Chapter 2
Non-Archimedean Banach Spaces

In this chapter we gather some basic facts about non-archimedean Banach spaces,
with a special emphasis on the so-called p-adic Hilbert space. Again the results here
are well-known and will serve as background for the operator theory developed in
later chapters.

Let K denote a complete non-archimedean valued field. The valuation on K will
be denoted | - |.

2.1 Non-Archimedean Norms

In this section we introduce and study basic properties of non-archimedean norms
and non-archimedean normed spaces.

Definition 2.1. Let E be a vector space over K. A non-archimedean norm on E is
amap || - || : E — RY satisfying

(1) ||x|| = 0 if and only if x = 0;
(2) ||Ax]| = |A]||x|| for any x € E and any A € K;
3) llx + yll = max{|lx][.ly[|} for any x,y € E.

Property (3) of Definition 2.1 is referred to as the ultrametric or strong triangle
inequality.

Definition 2.2. A non-archimedean normed space is a pair (E, || - ||) where E is a
vector space over K and || - || is a non-archimedean norm on E.

Unless there is an explicit mention of the contrary, all norms that are considered in
this chapter are non-archimedean. Here are some first examples of non-archimedean
norms on some vector spaces.
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Example 2.3. The valuation on K itself is a non-archimedean norm.

Example 2.4. Consider the Cartesian product K” with n € N and define

H(xl,...,x,,) =max{xi) 01 §i§n}.

Then this is a non-archimedean norm on K”.

Example 2.5. Foreachi € Nlet K = K and consider

o0
P=]]x".
i=0

Then P is the direct product of a countable copies of K. The set P is naturally
a vector space over K. Note that an element of P is just a sequence of elements
of K of the form (x;);en.

Let

L®(K) = {(xi)ieN €P: (x)ien is bounded}.

Then L*°(K) is a subspace of P. Define

o

)Oo - sup{‘x,- e N},

then, this is a non-archimedean norm on L*°(K).

Example 2.6. With the notations of Example 2.5, consider

[ee)
§=Y KO,

i=0

then S is the direct sum of a countable copies of K and it is a subspace of P. Note
that an element of S is a sequence of the form (x;);en such that x; € K, x; = 0 for
almost all (for all except for a finite number) i € N.

Define

Xi

H (xi)ien

‘:max{ Hie Ny,

then, this is a well-defined non-archimedean norm on S.
Example 2.7. Let X be a set and let B(X,K) be the set all bounded functions
on X with values in K, then with the operations
f+o =f(x) +g(x), f,.g € BX,K), xeX
A)x) =Af(x), 1 eK, feBXK), xeX
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Clearly, B(X, K) is a vector space over K.
Define the sup-norm

Hf”oo = sup“f(x)‘ X € K},

then this is a non-archimedean norm on B(X, K).

Example 2.8. Let (E;, | - |l}), { = 1,2 be non-archimedean normed spaces over K.
Let L(E{, E;) be the set of all K-linear maps A : By — [E,, then it is naturally
a vector space over K. Let B(E;, E;) be the set all K-linear maps A : E; — E,
satisfying the following: there exists C > 0 such that for all x € E,,

o, = ],

Then B(Eq, E,) is a subspace of L(E;, E,). Define for all A € B(Ey, E,),

ol o b

erI\{o} ”x

Then, this is a non-archimedean norm on B(E;, E;).

—_

Proposition 2.9. Let (E, || - ||) be a non-archimedean normed space. For x,y € E,

-t ] = max . b} it o] # ]
Proof. Suppose that ||x|| < ||y|| so that max{| x|, ||y]|} = |y|l, then by Defini-

tion 1.1, |x + y|| < |ly||. Now
[}

ol = ey =] = max ],
But since ||y|| > |x||, we must have

) 9

oo o ) = o

and therefore
b =[x+

and the conclusion follows.
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Definition 2.10. Let (E, || - ||) be non-archimedean normed space and S be a non-
empty subset of E. The set S is said to be bounded if the set of real numbers {||x| :
x € S} is bounded.

Definition 2.11. A sequence (x;);eny in the normed space (E, || - ||) converges
(strongly) to x € E and we write

lim x; = x
i—00

if the sequence of real numbers (||x; — x||);en converges to 0.

Definition 2.12. A series Y oo x; in (E, || - ||) converges to x € E and we write

oo
E Xi =X
i=0

if the sequence of partial sums (s,,),en

n
Sp = E x;,, neN
i=0

converges to x.

Proposition 2.13. Let (E, || - ||) be a non-archimedean normed space over K. If the
sequence (x;)ien converges in E, then it is bounded.

Proof. Suppose (x;);en converges to x, then the sequence of real numbers (||x; —x||);
converges in R, therefore is bounded. It follows that the set {x; : i € N} is bounded
as a subset of E.

2.2 Non-Archimedean Banach Spaces

In this section we introduce non-archimedean Banach spaces, discuss their proper-
ties and illustrate with examples.

Let (E, || - ||) be a non-archimedean normed space, then a metric d can be defined
on E to give it the topology of a metric space. This metric is defined by

x,y€eE, dx,y) = Hx—y”.
Proposition 2.14. The strong triangle inequality translates as follows:

for x,y,z € E, d(x,y) < max {d(x, 2),d(y, z)}.
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Definition 2.15. A normed space (E, ||-||) is called a Banach space if it is complete
with respect to the natural metric induced by the norm

, x,yeE.

dx.y) = v =]
The spaces K, K", Y} 2 K@ L*(K), B(X,K), B(E,,E,) with their respective
norms are Banach spaces.

Proposition 2.16. (1) a close subspace of a Banach space is a Banach space;
(2) the direct sum of two Banach spaces is a Banach space.

Proof. (1) is clear. (2) the norm on the direct sum is defined by ||(x,y)| =
max{|x||, [y||}. From there, the proof is also clear.

We next define the norm on the quotient space using the same notation for both
the space and its quotient.

Definition 2.17. Let E be a Banach space and V a closed subspace of E. Let P :
E — E/V be the quotient map. Define

HPxH =dx,V), xekE,
where
d(x,B) = inf{d(x,z) 1z € V} = inf{“x—z” 1z € V}

is the distance from x to V.

Remark 2.18. This norm is well defined because Px = Py ifandonlyifx —y € V,
moreover ||Px|| < |lx|| for any x € E.

Proposition 2.19. The norm in Definition 2.17 is a non-archimedean norm on E\V.

Proof. (1) First ||0]| = ||[P(0)|| = 0since 0 € V. Next, if |Px|| = O then d(x, V) =
O hencex € V, and Px = 0.
(2) Forany A € K*,
[1#] = [Pn]
= inf{HAx—zH 1Z € V}
. Z .
- e 3] e
= ‘A‘ inf{Hx—yH 1y € V}

=[P
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(3) Forx,y € E, since V is closed, there exist z1, z2,z3 € V such that

|| = =] |l ===l Jpesn] =f+r-s]

HP(x) +P(y) H P(x +y) H
=|x+y—23 H

<|x4+y) — (21 +2) H (because (z1 + z2) € V)

= (X—Z1)+(Y—Z2)H

o)
Il

There will be more examples in the later parts of the book.
An example that plays a very important role in the theory of non-archimedean
Banach space, is the following:

<o

= max {HPx

Example 2.20. Let ¢o(K) denote the set of all sequences (x;);en in K such that

lim |x;| = 0.
i—>00
Then, ¢y(K) is a vector space over K and
H (xi)ien ’ = sup |x;
ieN
is a non-archimedean norm for which (¢y(K), || - ||) is a Banach space.

Another important example which will play a central role in the book is now
defined. It is a modified version of ¢y (K).

Example 2.21. Letw = (w;);en be a sequence of non-zero elements in K. We define
the space E,, by

1/2
E, = {x = ()ien : Viox € K and lim (jor|  |x

1—>00

) = 0}.
On E,, we define

1/2‘

)-

x = (x)ien € E,, HxH = sup(
ieN

w; Xi
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Then, (E,, || - ||) is a non-archimedean Banach space.

Definition 2.22. The Banach space E,, of Example 2.21, equipped with its norm,
is called a p-adic Hilbert space.

The space E,, will play a central role in the book and will be the subject of further
studies in this chapter and in later chapters.

Example 2.23. In reference to Example 2.8, if we take E; = E, = E, the non-
archimedean normed space B(E, E) is denoted B(E) and consists of all K-linear
maps A : E — E (also called “linear operators”) satisfying

3C > 0 such that Vx € E, ‘Ax” < CHx”
Recall that the norm on B(E) is
&
4] = o
earfo) [+

Then B(E) is also a very important non-archimedean Banach space and will be
thoroughly discussed in Chap. 3. It is called the space of bounded or continuous
linear operators on E.

Example 2.24. Again in reference to Example 2.8, if we take E; = E a Banach
space over K and E, = K, then the Banach space B(E, K) is called the dual of E
and denoted E*. The dual E*, then, is the space of bounded linear functionals on [E.
If ¢ € E*, then

sup
S0 T

.= s 150

With this norm E* is a Banach space.
Let E** be the dual of E*, then, there is a natural K-linear map:

Jje : E — E** such that Vx € E, jg(x)(§) = (€,x), V& € E*.

We now consider some properties of Banach spaces that will be useful later.

Proposition 2.25. Let (E, || - ||) be a Banach space. The series y .o X; converges
in E if and only if the sequence of general terms (x;);en converges to 0.

Proof. Suppose that the series converges, then it is clear that the general term

converges to 0. Conversely, suppose that

lim Xi = 0.
i—>00
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This means that for any & > 0 there exists N such that fori > N, ||x;]| < e.
Consider the sequence of partial sums (sy)zen Where

k
S = in.
i=0
Then forn >m > N

||Xm+1 +... +)Cn||

52— Smll

IA

max{”xjH m+1=<j=< n}
< e&.
The sequence of partial sums (s;)ren is @ Cauchy sequence in the Banach space E
hence it converges.
As in the classical case, we have the following definition.

Definition 2.26. Let E be a vector space over K and || - ||; and || - || two non-
archimedean norms on E for each of which E is a Banach space. The two norms
are said to be equivalent if there exist positive constants c¢; and ¢, such that for any
x € E,

1 2 1

Proposition 2.27. On a finite dimensional Banach space over K, all non-
archimedean norms are equivalent.

Proof. We use induction on the dimension n. If n = 1, let ||x||o = |x| be the norm
determined by the absolute value. Now let || - || be any norm on K, then for any

Il = el ] =<l

which implies that || - || is equivalent to || - ||o. Suppose that the proposition is true
for a space of dimension (n — 1). Let E be of dimension n and let {e,...,¢,} be a
basis for [E. First we have the natural norm on E which is

. with ¢ = H]H
0

n
xek, x= E x;e;, HxH =max{xl~ :151’511}.
0
i=1

Let || - || be any norm on [E. We want to show that || - || is equivalent to || - ||o.
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For any x = ) ', x;e; we have

=[S

§max{)xi :1§i§n}§CHxHO

€i

where C = max{||e;|| : 1 <i < n} and we find
I+l = <l
0

To obtain the other inequality which will complete the equivalence, we let V be the
subspace of E generated by {ey, ..., e,—1}, then

X =Y+ xpe,

where y = Z:’;ll x;e; € V. We note that V is a closed subspace of [E, being the set
of all vectors in E whose n-th component is zero. Therefore, it follows that

a:inf{Hz+en :zev} >0
then
x;ly + enH >a>0.
Put
-1
b =alle,| sothat b <1.
Suppose first that x,, # 0, then
e, x,'y+e,| >0b.
Now
-1
Hx” = |x,|] e e, x;1y+ e, ) > b)xnen
and we find
”x” > b|x,e,|.
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Lemma 2.28. |x|| > b|y|-

Proof. Suppose that ||x|| < b||y|| hence ||y + x,e,|| < b|ly|| and since b < 1 we find
that

Iy + xnenll < ¥l

which implies that

Xn€n

=[o+xen =] = |

and since ||y + x,e,|| > b||x,e,| we get a contradiction.

Now we have

Hx” > blx,||en

and o] = o).
By induction, there exist constants b’ and »” such that

o =0

xn‘ and HxH > bb" max{

X; :lfif(n—l)}.
Let C = min{bb’, bb"'}. Then,

o] =m0} =cl,
Suppose next that x,, = 0. In this case, we still have

[l = #bl

and the same argument carries on, hence, || - || is equivalent to | - ||o.

2.3 Free Banach Spaces

In this section we define and discuss properties of Banach spaces which have bases.
Let [E be a Banach space over K.

Definition 2.29. A family (v;);e; of vectors in E indexed by a set I converges to 0

and we write

limv, =0
iel
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if
Ve >0, {i el: Hv,“ > 8} is finite.

Definition 2.30. Let v € E and let (v;);e; be a family of elements of E indexed by
the set I. We say that v is the sum of the family (v;);e; and we write

E Vi ="

i€l

if Ve > 0, there exists a finite subset Jy C [ such that for any finite / C 1,
J2J

HZU,'—UH <e.

ieJ
In this situation, we also say that the family (v;);e; is summable and its sum is v.

Proposition 2.31. Let the family (v;);e; be summable in E with sum v € E, then
limv; = 0.
iel

Proof. Given ¢ > 0, let H = {i € I : ||v;|] > ¢}. Since the family (v;);es is

summable with sum v, there exists a finite subset Jy of I such that for any finite
subset J of I containing Jo,

] =+
Letj € I\ Jp and consider J = Jy U {j} then

[ > -] =e

i€

Since

it follows that
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which implies that

vj|| = &

Since this holds for any j ¢ Jy, we conclude that
HCJy

hence H is finite and therefore lim;c; v; = 0.

Definition 2.32. A basis for E is a family of elements of E, {e; : i € I} indexed by
a set I such that for every x € E there exists a unique family (x;);e; of elements in K
such that

inei = X.
il
In this situation, in view of Proposition 2.31, lim;¢; x;¢; = 0.

Example 2.33. In Example 2.20 we introduced the Banach space ¢o(K). It has the
following basis {ei i N}, where ¢, = (1,0,0,...),e; = (0,1,0,0,...)... in
other words, ¢; is the sequence all whose terms are 0 except the i-th term which is
equal to 1. If x = (x)ien € co(K) then

00
X = E Xi€;
i=0
and

lim =0.
1—>00

Xi

Let p be a prime, and suppose K is a finite extension of Q,, the field of p-adic
numbers. We let Z, be the ring of p-adic integers.

Definition 2.34. Foreachi € N we define the Mahler function M; to be the function

xx—1...(x—i4+1

€ .
i X € Zy,

M7, > K, My(x)=1andfori>0, M(x) = (x) =
l

The function M; satisfies the following:

(1) M;(j) = 0ifjis an integer with j < n;

2 M) =1,

(3) M;(x) is a polynomial function of degree i.
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Let C(Z,,K) be the K-vector space of continuous functions from the compact
set Z, to K, equipped with the sup-norm

bl..=splel

ZGZ[)
Example 2.35. The space C(Z,, K) is a free Banach space because of the following
classic theorem of Mabhler for whose proof we refer to [46] or [53].
Theorem 2.36. The following hold:

(1) ForeachieN, M;e C(Z,,K)and |M;|| = 1;
(2) Foreachf € C(Zy,K) there exists a unique sequence (a;)ien C K such that

f@) =) aMx). x€L,.

i=0

The series converges uniformly and

HfHoo = max{ a,-) (i€ N};

(3) If (@;); € N € ¢o(K) then, the function

o]

f(x) = ZaiM,‘, X € Zp

i=0

defines an element of C(Z,, K).
We now introduce the notion of orthogonality:

Definition 2.37. We say that x, y € [E are orthogonal to each other if

by‘

Hax+by” =max{”ax } forany a,b € K.

)

This definition is clearly symmetric and generalizes as follows:

Definition 2.38. Let (v;);e; be a family of vectors in [E. We say that the family is
orthogonal if for any J C I and for any family (a;);c; of elements of K such that
lim;e; a;v; = 0,

= max {Haixi i)

| > a
i€l

Definition 2.39. An orthogonal basis for the Banach space E is a base which is an
orthogonal family.
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This means, then, that a family {e; : i € I} is an orthogonal basis if and only if

(1) For every x € E, there exists a unique family (x;);e; C K such that x =

> ierXieis

2) ”x’ = max{ xie;ill 1 i€ I};
The orthogonal basis {e; : i € I} is called an orthonormal basis if |e;|| = 1 for all
i€l

Remark 2.40. The space co(K) has a natural orthonormal base, namely, ¢; : i =
0, 1,... where the sequence ¢; = (§;;); € N and §;; is the Kronecker symbol.

Remark 2.41. The sequence of Mahler functions {M; : i = 0,1,...} forms an
orthonormal basis of C(Z,, K).

2.4 The p-adic Hilbert Space E,,

In this section we discuss properties of the so-called p-adic Hilbert space [E,, which
will be the focus of operator theory in the later chapters. We follow Diarra [20]
closely.

Recall from Example 2.21 and Definition 2.22 that given w = (w;);eny C K*,

1/2
E, = {x = )iy X €K, VieN, lim )wi x| = 0}.
1—>00
The space E,, is equipped with the norm
1/2
x = (x;)ien € E,, HxH 1= sup |w; ‘x,- .
ieN

Another characterization of [E,, is the following:
Proposition 2.42. x = (x;)ien € E,, if and only iflim;_, o x?w; = 0.

Proposition 2.43. The normed space (E,,| - ||) is a free Banach space with
orthogonal basis {e; 1 i = 0,1,...} where e; = (8;})jen and 8;j is the Kronecker
symbol. For eachi € N

el =

1/2
wi)

Remark 2.44. The orthogonal basis {¢; : i = 0,1,2,...} is called the canonical
basis of E,,.
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Proposition 2.45. Let (-,-) : E, x E, — K be defined as follows: for x =
(xi)ien, ¥ = (Vidien

oo
{x,y) = Z XiYi®;.
i=0

Then

(1) {(x,y) is well-defined, i.e., the series converges in K;
(2) (,-) is symmetric, bilinear form on E,,;
(3) (-,-) satisfies the Cauchy-Schwarz inequality, namely,

jeen] =[] bl

(4) {(-,-) is continuous.

Proof. (2) is clear and (4) follows from (3).

(D
1/2 1/2
lim x,-) Vi )a),- = lim xi‘ w; Yi‘ w;
1—>00 1—>00
1/2 1/2
= <.lim X; ‘a),’ ).(Alim yi) ; )
1—>00 1—>00
=0 since x,y € E,.
(3)

) = [ s

)1/2 )1/2

< sup )w,- ‘a)[

ieN

Xi Vi

1/2
< sup
ieN

|-l

Proposition 2.46. The following hold:

Xi

1/2
| o

. sup ‘y,

ieN

Moreover, we have:

(1) {,-) is non-degenerate;

(2) (xx) =) Koy
i=0
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(3) (@i,Ej) = Sijwi for l,] € N;
(4) (X, €k> = XyWk.

Proof. We prove only (1). Suppose (x,y) = 0 for all y € E,,. Then, in particular,
for any k, if y = ¢, we find that x;w; = 0 which implies that x; = 0 as w; # 0.
Since this holds for all k, x = 0.

The space E,, endowed with the above-mentioned norm and inner product, is
called a p-adic (or non-archimedean) Hilbert space. In contrast with classical Hilbert
spaces, the norm on E, does not stem from the inner product. Further, the space
E,, contains isotropic vectors, that is, vectors x € E, such that (x,x) = 0 while
x # 0. Let us construct one of those isotropic vectors of E,. To simply things,
suppose K = Q, where p is a prime satisfying p = 1 (mod) 4 and let = (w;);en,
where wg = 1, w; = 1, w; = p'fori > 2. If we consider the nonzero vector
X = (x);ey € Eq, given by, xo = 1, x; = V=1 € Qp, x; =0, i > 2, iteasily
follows that (x,x) = 0 while ||x|| = 1.

In the case of the p-adic Hilbert space E,,, the definition of an orthogonal basis
becomes the following:

Definition 2.47. {h; : i =0,1,...} C E, is an orthogonal basis for E,, if

(1) For every x € [E, there exists a unique sequence (x;),ey such that x =
> xihi; and
@ [ = supic i

An example of an orthogonal basis is the canonical basis {¢; : i = 0,1,...} of
Proposition 2.43.

We next consider perturbations of orthogonal bases in E,,. Namely, if {h; : i =
0,1,...}is an orthogonal basis and if {f; : i = 0, 1, ...} is another sequence of vector
of E,,, not necessarily an orthogonal basis, such that the difference f; — h; is small in
a certain sense; we investigate conditions under which the family {f; : i = 0, 1, ...}
is a basis of [£,,.

We refer to Chap.3 for deeper results where invertible operators play crucial
roles, however, we have the following:

Xi

Proposition 2.48. Let {f; : i = 0,1,...} be an orthogonal basis in E and let {h; :
j=0,1,...} be a basis in E such that

<

o

i

then {h;j :j = 0,1,...} is an orthogonal basis.

Proof. Let{a; : i = 0,1,...} be a sequence in K such that lim;_, ., ¢;4; = 0, and
let x = Z?io a;h;. We observe that the assumption H hi — f; fi
Hh,- H - fi‘ for all 7. This, in turn, implies that lim;—c0 aif; = 0. Let y = 322, aif;,
then,

<

implies that
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sl = | Eoon-n
i=0

o~

< sup
ieN

ai
< sup
ieN

i

=[x

i

!

r=3] <[l
Now this implies that Hy” = H(y —Xx) + x” = Hx” and therefore

g

and hence {h; : i = 0, 1, ...} is an orthogonal basis.

and therefore,

e =
ieN

ai

We conclude this background chapter with a structure theorem for E,,.

Proposition 2.49. Let 7w € K such that |7| < 1. There exists a sequence
{fi:i=0,1,..} CE,

satisfying the following

(1) Foreachi € N, f;isa scalar multiple of e; such that

<1

fi

(2) {f;:i=0,1,...} is an orthogonal basis for E,, in the sense of Definition 2.47.
Proof. (1) follows from the following
Lemma 2.50. For every x € E,, x # 0, there exists X' € E,, a scalar multiple

of x such that

=l =t
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Proof. Since || < 1, there exists an integer n such that

n+1 n
<[+ = [

ks

Dividing through by )n‘ gives the result.

(2) From (1) we can write for each i € N, f; = A;e; where A; € Kand A; # 0. Let
x € E,, then, there exists (x;);en C K such that

oo oo X
i
x=) xei=) FRL
i=0 i=0

L

o0 X
= Zyiﬁ, with y; = A_l e K.

i

i=0
Next suppose
o 0o
x:Zylf;:ZZLﬁ’ yi’ZiEK, Vi.
i=0 i=0

Then
o0 o0
x=Y yhiei= ) zhe
i=0 i=0

which implies A;y; = A;z; for all i, and hence y; = z; for all i. Moreover, for
x€E,, x=Y 2.y

= S
= H i)’iki&‘ ‘
i=0

= anbi e
ieN
= sl sl = s
ieN
and hence {f; : i = 0,1,...} is an orthogonal basis in the sense of

Definition 2.47.
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Theorem 2.51. The p-adic Hilbert space E, is bicontinuously isomorphic
to ¢y (K).

Proof. We show that there exists a continuous, linear, bijection @ : ¢y(K) — E,
whose inverse ¥ : E, — ¢o(K) is also continuous.
We use the orthogonal basis {f; : i = 0, 1, ...} of Proposition 2.49 for E,,. Let @ :

co(K) — E,, be defined as follows, x = (x;)ien € co(K), lim (x,- —0,
o0
P(x) = lef,
i=0
Since |f;|| < 1, then
lim xi’ £l < tim || =0
—>00 —>00
hence @ is well-defined and is clearly linear.
o0
|2c] = | X
i=0
— pls|
ieN
<sup|x;|, as |fi|l <1
ieN
= |+l
hence @ is continuous. o
Let ¥ : E, — ¢o(K) be defined as follows, y = Zyifi, lim y,-} fill =0, and
=0 1—> 00
Y(y) = (i)ien.
Since |f;|| > ‘n , then
0= lim ‘yi‘ )fi > )n lim |7y,
11— 00 11— 00
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hence ¥ is well-defined and is clearly linear.

o] = e
< sl = |l
- b

hence ¥ is continuous. From their definitions, it is clear that @ and ¥ are inverses
of each other. This concludes the proof.
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