Chapter 2
Electronic and Transport Properties
of Graphene

2.1 Introduction

Graphene has received a great attention since it was first isolated by Nobel Laureates
Konstantin Novoselov and Andre K. Geim in 2004. The reason for such excitement
is that graphene is the first truly 2D crystal ever observed in nature and possesses
remarkable electrical, chemical and mechanical properties. Furthermore, electrons
in graphene show a quasi-relativistic behavior, and the system is therefore an ideal
candidate for the test of quantum field-theoretical models that have been developed
in high-energy physics. Most prominently, electrons in graphene may be viewed
as massless charged fermions existing in 2D space, particles that one usually does
not encounter in our three-dimensional world. Indeed, all massless elementary par-
ticles, such as photons or neutrinos, happen to be electrically neutral. Graphene is
therefore an exciting bridge between condensed matter and high-energy physics,
and the research on its electronic properties unites scientists with various thematic
backgrounds.

Graphene is also an attractive material for spintronics due to the theoretical pos-
sibility of long spin lifetimes arising from low intrinsic SOC and weak hyperfine
interaction [1]. However, Hanle spin precession measurements and non-local spin
valve geometry have reported spin lifetimes that are orders of magnitude shorter
than expected theoretically [2-5]. Several studies have investigated spin relaxation
including the roles of impurity scattering [5] and graphene thickness [6] and spe-
cially, ferromagnet contact-induced spin relaxation was predicted to be responsible
for the short spin lifetimes observed in experiments [7]. However, these explanations
have not given a satisfying answer for the discrepancy between theoretical results
and experimental data. This has prompted theoretical studies of the extrinsic sources
of spin relaxation such as impurity scattering [8], ripples [1], and substrate effects
[9]. The problem remains however still puzzling and unsolved.

In this chapter, we will briefly review some theoretical and experimental results
about fundamental electric and spin transport properties of graphene. Firstly, we
will derive graphene band structure and massless Dirac equation for graphene in
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Sect. 2.2. Next, some experimental and theoretical studies about transport properties
of graphene are discussed in Sect.2.3. Section 2.4 discusses some aspects of SOC in
graphene, which plays an important role for studying spin relaxation in Chap. 5.

2.2 Graphene and Dirac Fermions

The most interesting property of graphene might be the Dirac-cone energy dispersion.
This is the consequence of sp? hybridization and graphene symmetry. In this section,
I briefly review its structure, the commonly used tight-binding (TB) description and
the deviation of the linear energy dispersion of graphene.

2.2.1 Graphene

Graphene is a single atomic layer of graphite, an allotrope of carbon that is made
up of very tightly bonded carbon atoms organised into a hexagonal lattice. What
makes graphene so special is its sp? hybridization and very thin atomic thickness
(see Fig.2.1). These properties are what enable graphene to break so many records
in terms of strength, electricity, heat conduction, etc.

Carbon is a common element in the nature, with atomic number 6, group 14 on the
periodic table. The electronic configuration of carbon is 1522522 p? which shows that
carbon has 4 electrons (2s and 2 p) in its outer shell which is available for forming
chemical bonds. In graphene, these four valence electrons form sp? hybridization in
which three electrons are distributed into three in-plane o bonds, which are strongly
covalent, determining the energetic stability and the elastic properties of graphene.
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Fig.2.1 Electronic structure of graphene a Graphene sample and the sp? hybridization in graphene.
b Energy range of orbitals in graphene (Figure is taken from [10])
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Fig. 2.2 Real (a) and reciprocal (b) space of graphene lattice (Figure is taken from [10])

The remaining electron in the p, orbitals, which is perpendicular to graphene plane,
forms the 7 bond in graphene (See Fig.2.1).

The calculation for the energy ranges of o and 7 bands (See Fig.2.1b) shows
that only electrons in the 7 bond contribute to the electronic properties of graphene
because the o bands are far away from the Fermi level. Because of this, it is sufficient
to treat graphene as a collection of atoms with single p, orbitals per site.

In graphene, carbon atoms are located at the vertices of a hexagonal lattice.
Graphene is a bipartite lattice which consists of two sublattices A and B and basis
vectors (ag, az) (See Fig.2.2):

31 3 1
al =a(§,§),az=a(§,—5), (21)

with a = «/gacc, where ac. = 1.42 A is the carbon-carbon distance in graphene.
These basis vectors build a hexagonal Brillouin zone with two inequivalent points
K and K’ (K and K _ respectively in Fig.2.2) at the corners

4 3 1 4 31
K=" £,__ ’K,=_7r £7_ , (2.2)
3a\ 2 2 3a\ 2 2

As mentioned above and from Bloch’s theorem, we can write the wave function in
the form of p, orbitals wave function at sublattices A (p(r —r4)) and B (p(r —rp))

Wk, 1) = ca()d” (k. 1) + s k)” (k. 1) 23)
where
ok 1) = = 3, e Ripr —ry —R)), 24)

oP (k1) = =3 g e Rip(r —rp —R)), (2.5)
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where K is the electron wavevector, N the number of unit cells in the graphene sheet,

and R; is a Bravais lattice point.
Using the Schrodinger equation, HW(k,r) = EW(K, r), one obtains a 2 x 2
eigenvalue problem,

cak)) [ Haak) Hap(k) cak)) Saa(k) Sap(k) ca(k)
HE) (cB(k>) = (HBA(k) HBB<k>) (cB(k)) =E® (SBA(k) SBB(k)) (c3<k>)'
(2.6)

where S,g(k) = (¢‘¥(k)|¢6(k)) and the matrix elements of the Hamiltonian are
given by:

Haatk) = 5 > el RITRO (AR 30| pAR)) 2.7)
R;.R;

Hap(k) = 3 > ele®i—R) (AR | 97| BR)) (2.8)
R;.R;

with Haa = Hpp and Hap = H} 4, and introducing the notation: AR = o(r —
ra —R) and pPRi = o(r —rp — R)).

If we neglect the overlap s = (p?|?) between neighboring p, orbitals, then,
Sap(K) = 64,5 and Eq. (2.6) becomes

Haa(k) Hap(k) cak)) ca (k)
(HBA<k) HBB(k)) (cB<k)) =E&) (CB (k)) : (2.9)

If we consider only the first-nearest-neighbors interactions then

Hap(k) = (01 H|pP0) 4 e (A I H|pBma1) 4 emia (A 01| B o)
= —00(K) (2.10)

where 7o stands for the transfer integral between first neighbors 7 orbitals (y9 =
2.7eV in this thesis) and a/(K) is given by:

ak) = (1 + e—ik.a1 + e—ik.az). 2.11)

Taking H 4 (k) = Hpp(k) = 0 as the energy reference, we can write H(K) as:

_ 0 -0 (k)
H(EK) = (—’yooz(k)* 0 ) . (2.12)

Diagonalizing this Hamiltonian gives the energy dispersion relations for 7* (con-
duction) band (+) and 7 (valence) band (—):

E* (k) = £y0la(k)|
= +90+/3 + 2 cos(k.a;) + 2 cos(k.ap) + 2 cos(k.(ay — ay))

= :I:'yo\/l + 4 cos @ cos ]%4 cos? ’% (2.13)
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Fig. 2.3 Band structure of graphene (a), the zoom-in figure at close to K and K’ points (b, ¢) and
the density of state of graphene (d) (Figure is taken from [11])

This band structure is plotted in Fig. 2.3 with the symmetry between the conduc-
tion band and the valence band which touch at three K and K’ points with zero
density of state at this energy (Fig.2.3d). Because of this, graphene is called gapless
semiconductor or semi-metal. In neutral graphene, the Fermi level lie exactly at these
points.

2.2.2 Low-Energy Dispersion

Because of the fact that they can only experimentally tune the Fermi level a small
range (0.3 eV) about the touching points, this corresponds to a small variation around
the K and K’ points in momentum space. Therefore, it is sufficient to expand the
energy dispersion in the vicinity of K and K’ points by replacing k — K(K') + k,
which lets us write Eq. (2.12) in the form

H = hwr(nocke + oyky). (2.14)
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and Eq. (2.13) becomes
E;(k) = shvp|k]|, (2.15)

where vp = \/§'yoa /2h is the electronic group velocity, n = 1(—1) for K(K')
points, s = %1 is the band index (+1 for conduction band and —1 for valence band)
and the Pauli matrices are defined as usual:

01 0—i 10
ox=(10), O'y=(l. 0), 02:(0—1)’ (2.16)

Equation (2.14) is almost the same the Dirac equation for the massless fermions
in quantum electrodynamics except for the fact that the Pauli matrices here represent
the sublattice degrees of freedom instead of spin and the speed of light c is replaced
by graphene velocity vr >~ ¢/300. Therefore, the sublattice degrees of freedom and
the touching points are called pseudospin and Dirac point, respectively.

The linear energy dispersion in Eq. (2.15) leads to the fact that total density of
states is directly proportional to energy and carrier density is proportional to energy

squared.
Indeed,
1 2rkdk 2|E|
E)=— 0(E — Ek)) = sGv———0(E — E(k)) = 2.17
p(E) ng( () /ggu(zw)2 ( (k)) s (2.17)

which is plotted in Fig.2.3d, where g, = 2 and g, = 2 account for spin and valley
degeneracies, respectively. The carrier density is given by

1 k2 E?
nE) = 3 D, 0su = sy = — (2.18)

2.2
IK| <k hfv

To find the eigenstates of Dirac Hamiltonian (2.14), it is useful to write this
Hamiltonian in the term of momentum direction 6y,

0 e*inﬁk
Hy(K) = hvrk R (2.19)
where 0 = arctan(ky/k,). This Hamiltonian has the eigenvalues given by

Eq. (2.15) and the eigenfunctions

1
9,000 = 35 (b ) 2.20)
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Next, we are going to find eigenvalues of the helicity operator (a very important
feature of Dirac particle) which here is defined as:
P
Ipl

h=6- (2.21)
where p = 7K is the electron momentum operator.

In order to do that, it is convenient to exchange the spinor components at the K’
point (forn = —1) [12],

wRao) = () o = () (222)

i.e., to invert the role of the two sublattices. In this case, the effective low-energy
Hamiltonian in Eq. (2.14) may be represented as

H (k) = nhvp(ocky + 0yky) = hopT® ® Gk. (2.23)

where 7 are Pauli matrices representing the valley degree of freedoms called valley
pseudospin. Using Egs. (2.23) and (2.21)

H(K) = nhvpkh (2.24)

we find that helicity operator commutes with the Hamiltonian, the projection of
the pseudospin is a well-defined conserved quantity which can be either positive or
negative, corresponding to pseudospin and momentum being parallel or antiparallel
to each other. The band index s, which describes the valence and conduction bands,
is therefore entirely determined by the chirality and the valley pseudospin, and one
finds

s =nh (2.25)

which help us find out that chirality changes sign from conduction band to valence
band and from K to K’ points. The fact that pseudospin is blocked with momentum
has a strong influence in many of the most intriguing properties of graphene. For
example, for an electron to backscatter (i.e. changing p to —p) it needs to reverse its
pseudospin (see Fig. 2.3c). So backscattering is not possible if the Hamiltonian is not
perturbed by a term which flips the pseudospin. This makes electrons in graphene
insensitive to long-range scatterers. This characteristic manifests itself in some phe-
nomena such as Klein tunneling or WAL [13, 14]. Klein tunneling [15] is a spectacu-
lar manifestation of the Dirac fermions physics which describes that when the Dirac
charge crosses a tunneling barrier, the incoming electron is partially or totally trans-
mitted depending on the incident angle of the incoming wavepacket. Especially,
the barrier always remains perfectly transparent for angles close to normal inci-
dence regardless of the height and width of the barrier, standing as a feature unique
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to massless Dirac fermions and being completely different form the usual charge
whose transmission probability decays exponentially with the barrier width. Klein
tunneling has been studied theoretically and it shows that for long range potentials
which preserve AB symmetry and prohibits intervalley scattering, the backscattering
is totally suppressed.

In next section, we will discuss in more detail the effect of special band structure
and pseudospin-momentum coupling on the transport properties of graphene.

2.3 Electronic and Transport Properties of Disordered
Graphene

The disorder in graphene sample is practically an inevitable factor in any experi-
ment. In some ways, artificial disorders are also tools to engineer, functionalize the
materials. For instance, pure semiconductors are poor conductors and poor insula-
tors. However, their magnificent properties have been achieved by functionalization
using n— and p—type dopants, leading to p —n junctions, transistors, junction lasers,
light-emitting diodes, and an entire technological revolution.

Similarly to semiconductors, in spite of having unique properties such as superb
mechanical strength and carrier mobility, pristine graphene is not useful for practical
applications because of its low carrier density, zero band gap, and chemical inertness.
The lack of electronic gap in pristine graphene is an issue that has to be overcome to
achieve high /,,, /I,y currentratio in graphene-based field-effect devices. Therefore,
it is important to study the disorder effect on the electronic properties of graphene not
only to conquer its detrimental effects but also use artificial defects to functionalize
graphene devices.

The study of transport properties is at the heart of graphene research. Experiments
show that the conductivity (down to a few Kelvin) is almost constant close to the Dirac
point, o ~ 2—5¢%/ h, and weakly dependent on the value of the charge mobility [ 15—
18]. On the theoretical side, within the self-consistent Born approximation (SCBA)
the semiclassical part of the conductivity due to short range disorder is found to be
o™i = 4¢? /mh which is known as the quantum limited conductivity of graphene in
clean limit [19].

However, transport properties of graphene are strongly dependent on the nature of
possible sources of disorder. There are many kinds of disorders in graphene, some are
long-range disorders such as Coulomb interactions of charged impurities in the sub-
strate, electron-hole puddle, long range strain deformations, distortion of graphene
structure, etc. Other forms are related to the sp3 defects such as epoxide defects, the
absorption of hydroxyl, hydrogen, fluorine, etc. on graphene (See Fig.2.4). Finally
topological disorders which keep the sp? hybridization of graphene but change the
hexagonal structure, involve structural point defects and line defects or GBs.

The electronic properties of graphene are well described by the mw—orbital tight-
binding Hamiltonian in which the disorder in the real sample can be simulated by
changing the on-site energies de of m—orbital. One of the simplest disorder model in
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Fig. 2.4 Some kinds of sp* disorder in graphene
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graphene is the short-range scattering potential, namely the Anderson disorder [20,
21]. This white noise uncorrelated disorder is introduced through random modula-
tions of the onsite energies de € [—W /2, W /2]~y. This disorder could in principle
mimic neutral impurities such as structural defects, dislocation lines, or adatoms,
although the local geometry and chemical reactivity of defects and impurities actu-
ally demand for more sophisticated ab initio calculations if aiming at quantitative
predictions.

Figure?2.5 shows the energy dependence of semiclassical conductivity from the
Kubo formalism for some values of W (main frame) and the comparison with one
from SCBA (inset). The results are in good agreement at low energy and close to the
theoretically predicted minimum conductivity 0" = 4e? /h. For higher energies,
the agreement with SCBA is lost due to higher order deviations. Furthermore, the
SCBA is not sufficient to describe such a system with all symmetries broken.
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The role of disorder on WL and WAL in graphene has also been intensively
investigated. From a general perspective, the conductance of a system can be viewed
as the sum (P4, p) over all probability amplitudes of propagating trajectories starting
from one location A and going to another one B in real space, or more explicitly

G=2P, (2.26)
PA*)B = z,‘|Ai|2 + Zi;ngiAj (2‘27)

Here A; = | A;|e!2%i is the propagation amplitude along the path i. The first term
denotes the classical probability corresponding to semiclassical conductivity o,
while the second one is the interference term which gives the quantum correction
do(L) of the semiclassical result 0(L) = o5 + do(L). For the majority of the
trajectories the phase gains,

B
Ap=h" / pdl > 1 (2.28)
A

and the interference term vanishes. However, for some special trajectories with self-
crossings, if we change the direction of propagation, p — —p, dl — —dl, the phase
gains are the same, i.e. A; .Aj = | A;|%, and quantum interference thus eventually
enhance the probability of return to some origin. This contribution of quantum inter-
ferences gives rise to the increase of the quantum resistance, i.e. do(L) < 0, known
as localization. There are two different scalling behaviors of localization: the WL
with [10, 20, 22]

2
do(L) = —Zih In (l£) (2.29)
U e

and strong localization described by

o(L) ~ exp (—%) (2.30)

where L, ., and ¢ denote the sample length, mean free path and the localization
length, respectively.

However, we haven’t considered the contribution of additional degrees of freedom
such as spin or pseudospin in graphene. The detail calculations (for more details, see
Ref. [10] and references therein) showed that these contributions can lead to the sign
reversal of quantum correction of conductivity

262 (L)
bo(Ly=4+—1In{| — (2.31)
Th l,

which is the scalling law for WAL.
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As mentioned above, the Dirac fermions in graphene are expected to exhibit the
WAL behavior but another effect should also be involved to consider the whole
picture, that is trigonal warping which is related to the momentum contribution
from higher order into Eq. (2.15). The trigonal warping is predicted to suppress
antilocalization and together with intervalley scattering, it restores the weak local-
ization (WL) [13]. The crossovers from WAL to WL and the effect of disor-
ders on intra- and intervalley scattering were studied in many Refs. [13, 14, 20,
23] in which the long range disorder is simulated by changing onsite energies
Vi = Z?’:l ejexp[—(r; — R;)?/(2€%)] where ¢; are chosen at random within
[—%, —%] These calculations show that the strength of local potential profile
control the contribution of intra- and intervalley scatterings on the conductivity.
Following the theoretical study in Ref. [23], the intravalley scattering dominates at
small value of W (W < ) and valley mixing strength was continuously enhanced
from W = vy to W = 2~q. The intervalley scattering contribution is large enough
as W > 2~ (See. Fig.2.6). As a consequence, graphene exhibits the crossover from
WAL to WL as W increase (See Fig.2.7). Indeed, the positive magnetoconductance
for the case W = 2~ (top panels) agrees with the strong contribution of intervalley
scattering, since all graphene symmetries have been broken. However by decreasing
the disorder strength from W = 2+ to W = 1.57¢ (bottom panels), WAL is indeed
recovered given the reduction of intervalley processes.

Chemical absorption in graphene is usually related to oxidation or hydrogenation
of graphene which are strongly invasive for electronic and transport properties and
systematically drive graphene to a strong Anderson insulator [25]. The theoretical
and experimental studies show that high coverage sp> formations which break local
AB symmetry such as in hydrogenated or fluorinated graphene induce energy band
gap in the high density limit. Especially, graphane, fully hydrogenated graphene, is
predicted to be a stable semiconductor with the energy gap as large as 3.5eV [26],
some recent DFT calculations using the screened hybrid functional of Heyd, Scuseria,
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Fig. 2.7 Magnetoconductance for W = 2q (fop panels) and W = 1.5 (bottom panels), the data
is extracted from theoretical (left panels) and experimental (right panels) study (Figure is taken
from [20])

and Ernzerhof (HSE) even gave a larger energy gap up to 4.5eV for graphane and
5.1eV for fluorographene (fully fluorinated graphene) (See Fig.2.8). The case of
low coverage of hydrogen is more interesting with the transport properties strongly
depending on the absorbing position. Theory predicted that graphene exhibits WL
for the compensated case (hydrogen absorbs equally in two sublattices) whereas
the quantum interferences and localizations are suppressed if hydrogen defects are
restricted to one of the two sublattices [20]. The analogy of transport properties of
chemical absorptions and long-range potentials have also been studied. As one can
see in Fig. 2.9, some chemical absorptions at bridge position such as epoxide defects
which preserve local A B symmetry induce energy-dependent elastic scattering time
(7.(E)) ressembling the case of long range impurities with small onsite potential
depth, whereas some adsorbates at the top position such as hydrogen or fluorine
defects which break local sp? and AB symmetry give rise to elastic scattering time
ressembling the case of strong long range potentials. These are due to the fact that
transport time behavior is controled by the contribution of inter- and intravalley
scatterings which are mainly determined by the breaking of AB symmetry.
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Fig. 2.8 The electronic band structure and projected density of states in the vicinity of the band
gap for graphane (a) and fluorographene (b) (Figure is taken from [24])
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Fig. 2.9 Elastic scattering time (7,) versus energy for three different long-range potential strengths
W. Left inset T, for various densities of epoxide defects. Right inset 7, for various densities of
hydrogen defects (Figure is taken from [20])

In particular, the formation of sp> hybridizations or monovacancies in graphene
can give rise to local sublattice imbalances and thus induce local magnetic moment
according to Lieb’s theorem [27]. The existence of magnetism in graphene as well
as magnetism-dependent transport properties have been studied in many Refs. [28—
30]. Especially, when half of the hydrogen in graphane sheet is removed, the result-
ing semihydrogenated graphene (graphone) becomes a ferromagnetic semiconductor
with a small indirect gap [31].

Structural point defects usually exist in various geometrical forms in graphene.
They can be obtained for instance when irradiating graphene samples. In this kind of
graphene, the disorder is created locally in the sample by locally changing the hexago-
nal structure such as removing a carbon atom from the graphene sheet (monovacancy)
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(c)

Fig. 2.10 Some structural point defects (top panels) and their experimental TEM images (bottom
panels) (Figure is taken from [35])

or rotating a pair of carbon 90° in graphene plane (Stone-Wales defects). Some stud-
ies [32] showed that monovacancies are very mobile and unstable, recombining in
di- or multivacancies or local structures with some nonhexagonal rings which are
more stable. The transport properties of graphene under the influence of structural
point defects such as vacancies, divacancies, Stone-Wales defects, 585 divacancies
(See Fig.2.10), etc. have been now widely studied [33, 34], revealing interesting
features such as electron-hole transport asymmetry [33, 34] due to the presence
of defect-induced resonances. Under electron irradiation, graphene changes from
pristine form to structural defects and finally to a new two-dimensional amorphous
carbon lattice [36] which is composed of sp2-hybridized carbon atoms, arranged as a
random tiling of the plane with polygons including four-membered rings. Most the-
oretical studies [37, 38] found out that there is a huge increase of the density of state
at the charge neutrality point in this amorphous graphene and these states are local-
ized, suggesting that the amorphous graphene is an Anderson insulator. However,
using a stochastic quenching method, Ref. [39] claimed that “we predict a transition
to metallicity when a sufficient amount of disorder is induced in graphene...”. In
Chap. 4, by using Kubo-Greenwood calculations, we show that this conclusion is
misleading and similar results have also been obtained recently in Ref. [40].
Although possessing many excellent electrical, optical and mechanical proper-
ties, perfect graphene (single-crystal graphene) is only fabricated in small size by
exfoliation method. So far, the most promising approach for the mass production of
large-area graphene is CVD, which results in a graphene with many line defects (See
Fig.2.11) or Poly-G. This polycrystallinity arises due to the nucleation of growth
sites at random positions and orientations during the CVD process. In order to
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Fig. 2.11 Two classes of electron transport through GBs (Figure is taken from [41])

accommodate the lattice mismatch between misoriented grains, the GBs in Poly-
G are made up of a variety of non-hexagonal carbon rings, which can act as a source
of scattering during charge transport. Because of its potential for applications, the
transport properties of Poly-G are the subject of intense research. Some calculations
showed that the effect of GBs on the carrier transport differ depending on the GB
geometry (See Fig.2.11) resulting in a tunable mobility (tunable transport gaps) [41]
which allows to control charge currents without the need to introduce bulk band gaps
in graphene. In so-called class I GBs (top panels of Fig.2.11), including all sym-
metrical GBs, the projected periodicities of the lattice on each side match in a way
that allows carriers to cross freely even at the Dirac point. In class II GBs (bottom
panels of Fig.2.11), no such momentum-conserving transmission is possible, except
for carriers with much higher energy. Another calculation pointed out that some line
defects can play the role as semitransparent “valley filter”. It was found that carriers
arriving at this line defect with a high angle of incidence are transmitted with a valley
polarization near 100 % [42]. Many experimental works have studied the transport
properties of Poly-G and showed that the GBs generally degrade the electrical per-
formance of graphene [43, 44] and specifically, the interdomain connectivity plays
an important role to control the electrical properties of Poly-G, with the electrical
conductance that can be improved by one order of magnitude for GBs with better
interdomain connectivity [43]. However, just a few theoretical works have studied
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the complex structures of GBs and corresponding electronic transport.In Chap. 4, by
using molecular dynamics, we simulate the Poly-G with variable grain sizes, and
tunable interdomain connectivities, and report on a scaling law for transport proper-
ties of Poly-G, which points out that the semiclassical conductivity and mean free
path are directly proportional to grain size and both are strongly affected by grain
connectivity. However, as pointed out in our next calculation, the GB resistivity for
non-contaminated Poly-G is very low compared to the experimental results [43, 45,
46]. The explanation for this problem is that the GBs which contain many nonhexag-
onal structure have greater chemical reactivity [47] and are usually functionalized
by many different types of chemical adsorbates. This has been confirmed in sev-
eral experiments [48, 49]. By using the numerical simulations we report on the role
played by chemical adsorbates on GBs in charge transport in Chap. 4.

2.4 Spin Transport in Graphene

Beside many interesting electronic properties, graphene is also considered to be a
promising candidate for spintronic applications. The spin relaxation time in intrinsic
graphene is expected to be very long and therefore graphene has high potential
as a spin-conserver system which can transmit spin-encoded information across a
device with high fidelity. The underlying reason for long spin relaxation time is
the low hyperfine interactions of the spin with the carbon nuclei (natural carbon
only contains 1% B ) and the weak SOC due to the low atomic number [50]. The
theoretical prediction showed that the spin relaxation time in graphene is in the order
of microseconds. However, the reported experimental spin relaxation times remain
several orders of magnitude lower than the original theoretical predictions.

Because spin relaxation based on the graphene intrinsic SOC could not give a
convincing explanation, other extrinsic sources of spin relaxation are believed to
come into play. Proposals to explain the unexpectedly short spin relaxation times
include spin decoherence due to interactions with the substrate, the extrinsic SOC
induced by impurities, adatoms, ripples or corrugations, etc. which will be reviewed
below. The puzzling controversy of the spin relaxation mechanism will be mentioned
in the next section.

2.4.1 Spin-Orbit Coupling in Graphene

In order to derive the SOC term in the Hamiltonian, it is necessary to start from the
relativistic Hamiltonian, the Dirac equation: H|y) = E|¢) with

. 0 cp.o mc* 0
_(cp.a' 0 )+( 0 —mcz)+v (2.32)
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and where the wave function is a two-components spinor: |¢)) = (14, 1) . From
the Dirac equation we obtain two equations for spinor components:

cp.co
Vb= s (233)

In the nonrelativistic limit, the lower component ¢ p is very small compared to the
upper component ¢4 . Indeed, with the relativistic energy E = mc?>+eand V < mc?,
Eq. (2.33) drive us to

Yp = ;"—"m L Pa (2.35)
mc

and Eq. (2.34) leads us to the Schrodinger equation. !

p?
(_ 4 V) YA = ey (2.36)
2m

In other words, in the first order of (v/c), 14 is equivalent to the Schrodinger wave

function . In order to obtain the analogy of 14 and v at higher order of (v/c), we
use the normalization characteristic of the wave function

/ (vhwa +vgvs) =1 (2.37)

To first order, using Eq. (2.35), this gives

/wA( e 2)wA (2.38)

Apparently, to have a normalized wave function, we should use ¢ = ( Tl ) 4.

Substituting this into the Dirac equation, and using the expansion m o~

ﬁ (1 — 5;2/2 + - ) we obtain, after some rearrangement, the Pauli equation

Py n vV + hz
—_— ——F=O0.Pp X
om smic2  am2c2’ P 8m

3 vzv) v=ep  (239)
the first and the second terms are the usual terms in the Hamiltonian, the third term
is simply a relativistic correction to the kinetic energy. The fourth term is the SOC
term and the final term give the energy shift due to the potential.

Using (0.A)(0.B) = AB+io.(A x B).



22 2. Electronic and Transport Properties in Graphene

Hereafter, I will derive the SOC term in the more intuitive way which gives the
physical meaning of SOC interation. Suppose an electron is moving with velocity v
in an electric field —eE = —V V. This electric field might be induced by the potential
V of the adatoms or the substrate. In relativistic theory, this moving electron feels
a magnetic field B = —% in its rest frame. The interation between this magnetic

field and the electron spin leads to the potential energy term:

gsB gsh h
Vﬂs = —[LAB = — 2ec ovx VV = —Wﬂp x VV = —WUP x VV

(2.40)
This results is twice the SOC term in Pauli equations. Actually, this was the major
puzzle, until it was pointed out by Thomas [51] that this argument overlooks a second
relativistic effect that is less widely known, but is of the same order of magnitude:
electric field E causes an additional acceleration of the electron perpendicular to
its instantaneous velocity v, leading to a curved electron trajectory. In essence, the
electron moves in a rotating frame of reference, implying an additional precession
of the electron, called the Thomas precession. As a result, the electron “sees” the
magnetic field at only one-half the above value

vx E
B=- (2.41)
2c
which leads to the full SOC term
VSOC = _4m202 o.p X \"A% (2.42)

Now let’s rewrite the SOC term in form of the SOC force F
Hsoc =aF xp).s=—a(sxp).F (2.43)

where « is an undetermined parameter. Here we use s instead of o to represent the
spin degree of freedom to avoid any misunderstanding with pseudospin in graphene.

If we consider intrinsic graphene, the inversion symmetry dictates the electric field
(force) in plane and this SOC is called intrinsic SOC. Because of structure’s mirror
symmetry with respect to any nearest-neighbor bond (See Fig.2.12a), the nearest-
neighbor intrinsic SOC is zero, while the next nearest-neighbor intrinsic SOC is
nonzero. According to symmetry,

, 2% . .
Hy =i (F// x d,.j) 8= Z2Vis @y x du) (2.44)

where > and V; are undetermined parameters, and &,- ;18 the unit vector from atom
J two its next-nearest neighbors i, and & is the common nearest neighbor of i and j
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Fig. 2.12 SOC in graphene: a Intrinsic SOC forces. b Rashba SOC force

In the presence of the out of plane electric field (See Fig. 2.12b) which can originate
from a gate voltage or charged impurities in the substrate, adatoms, etc., the band
structure of graphene changes. This external electric field breaks spatial inversion
symmetry and causes a nearest-neighbor extrinsic SOC. This SOC is Rashba SOC
and has the form

Hg =i (s x (1,-,-) Fre, = iVgi.(s x dyj) (2.45)

where j is the nearest-neighbor of i and y; and Vg are undetermined parameters.
Finally, we get the TB Hamiltonian:

2i

H=— e+
702, j \/g

(i)

Vi z C?_S.((Alkj X aik)Cj +iVg chﬂ_i.(s X fl,-j)Cj
i (ij)
(2.46)
By performing Fourier transformations, we obtain the low energy effective Hami-
toniam around the Dirac point in the basis {|A), [B)} & {| 1), | {)}

h(k) = ho(k) + hr(k) + h;(k) (2.47)
where

ho(K) = hvp(nocky + O'yky) ® 15
hr(k) = Ag (n[ox ® 5y] — [0y ® s¢])
hi(K) = A\ [o; ® s;] (2.48)

with Fermi velocity vp = %70, Rashba SOC \g = %VR and intrinsic SOC \; =
343V, [521.
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Fig. 2.13 Electronic bandstructure of graphene with SOC (Figure is taken from [53])

The remarkable thing about SOC in graphene is that the SOC terms are momentum-
independent. The spin directly couples with pseudospin instead of momentum as in
conventional metals or semiconductors, the usual SOC term (k x s) is small and can
be disregarded.

Diagonalizing the Hamiltonian in Eq. (2.47) gives the electronic bands close to
the Dirac point [53, 54]:

(&) = pAg + 3/ (hpk)? + (Ag — A1)? (2.49)

where 14 and v = %1 are band indexes.

If we consider intrinsic graphene, the Rashba SOC is vanishingly small, the intrin-
sic SOC opens a gap A = 2); (See Fig.2.13a). When Rashba SOC is turned on by
inversion symmetry breaking (effect from the substrate, the electric field, the corru-
gations, etc.), the competition of Rashba and intrinsic SOC leads to gap closing. The
gap remains finite A = 2(A; — Ag) for 0 < Ap < A7 (Fig.2.13b). For Ag > )\
the gap closes and the electronic structure is that of a zero gap semiconductor with

quadratically dispersing bands (Fig.2.13d).
The eigenfunctions corresponding to the eigenvalues in Eq. (2.49) are

_ n _ n
’l/) k) = [ e*i’/‘rj v A1 D+p |—in e*i(]#’")*ﬁ ie*ik}? A1 Cuv ) /C
m X=17 vhvrk ’ HXAITHN ’ vhvrk m

with tany = ky/k, and the normalization constant [53] Cp, = «/5(14—

_ 2\ 2
[)‘%U:Z”] ) . The expectation value of the spin [53, 54],

hvp(K % z) _ hvrk
Ve + O — pdr)? V(wrk)2 + (A — pAg)?

s (k) = nk) (2.50)
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where n(k) = (siny, —cosyp, 0) is the unit vector along the spin direction, called
spin vector.

The remarkable characteristic of spin in spin-orbit coupled graphene in Eq. (2.50)
is that it is polarized in-plane and perpendicular to electron momentum k. The mag-
nitude of spin polarization s vanishes when k — 0. The Chap. 5 will show that these
behaviors are due to the fact that spin and pseudospin are strongly coupled close
to the Dirac point where the coupling between pseudospin and momentum is zero
because of the destructive interference between the three nearest-neighbor hopping
paths. And this leads to the spin-pseudospin entanglement, the component of new
spin relaxation mechanism that plays a major role in spin relaxation at the Dirac
point in ultra clean graphene.

In the case of high energy hvgk >> Ag + Ay, the pseudospin is mainly controled
by momentum via ¢ (k) and aligns in the same direction with momentum (in plane).
Spin is dictated by pseudospin via A (K), as a consequence, spin polarization for
a certain momentum in Eq. (2.50) saturates to 1. By successive unitary rotation of
h(Kk) first into the eigenbasis of (k) and then into the spin basis with respect to the
direction n(k) an effective Bychkov-Rashba-type 2 x 2 Hamiltonian can be obtained
for both holes and electrons [9],

h(K) = v(hvpk — A1) — vAgn(K).s (2.51)

The analogy of the second term in above equation and the original Bychkov-Rashba
Hamiltonian in semiconductor heterostructures Hx = hf(k).s/2 shows that SOC
coupling in graphene effectively acts on the electrons spin as an in-plane magnetic
field of constant amplitude but perpendicular to k. In this effective field the spin
precesses with a frequency and a period of [9]

2)\R wh
Q:—, TQ:_
h AR

(2.52)
These results will be obtained again in Chap.5 with the numerical calculations
of the real-space order N method implemented for spin. Furthermore, we will point
out that this result is only valid at high energy. At low energy the spin-pseudospin
entanglement comes into play and creates a more complicated picture.

The magnitude of SOC interactions is also a matter of large concern. It is a crucial
factor to determine not only quantitatively spin relaxation but also the mechanism
at play. The numerical estimates for intrinsic SOC \; in graphene remains rather
controversial. At the beginning, Kane and Mele [56] estimated the value of 100 peV.
This optimistic estimate was drastically reduced by Min et al. [57] to the value of
0.5 peV by using microscopic TB model and second-order perturbation theory. This
value was later confirmed by Huertas-Hernando et al. [5S0] with TB model and Yao
et al. [58] with first-principles calculations. A density functional calculation of
Boettger and Trickey [59], using a Gaussian-type orbital fitting function method-
ology, gave 2 LeV. Three Refs. [50, 57, 58] gave the same value of )\, but these cal-
culations only involved the SOC induced by the coupling of the p, orbitals (forming
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&p

Fig. 2.14 Two possible hopping paths through s and p orbitals (fop panels) and through d orbital
(bottom panels) lead to the first and the second terms, respectively in Eq. (2.53) (Figure is taken
from [55])

the 7 bands) to the s orbitals ( forming the o band). However, as pointed out in Ref.
[55], the coupling of the p, orbitals to the d orbitals (See Fig.2.14) dominates the
SOC at K(K'). Due to a finite overlap between the neighboring p, and dy, d,;
orbitals, the intrinsic splitting A; is linearly proportional to the spin-orbit splitting of
the d states, {; (orbitals higher than d have a smaller overlap and contribute less). In
contrast, due to the absence of the direct overlap between the p, and o-band orbitals,
the usually considered spin-orbit splitting [50, 57, 58] induced by the o0 — 7 mixing
depends only quadratically on the spin-orbit splitting of the p, orbital, £,, giving a
negligible contribution.

2

2(ep —€5) 9Vpd7r
A\ 2.53
1 9VS2[,U £p + Z(Ed — 6[;)2 gd ( )

where €5 j, 4 are the energies of s, p, d orbitals, respectively and Vi, and Vg, are

hopping parameters of the p orbital to the s and d orbital, respectively (Fig.2.14).
This TB calculation gave the value of intrinsic SOC A\; = 12 peV [55] and was

confirmed by the first principle calculation [53]. These calculations also showed that
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"’fspo

Fig. 2.15 A representative hopping path is responsible for Rashba SOC in Eq. (2.54) (Figure is
taken from [55])

the Rashba term (zero in absence of electric field) is tunable with an external electric
field E which is perpendicular to graphene plane (Fig.2.15)

N 2eEzgp

eEZsp 3 V[)dﬂ‘
Ag ~
3Vspa

V3
S+ (ea —€p) (ea — €)p)

&a (2.54)

where 7y, and z 4 are the expectation values (s|Z|p;) and (p,|Z|d 2), respectively,
of the operator Z.

All these calculations predicted that the Rashba SOC is directly proportional to
the electric field E, but the estimated values vary by about an order of magnitude
from 5 eV in Ref. [53] to 47 peV in Ref. [50] and to 67 weV in Ref. [57], for a
typical electric field of £ = 1 V/nm. Furthermore, Ast and Gierz [60] used the TB
model and directly considered the nearest-neighbor contribution from the electric
field and obtained Ag = 37.4 neV.

In general, the intrinsic SOC of graphene is very weak, in the order of peV and
is unmeasurable. This makes some phenomena such as QSH effect unobservable in
graphene, the material in which it was originally predicted [56]. A way to observe
QSH effect in graphene is endowing it with heavy adatoms which increase SOC in
graphene. This problem will be mentioned in Chap. 5.

2.4.2 Spin Transport in Graphene

The graphene SOC in the order of peV as mentioned above should lead to spin
relaxation times in the microsecond scale [9]. However, the experimental results is
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in the order of nanoseconds, several orders of magnitude lower than the original
theoretical prediction. In order to clarify the limitations and mechanisms for spin
relaxation in graphene a lot of effort has been done by both experimentalists and
theoreticians, but up to now this topic is still under debate. The first measurement
of electron spin relaxation was performed by Tombros et al. [2] using the non-local
spin valve measurement and Hanle spin precession method to study spin relaxation in
mechanical exfoliated single-layer graphene (SLG) on Si O, substrate with mobility
of the devices about 2,000 cm?>V~'s~!. They extracted the spin relaxation time of few
hundreds of ps and spin relaxation length of few wm at room temperature, similar
to what one might expect for conventional metals or semiconductors. This value has
been confirmed by several measurements [7, 61]. The spin transport was found to
be relatively insensitive to the temperature and weakly dependent on the direction of
spin injection and charge density. Due to the fast spin relaxation was attributed to the
extrinsic SOC in the substrate and the way to grow graphene, spin measurements in
many other kinds of graphene and substrates have been reported. The measurement
of spin relaxation on epitaxially grown graphene on Si C (0001) [62] is the first report
of spin transport in graphene on a different substrate than Si O;. The value of spin
relaxation 7y was obtained in the order of few nanoseconds, one order of magnitude
larger than in exfoliated graphene on Si O>. However the spin diffusion coefficient
Ds ~ 4cm?/s is about 80 times smaller, yielding to 70 % lower value for spin
relaxation length A;. The longer 7, but much smaller D was later explained by the
influence of localized states arising from the buffer layer at the interface between
the graphene and the SiC surface that couple to the spin transport channel [63].
The measurement also reported that 7y is weakly influenced by the temperature with
reductions of Dy by more than 40 % and 7, by about 20 % at room temperature. With
the expectation that removing the underneath substrate helps to reduce the extrinsic
SOC and leads to long spin relaxation time, the spin measurement on suspended
graphene was performed [64]. Although a high mobility &~ 10° cm?V~!s™!, an
increase up to an order of magnitude in spin diffusion coefficient (D; = 0.1m?/s)
compared to SiO; supported graphene and long mean free path in the order of a
pm were observed, indicating that much less scattering happens, the spin relaxation
time remains a few hundreds of ps and spin relaxation length few wm. Other group
used CVD method to grow graphene on copper (Cu) substrate and studied the effect
of corrugation on spin relaxation time [65]. They observed the same spin relaxation
time as in exfoliated graphene and showed that ripples in graphene flakes have minor
effects on spin transport parameters.

The nature of spin relaxation is actually a fundamental debated issue. The DP
[1, 66, 67] and the EY (EY) [68, 69] are two mechanisms usually discussed in the
context of graphene. The EY mechanism is a suitable mechanism for spin relax-
ation in metals. In the EY mechanism, electron spin changes its direction during
the scattering event thanks to the SOC which produces admixtures of spin and elec-
tron momentum in the wave functions. Due to these admixtures, scattering changes
electron momentum and induces spin-flip probability at the same time and leads to
a typical scaling behavior of spin relaxation time with momentum relaxation time
TEY ~ 7p- On the other hand, DP mechanism is an efficient mechanism for materials
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with broken inversion symmetry. In these kinds of materials, SOC induces an effective
momentum-dependent magnetic field about which electron spin precesses between
scattering events. The longer time electron travels, the larger angle electron spin
precesses and as a consequence, the more spin dephasing between electrons in the
ensemble is accumulated. Therefore, spin relaxation time is inversely proportional
to elastic scattering time TSD LR T, . W. Han and R.K. Kawakami performed sys-
tematic studies of spin relaxation in SLG and bilayer graphene (BLG) spin valves
with tunneling contact [61]. They found that in SLG, the spin relaxation time varies
linearly with momentum scattering time 7,, indicating the dominance of EY spin
relaxation whereas in BLG, 7, and 7, exhibit an inverse dependence, which indicates
the dominance of DP mechanism. However, Pi et al. reported a surprising result that
Ty increases with decreasing 7, in the surface chemical doping experiment with Au
atoms on graphene [5], indicating that the DP mechanism is important there. This
experiment led to the conclusion that charged impurity scattering is not the dominant
mechanism for spin relaxation, despite its importance for momentum scattering. Even
more puzzling, Zomer et al. [ 70] performed spin transport measurements on graphene
deposited on boron nitride with mobilities up to 4.10* cm*V~'s~! and showed that
neither EY nor DP mechanisms alone allow for a fully consistent description of spin
relaxation. Furthermore, electron spin is expected to relaxe faster in BLG than in
SLG because the SOC in BLG is one order of magnitude larger than the one in SLG
due to the mixing of 7 and o bands by interlayer hopping [71], but the experimental
results showed an opposite behavior [61, 72]. The spin relaxation time in BLG has
been reported in the order of few nanoseconds and show the dominance of DP spin
scattering [61, 72]. Now we look at both mechanisms in more detail.

DP mechanism:

As one can see from Eq. (2.51), electron precesses about the effective magnetic
field in plane B) (k) ~ $2(k) between scattering events. Random scattering induces
motional narrowing of this spin precession causing spin relaxation (See Fig.2.16).
The spin relaxation rates for the a-th spin component following the DP mechanism
are [9]

= () - (s

where 7* is the correlation time of the random spin-orbit field. In graphene this
value coincides with momentum relaxation time 7% = 7, [9, 73] and the symbol
(- - - ) expresses an average over the Fermi surface. Because of (Q%(K)) = (QA\r/h)?,
(Sl%(k)) = 0 and (SZ)ZM, (k)) = %(ZAR /h)?, the DP relation for spin relaxation in
graphene is [1, 9]

2 B2
bp , and 7PP —27PP _— _— (2.56)

T = =
s.{x.y) 5,2 B
2A%Tp

s 4/\%?7'[,
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Fig. 2.16 DP spin relaxation in graphene: a Dirac coin when SOC is included. b B (k) along the
Fermi circle. ¢ Charged impurities in substrate induce electric field in graphene. d Illustration of
the spin relaxation in a spatially random potential due to the charged carriers. e Calculated spin
relaxation time 7y as a function of the Fermi energy E y (Figure is taken from [9])

Because the spin relaxation time is inversely proportional to the momentum relax-
ation time, the DP spin relaxation length is independent of mean free path [1].

1 ﬁvp
A\ =Dy =,/ =vi7,ry = ——— 2.57
2 FF 2\/5/\]? ( )

The analytical estimates and Monte Carlo simulations [9] with DP mechanism show
that the corresponding spin relaxation times are between micro- to milliseconds (See
Fig.2.16) several orders of magnitude larger then the experimental results.

EY mechanism:

As mentioned above, intrinsic SOC obtained by TB model and density functional
calculation is in the order of tens eV [50, 55, 57, 58], much smaller and can be
neglected in comparison to the Rashba SOC. In the case of slowly varied Rashba
SOC induced by electric field or ripples, the Hamiltonian can be written in form

H=—ihvpo.V + Ag(o X §) (2.58)
Because of the Rashba SOC, Bloch states with well-defined spin polarization are no

longer eigenstates of the Hamiltonian. The Bloch eigenstates of above Hamiltonian
are [69]

1 €kt ei(‘)k "
Vi, + = |:(5k_:tei9k) Q1) *i (h”:f,-gk ) Q| i):| e (2.59)

hl)Fk

where 0 = arctan(k,/ky,) and the energy ex+ = EAg + J (hvpk)? + /\%e is
obtained from Eq. (2.49) with A\; = 0. When Az = 0, eigenstates in Eq. (2.59)
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Fig. 2.17 Sketch of
scattering by a potential

U (r) in the chiral channels
(Figure is taken from [69])

have their spin pointing along (helicity 4) or opposite to (helicity —) the direction
of motion. This is not true when Ag # 0 but in the case of \g/ep < 1, using
perturbation theory we can identify each of these eigenstates with chiral states £ [69].
Let’s consider the Born approximation of the scattering problem of electron in the
graphene under the local scattering potential U (r) which is diagonal in the sublattice
and spin degrees of freedom. The scattering amplitudes fj(g (0) for chiral channels 4
of an incoming electron with positive chirality in the case of Ag = 0 are (For detail
derivation, see Ref. [69])

£200) = —(hwp) ™\ E Uge™ (1 + cost)
r20) = —(hvp)*l\/quie’iesinG (2.60)

where Uy is the Fourier transformation of the scattering potential evaluated at the
transferred momentum q = Kk’ — k and angle 6 (see Fig.2.17) between the outgoing
momentum Kk’ and incoming momentum k.

When Rashba SOC is turned on these amplitudes become

fjr\R 0) = —(hvp) 2,/ ==— (e + (€ — 2\g)cos0) Uq+e*"9

8wk

FRO) = —(hop) 2, [ gh (€ 4+ 2)g) Uq_ie sind (2.61)

where ky = (hwp)~'\/€2 F2eAg and q+ = k'+ — k.
Let us define the probability for a spin-flip process from the changes in the scat-
tering in both chiral channels due to the presence of the SOC.

S 12ONfLR6) — £20)

S(0) =
( S22

(2.62)
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This is the amount of spin relaxed in the direction defined by . The total amount of
spin relaxation during a scattering event can be defined as the average of this quantity
over the Fermi surface:

S=(S0)) = i/dGS(é’, € =€F) (2.63)
2w
It is easy to see that fjéR ) — fg(@) ~ Agr/efr from expanding of Eq. (2.61) in
powers of Ag/er. This implies that S(#) ~ Ag/er which is independent with the
scattering potentials U (r). This result was obtained in Ref. [1] for the case of weak
scatterers, and later in Ref. [69] for the cases of scattering by boundary, strong
scatterers and clusters of impurities which can not be treated in perturbation theory.
Assuming this behavior, the EY relation for graphene can be easily found. Indeed,
the change of spin orientation at each collision is S ~ Ag/er. The total change
of spin orientation after N, collisions is of the order of /N, €r/Ag. Dephasing

occurs when «/Noer /AR ~ 1 and of course, after a time ’7'XE Y — ol Tp- Hence we
obtain the EY relation 5
Ey . EF

Ts ~ A_sz (264)
R

This is the EY relation for graphene. It is worth to mention that the spin relaxation
time 7 here not only is proportional to momentum relaxation time 7, but also depends
on the carrier density through Fermi energy er. The spin relaxation length in EY
mechanism is proportional to mean free path £,

1 €F
>‘S =/ DTS = EU%TPTX ~ Ee\/_z—)\R (265)

Despite the fact that some experiments have reported that 7, ~ 7,, indicating
the dominance of EY mechanism in spin relaxation in graphene, the discrepancy
between theoretical calculations and experimental data is still large. Furthermore,
the derivations of both EY and DP for graphene are based on the strong coupling of
momentum and pseudospin which is unsuitable close to the Dirac point. In Chap.5,
we propose a new mechanism which is the heart of this PhD thesis to explains the
fast spin relaxation in graphene by the entanglement of spin and pseudospin degrees
of freedom.
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