Chapter 2
Semilocal Convegence of Newton-Like
Methods and Fractional Calculus

We present a semilocal convergence study of Newton-like methods on a generalized
Banach space setting to approximate a locally unique zero of an operator. Earlier
studies such as [6-8, 15] require that the operator involved is Fré chet-differentiable.
In the present study we assume that the operator is only continuous. This way we
extend the applicability of Newton-like methods to include fractional calculus and
problems from other areas. Some applications include fractional calculus involving
the Riemann-Liouville fractional integral and the Caputo fractional derivative. Frac-
tional calculus is very important for its applications in many applied sciences. It
follows [5].

2.1 Introduction

We present a semilocal convergence analysis for Newton-like methods on a gen-
eralized Banach space setting to approximate a zero of an operator. The semilocal
convergence is, based on the information around an initial point, to give conditions
ensuring the convergence of the method. A generalized norm is defined to be an
operator from a linear space into a partially order Banach space (to be precised
in Sect.2.2). Earlier studies such as [6-8, 15] for Newton’s method have shown
that a more precise convergence analysis is obtained when compared to the real
norm theory. However, the main assumption is that the operator involved is Fréchet-
differentiable. This hypothesis limits the applicability of Newton’s method. In the
present study we only assume the continuity of the operator. This may be expand the
applicability of these methods.

The rest of the chapter is organized as follows: Sect. 2.2 contains the basic concepts
on generalized Banach spaces and auxiliary results on inequalities and fixed points.
In Sect. 2.3 we present the semilocal convergence analysis of Newton-like methods.
Finally, in the concluding Sects. 2.4 and 2.5, we present special cases and applications
in fractional calculus.
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2.2 Generalized Banach Spaces

We present some standard concepts that are needed in what follows to make the
paper as self contained as possible. More details on generalized Banach spaces can
be found in [6-8, 15], and the references there in.

Definition 2.1 A generalized Banach space is a triplet (x, E, /-/) such that
(1) X is a linear space over R (C).
(i) E = (E, K, ||-])) is a partially ordered Banach space, i.e.
(iiy) (E, ||I]]) is a real Banach space,
(iip) E is partially ordered by a closed convex cone K,
(ii3) The norm ||-|| is monotone on K.
(iii) The operator /-/ : X — K satisfies
Jx/ =0 x=0,/0x/ = 0] /x/,
/x+y/ </x/+/y/foreachx,y e X, 6 € R(C).
(iv) X is a Banach space with respect to the induced norm ||-||; := ||| - /-/.

Remark 2.2 The operator /-/ is called a generalized norm. In view of (iii) and (ii3)
|I-|l; , is areal norm. In the rest of this paper all topological concepts will be understood
with respect to this norm.

Let L (X J, Y) stand for the space of j-linear symmetric and bounded opera-

tors from X/ to Y, where X and Y are Banach spaces. For X, Y partially ordered
L, (X ], Y) stands for the subset of monotone operators P such that

Oga,»§bi:>P(a1,...,aj)§P(b1,...,b/~). 2.2.1)

Definition 2.3 The set of bounds for an operator Q € L (X, X) on a generalized
Banach space (X, E, /-/) the set of bounds is defined to be:

B(Q):={PeL,(E,E), /Qx/ < P/x/foreachx € X}. (2.2.2)
Let D C X and T : D — D be an operator. If xo € D the sequence {x,} given by
st 1= T (1) = T (x0) (2.2.3)
is well defined. We write in case of convergence
T (x0) == lim (T" (x0)) = nlirgo X (2.2.4)

We need some auxiliary results on inequations.

Lemma 2.4 Let (E, K, |-|) be a partially ordered Banach space, & € K and
M,NeL,(E,E).
(i) Suppose there exists r € K such that
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R(r)==M+N)r+¢{=r (2.2.5)

and
M+ N¥r—0 ask — oo. (2.2.6)

Then, b := R (0) is well defined satisfies the equation t = R (t) and is the smaller
than any solution of the inequality R (s) < s.

(ii) Suppose there exists ¢ € K and 0 € (0, 1) such that R (q) < 0q, then there
exists r < q satisfying (i).

Proof (i) Define sequence {b,} by b, = R" (0). Then, we have by (2.2.5) that
by = R@0) =& <r = by <r. Suppose that by < r foreachk = 1,2,...,n.
Then, we have by (2.2.5) and the inductive hypothesis that b,,; = R"' (0) =
R(R"(0) =Rby) =M+ N)b,+§ <M+ N)r+& <r = b, <r.Hence,
sequence {b,} is bounded above by r. Set P, = b, — b,. We shall show that

P, <M+ N)'r foreachn=1,2,... 2.2.7)
We have by the definition of P, and (2.2.6) that

Py =R*(0) = R(0) = R(R(0)) — R(0)

1 1
=R(£)—R<0>=/O R’(r@&d:s/ R () €di

0
1
5/ R (ryrdt < (M + N)r,
0

which shows (2.2.7) for n = 1. Suppose that (2.2.7) is true for k = 1,2, ..., n.
Then, we have in turn by (2.2.6) and the inductive hypothesis that

P = RM2(0) — R* (0) = RM (R (0)) — R (0) =

R (€ — R (0) = R (R* (©) — R (R (0)) =
1
/ R (R*(0) + 1t (R* (&) — R*(0))) (R* (&) — R*(0)) dt <
0
R (R*(9) (R* (&) — R*(0)) = R (R* () (R*" (0) — R* (0)) <

R (r) (R*1(0) — R (0)) < (M + N) (M + N)*r = (M + N)**'r,

which completes the induction for (2.2.7). It follows that {b,} is a complete
sequence in a Banach space and as such it converges to some b. Notice that
R () = R (im,_, o R" (0)) = lim,_, o R (0) = b = b solves the equation
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R (t) = t. We have that b, < r = b < r, where r a solution of R (r) < r. Hence,
b is smaller than any solution of R (s) < s.

(ii) Define sequences {v,}, {w,} by vo = 0, v,01 = R (vy), wo = ¢, Wy =
R (w,,). Then, we have that

0<v, S Vyq1 S Wyt < w, <q, (2.2.8)

wn_vnfen(q_vn)

and sequence {v,,} is bounded above by ¢. Hence, it converges to some r withr < q.
We also get by (2.2.8) that w,, — v, - 0Oasn — oo = w, — r asn — 00. O

We also need the auxiliary result for computing solutions of fixed point problems.

Lemma 2.5 Let (X, (E, K, |I-Il),/-/) be a generalized Banach space, and P €
B (Q) be a bound for Q € L (X, X). Suppose there exists y € X and q € K such
that

Pqg+/y/ <qand P*q - 0 ask — oo. (2.2.9)

Then, z = T*(0), T (x) := Qx + y is well defined and satisfies: z = Qz + y
and /z/ < P/z/ 4+ /y/ < q. Moreover, 7 is the unique solution in the subspace
{x e X|3 0 eR:{x} <0q}.

The proof can be found in [15, Lemma 3.2].

2.3 Semilocal Convergence

Let (X, (E,K,|-I),/-/) and Y be generalized Banach spaces, D C X an open
subset, G : D — Y a continuous operator and A (-) : D — L (X,Y). A zero of
operator G is to be determined by a Newton-like method starting at a point xy € D.
The results are presented for an operator F = JG, where J € L (Y, X). The iterates
are determined through a fixed point problem:

Xopl =X+ Y0, Ay +F(x,) =0 (2.3.1)
S =T O =U-A0X))Yu — F (x5).

Let U (x, r) stand for the ball defined by
U (xp,r) := {x e X: /x—xo/ < r}
for some r € K.

Next, we present the semilocal convergence analysis of Newton-like method
(2.3.1) using the preceding notation.
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Theorem 2.6 Let F : D C X, A(-) : D - L(X,Y) and xo € D be as defined
previously. Suppose:

(H1) There exists an operator M € B (I — A (x)) for each x € D.

(H) There exists an operator N € Ly (E, E) satisfying for each x,y € D

JEM)=F@)-A@Gy-x)/<N/y-x/.
(H3) There exists a solutionr € K of
Ro(t):= (M + N)t+ [F (x0) | <t.
(Hy) U (x0,7) S D.
(Hs) (M + N)*r — 0 as k — oo.
Then, the following hold:
(Cy) The sequence {x,} defined by
Xnp1 =X, +T°0), T, (0) = —Ax)y — F (x) (2.3.2)
is well defined, remains in U (xq, r) for each n = 0, 1,2, ... and converges to the
unique zero of operator F in U (xo, 1) .
(C) An apriori bound is given by the null-sequence {r,} defined by ro := r and
foreachn =1,2,...
rm=PX0), P,(t)=Mt+ Nr,_;.
(C3) An aposteriori bound is given by the sequence {s,} defined by
sp =R (0), R, (t)=(M+N)t+ Nay1,

by=[xy—xo)/ <r—r, <r,

where
Ay = /x,, — x,,_l/ foreachn =1,2,...

Proof Let us define for each n € N the statement:
(I,) x, € X and r, € K are well defined and satisfy

n+ap—1 < Fn—1.

We use induction to show (I,,). The statement (I;) is true: By Lemma 2.4 and (Hj3),
(Hs) there exists ¢ < r such that:

Mg+ /F(x)/=q and M'q <M'r—0 ask— oo.
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Hence, by Lemma 2.5 x; is well defined and we have ay; < ¢. Then, we get the
estimate

Pi(r—q)=M(@r —q)+Nr

<Mr—-Mqg+ Nr=Ry(r)—gq

<R () —q=r—q.

It follows with Lemma 2.4 that r; is well defined and
rn+a=r—q+q=r=ro.

Suppose that (I;) is true for each j = 1,2, ..., n. We need to show the existence of
X,+1 and to obtain a bound ¢ for a,. To achieve this notice that:

Mrn +N(rn—l _rn) = Mrn +Nrn—l _Nrn = Pn (rn) _Nrn < ry.
Then, it follows from Lemma 2.4 that there exists ¢ < r, such that
g=Mqg+N (rp_y —ry) and (M +N)*q — 0, ask — oo. (2.3.3)

By (I;) it follows that

n—1 n—1
bnz/xn—xo/§Zaj SZ(rj—i’j-H) =r—r, =r.
j=0 j=0

Hence, x, € U (x9,r) C D and by (H;) M is abound for I — A (x,) .
We can write by (H,) that

JF ) [ =]F @) = F (ao1) = A1) (6 — Xp1)/
<Na,_1 <N ((r,_1—r,). 2.34)
It follows from (2.3.3) and (2.3.4) that
Mg+ [F(xn) [/ <q.

By Lemma 2.5, x,, is well defined and a, < g < r,. In view of the definition of
7,41 we have that
Py (ra —q) =P, (ry) —q=r, —q,
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so that by Lemma 2.4, r,, is well defined and
In+1 +a, <r, _q+q =Tn,

which proves (I,4+1). The induction for (I,,) is complete. Let m > n, then we obtain
in turn that

m

/xm+1 _-xn/ = zaj =< Z(rj _errl) =Tn—Fmy1 = TIn. (235)
j=n

j=n
Moreover, we get inductively the estimate
Futt = Pugt (ust) < Pugt () <M+ N)ry < - < (M + N

It follows from (Hs) that {r, } is a null-sequence. Hence, {x,} is a complete sequence
in a Banach space X by (2.3.5) and as such it converges to some x* € X. By letting
m — oo in (2.3.5) we deduce that x* € U (x,, r,). Furthermore, (2.3.4) shows that
x* is a zero of F. Hence, (C;) and (C,) are proved.
In view of the estimate
Ry(ry) < Py(ry) <y

the apriori, bound of (Cj) is well defined by Lemma 2.4. That is s, is smaller in
general than r,. The conditions of Theorem 2.6 are satisfied for x,, replacing xo.
A solution of the inequality of (C,) is given by s, (see (2.3.4)). It follows from
(2.3.5) that the conditions of Theorem 2.6 are easily verified. Then, it follows from
(Cy) that x* € U (x,, s,) which proves (Cs). U

In general the aposterior, estimate is of interest. Then, condition (Hs) can be
avoided as follows:

Proposition 2.7 Suppose: condition (H,) of Theorem 2.6 is true.
(H%) There exists s € K, 8 € (0, 1) such that

Ro(s) = (M +N)s + [F (x0) / < 6s.

(H,) U (xo,5) C D.
Then, there exists r < s satisfying the conditions of Theorem 2.6. Moreover, the
zero x* of F is unique in U (x, §).

Remark 2.8 (i) Notice that by Lemma 2.4 R7° (0) is the smallest solution of
R, (s) < s. Hence any solution of this inequality yields on upper estimate for
R2° (0). Similar inequalities appear in (H,) and (H)).

(i1) The weak assumptions of Theorem 2.6 do not imply the existence of A ()N
In practice the computation of 7,>° (0) as a solution of a linear equation is no problem
and the computation of the expensive or impossible to compute in general A (x,,)"!
is not needed.
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(iii) We can used the following result for the computation of the aposteriori esti-
mates. The proof can be found in [15, Lemma 4.2] by simply exchanging the defin-
itions of R.

Lemma 2.9 Suppose that the conditions of Theorem 2.6 are satisfied. If s € K is a
solution of R, (s) < s, thenq := s —a, € K and solves R, ;| (q) < q. This solution
might be improved by RﬁH (q) <qgforeachk =1,2,...

2.4 Special Cases and Applications

Application 2.10 The results obtained in earlier studies such as [6-8, 15] require
that operator F (i.e. G) is Fré chet-differentiable. This assumption limits the applica-
bility of the earlier results. In the present study we only require that F is a continu-
ous operator. Hence, we have extended the applicability of Newton-like methods to
classes of operators that are only continuous. If A (x) = F’ (x) Newton-like method
(2.3.1) reduces to Newton’s method considered in [15].

Example 2.11 The j-dimensional space R/ is a classical example of a generalized
Banach space. The generalized norm is defined by componentwise absolute values.
Then, as ordered Banach space we set E = R/ with componentwise ordering with
e.g. the maximum norm. A bound for a linear operator (a matrix) is given by the cor-
responding matrix with absolute values. Similarly, we can define the “N” operators.
Let E = R. That is we consider the case of a real normed space with norm denoted
by ||-]|. Let us see how the conditions of Theorem 2.6 look like.

Theorem 2.12 (H,) ||l — A (x)|| < M for some M > Q.

(H) |F (y) = F(x) = A(x) (y =)l = N |ly — x|| for some N = 0.

(H3)) M + N < 1,

F
S Uil 2.4.1)
1—(M+N)

(Hy) U (x0,7) € D.
(Hs) (M + N)*r — 0as k — oo, where r is given by (2.4.1).
Then, the conclusions of Theorem 2.6 hold.

2.5 Applications to Fractional Calculus

Our presented earlier semilocal convergence Newton-like general methods, see Theo-
rem 2.12, apply in the next two fractional settings given that the following inequalities
are fulfilled:

[T—A @l =7 €1, (2.5.1)
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and
[F)—FX) —AX) -] =<nly—=x|, (2.5.2)

where vy, 71 € (0, 1), furthermore
Y=+ €(,1), (2.5.3)
forall x, y € [a, b*].
Here we consider a < b* < b.
The specific functions A (x), F (x) will be described next.

(D Let o > 0 and f € Ly ([a, b]). The right Riemann-Liouville integral ([4],
pp- 333-354) is given by

1 b
(ﬁ#)@y:FzB/‘a—mw4fmda x ela,b]. (2.5.4)

Then

|(2 )(’”|—r( )(/ (t —x)*~ llf(t)ldt)

<L(/b<f )“lf”)ll o = &= (2.5.5)
= v ([ 0= Fllo = Flso 5.

I' (@) «
(b—x)"
F( +1) ”f”oo & -
Clearly
(J5 f) (b) =0. (2.5.6)
) < L= ey 2.5.7)
- F( +1)
That is
|75 7] <m0y (25.8)
b 00,la,b] — F( T 1) D

i.e. J;' is a bounded linear operator.
By [3] we get that (Jbo‘ f ) is a continuous function over [a, b] and in particular
over [a, b*]. Thus there exist x1, x, € [a, b*] such that

(45 f) (1) = min (' £) (x), (2.5.9)
(J5' f) (x2) = max (J2 f) (x), x € [a,b*].

‘We assume that
(J5' ) (x1) > 0. (2.5.10)
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Hence
195 f || fapy = (5 f) (x2) > 0. (2.5.11)
Here it is
J(x)=mx, m#Q. (2.5.12)
Therefore the equation
Jf(x)=0, x¢e [a, b*], (2.5.13)

has the same solutions as the equation

F) =3 IO o e [a.5"]. (2.5.14)

(J5f) (x2)

Notice that

o S o W@ 1 .
Jb(z( )(xz))(x)_z <5 <L xelad’]. (2515

Jef (Jof) () ~ 2
Call X
A(x) = % Vx € la, b*]. (2.5.16)
We notice that
% <Ax) < % Vxelab*]. (2.5.17)
Hence the first condition (2.5.1) is fulfilled
(/5" f) (xen)

N-—AX)|=1-AKx)<1-— Y, Vxela,b*]. (25.18)

205 1) )

Clearly v € (0, 1).
Next we assume that F' (x) is a contraction, i.e.

|F (x) = F()| < Alx—yl; allx,y € [a,b"], (2.5.19)

and 0 < X\ < %
Equivalently, we have

|Jf () = Jf DI 2N (I f) () Ix —yl, allx,y € [a,b*].  (2.5.20)
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We observe that
IFO)—FX) A G-I =[FO)-FXI+[A®]ly—x| =

Ay —xl+1A@Iy —xl= A+ [A@D |y — x| = 1), Vax,ye[ab*].

(2.5.21)
We have that
(72 f) )] < r( n 1) ||f|| <oo, Vxelab']. (2.5.22)
Hence
|A (x)] = |(J}?f) (X)} < (b= a)" 1 fllo <00, Vxe [a,b*].

2(J2f) (x2) ~ 2T (a+ D) ((J2f) (x2)
(2.5.23)
Therefore we get

b—a) I fll .
A+ —x|, Vu, b, (2524
<w1>s( Tt D (UF f)(x)))w x|, Vx,yela,b]. (2524

Call
b—a) || flloo

0 =+ ,
= o (a+ ) ((J5f) ()

(2.5.25)

choosing (b — a) small enough we can make ~v; € (0, 1), fulfilling (2.5.2).
Next we call and we need that

B A IED (b —a) || fll
O<r=ntn =l e M rern () @) =
(2.5.26)
equivalently,
b= ifle  _ Uif)e) (2.5.27)
U (e + D ((J5f) () 2(J5 f) (x2)
equivalently,
b _ a
2A (I3 ) (x2) + b—a) I/l < (I f) (x1), (2.5.28)

I'(a+1)

which is possible for small A\, (b — a). That is v € (0, 1), fulfilling (2.5.3). So our
numerical method converges and solves (2.5.13).

(II) Let again @ < b* < b, @ > 0, m = [a] ([-] ceiling function), o ¢ N,
G € C" " (la,b]), 0 # G € Ly ([a, b]). Here we consider the right Caputo
fractional derivative (see [4], p. 337),
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(=D

DGO ==

b
/ (t —x)" 1 G™ (1) dt. (2.5.29)

By [3] D;’_G is a continuous function over [a, b] and in particular continuous over
[a, b*]. Notice that by [4], p. 358 we have that Dj’ G (b) = 0.

Therefore there exist x, x» € [a, b*] such that D} G (x;) = min Dj’_G (x) , and
Dy G (xp) = max Dy_G (x), for x € [a, b*].

We assume that

Dy G (x) > 0. (2.5.30)
(ie. Dy G (x) >0,V x €la,b*]).
Furthermore
|D;_G| o upry = D5-G (x2). (2.5.31)
Here it is
Jx)=mx, m#0. (2.5.32)
The equation
JG (x) =0, x € [a, b*] , (2.5.33)

has the same set of solutions as the equation

JG (x)
F = —— =0, € |a, b*|. 2.5.34
(x) 2D7 G (x2) X [a ] ( )
Notice that
G Dy G 1
D,’,’_( ) ) = b= ) <-<1, Vxe [a,b*]. (2.5.35)
2Dy G (x7) 2Dy G (x2) 2
We call DY G ()
Ay =2 yyefab]. (2.5.36)
2D¢ G (x2)
We notice that
DG iy < | (2.5.37)
<" —. 5.
207 Gy — T2
Hence the first condition (2.5.1) is fulfilled
Dy G (x1)
1—AW)|=1-A@x) <1——2— """ —n, V ,b*]. (2.5.38
| (€9] (x) = 2D G (n) 70 X € [a ] ( )

Clearly v € (0, 1) .
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Next we assume that F (x) is a contraction over [a, b*], i.e.
|F(x) = F () <Alx—yl; Vax,yelab"], (2.5.39)

and 0 < X\ < %
Equivalently we have

VG (x) —JG (| <2X(Dy_G (x)) |lx — y|, Vx,y€[a,b*]. (2.540)
We observe that
IFO)—FX)—AX) -0 =FQ) - F®I+[AW@][]y —x| =
My =x[+1AMWIy —xl=A+A@DIy — x| = (&), Vx,yelab].

(2.541)
Then, we get that

1 b
|D}?_G (X)| < m/ (t —.x)m70471 |G(m) (t)|dt

= oy ([ o) 16

1 (b—x)"

= [l
Fm-a) (m-a
1 b—a"™
- m—a (m) (m)
=tocazn @ V"N e = Fo ey 1676 @542
That is
|Dj_G ()| < < bma" |G| <oo, Vxela, bl (2.5.43)
“Tm—a+l) o0 ’ ol -

Hence, V x € [a, b*] we get that

DG _ @-a" 6™,

A @) = e < -
b G (x2) — 2I'(m —a+ 1) Dy_G (x3)

(2.5.44)

Consequently we observe

_ m—a G(m)
(52)§(A+ (b= ” ||°°)|y—x|, Vx,yea b]. (2545)

2T (m — a+ 1) DY_G (x3)
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Call
b—-a  |G™|,

2'(m —a+1) Dy G (x2)’

O<y =2+ (2.5.46)

choosing (b — a) small enough we can make 7, € (0, 1). So (2.5.2) is fulfilled.
Next we call and need

Dy G (x1) \ b-—ay" |G™]|_

2D G (xy) 2L (m —a+ 1) DY_G (xp)
(2.5.47)

O<y=v+m=1

’

equivalently we find,

b—a |G™| . Dy G

A , 2.5.48
T m—at DDy G() - 2D G () (2.5.48)
S0,
2ADY_G (xy) + _b=a™" |G™|| . < Df_G (x1), (2.5.49)
B Fr'm—-—a+1) o0 B

which is possible for small A, (b — a).
That is v € (0, 1), fulfilling (2.5.3). Hence Eq. (2.5.33) can be solved with our
presented numerical methods.
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