
Chapter 2
Simulation Overview

Abstract MRI Simulator is based on numerical solution of the Bloch Equation. The
numerical solution is obtained as a time update form of the magnetization vector.
Parameters of this time update coefficients are shown to be related to the pulse
sequence parameters and gradient amplitudes. The contents include application of
the time update solution for simulation of Gradient Echo (GRE) sequences.
Influence of T2* and susceptibility effects are also discussed.
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Image quality of MRI, acquired using multiple phased array coils is often dictated
by spatially varying noise and large geometry factors. For dynamic acquisitions
such as cardiac and functional MRI (fMRI), the image quality is affected by subject
movements, leading to geometric distortions. Further, in phase sensitive acquisition
such as PC-MRA, the influence of noise mostly affects computations performed on
phase images. The nature and influence of different types of noise sources can only
be understood and remedial algorithms developed with the possibility of simulating
the actual scanning process.

MR Simulator uses electrical and magnetic fields from electromagnetic field
calculations to simulate realistic MR Images. The accuracy of simulator increases
with the accuracy of model generated and its characteristics [1]. For example, it is
possible to simulate spatial diffusion by convolving the time-dependent magneti-
zation with a kernel representative of Gaussian diffusion. Apart from simulation of
unrestricted diffusion, the convolution approach is also employed to model
steady-state free precession [2] and gradient spoiling for steady-state sequences [3].
In an alternative form of simulation, the phenomenon of intra-voxel dephasing is
simulated using Bloch-Torrey equation [4]. This involves an additional term in the
Bloch equation that describes signal losses due to the diffusion process. The use
of Bloch-Torrey equation for simulation of magnetization vectors allows more
efficient simulation compared to that using spatial summation of isochromats.
The technique is most applicable to simulating the effect of field perturbations,
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i.e. intra-voxel dephasing, but also for other typical imaging experiments and
simulation of diffusion weighting [4]. Dephasing due to unrestricted motion such as
blood flow could be simulated by incorporating voxel-dependent velocity and
acceleration [5]. Bloch Equations, in general, compute temporal dynamics of the net
magnetization. The Bloch MR Simulator can be implemented using realistic sim-
ulation of spatial field variation due to gradients and RF field effects in MRI.

2.1 Bloch Equation

Bloch equation provides a phenomenological description of the time dependence of
magnetization. The solution of Bloch equation involves computation of magneti-
zation vector ~M = (Mx, My, Mz) as a function of time. Magnetization along each
cartesian direction is represented by the respective vector component along x, y,
and z directions. For deriving the Bloch equation, the magnetic spin is assumed to
be placed in a static magnetic field B0, in the z direction. The magnetic moments
orient either along field direction, or it’s opposite. It causes the spins to precess at
the Larmor frequency ω0 = γB0. Equation governing the dynamics of magnetization
vector ~M in the static magnetic field is described using

d~M
dt

¼ c �M � �B0k̂ ð2:1Þ

where × represents cross product indicating that the rate of change of ~M is per-
pendicular to both ~M and �B0. This implies that the initial spin precession is about
the direction of the main magnetic field. Measuring the intensity of magnetization
vector is practically impossible due to dominance of the external field B0. In order
to change the plane of precession, the magnetization ~M is tipped towards the
transverse x-y plane. The factors affecting relaxation of the magnetization vector ~M,
are the relaxation time constants T1 and T2 [6, 7]. The spin-lattice relaxation time T1
corresponds to the time required for the system to return to its equilibrium value
after it has been exposed to a 90° tipping pulse. The spin-spin relaxation time T2
depicts the time required for the tipped magnetization in the x-y plane to decay
down to zero. The differential equation for magnetization in the presence of a
magnetic field with relaxation terms can be combined to form a vector differential
equation. In vectorized form, the Bloch equation becomes

d~M
dt

¼ c~M �~Bext þ 1
T1

M0 �Mzð Þk̂ � 1
T2

Mx i
_þMŷj

� �
ð2:2Þ

where Bext ¼ B0k
_

and ~M ¼ Mx i
_þMŷjþMzk

_

. Since the external field components
are zero along x and y directions, the cross product term will be MyB0̂i�MxB0̂j.
Substituting the cross product terms into (2.2) gives
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d
dt

Mx i
_þMŷjþMzk

_
� �

¼ c MyB0̂i�MxB0̂j
� �þ 1

T1
ðM0 �MzÞk̂

� 1
T2

ðMx i
_þMŷjÞ

ð2:3Þ

Equating the coefficients of î; ĵ and k̂ on both sides,

dMz

dt
¼ M0 �Mz

T1
ð2:4Þ

dMx

dt
¼ x0My �Mx

T2
ð2:5Þ

dMy

dt
¼ x0Mx �My

T2
ð2:6Þ

2.1.1 Solution of Bloch Equation

Equation (2.4) is similar to the standard first-order differential equation, dy
dx þ

PðxÞy ¼ QðxÞ; whose solution is directly obtained as y e
R

p dx
� �

¼ R QeR p dxdx:

Substituting P ¼ 1
T1

and Q ¼ M0
T1
, the solution of (2.4) takes the form

MzðtÞ ¼ M0 þCe�t=T1 ð2:7Þ

Solving for C in terms of the initial longitudinal magnetization at t = 0, the time
dependent form of the longitudinal magnetization will be

MzðtÞ ¼ Mzð0Þe�t=T1 þM0 1� e�t=T1
� � ð2:8Þ

To solve (2.5) and (2.6), the transverse magnetizations are assumed to be
exponential in nature; each relaxing with time constant T2.

Mx ¼ mxe
�t
T2

and

My ¼ mye
�t
T2

ð2:9Þ

From (2.9), we get dMx
dt ¼ mx

T2
and dMy

dt ¼ my

T2
. Substituting for Mx, My,

dMx
dt and dMy

dt

into (2.5) and (2.6),
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dMx

dt
¼ x0mye

�t
T2 � mx

T2
e
�t
T2 ð2:10Þ

and

dMy

dt
¼ x0mxe

�t
T2 � my

T2
e
�t
T2 ð2:11Þ

Comparing (2.10) and (2.11) with (2.5) and (2.6),

dmx

dt
¼ x0my

and

dmy

dt
¼ �x0mx

ð2:12Þ

Differentiating (2.12) once again,

d2mx

dt2
¼ x0

dmy

dt
ð2:13Þ

Substituting for dmy

dt from (2.12), (2.13) becomes

d2mx

dt2
¼ x0ð�x0mxÞ
¼ �x2

0mx

ð2:14Þ

Since (2.14) is a standard form of second-order differential equation, its solution
is easily obtained as

mx ¼ C1 cosðx0tÞþC2 sinðx0tÞ ð2:15Þ

Noting (2.9) through (2.15), the solution for time varying magnetization is

Mx ¼ e
�t
T2 C1 cosðx0tÞþC2 sinðx0tÞð Þ

and

My ¼ e
�t
T2 �C1 sinðx0tÞþC2 cosðx0tÞð Þ

ð2:16Þ

Considering the initial values of Mx and My to be Mx(0) and My(0), the unknown
constants C1 and C2 can be evaluated. For a constant field Bext ¼ B0k̂ in the lon-
gitudinal direction, the final form of solution of the Bloch equation will be
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~MðtÞ ¼
Mzð0Þe�t=T1 þM0 1� e�t=T1

� �
e
�t
T2ðMxð0Þ cosðx0tÞþMyð0Þ sinðx0tÞ
e
�t
T2ðMyð0Þ cosðx0tÞ �Mxð0Þ sinðx0tÞÞ

2
64

3
75 ð2:17Þ

2.1.2 Time Update Form of Bloch Equation

The Bloch equation in the rotating frame is computed by time updated computation
of spin magnetization vector at each spatial location in the x-y plane of the selected
slice. For any pulse sequence, the spin precession frequency in the rotating frame of
reference is changed by application of external spatial encoding gradients. The
effect of RF tipping is simulated as a hard pulse that tips each spatial magnetization
vector into the x-y plane. Following application of the hard pulse, strength of the
initial magnetization is computed using

M0 ¼ q0c
2�h2

4kT
ðB0 þDB0Þ ð2:18Þ

where ρ0 is the proton density, γ is the gyromagnetic ratio, ћ is the Plank’s constant,
k is the Boltzmann constant, T is the tissue temperature, B0 is the main magnetic
field and ΔB0 is the static field inhomogeneity. Once the initial magnetization is
computed using (2.20), the Bloch equation is solved by stepping forward through
time, while approximating the evolution of each magnetization vector using

~Mð~r; tþDtÞ ¼ RotzðhgÞ � RotzðhiHÞ � Rrelax:RRF � ~Mð~r; tÞ ð2:19Þ

Here, hg and hiH denote the phase accumulated due to the applied time-varying
gradient, and field inhomogeneities respectively. RotzðhÞ represents the rotation
matrix used to represent rotation of the tipped magnetization vector about z-axis by
an angle θ.

RotzðhÞ ¼
cos h sin h 0
� sin h cos h 0

0 0 1

2
4

3
5 ð2:20Þ

In a given time interval Dt, the angle of precession is determined by the sum of
angular components contributed by the spin precession frequencies due to the applied
gradients θg = ωyΔt and local field inhomogeneities θiH = γΔBΔt respectively. If the
applied gradients are time varying, the phase accumulated in a given time interval Dt
is given by
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hg ¼ c
ZtþDt

t

xGxðsÞþ yGyðsÞ
� �

ds ð2:21Þ

The matrix Rrelax describes the effects of transverse and longitudinal relaxations
[8]. The diagonal elements of this matrix indicate the change in signal magnitudes
due to relaxations in the x, y and z components respectively.

Rrelax ¼
e

�Dt
T2ð~rÞ 0 0
0 e

�Dt
T2ð~rÞ 0

0 0 1� e
�Dt
T1ð~rÞ

2
4

3
5 ð2:22Þ

If the assumption of a hard pulse is not considered, the RF pulse combines the
effect of rotations about z-axis, and flipping about the x or y axis. With the
application of a circularly polarized RF pulse: BRF = B1(cos(ωt) + j sin(ωt)) to tip
the magnetization by a flip angle α, the combined effects of rotation and flip are
represented using the matrix

RRF ¼ Rotzðx1tÞ � RotxðaÞ � Rotzð�x1tÞ ð2:23Þ

where x1 ¼ cB1. In the case where the local field differs from B0 due to field
inhomogeneity or chemical shift effects, the resonance frequency ωRF deviates from
ω0 as defined in (1.1). Consequently, the effective precessional frequency becomes

xeff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xRF � x0ð Þ2 þx2

1

q
ð2:24Þ

A B1 pulse of duration sp tips ~M by an angle α from B0, resulting in an effective
flip angle

aeff ¼ sp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xRF � x0ð Þ2 þ a

sp

� �2
s

ð2:25Þ

2.2 Working Principle of MR Simulator

MRI head phantom forming input to the simulator, consists of individual spatial
maps representative of the tissue relaxation parameters, proton density etc. In
specific imaging applications, additional parametric maps may be called for. For
example, in Susceptibility Weighted Imaging (SWI), this corresponds to a map of
intrinsic susceptibility variations. In PC-MRA, the same parametric maps are used
to differentiate vascular regions from background tissue.
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Once the required input parametric maps are provided, the simulator solves the
Bloch equation using the time-update form, and computes the spin magnetization
vector at each spatial position in the transverse (x-y) plane of a given slice [7–10].
By applying a 90° hard pulse along the phase-encode direction, the Free Induction
Decay (FID) signals in the inphase and quadrature coils are obtained as the x and y
components of the magnetization vector at each time point. A complex signal is
then formed by treating the x-component as the real part, and y-component as the
imaginary part. The time update solution is formulated by combining effects of
precession and relaxation in each time interval. In matrix form, the time-update
form of solution is

~MðtþDtÞ ¼ A~MðtÞþB ð2:26Þ

where the matrix parameters A and B are determined from RotzðhÞ and Rrelax as

A ¼
e�Dt=T2 0 0

0 e�Dt=T2 0

0 0 e�Dt=T1

2
64

3
75 cos h sin h 0

� sin h cos h 0
0 0 1

2
4

3
5

and

B ¼
0
0

1� e
�Dt	

T1

2
4

3
5 ð2:27Þ

As discussed in Sect. 2.1.2, the precession angle h is computed using the product
of off-resonance frequency Dx and time-interval Dt. The off-resonance frequency
pertaining to a frequency-encoding pulse of constant amplitude Gx is given by

Dx ¼ cxGx
2p

ð2:28Þ

The net magnetization is obtained by summing up the spatial magnetizations
from allocations in the transverse plane [11–13]. Application of a phase-encoding
gradient pulse of amplitude DGy and duration s adds a phase u to the FID signal
originating from spatial location P(x, y). Based on the y-location, the encoded
phase at P(x, y) is determined as

u ¼ cyDGys
2p

ð2:29Þ

Implementation of the simulator requires specification of the echo and repetition
times (TE and TR) and also the flip angle (α). The sequence type includes infor-
mation whether the target image is two or three dimensional. For a 2D image, the
slice position and orientation is specified. Volumetric acquisition should specify
whether the whole FOV is scanned as one thick volume, or as a series of thin slabs.
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2.2.1 Imaging Parameters and K-Space Generation

Prior to scanning, all MR imaging sequences require specification of the FOV and
required image resolution. The FOVs are separately specified in the x and y
directions as FOVx and FOVy respectively. The image resolution is specified using
the number of voxels in the x and y directions, with the y-direction typically being
the phase-encoding direction. For an axial scan, the phase-encode typically corre-
sponds to the Anterior-Posterior (AP) direction, and the frequency-encoding from
the Left-Ear to Right-Ear (LR) respectively. The sampling intervals in the frequency
and phase-encode directions are

Dkx ¼ 1
FOVx

Dky ¼ 1
FOVy

ð2:30Þ

Also, from the Fourier imaging principle described in Sect. 1.3, the k-space
sampling intervals are also related to the frequency and phase-encode pulse
amplitudes using

Du ¼ cGxDt
2p

Dv ¼ cDGys
2p

ð2:31Þ

Noting (2.30) through (2.31), the step-size for phase encoding is obtained as

DGy ¼ 2p
csFOVy

ð2:32Þ

The entire k-space is filled by varying the amplitude of phase-encoding pulse
using integral multiples of ΔGy. For M phase-encoding steps,

Gy ¼
�M

2 DGy to M
2 � 1
� �

DGy; for M even;

� Mþ 1ð Þ
2 DGy to Mþ 1

2

� �
DGy; for M odd:

(
ð2:33Þ

Each spatial frequency component (kx, ky) is represented by an individual data
point Sð�kÞ in the k- space as discussed in Chap. 1. The k-space contains complex
data with the real part denoting the inphase (I), and the imaginary part, the
quadrature (Q) component of magnetization. Each different combination of the
gradient pulses is considered to move the acquisition point in the k-space. Changing
the step-size of phase-encoding pulse amplitudes, fills the k-space line-by-line. The
procedural steps for MR simulation is summarized in the block schematic shown in
Fig. 2.1.
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Fig. 2.1 Work flow of MR simulation
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2.3 Incorporation of T2* Effects in Gradient-Echo
Imaging

Intra-voxel field inhomogeneities lead to deviations in the transverse decay rate of
spins from the same isochromat. The cumulative effect of all spins within the same
voxel result in much faster decay rate of transverse magnetizations [14], than would
be predicted by natural atomic and molecular mechanisms. The T2* value can be
considered as an effective modification of the basic T2 value of the tissue being
imaged. T2* effect essentially originates from inhomogeneities in the main magnetic
field. The inhomogeneities arise due to intrinsic defects in the magnet itself, or
susceptibility-induced field distortions produced by the tissue. Some MR sequences
using gradient-echoes acquired using long TE values are relatively more T2*-
weighted. In MR simulation, the T2* effect is mathematically represented by the
perturbations of the basic relaxation rate with an additional frequency term gen-
erated by the local field inhomogeneity. This is mathematically represented as

1
T2� ¼ 1

T2
þ cDBi ð2:34Þ

2.4 Incorporation of Susceptibility Effects

The magnetic susceptibility (χ) denotes the degree of magnetization of a material in
response to an applied magnetic field. Since the tissues are diamagnetic and con-
centrations of paramagnetic agents are relatively small, the susceptibility assumes
very small values. Once the susceptibility values are known, it is then easy to find a
relation between field changes and susceptibility variations.

DB ¼ vB0 ð2:35Þ

Susceptibility effects [15–17] present in brain tissues, lead to off-resonance
frequency shifts in ppm range. The ppm values are appreciably different for venous
and arterial structures. The intrinsic susceptibility effects are responsible for phase
changes across vessels. Unlike intrinsic susceptibility changes in the ppm scale, the
bulk susceptibility changes occur at a relatively larger scale. The bulk susceptibility
effects mainly occur at air gaps and border regions where the susceptibility values
are practically zero on one side of the border. For simulation of intrinsic suscep-
tibility effects, blood vessels are modeled as long cylinders in which the suscep-
tibility values differ inside and outside. Since phase is directly proportional to the
local field, it is possible to visualize the field dependence inside and outside of
objects embedded in the background. With viðveÞ representing the inside (outside)
susceptibility of an object, the Dv will be equivalent to difference between vi and ve.
The background shift will then depend on the geometry of the structure.
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Consider two analytical phantoms with built in cylindrical structures parallel to
the main field (z-direction). The transverse plane is constructed with a finite reso-
lution (256 × 256), with the cross-section of each cylindrical structure having a
radius equivalent to three pixels. The pixels inside the cylinders are assigned a
susceptibility value of vi ¼ 9:45� 10�6; and those outside with vo ¼ 9� 10�6.
A 3D phantom is then constructed by cascading a number of axial cross-sections,
large enough to simulate the effect of an infinitely long cylindrical structure. In a
slightly different version of the phantom, a central air gap (128 × 128) is introduced
by assigning zero susceptibility in this region. The phase due to spatially varying
magnetic field B0 in both phantoms is calculated from the respective 3D suscep-
tibility maps using [18]

uðrÞ ¼ �cB0TE � FT�1 FT v rð Þð Þ � 1
3
� k2z
k2x þ k2y þ k2z

 !" #
ð2:36Þ

The magnitude images are considered to have uniform intensity in all pixels
except zeros in regions containing air gaps. The simulated phase images are shown
in Fig. 2.2.

2.4.1 Susceptibility Artifacts

Susceptibility artifacts are seen in the magnitude images as dark regions sur-
rounding borders of interfaces having bulk susceptibility changes [19, 20]. The
gradients in susceptibility cause dephasing of spins and frequency shifts of the
surrounding tissues, resulting in bright and dark areas with spatial distortion of
surrounding anatomy. These artifacts are worst for long echo times in gradient-echo

Fig. 2.2 a Simulated phase image without air gap. b Simulated phase image with air gap
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sequences. The susceptibility artifacts can be reduced by performing imaging with
low magnetic field strength, smaller voxel size, reduced echo time and increased
receiver bandwidth.

SWI uses both phase and magnitude information for the enhancement of venous
vasculature. In a typical SWI scan, venous contrast is suppressed in magnitude
image due to signal loss in regions with severe field inhomogeneity and peripheral
regions with bulk susceptibility changes. SWI processing is performed to enhance
the vascular features seen in the magnitude images. The processing, generally
involves deriving weights from the high-pass filtered phase image. High-pass fil-
tering is inevitable since it will remove the phase wraps and thereby enhance the
high-frequency information. For long echo-times, the magnitude images will have
reduced signal intensities due to T2* decay. To simulate the effect of susceptibility
artifacts at long echo times, a complex image is generated using the phase synthe-
sized from bulk susceptibility changes and uniform magnitude at all tissue locations.

Since vascular information is preserved in the high-frequency phase, SWI pro-
cessing involves application of a homodyne filter to the phase image. The homo-
dyne filtered phase is given by

hfilt ¼ angle
I

FFT�1ðh � FFTðIÞÞ
� �

ð2:37Þ

where θfilt is the high-pass filtered phase, I is the complex image, and h is a 3D
transfer function representing the low-pass filter. The transfer function is a Gaussian
low-pass filter. If Ni corresponds to the number of voxels in the ith dimension, and
r is a parameter which determines the strength of high-pass filtering, then the filter
frequency—response is obtained as

Hðkx; ky; kzÞ ¼ exp �
kx � Nx

2

� �2 þ ky � Ny

2

� �2
þ kz� Nz

2

� �2
2r2

0
B@

1
CA ð2:38Þ

Fig. 2.3 Susceptibility
artifact simulated using
MATLAB
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In SWI processing, the magnitude image is point-filtered using weights derived
from the high-pass filtered phase. Relative magnitude of the weights is determined
from the difference between internal and external fields at locations occupied by
venous elements. If the internal field is larger, then the differences are positive
resulting in negative phase values. In this case, the weights decrease from 1 to 0 as
the phase values increase from 0 to p in the negative direction. Figure (2.3) shows
the magnitude image after application of weights. The susceptibility artifacts are
seen as dark patches at the border regions, indicated by the arrows.
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