, 6. Let us consider first the radial component,
where
doL oL . av(r)
adr o U

Note that this corresponds exactly to the radial component in Eq.(2.11).
Similarly we obtain for the angular component

dit?)_g — g—g = M% (rzé) = Mr (r@ + 2}"9) =0, (2.13)
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since dL/00 = 0. For r # 0 we can divide by r. The remaining expression
corresponds to the 6-component in Eq. (2.11). From Eq. (2.13) we can deduce
that

120 = const. = gb,

since its time derivative is zero. However, the latter relation can also be
derived from the conservation law for the angular momentum L, which is
described briefly in the following.

b. Alternative 2—The conservation law for angular momentum L is dL/dt = 0.
With v = v,e, + vgeg and r = re, we find

L=rxp=Mrxv=Mrve xe,+ Mrvge, X eg

= Mr*fe, x eg,

sincee, X e, = 0and vy = r0. Since e, X ey i§ perpendicular to the plane of
the particle motion, we simply write L = mr?6. Since the particle mass M is
a constant we find

dL d . .

i ME (r29) =0 = 0 = const. = gb. (2.14)
Conservation of Total Energy. The conservation law for the total energy can
be derived by using the Hamiltonian,

H=T+V.

With the above considerations we obtain

M M,
> = E5’2 + 3}'292 + V(r). (2.15)
The Hamiltonian H describes the total energy of the system. It can be shown
that the total time derivative of the Hamiltonian equals the partial time derivative
of H,

dH  oH

d ot
Further, if the Hamiltonian does not explicitly depend on time, the total time
derivative vanishes and the total energy is conserved (constant). According to
Eq. (2.15) the Hamiltonian is independent of time, i.e., H /3¢ = 0, and hence
dH
!
dt
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Therefore, the total energy is constant and given by
M . M
5 (P +762) + V() = const. = 242 (2.16)

We have now established that Eq. (2.11) describes the equations of motion for both
the r and 6 direction, and that the angular momentum is conserved. After deriving
the conservation laws for the angular momentum and the total energy we proceed
now with the derivation of Eq. (2.12).

Derivation of Eq. (2.12) We consider two particles P; and P,. When particle P;
approaches particle P, both the radial distance r and angle 6 change with time 7.
Therefore, the time derivative of r is given by

dr dr df dr -
r= —=——-=—0,
dt df dt db

where 6 = df/d. Starting with Eq. (2.16) we substitute 7, multiply by 2, and divide

by M and obtain
dr\* . . 2V(r)
= 92 292 — 2 ,
[(d@) tr Y

where we moved the potential energy V(r) to the right side. Substituting now 62 by
Eq. (2.14) we obtain

r4 g M r?
dr\* _ rt | 2V(r) b?
o) b Mg2  2)°

By inverting and taking the square root, we find

’

ﬂ 2 g*b? _ 2 2V(r) B g*b?
do

s —1/2
o :i:b [ 2V b } . 2.17)

Pl L V7R
The negative root corresponds to an incoming particle since the radial coordinate

decreases with time until reaching the point of closest approach. The positive root
corresponds to an outgoing particle.

Problem 2.6 Consider the scattering of an electron with charge g, = eZ; (where
Z; = —1) in the Coulomb field of an ion of charge g, = eZ, (where Z, > 0),

622 1
E = —=
47'[60 }"2

ér,
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where € is the permittivity of free space.

A. Show that
b2
— =1+ ¢ecos0, (2.18)
}’b()
where the eccentricity is given by
b? |Z122|€2
e= .1+ —; =—. 2.19
5 "7 dmeMg? 19

B. Show that tan 8y = b/by at the point of closest approach!
C. Show that the Coulomb or Rutherford scattering cross section is given by

b% Z1Z262
o= = :
4sin* (£) 8megMg sin® £
Solution

A. The electron experiences the (attractive) force

62Z122 1 _ 62|21Z2|

L (2.20)

F(r) = qE(r) = , = ,
() =2k de 2° deg 12

in the Coulomb field of the ion (see Fig.2.1). Note that Z; and Z, have opposite
signs (attractive force) and therefore the minus sign appears by taking the
absolute value of Z; and Z,. The potential energy at a particular distance r is
then given by

® 222 [ 1 2Z1 20| 1
V(r) = / F(/ydr' = -° 1212 L = 14z ~ @2
p dreg J, 12 dmeg ¥
where we used the fact that the potential energy for r = oo vanishes, i.e.,

V(r = o0) = 0. Since the parameter by is per definition a positive number,
see Eq. (2.19), we find

V() _ b
M=y (2.22)

By substituting Eq. (2.22) into Eq. (2.17) from the previous problem we obtain

=t (1422 -=
"

do b 2
= 3 = . (2.23)
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Note that Eq.(2.17) was derived under a certain configuration in which the
negative root denotes an incoming particle and the positive root denotes an
outgoing particle. Now, according to Fig.2.1 the coordinate system has been
rotated so that the configuration is symmetric and each direction can refer to both
an incoming or outgoing particle. We have to distinguish between the following
two cases:

* a positive root refers to a particle moving into negative y direction
* anegative root refers to a particle moving into positive y direction.

This can easily be understood from Fig.2.1. For a particle that moves in a
negative y direction the angle 6(r) is always increasing (positive sign), while for
a particle moving in a positive y direction the angle 6(r) is always decreasing
(negative sign). The point of closest approach, ry, is given by d6/dr = 0, which
means that the square root of Eq. (2.23) has to be zero,

12 + 2borg — b* = 0. (2.24)

The quadratic equation can easily be solved by

ro = —by £ \/b% + b2. (2.25)

Since, per definition, the radial distance cannot be negative we have to choose

the positive root, ro = —by + /b3 + b?! By rearranging the root we can express
the minimal distance in terms of the eccentricity (2.19),

ro = b()(é — 1) (226)

According to Fig. 2.1 we find that the angle under which the closest approach
occurs is given by 6(ro) = m. (Note that the angle 6 is taken anticlockwise from
the positive x axis, the mathematical correct direction.) By considering a particle
moving into negative y direction (starting from rp) we can derive from Eq. (2.23)
by choosing the positive root

+6(r) " p b b2 -1/2
/ d@:/z[wz—?—ﬁ} dr'.
x w0 r r
With the substitution u = b/r" we find (according to [2], Eq.(2.261))

h/r U— by
o(r) = / = —arcsin | —2—
b

/10 1+2b°u—u2 b
T >/ lb/ro

b/r
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The denominator in the argument of the arcsin function can be expressed
through the eccentricity,

| B by B by
1+ 2=2 145 = e
TR TR TR

By using the identity arcsiny = /2 — arccos(y) we find

. bil/l —1 b/r biu —1 - b/r
0(r) = —arcsin [ 2—— = |arccos [ 2— | — = .
€ € 2
b/ro b/ry

The angle 6 is then given by

» P
bor boro
0(r) = arccos | ——— | —arccos | ——— | .
€ €

Let us consider now the last term on the right side. More specifically, we want
to calculate the argument of the arccos function. Therefore, we substitute r (see
Eq.2.26) and we find

ool b? I @-1 1 é-1 (e=1 _
€-6 (¢

boroe_e:b%e(s—l)_e ee—1) €

L,

where we used b*/b3 = € — 1 in the second step, see also Eq.(2.19). Since
arccos(1) = 0 we find immediately

0(r) = arccos [é (%20 - 1)} ,

b2
— =1+ €cosh. (2.27)
}’b()

which leads to

. From Fig.2.1 we can deduce that for r — oo the angle § — 7 £ 6. Note

that this is valid for both, a particle moving in positive and negative y-direction.
Letting » — oo in Eq. (2.27) we find that

1
0 =14 ecos(r % ). = cos(6y) = p
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since cos(mr £ x) = — cos(x). It is an easy matter to show then that
V1 —=cos? 8, b
tan(fp) = ————— = Ve2 - 1= —.
cos 6y 0

C. The cross section is defined by

(2.28)

~ siny ‘a
where y is the scattering angle (i.e., the angle between the two asymptotes,

which describe an incoming/outgoing particle). We know that the point of
closest approach is defined by the angle 6§, with (compare with Fig. 2.1)

b
tan 90 = b_ and 90 =
0

I
NSRS

By combining both equations we obtain

(2.29)

Inserting the last two equations in Eq. (2.28) we obtain for the cross section

B b_%tan (2 -4%) 1 (230)
2 sing cos?(Z 1) )
272
By using tan x = sinx/ cosx and
TN (X
cos (— - 5) = s1n(2)
(5-2)==(5)
sin(—— %) =cos(=
2 2 2
sin y = 2sin (%) cos (%) (2.31)
we find the Rutherford cross section
1
o =20 (2.32)

4 sin* ()
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2.3 The Boltzmann Equation and the Fluid Equations

The equations describing the conservation of mass, momentum and energy
are

on on d
5 TV ==+ Z a—Xi(nui) =0 (2.33)

au, Z ,au’ ==Y % (2.34)
j ]

d u2 2
()] e 2) ]
(2.35)

The equations for conservation of mass and energy are scalars; the equation
for conservation of momentum describes the i-th component of that vector.
The Maxwell-Boltzmann distribution is given by

3/2 2
) exp [—m%] , (2.36)

fxv,0=n (2nkBT

where kg is Boltzmann’s constant, u, n, and T are the bulk velocity, number
density, and temperature of the gas, respectively.

Problem 2.7 By using the conservation equations for mass, momentum and energy,
derive the evolution equation for p; assuming the flow is smooth, i.e., the flow has
no discontinuities like shock waves or contact discontinuities.

Solution The idea is as follows: To derive an evolution equation for the pressure
tensor we start from the equation for conservation of energy (2.35) and transform
that equation in such a way that the conservation of mass and momentum can be
used for simplification. By expanding Eq. (2.35) we obtain

One  m onu® d(nu;e)
LT I TR D v

i

Lm Z 8(nu u?) Z Z aujpll % =0. (2.37)
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Here we used the fact that the mass m is constant, i.e., independent of time and
space coordinates. Consider now the second and fourth term in that equation. By
expanding we obtain

m [ dnu? d(nu;u?)
5( T A

m [ Ou? u?

where we used the continuity equation (2.33) for the summation of the first and
third term in the second line. By using u? = u)zc + ui + u? = Zj uj? for the partial
derivatives with respect to ¢ and x; and by pulling out the number density n we can
simplify Eq. (2.38) to obtain

Inu? () 9
g( eyt ):nm 0 au,+zzuu,ax

l

We change now the indices, i.e., i <> j. The change of indices has no influence on
the summation. We then pull out the summation over index i multiplied by u; and
obtain

onu? a( ) ou; du;
S N R
_ Iy
__ZZ 3xjj

where we used the equation of momentum conservation (2.34). We substitute this
result back into Eq. (2.37) and obtain

8ante m a(nu e) Z Z au,pl, Z Z BPU Z gzz

(2.39)
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Consider now the third term

dup; o, du;
DILTIS B
_ZZ ‘31%/ +ZZ Pig, iy (2.40)

Note that we changed the summation index in the first term of the last line; this
has no influence on the result. We also used the fact that the pressure tensor is
symmetric, i.e., p; = pj;, which can be seen from the definition of the pressure
tensor (we refer to [5] for further details). With this result Eq.(2.39) can be
simplified and we obtain

m% +mZ a(n“ 2 sza % =0. (2.41)

The second term can be described by

m Xl: 3(1;:[;6‘) =m Z ul% +m : neg—z (2.42)
giving
d ] 0
m?—i—m u; ne—}—mZne——i—ZZp,]a q —O.

By multiplying the last equation by 2 and substitute 2mne = Zi Djj we obtain

0 0
Z e ZZ 'p”+ZZP"a
+zzzp,,a”’ Zaq’ = 0. (2.43)

This equation can be interpreted as the evolution equation for the pressure tensor.

Problem 2.8 Use the Maxwell-Boltzmann distribution (2.36) to show that the
definitions for (A) the number density n, (B) the bulk velocity #, (C) the temperature
T, and (D) the pressure tensor p; do indeed yield these quantities, and that the
pressure tensor can be expressed as p; = p(x, £)d;;. Show too that (E) the heat flux
q vanishes.
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Solution The Maxwell-Boltzmann distribution is given by Eq.(2.36). In all
following calculations we will make use of

o0
/ e Pdy =0  forx=1,3,5,7,..., (2.44)

(o]

since the Maxwell-Boltzmann distribution satisfies this relation for the expected
value E [X"]. For more details see also Problem 2.12 later in this chapter, where the
expected values are calculated from the moment-generating function.

A. The number density is defined as
n= /f(x, v, 1)d’v.

With the substitution ¢ = v —u and ¢ = ¢} + ¢ + ¢ we find

/ v =n (57) / exp ["”(vz;;)z} o

m \3/2 mc? 3
_n(27tkT) /exp [—ﬁ}d c=n.

B. The bulk velocity is defined by

nu = /vf(x, v, d>v.
Consider the i-th component (i.e., nu;) for which we have

3/2 N2
/v‘f(x’v’t)d% = (5r7) /vieXp [_m(vzk;) }d%

By using again the substitution ¢; = v; — u; we find

/vJ(x,v,t)d% =n (2 kT 3/2/(6, + u;) exp [—m} d’c

m \3/2 m 3 me? .
=n <_27[kT) |:/ Ci €Xp [_ﬁ} d’c + / u; EXp I:—m_'i| d i|

The first integral yields zero (see Eq.(2.44)) and the second integral can be
solved with the help of part A. We find

3/2 2
/ vif (x, v, Nd*v = nu; (h%) /exp [—%} d*c = nu;.
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C. The temperature 7T is defined by

3
EnkT = %/(v —u)’f(x,v,)d’v.

Again, by using ¢ = v — u we find

%/(u —u)*f(x,v,)d*v

m \3/21 5 me? 3
L Sy
m(27tkT) 2/c eXp[ 2kT:| ¢

1 m \32_ 732 (2kT\?
— Znm (—) 3T (2
2 \2xkT 2 \m

3
—nkT,
2

where the integration yields (3/2)7%/2 (2kT /m)° /2. The factor 3 originates from
the summation of ¢* = ¢} + ¢} + ¢2.
D. The pressure tensor is given by

R ErE—

With the substitution ¢; = v; — u; we obtain

m \3/2 me? 3
pij = nm (anT) /cicj exp [—m{| d’c.

With d3c = dcidcidcy and 2= ciz + Cj2 + c% we find that for i # j the pressure
tensor is zero (see part B). The integral only contributes for i = j and we have

3/2 2
pii = nm (L) /clz exp M Be
27 kT 2kT

m 32 732 (2kT\*?
(i) " (4
2rkT 2 (m)

= nkT.

The pressure tensor can therefore be written as p; = pé;;, where p = nkT for
ideal gases.
E. The i-th component of the heat flux vector is defined by

Gi=" / (Vi — u) (v — ).
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Substitute again ¢ = v — u and we obtain

m \32m 2 mc? 3
i=n(—)"" 2 I e =0,
a=n (27tkT) 2 / o exp [ kT:| ¢

The integral yields zero since we have integrals of the form (2.44) in each term.
Problem 2.9 Using the above results, derive the Euler equations.

Solution The Euler equations result from assuming that
pij = p(x, )8 and qi =0,

where p(x, 1) is the scalar pressure. For the conservation of momentum we find from
Eq. (2.34) for the i-th component

814, 814, ap ap
mn +Z "o | T T 2% T oy

or written as a vector
Ju
mn (5 +u- Vu) = —Vp.

For the energy conservation we use Eq. (2.43) and Z,’ pjj = 3p and find

+3Zu,—+3 Z
+3Z : +3 Za—+ pZ =

If we divide by 3 and write the summations with the help of vectors we eventually
find

op 5
— Y —pV.-u=0.
Bt+u p+3p u

Together with the continuity equation (2.33) we find the Euler equations,

% LV () = 0 (2.45)
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mn (% +u- Vu) =—-Vp (2.45b)

ap

5
o 4+u-Vp+ ng cu =0. (2.45¢)

Problem 2.10 Linearize the 1D Euler equations about the constant state ¥y =
(no, uo, po), i.e., consider perturbations §¥ such that ¥ = ¥ + §¥. Derive a linear
wave equation in terms of a single variable, say dn. Seek solutions to the linear wave
equation in the form exp [i(w? — kx)], and show that the Euler equations admit a non-
propagating zero-frequency wave and forward and backward propagating acoustic
modes satisfying the dispersion relation o’ = w — ugk = +Csk, where C is a
suitably defined sound speed.

Solution The 1D Euler equations are given by

on 0
ou, du,\ _ Op
o ( s ”’f—ax) = (2.46b)
9 P 5 du
PPy 2,y (2.46¢)

ot ax 37 ox

We linearize the 1D Euler equations about the constant state ¥y = (no, uop, po), i.e.,
we consider a small perturbation so that ¥ = ¥, + §¥. The number density n, the
velocity u,, and the pressure p are then given by

n=mny+én Uy = uy + du p = po+ 6p.
We substitute these equations into the Euler equations and obtain

daén adn dSu

o + uo—ax + I’lo—ax =0 (2.472)
odu odu adp
mnoﬁ + mnouog = _W (247b)
adp ddp 5 0ddu
Zpg— = 0. 2.47
o "M T3 (2.47¢)

Note that we neglected terms of order §¥2 and §Wds¥/dt or W dSW/dx and that
the derivatives of a constant are zero.

Alternative 1 ~We assume now that the solutions of the differential equations have
the form §¥ = §¥ exp [i(wt — kx)], where ¥ = 4n, du, dp, i.e.,

on = 5noei(wr—kx) Su = 5u0€i(wt—kx) §p = 8poei(wt—kx)'
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For the partial derivatives with respect to time ¢ and space coordinate x we find
in general

14 14
—— = iwd¥ — = —ikéV¥.
ot ox
The linearized Euler equations can then be written as
iwén — tkugén — iknodu = 0 (w — upk) n — knoéu = 0

k
mnpiwdu — ikmnouodu = ikép = (w0 —upk) Su— —38p =0
mno
. . ) 5
iwép — ikugdp — zk§p05u =0 (w — upk) §p — k§p05u =0.

By using @’ = @ — upk we introduce the matrix A and the vector §¥,

o' —ngk 0 én
A=|0 o —& W =|68ul.
0 —gpok ' 3p

so that the set of equations can be written as
A- 5% =0.

The trivial solution is, of course, §% = 0. Non-trivial solutions are given by
the eigenvalues of the matrix A. Therefore, we determine first the characteristic
equation (also called the characteristic polynomial), detA = 0,

5k
detA = o' - [a)’2 - —ﬂ:| =0.
3 mny

The eigenvalues are given by the zeros of the characteristic equation, hence,

ShT,

o] =0 wy; =+ 3

’

where we used po = nokpT (ideal gas law). The sound speed is defined as C; =
v vkgT/m with the adiabatic index y (which is y = 5/3 for ideal gases). We
find

w; =0 wj 3 = +Cik.

The Euler equations, indeed, admit a zero frequency (non-propagating) wave,
and forward and backward propagating acoustic modes with sound speed C;.
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Alternative 2 Our starting point are again the linearized 1D Euler equa-
tions (2.47a)—(2.47¢). By introducing the convective derivative

p_d,
Dt o Mo

we may write the linearized 1D Euler equations as

(2.48)

Dén n odu 0
— n —
Dt 0" ox
Déu 1 dép
R
Dt nom 0x
Dép 5 dbu
S T
D T37%

This is a set of three differential equations with three unknowns (dn, Su, and 8p).
We want to solve that set of differential equation for dp. Therefore, we take the
convective derivative of the first and third equation, and the partial derivative with
respect to x of the second equation resulting in

D?*8n d Déu
D M5 Dr
d Déu 1 9%8p —0
ox Dt nom 0x2
D*8p 5 0 Déu
b2 3% Dr

We substitute now the term with du in the second and third equation by using the
first equation (continuity equation). We obtain a set of two differential equations,

D*n 1 9%p —0
D2 m x>
D*8p  5po D*n _

Dr? 3ng Df?

Consider now an ideal gas with pg = nokgT. By substituting the term with dn in
the second equation we obtain
D*8p  5kgT 3%*8p _ D?*8p ,0%8p —0
D 3 m x>  Di? S o2

where we defined the sound speed C; as above. This equation is a wave equation.
By using the above definition of the convective derivative we obtain

DZ 32 32 ) 32
== ot —,
D a2 T Mhax T2



2.4 The Chapman-Enskog Expansion 101

so that

928p 9%8p 9%8p 928p
2 2 —C? =0. 2.49
g TGy T TS0 (2.49)

We seek now solutions of the form ép = ép exp [i(wt — kx)]. We obviously find

0%8p ) 0%8p 0%8p
—_— = 8 —_— = —k28 = k8 s
! o P aax
so that Eq. (2.49) becomes
(—w* + 2upwk — u3k*) + Ck* = 0.

The term in brackets can be written as (—»? + 2ugwk — ugk?) = —(w — uok)* so
that by using @’ as defined above

0" = (0 — uok)* = C?k? == o' = o —upk = £Ck.

Note that ’ is the frequency of the wave seen by an observer who is co-moving
with the background flow at speed uy, and w is the frequency seen by an observer
outside (not co-moving) with the background flow.

A wave (seen from an observer outside the co-moving frame) that travels with
the same velocity as the background medium uy and with dispersion @ = upk
has a zero frequency in the co-moving frame

a)’ = M()k— M()k = O,

and is therefore, non-propagating in that co-moving frame.

2.4 The Chapman-Enskog Expansion

We consider an expansion of the distribution function f about the equilibrium
or Maxwellian distribution f; in the form

f=fitei+efp+...,

(continued)
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where f1, f>, ... are successive corrections to fy. We consider also the force-
free Boltzmann equation,

of of

- T Uko— = —v(f —Jfo),

o o, (f —fo)

where the collision operator on the right side is approximated by a scattering
frequency v. By using the above expansion for the distribution function we
find

LRI R (2.50)
Xk

Since fj is the Maxwell-Boltzmann distribution we can evaluate the left side
and find an expression for the first correction f;.

Problem 2.11 Complete the details for the derivation of the expressions above for
dfo/ 0t and dfy/dx;. Use these results to complete the derivation of the expression

for fi.

Solution The first correction f; to the Maxwell-Boltzmann distribution f can be
calculated by using Eq. (2.50), where the Maxwell-Boltzmann distribution (2.36) is
given by

f—n( m )y:x[—ﬂﬂiﬁﬁ} 2.51)
Jo =\ kT P 2sT | ‘

Note that the density n, velocity u, and temperature T are functions of time and
space, so that n = n(x,t), u = u(x,t), and T = T(x, t). By introducing these new
variables we have to transform the derivatives according to the new time and spatial
dependencies of the new variables (see also Problems 2.1 and 2.2).

The idea is as follows: First, we derive the transformations for the time derivative
and the spatial derivative, respectively. Finally, these expressions will be substituted
back into Eq. (2.50), which will lead to an expression for the first correction in terms

of fo.
A. The time derivative transforms as follows

oy _ foon  dfpou  ofp oT

o oo T amar ToT o (2.52)
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where (using the definition of the Maxwell-Boltzmann distribution)

)

£ - f;O (2.53a)
ofo  m(v—u)

o =p, (2.53b)
ofy 31 m(v —u)* —u)’1

ar = 2T T T (2:53¢)

All derivatives can be expressed in terms of the Maxwell-Boltzmann distribution
fo- By substituting these results into Eq. (2.52) we obtain

Bfo —f 13n m(v—u) ou 3107 m(v—u)*10T
e T ket a0 2T 2T T 0t
By substituting ¢ = v — u and by using a component description we find for the
i-th component

o 0

n ot keT or 2T 0 kT T 0t

dfo |:1 on mci d; 31T mc? 1 3T:| (2.54)

Equation (2.54) includes time derivatives of the density n, velocity u;, and
temperature 7. To replace these time derivatives we use the Euler equa-
tions (2.45a)—(2.45¢) (with Einstein’s summation convention),

0
a—r; + —(nuk) =0

du; n ou; ap
mn|\— +u— ) =——
ar | Foxg e

ap 8p 5 Juy

— -p— = 0.
o "oy T3,
With p = nkgT we obtain

lon  Oux  w On

ndt  Oxy n oxg
ou; du; kgT on kg oT

e AL s L Al

ot k8xk mn dx; m 0x;

10T _ 2 auk U oT

TE - 38xk T8xk'
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For the last equation we used the continuity equation to eliminate the terms
proportional to dn/dt and dn/dx; By substituting these results back into
Eq. (2.54) we obtain

1 9fp u, on mcl du; c¢;on ¢ 0T

f_og oo axk kBT oxy ndx; T ox;
3u, 0T 2 mc? 3uk me* w, 0T

2T dx,  32ksT dx;,  2kgT T oxi

(2.55)

Equation (2.55) is just the transformation of the time derivative in Eq. (2.50).
B. We also need to calculate the spatial derivatives in Eq. (2.50), which is done
similarly to the time derivative (2.52) and we obtain

oo o o du 3o
dx,  On dxp  Owdxy OT Oxx
_ [1 on  m—u)du 3107 mv—u)’l 3T:|

n axk kBT axk 2T axk 2kBT ?8_xk

where we used Eqgs. (2.532)—(2.53c¢) to replace the derivatives of the Maxwell-
Boltzmann distribution, as before. By multiplying this equation with v; and
dividing by f, we obtain

ve Ofo vk On m du; 31 dT met 1 9T

S i — e 4 —— — v —. 2.56
f() 8xk n 8xk + kBTC vk 8xk 2 Tvk 8xk + ZkBT Tvkaxk ( )

We have also used ¢ = v — u and substituted vy = ¢ + ux.
Now we substitute the results (2.55) and (2.56) back into Eq. (2.50) and obtain the

somewhat lengthy expression

f u, on mc, du; c¢;on ¢ 0T 3u, dT

—Y) = — — _— -

fo n 8xk kBT oxy nox; T Ox; + 578_)0(

2 mc? 3uk mc? ug oT ¢+ u; on
3 2kBT axk 2kBT T 8xk n 8xk

mc? 1

2kgT T

m ou; 31
+ —cilc +Mk)a—xk —5rlatu )— + =la+ k)—-

kgT

Note that ¢;0/0dx; = c,d/0xy, since we use Einstein’s summation convention. After
some simplifications we obtain

fl 2 mc? Quy m du; 51 0T mer 1 9T

e T 3Ty | kT o 2T %0n | 2T T o




2.4 The Chapman-Enskog Expansion

From this equation it follows that

m 1, ou; mc? 5\ 19T
— = o iCk — — 8i —_— - =] =].
vh=ho [kBT (C T3 ") oy (2kBT 2) Taxk:|
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(2.57)

The first correction can be described through the Maxwell-Boltzmann distribution

function.

Problem 2.12 Consider the 1D pdf

flx) = \/ge_ﬁ"z for — 0o < x < o0.

(2.58)

(A) Show that the moment-generating function is given by M(t) = exp (1>/48). (B)
Derive the expectations E(X), E(X?), E(X?), E(X*), E(X°) and E(X®).(C) Hence

show that one obtains the integrals

-

o0 ﬂ 2
W - xze dx
3 o0
—00
15 *
8[3—\7//§ = / e P dx.
—0oo

Solution

A. The moment-generating function is defined by Eq. (1.15), so that

o= onne e

Consider the exponent. With the transformation

5 B t\ 2, P
—,Bx-i—tx——ﬂ(x—ﬁ) @——ﬂy +ﬁ’

where we substituted y = x — ¢/2, we obtain

_ ,3 t2 e8] gy _ l‘2
o= (Eoa(5) [~ =en(5)

since the integration yields /7 /8.

(2.59a)

(2.59b)

(2.59¢)
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B. The n-th moment (or the n-th derivative) of the moment-generating function is

given by
Mn(t) ﬂ /00 xn —ﬁxz-i-rxd d" ex [2
=4/ = e X = — — 1.
T J s drt P 48

Since E(X") = M"(t = 0) we find with M(0) = 1 the following results

M (1) = #M(r} E(X) =0
w0 = (415 + 55 ) MO BOC) = 5
M (5) G# + é;—Z) M) EXY) =0
vo-Gho g an-2)
M>(1) = (18_5f%+ 2;—34+3i2;—55)M(t) EX?) =0

M) — 15 1 +45t2+15t4+ 1 £ e E(Xﬁ)_ISI
A8 B 1684 3285 ' 64 B0 8 B3

C. With E(X") = M"(¢t = 0) it follows immediately that

E(X") = \/E / " e gy
T J-co
= / " e PR gy = \/gE(x"). (2.60)

By combining the expectations derived in part (B) with Eq. (2.60) we find the
equations given by (2.59a)—(2.59c¢).

Problem 2.13 Show that the Chapman-Enskog expression for f; satisfies the
constraints

/fld% =0 /cfld3v =0 /czfld?’v =0 (2.61)

Solution The first order correction term of the Chapman-Enskog expansion is
given by

_ fo[ m ou; mc® 5\ 10T
fi=—— |:— (C,Ck —C 8,1() e + ¢k (m 5 ?a—xk ) (2.62)
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with the scattering frequency v and the Maxwell-Boltzmann distribution f; (com-
pare with Eq.(2.57)). For the sake of brevity we write the Maxwell-Boltzmann
distribution function as

P B 3/2 _ge
v=n = e , (2.63)

where § = m/(2kT) and ¢ = v — u. This has the advantage that we can use the
results of the previous Problem 2.12; compare with the probability density function
given by Eq. (2.51). With @*v = d>c the constraints can also be written as

0= / cfid’c (2.64)
1 m Ou; 1, 10T met 5
v /c fo [kBT o (C T3 ") T ox " (2kT 2)} ¢
where ¢ = 0,1,2 for the zeroth, first, and second constraint respectively. In

Eq. (2.64) the constants kg, T,m and the partial derivatives with respect to x; are
independent of dc and, thus, the integral operates only on the terms in rounded
brackets (which include the velocity c). Each of the integrals on the right hand side
has to vanish independently, therefore, we consider both integrals separately. For
simplicity we substitute fy by Eq. (2.63) and neglect all constant factors and obtain
the following two conditions

1
A: / e P (Cick — §c25,4,() dc=0 (2.65a)
o —pc? 2 5 3
B: c*e P e | Be —5 d’c=0. (2.65b)

Basically, the constraints (2.61) reduce to the two conditions A and B.
First Constraint: « = 0
A. In this case the expression given by Eq. (2.65a) becomes

o0 2 1
/ e P (cick — gcz&k) dc. (2.66)

o0

Here we have to distinguish between the two cases i = k and i # k.

Casei = k: We find for Eq. (2.66)

T T vt [ Loy 20 2
/ / / e PaTGTe | ¢ _§(ci +¢; + ¢;) | deidcjdcy.
—00 J —00 J—00
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Note that the integral of each component within the squared brackets yields

the same result, i.e., the integrals with c? and ¢ yield the same result as 7,

hence we set (¢ + cj2 + ¢?) = 3¢? and obtain

© o o — .2+ .2+ 2 2 2
/ / / e Pleiteten [Ci — ci]dcidcjdck =0.
—00 J —0O0 —00

Case i # k: In this case Eq. (2.66) becomes

o0 o0 o0 2+ 2+ )
/ / / e Pliteta) cicxdeidejdey, = 0.
—00 —00 —00 ’

The result is zero due to odd orders of ¢ under the integral, compare with

Eq.(2.44).
B. Let us now consider the second integral given by Eq. (2.65b). For « = 0 we
obtain
0 2 5
/ e P |:,362 - -} dc. (2.67)
—o0 2

By expanding ¢? = ci2 + cj2 + c% we find

CATAT —pria 2 2 32
/ / / e Pt [,B(Ckci + crei + ) — Ecki| dejdcidey = 0.
—00 J—00 J —00

This integral is zero, where we used again Eq. (2.44).
Obviously, the first constraint is fulfilled.

Second Constraint: « = 1 The result of this constraint is a vector, but for
convenience we consider only the j-th component of the vector c.

A. For the first integral we find

1
/e‘_ﬂcz (CiCjCk - ngCZSik) d’c. (2.68)

Here we have to distinguish the following cases:

Casei =k =j: In this case Eq. (2.68) becomes

o oo [ 2,202 1
/ / / e Plateta I:cl3 - gci(ci2 +cf + cﬁl):| dcidcde,, = 0,
—00 J —00 J —00



2.4 The Chapman-Enskog Expansion 109

where we used the indices i, [, m to avoid confusion with the indices j, k. One
can see immediately that the integral vanishes according to Eq. (2.44), since
we have always an odd order of ¢; under the integral.

Case i = k # j: In this case Eq.(2.68) becomes

CAT T bt [ 2 L2 n 20 2
/ / / e PTG etep — gcj(cl- + ¢j +¢;) | deidejde; = 0,
—00 J—00 J —00

which vanishes according to Eq. (2.44), since we have always odd orders of
¢j under the integral.
Case i # k = j: In this case Eq.(2.68) becomes

_ 2 24 .2
/@ B(ci+c; +Cl)CiCj2 dCidedCI =0,

which vanishes also according to Eq. (2.44).
Casei # k #jandi # j: In this last case, where all indices are mutually
distinct, Eq. (2.68) becomes

— 24242
/e PE+G+0 cicier deidedey = 0,

which vanishes also, because we have an odd order of ¢ for all indices i, j,
and k.

B. For the second integral we obtain (by using the j-th component of the vector)

5
/ e (ﬁCiCkcz - ECiCk) d’c, (2.69)

where we pulled ¢; and ¢ into the brackets. We have to distinguish between the
cases j = kand j # k.

Casej = k: In this case Eq. (2.69) becomes

R IR (T RUE e 3 2, 2, 2\ 2o
/ / / e T B(ci + ¢ + ¢)c; — ¢ | dejdeiden.
—o00 J—00 J—00 ’ ’ 2 !

The first part of that integral becomes then

C AT —prdrdy 4, 20 22 572
ﬁ/_oo/_w/_ooe 7T () + cjep + i ey)dedede, = YV R
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Note that while evaluating the integral we can set cj 2 4+ cjzc2 = ch Cz , since
both integrals provide the same result. The second part of the integral yields

5
__/ / / C e ﬁ(C +C/ +Lm)dc dC]de = ;5/2

By adding up both parts we obtain

: 5
/e_ﬁ‘z (,BQjCkCZ - Ecjck) d*c = 0.

Casej # k: In this case Eq. (2.69) becomes

[ Y T FUE U 2, .2, 2 >
/ / / e Pleteptep) |:,3(cj + ¢ + cp)cjer — Ecjcki| dcidcydcy.
—00 J —0O0 —00

Obviously, this integral yields zero according to Eq.(2.44), since we have
odd orders of ¢; and ¢ under the integral.

Obviously, the second constraint is also fulfilled.
Third Constraint: « = 2

A. In this case Eq. (2.65a) becomes

1
/ —Be? (c cick — 36 S,k) &, (2.70)

where we have pulled the ¢? into the brackets. Here we have to distinguish
between the cases i = k and i # k.

Case i = k: In this case Eq. (2.70) becomes

. 1
/e_ﬁ‘z (Czci2 — §C4) dc= A + As.

Let us consider both terms separately and we obtain for the first part

o0 o0 o0 2+ 2+ 2 4
A= / / / e Pleita C'”)(ci + ¢ Cl + ¢ cm)dcldcldcm
—00 —00 —00

Note that the integration of the terms containing c and c ¢ yield the same
result. Therefore we simplify the equation and obtam for the first term

[T percidy, 4 29
Ay =/ / / e Pleite cm)(ci + 2c;icy)deideideyy,.
—00 —00 —00
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For the second part of the integral we consider first the expression ¢* which
can be written as
(ci2 + cl2 + Cfn)2 = C? + C? + cﬁl + ZCizcl2 + ZC%Cfn + ZCIZC,Zn
= 3¢} + 6cic],
where we used the fact, that the integrations over ¢}, ¢}, and ¢, yield the same

result as well as the integrations over c?c?, c7c2, and c7c%. The second part
of the integral can then be written as

i i“m’

Rl e SO SRS B 22
Ay = _/ / / e B(c; +61+Lm)—(3ci + 6Ci (o )dC,'dC[de.
—00 J—00 J—00 3

Since A} = —A; we find that A} + A, = 0 and therefore the integral
vanishes for i = k.
Case i # k: In this case Eq. (2.70) becomes

o0 o0 o0 > > )
/ / / e B +Ck+cl)(ci2 + c,% + c,z)cick dcidcidce; = 0.
—00 —00 —00

This integral vanishes also, since we have odd orders of ¢; and ¢; under the
integral.

With both results we find

1
/cze_ﬁc2 (cick — gcz&k) dc=0.

B. For the second integral we find

/e_ﬂczck (,3C4 — gcz) dc=0,

where we pulled ¢? into the brackets. One can see immediately that this integral
vanishes, since we have always an odd order of ¢, under the integral.

By adding both results up we find that the third constraint is also fullfilled. All
results show that the first correction fi to the Maxwell-Boltzmann distribution f;
indeed satisfies the above mentioned conditions (2.61).

Problem 2.14 Show that the terms o« (1/7)d7/0x; in the pressure term of
Eq. (2.57) vanish identically.

Solution The first correction to the pressure term is given by

pilj = m/cicjf1d3c.
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According to Eq.(2.57) the term of f; that is proportional to o< (1/7)dT/0dx; is

given by
~ 10T
— 2_ )=
h= ('B ) T ox;

Let’s consider both terms separately. Since the temperature and the scattering
frequency are independent of ¢ we have

o0
A / cicicrc?e P dPe = 0 (2.71a)
—0o0
o0 2
B: / ciciere P dPe = 0, (2.71b)
—00

where we used the Maxwell-Boltzmann distribution function fy from Eq. (2.63). We
consider first the integral of Eq. (2.71a).

A. Here we consider Eq.(2.71a). We have to distinguish between the following
cases: (a) i = j = k, (b) i = j # k (it is an easy matter to show thati # j = k
yields the same results) and (¢) i # j # k and i # k.

Casei =j = k: Inthis case Eq.(2.71a) becomes

o0 oo o0 5 5 2
/ / / ¢} (e + ¢} + e Pleitatad dedede,, = 0.
—00 J—00 v —00

This integral vanishes, since we have an odd order of ¢; under the integral in
each term, see Eq. (2.44).
Casei # j = k: In this case Eq. (2.71a) becomes

o0 o0 o0 2+ 2+ )
/ / / c,cf(ci2 + cf + clz)e_ﬂ ci+e Cl’dcidcjdc,.
—00 —00 —00

As before we have an odd order of ¢; under the integral in each term.
Therefore, the integral vanishes.
Casei # j # kand i # k: In this case Eq. (2.71a) becomes

o0 o0 o0 2 2 2
/ / / cicjck(ci2 + cf + C,%)e_ﬂ(‘f *g +‘k)dcidcjdck.
—00 —00 —00

This integral vanishes also, since we have odd orders of c¢;, ¢;, and ¢; under
the integral in each term.
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B. For the second integral of Eq.(2.71b) we have to distinguish the same three
cases:

Casei =j = k: Inthis case Eq.(2.71b) becomes

o0 o0 o0 5 5 2
/ / / C?e_ﬁ ita+a) de.dede,, = 0,
—00 J—00 J—0O0

since we have an odd order of ¢; under the integral.
Casei # j = k: In this case Eq. (2.71b) becomes

o0 o0 o0 ) ) )
/ / / c,-cfe_ﬂ (eitejter) dcidcidcy,
—00 —00 —00

which will also vanish due to odd orders of ¢; under the integral.
Casei # j # kand i # k: In this case Eq. (2.71a) becomes

o0 o0 o0 5 5 5
/ / / cicjcke_ﬁ(ci *q +Ck)dcidcjdck,
—00 —00 —00

which also vanishes due to odd orders of ¢ under the integral.

By combining the results from part A and B we find indeed that the terms
proportional to (1/7)dT/0x; in the pressure term vanish identically.

Problem 2.15 Show that the heat flux vector is given by

oT 5 nk*T
qi=—A— with A=201
ox; 2 mv

Solution The heat flux vector can be calculated by

m o) 3
L= — Cfide,
g = /C chid’c
with the first order correctionfl given by Eq (262), and the Maxwell-Boltzmann

distribution function f; given by Eq. (2.63), with § = m/(2kT) and ¢ = v — u.
Again, the integral operates only on the terms in rounded brackets

oomym o L2 e
=" {kT /foc’c (C’Ck 3¢ S’k) ™

5 10T
2 2 2\ 5 Lol
—i—/c,cfock (,BC 2)d CTBxk}'

It can easily be seen that the first integral is

1
/foCiCZ (CjCk - §C28jk) dc=0,
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since we find in each term odd orders of c, see Eq. (2.44). The heat flux is therefore,
given by

m 10T

5
26 [ g2 3
l-——___ l _—— d .
1 2v T Oxg cckcfo( ¢ 2) ¢

As before, for i # k this integral is zero, therefore we consider only the case i = k

and obtain
ﬁS/Zmlanzz—ﬁ 3
i =—-n|— ¢ d’c,
a=—n(8) gy [ e (b2 3) o

where we substituted f; by Eq. (2.63). Let us consider the first term of the sum. We
obtain

32 10T 351 m T
n é m /C2C4 —B P = ——ﬂ— (2.72)
EL1 2v Tax, 16,32 vT 0x;

For the second term we find

n§ B 3/2mlaT/C22_/36d3 ZSLEB_T 2.73)
2\ nm 2v T 9x; 16,321)T8x,<' '

By subtracting Eq. (2.73) from Eq. (2.72) we find for the heat flux

351 mdT _ 251 moT __ 51 mdT __SmcT T
i: —-_N— - —Nn —--\N—— — =
1 1682 vT ax 1682 vT dx 8B vTox; 2 mv o’

where we used B = m/2kT.

2.5 Application 1: Structure of Weak Shock Waves

The one-dimensional Rankine-Hugoniot conditions are given by

s[p] = [pu] = [m]
sloul = [pi + p]
sle] = [(e +p)u].,

(continued)



2.5 Application 1: Structure of Weak Shock Waves 115

where s = dx/dt is the speed of the discontinuity and e is the total energy
with
2 p

1 1,

= = —_— = €. 2.74
€= pu +y—1 S P +p (2.74)
Here, ¢ = p/p(y —1) is the expression for the internal energy. Since the Euler
equations are Galilean invariant, we may transform the Rankine-Hugoniot
conditions into a coordinate system moving with a uniform velocity such
that the speed of the discontinuity is zero, s = 0. The steady-state Rankine-

Hugoniot conditions can then be written as

Polto = P11 (2.75a)

pous + po = p1u; + pi (2.75b)

(e0 + po)uo = (e1 + p1u. (2.75¢)

If we let m = poup = piu;, we can distinguish between two classes of

discontinuities. If m = 0, the discontinuity is called a contact discontinuity
or slip line. Since ug = u; = 0, these discontinuities convect with the fluid.
From (2.75b) we observe that po = p; across a contact discontinuity but in
general pg # p;. By contrast, if m # 0, then the discontinuity is called a shock
wave. Since ug # 0 and u; # 0, the gas crosses the shock, or equivalently,
the shock propagates through the fluid. The side of the shock that comprises
gas that has not been shocked is the front or upstream of the shock, while the
shocked gas is the back of downstream of the shock.

Problem 2.16 Explicitly, derive the O(¢) and O(g?) expansions of the Euler
equations (e.g., Eqs. (2.46a)—(2.46¢)).

Solution The 1D Euler equations can be rewritten as

p 9 __
i + g(pu) =0
_(ou _du az, p
P (5 " a_) T Ty
p _p  _on

- U— -_— = O,

i o TP
where we introduced the dimensionless variables 7 = ¢t/T,x = x/L,p = p/po,p =
p/po, and u = u/V,. Here, T and L are a characteristic time and length scale
respectively, and V), is a characteristic phase velocity. Also pg and pg are equilibrium
values for the density and pressure far upstream of any shock transition.
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By introducing fast and slow variables § = x —7 and © = €7 we find

o 9k _0 o _dva ved _ o0 oo

9 9fdr  9f 0 ot 0F

%  ox0F  OF
If we expand the flow variables about a uniform far-upstream background, we obtain
p=1+epi+epr+...

ﬁ:8ul+€zuz+...

p=14ep+epr+...

A. Continuity Equation
For the continuity equation we find the general expression

99 (1+epr+&p+...)
531 5 ep1+¢e"pr+ ...

d
+a—ég_[(1+8p1+82p2+...)(8u1+€2M2—‘r...)]ZO.

e Terms of order O(¢):

dp1 ouy
o + o = p1 = (2.77)
+ Terms of order O(&?):

do1  dpy | Ouy  Opiu

I U

B. Momentum Equation
The general form of the momentum equation is given by

0
8(1+8,O1+82p2+...)a(8u1+82u2+...)

d
—(1+8p1+€2p2+...)—§(€u1+82M2+...)
d

+(1+8,01+82p2+...)(£u1+£2u2+...)ag (s + ur + ...

__@i 2
= azg_(1Jrslerwer...),

=2 _ 2 2
where we used a;, = azy/V,.
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o Terms of order O(¢):

-
dui _ dg 9p aq

08y O y
* Terms of order O(&?):

8u1 8u2 8u1 + 8u1 t_lgo sz
- JE— U — = .
or o e Mo Y OF

C. Energy Equation
The general form of the energy equation is given by

3 3
s$(1+ep1+szp2+...)——(1+sp1+ezp2+...)

9
2 9 2
+ (eur + ¢ u2+...)%(1+ep1+sp2+...)
2 9 2
+)/(1+8p1+8p2+...)¥(8u1+8 uy+...)=0.
¢ Terms of order O(¢):
pi ouy
—4y—=0 = = yu,.
O +)’a§ p1r=vyu
» Terms of order O(&?):
dpr  Ipa ap1 duy du,
—_— - — — — =0.
o7 a§+ula§_+)/a§_+ypla§

Problem 2.17 Derive the nonlinear wave equation

i) +1 9
w oyl

a2 Lot

which is called the inviscid form of Burgers’ equation.

117

(2.78)

(2.79)

(2.80)

Solution From the first order expansions of the Euler equations (see previous

Problem 2.16), we find the relations

p1 = Ui Uy = —pi pP1L=yur.

2.81)
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From the last two relations it follows that 5130 = 1. For the second order equations,

O(s?), we find

3,02 duy 3,01
ML
E %_ E p1ur) —
duy “co op2 du;  duy duy
72 Teo2 7 T 2
oy oe or  ac Mae
3P2+ oy _ Opr 0w g
OF 14 9 ot 174! O 1 0F
Equation (2.82c) can be rewritten as
dp2 _ Op ouy ap1 duy
dE ~ or P T TV

Substituting this result into Eq. (2.82b) and setting Ezfo = 1 we obtain

0 0, duy 0, 0 0 ad
Uy _(P1+ Py uz) o Jl_ dm
i3 0 3 3 9 ot
which can be simplified to
1 8p1 8u1 1 8p1 8u1 aul 8u1

yor TP Ty TP T ar e
Now we substitute p; = yu; and p; = u; from Eq. (2.81) and obtain

8u1 + 8u1 + 8u1 8u1 8u1 8u1
— u — U
or VM e TMTE T T e T M

Finally, this can be simplified to

8u1 Yy + 1 8u1
—+ il =0,
at 2

3
which is called the inviscid form of Burgers’ equation.

Problem 2.18 Solve the linear wave equation

8u+ 8u_0
ot Cﬁx_’

(2.82a)

(2.82b)

(2.82¢)

8u1

Mlg,

(2.83)

where c is a constant and the initial condition u(x,7 = 0) = f(x). Write down the

solution if f(x) = sin (kx).
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Solution The initial curve at time ¢ = 0 can be parameterized through
t=0 X =X u(x,t =0) = f(xo). (2.84)

The set of characteristic equations (see also Problem 2.3) and their solutions are
given by

dt

— =1 t = T + const, t=r1

dt

dx

— =cC X = cT + const, X=cT+ X9
dt

du

— =0 u = consts u = f(xp).
dt

From the last equations it follows that u is constant along the characteristic curve
xo = x — ct. In particular, xo = x¢(x, ). The characteristics can be inverted and we
find u = f(xp) = f(x — ct). Together with f(x) = sin (kx) the solution is given by

u = sin (kx — ckt) = sin (kx — wt) , (2.85)

where we used the dispersion w = ck.

Problem 2.19 Consider the initial data

0 x>0
Ux,0) = = (2.86)
1 x<O

for the partial differential equation written in conservative form
oU 1 o> 0
ot 2 0x
Sketch the characteristics. What is the shock propagation speed necessary to prevent
the characteristics from crossing?
Solution First, we rewrite Burgers’ equation in the form

o U

E-f- a—o.

The set of characteristic equations is then given by

dt dx du
— =1 —=U — =0.
ds ds ds
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From the last equation, dU/ds = 0, we find that U = const. along the
characteristics. In fact we have U = Uy(xy), where Up(xg) = U(x,0) is given
by the initial data, Eq. (2.86). Since U is constant it follows that

d
d_f =U = UO(XO) —— x(s) = U()(X())S =+ Xp.

And since dt/ds = 1, so that s = ¢, we find for the characteristic curve

X forxg >0
X(t) = UO(xO)t +.X() —t x(t) — 0 0= ’
xo+t forxy <O

where we used the initial conditions given in Eq. (2.86). The curves are shown in
Fig.2.2. To prevent the characteristics from crossing, we introduce a shock with
propagating speed (valid for the inviscid Burgers’ equation)

[3U°] _Uo+U 1
w = 2 2

S =

with Uy = 0 and U; = 1, and where s = (Uy + U;)/2 is the shock jump relation
for the inviscid Burgers’ equation, connecting the speed of propagation s of the
discontinuity with the amounts by which the velocity U jumps. Figure 2.3 shows
this case.

2

181 1
161 |
141 ]
121 |

t 1r 1
0.8 |
0.6 |
0.4 |
02 |

0 L I
-1 -0.5 0 0.5 1

Fig. 2.2 Shown are the characteristic curves. Apparently, the curves intersect
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0 L
-1 -0.5 0 0.5 1

Fig. 2.3 Shown are the characteristic curves with the shock speed s = 0.5

Problem 2.20 Starting from the stationary Rankine-Hugoniot conditions (2.75a)—
(2.75¢), show that

2 Po — D1
m = — ,
To— 11

where T = 1/p. Show also that egtg — e;7] = p1T1 — poTo and hence that

po + p1
2

€1 — €+ (t1 — ) =0,

(the Hugoniot equation for the shock) where € = pt/(y — 1).
Solution

A. We begin with Eq. (2.75b) and rewrite this equation as

22 22
pu pU
Pl”f—Poué:PO—Pl - #—% = Ppo—D1,

where we multiplied each term on the left-hand side with 1 = p1/p1 = po/ po-
Using now Eq. (2.75a) and letting pouy = pju; = m, we find immediately

1 1 Po— D1
mz[———i|:p0—p1 - m? = ——
oL Po To— T
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where t = 1/p. Note that, since pu = m and thus t = u/m, we can rewrite the
expression as

m= T h == (uo —uy) = o ;pl . (2.87)

Up — Up

B. We begin by rewriting the condition (2.75a) in the form u; = uppo/pi, so that
condition (2.75c¢) can be written as

0
(eo + po)uo = (e +p1)uog— = 1(eo + po) = ti(er +p1),
1

where we divided both sides by uy and py and replaced ¢ = 1/p. Reordering
the equation, we obtain

€pTo — €171 = P1T1 — PoTo- (2.88)

C. We begin with the left-hand side of Eq. (2.88) and substitute

Lo Ry
e = pe€ —pu- = | € —u —
peT P 2" )T

where © = 1/p, € is the internal energy, and e is the specific total energy (see
the introduction of this section). We obtain

1, 1,
€o+§'40 - €1+§“1 = p17T1 — PoTo

1
€ — € + 3 (ué —u%) =p1T1 —PoTo

1
€ —€1 + 3 (o — u1) (uo + u1) = p171 — poTo-

We substitute now (u#o—u;) by Eq. (2.87) and use u = mt for the term (ug + u1),

and obtain
1 po—p1
€) — €] — - ——— (m7o + m11) = p171 — PoTo
2 m
Po—P1
€0 — €1 — > (to + 71) = p171 — PoTo
1 1 1 1

€ — €1 — EPOTO - EPOTI + EPITO + Eplfl = Pp1T1 —PoTo
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1 1 1 1
€ — €1 + EPOfO - EPOTI + EPITO - Eplfl =0
1
€ — €1+ E(Po +p)(to— 1) =0,
which is the Hugoniot equation for a shock.

Problem 2.21 Show that the Cole-Hopf transformation

— o (2.89)

¢

removes the nonlinear term in the Burgers’ equation
Uy + Uty = Klyy,

and yields the heat equation as the transformed equation. For the initial problem
u(x,t = 0) = F(x), show that this transforms to the initial problem

1 X
® = P(x) = exp [——/ F(n)dn:| , t=0,
2K 0
for the heat equation. Show that the solution for u is

foo X— 77e—G/ZKd)7

oot

ffzo e—G/ZKdn

u(x,t) =

where

n _ 2
G = [ Fapan + S0
0 2t
Solution Note that the velocity u is a one-dimensional function of time and
space, thus u = u(x, r). The Cole-Hopf transformation (2.89) introduces a function
¢ which is also a function of time and space, ¢ = ¢ (x, ). To avoid any ambiguities
we define the initial condition at time t = 0 as @ = @(x) = ¢(x,0).

A. With the Cole-Hopf transformation the derivatives of u with respect to ¢t and x
are given by

¢¢xx ¢)2 _ 2 ¢¢xr - ¢x¢r
T e
¢XXX ¢X¢XX

¢3
8 + 6k pE — 4k ¢3.

Uy = —

Uyy = —
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Burgers’ equation becomes then

Uy + Uy — KUy = _@ + P + Poxx . K¢x¢xx

o g e
= ¢) (Kd)xx - ¢I‘)x - ¢x (K¢xx - ¢)[) - 0

Note that the expressions in both brackets are identical. For any non-trivial
solution of ¢, i.e., ¢ # 0, this equation is fulfilled if the term in brackets equals
zero, and thus

K¢xx = ¢1‘- (290)

Equation (2.90) is called the heat equation and we note that the Cole-Hopf
transformation reduces Burgers’ equation to the problem of solving the heat
equation.

B. By using Eq.(2.89) we find for the initial problem (setting ¢t = 0, so that
¢(x,0) = @(x)) the following ordinary differential equation

$x(x,0) do(x) F(x)

——dx,

F(x) = -2« $(x.0) o0~ 2

where u(x,t = 0) = F(x). The general solution is given by
1 X
In®(x) —In®(0) = ——/ F(n)dn
2K 0

1 X
@(x) = Cexp [_Z/o F(n)dn} , (2.91)

where we used C = @(0).

C. In order to solve Burgers’ equation we essentially need to solve the heat
equation (2.90) and transform the solution back according to the Cole-Hopf
transformation (2.89). Let us begin by rewriting the heat equation as

I _ PP
o * 0x2

¢x,t =0) = P(x) —00 <X < 00.

—o<x<oo, 0O0<t (2.92)

with the initial profile @(x) at time r = 0, given by Eq. (2.91). A very common
approach is to transform the function ¢ (x, ¢) into Fourier space

P(x,1) = % / ik bk, )™, (k1) = / - dx ¢(x,0)e”™  (2.93a)

o0

D(x) = % / "k d k)™,  Dk) = / i D (x)e (2.93b)
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where, qg(k, t) and @(k) are the Fourier transforms of ¢(x,f) and @(x). By
substituting the Fourier transform of ¢ (x, 7) into the heat equation (2.92) we

obtain
8¢>g/;, D _ —kk*P(k, 1) keR, 0<t¢ (2.94)
(k. 0) = D (k) k € R.

For each constant wave mode k, the function qg(k, t) fullfils the initial problem
with the initial condition ¢(k,0) = @ (k). The ordinary differential equa-
tion (2.94) can easily be solved,

3¢ (k, 1) ) . . 5
= = —«k°0 Ing(k, 1) —Ing(k,0) = —kk’t,
3k Kk 0t = n¢(k, 1) —Ing(k,0) Kkt

where we integrated from ¢ = 0 to ¢. Since QAS(k, 0) = qﬁ(k) we find our solution
bk, 1) = D (k)e . (2.95)

Now we transform this solution back into real space, using Eq. (2.93a),

o

1 A .
Pl 1) = — / dk & (kye " F ek,
21 J oo
Substituting now the initial condition @ (k) by Eq. (2.93b) we find
1 &0 * 0 2, .
¢(x, 1) = —/ dx’ @(x’)/ dk e gk T gl
27 Joo —00

Note that we use the x’-coordinate for the back transformation of the initial
condition. The integral with respect to k is readily solved by (see Problem 2.27
for a detailed analysis of the integration)

X 2 T =)
K(x—x) :/ e gkt ik e = ‘/K—te_ o (2.96)
—00
so that
1 o0
o(x, 1) = 2—/ dx' d(X)K(x —X'), (2.97)
T J-co
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where K(x — x) is the so-called heat kernel. Note that this integration is only
convergent for k > 0 and # > 0. Thus, we find the general solution

¢(x.0) = <P(x)e = dx

1
Vamkt

This solution is a convolution of the fundamental solution

Yx, 1) = ;ex [—i}
U Sanxt Pl %

and the function @(x’). Substituting @(x’) by Eq. (2.91) we obtain

X (x x/)2
J_ [——K/ F(n)dn — P ]

The spatial derivative is then

C © Ly 1 X (x— x/)z
)y = — —— | F(pdn- —L| av.
) 4mict /—oo 2kt P |: 2K /0 (rhdn 4t )

According to Eq. (2.89) the solution of Burgers’ equation is then

$(x.1) =

00 x—x 1 X (x—x')?
f—oo r [_ﬁfo F(ndn — 4kt :| dx’

X x—x/)2
S exp [~ i Fandn - 5] av

u(x,r) = (2.98)

Problem 2.22 Show that the exponential solution of the characteristic form of the
steady Burgers’ equation admits a solution that can be expressed as a hyperbolic tan
(tanh) profile, given u(—o0o0) = uy and u(co) = uy.

Solution Burgers’ equation is given by

3u+ 3u_ 9%u
o ox T o

The steady state Burger’s equation can also be written as

where we multiplied by 2 and assumed that « is independent of x. Obviously, the
term in brackets has to be constant, and the dimensions of that constant are of the
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order velocity squared. Thus, we introduce the constant u, and have

W — 22— = uz.,

dx ¢

where u, is a constant velocity that has to be determined by the boundary conditions.
We can rewrite that equation and obtain

/d /d 2k ZK/d 1 2k J 1
x= | du =—— [ du—s5 =—— —:
u? —u? u? - uc yl—y2

c

where we used the substitution y = u/u,. According to Gradshteyn and Ryzhik [2],
Eq. (2.01-16), the integral can be solved by

2k (u(x) )
x = —— arctanh + Xxo,
Uuo c

where x is an integration constant and u(x) obeys the condition —u, < u(x) < u,.
Solving this equation for u(x) gives

u(x) = —u.tanh [(x — Xp) ;—;] ,

where we used tanh(—a) = — tanh(a). Now it is clear that the integration constant xy
shifts the tanh(x) by a distance xo in the positive or negative x direction, depending
on the sign of xy. The constant 2« /u. has the dimension of a length. For convenience,
we introduce a characteristic length scale [ = 2k /u, so that our solution is

u(x) = —u, tanh (x - XO) . (2.99)

Example: Shock. Here we consider the example of a shock located at xo and a
background flow with the upstream velocity up = u(x = —o0) and the downstream
velocity u; = u(x = +00).

A. By using tanh(£o0) = +1 and Eq.(2.99) we find the relations uy = u, and
u; = —u., and therefore uy = —u;. This also implies u(x = xy) = 0, because
tanh(0) = 0, which means, that the shock speed at the position of the shock
Xo is zero, thus u(xg) = 0. However, in some cases one is rather interested in
uy # —uy. It is obvious that, in this case, we have to add a constant C # 0 to
Eq.(2.99),

X — X0

u(x) = —u, tanh( ) el (2.100)
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to guarantee that u(xp) # 0. We find immediately from Eq. (2.100) that

ux=—-o0)=u.+C (2.101a)
ux =x9) =C (2.101b)
u(x = +o0) = —u. + C. (2.101¢)

To specify the constant C we impose another boundary condition,

u(x = xp) = l —; Y= C, (2.102)

which means, that at the shock position x( the shock speed has decreased to the
constant arithmetic mean C = (ug + u;)/2, which is zero only for uy = —u;.
The constant u, is determined by Egs. (2.101a) and (2.101c). Subtracting the
second equation from the first equation and dividing by 2 gives

Up — Up

2

U =

Substituting C and u, back into Eq. (2.100) gives

u(x) =

Mot _Uo—Mh (x_xo) , (2.103)

2 2

which provides the correct results for the boundary conditions. In the case that
C = 0 and, thus, uy = —u; = u, we find the result as given by Eq. (2.99). As an
example, Fig. 2.4 shows the velocity profile (2.103) across a shock for 1y = 1
and u; = 0.25 and the shock position xy = 5.

B. The exponential solution of the characteristic form of Burgers’ equation is
given by

Uy — uop Uy — uop uy + ug
u—uo+m, where z = ic (x— 3 t). (2.104)

Note that the hyperbolic tangent can be expressed by

2
ex 41"

tanhz =1 —
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Fig. 2.4 Shown is the velocity profile for xy = 5, up = 1 and u; = 0.25

By expressing uy = uo/2 + up/2 in Eq. (2.104) and adding a ‘zero’ in the form

of 0 = u; /2 — uy /2, we obtain

u =

up Ul up U up —u up + uy

Up — uy

Up —

2 02 2 2 ex4l 2

2

uy —

2 2

- 2
=u0+u1+u0 Uy 1— . _u0+u1+
e+ 1

This result is identical to Eq. (2.103).

e+ 1

uj
tanh(z).
5 tan ()

2.6 Application 2: The Diffusion and Telegrapher Equations

Legendre’s differential equation is an ordinary differential equation, given by

AP dPu()

0=(1—p?)
du? du

d dp,
= [(1 - 1) ]+n(n+ Py,
dup dp

+n(n+ P, (1)

(2.1052)

(2.105b)

(continued)



130 2 The Boltzmann Transport Equation

with n = 0,1,2,.... Solutions to this differential equation are called
Legendre polynomials, where each Legendre polynomial is an n-th degree
polynomial and can be determined by

ey
- 2l dp"

1 —
Po() = F(n+ 1,—n, 1;7“) : (2.106)

where F (.. .) is the hypergeometric function. The last expression on the right
side is also called Rodrigues’ formula. The generating function is

=Y P(t". <1 (2.107)

1
Vi=2ut+ =

An important relation is given by

L(p,1) =

1
2
Pn Pm = nm- 2.1
/_ 1 (W) Pwm(p)dp T +15 (2.108)

Problem 2.23 Legendre polynomials P,(x) and P,, (1) satisfy Legendre’s differ-
ential equation (2.105a). Show that for n # m, the following orthogonality condition
holds,

1
/ P.()Pp()du =0 for n # m. (2.109)
—1

Solution Using Eq. (2.105a), Legendre’s differential equation (for two Legendre
polynomials P, and P,,) is described by

d dp,
— | =u? +n(n+1)P, =0
au au

d

dP,,
— (1= pP) == |+ m(m+ 1)P, =0,
au au

where n # m. Multiply now the first equation with P,, and the second with P,, then
subtract the second from the first. We obtain

[m(m + 1) —n(n + D] PP,

d dP, d dP,,
=Py | (L= p?)— | = Py | (1= p?) =
du an du du

dp, dpP,
- (1 - Mz)Pn_ .
au au

d
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It is easy to show that the last line equals the second. Now we integrate both sides
with respect to 1 and obtain

1
mm + 1) — n(n + 1)] / PPy
-1
1
[ ol )
-1 dp dp
+1
e
du dp )1,

because the term (1 — u?) vanishes for 4 = =1. For n # m we have the
orthogonality condition given by Eq. (2.109).

Problem 2.24 The generating function for the Legendre polynomials is given by
Eq. (2.107). By differentiating the generating function with respect to ¢ and equating
coefficients, derive the recursion relation

(n+ 1)P,y1 +nP,—1 = 2n+ )uP,, n=1,2,3,....

Solution We consider the partial derivative of Eq. (2.107) with respect to ¢ and
obtain

aL n—t >

E = —3/2 = anntn_l.

(1 —2ut +12) o

By multiplying both sides with (1 —2ut + tz) we find

o0
M= 2 n—1
S e — (pL—t)E Pit" = (1—2ut+1t E nP,t" !,
\/1—2;1,t+t2 )n=0

where we used the definition of the generating function (2.107) for the first equality.
By expanding the parenthesis in front of both sums we find

o0 o0 o0 o0 o0
D Pt =Y " Put"t =N 0Pyt =Y " 2unPyt" + Y nPyt"t
n=0 n=0 n=0 n=0 n=0

Compare now each coefficient with the same power of t. We find
/‘LPn —P,q = (n + 1)Pn+1 _Zlunpn + (}’l— 1)Pn—l-
Rearranging leads to the recursion relation

(n + 1)Pn+1 + nPn_l = (21’! + 1)MP,1
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Problem 2.25 By using the generating function and Problem 2.23 above, show that

1
| Prwdn = 2.110)
-1

2n+1
Solution By multiplying the generating function (2.107) with itself we obtain
o0 [o olENNe o]
—_—— = P t" Put™ | = PPt" ",
where |#| < 1. By integrating with respect to i we find

1
/ 1—2W+f2 du = ZZ/ p,P d,ut"J””—Z/ Pzd,utz”

n=0 m=0

since we know from Problem 2.23 that f_ll P,Pndp = 0 for m # n. Let us consider
now the left-hand side of that equation. By using @ = 1 + > and x = —2ut we have

/1 1 J 1 [ 1 0 1[1 @+ 9]
e = = — |In(x X
=2+ T %) et 2t —
1 a + 2t 1 1+2t+17
—1In =—In|——
2t o —2t 2t 1—-2t+1¢2
1 1+1\° 1 1+1¢
= —1In _— =—In{ — .
2t 1—1¢ 1 1—1¢

According to Gradshteyn and Rhyzhik [2], Eq.(1.513-1) the logarithm can be
written as an infinite sum

1+1 >
ln( + ) Pt with 1] < 1.

=o

Together with the factor 1/¢ we find for the left-hand side

! 1 . 2 2i . ! 2 2i
/_1 T—ou+ e T Sy ;O/_l nth

By comparing the coefficients for each n we find

1 5 2
P.dp = .
—1 2n + 1
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A basic problem in space physics and astrophysics is the transport or charged
particles in the presence of a magnetic field that is ordered on some large scale
and highly random and temporal on the other scales. We discuss a simplified
form of the Fokker-Planck transport equation that describes particle transport
via particle scattering in pitch angle in a magnetically turbulent medium since
it resembles closely the basic Boltzmann equation. In the absence of both
focusing and adiabatic energy changes, the BGK form of the Boltzmann
equation reduces to the simplest possible integro-differential equation

of of _(f)-f
a TRy T T

(2.111)

where f(r,t,v, ) is a gyrophase averaged velocity distribution function at
position r and time t for particles of speed v and pitch-angle cosine & = cos 6

with p € [—1, 1] and where
1 !
—5 [
is the mean or isotropic distribution function averaged over p.

Problem 2.26 Starting from Eq. (2.111) derive the infinite set of partial differential
equations

n 3 n a n—
(2n+1)i+( + v f:1+n fa + (2n +1)—_J§5,10 (2.112)
withn =0,1,2,....
Solution By expanding f = f(r,t,v, ) in an infinite series of Legendre
polynomials P, (1),
1 o0
=2 @nt DP(f(r1,0),
n=0

we can rewrite Eq. (2.111) as (neglecting the factor 1/41)

Z(z +1yp, 2 +uv2(2n+1)P ﬁ

11 &
N'en+nHP,f, = —~ 2n+ VP, fodu.
+tZ(n+) 12/ Z(n—f—) 2

n=0 n=0
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The right-hand side of that equation can be written as

1
=1 Z(zn FDPfdp =~ Z(zn e

where we included Po() = 1 in the integral. With the orthogonality rela-
tion (2.108),

! 2
P,Podu = 6,
/ L P
we find
11
=1 Z(zn P fdp = an(r Lo =2,
since the delta function contributes only for n = 0. The differential equation
reduces to
f f
Z(Zn + )P =2 + pv Z(2n + l)P + Z(Zn +nP.f =2,
n=0

With the recurrence relation (2n + 1)uP, = (n + 1)P,+1 + nP,—; we can rewrite
the second term and find

Z(z +1)P, == +vZ(n+1)Pn+lﬁ

+vZnPn1 + - Z(2n+l)Pnf,,—]i.

Now we multiply the equation by P,, and integrate with respect to u,

of; fn

%(2n+1)/ PPy dpp== +vZ(n+l)/ PP,H_ldu;

+vZn/ PPnldu%—i- Z(z +1)/ PP, duf,
n=0

1
=f—0/led,u—f?0/ PoP,, du.
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With the orthogonality relation Eq. (2.108) we find

s 2 o > 2 of;
2(2}1 + 1)2m—+15mn5 +v ’;(Vl + 1)2m—+15mn+15

n=0

S SREEPU 0 1 PR S
v nN—"—0mn—1"75_ - n mnJn
e 2m+ 1 Vor T = 2m+ 1

2

_f
T2m+1

m0-

Note that the second term contributes only for n = m — 1, while the third term
contributes only for n = m 4+ 1. All other terms on the left side contribute only for
n = m, so that

aﬂ v 2m 8fm_1 U2(m+1) 8fm+1 —i—lf _]ﬁ 2
ot m+1 or m+1 o 2" 12m+1 ™

By multiplying this equation with (2m + 1)/2 and swapping the indices m <> n we
obtain Eq. (2.112).

Problem 2.27 Show that the integral

o) 2
/_oo exp (—Bw’t — iawt — ior) do = \/gexp (—%) . (2.113)

Solution The exponential function can be rewritten as

t
exp (—Bw’t — iawt — iwr) = exp |:—ﬂt (a)2 +iwZ ,B—it_ r)i|

2 2
o[-0ty - ]

By substituting x = @ + i (at + r) /2t we obtain

o t 2 o0
/ exp (—'3(021‘ — ldwt — ia)r) do = exp [_M} / e—ﬁtxzdx
—o0 48t oo

N (ot +1)?
- Vae )
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