Chapter 2
Derivatives

This chapter introduces several important notions of derivatives of tensors.
In chapters 5 and 6 we also introduce partial derivatives of functions into
Riemannian manifolds.

The main goal is the construction of the connection and its use as covariant
differentiation. We give a motivation of this concept that depends on exterior and
Lie derivatives. Covariant differentiation, in turn, allows for nice formulas for
exterior derivatives, Lie derivatives, divergence and much more. It is also crucial
in the development of curvature which is the central construction in Riemannian
geometry.

Surprisingly, the idea of a connection postdates Riemann’s introduction of the
curvature tensor. Riemann discovered the Riemannian curvature tensor as a second-
order term in a Taylor expansion of a Riemannian metric at a point with respect to a
suitably chosen coordinate system. Lipschitz, Killing, and Christoffel introduced the
connection in various ways as an intermediate step in computing the curvature. After
this early work by the above-mentioned German mathematicians, an Italian school
around Levi-Civita, Ricci, Bianchi et al. began systematically to study Riemannian
metrics and tensor analysis. They eventually defined parallel translation and through
that clarified the use of the connection. Hence the name Levi-Civita connection for
the Riemannian connection. Most of their work was still local in nature and mainly
centered on developing tensor analysis as a tool for describing physical phenomena
such as stress, torque, and divergence. At the beginning of the twentieth century
Minkowski started developing the geometry of space-time as a mathematical model
for Einstein’s new special relativity theory. It was this work that eventually enabled
Einstein to give a geometric formulation of general relativity theory. Since then,
tensor calculus, connections, and curvature have become an indispensable language
for many theoretical physicists.

Much of what we do in this chapter carries over to the pseudo-Riemannian setting
as long as we keep in mind how to calculate traces in this context.
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42 2 Derivatives

2.1 Lie Derivatives

2.1.1 Directional Derivatives

There are many ways of denoting the directional derivative of a function on a
manifold. Given a function f : M — R and a vector field ¥ on M we will use
the following ways of writing the directional derivative of f in the direction of ¥

Vyf = Dyf = Lyf = df(Y) = Y(f).

If we have a function f : M — R on a manifold, then the differential df : TM —
R measures the change in the function. In local coordinates, df = 9;(f)dx'. If, in
addition, M is equipped with a Riemannian metric g, then we also have the gradient
of f, denoted by gradf = Vf, defined as the vector field satisfying g(v, Vf) = df (v)
for all v € TM. In local coordinates this reads, Vf = g¥9;(f)d;, where gV is the
inverse of the matrix g; (see also section 1.5.1). Defined in this way, the gradient
clearly depends on the metric.

But is there a way of defining a gradient vector field of a function without using
Riemannian metrics? The answer is no and can be understood as follows. On R” the
gradient is defined as

Vf = 890;(£)0; = Y _ 0; (f) 0.

i=1

But this formula depends on the fact that we used Cartesian coordinates. If instead
we use polar coordinates on R2, say, then

Vf = 0 () e+ 0y () By # 8, () 0, + 8o () Do

One rule of thumb for items that are invariantly defined is that they should satisfy the
Einstein summation convention. Thus, df = 9; (f) dx' is invariantly defined, while
Vf = 9;(f) 9; is not. The metric g = g;dx'd¥ and gradient Vf = g¥9; (f) 9; are
invariant expressions that also depend on our choice of metric.

2.1.2 Lie Derivatives

Let X be a vector field and F' the corresponding locally defined flow on a smooth
manifold M. Thus F’ (p) is defined for small ¢ and the curve r — F'(p) is the
integral curve for X that goes through p at + = 0. The Lie derivative of a tensor in
the direction of X is defined as the first-order term in a suitable Taylor expansion of
the tensor when it is moved by the flow of X. The precise formula, however, depends
on what type of tensor we use.



2.1 Lie Derivatives 43

Iff : M — R is a function, then

FF D) =fp)+1Lxf) (p) +0(1).
or

L SEE)f ()
(Lxf) (p) = lim t .

Thus the Lie derivative Lyf is simply the directional derivative Dxf = df (X).
Without specifying p we can also write

foF =f+1tlxf +o(t) and Lyf = Dxf = df (X).

When we have a vector field Y things get a little more complicated as Y| can’t
be compared directly to Y since the vectors live in different tangent spaces. Thus we
consider the curve t = DF " (Y|f(,) that lies in 7,M. When this is expanded in ¢
near 0 we obtain an expression

DF™" (Y|p() = Y|, + t (LxY) |, + 0 (1)
for some vector (LxY) |, € T,M. In other words we define

DF™ (Ylp) = Y1y

(Lx¥) |p = lim t

This Lie derivative turns out to be the Lie bracket.
Proposition 2.1.1. If X, Y are vector fields on M, then LxY = [X,Y].

Proof. While Lie derivatives are defined as a limit of suitable difference quotients
it is generally far more convenient to work with their implicit definition through the
first-order Taylor expansion.

The Lie derivative comes from

DF ' (Y|p) =Y 4+ tLxY + 0 (1)
or equivalently
Y| — DF' (Y) = (DF' (LxY) + 0 (¢) .
Consider the directional derivative of a function f in the direction of Y|z — DF' (Y)

Dy\,.—pr\f = Dy|.f — Dporinf
= (Dyf) o F' =Dy (f o F")
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= Dyf + tDxDyf + o (t)
—Dy (f + tDxf + 0 (1))

= t (DxDyf — DyDxf) + o (t)

tDix yf +o(1).

This shows that

Y|p — DF' (Y
LyY = lim IF )
t—0 t
= [X,7].

O

We are now ready to define the Lie derivative of a (0, k)-tensor 7" and also give
an algebraic formula for this derivative. Define

(F)"T =T +t(LxT) + 0 (1)
or with variables included
((F’)* T) (Y1,....Y)) = T (DF'(¥)).....DF' (%))
=TY.....Y) +t(LxT) (Y1.....Y) + 0 (D).

As a difference quotient this means

(LxT) (Y1, ..., Y;) = lim (Ft)*T_T.

t—0 t

Proposition 2.1.2. If X is a vector field and T a (0, k)-tensor on M, then

k
(LxT) (Y1.....Y0) = Dx (T (V1.....Y)) = > T (Yi.....LyYi..... Y0).

i=1

Proof. We restrict attention to the case where k = 1. The general case is similar but
requires more notation. Using that

Y|pr = DF' (Y) + tDF' (LxY) + 0 (?)

we get

((F’)* T) (Y) = T (DF' (1))
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=T (Y|p — tDF' (LxY)) + o (1)

=T (Y)o F' —(T (DF' (LxY)) + o (1)

=T (Y) + tDx (T (Y)) — T (DF' (LxY)) + o (1) .
Thus

((F)*T) (¥) =T (Y)

(LxT) (Y) = lim t

= lim (Dx (T (Y)) — T (DF' (LxY)))
=Dx(T(Y)) - T (LxY).

|

Finally, we have that Lie derivatives satisfy all possible product rules, i.e.,
they are derivations. From the above propositions this is already obvious when
multiplying functions with vector fields or (0, k)-tensors.

Proposition 2.1.3. If T| and T, be (0, k;)-tensors, then
Ly (T - T2) = (LxT1) - T2 + T1 - (LxT2) .

Proof. Recall that for 1-forms and more general (0,k)-tensors we define the
product as

T X,.... X Y, V) =T (X0, . X)) - T (Y, .., Yy)

The proposition is then a simple consequence of the previous proposition and the
product rule for derivatives of functions. O

Proposition 2.1.4. If T is a (0, k)-tensor and f : M — R a function, then

k
LxT (Y1.....Y) =fLxT (Y1,....Y) + Y (LyHT(Y1.....X.....Yp).

i=1

Proof. We have that

k
LT (Y1..... %) = Dx (T (Y1.....Y)) = Y T (Yi.....LxYi..... Yy

i=1

k
=x (T (Y1.....Y,)) = > T(X.....[;X.¥]..... %)
i=1
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k
=x (T (Y1.....Y,)) = f Y T(¥.....[X.Y].....Y))
i=1

k
Y i) T (Ve X X))

i=1
O

The case where X|, = 0 is of special interest when computing Lie derivatives.
We note that F’ (p) = p for all +. Thus DF" : T,M — T,M and

DF™'(Y|,) = Y|,

LxY|, = li
il 0 t
d _
= (D) o (V)).
This shows that Ly = jr (DF™") |;=0 when X|, = 0. From this we see that if 0
is a 1-form then Ly = —68 o Ly at points p where X|, = 0. This is a general
phenomenon.

Lemma 2.1.5. If a vector field X vanishes at p, then the Lie derivative LxT at p
depends only on the value of T at p.

Proof. We have that

k
(LxT) (Y1.....Yo) = Dx (T (V1.....Y)) = D T (Yi..... LyYi..... Ya).

i=1

So if X vanishes at p, then

k
(LxT) (V... Y |p ==Y T (V... LxYir.. . Y0) .
i=1

O

It is also possible to define Lie derivatives of more general tensors and even
multilinear maps on vector fields. An important instance of this is the Lie derivative
of the Lie bracket [Y, Z] or even the Lie derivative of the Lie derivative LyT. This is
algebraically defined as

(LxL)y T = Lx (LyT) — LiyyT — Ly (LxT)
= [Lx.Ly]T — LixynT.
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Proposition 2.1.6 (The Generalized Jacobi Identity). For all vector fields X, Y
and tensors T

(LxL)y T = 0.

Proof. When T is a function this follows from the definition of the Lie bracket:
(LxL)yf = [Lx,Lylf — Lixvf

= [Dx, Dylf — Dx.nf

=0.
When T = Z is a vector field it is the usual Jacobi identity:

(LxL)y Z = [Lx,Ly]Z — Lix nZ
= Xv [YvZ]] - [Ys [XvZ]] - [[Xv Y]vZ]

= [X.[V.Z] + [Z, [X. Y]] + [1. [Z. X]]
=0.

When 7' = w is a one-form it follows automatically from those two observations
provided we know that

([Lx, Ly] w) (Z) = [Lx. Ly] (0 (Z2)) — o ([Lx. Ly] Z)
since we then have

(LxL)y ®) (Z) = ([Lx. Lyl ) (Z) — (Lx y@) (Z)
= [Lx, Ly] (0 (2)) — o ([Lx, Ly] Z)
—Lix.y (@ (2)) + o (Lix.nZ)
=0.

A few cancellations must occur for the first identity to hold. Note that
(Lx. Lyl 0) (Z) = (Lx (Lyw)) (2) — (Ly (Lxw)) (Z) ,

(Lx (Lyw)) (Z) = Lx (Lyw) (2)) — (Lyw) (LxZ)
= Lx (Ly (v (2))) — Lx (w0 (LyZ))
—Ly (Cl) (LXZ)) + w (LyLXz) .
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and similarly
(Ly (Lxw)) (Z) = Ly (Lx (@ (2))) — Ly (@ (LxZ)) — Lx (@ (LyZ)) + o (LxLyZ) .
This shows that
(ILx. Ly] @) (2) = [Lx. Ly] (0 (Z)) — o ([Lx. Ly] Z) .
The proof for general tensors now follows by observing that these are tensor

products of the above three simple types of tensors and that Lie derivatives act as
derivations. O

The Lie derivative can also be used to give a formula for the exterior derivative
of a k-form

k
1 i -
do (Xo. X1 X0) = ;(—1) (Lx,0) (Xo,...,X,-,...,Xk).

+; g(_l)iLX,, (o (X Reoo X))

For a 1-form this gives us the usual definition

do (X,Y) = Dx (o (Y)) — Dy (0 (X)) — @ ([X.Y]).

2.1.3 Lie Derivatives and the Metric

The Lie derivative allows us to define the Hessian of a function on a Riemannian
manifold as a (0, 2)-tensor:

Hessf (X,Y) = ; (Lvrg) (X.Y).

At a critical point for f this gives the expected answer. To see this, select coordinates
x around p such that the metric coefficients satisfy g;|, = §;. If df|, = 0, then
Vfl|, = 0 and it follows that

Lyy (gyd'd) |, = Lvy (g4) |y + 8iLvy (dx') ' + 8dx' Ly (dx')
= 8Lvy (dx') d + 8;dx'Lyy (d')
= LVf (Siidxidxi) |p.
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Thus Hess f|,, is the same if we compute it using g and the Euclidean metric in the
fixed coordinate system.

It is perhaps still not clear why the Lie derivative formula for the Hessian is
reasonable. The idea is that the Hessian measures how the metric changes as we
flow along the gradient field. To justify this better let us define the divergence of
a vector field X as the function div X that measures how the volume form changes
along the flow for X:

Ly vol = (divX) vol.
Note that the form Ly vol is always exact as
LX vol = diX VO],

where ixT evaluates 7 on X in the first variable.
The Laplacian of a function is defined as in vector calculus by

Af = div Vf

and we claim that it is also given as the trace of the Hessian. To see this select a
positively oriented orthonormal frame E; and note that

divX = (LX VOI) (El, B ,En)
=Ly (VO] (El, B ,En))

=Y Vol(E.... . LxE;. ... Ey,)
=—Y g(xE,E)
= ) Y (g (B E)) — g (LB Ei) — g (B LxED)
= ; (Lxg) (E;, E) .

We can also show that the Hessian defined in this way gives us back the usual
Hessian of a function f : R” — R with the canonical metric on Euclidean space:

Lvy (5ijdxidxj ) = Ly o5, Z dx'dx’
= Z Lajfaj dxidxi
—Z Lafadx dx +de fadx

= > 0f (Lydx) dx' + ) dyfdx (Lydx’)
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=+ d(3f)dx (3) dx' + Y d(3f) dx'dx’ (d;)
=2) d@f) dx

=2 Ofdddy’

= 2Hess/.

2.1.4 Lie Groups

Lie derivatives as might be expected also come in handy when working with Lie
groups. For a Lie group G we have the inner automorphism Ad, : x > hxh™'and its
differential at x = e denoted by the same letters Ad; : g — g.

Lemma 2.1.7. The differential of h — Ady, is given by U — ady (X) = [U, X].

Proof. If we write Ad;, (x) = R;,—1Lj (x), then its differential at x = e is given by
Ad;, = DR,—1DL;,. Now let F" be the flow for U. Then F' (x) = xF' (e) = L, (F' (e))
as both curves go through x at t = 0 and have U as tangent everywhere since U is a
left-invariant vector field. This also shows that DF' = DRp(,). Thus

d
ady (X) |o = dtDRF—«e)DLFf(e) (Xle) li=0
— DRy (K1) |
- dt F~(e) Fi(e)) 1t=0

d _
= dtDF " (XIFie)) li=o

= LyX = [U.X].

This is used in the next lemma.

Lemma 2.1.8. Let G = GL (V) be the Lie group of invertible matrices on V. The
Lie bracket structure on the Lie algebra gl (V) of left-invariant vector fields on
GL (V) is given by commutation of linear maps. i.e., if X,Y € TiGL (V) , then

[X,Y]|; = XY —YX.
Proof. Since x + hxh™! is a linear map on the space Hom (V, V) we see that

Ad;, (X) = hXh™'. The flow of U is given by F'(g) = g(I + tU + o0 (t)) so we
have
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X1 = & (F OXF () =g

= jt (+tU4+0@)XUT—1tU++ o)) =0

d
= 4 X +tUX — XU+ 0(?)) |i=0

= UX - XU. o

2.2 Connections

2.2.1 Covariant Differentiation

We now come to the question of attaching a meaning to the change of a vector
field. The Lie derivative is one possibility, but it is not a strong enough concept as it
doesn’t characterize the Cartesian coordinate fields in R” as having zero derivative.
A better strategy for R” is to write X = X 19;, where 9; are the Cartesian coordinate
fields. If we want the coordinate vector fields to have zero derivative, then it is
natural to define the covariant derivative of X in the direction of Y as

VyX = (VWX') 8 = d (X) (Y) 9;.

Thus we measure the change in X by measuring how the coefficients change.
Therefore, a vector field with constant coefficients does not change. This formula
clearly depends on the fact that we used Cartesian coordinates and is not invariant
under change of coordinates. If we take the coordinate vector fields

1
9, = . (xBx + yay) , 0p = —y0y + x0,

that come from polar coordinates in R?, then we see that they are not constant.

In order to better understand such derivatives we need to find a coordinate
independent definition. This is done most easily by splitting the problem of defining
the change in a vector field X into two problems.

First, we can measure the change in X by asking whether or not X is a gradient
field. If ixg = 6Oy is the 1-form dual to X, i.e., (ixg) (Y) = g (X,Y), then we know
that X is locally the gradient of a function if and only if dfx = 0. In general, the
2-form dfx then measures the extent to which X is a gradient field.

Second, we can measure how a vector field X changes the metric via the Lie
derivative Lyg. This is a symmetric (0, 2)-tensor as opposed to the skew-symmetric
(0, 2)-tensor dfx. If F" is the local flow for X, then we see that Lyg = 0 if and only
if F' are isometries (see also section 8.1). When this happens we say that X is a
Killing field.
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In case X = Vf is a gradient field we saw that the expression ;vag is the
Hessian of f. From that calculation we can also quickly see what the Killing fields
on R” should be: If X = X'9;, then X is a Killing field if and only if 9, X’ 4+ 9;X* = 0.
This implies that

00X = —0;0:X"
= —0;0;X"
= 0,0
= 0,0;X
= — 00X’
= —0,0:X".

Thus we have ajakxf = 0 and hence
i i i
X' =ax +p
with the extra conditions that

of = 0X' = —0,X = —a.

1

In particular, the angular field dy is a Killing field. This also follows from the fact
that the corresponding flow is matrix multiplication by the orthogonal matrix

|:cos () —sin (£) :|

sin (t) cos (1)
More generally, one can show that the flow of the Killing field X is

F'(x) =exp(Anx+1p. A=[cl]. Bp=[p].

In this way we see that a vector field on R” is constant if and only if it is both a
Killing field and a gradient field.
Finally we make the important observation.

Proposition 2.2.1. The covariant derivative in R" is given by the implicit formula:
2¢ (VyX.Z) = (Lxg) (Y. Z) + (dbx) (Y.Z) .
Proof. Since both sides are tensorial in Y and Z it suffices to check the formula on

the Cartesian coordinate vector fields. Write X = a'd; and calculate the right-hand
side
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(Lx8) (Ok. 81) + (dbx) (k. 01) = DxSu — g (Lx k. 1) — g (k. Lx ;)
+0kg (X, 1) — dig (X, &) — g (X, [0k, 1))
=8 (L¢1’8;3k7 31) — 8 (ak’Ldajf)z)

+8kal — 81a"
= —g (— (') B, ) — g (96, — (31) 3))
+8kal — 81a"

= +0id + 9;d" + 0pd — 9,a"
= 20,d"

=2g ((akai) d;, 31)
=2g(VyX.0)).

O

Since the right-hand side in the formula for VyX makes sense on any Riemannian
manifold we can use this to give an implicit definition of the covariant derivative of
X in the direction of Y. This covariant derivative turns out to be uniquely determined
by the following properties.

Theorem 2.2.2 (The Fundamental Theorem of Riemannian Geometry). The
assignment X — VX on (M, g) is uniquely defined by the following properties:

(1) Y+ VyXisa (1, 1)-tensor i.e., it is well-defined for tangent vectors and linear
Vm)+ﬂwx = (XVUX + ,BVWX.
(2) X +— VyX is a derivation:

Vy (X1 4+ X2) = VyXi + VyXo,
Vy (fX) = (Dyf) X + fVyrX

for functions f : M — R.
(3) Covariant differentiation is torsion free:

VY —VyX = [X,Y].
(4) Covariant differentiation is metric:
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Proof. We have already established (1) by using that
(Lxg) (Y.Z) + (dbx) (Y. Z)

is tensorial in ¥ and Z. This also shows that the expression is linear in X. To check
the derivation rule we observe that
Lxg +dOx = fLxg + df - Ox + Ox - df + d (fOx)
= fLxg + df - Ox + Ox - df + df A Ox + fdOx
=f(Lxg +dbx) +df - Ox + Ox -df +df - Ox — Ox - df
= f(Lxg + dOx) + 2df - Ox.

Thus

28 (Vy (X) . 2) = f2g (VyX,Z) + 2df (Y) g (X, Z)
=2g (fVyX + df (V) X.Z)
=2 (fVyX + (Dyf) X.Z) .

To establish the next two claims it is convenient to create the following expansion
also known as Koszul’s formula.

28 (VyX.,Z) = (Lxg) (Y.Z) + (dbx) (Y. Z)
=Dxg(Y.2) —g([X.Y].Z2) — g (Y.[X.Z])
+Dybx (Z) — Dz0x (Y) — 6x ([Y, Z])
=Dxg(Y.2) —g([X.Y].Z2) — g (Y.[X.Z])
+Dyg (X.Z) —Dzg (X.Y) — g (X.[Y.Z])
=Dxg(Y,Z) + Dyg (Z,X) — Dzg (X.Y)
-8 (X, Y].2) —g([¥.Z] . X) + g ([, X].Y).

We then see that (3) follows from

28 (VxY — VyX.Z) = Dyg (X, Z) + Dxg (Z,Y) — Dzg (Y. X)
- (Y.X].2) —g([X.Z].Y) + g ([Z. Y] . X)
—Dxg (Y.Z) — Dyg (Z.X) + Dzg (X.Y)
+8([X.Y].2) + g ([Y.Z] . X) — ¢ (1Z.X].Y)
=2¢([X,Y],2).
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And (4) from

28 (VzX.,Y) + 28 (X, VzY) = Dxg (Z.Y) + Dzg (Y. X) — Dyg (X, 2)
-8 (X.2].Y) =g ([Z.Y] . X) + g ([Y.X] . 2)
+Dyg (Z.X) + Dzg (X, Y) — Dxg (Y. Z)
-8 ([Y.Z].X) — ¢ ([Z.X].Y) + g (X.Y].2)
=2Dzg (X,Y).

Conversely, if we have a covariant derivative VyX with these four properties, then

28 (VyX.Z) = (Lxg) (Y, Z) + (dbx) (Y. Z)
= Dxg (Y,Z) + Dyg (Z.X) — Dzg (X, Y)
—¢ (X, Y].2) — ¢ ([Y.Z].X) + ¢ ([Z. X]. Y)
=g (VxV.2) + g (Y. VxZ) + g (VvZ.X) + g (2. VyX)
—g(VzX.Y) —g (X, VzY) + g (VzX.Y) — g (VxZ.Y)
—g(VxY.2) + g (VyX.Z) — g (VyZ.X) + g (V2Y.X)
=2g (WyX.Z)

showing that VyX = @yX . O

Any assignment on a manifold that satisfies (1) and (2) is called an affine
connection. If (M, g) is a Riemannian manifold and we have a connection that in
addition also satisfies (3) and (4), then we call it a Riemannian connection. As we
just saw, this connection is uniquely defined by these four properties and is given
implicitly through the formula

28 (VyX.,Z) = (Lxg) (Y.Z) + (dbx) (Y. Z)

Before proceeding we need to discuss how VyX depends on X and Y. Since VyX
is tensorial in Y, we see that the value of VyX at p € M depends only on Y/|,. But in
what way does it depend on X? Since X — VyX is a derivation, it is definitely not
tensorial in X. Therefore, we cannot expect (VyX) |, to depend only on X|, and Y/,.
The next two lemmas explore how (VyX) |, depends on X.

Lemma 2.2.3. Let M be a manifold and V an affine connection on M. If p € M,
v € T,M, and X,Y are vector fields on M such that X = Y in a neighborhood
U>sp, then V,X = V,Y.
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Proof. Choose A : M — R suchthat A = 0on M — U and A = 1 in a neighborhood
of p. Then AX = AY on M. Thus at p

VoAX = A(p)Vo X +dA(v) - X(p) = V, X
since dA|, = 0 and A(p) = 1. In particular,
V,X = V,AX = V,AY =V, Y.

|

For a Riemannian connection we could also have used the Koszul formula to
prove this since the right-hand side of that formula can be localized. This lemma tells
us an important thing. Namely, if a vector field X is defined only on an open subset
of M, then VX still makes sense on this subset. Therefore, we can use coordinate
vector fields or more generally frames to compute V locally.

Lemma 2.2.4. Let M be a manifold and V an affine connection on M. If X is a
vector field on M and ¢ : I — M a smooth curve with ¢(0) = v € T,M, then V,X
depends only on the values of X along c, i.e.,if X oc =Y oc, then V.X = VY.

Proof. Choose a frame E|, ..., E, in a neighborhood of p and write Y = ) YE;,
X = Y X'E; on this neighborhood. From the assumption that X o ¢ = ¥ o ¢ we get
that X! o ¢ = Y o ¢. Thus,

V.Y =V, (YE)
= Y'(p)VuE; + Ei(p)dY'(v)

= X'(p)V,Ei + Ei(p)dX'(v)
= V,X.

|

This shows that V,X makes sense as long as X is prescribed along some curve
(or submanifold) that has v as a tangent.

It will occasionally be convenient to use coordinates or orthonormal frames with
certain nice properties. We say that a coordinate system is normal at p if g;|, = §;
and 0xg;j|, = 0. An orthonormal frame E; is normal at p € M if V,E;(p) = 0 for all
i=1,...,nand v € T,M. Itis not hard to show that such coordinates and frames
always exist (see exercises 2.5.20 and 2.5.19).
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2.2.2 Covariant Derivatives of Tensors

The connection, as we shall see, is also useful in generalizing many of the
well-known concepts (such as Hessian, Laplacian, divergence) from multivariable
calculus to the Riemannian setting (see also section 2.1.3).

If S is a (s, )-tensor field, then we can define a covariant derivative VS that we
interpret as an (s, ¢ + 1)-tensor field. Recall that a vector field X is a (1, 0)-tensor
field and VX is a (1, 1)-tensor field. The main idea is to make sure that Leibniz’ rule
holds. So for a (1, 1)-tensor S we should have

Vx (8(Y)) = (VxS)(Y) + S(VxY).
Therefore, it seems reasonable to define VS as
VS(X.Y) = (Vx$)(Y)
= Vx (8(Y)) = S(VxY).
In other words
VxS = [Vx, S].

It is easily checked that VxS is still tensorial in Y.
More generally, when s = 0, 1 we obtain

VS(X.Yy.....Y,) = (VxS)(Y.....Y,)

= Vx(S(V1.....Y) = > S(Y1..... VxYi....Y,).

i=1

Here Vy is interpreted as the directional derivative when applied to a function and
covariant differentiation on vector fields. This also makes sense when s > 2, if we
make sense of defining covariant derivatives of, say, tensor products of vector fields.
This can also be done using the product rule:

Vx (X1 ® X3) = (VxX1) ® Xo + X1 ® (VxX3).

A tensor is said to be parallel if VS = 0. In Euclidean space one can easily show
that if a tensor is written in Cartesian coordinates, then it is parallel if and only if it
has constant coefficients. Thus VX = 0 for constant vector fields. On a Riemannian
manifold (M, g) the metric and volume forms are always parallel.



58 2 Derivatives

Proposition 2.2.5. On a Riemannian n-manifold (M, g)

Vg =0,
Vvol = 0.

Proof. The metric is parallel due to property (4):
(Ve)(X. Y1, Y2) = Vx (g(11. Y2)) — g(VxY1. Y2) — g(11, VxY2) = 0.

To check that the volume form is parallel we evaluate the covariant derivative on an
orthonormal frame Ey, ..., E,:

(Vxvol) (Ey,...,E,)

VxVOI(El,...,En)
—ZVOl(El,...,Vin,...,En)
= —Zg(Ei, VxE;)

1
==, Y Dx(g(Ei, E))
=0.

O

The covariant derivative gives us a different way of calculating the Hessian of a
function.

Proposition 2.2.6. Iff : (M,g) — R, then
(Vxdf) (Y) = g (VxVf.Y) = Hessf (X.Y).
Proof. First observe that

(Vdf) (X.Y) = (Vxdf) (Y)
= DxDyf — df (VxY)
= DxDyf — Dv,yf.

This shows that

(Vxdf) (Y) — (Vydf) (X) = [Dx, Dy]f — Dix.yjf = 0.
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Thus (Vxdf) (Y) is symmetric. This can be used to establish the formulas

(Vdf) (X, Y) = (Vxdf) (Y)
= Dxg (Vf,Y) — g (Vf, VxY)
= ;g(VXVf, Y) + ;g(X, VyVf)

= (Vvrg) (X.Y) + ;g(Vfo, Y) + ;g(X, VyV£)

NS}

1 1 1
=, DygX.Y) = ¢ (Vf.X].Y) — g (X.[V/. Y])

= g ).

2
O
2.2.2.1 The Adjoint of the Covariant Derivative
The adjoint to the covariant derivative on (s, f)-tensors with # > 0 is defined as
(V*S) Xa..... X)) = =Y (VES) (Ei. Xa..... X)),
where Ei,...,E, is an orthonormal frame. This means that while the covariant

derivative adds a variable, the adjoint eliminates one. The adjoint is related to the
divergence of a vector field (see section 2.1.3) by

Proposition 2.2.7. If X is a vector field and Ox the corresponding 1-form, then

divX = —V*ex

Proof. See section 2.1.3 for the definition of divergence. Select an orthonormal
frame E;, then

—V*6x = Y (VEbx) (E)
= ZDE"g X,E) — Zg (X, VE,E)
= Z g (Vg X, E))

=3 ) ()
= divX.
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The adjoint really is the adjoint of the covariant derivative with respect to the
integrated inner product.

Proposition 2.2.8. If S is a compactly supported (s, t)-tensor and T a compactly
supported (s,t + 1)-tensor, then

/g(VS, T)vol = /g(S,V*T) vol .

Proof. Define a 1-form by w (X) = g (ixT,S). To calculate its divergence more
easily, select an orthonormal frame E; such that V,E; = 0 for all v € T,M. To
further simplify things a bit assume that s = ¢ = 1, then

—V*o = (Vgo) (E)
= Vi (T (Ei E)) S (E)))
= ¢ (VuT (EiE), S (E)) + ¢ (T (B, E) , VES (E)))
=—g (V*T, S) +g(T,VS).

So the result follows by the divergence theorem or Stokes’ theorem:

/diVXvol = /dixvol =0,

where X is any compactly supported vector field. O

2.2.2.2 Exterior Derivatives

The covariant derivative gives us a very nice formula for exterior derivatives of
forms as the skew-symmetrized covariant derivative:

(do) (Xo.....X) = Y (1) (Vyo) (Xo, N S ,Xk) .

While the covariant derivative clearly depends on the metric this formula shows that
for forms we can still obtain derivatives that do not depend on the metric. It will
also allow us to define exterior derivatives of more complicated tensors. Suppose
we have a (1, k)-tensor 7 that is skew-symmetric in the k variables. Then we can
define the (1, k + 1)-tensor

(@) (Ko, X0 = 32 (=D (VD) (Xor o Koo X))

In case k = 0 the tensor T = Y is a vector field and we obtain the (1, 1)-tensor:

(@"Y) (X) = VyY.
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When k& = 1 we have a (1, 1)-tensor and obtain the (1, 2)-tensor:
(@¥T) (X, Y) = (VxT) (¥) = (VyT) (X)
=Vx(T(Y)-Vy(T(X)-TI[X.,Y].

2.2.2.3 The Second Covariant Derivative

For a (s, 7)-tensor field S we define the second covariant derivative VS as the
(s, t + 2)-tensor field

(Vx5 (Y1.....Y,) = (Vx, (VS) (X2.Y1.....Y))
= (VXl (VXZS)) (Y], R Yr) - (VVX1X2S) (Ylv cee YV) .

With this we obtain another definition for the (0,2) version of the Hessian of a
function:

Vi = VxVyf — Vyof
— Vxdf (Y) — df (VxY)
= (Vxdf) (Y)
= Hessf (X,Y).

The second covariant derivative on functions is symmetric in X and Y. For more
general tensors, however, this will not be the case. The defect in the second covariant
derivative not being symmetric is a central feature in Riemannian geometry and is
at the heart of the difference between Euclidean geometry and all other Riemannian
geometries.

From the new formula for the Hessian we see that the Laplacian can be written as

Af ==V*Vf =Y Vi .f.
i=1

2.2.2.4 The Lie Derivative of the Covariant Derivative

We can define the Lie derivative of the connection in a way similar to the Lie
derivative of the Lie bracket
(LxV)y V = (LxV) (U, V)
= Lx (VyV) = Vi, oV — VyLxV
= [X,VyV] = VixyV - Vy X, V].
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Since [U, V] = VyV — Vy U it follows that
(LxV) (U,V) — (LxV) (V,U) = LxLyV = 0.

Moreover as ViV is tensorial in U the Lie derivative (Lx V), V will also be tensorial
in U. The fact that it is also symmetric shows that it is tensorial in both variables.

2.2.2.5 The Covariant Derivative of the Covariant Derivative
We can also define the covariant derivative of the covariant derivative
(VxV)yT = Vx (VyT) — VyvT — Vy (VxT).

Note however, that this is not tensorial in X!
It is related to the second covariant derivative of T by

ViyT = (VxV)yT + Vy (VxT).

2.3 Natural Derivations

We’ve seen that there are many natural derivations on tensors coming from various
combinations of derivatives. We shall attempt to tie these together in a natural
and completely algebraic fashion by using that all (1, 1)-tensors naturally act as
derivations on tensors.

For clarity we define a derivation on tensors as map 7 +— DT that preserves the
type of the tensor T is linear; commutes with contractions; and satisfies the product
rule

DT ®T,)=DT) T, + T @ DT,.

2.3.1 Endomorphisms as Derivations

The goal is to show that (1, 1)-tensors naturally act as derivations on the space of all
tensors.
We use the natural homomorphism

GL (V) — GL (T (V)),

where T (V) is the space of all tensors over the vector space V. This respects the
natural grading of tensors: The subspace of (s, f)-tensors is spanned by

VI® QU ®Pr Q@ Py
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where vy,...,v; € Vand ¢y,...,¢; : V — R are linear functions. The natural
homomorphism acts as follows: for ¢ € R we have g-a = 0; for v € V we have
g-v=g(v);forp € V* we have g- ¢ = ¢ o g”'; and on general tensors

g ® QU P Q)
=g()® - ®gW)V(Prog ) ® - ®(hog").

The derivative of this action yields a linear map
End (V) — End (T (V)),

which for each L € End (V) induces a derivation on 7 (V). Specifically, if L €
End (V), then Lv = L (v) on vectors; on 1-forms L¢p = —¢ o L; and on general
tensors
L ® - QuQ0¢ & ® ¢y)
=L)® Qv QP R ¢
U@ QL) ®P1 @ Q¢
VRV ®(P1oL)® - Q¢

VI Q- QU P QR (hol).
As the natural derivation comes from an action that preserves symmetries of
tensors we immediately obtain.

Proposition 2.3.1. The linear map

End (V) — End (T (V))
L— LT

is a Lie algebra homomorphism that preserves symmetries of tensors.
We also need to show that it is a derivation.
Proposition 2.3.2. Any (1, 1)-tensor L defines a derivation on tensors.

Proof. Tt is easy to see from the definition that it is linear and satisfies the product
rule. So it remains to show that it commutes with contractions. Consider a (1, 1)-
tensor 7 and in a local frame X; with associated coframe ¢’ write itas T = T;X,- ®o’.
The contraction of T is scalar valued and simply the trace of 7 so we know that
L (tr T) = 0. On the other hand we have
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L(T)=TLX)®0' —T/X; @0’ oL
= TILiX @ o — TILX; ® o
= TiLiX ® o' — T X, ® o
= (T;'Lff - T,{(Lj}) X ® o'
SO
tr(L(T)) = T{Lf — T}, = 0.

A similar strategy can be used for general tensors T;l‘;f where we trace or contract

over a fixed superscript and subscript. O

We also need to know how this derivation interacts with an inner product. The
inner product on 7' (V) is given by declaring

€, ® - RQe, Qe Q@@

an orthonormal basis when e, . .., e, is an orthonormal basis for V and ¢!, ..., ¢"
the dual basis for V*.

Proposition 2.3.3. Assume V has an inner product:

(1) The adjoint of L : V. — V extends to become the adjoint for L : T (V) — T (V).
2) If L € so(V), ie., L is skew-adjoint, then L commutes with type change of
1ensors.

2.3.2 Derivatives

One can easily show that both the Lie derivative Ly and the covariant derivative
Vy act as derivations on tensors (see exercises 2.5.9 and 2.5.10). However, these
operations are nontrivial on functions. Therefore, they are not of the type we just
introduced above.

Proposition 2.3.4. If we think of VU as the (1, 1)-tensor X — VxU, then

Ly = Vy—(VU).

Proof. 1t suffices to check that this identity holds on vector fields and functions. On
functions it reduces to the definition of directional derivatives, on vectors from the
definition of Lie brackets and the torsion free property of the connection. O

This proposition indicates that one can make sense of the expression V7 U where
T is a tensor and U a vector field. It has in other places been named Ax 7, but as that
now generally has been accepted as the A-tensor for a Riemannian submersion we
have not adopted this notation.
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2.4 The Connection in Tensor Notation

In a local coordinate system the metric is written as g = gdx'dx/. So if X = X'0;
andY = Y/ 0; are vector fields, then

g(X.Y) = gX'V.
We can also compute the dual 1-form 6y to X by:
9X =8 (Xv )
= gydx' (X)d¥' ()
= gy X'dy.

The inverse of the matrix [g;] is denoted [g¥]. Thus we have

5; = gikgkj-
The vector field X dual to a 1-form w = w;dx’ is defined implicitly by

gX,V)=w((@).
In other words we have
Ox = gyX'd¥Y = widx' = w.

This shows that

giX' = wj.

In order to isolate X we have to multiply by g% on both sides and also use the
symmetry of g;;
g0 = ggX’
= g¥g;iX'
= §X’
= x*.
Therefore,
X =X
= g’ja)jBi.

The gradient field of a function is a particularly important example of this
construction



66 2 Derivatives
Vf = &"0f 0,
df = 9;fdx’.
We proceed to find a formula for VyX in local coordinates
VyX = Vyig X'0;

= Y'Vy. X9,

=Y (3:X') 0; + Y'X'Vy,0;

=Y (8,-Xf) aj + YinF{;ak,

where we simply expanded the term Vj,0; in local coordinates. The first part of
this formula is what we expect to get when using Cartesian coordinates in R”. The
second part is the correction term coming from having a more general coordinate
system and also a non-Euclidean metric. Our next goal is to find a formula for l"i’; in
terms of the metric. To this end we can simply use our defining implicit formula for
the connection keeping in mind that there are no Lie bracket terms. On the left-hand
side we have

28 (V,0;. 9;) = 2g (. 01)
= 2[gu,
and on the right-hand side
(L3;8) (8:, 01) + dba, (3i, 1) = g + 9 (6, (1)) — 01 (65 (9)))
= 0;gi + 0igj — igji-
Multiplying by g/ on both sides then yields
Iy = 2I48y

= 2T} gug™

= (3;gu + digy — dig;i) g™
Thus we have the formula

[‘i’]‘. = gk (ajgil + digjt — 1g;i)

g (981 + digin — Digsi)

N = N = N =

gkl Fij,l )
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The symbols

1
Thkzz(@&k+3£w—a$ﬁ
=8 (Vaiaj’ ak)

are called the Christoffel symbols of the first kind, while 1"{; are the Christoffel
symbols of the second kind. Classically the following notation has also been used

k k
=Tk
i) =

[, k] = Tk
so as not to think that these things define a tensor. The reason why they are not
tensorial comes from the fact that they may be zero in one coordinate system but not

zero in another. A good example of this comes from the plane where the Christoffel
symbols vanish in Cartesian coordinates, but not in polar coordinates:

1
Lo, = 5 (3¢ gor + d9gor — 0rg00)

— = ()

= —r.

In fact, as is shown in exercise 2.5.20 it is always possible to find coordinates
around a point p € M such that

8iflp = 8.
akg,'jlp =0.
In particular,
gijlp = 3y,
T, = 0.

In such coordinates the covariant derivative is computed exactly as in Euclidean
space

VyXlp = (Vyig, X9;) I,
=Y (p) (3:X) 1,01 -
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The torsion free property of the connection is equivalent to saying that the
Christoffel symbols are symmetric in ij as

szl;ak = Vy0;
= Vy,0;
= T}0.

The metric property of the connection becomes

g = g (Vs 0. 0;) + g (95, Vi, 9))
= Tij + T
This shows that the Christoffel symbols completely determine the derivatives of the
metric.
Just as the metric could be used to give a formula for the gradient in local

coordinates we can use the Christoffel symbols to get a local coordinate formula
for the Hessian of a function. This is done as follows

2Hessf (3;,9;) = (Lvyg) (9. 9;)
= Dvygij — 8 (Lvs:. 9;) — g (9, Lvy0))
= ¢ () (digy)
+g (Lo, (8" () 01) . 9y)
+& (3i, Loy (¢ () 1))
= (/) " (digy)
+0; (" (0f)
+3; (" (0f)
= (/) " (digy)
+ (3,04 &8y + (3;9uf) &g
+ (3ig") Buf) gy + (9;8") (Onf) gir
— 20,0
+ (f) ((9:8") g + (8;8") git + & (1847)) -

) &y
) g

il



2.4 The Connection in Tensor Notation 69

To compute 9;¢* we note that
0 =38
= 0; (¢"gu)
= (0;8") gu + &" (digu) -
Thus we have
2Hessf (9;,0;) = 20;0,f
+ (0f) ((2:8") g1 + (9;8") gir + " (1gi7))
— 200)f
+ () (—g"digy — 8981 + & (318y))
= 20,0,f — " (0igyy + 98 — 01857) Ouf
= 2 (3:0f — T0uf) -

Finally we mention yet another piece of notation that is often seen. Namely, if S
is a (1, k)-tensor written in a frame as:

S=8 . E®d' ®- - ®adk,

Jik

then the covariant derivative is a (1, k + 1)-tensor that can be written as

_ i . J1 Jk Jk+1
VS—SJ1~-:ika+1 E®o'®: & o ® c/kt!.
The coefficient St . . canbe computed via the formula
J1 Tk Jk+1

VEl'k+1 §= DEjk+1 (Sl'

J1k

) E®d ® & o

+5!

e VEjk+1 (E, RIVI®-® O—]k) ,

where one must find the expression for

VEjk+l (Ei ®o' @ ® ajk) = (VE'

k41

Ei)®0jl ® - @ ok

+E ® (VEfkﬂojl) R Q ok

+E®0" @ ® (Vg o)
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by writing each of the terms (VEjk-H E,-) , (VEjk-H ol 1) e, (VEijrl O'jk) in terms of
the frame and coframe and substitute back into the formula.

This notation, however, is at odds with the idea that the covariant derivative
variable should come first as the notation forces its index to be last. A better index
notation. often used in physics, is to write

VS = VE_/.OS
and let

v;,S:

Jik

= (V9);

0k

This notation is also explored in exercise 2.5.34. This will also be our convention
when using indices for the curvature tensor.

2.5 Exercises

EXERCISE 2.5.1. Show that the connection on Euclidean space is the only affine
connection such that VX = 0 for all constant vector fields X.

EXERCISE 2.5.2. Show that the skew-symmetry property [X, Y] = —[Y, X] does
not necessarily hold for C! vector fields. Show that the Jacobi identity holds for C?
vector fields.

EXERCISE 2.5.3. Let V be an affine connection on a manifold. Show that the
torsion tensor

T(X,Y) = VxY — VyX — [X, Y]

defines a (2, 1)-tensor.

EXERCISE 2.5.4. Show that if ¢ : I — M has nonzero speed at fy € I, then there is
a vector X such that X|.) = ¢ () for ¢ near f.

EXERCISE 2.5.5. Let (M, g) be a Riemannian manifold, f, 4 functions on M, and X
a vector field on M. Show that
div (fX) = Dxf + fdivX,
A (fh) = hAf + fAh + 2g (Vf,Vh),
Hess (fh) = hHessf + f Hess h + dfdh + dhdf .
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EXERCISE 2.5.6. Let (M, g) be a Riemannian manifold, f a function on M, and ¢ a
function on R. Show that

A () = ¢ () Af+¢ () dfI,
Hess (¢ (f)) = ¢ (f) Hessf + ¢ (f) df*.

EXERCISE 2.5.7. Let (M, g) be a Riemannian manifold, X a vector field on M, and
Ox the dual 1-form. Show that dfx (Y,Z) = g (VyX,Z) — g (Y, VzX).

EXERCISE 2.5.8. The metric in coordinates satisfies:

(1) 0,87 = g*dsgug’.
(2) 0,87 = =" — &'Ty,.

EXERCISE 2.5.9. Let X be a vector field.

(1) Show that for any (1, 1)-tensor S
tr (VxS) = VtrS.
(2) Let T(Y,Z) = g (S(Y).Z). Show that
(VxT) (Y. Z) = g ((VxS) () . Z) .

(3) Show more generally that contraction and covariant differentiation commute.
(4) Finally show that type change and covariant differentiation commute.
EXERCISE 2.5.10. Let X be a vector field.

(1) Show that for any (1, 1)-tensor §
tr (LxS) = LxtrS.
(2) Let T (Y.Z) = g(S(Y).Z). Show that
(LxT) (Y. Z) = (Lxg) (S(Y) . Z) + g (LxS) (Y. Z)) .

(3) Show that contraction and Lie differentiation commute.

EXERCISE 2.5.11. Show that a vector field X on a Riemannian manifold is locally
a gradient field if and only if Z — VX is self-adjoint.

EXERCISE 2.5.12. If F : M — M is a diffeomorphism, then the push-forward of a
vector field is defined as

(F«X) |, = DF (X|F71(,,)) .
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Let F be an isometry on (M, g) .

(1) Show that Fx (VxY) = Vg, xF,Y for all vector fields.

(2) Use this to show that isometries on (R”, gg») are of the form F (x) = Ox + b,
where O € O (n) and b € R”". Hint: Show that F' maps constant vector fields to
constant vector fields.

EXERCISE 2.5.13. A vector field X is said to be affine if LyV = 0.

(1) Show that Killing fields are affine. Hint: The flow of X preserves the metric.
(2) Give an example of an affine field on R” which is not a Killing field.

EXERCISE 2.5.14. Let G be a Lie group. Show that there is a unique affine
connection such that VX = 0 for all left-invariant vector fields. Show that this
connection is torsion free if and only if the Lie algebra is Abelian.

EXERCISE 2.5.15. Show that the Hessian of a composition ¢ (f) is given by

Hess ¢ (f) = ¢"df> + ¢’ Hessf.

EXERCISE 2.5.16. Consider a vector field X and a (1, 1)-tensor L.

(1) Show that Ly + L defines a derivation on tensors.

(2) Show that all derivations are of this form and that X is unique.

(3) Show that derivations are uniquely determined by how they act on functions
and vector fields.

(4) Show that Lyy = fLx — X ® df, where X ® df is the rank 1 (1, 1)-tensor ¥
Xdf (Y).

EXERCISE 2.5.17. Show that if X is a vector field of constant length on a Rieman-
nian manifold, then V, X is always perpendicular to X.

EXERCISE 2.5.18. Show that if we have a tensor field 7" on a Riemannian manifold
(M, g) that vanishes at p € M, then for any vector field X we have LyT = VxT at p.
Conclude that the (1, 1) version of the Hessian of a function is independent of the
metric at a critical point. Can you find an interpretation of LxT at p?

EXERCISE 2.5.19. For any p € (M, g) and orthonormal basis ey, ..., e, for T,M,
show that there is an orthonormal frame £y, ...,E,ina neighb(zrhood of p such that
E; = ¢; and (VE;) |, = 0. Hint: Fix an orthonormal frame E; near p € M with

E; (p) = e;. If we define E; = otfl_fj where [o;f (x)] € SO (n) and o;f () = 8f then

this will yield the desired frame provided that the directional derivatives Dekozl’: are
appropriately prescribed at p.

EXERCISE 2.5.20. Show that there are coordinates x!, . .., x" such that 9; = ¢; and
Vd; = 0 at p. These conditions imply that the metric coefficients satisfy g; = §;
and dxg;; = 0 at p. Such coordinates are called normal coordinates at p. Hint: Given
a general set of coordinates y' around p with y' (p) = 0, let X' = o (y)/, adjust
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. . 3 .
«; (0) to make the fields orthonormal at p, and adjust aji (0) to make the covariant
derivatives vanish at p.

EXERCISE 2.5.21. Consider coordinates x' and X* around p € M. Show that the
Christoffel symbols of a metric g in these two charts are related by
- 9% 0xk xS ox' Xk,
= e + A >
Vo oxiox dxs  Oxi 0w oxl
0%x" T R b .
ooy Yok oxiow
and
o 02 ox' N Ox* dx" Ox!
T oo oxk S T ox o ok

EXERCISE 2.5.22. Let M be an n-dimensional submanifold of R"*™ with the
induced metric. Further assume that we have a local coordinate system given by a

parametrizationu® (x', ..., x") ,s = 1,...,n+m. Show that in these coordinates:
(D
. S du
87 i g
(2)

o P

T = .
ik po oxk 9xi0x/

EXERCISE 2.5.23. Let (M, g) be an oriented manifold.

(1) Show thatif vy,..., v, is positively oriented, then

vol (Vy,...,v,) = \/det (g (vi, vj)).

(2) Show that in positively oriented coordinates,

vol = \/det (gy)dx" A+ A dx".
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(3) Conclude that the Laplacian has the formula
1
Au = Ok (\/det (g,;j)gklalu) .
\/ det (g)

Given that the coordinates are normal at p we get as in Euclidean space that
n
Af (p) =) 3.
i=1

EXERCISE 2.5.24. Show thatifa (0, 2)-tensor 7 is given by Ty, then VT is given by

0Ty i ;
(VD) = P Uy Ty — T T

Similarly, when a (1, 1)-tensor T is given by T¥, then VT is given by

v 0T} ik ki
(VT); = P U+ TGT.

EXERCISE 2.5.25. Let F : (M, gy) % (1\_/1, gM) be an isometric immersion. For
two vector fields X, Y tangent to M we can compute both V¥'Y and V{'Y. Show

that the component of V@ Y that is tangent to M is V4'Y. Show that the normal
component

Viy —vMy = Tyy

is symmetric in X, ¥ and use that to show that it is tensorial.

EXERCISE 2.5.26. LetF: (M, gy) & (A_/I, gM) be an isometric immersion and
T*M={veT,M|peMandv L T,M}

the normal bundle. A vector field V : M — TM such that V, € TIf-M is called a
normal field along M. For a vector field X and normal field V show that

(1) The covariant derivative Vf? V can be defined.
(2) Decompose V¥V into normal V)J(-V and tangential TxV components:

VIV = ViV 4 TxV.
ViV is called the normal derivative of V along M. Show that

gt TxY, V) = —gu (Y, TxV) .
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(3) Show that V)J{V is linear and a derivation in the V variable and tensorial in the
X variable.

EXERCISE 2.5.27. Let (M, g) be a oriented Riemannian manifold.

(1) If f has compact support, then

/ Af -vol = 0.
M

(2) Show that
div (f-X) = g (V/.X) +f - divX.
(3) Show that

A(fi-f2) = (Af) -2 + 28 Vi, V) +fi- (Af) .

(4) Establish Green’s formula for functions with compact support:

/.fl'AfZ'dWl: —/ ¢ (V. V) vol
M M

(5) Conclude that if f is subharmonic or superharmonic (i.e., Af > 0 or Af < 0),
then f is constant. (Hint: first show Af = 0; then use integration by parts on
[+ Af.) This result is known as the weak maximum principle. More generally,
one can show that any subharmonic (respectively superharmonic) function that
has a global maximum (respectively minimum) must be constant. For this one
does not need f to have compact support. This result is usually referred to as the
strong maximum principle.

EXERCISE 2.5.28. A vector field and its corresponding flow is said to be incom-
pressible if divX = 0.

(1) Show that X is incompressible if and only if the local flows it generates are
volume preserving (i.e., leave the Riemannian volume form invariant).

(2) Let X be a unit vector field on R%. Show that VX = 0 if X is incompressible.

(3) Find a unit vector field X on R that is incompressible but where VX # 0.

EXERCISE 2.5.29. Let X be a unit vector field on (M, g) such that VxX = 0.

(1) Show that X is locally the gradient of a function if and only if the orthogonal
distribution is integrable.

(2) Show that the orthogonal distribution is integrable in a neighborhood of p € M
if it has an integral submanifold through p. Hint: It might help to show that
Lx6x = 0.

(3) Find X with the given conditions so that it is not a gradient field. Hint:
Consider S°.
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EXERCISE 2.5.30. Suppose we have two distributions £ and F on (M, g), that
are orthogonal complements of each other in 7M. In addition, assume that the
distributions are parallel i.e., if two vector fields X and Y are tangent to, say, E,
then VxY is also tangent to E.

(1) Show that the distributions are integrable.

(2) Show that around any point p € M there is a product neighborhood U = Vg xVp
such that (U,g) = (Vg x Vg, glv, + glv,), where Vg and Vg are the integral
submanifolds through p.

EXERCISE 2.5.31. Let X be a parallel vector field on (M, g). Show that X has
constant length. Show that X generates parallel distributions, one that contains X and
the other that is the orthogonal complement to X. Conclude that locally the metric
is a product with an interval (U, g) = (V x1,glv+ dtz), where V is a submanifold
perpendicular to X.

EXERCISE 2.5.32. If we have two tensors S, T’ of the same type show that
Dxg(S.T) =g (VxS.T) + g (5. VxT).

EXERCISE 2.5.33. Recall that complex manifolds have complex tangent spaces.
Thus we can multiply vectors by i. As a generalization of this we can define an
almost complex structure. This is a (1, 1)-tensor J such that J> = —I. A Hermitian
structure on a Riemannian manifold (M, g) is an almost complex structure J such
that g (J(X),J(Y)) = g(X,Y). The Kdhler form of a Hermitian structure is
wX,Y)=¢g(U(X),Y).

(1) Show that the Nijenhuis tensor:
NX.Y)=VX).JDN]-J([JX).Y)-J(X.J (V)] - [X.Y]

is a tensor.

(2) Show that if J comes from a complex structure, then N = 0. The converse is
the famous theorem of Newlander and Nirenberg.

(3) Show that w is a 2-form.

(4) Show thatdw = 0if VJ = 0.

(5) Conversely show that if dw = 0 and J is a complex structure, then VJ = 0.
In this case we call the metric a Kidhler metric.

EXERCISE 2.5.34. Define V,T as the covariant derivative in the direction of the
i" coordinate vector field and VIT = g¥ V;T as the corresponding type changed
tensor.

(1) For a function f show that df = Vifdx' and Vf = V'f0;.
(2) For a vector field X show that (V;X)" = div X.

(3) For a (0, 2)-tensor T show that (ViT)ij = —(V*7);.
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