Chapter 2
Centralized Submodular Optimization

This chapter gives an overview of algorithms for solving problems of the form

maximize f(S)
SCV 2.1
s.t. Se¥

where f :2Y — R is a submodular function and % is a collection of feasible sets,
by a centralized entity that can compute f(S) for any set S € V. The advantages
of submodularity for problems of the form (2.1) are twofold. First, submodularity is
inherent in a variety of application domains. Second, submodular structures lead to
polynomial time algorithms with provable optimality bounds for solving a variety of
discrete optimization problems.

A set of motivating applications that exhibit the structure (2.1) is presented first.
Cardinality-constrained submodular maximization is considered, including classical
greedy algorithms, optimality bounds, and worst-case complexity results. A worst-
case version of cardinality-constrained submodular maximization is considered next.
The techniques in the cardinality-constrained case are generalized to matroid con-
straints, as well as online submodular maximization.

2.1 Applications of Submodular Maximization

This section discusses motivating applications of submodular maximization, includ-
ing sensor placement, maximizing influence in social networks, and document sum-
marization.

© Springer International Publishing Switzerland 2016 19
A. Clark et al., Submodularity in Dynamics and Control of Networked Systems,
Communications and Control Engineering, DOI 10.1007/978-3-319-26977-1_2
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2.1.1 Sensor Placement

Low-cost wireless sensors are widely deployed for uses including structural health
monitoring, water quality inspection, analyzing road traffic patterns, and wildlife
monitoring. The sensor placement problem consists of selecting a set of sensor loca-
tions in order to maximize the information gathered by the sensors. The submodular
structure of this problem was first identified in [17].

Let V denote the set of possible sensor locations, and define A € V to be the
set of locations that are occupied by sensors. Each location v € V is assumed to be
associated with a random variable X,. Define X4 = {X, : v € A}. One metric for
evaluating the quality of sensor placement is the mutual information between the
known variables X 4 and the unknown variables Xy\4 [17]:

F(A) =1(Xa: Xy\4). (2.2)

Intuitively, Eq. (2.2) represents the amount of information from the unknown vari-
ables Xy 4 that can be inferred from the known variables X 4.

Lemma 2.1 The function F(A) is submodular as a function of A.

Proof The first step is to show that the function g(A) = H(X,), where H(X,)
denotes the joint entropy of the random variables {X, : v € A}, is submodular as a
function of A. Using the identity H(X,Y) = H(X) + H(Y|X), forany A € B and
v ¢ B, the increments are given by

gAUVY —g(A) = H(Xaupy) — H(Xa) = H(X,|X4)
> H(X,|Xp) = H(Xpup) — H(Xp) = g(BU {v}) — g(B),

where the inequality follows from the fact that conditioning reduces entropy [6].
Now, F(A) can be written as

F(A) = 1(Xa; Xy\a) = HX )+ H(Xv\a) —H(Xy) = g(A)+g(V\A) —g(V),

which is a sum of submodular functions and hence is submodular.

2.1.2 Influence in Social Networks

Diffusion of information in social networks plays an important role in scientific
innovation and viral marketing. In order to maximize the spread or influence of a
particular idea, one approach is to implant the idea into a subset of seed users, who
then influence their neighbors through word of mouth [7]. For a set of seed users A,
define the function

F(A) = expected number of users adopting the idea from seed users A.
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The structure of F(A) depends on the information diffusion model that is used.
In [14], it was proved that, for the threshold model (in which a user adopts an idea if
a threshold number of neighbors adopts the idea) and the cascade model (in which
each user succeeds in influencing each neighbor with a certain probability), the
function F(A) is submodular as a function of A. The problem of selecting a set of
up to k seed users to maximize adoption of an idea, denoted max {F (A) : |A| < k},
is therefore a submodular maximization problem.

2.1.3 Document Summarization

Document summarization can be viewed as an optimization problem by denoting
the set of sentences in the documents as V = {sy, ..., s, }, and attempting to find a
subset of sentences S that maximizes the information content. Many of the utility
functions used in document summarization have been shown to exhibit submodularity
[20, 21]. For example, for the maximum marginal relevance (MMR) metric [4], the
gain from adding an element s; to a set S is equal to

ASimy (s, q) — (1 — 4) max Simy (s;, St).
1€

Sim; (sx, g) represents the similarity between sentence s; and query ¢, Sim(s;, S)
denotes the similarity between sentences s; and s, and A € [0, 1].

An additional feature of the document summarization problem is that, since dif-
ferent sentences will have different length, some sentences may be more costly than
others. Letting ¢; denote the cost (length) of each sentence and b denote the total
budget for the summary, the document summarization problem can be formulated as

maximize MM R(S)
SCV
s.t. DiesCi <D

This is a submodular maximization problem with a knapsack constraint.

2.2 Cardinality-Constrained Submodular Maximization

The cardinality-constrained submodular maximization problem is formulated as

maximize f(S)
s.t. [S] <k 2.3)
where f(S) is a submodular function. The following greedy algorithm is known to
provide provable approximation guarantees for (2.3).
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Algorithm 2.1 Algorithm for cardinality-constrained submodular maximization.

1: procedure GREEDY_SUBMODULAR(f(S), k)
Input: Submodular function f(S)

3 Cardinality constraint k

4 Output: Set S

5: Initialization: S < ¢,i < 0

6

7

8

while i < k do
si < argmax;ey\s {f(SU {s]}) — f(S)}
if £(S)— f(SU({s?}) <0 then

9: return S

10: else

11: § < SU({s’}
12: i<—i+1
13: end if

14: end while

15: return S

16: end procedure

At each iteration of the greedy algorithm, the element s that maximizes the
increment f(S U {s}) — f(S) is added to the set S, terminating when |S| = k.
The following theorem, first proved in [23], characterizes the optimality bound of
Algorithm2.1.

Theorem 2.1 Ler S* denote the optimal solution to (2.3). If the function f(S) is
monotone and satisfies () = O, then the set S returned by Algorithm 2.1 satisfies

F(S) = A —1/e) f(57).

Proof Let S; denote the set selected by Algorithm 2.1 at iteration i. The first step is
to show that, at each iteration, there exists a such that

1
F(SiUlal) = f(S) = %(f(S*) — f(S)).

By monotonicity,

F(8) = f(S) = f(STUS) — f(Sh).
Writing S* U S; = S; U{ay, ..., a;} yields the telescoping sum
1
FSTUS) — f(S) = Z (fSiUdar,....a;P) — f(Si Udar, ..., aj-1}).
j=1
Submodularity and the above two identities then implies

1
F(8) = f(S) = D (F(SiUla;) = £(Si)

J=1
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and there exists a* € §*\S; such that
F(8) = f(S) S ISN\SI(f(Si Uda™) — f(S)) < k(f(Si Ula™}) — f(S).

Since f(Si+1) — f(Si) = f(S; U{a}) — f(S;) for any a, we have

1
F(Siv) = f(Si) = z(f(S*) — f(S)).

Rearranging terms and subtracting both sides from f(S5*) yields

1

JS) = f(Sivn) < (1 - %) (f(8%) = f(S).

Applying this inequality & times implies that

1\* 1
f(S) = f(S) < (1 — §) (f(S") = f@) < ;f(S*),

and hence f(S) > (1 — 1/e) f(S¥).

The greedy algorithm can also be shown to provide the best possible optimality
guarantees in the worst case, unless P = NP.

Theorem 2.2 [f there exists a polynomial time algorithm that returns a set S sat-
isfying f(S) > (1 — 1/e 4+ &) f(S*) for any instance of (2.3) and ¢ > 0, then
P = NP.

Theorem?2.2 was first shown in [22] by constructing a family of submodular
functions that serve as counterexamples. A reduction to the known NP-hard problem
max-3SAT(5) was demonstrated in [8].

Example 2.1 The set cover problem is a special case of submodular maximization.
Let A = {ay,...,a,} be a finite set, and define a set of subsets Ay, ..., A, C A.
Define V = {1,...,m} and

U

ieS

f(8) =

As shown in Chap. 1 (Example 1.2), the function f(S) is submodular as a function
of S. Hence, the problem of selecting a collection of subsets {A; : i € S} in order to
maximize f(S) can be formulated as a submodular maximization problem.

Consider the set A = {ay, ay, ..., ag}, and define A = {a;, ar}, Ar = {a, a4},
Az ={ay, a3}, As = {a, as}, and As = {ay, as}. Letk = 2. By following the greedy
algorithm, we first set S = {1}, with f(S) = 2. All remaining elements will then
satisfy f(SU{v}) — f(S) = 1,solet S = {1, 2} with f(S) = 3. Note that S is not
the optimal solution; we have f ({2, 3}) = 4, for example. However, we have
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3=f(S)> (1 — l) = (1 - l) f(8%),
e e

verifying that the (1 — 1/e) bound is satisfied.

A dual formulation for Eq.(2.3) is given by

minimize |S|

s.t. f(S) >« 24

for a constant «. A greedy algorithm for Eq. (2.4) is shown as Algorithm 2.2.

Algorithm 2.2 Algorithm for selecting the minimum-size set to achieve a bound on
a submodular function.

1: procedure GREEDY_SUBMODULAR_DUAL( f(S), o)
2: Input: Submodular function f(S)

3: Desired upper bound «

4: Output: Set S

5: Initialization: S < ¢

6:  while f(S) <« do

7 s; < argmax;ev\s {f (S U {s/}) — f(S)}
8: if f(S)— f(SU{s/}) <0 then
9: return S

10: else

11: § < SU{sf}

12: end if

13: end while

14: return S

15: end procedure

Algorithm 2.2 adds the element v to S that maximizes f (S U {v}) — f(S) at each
iteration until f(S) > «. Before analyzing the optimality of Algorithm?2.2, we have
the following preliminary result:

Lemma 2.2 ([28]) LetO <uy <---<wupandxy > x> --->x, > 0. If
n—1 n—1

S = Z (i (xi = Xig1)) + UpXy = urx) + Z (ip1 — ui)Xiy1,

i=1 i=1

. X1 Up
§ < (maxuixi) |:1 = log {mln (—, —)H .
! X, Uy

The optimality guarantees of Algorithm?2.2 are described as follows:

then

Theorem 2.3 ([28]) Let S* denote the optimal solution to (2.4), and let S denote
the set returned by Algorithm2.2. Then
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B §1+ln[f(v)_f((?)],
151 JV)=f(S)

where S is the value of the set S at the second-to-last iteration of Algorithm2.2.

Proof The approach of the proof is to consider a linear programming relaxation of
(2.4), given as

minimize »_;y;
Viseo s Yn
s.t. DU (S UGD = fSy; = f(V) = f(S), i =0,....,(n=1)
¥ =0
(2.5)
Equation (2.5) provides a lower bound on (2.4), and hence any dual feasible solution
to (2.5) is also a lower bound on Eq. (2.4). Define vector u’ by u’j = Ol, ifi =t and
0 otherwise, where 6; = minjcy\s, {m} Then u; is a dual feasible
solution of (2.5), and hence

.....

= max_{6;(f(V) = f(Si-))} = IS7]. (2.6)

t=1,...,

Furthermore, by Lemma?2.2,

k—1
|| Z [6:(f(S) = f(S—)] + 6 (f (V) = f(Sk-1))
t=1

IA

fFV)— 5@ ):|
O (f(V) = f(S-D} | L+ log | ———————— ) | (27
mtax{ (f (V)= f(S—)} |: + log (f(V) — £(Sr_1) 7

Combining (2.6) and (2.7) yields

5121571+ 108 (2012,

V) — f(Si1)
as desired.

The results of Theorem 2.3 imply that efficient approximation algorithms can be
developed for problems such as selecting a minimum-size set of sensors to provide
a given level of information. The dual algorithm is also a basic building block of
robust submodular maximization, described as follows.
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2.3 Robust Submodular Maximization

The robust submodular maximization problem can be motivated as follows. Consider
the sensor placement problem defined in Sect.2.1.1. While the set of possible sensor
locations V' is known a priori, the probability distribution of the measured data
{X, : v € V}may beuncertain. For example, there may be a set of possible correlation
matrices X, ..., Xy, leading to a set of possible objective functions fi, ..., fu.
In order to maximize performance under these conditions, the goal is to maximize
the worst-case objective function, leading to the formulation

maximize min;—;_ » f; (S)
s.t. S| <k (2.8)

Equation (2.8) defines the robust submodular maximization problem. A key obstacle
is the fact that the minimum of a collection of submodular functions is not necessarily
submodular, as shown in the following example.

Example 2.2 Let V = {1, 2} and define functions f; : 2¥ — Rand f, : 2V - R

as
f[1®) =0 L) =0
fid1) =3 Ld1) =1
fid2h =1 F({2) =2
fi(d12) =35 fHA1,2)) =25

By inspection, f; and f, are monotone submodular functions. Define F(S) =
min { f1(S), f2(S)}. Then F(@) =0, F({1}) =1, F({2}) = 1, and F({1, 2}) = 2.5.
Thus F({1,2}) — F({1}) = 1.5and F({2}) — F(@) = 1, implying that the definition
of submodularity does not hold.

Unlike maximization of a submodular function, there is no polynomial time
algorithm for robust submodular maximization with any provable guarantee, unless
P = NP, as shown in the following proposition:

Proposition 2.1 ([18]) Let y : N — R.(. Define S* to be the optimal solution
to (2.8), and suppose that there exists an algorithm that returns a set S satisfying
F(S) > y(n)F(S*). Then P = NP.

Proof Let {A; : i = 1,..., M} be a collection of subsets of V. The hitting set
problem is to find the smallest subset S such that SN A; # @, foralli =1,..., M.
The hitting set problem is known to be NP-hard. For each i, define function f; as
fi(S) =1if SN A; # @and f;(S) = 0 otherwise. The function f; is submodular
and monotone nondecreasing.
Now, let k denote the size of the minimum-size subset of S with S N A; # 0.
Then the problem
maximize min;—;__ » f; (S) (2.9)
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has optimum value 1, and the optimal solution is a hitting set. Suppose that there
exists an algorithm satisfying the conditions of the proposition. Then the algorithm
will return a set S satisfying F(S) > y(n) > 0, implying that F'(S) = 1 since
F(S) € {0, 1}. Thus there exists a polynomial time algorithm that finds a hitting set,
establishing that P = NP.

In [18], an approximation algorithm was proposed that achieves a weaker notion of
optimality. The algorithm relies on the fact that the dual optimization problem

minimize |S|

SL min_i . fi(S) = 210
is equivalent to the submodular optimization problem
minimize |S| 211

s.t. LY min{f;(S), @} >«

The submodular structure holds because the function g(S) = min { f(S), o} is sub-
modular for any monotone submodular function f(S) and constant & (Lemma 1.4).
Hence the approximation algorithm selects a parameter «, and then approximately
solves (2.11) to find a minimum-size set S satisfying F(S) > «. If |S| < Bk for
some parameter 8, then the value of « is increased. Otherwise, « is decreased in
order to find a set S satisfying the desired constraints. A detailed description is given
as Algorithm 2.3.
The optimality guarantee of Algorithm 2.3 is as follows:

Algorithm 2.3 Robust submodular maximization algorithm.

1: procedure ROBUST_SUBMODULAR( f1(S), ..., fm(S), k, 6)
2: Input: Submodular functions f1(S), . fM(S)

3 Cardinality constraint k, parameter 8 >0

4: Output: Set S

5: Initialization: o,,,;, < 0, ayax < F(V), S* < 0

6.

7

8

while (otyqx — amin) > & do
o <« Uum’r;’“/niﬂ S <@

while F(S) <ado

9: V¥ <—argmax{F(SU{v})—F(S) veV}
10: S <« SU ¥}

11: end while

12: if |S| < Bk then

13: S* < S, apin < @

14: else

15: Opax < O

16: end if

17: end while

18: return S*

19: end procedure
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Lemma 2.3 Algorithm2.3 returns a set S satisfying F(S) > F(S*) and |S| < Bk

when
B=1+]log (mea‘;(Z f,-(s))

and § is sufficiently small.

Proof By Theorem 2.3, the inner while loop will result in a set S with

S| U
— <1+ log{ max fi@s) ),
5] (V ;

where . .
S =argmin {|S] : F(s) > a}.

For § sufficiently small, « will be approximately equal to F'(S*). Hence the set S
returned by the algorithm will satisfy F(S) > F(S*) and |S| < B|S*| = Bk.

Example 2.3 An example of robust submodular maximization in the influence max-
imization application of Sect.2.1.2 is as follows. For this application, define the
objective function f(S) to be equal to the expected number of nodes that are influ-
enced by the seed nodes S under the independent cascade model [12] in a social
network G. The objective function is equal to the number of nodes that are con-
nected to at least one node in S in a randomly generated subgraph G’, with each link
included in the subgraph with probability ¢g. The graph topology of G is assumed
to be an Erdos—Renyi graph, in which a link exists between two nodes i and j with
probability p, independent of all other links. The parameter p = 0.1, ¢ = 0.8, and
the number of nodes is given by N = 30. The number of inputs varies from 1 to 8. For
the robust maximization problem, the objective functions f1(S), f2(S), ..., fu(S)
correspond to independently generated realizations of G.

The degree of influence over the network is shown as Fig.2.1. The robust sub-
modular maximization approach is compared with selecting random seed nodes, and
provides a higher level of influence over the network in the worst case. On aver-
age, roughly half of the network nodes are influenced by the robust submodular
maximization approach with three seed nodes.

2.4 Submodular Maximization with Matroid Constraints

The problem of maximizing a submodular function subject to matroid constraints is
formulated as

maximize f(S)

s.t. Se A 2.12)
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Robust submodular maximization for influence propagation
24 T T T T T T

22

20

18

14
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Fig. 2.1 Case study of robust influence maximization. A set of k seed nodes is selected in order
to maximize the worst-case influence over the network, based on three possible topologies. The
network topologies are chosen as i.i.d. Erdos—Renyi random graphs, with 30 nodes and a link
probability of 0.1. Influence propagation is based on the independent cascade model [12]

where .# = (V,.¥) is a matroid. The constraint {|S| < k} is a special case of a
matroid constraint when the matroid is uniform.

Equation (2.12) can also be solved via a greedy approach analogous to Algo-
rithm 2.1. Under the modified algorithm, Step 7 is replaced with

5§ <«—argmax {f(SU{s/}) — f(S) : (SU{s/}) € A}.

In the special case where the function f is modular, the greedy algorithm is optimal.

Theorem 2.4 ([24]) If f(S) is a modular function, i.e., f(S) = >, s ci for some
real numbers cy, . .., c,, then the greedy algorithm returns the optimal solution to
(2.12).

Proof Assume that ¢; > 0, for all i € S; otherwise, the ground set of .# can be
restricted to {i : ¢; > 0}. Define S = {s, ..., ¢} to be the set chosen by the greedy
algorithm, with ¢;, > ¢, > -+ > ¢,,. Let B = {by, ..., by} be another basis of .#
with ¢, > ¢, > -+ > cp,. The approach is to show that ¢;, > ¢;,, forall i.
Suppose not, and let i be the smallest integer with ¢, < c¢p,. Define S; =
{s1,...,8;_1} and B; = {by, ..., b;}. Since |S;| < |B;|, there exists r € {1,...,i}
such that (S;U{b,}) € .#.By definition of the b;’s, ¢;,, > ¢, > c;,. Hence the greedy
algorithm should choose element b, at the ith iteration, creating a contradiction. This
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contradiction implies that ¢;, > ¢, for all i, and hence f(S) > f(B), for all bases
B of .# . Since the ¢;’s are assumed to be positive, the maximizers of f(S) must be
bases, and hence f(S) > f(A), forall A € .Z.

The greedy algorithm, however, does not achieve the same optimality guarantees
as in the cardinality-constrained case for arbitrary submodular functions.

Proposition 2.2 ([11]) Let S* denote the optimal solution to (2.12). The greedy
algorithm returns a set S satisfying f(S) > %f(S*).

Proof Let S*\S = {ai, ..., a,}. By monotonicity of f(S),

S < FSUSH = F()+ D (f(SUlar,....a;}) = f(SUlar, ..., a;-1}).

Jj=1

Submodularity implies that each term can be bounded above as

N2 FS+ D (FSULajh — £ < fS)+ D (F(Sj_1Ulajh — f(Sj-1),

j=1 j=1

where S;_; is the set § at the jth iteration of the greedy algorithm. Letting s;‘ denote
the element selected by the greedy algorithm at step j, by definition we have

F(Sjm1 Udah) — f(Sj=1) < f(Sjm1 Ulsih — f(Sj-1)-

Substituting this inequality yields

F(S) < FS)+ D (S Ulah) = £(Sj-1)

j=1

k
< F) + D (F(Sj1Ufah) — £(Sj-1) = 2£(8),

j=1
completing the proof.

Proposition 2.2 implies that the greedy algorithm achieves a worst-case optimality
gap of 1/2, which is less than the cardinality-constrained bound of (1 — 1/e). The
optimality bound in the matroid-constrained case can be improved via the continuous
greedy algorithm, described as follows:

The continuous greedy algorithm was first proposed in [3] and consists of two
stages. In the first stage, a continuous optimization problemmax { F (y) : y € L (.#)}
is solved, where F(y) is a continuous extension of the submodular function f(S)
and P () is a relaxation of the matroid constraint S € .. In the second stage,
the obtained continuous solution y is rounded to obtain a discrete set S.
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The function F : [0, 1]* — R is the multilinear relaxation of f(S), defined by

F) =, [f(R)Hyi [Ta- y»]. 2.13)

RCV ieR i¢R

The multilinear extension can be interpreted as computing E(f(S)), where S is
a random variable obtained by sampling each element i € S independently with
probability y;. As a special case, if y; is a 0-1 vector with S = {i : y; = 1}, then
F(y) = f(S). The following lemma gives basic properties of F(y).

Lemma 2.4 [f f(S) is monotone and submodular, then the function F satisfies the
following properties:

e F has second partial derivatives everywhere,
e Foreveryi, % > 0 everywhere (monotonicity),
J
.. 9%F
e Foreveryi,
Y 0yidy;

< 0 everywhere (continuous submodularity).

Proof The existence of second partial derivatives is clear by inspection. Differenti-
ating with respect to y; yields

OF

5 > WRUGH = RN =0,
Yij

RSVA{j}

implying monotonicity.
The second derivatives satisfy
3*F
ay;dy;

- > [(f(RU{i,j})—f(RU{i})—f(RU{j})+f(R))HyzHl¢R(1—yz)}.

RSV\{i,j} IeR
Since
[Tx]Ja-w=o0

IeR I¢R

for y € [0, 1]", and

JRU{, D = f(RU{i}) < F(RU{j} — f(R)

by submodularity,

52 . . . .9
3;‘{” <0, foralli # j. Wheni = j, % =0.

Definition 2.1 Let .#Z = (V, %) be a matroid. For any set I € V, define 1; to be
a vector with (1;); = 1 ifi € I and (1;); = 0 otherwise. The matroid polytope
P (M) is defined by

P(M) = conv(l; : I € 7}, (2.14)
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where conv denotes the convex hull of a set. The base polytope B(.#) is defined by
B(M) = conv{l; : I is a basis of Z}. (2.15)

The continuous greedy algorithm is a continuous analog to Algorithm2.1. The
vector y is initialized to 0. At each iteration, a vector v satisfying

v=argmax {(VFE() v:ve P2(#))

is found, so that v is a steepest ascent direction for F'(y). The vector y is incremented
to y + ev for some small ¢ > 0. The continuous stage of the algorithm terminates
when y reaches the base polytope of . . In the second stage, the continuous solution
y is rounded to a discrete set S.

Algorithm 2.4 Algorithm for cardinality-constrained submodular maximization.

1: procedure CONTINUOUS_GREEDY_SUBMODULAR( f'(S), .#)
Input: Submodular function f(S)

3 Matroid .# = (V, .7)

4 Output: Set S

5: Initialization: k < rank of .7, y(0) <- 0,1 <0
6: while r < 1 do
7

8

RN

Define R(¢) as random variable taking each i € V independently with probability y; (1)

: fori=1,..., n do
9: i (1) < E(f(R@)U{jD — f(R®)))
10: end for
11: I(t) < argmax {> ;. wi(t) : [ € 4}
12: y(t+8) < y() + 51[([)
13: t<—t+94

14: end while

15: S <« PipageRound(y, .#)
16: return §

17: end procedure

The pipage rounding routine called by Algorithm2.4 is described in [3]. The opti-
mality guarantees provided by the continuous phase of the algorithm are described
as follows:

Lemma 2.5 For any y € [0, 1]", let R denote a random set where i € R with
probability y;. Let S* denote the optimal solution to (2.12). Then

F(89 = F() +max D" E(f(RU{) = f(R)) (2.16)

jel
Proof By submodularity,

FSH S FR)+ D (F(RUH = f(R)

jes*
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for any set R. By taking the expectation over R, we have

F(8) < F)+ D E(F(RUD — f(R) < F)+D_E(f(RU{j}) — f(R).

jes* jel

Theorem 2.5 For any ¢ > 0, § can be chosen sufficiently small such that the frac-
tional solution y obtained by Algorithm2.4 satisfies

F(y) = (1 L f) £(59). 2.17)
e k

Proof Define Aj(t) = y;(t+38)—y;(t) = §1;), and let D(¢) be arandom subset of
I (t) where each element j appears independently with probability A ;(¢). We have
that

F(y@+96)) =E[f(R(t+8)] = E[f(R() UD@))],

since the probability of each element being included in R(¢ + §) is greater than the
probability of each element being included in R(#) U D(¢). Hence

F(y(t+38)) — F(y(®) = E[f(R(1) U D(t)) — f(R(1))]
> > [Pr(D(t) = (JHEF (R U {j}) — F(R®)))]

J

>8> E(f(ROU{) — fR®))

Jjel(@)

By LemmaZ2.5,

F(y@+68) — F(y(0) = 8(f(S") = FO®)),

implying that
f(8) = F(y(md)) < (1 —8)" f(S*)

attime t = m§. When r = 1 and hence m = 1/6,

1
FSH =Fy) <A -8 f(s* < S8,

Rearranging terms yields (2.17).

The first stage of the continuous greedy algorithm results in a relaxed fractional
solution y satisfying F(y) > (1 - %) f(S*). The second stage of the algorithm
rounds the fractional solution to obtain a set S satisfying S € . and F(y) =
f(S), thus preserving the optimality guarantees of the first (continuous) stage of the
algorithm.
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2.5 Online Submodular Maximization

In online submodular maximization, the goal is to maximize a time-varying set of
submodular functions {f;(S;) : t = 1,2,..., T}. At the beginning of time 7, the
objective function f; is unknown, while the objective functions for previous time
periods fi, ..., f;—1 are known. The goal is to select the sets Sy, ..., St as solutions
to -
maximize %Z,zl f:(S) (2.18)
s.t. [S/| <k

The problem formulation (2.18) arises in settings including influence maximiza-
tion in dynamic social networks, sensor network scheduling for random processes
that change distribution over time, and scheduling computing tasks over a time hori-
zon [25].

Online submodular maximization algorithms have been proposed that achieve
analogous optimality guarantees to Theorem2.1 [25], through online versions of
Algorithm2.1. Since the function f;(S;) is unknown, the optimal node to select at
each iteration of the greedy algorithm is estimated using experts algorithms. As a
preliminary, background on experts algorithms is given as follows.

2.5.1 Background on Experts Algorithms

Experts algorithms are techniques for predicting and learning an optimal action
over time [5]. In an experts algorithm, a user takes advice from a set of K experts
{e1, ..., ex}. Since the advice may be contradictory, the user selects a single expert
at time step m and follows that advice. After making a choice e[m] at step m, the
user is given a payoff ¢,, (e[m]), as well as the payoffs £,,(e1), . . ., £,,(ex) that would
have been received from following each other expert. Based on this feedback, the
user updates its probabilities of following the advice of each expert at the next time

step. The goal of the user is to choose e[1], . .., e[ M] to maximize Zfrle L (e[m]).
It is a known result that any algorithm for selecting e[1], ..., e[M] can provide
arbitrarily poor performance compared to the optimal selection e[1]*, ..., e[M]".

On the other hand, there are efficient algorithms that provide provable guarantees
compared to the best fixed expert, i.e.,

M M

m=1 m=1
One such algorithm is the exponentially weighted average (EWA) algorithm. Under
this algorithm, the user maintains a weight w!" for each action ey, . . ., ex atiteration
m. The action e[m] is chosen at time m from a probability distribution obtained by
normalizing 7, i.e.,
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Pr(e[m] =e,) = ;’V—rm
2 j=1 W]

After receiving the payoffs ¢,,(e,), r = 1,..., K at step m, the weights are
updated according to an exponential rule, with the new weight w”*! given by
wnth = glu@ym for some B € (0, 1].

Intuitively, this approach assigns a higher weight to actions that have received
a larger payoff during previous time periods. The following theorem provides an
optimality bound for EWA.

Theorem 2.6 The payoff achieved by the actions e[1], ..., e[M] selected by EWA
satisfies

M M
D tulelmD +o(M) = max > lule,). (2.19)
r=1,...,.K

.....

m=1 - om=1

The property of (2.19) is referred to as Hannan consistency.

2.5.2 Online Submodular Maximization Algorithm

An algorithm for online submodular maximization is presented as Algorithm2.5. The
algorithm maintains a set of k instances of the experts algorithm EWA, with each
instance corresponding to a single iteration of the greedy algorithm. Each of these
k instances of the algorithm consists of n experts, with expert j corresponding to
choosing element j. The weight w;; corresponds to the benefit from choosing element
J atthe ith iteration. Hence, for each time ¢, the algorithm proceeds over k iterations.
At the ith iteration, each weight w;; is updated using the benefit f(S,_,;—1 U{j}) —
f(Si—1,i—1). An element is then chosen from a probability distribution derived by
normalizing the weights; hence the algorithm is performing a randomized version of
greedy selection using the experts algorithm.
The following theorem describes the optimality gap of Algorithm?2.5.

Theorem 2.7 The sets Si, ..., St selected by Algorithm2.5 satisfy

1 - l—
fgl‘,ft(s,wom > (1 - 1/6)7;ﬁ(5> (2.20)

where

T
1
§* = S AORNESS
argmaX[T,=1ﬁ() S| < ]

Proof The proof follows the proof of Theorem?2.1. Let S; ; denote the set S; at the
ith iteration of the greedy algorithm, and let S*\S;; = {aj, ..., a}}. Then
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Algorithm 2.5 Algorithm for online submodular maximization.

1: procedure ONLINE_SUBMODULAR(f1, ..., fr, k)

2: Input: Set of submodular functions fi, ..., fr where f;_; is revealed at time ¢, cardinality
constraint k

3: Output: Set Sy, ..., St

4: Initialization: w;; < 1,i =1,...,k, j=1,...,n

5: fort=1,...,T do

6: Function f;_| revealed at time ¢

7: fori=1,...,kdo

8: for j=1,...,ndo

9: Wi < ﬁfz(sr—Li—lU{j})ﬁfr(sx—l,i—l)wl.,j

10: end for

11: pi < wi/ATw;)

12: end for

13: Sy <0

14: fori =1,...,kdo

15: Select an element s; according to probability distribution p;

16: S <« S, U {si}

17: end for

18: end for

19: return Sy, ..., St

20: end procedure

1 T
7 2L (8 = fi(8i0) <
=1

A
Nl =
M’ﬂ

(fi(S1,i US™ — fi(S5i.0)
1

Il
-
~ ol

hﬂ

holds by monotonicity. Submodularity implies that

- -
7 2 S = fi(S) < 7 D0 D (filSs Utash = fi(Sii).
t=1 t=1 j

Hence, there exists an element a; such that

1 — k —
7 2L (S = fi(S)) = 72 D0 (FilSps Udarh) = £i(Sii)).
t=1 t=1

—ZZ@@wmwwwﬁ&wqu

d'_,))

Now, by the Hannan consistency property of the experts algorithm, the elements

{St,i

1t =1,..., T} satisfy

1 < 1 <
= D St U s = fi(Sia)+o(T) = = D (filSimt UlaD) = filSim)
t=1 =1
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for any fixed element a. Rearranging terms yields

1 — 1\ <
7 2 (8" = fi(Sii0)) = o(T) < (1 - E) DS = fi(Se)-
t=1 t=1

Applying this bound at all of the k iterations yields (2.20).

Analogous to the experts algorithm of Sect.2.5.1, the optimality guarantees pro-
vided by Algorithm2.5 are in comparison with the best possible fixed set S. The
proof of the optimality bound can be viewed as consisting of two components. The
first component shows the local optimality of each iteration i, which approximates
the guarantee f(S;—1 U {v{}) > f(S;—1 U {v}), for all v € V that is inherent to the
greedy algorithm. The second component exploits local optimality, submodularity,
and monotonicity to prove a global optimality bound.

2.6 Summary and Notes

This section gave an overview of centralized submodular maximization techniques.
After providing motivating applications of submodular maximization, cardinality-
constrained submodular maximization algorithms were presented. It was proved that
the greedy algorithm achieves a (1 — 1/e) optimality gap, and that this is the best
achievable gap unless P = NP. Robust submodular maximization was discussed, and
it was shown that no algorithm achieves a provable optimality gap unless P = NP.
A greedy heuristic was then presented and analyzed. The more general problem of
submodular maximization with matroid constraints was treated, and it was shown that
the greedy algorithm is optimal for modular functions and %—optimal for monotone
submodular functions. A continuous greedy algorithm that improves the optimality
gap to (1 — 1/e) was then presented. Finally, online submodular maximization, in
which a set of elements must be chosen based on past observations of the objective
function, was discussed.

The greedy algorithm for submodular maximization was first presented and ana-
lyzed in [23]. Recent breakthroughs have improved the optimality bounds for sub-
modular maximization under constraints, including one or more matroids [3, 10, 19],
knapsacks [27], and submodular knapsacks [13], as well as submodular maximiza-
tion without constraints [2, 9]. The online submodular maximization problem has
been studied in [1, 26]. For a survey on submodular maximization, see [16]. Other
applications of submodular maximization include image segmentation [15] and data
collection [29].
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