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Abstract The core idea of the proposed algorithm is to embed the considered dataset
into a metric space. Two spaces for embedding of nominal part with the Hamming
metric are considered: Euclidean space (the classical approach) and the standard
unit sphere S (our new approach). We proved that the distortion of embedding into
the unit sphere is at least 75% better than that of the classical approach. In our
model, combinations of continuous and nominal data are interpreted as points of a
cylinder R

p × S, where p is the dimension of continuous data. We use a version of
the gradient algorithm to compute centroids of finite sets on a cylinder. Experimental
results show certain advances of the new algorithm. Specifically, it produces better
clusters in tests with predefined groups.

1 Introduction

From the very beginning we define a dissimilarity function or a metric on com-
binations of continuous and nominal (categorical) data. There is a huge collection
of dissimilarity functions on vectors of nominal data, used in data exploration. For
example, the Hamming distance, the Jaccard distance, the distance defined after the
Bayesian numerical codding of nominal values, and other concepts [6, 8]. In this
paper we follow the approach with the Hamming distance. Let (x, n) be a record
of continuous (x) and nominal (n) data, where x ∈ R

p. We define metric on the
space of such records as dist

(
(x1, n1), (x2, n2)

) = K
(
d(x1, x2), H(n1, n2)

)
, where
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Four nominal vectors
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Fig. 1 The classical embedding of the Hamming metric of the Cartesian product of two-elements
nominal domain {0, 1} × {0, 1} into the Euclidean plane. One can see that normalized spherical
distance coincides with the Hamming distance

d(x1, x2) is the standard Euclidean distance, H(n1, n2) is the Hamming distance, and
K : R

2 → R
+ is an appropriate function. It can be observed [5] that such an approach

produces classification results that are not worse than those of Bayesian numerical
codding of nominal values. Thus, the Hamming metric may be considered as a suffi-
ciently strong option. We accept a metric of this form and suggest a suitable function
K in Sect. 2. To perform the k-means algorithm, one should be able to measure a
distance between two records of data and to compute a centroid of a finite set of data
records. The embedding of the considered dataset into ametric space equippedwith a
method of computing centroids is the core idea of this paper. We search for a relevant
space by embedding the Hamming metric space of nominal data into a Riemannian
manifold with possibly small distortion. The classical approach, representing nomi-
nal values as equidistant vertexes of a simplex, can be considered as embedding of the
Hamming metric space into the Euclidean space. In general, isometric embedding of
the Hammingmetric into the Euclidean space is not possible [7, 9]. In Sect. 3 we ana-
lyze the distortion of this embedding. Two- and three-dimensional examples suggest
that embedding of nominal values into a sphere has a distortion that is less than distor-
tion of classical embedding into Euclidean space (Fig. 1). In Sect. 4 we prove that this
is a general phenomenon: every Hamming metric space (A1 × · · · × As, dH ) can be
embedded into a suitable multidimensional sphere Swith distortion that is better than
the distortion of embedding it into the Euclidean space. We give a quantitative mea-
sure of this distortion improvement (Theorems3 and 4), which is at least 75% better
than the distortion of embedding into theEuclidean space.We represent combinations
of continuous and nominal data (x, n) as points on a cylinder R

p × S, where p is the
dimension of continuous data. To compute centroids of afinite subset of the cylinder, a
version of the gradient algorithmwith respect to the cylindermetrics is proposed. The
experimental results (Sect. 5) show that thewithin index of clusters, produced by both
algorithms are comparable. On the other hand, our algorithm has an advantage with
respect to the degree of covering of predefined groups.The authors thank the partici-
pants of the CORES2015 conference for interesting discussions, related to the article.
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2 Technical Preliminaries

In this section the basic notations, definitions, and algorithms are introduced. Specif-
ically, we formulate a general scheme of the k-means clustering algorithm in an
abstract metric space. This scheme is instanced in Sects. 3 and 4 by embedding the
Hamming metric into the Euclidean space and the unit sphere respectively.

Definition 1 Let A1, . . . , As be finite sets of nominal values, H = A1 × · · · × As .
The Hamming metric on H is defined as follows: for each two vectors n, n′ ∈ H ,

dH (n, n′) = s−1
∣∣∣{ i = 1, . . . , s|ni �= n′

i }
∣∣∣, (1)

where n = (n1, . . . , ns), n′ = (n′
1, . . . , n′

s).

Definition 2 (cf. [9]) Let (U, d) and (U ′, d ′) be two metric spaces. A mapping f :
U → U ′ is said to have a distortion of atmost c, if there exists a constant ν ∈ (0,+∞)

such that for all x, y ∈ U

ν · d(x, y) ≤ d ′( f (x), f (y)) ≤ c · ν · d(x, y). (2)

In other words, the mapping f can magnify the relative distances between points
not greater than c times. In this paper we consider datasets combining both contin-
uous and nominal data. To represent continuous data we use points from the stan-
dard p-dimensional Euclidean metric space (Rp, dE ). The nominal part of record is
represented as a point at the Hamming metric space H = A1 × · · · × As . The set
X = R

p × H is considered as a set of all records. Every record r ∈ X is a pair of
continuous and nominal data, r = (x, n). We admit the following metric on X :

dist2
(
(x, n), (x ′, n′)

) = d2
E (x, x ′) + d2

H (n, n′)

We end this section with a general scheme of the k-means clustering algorithm. Let
(M, dM) be a metric space.

Definition 3 A point m ∈ M is said to be a centroid of a finite set { x1, . . . , xN } ⊂
M , if

∑N
j=1 d2

M(m, x j ) = minx∈M
∑N

j=1 d2
M(x, x j ).

Weassume thatwe have some algorithm for computation of centroids of finite subsets
of M . Let ı : X → M be an embedding map. The (M, ı) algorithm is defined in
algorithm 1. In what follows we use for y, y′ ∈ R

p the following: notations 〈y, y′〉 =∑p
j=1 y j y′

j , ‖y‖2 = ∑p
j=1 y2j .
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Algorithm 1 A general k-means algorithm
Require: k is the number of clusters, T ⊂ X is a finite set of records
Ensure: The resulting clusters C1, …, Ck in the data set T

MT = i(T ) ⊂ M
Choose randomly initial centroids m1, . . . , mk ∈ M
{Compute initial clusters MC1, . . . MCk ⊂ M}
for all x ∈ MT do

x is classified to the cluster MC j , if dM (x, m j ) = min(dM (x, m1), . . . , dM (x, mk))

end for
while The current set of clusters MC1, . . . , MCk is not stabilized do

for all Current clusters MC1, . . . , MCk do
Compute new centroids m1, . . . , mk ∈ M
{Compute new clusters MC1, . . . MCk ⊂ M}
for all x ∈ MT do

x is classified to MC j , if dM (x, m j ) = min(dM (x, m1), . . . , dM (x, mk))

end for
end for

end while
Return: C1 = ı−1(MC1), . . . , Ck = ı−1(MCk)

3 Euclidean Embedding of the Hamming Metric

TheHammingmetric space cannot be isometrically mapped into the Euclidean space
(v. [7]). However, it can be embedded with a particular distortion. Distortion analysis
of embeddings of finite metric spaces into Euclidean spaces is actually hard [7, 9].
Bourgaine in [1] proved that every m-point metric space can be embedded into
the O(log2 m)-dimensional Euclidean space with distortion O(logm). Consider the
following well-known, folklore-type idea: map each of the m values of the nominal
domain into a vertex of a simplex of equidistant points in R

m−1. We expand this
mapping to the space of nominal records:

φsim : A1 × · · · × As → R
a1−1 × · · · × R

as−1,

where |A j | = a j , j = 1, . . . , s.

Theorem 1 The distortion of φsim is not greater than
√∑

(a j − 1).

The simple proof is omitted. The above estimation of distortion is optimal. We can
deduce Theorem1 aswell as optimality of this estimation from the following theorem
by Enflo [2].

Theorem 2 The standard embedding of s-dimensional unit cube with graph metric
has optimal distortion, which is equal to

√
s.

Let q = ∑s
j=1(a j − 1). We map a data record r = (x, n) ∈ X into the Euclidean

space R
p × R

q as follows: φE (x, n) = (x,φsim(n)). Considering this embedding
as ı and R

p × R
q with the standard Euclidean metric as M (with obvious compu-

tation of centroids as means), we instance algorithm1. Thus we arrive at Euclidean
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k-means clustering of combinations of continuous and nominal data by embedding
the Hamming metric into the Euclidean space. The main purpose of this paper is to
compare this approach with embedding of the Hamming metric into a sphere, with
better distortion.

4 Spherical Embedding of the Hamming Metric

In this section we consider another metric space M , the cylinder R
p × S, where S is

the unit sphere. We define embedding of the Hamming metric space into the sphere
and analyze the distortion of this embedding (Theorems3 and 4). Theorems2 and 3
imply that the distortion of the spherical embedding is much better than the distortion
of Euclidean embedding. We end this section with an algorithm of calculation of
centroids. We show that binary Hamming s-dimensional set can be embedded into
s − 1 dimensional sphere with distortion less than that of Enflo’s theorem.

Theorem 3 For any s > 1 an s-dimensional cube A = {−1, 1}s with Hamming
distance can be embedded into the standard unit sphere S

s−1 with distortion less
than λ−1√s, where λ−1 < 3/4 is the constant, defined in (5).

Proof Place elements of A into corresponding vertexes of the standard cube [−1, 1]s

in R
s . Consider the circumscribed sphere and project it to the unit sphere S

s−1,
centered at the origin. The spherical distance between embedded vertexes is the
angle measure between corresponding cube vertexes. Using the Euclidean scalar
product, we obtain for θ = ê, f

cos θ =
∑

ei fi

s
= s − 2|{i |ei �= fi }|

s
= 1 − 2dH (e, f ),

since all the coordinates of e and f are ±1. Therefore,

ds(e, f ) = arccos(1 − 2dH (e, f )), (3)

where ds is the spherical distance and dH is the Hamming distance. To estimate
the distortion of this embedding, note that possible values for the Hamming dis-
tances are: 1

s ,
2
s , . . . ,

s−1
s , 1. Therefore, possible values for the spherical distances

are: arccos(1 − 2 · 1
s ), arccos(1 − 2 · 2

s ), …, arccos(1 − 2 · s−1
s ), π. So, the distor-

tion σ satisfies inequality σ < M/m, where

M = max
k=1,...,s

arccos(1 − 2 · k
s )

k/s
, m = min

k=1,...,s

arccos(1 − 2 · k
s )

k/s
. (4)

To estimate M and m in (4), consider a function f (t) = arccos(1 − t)/t , t ∈ (0, 2).
By analyzing its first and second derivatives, one can prove that f is convex on (0, 2)
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and decreases for t ∈ (0, 1). Since f (1) = f (2) = π
2 , f (t) has the only minimum,

belonging to (1, 2). Hence M = s arccos (1 − 2/s), m > 2λ, where

λ = min
t∈[1,2] arccos(1 − t)/t. (5)

To estimate M , we make use of the inequality

θ < 2 tan
θ

2
= 2

√
1 − cos θ

1 + cos θ
,

where θ = arccos (1 − 2/s), and therefore cos θ = 1 − 2/s. So, M < 2 s√
s+1

<

2
√

s. Therefore σ < λ−1√s, where λ is defined in (5). Since f (t), defining λ,
is strictly convex, one can numerically estimate its value: λ ≈ 1.380, therefore
λ−1 < 3/4.

Now let us consider a general case for any finite set.

Theorem 4 Let |A j | = a j for j = 1, . . . , s. Then A = A1 × · · · × As with the stan-
dard Hamming metrics dh (1) can be embedded into the standard unit sphere S

q−1

(q = ∑s
j=1 a j − s) with distortion less than

1

λ

√
2

amin

amin − 1

amax − 1

amax

√
s, (6)

where amin = min
j=1,...,s

a j , amax = max
j=1,...,s

a j , λ is the constant (5), λ−1 < 3/4.

Proof The set A j can be embedded into R
a j −1 by placing its elements into vertexes

of a simplex, centered at the origin. Let (e1, . . . , ea j −1) be the coordinates of certain
vertex of the simplex. We will assume that

∑
e2i = 1,. The desired embedding of

A1 × · · · × As to R
q is defined as follows:

φs : n = (n1, . . . , ns) �→ (e(1)
1 , . . . , e(1)

k1
, . . . , e(s)

1 , . . . , e(s)
ks

), (7)

where k j = a j − 1 and e( j)
1 , . . . , e( j)

k j
are the coordinates of n j on the corresponding

simplex ( j = 1, . . . , s). One can see that the image of n belongs to the sphere of
radius

√
s, i.e. ‖y‖2 = s. The distance between two points y and y′ on the sphere

is the angular measure between corresponding vertexes. For the Euclidean scalar
product we obtain: 〈y, y′〉 = λ1 + · · · + λs, where

λ j =
{
1, if y j = y′

j ,
1

1−a j
, if y j �= y′

j .

Here 1
a j −1 is the cosine of the angle between corresponding simplex vertexes. If y

and y′ differ in k places, dH (y, y′) = k/s, then the possible values for ds(y, y′) are
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ds(y, y′) = arccos

(
1 − 1

s

(
k +

∑k

i=1

1

a ji − 1

))
. (8)

To estimate the distortion, we should estimate the minimum and maximum of
ds(y, y′)/k for all k = 1, . . . , s and all k-tuples j1, . . . , jk . Since arccos(1 − t)
increases, one can substitute a j in (8) by a minimal value for estimation of M =
max ds(y, y′)/k, and by a maximal value for estimation of m = min ds(y, y′)/k.
Then, repeating the estimates from Theorem3, we get

M ≤
√
2s

amin

amin − 1
m ≥ λ

amax

amax − 1
,

These estimates immediately give (6).

The embedding of a record r = (x, n) into the cylinder R
p × S

q−1 is defined as
follows: (x, n) �→ (x, y) = (x,φs(n)) = (x, y),whereφs is defined in (7), ‖y‖ = 1.
The distance between two records on the cylinder is defined by the following formula:
dist2

(
(x, y), (x ′, y′)

) = ∑p
j=1

(
x j − x ′

j

)2 + κ arccos2
(〈y, y′〉), where κ is a scaling

coefficient. Let a finite set X of records, embedded into the cylinder be given as
(x ( j), y( j)) = (x ( j)

1 , . . . , x ( j)
p , y( j)

1 , . . . , y( j)
q ), where ‖y( j)‖ = 1, and j = 1, . . . , N .

To compute a centroid (x̄, ȳ) we should minimize the following expression:

N∑

j=1

p∑

k=1

(
xk − x ( j)

k

)2 + κ

N∑

j=1

arccos2
(〈y, y( j)〉).

So, the minimization splits into two independent problems. Minimization with
respect to x gives the standard mean. For the second term we suggest to use a
gradient method. This is summarized in Algorithm2.

Algorithm 2 Calculation of centroid of the finite set on a sphere

Require: (x ( j), y( j)) = (x ( j)
1 , . . . , x ( j)

p , y( j)
1 , . . . , y( j)

q ), where ‖y( j)‖ = 1, j = 1, . . . , N
Ensure: (x̄, ȳ) is a centroid with the accuracy ε

x̄ = N−1 ∑N
j=1 x ( j)

Zero approximation: ȳ =
(∑N

j=1 y( j)
)

/

∥
∥∥
∑N

j=1 y( j)
∥
∥∥.

if
∑N

j=1 y( j) = 0 then

choose one of y( j) (of maximal multiplicity).
end if
repeat {The next approximation}

y′ = y−ωΔy
‖y−ωΔy‖ , where ω is a relaxation parameter, Δy = ∇ (∑

arccos2
(〈y, y( j)〉))

until ‖y′ − y‖ > ε
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5 Experimental Results

Clustering validation is a very subtle issue. There is a clear measure of success in the
classification problem: cross-validation as estimation of expected loss over the joint
probability distribution on data × decision. In the context of clustering, we have no
such direct measure of success. As Hastie, Tibshirani, Friedman put it (v. [6]): This
uncomfortable situation has led to heavy proliferation of proposed methods, since
effectiveness is a matter of opinion and cannot be verified directly.The approachwith
predefined clusters seems to be credible (to some extent). Some predefined groups
of data are considered as intended clusters. The mean covering degree of predefined
groups by computed clusters may be considered as the clustering validity index. The
degree of covering A by B is defined as |A ∩ B|/|B|. We analyze two training sets
with decision categories as intended clusters [4]: the Heart Disease (6 continuous,
7 nominal attributes, 370 records, 2 decision categories) and the Australian Credit
Approval (6 continuous, 8 nominal attributes, 690 records, 2 decision categories).
The following artificial datasets are analyzed as well:

ADS1: The set of records X = R × { 0, 1 }—one continuous attribute and one
nominal attribute with two-elements domain. We define ADS1 as the union of
two intended clusters A × { 0 } ∪ B × { 1 }, where the elements of A and B have
been randomly chosen according to the normal distributions N (170, 10) and
N (155, 10) respectively. Each of A and B contains 300 real numbers.

ADS2: The set of records X = R
4 × A1 × A2 × A3 × A4 × A5, where nominal

domains are of arbitrarily chosen cardinalities: 3, 2, 4, 5 and 2 respectively. Let
B(x, r) = { y ∈ X |dist(x, y) ≤ r } be a ball with a center x and radius r . Choose
randomly two elements x1, x2 ∈ X , r = dist(x1, x2)/2. Let A, B ⊂ X be two
sets of 200 uniform randomly chosen elements from balls B(x1, r) and B(x2, r)

respectively. The disjoint sets A, B are considered as two intended, not well
separated, clusters. We define ADS2 as A ∪ B. The dataset ADS2 was randomly
generated 10 times in experiments.

The following two clustering validity indexes appear to make sense in the context
of k-means clustering: the number of iterations stabilizing clustering and the within
indexW ,which, forC1, . . . , Ck ⊂ X is defined asW = 1/2 · ∑

j

∑
r,r ′∈C j

dist2(r, r ′).
We compare the following variants of k-means clustering:

MC: k-medoids clustering: the centroids are records from the analyzed dataset.
EC: Euclidean k-means: with classical embedding of the Hamming metric into

the Euclidean space.
CC: Cylindrical k-means: the Hamming metric is embedded into the sphere.

In order to maintain a balance between continuous and Hamming parts of the metric,
all the continuous attributes were renormalized to the normal Gaussian distribution
N (0, 1) or to the segment [0, 1]. The results of numerical experiment are presented
in Table1. We do not present results for the within index W and for number of
iterations, stabilizing clustering. These results do not indicate any advantage of one
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Table 1 The average covering degree for tested datasets

Dataset MC EC CC

ADS1 0.93 0.98 1

ADS2–I 0.78 0.84 0.91

ADS2–II 0.88 1 1

ADS2–III 0.92 0.95 0.96

ADS2–IV 1 0.99 1

ADS2–V 0.9 0.9 1

ADS2–VI 0.79 0.84 0.93

ADS2–VII 0.85 0.88 0.97

ADS2–VIII 0.85 0.94 1

ADS2–IX 0.92 0.91 0.95

ADS2–X 0.95 0.93 0.95

Heart Disease 0.72 0.80 0.86

Australian Credit
Approval

0.69 0.79 0.83

Each algorithm was executed 30 times with two randomly chosen initial centroids on each dataset

clustering (EC, CC) over another, with respect to these indexes. The only observed
phenomenon is that MC clustering on datasets ADS2 is visibly worse with respect
to the index W . We can see that the cylindrical clustering has better covering degree
in all datasets. Note that it is very stable on ADS1 with respect to choice of initial
centroids; in this case the normalized spherical metric coincides with the Hamming
metric.

6 Conclusions and Final Remarks

The explored datasets showed the advantage of cylindrical clustering over two other
analyzed methods with respect to the degree of covering of predefined groups. How-
ever, we do not see a hard relation between the distortion improvement and the
resulting values of the within index W . None of the considered clustering algorithms
(Euclidean, cylindrical) has a definite advantage over the other with respect to the
within index W . The k-medoids algorithm produces visibly worse results compared
to the Euclidean and the cylindrical k-means algorithms. At least on the analyzed
datasets and with respect to the here accepted clustering validation indexes. In our
opinion, the cylindrical k-means clustering is worth considering as one of the alter-
natives, when several algorithms are tested in order to find relevant, interpretable
clusters of continuous-nominal data. Our approach is applicable to those datasets
where information hidden in nominal data influences relevant clusters by the Ham-
ming metric. Many other ways of such nominal information influence are possible,
for instance, via leading approaches by probabilistic models like attribute informa-
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tion role in the classical version of COBWEB algorithm [3]. If real clusters are not
(roughly) spherical with respect to the metric of the data space, then the resulting
clusters, produced by our approach, may not be credible. The same objection is
valid for the Euclidean embedding. Perhaps it is worth to analyze the embedding
of Hamming metric into the Euclidean space using the idea of Bourgaine’s theo-
rem [1], since the dimension of this space is significantly less than the dimension
of Euclidean spaces and of spheres used by our approach. This is a possible future
work as well as a deeper experimental study. We have analyzed only two geometri-
cal structures: Euclidean space and sphere. There could be other possibilities, with
distortion that is significantly better than that of spherical embedding. In general, the
following hard question is opened up: does there exist a Riemannian manifold pro-
viding really good k-means clustering of continuous-nominal data with respect to the
within index W? Note that Riemannian metric works well in some data exploration
contexts, for instance, a version of adaptive k-nearest neighbors algorithm based on
Riemannian metric [10].
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