
Chapter 2
Heavy-Particle Spacetime Symmetries
and Building Blocks

What is heavy particle effective theory? Imagine a charged particle φ with mass M
in its rest frame, interacting with other particles of energy Λ � M through exchange
of photons. The momentum transfer in such collisions are of order Λ, allowing the
heavy particle to be off-shell by only that amount. Hence, to a good approximation,
the heavy particle remains at rest and appears to the light degrees of freedom as a
static source of charge. In this situation, we may expand the momentum of φ about
its large component as

pμ = Mvμ + kμ , (2.1)

where vμ is the velocity of φ (e.g., vμ = (1, 0, 0, 0) in the rest frame), and the
residual momentum kμ is O(Λ) and accounts for the dynamics of φ off-shell. Hence,
the “hard” energy scale M (equivalently, the momentum scale Mvμ) is irrelevant
to the system, and we may integrate it out by passing from a fully relativistic
description of φ to a heavy particle description where only the “soft” momentum
mode, kμ, remains.

At leading-order in 1/M, the theory describing φ is

L = φ̄viv · Dφv + . . . , (2.2)

where Dμ is the covariant derivative including the gauge interaction. The heavy
particle field φv , derived from the full relativistic field φ, is labelled by its velocity
v (and has mass dimension 3/2). The ellipsis in Eq. (2.2) denotes interactions
higher order in the heavy mass expansion, which may be systematically included
to meet the demands of precision, depending on the size of Λ/M. For example, φ’s
interactions with photons, through O(1/M), are given by

L = φ̄v

{
iv · D + c1

D2
⊥

2M
+ cF

σ⊥
μνFμν

4M
+ c′F

σ̃⊥
μνFμν

4M
+ . . .

}
φv , (2.3)
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where T̃μν = Tαβε
αβμν and aμ⊥ = aμ − vμv · a. The higher-order kinetic, magnetic

dipole and electric dipole terms are parameterized by Wilson coefficients c1, cF and
c′F, respectively. From a low-energy perspective, these higher-dimension operators
represent new physics, albeit not new particles but new interactions. The higher
dimension operators depend on additional microscopic properties of the particle φ
such as its spin, its mass and its electromagnetic moments.

The purpose of such a framework, as with any useful effective theory, is for
controlled calculations of physical observables. Heavy particle effective theory
systematically captures the dominant interactions at each order in 1/M, and at
lower orders, in particular, the few operators appearing are remarkably simple.
These simplifications are tied to new symmetries arising in the heavy particle
limit, and allow for tractable analysis of otherwise complicated processes. Precise
calculations, including the resummation of large logarithms ∼ log M

Λ , are also
made possible by the separation of scales Λ and M through the effective theory.
Heavy particle methods find a wide range of applications in particle, nuclear and
atomic physics [21, 40, 70, 89].

So far we have sketched heavy particle effective theory as a framework for
describing a massive particle of energy M interacting with degrees of freedom
having much smaller energy Λ � M, by systematic expansion in Λ/M. To fully
answer “what is heavy particle effective theory?” we must precisely state how
such a theory is constructed. A closely related question is “what are the spacetime
symmetries of the Lagrangian in Eq. (2.3)?” From the intuitive picture of a heavy
particle in its rest frame, rotational invariance is manifest, but what about boost
invariance? With the appearance of the vector vμ in the Lagrangian, it is unclear
how to implement Lorentz transformations.

When the underlying UV theory for the heavy particle is known, we may derive
the effective theory Lagrangian by introducing a field redefinition in the full theory.
For example, in terms of an arbitrary (spacetime independent) time-like unit vector
vμ, the decomposition of a quark field Q(x) of mass M,

Q(x) = e−iMv·x [hv(x) + Hv(x)] , (2.4)

with v/hv = hv and v/Hv = −Hv , defines an effective heavy quark field hv(x), and
after integrating out the antiparticle field Hv(x), we arrive at the effective Lagrangian
for a heavy quark,

Q̄(iD/− M)Q → h̄viv · Dhv +O(1/M). (2.5)

Invariance of observables under small changes of v, so-called “reparameteriza-
tion invariance”, enforces certain constraints on the coefficients of the effective
Lagrangian [84]. These constraints are consistent with the requirements of Lorentz
invariance, e.g. as imposed by matching effective theory S matrix elements to
Lorentz-invariant full theory S matrix elements. However, this construction raises
several questions. Is reparameterization invariance a sufficient condition for Lorentz
invariance? How do we derive a reparameterization transformation law without
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first constructing the underlying theory and explicitly integrating out degrees of
freedom? For applications involving a composite particle such as the proton, or
hypothetical new particles such as dark matter whose underlying theory is unknown,
we cannot in an obvious way introduce v as a parameter inside of a field redefinition.
What is the significance of v in such cases? What is the general method for
constructing a Lorentz invariant heavy particle effective field theory?

In this chapter we present the formalism of induced representations of the
Lorentz group, Wigner’s “little group” construction [103], for application to field
transformation laws. The parameter v enters as an arbitrary reference vector in
the little group construction. The relationship between Lorentz invariance and
reparameterization invariance is stated precisely, and a class of allowable repa-
rameterization transformations is obtained. We find that a standard ansatz for
implementing reparameterization invariance breaks down starting at order 1/M4.
We explain this subtlety and its resolution. A large literature exists on topics
relating to reparameterization invariance, especially as applied to heavy quark
Lagrangians [16, 44, 75, 80, 83, 84, 86, 98]. We aim to present a conceptually
clear statement of the constraints imposed by Lorentz invariance on heavy particle
effective theories.

Recent investigations using heavy particle effective theory demand high orders in
the 1/M expansion (see e.g. [17, 58, 62]). To avoid a proliferation of undetermined
constants, and to enable efficient computations, it is important to recognize that
many Wilson coefficients are linked by Lorentz invariance to coefficients appearing
at lower orders. At a practical level, we derive the explicit field transformation laws
that can be consistently used to build Lorentz invariant Lagrangians, providing a
complete solution for Wilson coefficient constraints, to arbitrary order in 1/M.

While a top-down derivation of heavy particle effective theory, e.g., starting from
QCD to derive heavy quark effective theory (HQET) through the field redefinition
in (2.4), must map onto the framework presented here, our construction does not
rely on knowing the underlying ultraviolet completion, or on explicitly integrating
out degrees of freedom. A bottom-up construction is key for applications of heavy
particle effective theory to dark matter. Let us summarize the main points for general
construction of heavy particle effective theories:

1. A heavy-particle field hv is identified with a representation of the little group for
massive particles, determining its field transformation laws under rotations and
boosts. It carries a label v associated with the time-like unit vector vμ that defines
the little group (cf. Sects. 2.2 and 2.3).

2. The little group for massive particles is isomorphic to SO(3), and therefore has
field representations carrying spin s = 0, 1/2, 1, . . . . A heavy particle field of
arbitrary spin may be represented in covariant notation using a Dirac spinor-
vector with appropriate constraints. For example, a spin-1/2 heavy-particle field
has 2(1/2) + 1 degrees of freedom and can be written as a Dirac spinor, hv ,
obeying v/hv = hv as a projection constraint (cf. Sect. 2.4).

3. For a self-conjugate heavy particle we impose an additional parity equivalent to
a modified CPT transformation (cf. Sect. 2.4).
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Having determined the building blocks and their transformation laws under sym-
metries, interactions with heavy-particle fields can be constructed in the usual
way: write down the most general set of gauge- and Lorentz-invariant operators in
terms of heavy fields hv , h′v , . . . , the time-like unit vector vμ, and other relativistic
degrees of freedom (e.g., gauge fields, SM matter fields) up to a given order in the
1/M power counting. For self-conjugate fields the additional parity is imposed.

This rest of this chapter is organized as follows. In Sect. 2.1 we briefly review the
construction of Lorentz invariant field theories based on finite dimensional repre-
sentations of the Lorentz group. In Sect. 2.2 we introduce the formalism of induced
representations and investigate the necessary conditions for a Lorentz invariant
S matrix. Section 2.3 establishes the connection between Lorentz invariance and
reparameterization invariance. A subtlety in the identification of allowable repa-
rameterization transformations is explained, and a correct solution to the invariance
equation (2.52) is found for applications to 1/M4 heavy fermion Lagrangians.
Section 2.4 presents formalism for arbitrary-spin heavy particles and for heavy
particles derived from self-conjugate relativistic fields. In Sects. 2.5–2.8 we apply
the formalism for construction of the parity and time-reversal invariant effective
Lagrangian for a heavy fermion interacting with an Abelian gauge field, i.e.,
NRQED, through order 1/M4. The implementation of Lorentz invariance in the
effective theory becomes nontrivial at this order, and we obtain a complete solution
for Wilson coefficient constraints using both variational and invariant operator
methods (cf. Sect. 2.6). We also present results of one-photon matching which verify
the coefficient constraints (cf. Sect. 2.7), and Lagrangians describing pure photon
and four-fermion interactions (cf. Sect. 2.8). We close the chapter with a discussion
in Sect. 2.9.

2.1 Finite Dimensional Representations of the Lorentz
Algebra

The standard method for constructing Lorentz invariant Lagrangians postulates the
field transformation law

φa(x) → M(Λ)abφb(Λ
−1x) , (2.6)

where M(Λ) is a finite dimensional (coordinate-independent and, in general, non-
unitary) representation of the Lorentz group. In infinitesimal form, including also
spacetime translations φ(x) → φ(x − a), we have

δφ = i(a0h − a · p − θ · j + η · k)φ , (2.7)
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where θ and η are infinitesimal rotation and boost parameters, and the generators of
the Poincaré group acting on fields are1

h = i∂t , (2.8a)

p = −i∂ , (2.8b)

j = r × p +Σ , (2.8c)

k = rh − tp ± iΣ , (2.8d)

with Σi the (2s + 1)-dimensional matrix generators of the spin-s representation
of rotations (e.g. for spin-1/2 Weyl fermions, Σ = σ/2 with σi the Pauli
matrices). Using (2.6) it is straightforward to construct Lorentz invariant actions,
and correspondingly to prove Lorentz invariance of the S matrix. Let us briefly
review this procedure.2

Recall the Poincaré algebra for generators of time translations H, space transla-
tions Pi, rotations Ji, and boosts Ki:

[H,Pi] = 0 , (2.9a)

[H, Ji] = 0 , (2.9b)

[Pi,Pj] = 0 , (2.9c)

[Ji,Pj] = iεijkPk , (2.9d)

[Ji, Jj] = iεijkJk , (2.9e)

[Ji,Kj] = iεijkKk , (2.9f)

[H,Ki] = −iPi . (2.9g)

[Pi,Kj] = −iHδij , (2.9h)

[Ki,Kj] = −iεijkJk . (2.9i)

Having built a Lagrangian that is invariant under (2.7), we may construct the
corresponding conserved charges. Using (2.8), we find in canonical quantization
that these charges obey the commutation relations (2.9).

Lorentz invariance of the S matrix demands that the free-particle charges,
denoted by H0, P0, J0, K0, commute with the scattering operator, S =
limT→∞ Ω(T)†Ω(−T), where Ω(T) = eiHTe−iH0T . We assume that momentum

1In this chapter we use bold letters for Euclidean three-vectors, e.g. ∂ = (∂ i) = (∂ i) =
(∂x, ∂y, ∂z).
2For a pedagogical discussion, see [102].
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and angular momentum operators for the interacting theory are unchanged from the
free theory and furthermore demand translational and rotational invariance of the
interaction

P = P0 , J = J0 , [H − H0,P0] = [H − H0, J0] = 0 . (2.10)

Then [P0, S] = [J0, S] = 0, and by the definition of S also [H0, S] = 0. Finally, if
one can show (2.9g) and that an asymptotic smoothness condition for ΔK = K−K0

is obeyed, it follows that

[K0, S] = lim
T→∞

[K0,Ω(T)
†Ω(−T)] (2.11)

= lim
T→∞

{
− [eiH0TΔKe−iH0T ]Ω(T)†Ω(−T)

+ Ω(T)†Ω(−T)[e−iH0TΔKeiH0T ]

}
= 0 ,

completing the proof of the Lorentz invariance of the S-matrix. For later application,
we note that of the commutation relations involving K, it is only necessary to show
the relation (2.9g); relations (2.9f), (2.9h) and (2.9i) are not required to complete the
proof.3

2.2 Effective Field Theory and the Little Group

The field transformation law (2.6), based on finite dimensional representations of the
Lorentz group, is not suitable for heavy particle effective field theories. For example,
the associated irreducible representations of the Lorentz group are chiral, in conflict
with the low-energy limit of a parity conserving theory such as QED or QCD. Let us
consider instead the class of infinite dimensional induced representations. We first
review their appearance in transformations of physical states, and then apply them
as transformations acting on fields.

2.2.1 Little Group Formalism

Consider Lorentz transformations acting on the Hilbert space of physical states
for a spin-s particle of mass M. These transformations are implemented by an
induced representation [103]. In terms of a fixed timelike reference vector vμ

3In fact, these relations do follow from the observation that having proven Lorentz invariance of the
S matrix, it can be shown that H, P, J and K are related to their free counterparts by the similarity
transformation Ω(±∞) [102].
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(we assume v2 = 1), define the associated “little group” as the subgroup of Lorentz
transformations leaving v invariant, Λv = v. The little group for massive particles
is isomorphic to SO(3), the group of rotations. Let L(p) denote a standard Lorentz
transformation taking Mv to p, yielding a (momentum-dependent) mapping of the
Lorentz group into the little group,

Λ → W(Λ, p) = L(Λp)−1ΛL(p) . (2.12)

We may define physical states to transform schematically as

|p,m〉 → U(Λ, p)|p,m〉 =
s∑

m′=−s

Dm′ m[W(Λ, p)]|Λp,m′〉 , (2.13)

where p0 =
√

M2 + p2, and D(W) is a spin-s representation matrix for rotations.
A representation for the little group thus induces a representation for the full Lorentz
group.

A convenient choice for the standard Lorentz transformation is L(p) =
Λ(p/M, v), where Λ(w, v) denotes the generalized rotation in the plane of
the unit vectors v and w such that Λ(w, v)v = w. This matrix is given by
Λ(w, v) = exp[−iθJαβwαvβ ], with the Lorentz generators Jαβ defined in
Eq. (2.65) and the angle θ chosen appropriately [84]. In the vector and spinor
representations we have, respectively

Λ(w, v)μν = gμν − 1

1 + v · w
(wμwν + vμvν)

+ wμvν − vμwν +
v · w

1 + v · w
(wμvν + vμwν) , (2.14a)

Λ 1
2
(w, v) =

1 + w/v/√
2(1 + v · w)

. (2.14b)

It is straightforward to verify that for elements of the little group, i.e. “rotations”
with Rv = v, this choice of L(p) implies

W(R, p) = R , (2.15)

a property that greatly simplifies the construction of invariant Lagrangians, cf.
Sects. 2.2.3, 2.3.1 and 2.3.2 below. Other choices of L(p) do not share this property.
For example, suppose that we introduce a spacelike vector sμ with s2 = −1. Then
we may define L′(p) = R(p)B(p), with B(p) a boost taking Mvμ to MB(p)μνv

ν =
(v · p)vμ +

√
(v · p)2 − M2sμ, and R(p) a rotation taking MB(p)μνv

ν to pμ. Such
an L′(p) provides a simple interpretation of U[L(p)]|Mv,m〉 in terms of helicity
eigenstates (note that the spacelike vector is required to define a direction for helicity
decomposition), but this consideration is secondary to the simplicity of (2.15) for
our present purposes.
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The remaining independent Lorentz generators represent “boosts” that shift v.
They can be chosen as B(q) = Λ(v − q/M, v) with (v − q/M)2 = 1. The
appearance of the 1/M factor in v − q/M will be explained in Sect. 2.2.3 below.
For an infinitesimal momentum q, which obeys v · q = O(q2), these boosts are
given by

B(q)μν = gμν +
vμqν − qμvν

M
+O(q2) , (2.16a)

B 1
2
(q) = 1− q/v/

2M
+O(q2) . (2.16b)

For the transformation (2.13), we find

W(B(q), p) = 1− i
2

[
1

M(M + v · p)
(qαpβ⊥ − pα⊥qβ)

]
Jαβ +O(q2),

(2.17)

where for any four-vector k we define kμ⊥ ≡ kμ − (v · k)vμ.

2.2.2 Field Transformation Law and Lorentz Invariance

In place of (2.6) let us postulate the transformation law for free massive fields,

φa(x) → D[W(Λ, i∂)]abφb(Λ
−1x) . (2.18)

For notational simplicity consider the special choice v = (1, 0, 0, 0).
Equation (2.18) together with Eq. (2.17) corresponds to replacing the boost
generator (2.8d) by4

k = rh − tp ± i
Σ× ∂

M +
√

M2 − ∂2
. (2.19)

The generators (2.8a)–(2.8c) together with (2.19) will satisfy the Poincaré algebra
when acting on fields satisfying

i∂tφ = ±
√

M2 − ∂2φ . (2.20)

It follows that the conserved charges derived from a free field Lagrangian invariant
under (2.18) will satisfy (2.9).

4For spin-1/2 particles, (2.19) may also be obtained by performing a Foldy-Wouthuysen transfor-
mation on Eq. (2.8d) [45].
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In contrast to (2.6), transformation (2.18) acts on the field coordinates, spoiling
gauge invariance. To include gauge interactions, we promote the partial derivatives
in (2.18) to covariant derivatives Dμ = ∂μ − igAA

μtA ≡ ∂μ − igAμ,

φa(x) → D[W(Λ, iD)]abφb(Λ
−1x) , (2.21)

and correspondingly the infinitesimal generators become

h = i∂t , (2.22a)

p = −i∂ , (2.22b)

j = r × p +Σ , (2.22c)

k = rh − tp ± i
Σ× D

M +
√

M2 − D2
+O(g) . (2.22d)

In the expansion of D/(M +
√

M2 − D2) we assume a choice of ordering for
the covariant derivatives. The O(g) terms in k denote field strength-dependent
corrections that vanish for the non-interacting theory (i.e. g → 0). Such O(g) terms
can be introduced so that the resulting invariant Lagrangian is in “canonical form”,
i.e. where the only time derivative acting on φ appears in the leading term,

L = φ̄(iDt + . . . )φ . (2.23)

The existence of suitable field strength-dependent terms, ensuring a boost generator
k which yields a non-zero invariant Lagrangian, is implied by the all-orders
construction in Sect. 2.3 and Appendix A. The explicit form of these corrections
is not required for the following argument.

Although the field-dependent generators (2.22) do not obey simple commutation
relations, we may nevertheless show that the S matrix derived from the resulting
invariant action is Lorentz invariant (and hence that the conserved charges in the
interacting theory satisfy the Poincare algebra). To see this, we assume as before
the relations (2.10). Relation (2.9g) is satisfied if the explicit time dependence of
the conserved charge K satisfies ∂K/∂t = −P, so that

0 =
d
dt

K =
∂

∂t
K + i[H,K] = −P + i[H,K] . (2.24)

The fact that ∂K/∂t = −P follows from the assumed form of the infinitesimal
generators (2.22). For the boost φ → (1 + iη · k)φ, we find the conserved charge5

5The first ellipsis in (2.25) includes possible contributions from a surface term in δL, which do not
affect the term with explicit t dependence in (2.25).
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K =
∑
φ

i
∫

d3x
δL
δφ̇

kφ+ . . . =
∑
φ

i
∫

d3x
δL
δφ̇

[−tp]φ+ . . . = −tP + . . . .

(2.25)

Here the important point is that the remaining terms have no explicit time depen-
dence, so that (2.24) follows.

Let us close this section with two comments. First, the choice v = (1, 0, 0, 0)
is not essential to the argument. The generators for arbitrary v can be obtained by
a coordinate change using a boost which takes (1, 0, 0, 0) to v. While the resulting
explicit expressions for rotation and boost generators become more complicated,
the demonstration of Lorentz invariance is not essentially changed. Second, having
specified an ordering for covariant derivatives appearing in the boost generator
k, additional field strength-dependent corrections are determined at each order in
1/M by enforcing that the resulting invariant Lagrangian is in canonical form. We
illustrate this with an explicit example in the following subsection. The existence of
such a generator is implied by the analysis of Sect. 2.3 and Appendix A.

2.2.3 1/M Expansion and Lagrangian Constraints

To enable the 1/M expansion we extract the rest mass by the field redefinition,

φ(x) = e−iMtφ′(x) . (2.26)

In phenomenological applications it is also convenient to work with non-relativistic
field normalization

φ′(x) =
(

M2

M2 − D2

) 1
4

φ′′(x) . (2.27)

We enforce invariance under (2.22a), (2.22b) and (2.22c) by ensuring translational
invariance (no explicit factors of xμ) and rotational invariance. For the boost
transformation (2.22d) we use η = −q/M in (2.7) to preserve the power counting
Dt = O(1/M) in (2.29). This explains the appearance of 1/M in (2.16). The
resulting 1/M expansion becomes6

φ′′ → e−iq·x
{
1+

iq · D
2M2

+
iq · DD2

4M4
−Σ× q · D

2M2

[
1+

D2

4M2

]
+O(g, 1/M5)

}
φ′′ .

(2.28)

6For notational clarity we leave the coordinate change x → x′ = B−1x implicit and suppress
primes on coordinates and derivatives in (2.28) and (2.29).
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Gauge fields are assumed to transform as usual, in the vector representation of the
Lorentz group. Combined with derivatives acting on the transformed coordinate in
(2.28), we have

Dt → Dt +
1

M
q · D , D → D +

1

M
qDt . (2.29)

To illustrate the constraints, consider the canonical form of the Abelian gauged
heavy spin-1/2 fermion effective Lagrangian (i.e., NRQED) through O(1/M3).
Identifying φ′′ = ψ as a two-component spinor and setting g = −e we
obtain [77, 86]

L = ψ†
{

iDt+c2
D2

2M
+c4

D4

8M3
+cFe

σ · B
2M

+cDe
[∂ · E]
8M2

+icSe
σ · (D × E − E × D)

8M2

+ cW1e
{D2,σ · B}

8M3
− cW2e

Diσ · BDi

4M3
+ cp′pe

σ · DB · D + D · Bσ · D
8M3

+ icMe
{Di, [∂ × B]i}

8M3
+ cA1e2

B2 − E2

8M3
− cA2e2

E2

16M3
+O(1/M4)

}
ψ .

(2.30)

Here we have defined Ei = (−i/e)[Dt,Di], εijkBk ≡ (i/e)[Di,Dj]. Under (2.28), a
straightforward computation yields

δL =
1

M
δL1 +

1

M2
δL2 +

1

M3
δL3 + . . . , (2.31)

where using Σ = σ/2 in (2.28),

δL1 = ψ† [(1− c2)iq · D]ψ , (2.32a)

δL2 = ψ†
[
−1

2
(1− c2){q · D,Dt}+ e

4
(1− 2cF + cS)σ × q · E

]
ψ , (2.32b)

δL3 = ψ†
[

e
8

cD[Dt, q · E]+
e
8
(cF−cD+2cM) q · [∂ × B]+

i
4
(c2−c4) {q · D,D2}

(2.32c)

+
ie
8

cS{Dt,σ × q · E}+ ie
8
(c2+2cF−cS−2cW1+2cW2) {q · D,σ · B}

+
ie
8
(−c2 + cF − cp′p) {σ · D, q · B}

+
ie
8
(−cF + cS − cp′p) q · σ(D · B + B · D)

]
ψ .
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From δL1 and δL2, we find

c2 = 1 , cS = 2cF − 1 . (2.33)

The variation δL3 is equivalent to zero upon a field strength-dependent modification
of the boost transformation (2.28),

ψ(x)→ e−iq·x
{
1 +

iq · D
2M2

− σ × q · D
4M2

+
icD

8M3
eq · E

+
cS

8M3
eq · σ × E +O

(
1

M4

)}
ψ(B−1x) , (2.34)

and upon enforcing the constraints [58, 86]

c4 = 1 , 2cM = cD − cF , cW2 = cW1 − 1 , cp′p = cF − 1 . (2.35)

The computation of the complete Lagrangian at O(1/M4) is presented in Sect. 2.6.

2.3 Reparametrization Invariance and Invariant Operators

While in practice it may be convenient to enforce Lorentz invariance only after
expanding the Lagrangian in a series of rotationally-invariant, but not Lorentz
invariant, operators, it is interesting to consider formalism that permits an explicitly
Lorentz-invariant construction. This formalism also addresses the question of
existence of a suitable boost generator, extending (2.34) to arbitrary order in 1/M.

This section begins by introducing covariant notation that can either be used
in place of the v = (1, 0, 0, 0) formalism above, or used to construct manifestly
invariant operators. The relation between Lorentz invariance and reparameteriza-
tion invariance is then demonstrated, and a general discussion of the invariant
operator method is presented. In particular, we derive the necessary invariance
equation (2.52) and present the solution to order 1/M3. A systematic, all-orders
solution of the invariance equation is given in Appendix A.

2.3.1 Covariant Notation

The formalism of Sect. 2.4 allows us to straightforwardly extend the discussion to a
general reference vector v and to arbitrary spin. Consider a term in the Lagrangian
of the schematic form

φ̄v

{
· · · vμ · · ·Dμ · · · γμ · · ·

}
φv , (2.36)
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where indices are contracted with gμν and εμνρσ. Invariance under generalized
rotations of such a term in the action follows using the field transformation (2.15),

φv(x) → Rφv(x
′) , (2.37)

where x′ ≡ R−1x. The transformation of the derivative and the gauge field are as
usual,

∂μ → ∂μ = Rμ
ν∂

′ν , Aμ → Rμ
νAν(x′) . (2.38)

If the Lagrangian is already constructed such that all vector and spinor indices
are contracted in (2.36), we can easily see that the Lagrangian is invariant under
generalized rotations using the identities

vμ = Rμ
νv

ν , γμ = R 1
2
(Rμ

νγ
ν)R−1

1
2

. (2.39)

According to (2.17), the infinitesimal boosts are implemented by

φv(x) → W(B, iD)φv(x
′) , (2.40)

where x′ ≡ B−1x, together with the transformation of the derivative and gauge field,

∂μ → ∂μ = Bμ
ν∂

′ν , Aμ(x) → Bμ
νAν(x′) . (2.41)

We may proceed as in Sect. 2.2.3 above to construct invariant combinations of
Lagrangian interactions of the form (2.36), order by order in 1/M.

As an explicit example, let us focus presently on the phenomenologically
important one-heavy particle sector of a spin-1/2 theory. To enable the 1/M
expansion and convert to non-relativistic normalization, we introduce the field
redefinition as in (2.26) and (2.27),

ψv(x) = e−iMv·xN(v, iD)ψ′
v(x) , N(v, iD) =

(
M2

M2 + D2
⊥

) 1
4

. (2.42)

The boost transformation (2.40) becomes

ψ′
v → eiq·xW̃ 1

2
(B, iD + Mv)ψ′

v , (2.43)

where

W̃(B, iD + Mv) = N(v + q/M, iD − q)−1W(B, iD + Mv)N(v, iD) . (2.44)

The 1/M expansion of this transformation is the extension to arbitrary v, for spin-
1/2, of the previous (2.28):

ψ′
v → eiq·x

{
1+

iq · D⊥
2M2

− iq · D⊥D2
⊥

4M4
+

1

4M2
σαβqαDβ

⊥

[
1− D2

⊥
4M2

]
+O(g, 1/M5)

}
ψ′
v .

(2.45)
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Similarly, we find the extension to arbitrary v of the transformations (2.29)

v · D → v · D +
1

M
q · D⊥ , Dμ

⊥ → Dμ
⊥ − 1

M
qμ(v · D). (2.46)

Using these transformations one can build an invariant Lagrangian, which (in the
Abelian case) is equivalent to the extension of the Lagrangian (2.30) to arbitrary v
with the same constraints (2.33) and (2.35).

2.3.2 Reparametrization Invariance

We can reformulate the transformation law for generalized boosts by using the
identities,

vμ = Bμ
ν(B−1)νρv

ρ ≡ Bμ
ν wν , γμ = B 1

2
(Bμ

νγ
ν)B−1

1
2

. (2.47)

In place of (2.40) and (2.41) the transformation of any operator of the form (2.36)
is identical to the transformation obtained by the substitutions

v → w = v + q/M , φv → φw ≡ B−1W(B, iDμ)φv , (2.48)

with no transformation of the coordinate and gauge field. The rules (2.48), with
suitable choice for W, may be identified with the rules obtained by enforcing
“reparameterization invariance” [84]. However, we emphasize that from the present
perspective, we are not changing the reference vector v, but simply noticing the
equivalence of (2.40) and (2.41) on the one hand, and (2.48) on the other hand,
when acting on operators of the form (2.36).

2.3.3 Invariant Operator Method

It is not obvious that a non-zero Lagrangian, invariant under (2.40) and (2.41) to
arbitrary order, will exist. For example, in (2.31) invariance relies on the possibility
to enforce δLn = 0 by modifying the boost generator as in (2.34) and enforcing
relations as in (2.33) and (2.35). It is not evident that this procedure can be extended
to arbitrary order. We present here a method of constructing operators that are
manifestly invariant under a particular choice of boost generator, to arbitrary order
in 1/M. The details of the construction are given in Appendix A.

The embedding of the little group into constrained representations of the full
Lorentz group (cf. Sect. 2.4) provides a framework for constructing explicitly
invariant operators. Suppose that we find an operator Γ(v, iD) such that

Γ(Λ−1v, iD)Λ−1W(Λ, iD) = Γ(v, iD) , (2.49)
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when acting on fields φv obeying the appropriate constraints, as given in Sect. 2.4
(e.g. v/φv = φv for spin-1/2). It follows from the rules (2.48) that the combination

Φv ≡ Γ(v, iD)φv (2.50)

is invariant under the reparameterization implementation (2.48) of generalized
boosts. Provided that invariance under generalized rotations (2.37)–(2.39) is main-
tained, we may build operators that are explicitly invariant. For example, in the
spin-1/2 case

Ψ̄viD/ Ψv , Ψ̄vΨv , Ψ̄viσμν [Dμ,Dν ]Ψv , (2.51)

are invariant. Note that because of Eq. (2.15) the only constraints on Γ(v, iD) from
Eq. (2.49) come from boosts Λ = B.

Applying field redefinitions as in (2.42), the condition (2.49) for Γ becomes

Γ(v + q/M, iD − q)B−1W̃(B, iD + Mv) = Γ(v, iD) . (2.52)

We will refer to (2.52) as the “invariance equation”. Provided that such a Γ(v, iD)
can be found, the field

Φ′
v(x) ≡ Γ(v, iD)φ′

v(x) (2.53)

obeys a simple transformation law under the reparameterization implementation of
generalized boosts (2.48),

Φ′
v → Φ′

w ≡ eiq·xΦ′
v . (2.54)

Noting that e−iq·x(iDμ + Mwμ)eiq·x = iDμ + Mvμ, invariant operators may thus be
built from contractions of polynomials of γμ and vμ+ iDμ/M, between Φ̄′

v and Φ′
v .

For example in the spin-1/2 case,

Ψ̄′
v(iD/ + Mv/)Ψ′

v , Ψ̄′
vΨ

′
v , Ψ̄′

viσμν [Dμ,Dν ]Ψ
′
v , (2.55)

are invariant.

2.3.4 Solution for Γ(v, iD)

The key element of the invariant operator construction is a solution of the invariance
equation (2.52). Without loss of generality, let us set N(v, iD) = 1; the solution for
general N can then be obtained by Γ(v, iD) → Γ(v, iD)N(v, iD)−1. The method
presented can be easily extended to arbitrary spin, but for illustration we focus on
the one-heavy particle sector of a spin-1/2 theory.
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In order to obtain a solution in closed form for the free theory, and to make
contact with previous work, it is convenient to take the free theory limit for
W 1

2
(B, i∂ + Mv) of the form [84]

W 1
2
(B, i∂ + Mv) = B 1

2
Λ 1

2
(V̂free, v + q/M)−1Λ 1

2
(V̂free, v) (2.56)

= 1 +
1

4M2
σμν
⊥ qμ∂ν

[
1− iv · ∂

M
+

1

M2

(
(iv · ∂)2 − 1

4
(i∂⊥)2

)]

+O(1/M5) ,

where Λ 1
2
(u, v) was defined in (2.14), Vμ

free ≡ vμ+i∂μ/M and V̂μ
free ≡ Vμ

free/|Vfree|.
We have also used that /vψv = ψv . Inspection of (2.52) shows that an all-orders
solution can be written for Γ in the non-interacting theory,

Γ(v, i∂) = Λ 1
2
(V̂free, v) = 1 +

i∂/⊥
2M

+
1

M2

[
−1

8
(i∂⊥)2 − 1

2
i∂/⊥iv · ∂

]

+
1

M3

[
1

4
(i∂⊥)2iv · ∂ +

i∂/⊥
2

(
−3

8
(i∂⊥)2 + (iv · ∂)2

)]
+O(1/M4) .

(2.57)

In the interacting theory it turns out that one cannot simply replace ∂ by D
in (2.57) to obtain a solution for Γ(v, iD). It is instead necessary to add specific
field strength dependent terms, first to W (as in (2.58) and (A.2a) below) in order
to satisfy consistency conditions, and then to Γ in order to solve the invariance
equation (2.52). The computations of Appendix A show that a solution for Γ(v, iD)
will exist if we specify

W 1
2
(B, iD + Mv) = 1 +

1

4M2
σ⊥
μνqμDν

⊥

(
1− iv · D

M

)
+O(1/M4) , (2.58)

with (2.58) reducing to (2.56) at g = 0. Let us proceed through O(1/M3), writing

Γ = 1 +
1

M
Γ(1) +

1

M2
Γ(2) +

1

M3
Γ(3) + . . . , (2.59)

and deriving a solution to the invariance equation (2.52) order by order in 1/M.
In Appendix A we present a systematic construction that extends the solution to
arbitrary order.

Modulo terms that vanish when acting on ψv with v/ψv = ψv , we find

Γ(1) =
1

2
iD/ ⊥ . (2.60a)

Γ(2) = −1

8
(iD⊥)2 − 1

2
iD/ ⊥iv · D + gAσμνGμν + gBγμvνGμν . (2.60b)
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Γ(3) =
1

4
(iD⊥)2iv · D +

iD/ ⊥
2

[
−3

8
(iD⊥)2 + (iv · D)2

]

− g
8

Gμνv
μDν

⊥ − g
16

σμν
⊥ Gμν iD/ ⊥ , (2.60c)

where we define [iDμ, iDν ] = igGμν . Starting at order 1/M2 the solution is not
unique. However, since we will consider arbitrary factors of Vμ ≡ vμ + iDμ/M
when constructing invariant operators, we can set A = B = 0 by considering instead
of Γ, the operator Γ′ given by

Γ(v, iD) = (1− iAσμν [Vμ,Vν ]− iBγμVν [Vμ,Vν ] + . . . ) Γ′(v, iD) . (2.61)

Similarly, we have absorbed additional 1/M3 terms in (2.60c). The remaining terms
in (2.60) have free derivatives Dμ acting to the right, and cannot be removed as
in (2.61).

A complete basis of bilinears required through order 1/M3 is

L = Ψ̄v

{
M(V/− 1)− aFg

σμνGμν

4M
+ iaDg

{Vμ, [MVν ,Gμν ]}
16M2

− aW1g
[MVα, [MVα, σ

μνGμν ]]

16M3

+ aA1g2
GμνGμν

16M3
+ aA2g2

VαGμαGμβVβ

16M3

}
Ψv . (2.62)

Performing field redefinitions to arrive at canonical form, we recover the result
(2.30) with constraints (2.33) and (2.35). The computation at O(1/M4) is presented
in Sect. 2.6. We may perform a similar computation for heavy vector particles (or
particles of arbitrary spin), and/or enforce constraints appropriate to self-conjugate
fields (cf. Sect. 2.4).

The passage from (2.57) to (2.60) is not as simple as previously envis-
aged [84, 86], and careful attention must be paid to the interplay of Lorentz
and gauge symmetry. The computations in Appendix A show that an arbitrary
“covariantization” of (2.56) does not solve the invariance equation (2.52). The
covariant little group element W(B, iD + Mv) must satisfy consistency conditions
for a solution to exist, and specific field strength dependent terms, such as
those appearing in (2.60c), are necessary in order that Γ(v, iD) satisfy the
resulting invariance equation (2.52). These considerations have previously been
overlooked [84, 86]. For example, a naive covariantization of Eq. (2.57),

Γnaive(v, iD) = 1 +
iD/ ⊥
2M

+
1

M2

[
−1

8
(iD⊥)2 − 1

2
iD/ ⊥iv · D

]
(2.63)

+
1

M3

[
1

4
(iD⊥)2iv · D +

iD/ ⊥
2

(
−3

8
(iD⊥)2 + (iv · D)2

)]

+O(1/M4) ,
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is not a solution to the invariance equation. The necessity for such additional
field strength dependent terms can also be seen from the fact that the
right hand side of (2.63) would imply a transformation ψv → ψw =
Γnaive(w, iD)−1eiq·xΓnaive(v, iD)ψv that takes ψv outside of the assumed
representation space, with v/ψv = ψv . In the heavy fermion Lagrangian, the effects
of these field-strength dependent terms appear first at order O(1/M4), where
omission of the final term in (2.60c) would lead to incorrect 1/M4 Lagrangian
coefficient relations (details are presented in later sections of this chapter).7

Before closing this section, let us summarize the value of the invariant operator
method. Appendix A shows that we can find a suitable covariantization of W(B, i∂+
Mv) that allows solution of the invariance equation for Γ(v, iD) to any order in 1/M.
Hence this method proves the existence of a covariantized boost operator and a non-
zero, Lorentz invariant Lagrangian to arbitrary order. We may proceed in either
of two ways to construct invariant Lagrangians. Firstly, we may proceed as in
(2.62), where we construct manifestly invariant interactions through some fixed
order in 1/M; to achieve canonical form we must then perform field redefinitions.
Alternatively, we may proceed as in (2.30) (or its generalization to arbitrary v),
armed with the knowledge that a suitable boost generator as in (2.34) can be
reconstructed order by order.

2.4 Higher-Spin and Self-conjugate Fields

Although the explicit results have so far focused on spin-1/2 fields transforming
under an Abelian (i.e. complex) gauge group, the formalism extends straightfor-
wardly to fields of arbitrary spin or to self-conjugate fields. Below we describe
the formalism for embedding arbitrary spin representations within products of
Dirac spinor and Lorentz vector representations of the Lorentz group. For a related
discussion see e.g. [43]. We also describe constraints imposed on the effective theory
deriving from self-conjugate fields, and the relation of such constraints to discrete
symmetries C, P and T .

2.4.1 Higher Spin Representations

Irreducible higher spin representations can be built using products of the Dirac
spinor and vector representations

ψv → Λ 1
2
ψv , Zα

v → Λα
βZβ

v , (2.64)

7When building invariant fermion bilinears, the leading terms involve iv · D multiplying 1/M
corrections appearing in Γ(v, iD). Since such terms are eliminated in going to canonical form,
nontrivial effects of the 1/M3 corrections to Γ(v, iD) appear first at order 1/M4.
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where Λ = D(W) is a little group element as in Sect. 2.2.1, i.e., Λv = v. The
corresponding generators for these two representations are given by

J αβ
1
2

=
1

2
σαβ =

i
4
[γα, γβ ] , (J αβ)μν = i(gαμgβν − gβμgαν). (2.65)

We enforce a maximal set of constraints to isolate the appropriate irreducible
representation.

Integer spin: For integer spin s = n, consider the totally symmetric and traceless
tensor Zμ1...μn

v , which has (n + 1)2 degrees of freedom. Imposing

vμ1
Zμ1...μn
v = 0 (2.66)

yields n2 additional constraints, leaving us with 2n + 1 = 2s + 1 degrees of
freedom as desired. Under Lorentz transformations this field transforms as

Zμ1...μn
v → Λμ1

ν1
. . .Λμn

νn
Zν1...νn
v . (2.67)

Using ΛTgΛ = g and Λv = v, it is easy to see that symmetry, tracelessness and
the constraint (2.66) are preserved by this transformation.

Half-integer spin: For half-integer spin s = n + 1/2, consider the spinor-tensor
ψμ1,μ2,...,μn
v , which is totally symmetric in the indices μ1 . . . μn and therefore has

2(n + 1)(n + 2)(n + 3)/3 degrees of freedom. We impose the constraints8

v/ψμ1...μn
v = ψμ1...μn

v , γμ1
ψμ1...μn
v = 0. (2.68)

The second constraint yields n(n+1)(n+5)/3 equations, while the first projects
a four-component spinor onto a two-dimensional subspace, reducing the degrees
of freedom by 1/2. In total 2(n+1) = 2s+1 degrees of freedom remain. Under
Lorentz transformations this field transforms as

ψμ1...μn
v → Λμ1

ν1
. . .Λμn

νn
Λ 1

2
ψν1...νn
v . (2.69)

This is symmetric in μ1 . . . μn. That Eq. (2.68) are preserved follows immediately
from Λv = v and Λ−1

1
2

γμΛ 1
2
= Λμ

νγ
ν .

The construction of heavy particle Lagrangians for higher-spin fields proceeds in a
similar way to the spin-1/2 case described above, with extension of the spin matrices
(1, σi) to the appropriate set. It is possible to choose spin matrices of the appropriate
dimension to construct the Lagrangian for a heavy particle of arbitrary spin valid to
any order in the 1/M expansion.

8Note that the second constraint implies gμνψ
μνμ3...μn
v = 0 and, furthermore, is equivalent to

imposing vμ1ψ
μ1...μn
v = 0 and εναβμ1

vνσαβψμ1...μn
v = 0.
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2.4.2 Self-conjugate Parity and CPT

The self-conjugacy of SU(2) implies that for any field φ(x) transforming as in (2.8)
or (2.19) with the plus sign, the field

φc(x) = Sφ∗(x) , (2.70)

transforms as in (2.8) or (2.19) with the minus sign. Here S is the (2s+1)× (2s+1)
similarity transformation for the spin-s representation of SU(2), such that (−Σi)∗ =
SΣiS−1. In covariant language, this translates to the simultaneous transformations

φv(x) → φc
v(x) , vμ → −vμ . (2.71)

In terms of the irreducible representations constructed in Sect. 2.4.1, the field
transformation in (2.71) reads9

Zμ1...μs
v → (Zc

v)
μ1...μs = (Zμ1...μs

v )∗ , ψμ1...μs
v → (ψc

v)
μ1...μs = C(ψμ1...μs

v )∗ ,
(2.72)

for integer spin and half-integer spin fields, respectively. The charge conjugation
matrix C acts on the spinor index of ψv . It is symmetric and unitary, and obeys
C†γμC = −γμ∗. The parity (2.71) arises if the effective theory is describing a full
theory of a self-conjugate field (necessarily transforming in a real representation of
a gauge group). For example, the effective theory field for a real scalar ϕ = ϕ∗ can
be obtained via

ϕ(x) = e−iMv·xϕv(x)/
√

M = eiMv·xϕ∗
v(x)/

√
M = ϕ∗(x) . (2.73)

Similarly, the effective theory for a Majorana fermion represented by a Dirac spinor
ψM = ψc

M can be obtained via

ψM =
√
2e−iMv·x(hv + Hv) =

√
2eiMv·x(hc

v + Hc
v) = ψc

M , (2.74)

where /vhv = hv and /vHv = −Hv .
It follows from (2.71) that the allowed operators φ̄vO(v)φv in the Lagrangian

representing a self-conjugate field can be chosen such that

O(v) = CO(−v)∗C†. (2.75)

Since we are often interested in constructing the Lagrangian in canonical form, i.e.,
without higher iv · D derivatives acting on φv , it is important to ask whether this
condition is preserved by the requisite field redefinitions. By a similar reasoning

9We here choose a basis such that S = 1 for vectors.
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to above, operators of the form φ̄v[iv · DX(v) + X†(v)iv · D]φv appearing in the
Lagrangian must be such that X(v) = CX(−v)∗C†. Hence field redefinitions of
the form φv → [1− X(v)]φv achieve canonical form of the Lagrangian while
preserving (2.75).

The self-conjugate parity for heavy fields described above is equivalent to
imposing a modified, heavy-particle version of CPT , where P and T act on a Dirac
spinor χv in the usual way, but C acts as the identity:

C : χ(t, x) → χ(t, x) , P : χ(t, x) → γ0χ(t,−x) , T : χ(t, x) → γ1γ3χ(−t, x) .
(2.76)

In this formulation, the reference vector vμ is unchanged while the field transforma-
tions under discrete symmetries C,P,T are implemented. Hence, it may be imposed
in the case where the heavy particle effective theory is written in the rest frame
where the reference vector has been fixed to vμ = (1,0).

2.5 NRQED Example: Lagrangian

Let us demonstrate the application of our formalism in the case of Nonrelativistic
QED (NRQED) (i.e., the parity and time-reversal symmetric theory of a heavy
spin-1/2 particle coupled to an Abelian gauge field) at O(1/M4). We will also
consider examples with multiple heavy particle fields, and other relativistic degrees
of freedom beyond Abelian gauge fields.

NRQED is an effective field theory [21] describing the interactions of nonrel-
ativistic fermions with electromagnetic fields. NRQED interactions at order 1/M4

have become relevant for describing radiative corrections to proton structure contri-
butions in hydrogenic bound state spectroscopy [58, 93]. The NRQED Lagrangian,
properly constrained by Lorentz invariance, trivializes the derivation of low-energy
theorems of Compton scattering [95] and automatically incorporates the intricate
singularity structure of scattering amplitudes [10, 99]. It can be used to rigorously
compute radiative corrections to low-energy lepton-nucleon scattering, and it also
provides a model-independent framework within which to analyze static properties
of nucleons, such as polarizabilities and generalized electromagnetic moments [85].

Let us illustrate the formalism for constructing heavy particle Lagrangians,
deriving a complete basis of operators and coefficient constraints through order
1/M4 for the effective theory of nonrelativistic nucleons and leptons interacting with
photons.10 An important formal issue first arises at order 1/M4: as discussed in the
previous sections, a “reparameterization invariance” ansatz for enforcing relativistic

10For definiteness we will often refer to the heavy fermion ψ as the “nucleon”, and to a second
fermion χ in Sect. 2.8 as the “lepton”.
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invariance breaks down at this order. We derive the correct implementation of
Lorentz invariance constraints and the resulting Wilson coefficient relations (i.e.,
nonrenormalization theorems) through order 1/M4.

Let us begin by constructing the NRQED Lagrangian in the one-fermion sector
through order 1/M4. Consider the Lagrangian for a heavy fermion coupled to
an Abelian gauge field. We enforce hermiticity and invariance under parity, time-
reversal and rotational symmetries. We also perform field redefinitions to eliminate
time derivatives acting on the fermion field (apart from the leading term); we refer
to this choice as the “canonical form” of the heavy particle Lagrangian. We thus find
in the one-fermion sector,

L = ψ†
{

iDt + c2
D2

2M
+ c4

D4

8M3
+ cFg

σ · B
2M

+ cDg
[∂ · E]
8M2

+ icSg
σ · (D × E − E × D)

8M2

+ cW1g
{D2,σ · B}

8M3
− cW2g

Diσ · BDi

4M3
+ cp′pg

σ · DB · D + D · Bσ · D
8M3

+ icMg
{Di, [∂ × B]i}

8M3
+ cA1g2

B2 − E2

8M3
− cA2g2

E2

16M3

+ cX1g
[D2,D · E + E · D]

M4
+ cX2g

{D2, [∂ · E]}
M4

+ cX3g
[∂2∂ · E]

M4

+ icX4g2
{Di, [E × B]i}

M4
+ icX5g

Diσ · (D × E − E × D)Di

M4

+ icX6g
εijkσiDj[∂ · E]Dk

M4

+ cX7g2
σ · B[∂ · E]

M4
+ cX8g2

[E · ∂σ · B]
M4

+ cX9g2
[B · ∂σ · E]

M4

+ cX10g2
[Eiσ · ∂Bi]

M4

+ cX11g2
[Biσ · ∂Ei]

M4
+ cX12g2

σ · E × [∂tE − ∂ × B]
M4

+O(1/M5)

}
ψ .

(2.77)

We have defined Dt = ∂/∂t + igZA0, Di = ∂/∂xi − igZAi, where −gZ = −e,
+e or 0 for an electron, proton or neutron, respectively. The operators up to
1/M3 were previously listed in [21, 77, 86]. We use the summation convention
XiYi ≡ ∑3

i=1 XiYi, and define [X,Y] ≡ XY − YX, {X,Y} ≡ XY + YX to denote
commutators and anticommutators as usual. Square brackets around quantities
imply that derivatives act only within the bracket. Electric and magnetic fields are
defined as usual by E = −[∂tA] − [∂A0] and B = [∂ × A]. By the definition of E
and B, [∂ · B] = 0 and [∂tB + ∂ × E] = 0.
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The most general term in (2.77) is obtained by constructing all possible rotation-
ally invariant, hermitian combinations of iDt, Di, Ei, iBi, iσi, with parity requiring an
even number of factors of Di and Ei. Terms at 1/M4 with two field strength factors
Ei or Bi are straightforward to tabulate; note that we have used [∂tB] = −[∂ × E]
and the assumption of canonical form to eliminate time derivatives of the magnetic
field. Remaining terms at 1/M4 involve one factor of electric field Ei and three
spatial derivatives Di. Spin-independent terms are straightforward to tabulate; the
basis of operators parameterized by cX1, cX2, cX3 differs from other possible choices
by terms involving commutators [Di,Dj], i.e., terms with two field strengths. For
spin-dependent terms we use [∂ × E] = −[∂tB] and the assumption of canonical
form to eliminate occurrences of [∂ × E]. The three-vector identity,

Di(E × σ)j + (σ × D)jEi + σi(D × E)j = D · E × σδij , (2.78)

applied to remaining terms of the form ψ†Di(. . . )Djψ, leaves the basis of operators
parameterized by cX5, cX6.

2.6 NRQED Example: Relativistic Invariance

The Lagrangian (2.77) is invariant, by construction, under rotations and spacetime
translations. The remaining constraints of relativity are enforced by demanding
invariance under boosts. Here we derive these additional constraints, first by a
variational calculation in Sect. 2.6.1, and then by an equivalent invariant operator
construction in Sect. 2.6.2.

2.6.1 Variational Method

As detailed in Sect. 2.2, under infinitesimal boosts, with infinitesimal boost param-
eter η = −q/M, we may choose the heavy fermion to transform as

ψ →e−iq·x
{
1 +

iq · D
2M2

+
iq · DD2

4M4
− σ × q · D

4M2

[
1 +

D2

4M2

]

+
icDg
8M3

q · E +
cSg
8M3

q · σ × E +O(g/M4, 1/M6) + . . .

}
ψ ,

(2.79)

while derivatives and gauge fields transform as Lorentz vectors:

B → B− 1

M
q × E , E → E+

1

M
q × B , D → D+

1

M
qDt , Dt → Dt+

1

M
q · D .

(2.80)
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Field strength-dependent terms in (2.79) have been chosen to maintain canonical
form. Since we are interested in the canonical Lagrangian through order 1/M4, we
need not specify the explicit form of the order 1/M4 field strength-dependent terms,
denoted by O(g/M4). A straightforward computation yields

δL =
1

M
δL1 +

1

M2
δL2 +

1

M3
δL3 +

1

M4
δL4 + . . . , (2.81)

where

δL1 = ψ† [(1− c2)iq · D]ψ ,

δL2 = ψ†
[
−1

2
(1− c2){q · D,Dt}+ g

4
(Z − 2cF + cS)σ × q · E

]
ψ ,

δL3 = ψ†
[

g
8

q · [∂ × B] (cF − cD + 2cM) +
i
4
{q · D,D2} (c2 − c4)

+
ig
8
{q · D,σ · B} (c2Z + 2cF − cS − 2cW1 + 2cW2)

+
ig
8
{σ · D, q · B} (−c2Z + cF − cp′p)

+
ig
8

q · σ(D · B + B · D) (−cF + cS − cp′p)

]
ψ. (2.82)

From δL1, δL2 and δL3, we find [58, 86]11

c2 = 1 , cS = 2cF−Z , c4 = 1 , 2cM = cD−cF , cW2 = cW1−Z , cp′p = cF−Z .
(2.83)

Employing the above relations, the variation δL4 takes the form

δL4 = ψ†
[

ig
8
[D2, q · E]

(
5Z
4

− cF + cD − 32cX1

)

+
ig
8
{q · D, [∂ · E]}

(
−Z
4
+ cF − 16cX2

)

+
g2

8
q · E × B

(
Z2

2
+ 2cF(Z − cF)− 2ZcD + cA2 + 16cX4

)

+
g
8
[q · σ × ∂∂ · E]

(
−Z + cF − 1

4
cD + cW1 + 8cX6

)

+
g
8

Di
(
qi(E × σ)j+(E × σ)iqj+σ × q · Eδij

)
Dj

(
Z
2
−2cF+16cX5

)]
ψ ,

(2.84)

11As noted in [58], we find the opposite sign in the relation for cM in (2.83) compared to [86].



2.6 NRQED Example: Relativistic Invariance 37

where we have suppressed terms that are removed by field strength-dependent
modifications of the boost generator, denoted by O(g/M4) in (2.79). We readily
find,

32cX1 =
5Z
4

− cF + cD ,

32cX2 = −Z
2
+ 2cF ,

32cX4 = −Z2 − 4cF(Z − cF) + 4ZcD − 2cA2 ,

32cX5 = −Z + 4cF ,

32cX6 = 4(Z − cF) + cD − 4cW1 , (2.85)

while coefficients cX3 and cX7...X12 are not constrained by Lorentz invariance.
We thus find that seven new quantities are required at order 1/M4 to describe
the proton’s response to arbitrary background electromagnetic fields. The above
relations following from relativistic symmetry are non-renormalizable.

2.6.2 Invariant Operators

An alternate method for enforcing Lorentz invariance is to construct the Lagrangian
from explicitly invariant operators. We summarize here the main points; the details
are presented in Sect. 2.3.

The basic building block in the construction is the field Ψv = Γ(v, iD)ψv ,
where ψv is a Dirac spinor field with v/ψv = ψv . The matrix-valued operator
Γ(v, iD) is determined such that under an infinitesimal boost Λ, where Λμ

νv
ν =

vμ + qμ/M, the field Ψv has a simple transformation law: Ψv → eiq·xΨv . Noting
that e−iq·x(iDμ+Mvμ+qμ)eiq·x = iDμ+Mvμ, we may thus build invariant bilinears
from contractions of polynomials of γμ and Vμ ≡ vμ+iDμ/M, between Ψv and Ψv .

The function Γ(v, iD) is a solution to the invariance equation,

Γ(v + q/M, iD − q)Λ−1W(Λ, iD + Mv) = Γ(v, iD), (2.86)

where W(Λ, p) is an element of the little group for timelike invariant vector vμ,
following from the theory of induced representations of the Lorentz group. Up to
the relevant order for determining the 1/M4 Lagrangian we have [57]

Γ = 1+
iD/ ⊥
2M

+
1

M2

{
−1

8
(iD⊥)2 − 1

2
iD/ ⊥iv · D

}
+

1

M3

{
1

4
(iD⊥)2iv · D

+
iD/ ⊥
2

[
−3

8
(iD⊥)2 + (iv · D)2

]
+

gZ
8

Fμνv
μDν

⊥+
gZ
16

σμν
⊥ Fμν iD/ ⊥

}
+ . . . ,

(2.87)
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where we have defined Dμ
⊥ ≡ Dμ − vμv · D, and for Abelian gauge fields Fμν ≡

∂μAν − ∂νAμ. Note that the last two terms of (2.87) are absent in the ansatz for
reparameterization invariance given in [84], leading to incorrect Lorentz invariance
constraints at 1/M4 and beyond. This subtlety is explained in Sects. 2.1–2.3 above.

A complete basis of invariant bilinears required through order 1/M4 is

L = Ψv

{
M(V/− 1)− aFg

σμνFμν

4M
+ iaDg

{Vμ, [MVν ,Fμν ]}
16M2

− aW1g
[MVα, [MVα, σ

μνFμν ]]

16M3

+ aA1g2
FμνFμν

16M3
+ aA2g2

VαFμαFμβVβ

16M3

}
Ψv + aX3BX3 +

12∑
i=7

aXiBXi.

(2.88)

The bilinears BXi for i = 3, 7 . . . 12 are chosen to reduce to the respective operators
multiplying cXi in (2.77) upon setting vμ = (1, 0, 0, 0) and neglecting 1/M
suppressed corrections. Since we are concerned only with the Lagrangian through
order 1/M4 we do not specify an explicit choice for these BXi. A computation shows
that the field redefinition to recover canonical form is

ψv =

{
1 +

1

4M2
(iD⊥)2

(
1− iv · D

M

)
− gZ

16M2
σμν
⊥ Fμν

− gZ
4M3

Dμ
⊥v

αFαμ +
igZ
4M3

σμνDμ
⊥vαFαν

− gZ
8M3

vαFαμDμ
⊥ +

gaF

4M3
[−Dμ

⊥v
αFαμ + iσμνDμ

⊥vαFαν ]− gaD

8M3
vαFαμDμ

⊥

+
igaW1

8M3
σμν [D

μ
⊥, vαFαν ]

}
ψ′
v . (2.89)

Upon setting vμ = (1, 0, 0, 0), the resulting Lagrangian, expressed in terms of ψ′
v ,

is identical to the previous result (2.77) with constraints (2.83) and (2.85).

2.7 NRQED Example: One-Photon Matching

This section relates the matching conditions in the one-fermion sector to standard
form factors of the nucleon. The coefficient relations of the previous section, derived
from relativistic invariance, are verified explicitly. We focus here on operators
contributing to the one-photon matrix element. Coefficient relations for operators
contributing to the two-photon matrix element may be similarly verified.
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p

q

p′ = p

q

p′

Fig. 2.1 Tree level matching of the one-photon amplitude in the full theory and NRQED. The
black dot in the diagram on the right-hand side represents single-photon NRQED vertices

Consider first the operators contributing to the one-photon matrix element of the
nucleon. The matching is performed in terms of standard invariant form factors,

〈N(p′)|Jemμ |N(p)〉 = u(p′)Γμ(q)u(p) , Γμ(q) ≡ γμFN
1 (q

2) +
iσμν

2MN
FN
2 (q

2)qν ,

(2.90)

where q = p′ − p and N denotes a proton or neutron; we suppress the superscript
N in the following. Equating the effective theory with the full theory,12 we find (cf.
Fig. 2.1)

cF = F̄1 + F̄2 ≡ Z + aN +O(α) ,

cD = F̄1 + 2F̄2 + 8F̄′
1 ≡ Z +

4

3
M2(rN

E )
2 +O(α) ,

cW1 = F̄1 +
1

2
F̄2 + 4F̄′

1 + 4F̄′
2 ,

cX3 =
1

8
F̄′
1 +

1

4
F̄′
2 +

1

2
F̄′′
1 , (2.91)

where Z denotes the electric charge, aN is the anomalous magnetic moment of the
nucleon, and rN

E is the nucleon charge radius. We have introduced dimensionless
barred quantities to denote derivatives with respect to q2/M2 at q2 = 0: F̄1 ≡
F1(0) = Z, F̄2 ≡ F2(0) = aN , F̄′

i ≡ M2F′
i (0), etc. The new quantity F′′

1 appears
at 1/M4. Expressions for other Wilson coefficients up to 1/M3 in terms of form
factors can be found using (2.83). At 1/M4, we also find

cX1 =
5

128
F̄1 +

1

32
F̄2 +

1

4
F̄′
1 ,

cX2 =
3

64
F̄1 +

1

16
F̄2 ,

cX5 =
3

32
F̄1 +

1

8
F̄2 ,

cX6 = − 3

32
F̄1 − 1

8
F̄2 − 1

4
F̄′
1 −

1

2
F̄′
2 , (2.92)

12The nonrelativistic normalization of states in NRQED is obtained using ū(p)u(p) = M/Ep in
(2.90).
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and it is readily verified that these expressions satisfy the constraints (2.85). In the
presence of radiative corrections, the form factors on the right hand sides of (2.91)
and (2.92) should be interpreted in an appropriate infrared regularization scheme;
alternatively, the matching may be performed with infrared finite observables.
The corresponding infrared subtractions and ultraviolet renormalizations must be
performed to obtain the Wilson coefficients including radiative corrections.13

2.8 NRQED Example: Photon and Four-Fermion Sectors

So far our analysis has focused on the one-fermion sector. We have derived the form
of the Lagrangian appropriate, e.g., to a proton in a background electromagnetic
field. Let us consider the complete QED theory including dynamical photon, as
well as a lepton (electron or muon) field. The case of a nonrelativistic lepton is
appropriate to bound state hydrogen studies, or very low-energy lepton-nucleon
(e.g. muon-proton) scattering, where E � m�,M. We first consider this case, con-
structing the operator basis, deriving coefficient relations and identifying redundant
operators. We then turn to a brief discussion of the case of a relativistic lepton,
appropriate to e.g. low-energy electron-proton scattering with m�,E � M.

2.8.1 Pure Photon Operators

The pure gauge sector for NRQED is the well known Euler-Heisenberg Lagrangian.
Enforcing parity and time reversal symmetry and neglecting total derivatives we find

Lγ =− 1

4
FμνFμν + cV2

Fμν [∂
2Fμν ]

M2
+ cV4

Fμν [∂
4Fμν ]

M4

+ cE1g2
(FμνFμν)2

M4
+ cE2g2

Fμ
νFν

ρFρ
σFσ

μ

M4
+ . . . . (2.93)

The coefficients cV2 and cV4 may be set to zero through field redefinitions on Aμ, as
discussed in Sect. 2.8.3 below.

13The expressions on the right hand side of (2.91) and (2.92) correspond to those referred to as
cQED

i in [77]. The renormalization procedure in dimensional regularization is described in [86].
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2.8.2 Four-Fermion Operators

Consider four-fermion operators relevant for processes in the one-nucleon, one-
lepton sector. We enforce hermiticity and invariance under parity, time-reversal and
rotational symmetries. We use the notation

←−
D for a covariant derivative acting to

the left, X
←−
D i ≡ [∂iX] + igZXAi, and define D+ ≡ D +

←−
D , D− ≡ D −←−

D . Having
performed field redefinitions to eliminate operators with time derivatives acting on
heavy fermions, the Lagrangian in this sector, through 1/M4, is

Lψχ =
d1
M2

ψ†σiψ χ†σiχ+
d2
M2

ψ†ψ χ†χ+
d3
M4

ψ†Di
+ψ χ†Di

+χ

+
d4
M4

ψ†Di
−ψ χ†Di

−χ

+
d5
M4

ψ†(D2 +
←−
D 2)ψ χ†χ+

d6
M4

ψ†ψ χ†(D2 +
←−
D 2)χ

+
gd7
M4

ψ†σ · Bψ χ†χ+
id8
M4

εijkψ†σiDj
−ψ χ†Dk

+χ

+
id9
M4

εijkψ†σiDj
+ψ χ†Dk

−χ

+
gd10
M4

ψ†ψ χ†σ · Bχ+
id11
M4

εijkψ†Dk
+ψ χ†σiDj

−χ

+
id12
M4

εijkψ†Dk
−ψ χ†σiDj

+χ

+
d13
M4

ψ†σiDj
+ψ χ†σiDj

+χ+
d14
M4

ψ†σiDj
−ψ χ†σiDj

−χ

+
d15
M4

ψ†σ · D+ψ χ†σ · D+χ

+
d16
M4

ψ†σ · D−ψ χ†σ · D−χ+
d17
M4

ψ†σiDj
−ψ χ†σjDi

−χ

+
d18
M4

ψ†σi(D2 +
←−
D 2)ψ χ†σiχ+

d19
M4

ψ†σi(DiDj +
←−
D j←−D i)ψ χ†σjχ

+
d20
M4

ψ†σiψ χ†σi(D2 +
←−
D 2)χ+

d21
M4

ψ†σiψ χ†σj(DiDj +
←−
D j←−D i)χ .

(2.94)

Here χ is the nonrelativistic lepton field with mass Mχ and for notational simplicity
we write all operators in terms of the common mass scale M.14 Covariant derivatives
appearing within a fermion bilinear in (2.94) are understood to act only on fields

14Note that the coefficients d1,2 in (2.94) are related to those of Caswell and Lepage [21] by a
factor Mχ/M.
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in that bilinear. The heavy field ψ transforms under boosts as in (2.79). Recalling
that q in (2.79) is related to the mass-independent infinitesimal boost parameter by
η = −q/M, the transformation law for χ is obtained by the replacement M → rM
and q → rq, where we define r ≡ Mχ/M. We thus find

δLψχ =
1

M4

{
ψ†iq · D−ψ χ†χ

[
d2
2

− 2rd4 − 2d5

]

+ ψ†ψ χ†iq · D−χ
[

d2
2r

− 2d4 − 2rd6

]

+ ψ†σ · q × D+ψ χ†χ
[
−d2

4
+

d1
4r

− 2d8 − 2rd9

]

+ ψ†iq · D−σiψ χ†σiχ

[
d1
2

− 2rd14 − 2d18

]

+ ψ†ψχ†σ · q × D+χ

[
−d2
4r

+
d1
4

− 2rd11 − 2d12

]

+ ψ†σiψχ†iq · D−σiχ

[
d1
2r

− 2d14 − 2rd20

]

+ ψ†iσ · D−ψ χ†σ · qχ
[

d1
4

− 2rd16 − d19

]

+ ψ†σ · qψ χ†iσ · D−χ
[

d1
4r

− 2d16 − rd21

]

+ ψ†iσ · qDi
−ψ χ†σiχ

[
−d1

4
− 2rd17 − d19

]

+ ψ†σiψχ†iσ · qDi
−χ

[
−d1
4r

− 2d17 − rd21

]}

+O(1/M5) . (2.95)

This enforces the relations

rd4 + d5 =
d2
4

, d5 = r2d6 , 8r(d8 + rd9) = −rd2 + d1 ,

8r(rd11 + d12) = −d2 + rd1 ,

rd14 + d18 =
d1
4

, d18 = r2d20 , 2rd16 + d19 =
d1
4

,

r(d16 + d17) + d19 = 0 , d19 = r2d21, (2.96)
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implying a total of 12 independent four-fermion operators through 1/M4, including
two at order 1/M2. By performing field redefinitions on the gauge field Aμ, some
of these four-fermion operators are found to mix with one-heavy particle sector
operators, as discussed in Sect. 2.8.3 below.

Equation (2.94), with constraints (2.96), applies to the case of distinct heavy par-
ticles represented by ψ, χ, with arbitrary mass ratio Mχ/M. For certain applications,
e.g. positronium or heavy quarkonium bound states, the fields ψ and χ can be taken
to represent particle-antiparticle pairs with r = Mχ/M = 1. Charge conjugation
symmetry is then implemented by enforcing invariance under ψ ↔ χ, thus reducing
the basis of operators. This case has been investigated for QCD through O(1/M4)
by Brambilla et al. [17]. We find that our basis of four-fermion operators (2.94) and
constraints (2.96) are equivalent to those found in [17] for this special case.15

2.8.3 Field Redefinitions and Redundant Operators

With a dynamical photon field, we may perform field redefinitions that maintain
reality and gauge, parity, time reversal and rotational symmetries. In order to avoid
upsetting the previously determined coefficient relations, we must also maintain the
transformation law for Aμ as a four-vector under Lorentz transformations, i.e.,

A0 → A0 − 1

M
q · A , A → A − 1

M
qA0 . (2.97)

Let us write

Aμ = A′
μ +ΔγAμ +ΔψAμ +ΔχAμ + . . . . (2.98)

For the pure gauge field terms the most general expression is

ΔγAμ = aγ1
∂νFνμ

M2
+ aγ2

∂2∂νFνμ

M4
+O(1/M6) . (2.99)

Terms involving the heavy fermion ψ take the form

ΔψAμ

g
= ãψ1

Ψvγ
μΨv

M2
+ ãψ2

∂α(Ψvσ
αμΨv)

M3

+ ãψ3g
Ψv{γμ, σαβFαβ}Ψv

M4
+ ãψ4

∂2(Ψvγ
μΨv)

M4

+ ãψ5g
Ψvσ

μα{Vβ ,Fαβ}Ψv

M4
+O(1/M5) , (2.100)

15The difference between Abelian and nonAbelian gauge fields is trivial for four-fermion operators
through this order.
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where we have employed the invariant operator formalism of Sect. 2.6.2. In
particular, Ψv = Γψv with Γ from (2.87) and ψv from (2.89), expressed in
terms of the field ψ′

v ≡ ψ with canonical Lagrangian (2.77). As an alternative to
the invariant operator formalism employed in (2.100) we may expand ΔψA0 and
ΔψA in a series of rotationally invariant operators with arbitrary coefficients, and
subsequently constrain these coefficients using (2.97). The result is equivalent to
(2.100), with five free parameters through O(1/M4),

ΔψA0

g
= aψ1

ψ†ψ
M2

+ aψ2
∂2(ψ†ψ)

M4
− i

(aψ1

4
− aψ4

)ψ†σ · ←−D × Dψ

M4

+ aψ3g
ψ†σ · Bψ

M4
+O(1/M5),

ΔψA
g

= −aψ1
ψ†iD−ψ
2M3

+ aψ4
∂ × (ψ†σψ)

M3
+ aψ5g

ψ†σ × Eψ
M4

+O(1/M5) .

(2.101)

The expansion of ΔχAμ is obtained from (2.101) with the replacements ψ → χ,
M → Mχ, Z → Zχ and aψ i → aχ i. In terms of the field A′

μ in (2.98), we find in the
pure photon sector,

δcV2 = −1

2
aγ1 , δcV4 = −1

2
aγ2 − 1

4
a2γ1 + 2aγ1cV2 , (2.102)

while for the ψ sector,

δcD = −8Zaγ1 + 8aψ1 , δcW1 = −4cFaγ1 + 8aψ4 ,

δcA2 = −16Z2aγ1 + 16Zaψ1 ,

δcX3 = −cDaγ1
8

+ Zaγ2 − aγ1aψ1 + 4cV2aψ1 + aψ2 , δcX7 = −cSZaγ1
4

+ aψ3 ,

δcX8 = cFZaγ1 − cFaψ1

2
− Zaψ4 , δcX9 = −c2Faγ1

2
+ cFaψ4 ,

δcX11 =
c2Faγ1
2

− cFaψ4 , δcX12 =
cSZaγ1

2
+ aψ5 . (2.103)

Similar relations hold for the Wilson coefficients c(χ)i in the χ Lagrangian, defined

as in (2.77), with ψ → χ, Z → Zχ, M → Mχ, ci → c(χ)i . Finally, for the four-
fermion operator coefficients,

δd2
g2

= −Zχaψ1 − Zaχ1
r2

,
δd3
g2

=
c(χ)D aψ1

8r2
+

cDaχ1
8r2

+ Zχaψ2 +
Zaχ2

r4
,

δd4
g2

= −Zχaψ1

4r
− Zaχ1

4r3
,

δd7
g2

= −ZZχ

4
(aψ1 − 4aψ4)− Zχaψ3 ,
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δd8
g2

=
Zχ

8
(aψ1 − 4aψ4)− cSaχ1

8r2
,

δd10
g2

= −ZZχ

4r4
(aχ1 − 4aχ4)− Zaχ3

r4
,

δd11
g2

= −c(χ)S aψ1

8r2
+

Z
8r4

(aχ1 − 4aχ4) ,
δd13
g2

= −δd15
g2

=
c(χ)F aψ4

2r
+

cFaχ4
2r3

.

(2.104)

The coefficient relations (2.83), (2.85) and (2.96) are preserved, since by construc-
tion the Lorentz transformation properties of Aμ are unchanged and hence the boost
transformation rules (2.79) and (2.80) still apply.

We may use (2.102) to eliminate vacuum polarization terms cV2 and cV4 in
favor of compensating terms in (2.103). Similarly, (2.103), together with the
analogous relations for c(χ)i , and (2.104), can be used to eliminate ten linear
combinations of Wilson coefficients for two-fermion and four-fermion operators.
Different applications may favor elimination of different operators.16

2.8.4 Relativistic Lepton

For applications such as lepton-nucleon scattering at energies m�,E � M (e.g.,
low-energy electron-proton scattering), the relevant effective theory involves a
heavy fermion (e.g., the proton) interacting with an electromagnetically charged
relativistic fermion (e.g., the electron). Let us briefly discuss this case. Enforcing
parity, time-reversal, gauge, Lorentz as well as chiral symmetry at m� = 0, we find
the leptonic interactions with the photon,

L� = 
̄

[
iD/ −m�+gc(�)F m�

σμνFμν

M2
+gc(�)2 m�

D2

M2
+gc(�)D

[∂μFμν ]γ
ν

M2
+O(1/M4)

]

,

(2.105)

where we assume field redefinitions have been performed to remove power sup-
pressed terms involving (iD/ − m�)
.

Having performed field redefinitions to eliminate operators with time derivatives
acting on fermion fields, the Lagrangian for the nucleon-relativistic lepton sector
through O(1/M3) is

Lψ� =
b1
M2

ψ†ψ 
̄γ0
+
b2
M2

ψ†σiψ 
̄γiγ5
+
b3
M3

ψ†ψ m�
̄
+
b4
M3

ψ†iDi
−ψ 
̄γi


+
b5
M3

ψ†ψ
̄iγ · D−
+
b6
M3

εijkψ†σiψ m�
̄σ
jk
+

b7
M3

εijkψ†σiψ 
̄γjDk
+


16We have not specified gauge fixing and source terms, which are also affected by field
redefinitions.
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+
b8
M3

ψ†σiψ 
̄γ0γ5iDi
−
+

b9
M3

ψ†σiiDi
−ψ 
̄γ0γ5
+O(1/M4),

(2.106)

where 
 is the relativistic lepton field with mass m� and σij ≡ i
2 [γ

i, γj]. The
heavy field ψ transforms under boosts as in (2.79), while 
 transforms under finite
dimensional representations of the Lorentz group in the usual way. Under Lorentz
transformation, we thus find

δLψ� = − 1

M3
ψ†ψ
̄qiγi
 (b1 + 2b4)− 1

M3
ψ†σiqiψ
̄γ0γ5
 (b2 + 2b9)+O(1/M4).

(2.107)

This enforces the relations

b4 =
1

2
b1 , b9 = −1

2
b2 , (2.108)

leaving seven operators in this sector through order 1/M3, including two at
order 1/M2.

By performing field redefinitions on the gauge field Aμ, some of these four-
fermion operators are found to mix with one-heavy particle operators. In addition to
the contributions ΔγAμ and ΔψAμ from (2.98) we may employ

Δ�A
μ = ga�1


̄γμ


M2
+O(1/M4) . (2.109)

We thus find the modified couplings in L�,

δc(�)D = −Z�aγ1 + a�1 , (2.110)

and for the four fermion operators in Lψ�,

δb1
g2

= −Za�1 − Z�aψ1 ,
δb7
g2

= −Z�aψ4 − 1

2
cFa�1 , (2.111)

with relation (2.108) remaining intact.

2.9 Discussion

The usual procedure of implementing Lorentz invariance via finite dimensional
representations of the Lorentz group is insufficient for application to heavy particle
effective theories. We have adapted the formalism of induced representations for
application to heavy particle field transformation laws. Returning to the questions
posed at the beginning of the chapter, we see that the parameter v enters as an
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arbitrary reference vector in the effective theory construction. Rules identifiable
with “reparameterization invariance” (2.48) are obtained by a rewriting of the
transformation law for generalized boosts, and the class of reparameterization
transformations consistent with Lorentz and gauge invariance is identified through
a systematic solution of the invariance equation (2.52).

Let us compare our formalism to previous work. A naive ansatz for imple-
menting Lorentz invariance via reparameterization invariance breaks down for
Γ(v, iD) starting at order 1/M3, corresponding to new effects at order 1/M4 in
the canonical Lagrangian. The transformation law defined by W(Λ, iD) is corrected
at order 1/M4. These subtleties were not treated in the classic work of Luke and
Manohar [84, 86], and the ansatz proposed there would lead to inconsistencies at
the orders in 1/M specified above. Brambilla et al. [16] recognized that Wilson-
coefficient dependent corrections to W(Λ) must be included when deriving an
invariant Lagrangian in canonical form. However, there the constraints of Lorentz
invariance are derived (through order 1/M2) at the level of canonically quantized
charges, a procedure that becomes increasingly cumbersome at high orders in the
1/M expansion. In Sect. 2.2 we have used general properties of commutators of
the S matrix with conserved charges to derive constraints at the Lagrangian level
that implement Lorentz invariance for heavy particle effective theories in canonical
form. In Sect. 2.3 we have derived consistent reparameterization transformations
that allow solution to the invariance equation (2.52), and hence the construction of
manifestly invariant Lagrangians to arbitrary order.

At a practical level, the main results for building heavy fermion Lagrangians are
contained in (2.34), or for the invariant operator method, in (2.59) and (2.60). We
have illustrated the utility of these results by constructing the NRQED Lagrangian to
order 1/M4. This provides the rigorous framework for a range of applications such
as computing radiative corrections to low-energy lepton-nucleon scattering, and
understanding a sharp discrepancy in proton charge radius measurements through
scrutinizing proton structure effects in atomic bound states. In the next chapter,
we will construct heavy particle Lagrangians for WIMPs interacting with Standard
Model particles using the formalism developed here.
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