
Chapter 2
Non-convex Region Description
by Hyperplane Arrangements

This chapter presents someprerequisites and basic notionswhichwill be instrumental
in the rest of the manuscript. Namely, details about hyperplane arrangements (the
scaffolding over which the feasible region characterization is defined) and various
standard set theoretic elements (families of sets like polyhedra, zonotopes as well as
basic set operations) are presented.

Without being exhaustive, for describing this “set of tools” the presentation fol-
lows the ideas and notations in [1–3]. Furthermore, these notions can be readily
found and reviewed by the interested readers in complementary materials referenced
in this chapter.

2.1 Hyperplane Arrangements

Let us consider a finite collection of hyperplanes H = {Hi }i∈I from R
n:

Hi = {
x ∈ R

n : hi x = ki
}
, i ∈ I, (2.1)

with I � {1 . . . N } and (hi , ki ) ∈ R
1×n × R.

Each of these hyperplanes partitions the space into two disjoint1 regions (which
halve the space and hence are called “half-spaces”):

R+
i = {

x ∈ R
n : hi x ≤ ki

}
, (2.2a)

R−
i = {

x ∈ R
n : −hi x ≤ −ki

}
. (2.2b)

1The relative interiors of these regions do not intersect, but their closures have as common boundary
the affine subspace Hi in (2.1).
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12 2 Non-convex Region Description by Hyperplane Arrangements

Considering the above basic concepts the combinatorial notion of hyperplane
arrangement is defined in the following.

Definition 2.1 (Hyperplane arrangements—[4]) The collection of hyperplanes H
will partition the space into a union of disjoint cells A (σ ) characterized by a sign
tuple σ ∈ {−,+}N defined as follows:

A (σ ) =
⋂

i∈I
Rσ (i)

i . (2.3)

The collection of all feasible sign tuples describes a hyperplane arrangement of
feasible cells covering the entire space:

A (H) =
⋃

σ∈Σ

A (σ ), (2.4)

where
Σ = {σ ∈ {−,+}N : A (σ ) �= ∅}, (2.5)

denotes the collection of sign tuples resulting into non-empty intersections of regions
(2.2a)–(2.2b). �
Remark 2.1 Arrangement (2.4) is said to be in general position if for any ‘i’ a per-
turbation εi > 0 (e.g.,Hi → H ′

i = {x : hi x = ki + εi }) will not change the distri-
bution and number of regions. �
Remark 2.2 Any sub-arrangementA (H′) ofA (H) (i.e.,H′ ⊆ H) is said to be cen-
tral if

⋂

H ∈H′
H �= ∅. �

Illustrative example for hyperplane arrangements in R
2

Here and thereafter, we make use of the numerical data provided in Appendix A such
that the present and the forthcoming illustrative examples are based on reproducible
constructions.

Figure2.1a depicts a hyperplane as described by (2.1),H = {x :
[
0.07 0.99

]
x =

4.98} and its two half-spaces, R− = {x :
[
0.07 0.99

]
x ≤ 4.98} and R+ = {x :[

0.07 0.99
]

x ≥ 4.98} as in (2.2a)–(2.2b).
Figure2.1b illustrates 4 hyperplanes with the numerical data provided in Appen-

dix A.1. These generate a hyperplane arrangement as in (2.3) with 10 cells, each
defined by a unique sign tuple (the feasible sign combinations are: (− + −−),
(− − −−), (+ − −−), (+ − +−), (+ − −+), (+ − ++), (+ + ++), (− + ++),
(− + +−), (+ + +−)). Also, the figure delineates the cell A (σ ) = ⋃

σ (i)
Rσ (i)

i =
R+

1 ∩ R+
2 ∩ R+

3 ∩ R−
4 , corresponding to the sign tuple σ = (+ + +−). Note that

all the other sign tuples (the remaining 24 − 10 = 6 sign combinations) are infeasi-
ble. For example, σ = (− + −+)which corresponds toA (σ ) = ⋃

σ (i)
Rσ (i)

i = R−
1 ∩

R+
2 ∩ R−

3 ∩ R+
4 is an empty set (due to the fact that (R−

1 ∩ R+
2 ∩ R−

3 ) ∩ R+
4 = ∅).
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(a)

(b) (c)

Fig. 2.1 Hyperplane arrangements. a One hyperplane and its associated half-spaces. b Hyperplane
arrangement. c Perturbed hyperplane arrangement

Furthermore, note that the hyperplane arrangement depicted in Fig. 2.1b is not in a
general position since three of the hyperplanes intersect {H1,H2,H3}. These three
hyperplanes also define a central sub-arrangement but no other 3 hyperplanes define
one (e.g., {H1,H2,H4}), as explained in Remark2.2. Note that any combination
of tho hyperplanes is a central sub-arrangement ({H1,H2}, {H1,H3}, {H1,H4},
{H2,H4}, {H3,H4}).

Figure2.1c delineates the arrangement perturbed by translating the 3rd hyperplane
(H3 → {[0.6 −0.8

]
x = 1}). The corresponding numerical data is to be found in

Appendix A.1. We observe that no three hyperplanes intersect in a common point
and that the number of cells has increased to 11. This was expected since inR2 three
randomly taken hyperplanes should not intersect in a commonpoint (seeRemark2.1).
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2.1.1 Region Counting

Each of the regions (2.4) can be either bounded or unbounded. Hence, denote2 the
total number of regions as r(A ) and the number of bounded regions as b(A ).

To proceed further, the auxiliary notion of a characteristic polynomial is required.

Definition 2.2 (Whitney’s formula [5]) Let there be an arrangementA inRn andA ′
the shorthand notation for any of its sub-arrangements (as defined in Remark2.2),
then:

Ξ(A , t) =
∑

A ′⊆A

(−1)card(A
′)tn−rank(A ′), (2.6)

where A ′ are central sub-arrangements of A , card(A ′) denotes the number of
hyperplanes of A ′ and rank(A ′) denotes the dimension of the sub-space spanned
by the hyperplanes of A ′. By definition, rank(∅) = 0. �

The number of regions (total and bounded) can now be given as a function of the
characteristic polynomial.

Theorem 2.1 (Zaslavsky’s Theorem [6]) For a given arrangement A , the number
of regions is

r(A ) = |Ξ(A ,−1)|, b(A ) = |Ξ(A , 1)|. (2.7)

�

Remark 2.3 The above notions provide powerful tools for counting the regions
(which is of interest as it reflects on the number of binary variables required in
the mixed-integer constructions of the next chapter). Note that all the computations
involve simple operations and avoid explicitly computing the regions (hence one can
proceed with combinatorial notions and avoid a costly geometrical analysis). Fur-
thermore, whenever the arrangement is in general position (see Remark2.1) these
numbers are known. For example,

r(A ) =
n∑

i=0

(
N

i

)
, (2.8)

as per Buck’s formula [7]. �

Illustrative example for region counting

Let us revisit first the example in Fig. 2.1b where the hyperplanes are not in general
position (as defined in Remark2.1) and hence the bound given by Buck’s formula is
not reached.Weproceed to enumerate all the central sub-arrangements of the arrange-
ment: {∅}, {H1}, {H2}, {H3}, {H4}, {H1,H2}, {H1,H3}, {H1,H4}, {H2,H3},

2Whenever the notation is not ambiguous, we use the shorthand A for the arrangement A (H).
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{H2,H4}, {H3,H4} and {H1,H2,H3}. To each of these central sub-arrangements
corresponds a term in Whitney’s formula. For example A ′ = {H1,H4} has card
(A ′) = 2 elements and rank(A ′) = 2 (since the two composing hyperplanes span
R

2) thus leading to term (−1)2t2−2 = 1. Applying the same reasoning for the rest
of the sub-arrangements enumerated before we obtain the characteristic polyno-
mial (2.6):

Ξ(A , t) = 1 · (−1)3t2−2 + 6 · (−1)2t2−2 + 4 · (−1)1t2−1 + 1 · (−1)1t2−0

= 5 − 4t + t2,

which permits to apply Zaslavsky’s Theorem and obtain the total number of
regions r(A ) = |Ξ(A ,−1)| = 10 and the number of bounded regions b(A ) =
|Ξ(A , 1)| = 2.

The same constructions can be applied to the arrangement from Fig. 2.1c. The
only difference is that there are no longer three intersecting hyperplanes and hence
the term (−1)3t2−2 no longer appears in the characteristic polynomial:

Ξ(A , t) = 6 · (−1)2t2−2 + 4 · (−1)1t2−1 + 1 · (−1)1t2−0 = 6 − 4t + t2,

In turn, by again applying the Zaslavsky’s Theorem, the total number of regions
r(A ) = |Ξ(A ,−1)| = 11 and the number of bounded regions b(A ) = |Ξ
(A , 1)| = 3 are obtained. For the total number of regions, we may as well apply

Buck’s formula, i.e., r(A ) =
2∑

i=0

(4
i

) = (4
0

) + (4
1

) + (4
2

) = 11.

The bounded and total number of regions are illustrated in Fig. 2.2 which uses the
numerical data provided in Appendix A.1.

2.1.2 Parametrized Hyperplane Arrangements

In many practical control applications the hyperplane arrangement modifies from
one instant to the next in relationship with a dynamical system evolution. Perhaps
themost illustrative example is to consider amoving obstacle: the hyperplanes which
characterize it will translate from one instant to the next. Re-computing the arrange-
ment is not trivial and may be impractical for small discretization steps. The solution
is to analyze the problem in a lifted space (variables and parameters), obtain the
corresponding arrangement and to ‘cut’ it at runtime for the current parameter in
order to go back to the original space.

Henceforth, let us consider a collection of parametrized hyperplanes H(p) =
{Hi (p)} from R

n where each of them has a linear dependence in the right-hand side
with respect to a variable p ∈ R

n p :

Hi (p) = {x ∈ R
n : hi x = ki − h p

i p}. (2.9)
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Fig. 2.2 Hyperplane arrangement region counting

A new hyperplane collection H
′ = {H ′

i } is considered:

H ′
i =

{
[
hi h p

i

] ·
[

x
p

]
= ki

}
, (2.10)

and the arrangement A (H′) is defined with feasible cells A (σ ′) where σ ′ ∈ Σ ′.
To retrieve the cells composing the arrangement in Rn for a certain parameter p∗

we simply intersect A (σ ′) with the subspace {p = p∗}:

H(p∗) =
⋃

σ ′∈Σ ′

{
x : A(σ ′) ∩ {p = p∗}} . (2.11)

At this point wemight stop if not for the fact that many of the cells A(σ ′) ∩ {p = p∗}
will be empty for certain values of p. To reduce the runtime computations we can
therefore consider an additional analysis step. That is, we compute the domain of
existence of each cell A(σ ′) in the parameter space (i.e., project on Rn p ):

dom(A (σ ′)) =
{

p : ∃x s.t.

[
x
p

]
∈ A (σ ′)

}
. (2.12)

This provides a partitioning of Rn p into overlapping domains which can be fur-
ther written (after suitable manipulations) as a union of disjoint domains D′

k .
To each domain corresponds a list of sign tuples Σ ′

k such that ∀σ ′ ∈ Σ ′
k, ∃p ∈

D′
k s.t. A (σ ′) ∩ {p = p∗} �= ∅. Lastly, at runtime, we identify index ‘k’ such that
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p ∈ Dk and retrieveΣ ′
k fromwhichwe generate the current arrangement, as in (2.11)

but with Σ ′ reduced to Σ ′
k .

Remark 2.4 These notions can be related to the parametrized polyhedra and associ-
ated validity domains (see Sect. 2.2 and [8]). �

(a)

(b) (c)

Fig. 2.3 Parametrized hyperplane arrangements. aHyperplane arrangement lifted inR3.bDomain.
c Region
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Illustrative example for hyperplane parametrization

Let us consider the hyperplane arrangement given in Appendix A.2 with 4 hyper-
planes in R

2 parametrized after a scalar p ∈ R. We apply (2.10) and obtain an
arrangement with 4 hyperplanes in R

3 which has (according to (2.8)) 15 cells.
InFig. 2.3awedepict the resulting arrangementwith the original space represented

along dimensions x1 and x2 and the parameter space represented along dimension x3.
It can be seen that ‘cutting’ for a certain value of pwill result in different arrangements
in R2, see Fig. 2.3b which is obtained for p = 1.5.

Lastly, in Fig. 2.3c we illustrate the domains of existence for the cells of the lifted
arrangement. Since the parameter is a scalar, these domains are intervals along the
real axis (represented as solid segments). As it can be seen, each of the 15 cells
has its own domain which in some cases overlaps with others. Considering all the
overlaps we compute the disjoint intervals D′

k (separated by vertical dashed lines).
For example, for p = −1.5 ∈ [−2.45 2.45

]
we have 10 cells whose cutting will

result in non-empty cells in R2.

2.2 Polyhedral and Zonotopic Sets

There exists a wealth of families which describe convex (or non-convex) sets with
varying degrees of accuracy. An important limiting factor is the numerical reliability
of their representation. That is, a particular family may be able to represent a great
number of shapes but due to computationally expensivemanipulationswill be useless
in practice. Usually there exists an inverse relation between flexibility of a family
and the numerical cost of the representation.

2.2.1 Polyhedral Sets

Polyhedra3 provide a useful geometrical representation for the linear constraints that
appear in diverse fields such as linear control and optimization. In a convex setting,
they provide a good compromise between complexity and flexibility. Due to their
linear and convex nature, the basic set operations are relatively easy to implement
[8]. Principally, this is related to their dual (half-spaces/vertices) representation [9]
which allows to chose which formulation is best suited for a particular task. Note
that the transformation from one representation to another may be time-consuming
with various well-known algorithms: Fourier-Motzkin elimination—[10], Double
Description method—[11], Equality Set Projection—[12]. With respect to their flex-
ibility it is worthwhile to note that any convex body can be approximated arbitrarily
well by a polytope [13].

3In here we will use the notions of polyhedron and polytope. The first represents the element of the
polyhedral class under discussion whereas the latter denotes a bounded polyhedron.
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The set operations implemented over the polyhedral family represent a main topic
in the domain which lies at the intersection of convex geometry, mathematical pro-
gramming and computer science [14]. To mention just a few, the algorithms used to
implement the Minkowski addition (the sum over the space of sets), the Pontryagin
difference (the non-dual counterpart of the sum over the space of sets—see formal
definitions below), the translation between vertex and half-space representations are
sensitive to the space dimension and the complexity of the chosen set representation
(see [15, 16]).

We start by recalling some theoretical concepts (from Chap.1 of [4]). Firstly,
we provide the notion of H -polyhedron which denotes an intersection of closed
half-spaces:

Definition 2.3 A set P ∈ R
n is a H -polyhedron if it can be implicitly presented

in the form
P = P(F, θ) = {

x ∈ R
n : Fx ≤ θ

}
, (2.13)

for some F ∈ R
m×n , θ ∈ R

m .

The cone of a finite collection of vectors is defined by Definition2.4 and the
convex hull of a finite set of points by Definition2.5:

Definition 2.4 For a finite collection of vectors Y = {y1 . . . yd} ⊆ R
n , the cone of

Y is defined as

Cone(Y ) � {t1y1 + . . . td yd : ti ∈ R+} = {Y t, t ∈ R
n
+}.

Definition 2.5 For a finite collection of points V = {v1 . . . vd} ⊆ R
n , the convex

hull of V is defined as

Conv(V ) � {α1v1 + . . . αdvd : αi ∈ R+,
∑

i

αi = 1} = {V α, α ∈ R
n
+, 1T α = 1}.

In the context of set theory, the generalizations of addition (the Minkowski sum),
difference (the Pontryagin difference) and distance (the Hausdorff distance) are pro-
vided below:

Definition 2.6 The Minkowski sum of two sets P, Q ⊆ R
n is defined to be

P ⊕ Q = {x + y : x ∈ P, y ∈ Q} ,

and the Pontryagin difference is defined as

P � Q = {x ∈ P : x + y ∈ P,∀y ∈ Q} .

Definition 2.7 Given two convex sets P, Q, the Hausdorff distance is defined as

dH (P, Q) = max
{
d̄H (P, Q), d̄H (Q, P)

}
,
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where d̄H (P, Q) = max
x∈P

min
y∈Q

d(x, y), and d(x, y) is a distance measured in a given

norm in the Rn space.

Illustrative example for polyhedral set operations

In Fig. 2.4 polyhedral construction and some important set operations are illustrated.
Figure2.4a shows a bounded polyhedron (i.e., a polytope) which is characterized
as half-space intersections or equivalently as convex sum of extremal vertices.
Figure2.4b delineates an unbounded polyhedron (a cone) which is again charac-
terized by half-space intersections and cone representation (positive sum of rays).
Lastly, in Fig. 2.4c the Minkowski addition and Pontryagin difference operations are
illustrated graphically.

(c)

(b)(a)

Fig. 2.4 Some primitives and operations for polytopic sets. a Convex hull of a polytope. b Cone.
c Minkowski sum and Pontryagin difference representations
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2.2.2 Zonotopic Sets

Zonotopes represent a particular class of polytopes (i.e., projections of a hypercube
from a higher dimension) and can be described in “generator form” as

Z (c, G) =
{

x ∈ R
n : x = c +

m∑

i=1
λi gi , |λi | ≤ 1

}
, (2.14)

with i = 1 . . . m and where c ∈ R
n represents the center and G = [

g1 . . . gm
] ∈

R
n×m the matrix of generators. A zonotope defined as in (2.14) has some interesting

properties [17]:

• is closed under linear transformations:

LZ (c, G) = Z (Lc, LG); (2.15)

• is closed under the Minkowski sum:

Z (c1, G1) ⊕ Z (c2, G2) = Z (c1 + c2,
[
G1 G2

]
). (2.16)

Due to its particular structure, the number of vertices and facets for a zonotope
(2.14) is significantly reduced in comparison with a randomly generated polyhe-
dron.4, 5

In realistic situations, often the constraints are given in polytopic form but posses
an encapsulated symmetry which allows a description in terms of zonotopic sets.
Even when this is not the case, zonotopic approximations may be constructed. Since
the generator representation (2.14) is more compact than either the half-space and
vertex representations associated to polytopes, it becomes obvious why for numeri-
cal and theoretical reasons the zonotopes will be used whenever possible in the set
constructions of this manuscript. However, we stress that this practical preference
remains a subjective choice and the set-theoretic results appearing in the next devel-
opments hold for any class of sets (when convexity is mandatory, this requirement
will be specified accordingly).

For polytopic sets, [20] proposes tight approximations in fixed directions and [21]
discusses an iterative algorithm. Amore general case is represented by convex bodies
defined by nonlinear inequalities. Common characterizations of such sets include the

4From [18] we recall the following bounds on the number of facets fi of order ‘i’ for a given zonope
Z (bounds which are reached whenever the zonotope’s generators are in general position):

f0 (Z ) ≤ 2
n−1∑

i=0

(
m − 1

i

)
, fn−1 (Z ) ≤ 2

(
m

n − 1

)
.

5A zonotope is topologically equivalent with an associated hyperplane arrangement (see Defini-
tion2.1) offering thus efficient descriptions of the faces (e.g., by using reverse search algorithms as
in [19]).
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unit ball of the weighted p-norm (usually someweighted Euclidean norm defining an
ellipsoid). In [22, 23] it is proven that any such Euclidean ball can be approximated
arbitrarily close, in the sense of the Hausdorff distance, by a zonotope given by a
uniform distribution on the surface of the (hyper)sphere.

2.3 Non-convex Region Description

In this manuscript we aim to characterize the complement of a given region which
may or may not be convex. To this end let us consider a collection of (possibly
overlapping) polyhedral sets in R

n that may be related to obstacles to better fix the
ideas (usually encountered in R

2 or R3 for motion planning problems):

S =
No⋃

l=1

Sl . (2.17)

Describing the region of interest (2.17) as a union of polyhedral sets is not random:
a polyhedral set is in fact a finite intersection of regions of type (2.2a)–(2.2b). We
can then consider H = {Hi }i∈I as the collection of all hyperplanes appearing in the
description of polytopes Sl from (2.17) and construct the hyperplane arrangement
(2.4).

Then, there exists a sign tuple σ l which characterizes6 Sl , i.e.,

Sl = A (σ l) =
⋂

i∈I
Rσ l (i)

i = P

⎛

⎝

⎡

⎣
. . .

σ l(i)hi

. . .

⎤

⎦ ,

⎡

⎣
. . .

σ l(i)ki

. . .

⎤

⎦

⎞

⎠ . (2.18)

Further we can partition the collection of feasible tuples (2.5) into7:

(i) the collection of forbidden tuples

Σ• = {σ ∈ Σ : interior (A (σ ) ∩ S) �= ∅}, (2.19)

(ii) the collection of admissible tuples

Σ◦ = {σ ∈ Σ : interior (A (σ ) ∩ S) = ∅} = Σ \ Σ•. (2.20)

Remark 2.5 Note that we have chosen as classification criteria interior (A (σ ) ∩
S) �= ∅ rather than A (σ ) ⊆ S. The question is mote as long as the hypeplanes

6We assume without loss of generality that each set Sl is characterized by a unique tuple.
7The intersection ismeant to discern the cellswhich overlapwith the obstacles. The common frontier
is irrelevant in this context and is formally discarded by taking the interior of the intersection into
consideration.
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generating the arrangement are taken from the half-space representation of the obsta-
cles (in this case the inclusion and the intersection operations are equivalent). Still,
we preferred the more robust interior (A (σ ) ∩ S) �= ∅ which assignates a sign tuple
as forbidden if there is any intersection between the current cell and the obstacle
union. �

With notation (2.19) and (2.20)wemay describe regionsS andS in terms of forbidden
and admissible tuples:

S =
⋃

σ∈Σ•
A (σ ), (2.21a)

S =
⋃

σ∈Σ◦
A (σ ). (2.21b)

Note that Σ• ∩ Σ◦ = ∅ and Σ• ∪ Σ◦ = Σ ⊂ {−,+}N .

Remark 2.6 At this point, we may ask what was first, the arrangement or the obsta-
cles?The answer is that it depends on the problemat hand.Dowe startwith predefined
obstacles (polyhedral sets) and find the hyperplane arrangement associated to them?
Or, do we start with a predefined hyperplane arrangement (e.g., by grid-ing the space
and assigning to the resulting cells admissible/forbidden values? Each approach has
its merits as on one hand we may have more precise bounds but difficult formula-
tion and on the other hand we have over-approximations but under reduced/fixed
complexity. �

Illustrative example of non-convex regions

For the purpose of illustration let us consider a simple example as depicted in
Fig. 2.5. A union of two obstacles, S = S1 ∪ S2 in R

2 is considered. The forbid-
den regions are defined by 5 and respectively 3 hyperplanes (see Appendix A.4
for the numerical data). Furthermore, these partition the space into 37 cells from
which 3 describe the obstacles and the rest characterize the feasible space S =
R

2 \ S. More precisely, Σ• = {σ 1, σ 2, σ 3} is identified such that S1 = A (σ 1) and
S2 = A (σ 2) ∪ A (σ 3) for σ 1 = (+ + + − + + +−), σ 2 = (+ − + + + + ++)

and σ 3 = (− − + + + + ++). Note that the obstacle S2 is described by more than
one cell (this usually happens if a hyperplane from another obstacle cuts the obstacle
under consideration, as for example the hyperplane H1 in Fig. 2.5). As it can be
observed in the example, this is not an issue, it simply means that Σ•, the collection
of forbidden tuples, has more tuples than there are obstacles.

2.3.1 Cell Merging

Recall that any of the cells from (2.21b) is described by a unique sign tuple and
is disjoint with respect to the others (up to its boundary, see footnote 1). For our
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Fig. 2.5 Collection of obstacles and their associated hyperplane arrangement

purposes, we may be8 satisfied with any collection of regions not necessarily disjoint
which covers the feasible space. In this context, the question arises whether it is
possible to merge the existing cells of (2.21b) into a reduced number of regions
which still describe S. Note that this will help later on when it will lead to a compact
mixed-integer representation.

In general, these merged cells have to be formed as unions of cells from (2.21b)
such that the result is a convex set. Existing merging algorithms are usually compu-
tationally expensive because in general a union of convex sets is non-convex. In the
present study the problem can be simplified by observing two properties of the cells
from (2.21b) (and in general, from (2.4)):

• the sign tuples σ describe an adjacency graph since any two cells whose sign
tuples differ at only one position are neighbors (i.e., they share a hyperplane as
boundary),

• the union of any two adjacent cells is a polyhedra.

Using these properties a merged cell can be formally characterized.

Definition 2.8 The union of all cellsA (σ )whose sign tuples retain the same values
over a subset of indices (i ⊂ I) and span all possible combinations for the rest of

8In the forthcoming chapter constructions which accept both formulations will be discussed in
detail.
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indices (I \ i) is a “merged” cell. This cell is characterized by the sign tuple σ ∗ ∈
{−, ∗,+}N where σ ∗(i) ∈ {−,+},∀i ∈ i and σ ∗(i) = ∗,∀i ∈ I \ i such that:

A (σ ∗) =
⋂

σ ∗(i)�=‘∗′, i∈I
Rσ ∗(i)

i =
⋃

σ (i)=σ ∗(i),∀i∈i
σ ( j)∈{−,+},∀ j /∈i

A (σ ). (2.22)

�
Remark 2.7 Using Definition2.8, the number of cells appearing in a merged cell is
expected to be 2card(I\i) because “spanning all possible combinations” would lead to
such a number. In practice the number of disjoint cells will be smaller since many of
these sign combinations result in empty cells. �

With the previously given properties, merging algorithms can be employed (see,
for example, [24], which adapt a “branch and bound” strategy). This is still cumber-
some, and henceforth the problem is tackled in the Boolean algebra framework. The
merging problem of regions from (2.21b) is functionally identical to the minimiza-
tion of a Boolean function given in the “sum-of-products” form. A cell describing
the (in)feasible cell from (2.3) corresponds to a “1” (“0”) value in the truth-table at
the position determined by its associated sign tuple, whereas infeasible sign tuples
correspond to “don’t care” values. It is then straightforward to apply minimization
algorithms (Karnaughmaps, theQuine-McCluskey algorithm or the Espresso heuris-
tic logic minimizer for example) in order to obtain Boolean minterms who describe
the merged cells of (2.21b). Note that a similar merging procedure was proposed in
[25] in order to deal with polyhedral piecewise affine systems.

Thenext theoremprovides constructivemeans for generatingmerged cells (similar
to the results in [26]).

Theorem 2.2 Consider the forbidden and admissible regions (2.21a), (2.21b) char-
acterized respectively by the sign tuples (2.19) and (2.20). Then, the feasible region
(2.21b) is compactly described as a union of merged cells (2.22):

S =
⋃

σ ∗
A (σ ∗), (2.23)

where σ ∗ ∈ {−, ∗,+}N are given by the “sum-of-products” representation of the
Boolean function f : {−,+}N → {0, ∗, 1} verifying:

f (σ ) =0, ∀σ ∈ Σ•, (2.24a)

f (σ ) =1, ∀σ ∈ Σ◦, (2.24b)

f (σ ) =∗, ∀σ ∈ {−,+}N \ (Σ• ∪ Σ◦) . (2.24c)

�
Proof Let us consider function (2.24) and its truth-table: we have “0” for sign tuples
characterizing cells inside (2.21a), “1” for sign tuples characterizing cells inside
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(2.21b) and “don’t care” values for all the sign tuples which correspond to empty
cells (infeasible combinations of regions (2.2a)–(2.2b)). All that remains is to group
the combinations which are “1” or “don’t care” in the truth-table and express the
function (2.24) in the canonical sum-of-products form. Each term of the product
describes a region of form (2.22) thus reaching (2.23) and concluding the proof. �

Furthermore, Theorem2.2 can be adapted so thatwe can actually avoid calculating
the collection of feasible sign tuples (2.5). Rather, by using the set of cells which
describe (2.21a) (usually containing many fewer cells than the total number, see
Theorem2.1) and Boolean algebra notions we provide a compact representation of
(2.21b) without explicitly making the decomposition (2.4).

Corollary 2.1 Consider the forbidden region (2.21a) characterized by the sign
tuples (2.19). Then, the feasible region (2.21b) is compactly described as a union of
merged cells of form (2.22):

S =
⋃

σ ∗
A (σ ∗), (2.25)

where σ ∗ ∈ {−, ∗,+}N are the sums from the “sum-of-products” representation of
the Boolean function f : {−,+}N → {0, 1} verifying

f (σ ) =0, ∀σ ∈ Σ•, (2.26a)

f (σ ) =1, ∀σ ∈ {−,+}N \ Σ•. (2.26b)

�

Proof Let us consider function (2.26) and its truth-table: we have “0” for sign com-
binations characterizing cells inside (2.21a) and “1” in all the other cases (regardless
if the sign tuples describe admissible cells or infeasible combinations of regions).
All that remains is to group the combinations which are “1” and express the function
in the canonical sum-of-products form. Each term of the product describes a region
of form (2.22) thus reaching (2.25). �

Several remarks are in order:

Remark 2.8 In the construction of the truth table of (2.26) as explained in the proof of
Corollary2.1 lies themajor differencewith respect to Theorem2.2. By not computing
the cells composing the feasible region, it is assumed implicitly (and conservatively)
that all the remaining combinations of signs correspond to non-empty admissible
cells (thus “1” in the table). This will result in a larger number of merged cells.
More than that, one can even obtain merged cells which are infeasible (because the
sign combination describes an empty region). Such a cell is denoted as feasible (and
discarded otherwise) at a later post-processing stage, in contrast with the approach
in Theorem2.2 where the validation is made in a pre-processing stage. �

Remark 2.9 For a compact representation it is suitable to write (2.24) or (2.26) in a
minimal sum-of-products form. To this end,minimization algorithms (e.g., Karnaugh
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maps, the Quine-McCluskey algorithm or the Espresso heuristic logic minimizer)
are employed. We emphasize on the latter technique which although heuristic gives
near-optimal results and is orders of magnitude faster than other methods [27]. We
note that a similar approach was proposed in [25] in order to deal with polyhedral
piecewise affine systems. �

Remark 2.10 Note that a region (2.22) is described by at most N − f hyperplanes,
where f denotes the number of indices in the sign tuples which flip the sign. It
makes sense then to, not only reduce the number of regions, but also to maximize
the number of cells that go into the description of a region from (2.21b). �

Illustrative example of merging procedures

The example provided in Sect. 2.3 with the numerical data from Appendix A.4 is
further used for exemplifying the results presented in the current section. Themerging
procedures given in Theorem2.2 and Corollary2.1 are applied in order to obtain
merged cells as defined in Definition2.8. In both cases the first step is to compute
the Boolean function (2.24) ((2.26) respectively) and to simplify it to the canonical
sum-of-products form.

For the small number of hyperplanes appearing in this example we may consider
a graphical solution. That is, we represent the Boolean function as a Karnaugh map
in Fig. 2.6 which can take the values ‘0’—obstacle cell, ‘1’—feasible cell and ‘*’—
empty cell.

Reducing the map in Fig. 2.6 leads to the canonical sum-of-products form of
(2.24):

f (σ ) = σ (2)σ (8) + σ (1)σ (4) + σ (6) + σ (3) + σ (7) + σ (5).
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Fig. 2.6 Karnaugh diagram for obtaining the reduced cell representation with Theorem2.2
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Each of the Boolean products appearing here denotes a merged cell. Taking them in
order, we have:A (∗ − ∗ ∗ ∗ ∗ ∗−),A (− ∗ ∗ − ∗ ∗ ∗∗),A (∗ ∗ ∗ ∗ ∗ − ∗∗),A (∗ ∗
− ∗ ∗ ∗ ∗∗),A (∗ ∗ ∗ ∗ ∗ ∗ −∗) andA (∗ ∗ ∗ ∗ − ∗ ∗∗). The union of these merged
cells describes the feasible region (2.21b) as in (2.25).

For illustration, Fig. 2.7 delineates the merged cell A (∗ − ∗ ∗ ∗ ∗ ∗−) = R−
2 ∩

R−
8 and the hyperplane arrangement which spanned them.
Note that, in addition to reducing the number of regions in (2.25) comparativewith

(2.21b)—from 24 to 6, we have also reduced the number of hyperplanes appearing in
the region’s half-space representation (see Remark2.10). These differences become
more significant with a larger number of hyperplanes and of obstacles.

The same reasoning, but under the conservative view expressed in Corollary2.1,
can be applied to the problem. In the truth-table depicted in Fig. 2.8 we assign ‘0’
whenever the cell corresponds to an obstacle and ‘1’ otherwise. The result, once the
associated Boolean function (2.26) is put into the canonical sum-of-products form:

f (σ ) = σ (1)σ (8) + σ (2)σ (8) + σ (4)σ (8) + σ (2)σ (4)

+ σ (7) + σ (6) + σ (5) + σ (3),

are the merged cells A (− ∗ ∗ ∗ ∗ ∗ ∗∗), A (∗ − ∗ + ∗ ∗ ∗∗), A (∗ ∗ ∗ ∗ ∗ ∗ ∗−),
A (∗ ∗ − + ∗ ∗ ∗∗),A (∗ ∗ ∗ ∗ ∗ ∗ −∗),A (∗ ∗ ∗ ∗ ∗ − ∗∗),A (∗ ∗ ∗ ∗ − ∗ ∗∗) and
A (− − + ∗ ∗ ∗ ∗∗). As before, the union of these merged cells describes the fea-

Fig. 2.7 Hyperplane arrangement with merged cells computed as in Theorem2.2
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Fig. 2.8 Karnaugh diagram for obtaining the reduced cell representation with Corollary2.1

sible region (2.21b) as in (2.25). In this particular case we observe that all the sign
tuples correspond to non-empty regions (which, in general might not be the case—
Remark2.8). The drawback is that, even for this relatively small example the implicit
representation ismore conservative than the explicit one (8merged cells instead of 6).

2.3.2 Numerical Considerations

The two main issues discussed in this chapter are the computation of the hyperplane
arrangement (2.3) and the merging procedures which lead to compact representa-
tion (2.22). The first issue is an enumeration problem. The second issue, at least in
the approach followed here, reduces to the mininimization of a Boolean function.
Both these problems have worst-case resolution times of exponential complexity. In
practice there are algorithms which provide (sub)optimal solutions in a reasonable
time. These algorithms require a broadmathematical background and fall beyond the
scope of this book. Rather, we will consider several representative examples (with
the numerical data provided in Appendices A.3–A.9) and apply existing algorithms
to observe the computation times and various properties of interest.

The computation times are of course dependent on the hardware and software
platforms and therefore the numbers obtained should not be seen as “best” values,
rather they should serve to underline the link between computational difficulty and
various design parameters. The numbers illustrated in the following tables have
been obtained after extensive simulation in Matlab 2014a, using MPT3 toolbox [28]
and the Espresso heuristic logic minimizer [29, 30]. MPT contains routines which
permit the computation of hyperplane arrangements (used internally for simplifying
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Table 2.1 Computation times and number of feasible cells for hyperplane arrangements in R
2

(N , d) (3, 2) (8, 2) (10, 2) (15, 2) (20, 2) (25, 2) (30, 2)

Card Σ 7 27 46 98 179 252 365

Card Σ

cf. (2.8)
7 56 90 210 380 600 870

Time [s] 0.7314 1.2375 1.9720 3.8619 7.7412 12.7355 17.8422

piecewise affine representations [25, 31]) and the Espresso minimizer produces sub-
optimal simplifications of Boolean functions which are order of magnitude faster
than optimal algorithms [32].

Table2.1 illustrates the times required for the computation of a hyperplane
arrangement, starting from its collection of hyperplanes. The first row enumerates
various collection of hyperplanes characterized through the pair (N , d)—number of
hyperplanes and space dimension. The second and third rows provide the number of
cells obtained with the MPT3 routines and as the upper bound given in (2.8). Note
that the computed number of cells is usually smaller. This is due to the fact that the
arrangement might not be in general position and because the MPT3 routine used
counts only the cells inside a finite box (a reasonable assumption for realistic control
problems—we took here a bound [−20, 20] along eachs axis). Finally, the last row
gives the computation times. As it can be seen, the values obtained are reasonable,
at least for the R2 case which can cope with robotic applications for example.

In the following, the proposed merging procedures (see Theorem2.2 and
Corollary2.1) are analyzed and solved via the Espresso minimizer. The data sent
to the minimizer is divided into three disjoint categories: combinations of signs
to which corresponds ‘1’—an admissible cell; combinations to which corresponds
‘0’—a forbidden cell and combinations to which corresponds ‘*’—empty cells. Fur-
thermore, the input can be composed from any combination of these categories. Two
of these cases hold interest to us:

(i) both the ‘0’ and ‘1’ cases are given explicitly; this corresponds to Theorem2.2,
(ii) only the ‘0’ cases are given explicitly; this corresponds to Corollary2.1.

Table2.2 gives the arrangements corresponding to the examples in Table2.1 and
the number of forbidden tuples in the first two rows. The next four rows are paired two
by two and provide the number of merged cells and the time to compute them in case
(i) and (ii) respectively (cardΣ•,1 is the number of forbidden tuples, cardΣ∗

(i)/(i i) is
the number of merged cells and time(i)/(i i) are the computation times).

Several observations can be made. First, the explicit approach is clearly better
in terms of number of merged cells: in each case the number obtained through the
implicit method is larger (sometimes much larger). Interestingly the computation
times favor the explicit approaches in most all instances. Here we have to note that
the explicit approach requires the computation of the arrangement as a pre-processing
step. Including this additional time as well the implicit approach becomes clearly
faster than the explicit one. A silver lining is the observation that the arrangement
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Table 2.2 Computation times and number of merged cells for hyperplane arrangements in R
2

(N , d) (3, 2) (8, 2) (10, 2) (15, 2) (20, 2) (25, 2) (30, 2)

Card Σ•,1 1 3 4 9 9 31 22

Card Σ∗
(i) 3 6 8 11 10 19 16

Time(i) [s] 0.1700 0.1061 0.1141 0.1401 0.1665 0.2632 0.3612

Card Σ∗
(i i) 3 8 11 16 23 45 43

Time(i i) [s] 0.1561 0.1022 0.1113 0.1423 0.1766 0.3759 0.4665

Table 2.3 Computation times and number of merged cells for hyperplane arrangements in R
2

(N , d) (3, 2) (8, 2) (10, 2) (15, 2) (20, 2) (25, 2) (30, 2)

Card Σ•,2 2 5 7 23 14 40 37

Card Σ∗
(i) 2 7 7 10 11 20 21

Time(i) [s] 0.1670 0.1071 0.1062 0.1554 0.1787 0.2580 0.4630

Card Σ∗
(i i) 2 8 13 24 27 51 55

Time(i i) [s] 0.1687 0.1232 0.1312 0.1616 0.1944 0.6450 1.0896

needs to be computed only once. After this operation, the obstacle classification
reduces to a separation between admissible and forbidden tuples.

While the number of hyperplanes and the space dimension have a clear influ-
ence on the computation time not the same can be said about the forbidden tuples.
Even keeping constant the number of hyperplanes, it is intuitive that changing the
distribution and number of forbidden cells will modify the number and shape of the
merged cells. To illustrate the point, in Table2.3 we perform the same operations
as in Table2.2 but for a different collection of forbidden tuples, Σ•,2, these and the
initial forbidden tuples are available in Appendix A.

As expected, the number of merged cells is larger (although there is no formal
relation between this number and the number of forbidden tuples). The computation
times are in almost all cases larger (again, due to the increased complexity of the
problem).

To have a better grasp of the computation times for the merging procedures under
the various methods and initial data, Fig. 2.9 plots the relevant results provided in
Tables2.2 and 2.3.
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Fig. 2.9 Illustration of the merging procedure computation times provided in Tables2.2 and 2.3

2.4 Notes and Comments

The scope of this chapter was to present basic combinatorial and set-theoretic notions
necessary to characterize the feasible space (e.g., the complement of a union of
obstacles). Assuming polyhedral characterization of the forbidden regions we can
take the hyperplanes defining their borders and use them to create an appropriate
hyperplane arrangement. From our viewpoint, the main advantage is represented by
the fact that this arrangement characterizes each cell in terms on which side (either
negative or positive) of the hyperplanes it lies. Hence, we no longer need to provide
a geometrical description of the cell but rather of the tuple of signs which uniquely
defines it. Furthermore, to characterize each of these cells as forbidden (i.e., the part
of the space defining the obstacles) or feasible (i.e., the remaining part) it suffices
to gather and separate the sign tuples into two disjoint collections. Moreover, since
we are equally satisfied with overlapping descriptions of the feasible space we also
present the notion of merged cells (hence reducing the complexity of the feasible
space description).

Nevertheless, while here we presented some of the basics, extensive additional
information can be gathered from a multitude of sources. Classical monographs
about polyhedral or zonotopic notions can be found in [4, 9, 33] whereas, their
application in control are detailed in [34, 35], amongst others. Next, detailed math-
ematical descriptions and various applications of hyperplane arrangements notions
are provided by Zaslavsky, Orlik, Geyer, De Concini, Procesi and others in [1, 6, 24,
36–38].
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