Chapter 2
Mumford Curves

The incentive to create the theory of holomorphic functions over a non-Archimedean
field was Tate’s elliptic curve. By means of rigid geometry one can explain Tate’s
elliptic curve from the geometric point of view, whereas Tate originally formulated
it in terms of function fields; cf. Sect. 2.1.

In the following sections we study Mumford’s generalization of Tate’s curve to
curves of higher genus in the context of rigid geometry. We introduce discontinuous
actions of certain subgroups I of PGL(2, K') on the projective line in the style of
Schottky. The structure of these groups I was found by Ihara; cf. Sect. 2.2.

Mumford curves will be introduced as orbit spaces I'\§2, where 2 C }P’}( is the
largest subdomain of P}{ on which I acts in an ordinary way. The construction of
the quotient "\ £2 can be carried out in the framework of classical rigid geometry.
Note that Mumford achieves much more general results in his ground braking article
[75] which deals exclusively with formal schemes. The concept here follows geo-
metric constructions in order to explain the ideas behind Mumford’s construction.

Chapter 2 is somehow a counterpart of Riemann surfaces and their Jacobians.
We provide the full picture of Mumford curves and their Jacobians which are rigid
analytic tori. We show the duality theory of rigid analytic tori, Riemann’s period
relations and, moreover, Riemann’s vanishing theorem.

Our approach is a refined version of the work of Drinfeld and Manin [64]
and [65], where they work over a p-adic field; i.e., a finite extension of Q. Here
we consider a general non-Archimedean field as defined in Definition 1.1.1; notably
we mention the work of Gerritzen [31-33].

2.1 Tate’s Elliptic Curve

The following statements can be found in [85, §3, VI and VII] or [93], where they
are stated for non-Archimedean fields; cf. Definition 1.1.1.

Theorem 2.1.1 (Tate). Let K be a non-Archimedean field of arbitrary character-
istic and let g € K* with 0 < |q| < 1. Then the field of meromorphic q-periodic
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30 2 Mumford Curves
functions on G, x is an elliptic function field F(q); i.e., F(q) is finitely gen-

erated field of transcendence degree 1 over K and of genus 1. More precisely,
F(g) = K(p, ), where

p© =315 5,

_ 2
= (1—q"%)
2n g2
. q"§
FE = s
nez (1 _qné)
with
L, m
._ m4q
S = Z T—gn forteN.
m>1

The associated projective curve E(q) is given by the inhomogeneous equation
§+p-p=p +B-p+C

for B:=—-5-53,C:= 1]—2(5 - 83 4+ 7 - s5), which actually lie in qZ[[q]].
Its j-invariant is

_(1-48-B) 1

J @) A _E+R(q)’

where

R(q) =744+ 196884 - q + - -- € Z[[q]],

2

A(q)=B*—C—64-B>+72.BC—432-C*=q-[[(1-¢") * e Zlq1.

n>1

For every element j € K with |j| > 1 there exists a unique g € K with
0<|q| <1 suchthat j = j(q).

In the above statement, the ring Z[[¢g]] is viewed as a subring of K. Actually,
the Tate curve can also be defined over the power series ring Z[[ Q]], where Q is a
variable.

Note that the theorem is entirely stated in terms of function fields. The associ-
ated elliptic curve E(q) of the function field F(g) is defined via the equivalence
of categories between the category of function fields and the one of normal projec-
tive curves. In terms of rigid geometry E(q) is a 1-dimensional rigid analytic torus
Gm,K / qZ-

Up to a finite separable extension of the ground field there are two types of elliptic
curves over a non-Archimedean field; cf. [15, §1.5]:

Theorem 2.1.2. Let E be an elliptic curve over a non-Archimedean field K . After
a suitable finite separable extension of the ground field there are two possibilities:
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1) If1j(E)| <1, then E has good reduction.

@) If |j(E)| > 1, then E is isomorphic to the rigid analytic torus G,,,J(/qZ fora
unique g € K* with 0 < |q| < 1. The j-invariant bijectively depends on g by a
series

1
J(@)=~+f(q)
q

with f(q) € Rl[q]] C K. Thus, j(q) converges on the open punctured disc and
J gives rise to a biholomorphic map

jilaek*0<|gl <1}={je K*;1jl > 1}.

Over an algebraically closed field, an elliptic curve is uniquely determined up to
isomorphism by its j-invariant. If the characteristic of the ground field is unequal 2,
every elliptic curve E can be defined by a Legendre equation

EZE,=V(Y* Z-X (X-2)-(X-12))CP}
in the projective plane with A € K — {0, 1}. Its j-invariant is

228(1—/\+x2)3

J(E) 20— )2

which is invariant under the substitution

1 1 A—1 A

A— A, 1—Ai, - , , .
A 1—A A A—1

This reflects the isomorphism E; = Ej for A’ equal to one of these values. In view
of these isomorphisms, we may assume that |A| < 1, when K is a non-Archimedean
field. Then

E, has good reduction if and only if ]\ =1 and |1 — 1| = 1.

E; has multiplicative reduction if and only if 0 < |A| <1 or |1 — A| < 1.

Good reduction means that the polynomial P(X) := X (X — 1)(X — X) has three
distinct roots in the reduction, whereas multiplicative reduction means that two roots
of P(X) collapse in the reduction.

The relationship between the modulus g and the Legendre parameter A € K with
0 < |A| < 1 is the following:

g = +cnd 4

with |c2| =1 and |¢;| < 1 for i € N. There are always exactly two values A1, A2 such
that [A;| <1 fori =1,2 with j(x1) = j(X2); cf. [10, §9.7].

Using rigid geometry, one can construct Tate’s curve in a geometric way.
Consider an element ¢ € K of a non-Archimedean field K with absolute value
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0 <|g| < 1. Then M :={gq"; n € Z} is a multiplicative lattice in the multiplicative
group G, g in the sense of Sect. 2.7 and hence one can construct the quotient

E(q) =Gy x/M,

which is a proper smooth rigid analytic curve. We know from Theorem 1.8.1 that
E(q) is the analytification of a smooth projective curve. It is easy to show that E(q)
is an elliptic curve. Moreover, in the situation of Theorem 2.1.1, the field of rational
functions on E(q) is the field F(q).

In the next section we will study more general group actions than Tate’s action
M x P, — PL; (¢,2) —> q - z, on the projective line. The group M is only a
special case of a Schottky group; cf. Example 2.2.3, and so Tate’s curves are a
special case of Mumford curves; cf. Theorem 2.3.1. In the following sections we
will present much more general results.

2.2 Schottky Groups

From now on, let K be a non-Archimedean field as defined in Definition 1.1.1. In
this section we will study the structure of those finitely generated subgroups of the
projective linear group PGL(2, K'), which are free of torsion and act discontinuously
on a non-empty open subdomain of the projective line.

For this, we cannot make use of the tree presentation of p-adic numbers as Drin-
feld and Manin do. Instead we follow the classical method of isometric circles as
invented by Ford [28]; see also the article of Gerritzen [31], which was slightly
generalized by Kotissek [57].

In the following we consider the projective line P}{ and equip the set P}{(K )
of its K -rational points with the topology induced by the absolute value of K. The
points in IP’}( (K) = K U {00} can be written in the form [x, y] for (x, y) € K2 — {0}
if we want to mention their homogeneous coordinates. Hereby two symbols [x, y]
and [x’, y'] are identified if there exists a A € K™ with (x/, y') = A(x, y). A point
z € K corresponds to [z, 1] and oo to [1, 0].

Each matrix A := (¢ Z) € GL(2, K) gives rise to an automorphism

b
VA :IP’}( — ]P’}(, z=[x,y]l— jj—_:d = [ax + by, cx +dy],

with the usual convention for oo:

az+b .
if cz+d # 0 and z # oo,
cz+d

aztb . Joo if cz+d=0and z # o0,
cztd e ifz=ooandc#0,
00 if z=o00 and ¢ = 0.
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Such a map is called a Mobius transformation. The map y4 equals id if and only if
A=)-Iforsome X € K*.Forall A, B € GL(2, K) we have that y4o5 = y4 o V5.
The group

PGL(2, K) := GL(2, K)/K*

is called the projective linear group. It is easy to see that PGL(2, K) is the group
of K -rational automorphisms Aut(IE”}() of the projective line. It is generated by the
elements (z+— z+b,z+ a-z,z+ 1/z), because

az+b bc—ad aA\"" a
= 5 2+ = + -
cz+d c c c

for ¢ # 0.

Definition 2.2.1. Let z;,22,23,24 € IP}( (K) with {z1, 22} N {z3, 24} = ¥, then

71 —23 224
' forz1,22,23,24 € K
71 —Z24 22 —13
71 — 23
— for z1, 22,23 # 00, 74 =00
2 —13
22— 24
for z1, 22, 74 # 00, 73 =00
CR(z1,22,23,24) 1= § %1 — 24
i1 —13
for 71,23, 24 # 00, 72 = 00
71— 24
72— 24
for z2, z3, 24 # 00, 7] = 00
22— 23
1 for z1 =zp =00 oder z3 =74 = 00

is called the cross ratio of z1, z2, 23, z4. The cross ratio is invariant under Mobius
transformations.

Each matrix A € GL(2, K) has two eigenvalues A1, A € L*, where L/K is a
field extension of degree [L : K] < 2. If A1 ## X,, the map y4 has two fixed points
71,22 € ]P’}( (L). One can choose the coordinate in such a way that z; = 0 and
z2 = 00. Then the map y4 is just the multiplication by g := A1 /A2. If |A1] < [Az],
then z; is the attractive fixed point and oo is the repelling fixed point. This means
that, for every w € IF’}( — {0, oo}, the sequence (y(w); n € N) converges to z1. In
particular, z; and z; are K-rational in this case as K is complete. Such transfor-
mations are called hyperbolic transformations. The element g, := g is called the
multiplier of the hyperbolic transformation y; it is uniquely determined by y due
to the requirement that |g, | < 1. If |A1] = |A2], then the transformation is called
elliptic. In this case, the transformation is of type z — a - z with |a| = 1.
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If X1 = A2, then the transformation is called parabolic. In this case, the transfor-
mation looks like z > z + b. Thus, we have the following:

d 2
y4 elliptic or parabolic <= w <l,
ad — bc
d 2
ya hyperbolic <= m > 1.
ad — bc

Consider a subgroup I C PGL(2, K) and a K -rational point w of IP’}< (K). Put

Lir(w) = {Z c ]P’}{(K) there exists pairwise distinct y, € I” } .

; for n € N with y, (w) — z

Even, if one allows limit points z with values in some field extension, then they are
K -rational, because K is complete and w is K -rational. Put

Lr = U Lr(w), the setof limit points of I',
weP} (K)
Q2r = ]P’}( —Lr, the set of ordinary points of I

These group are named discontinuous if L # P}( (K) and if for every point w of
IP}( (K) the topological closure I"w of the orbit of w is compact with respect to the

metric topology of ]P’}( (K). If K is locally compact, the latter hypothesis is always
fulfilled.

Definition 2.2.2. A subgroup I' C PGL(2, K) is called a Schottky group if I is
finitely generated, free of torsion and discontinuous.

The group is named after Friedrich Schottky (1851-1935) who worked with sim-
ilar group actions in complex analysis [86].

Example 2.2.3. If y € PGL(2, K) is hyperbolic, then I" := (y) is a Schottky
group. The set L of the limit points of I" consists of the two fixed points of y.

Proof. We may assume that 0 and oo are the fixed points. Then y acts via multipli-
cation with an element 2 € K * with |A] # 1. Then it is clear that I is free of torsion
and I"w is compact for all w € ]P’}< (K) and L = {0, co}. O

This example corresponds to Tate’s elliptic curve. The most general example is
presented in Example 2.2.13. In the following let I" be a Schottky group. For a
y = y4 with ¢ # 0 set

|ad — bc|

Ty = —.
14
||

In the following we collect some properties of Schottky groups.
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Proposition 2.2.4. If I’ C PGL(2, K) is a Schottky group, then we have:

(a) I is discrete.
(b) Every y € I' —{id} is hyperbolic.
(c) Ifoo¢ L, thenfory =yas el with A= (‘; Z) € GL(2, K) we have:

y=id <<= y(c0)=00 <= c=0.

(d) Ifoo ¢ Ly, then R(I',8) :={y € I' — {id}; r,, > 8} is finite for every § > 0.
(e) Lr(w) is closed for every w € P}( (K).
() Lr=Lr(co)ifoo¢ Lr.

Proof. (a) The unit element of I" is not an accumulation point of I", because other-
wise L =P (K).

(b) Assume that y € I" — {id} is elliptic or parabolic. For a suitable choice of the
coordinate y is given by a matrix (é (1)) or by ( (1) lf), respectively. Since y is not of
finite order, the elements (y"; n € N) are pairwise distinct. Since the closure of the
orbit I'[1, 1] or of I'[1, 0], respectively, is compact, we may assume that the limit
nlggo y"[1,1] or ngngo y"[0, 1], respectively, exists and is a limit point. Then it is
easy to see that the identity is an accumulation point of I". This contradicts (a).

(c) Only the assertion that ¢ = 0 implies y = id requires a proof. In this case y is
of type z — az + d. By (b) the map y equals id or is hyperbolic. The latter means
that |a| # 1. Then we may assume |a| > 1 and hence oo is the limit of the sequence
™1, 1]. Since [1,0] =00 ¢ L, we get y =id.

(d) By (c) the value r), is defined for every y € I" — {id}. If R(I", §) has infinitely

many elements, then there exist matrices A, := (“1” z”) in PGL(2, K) such that

(Yn :=va, € R(I",8); n € N) are pairwise distinct. Since I is discontinuous, we
may assume that the sequences a, = y,(00), d,, = —yn_l(oo) and b, = —y,(0) -
yn_l(oo) converge to elements a, b, ¢ of ]P’}( (K). Since oo ¢ L, the points a, b, ¢
lie in K, and hence

. ap by _(a b\ .
nlglgo<1 dn>_<1 d>_.AeM(2x2,K).

The determinant of A is lim |ayd, — by| = lim r) > §>. Thus, the limit
n—o00 n—oo M

lim y, =y belongs to PGL(2, K). This contradicts (a).
n—o0
(e) We may assume that w € K by choosing a suitable coordinate of IP}(. Let
Zm € Lr(w) for m € N with zg := lim z,,. There exists an element y,,, € I" such
m—0o0

that |y, (W) — zm| < 1/m and yy, € {y1,..., Ym—1}. Then mlemym(w) = z0 and,
hence, zg € L (w).

(f) Consider an element z € L (w) for some w € P}((K) and let z be the limit
lim y, (w). If there exists a ¢ > 0 with |w — yn_l (00)| = ¢ for all n € N, then
n—o0
2 2

_ r)’n r)’n

= < ,
lw—yn H(o0)| T ¢

a, apw+by,

¢ cpw+dy

| Yn(00) — yn(w)| =
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which converges to 0 by (d). If for every ¢ > O there exists an n € N such that
lw — yn_l(oo)| <c, then lim y,(w) € Lr(oc0). Since L (o0) is closed by (e), it
n—oo

follows that z € L j(00). O
Notation 2.2.5. For later use we provide some explicit calculations when co ¢ L.

Consider a Mbius transformation y given by an invertible matrix A := (¢ z) in
GL(2, K). The inverse of A is

a b\' 1 d —b
c d) T ad—bc\—-c a )’

Let I" be a Schottky group with co ¢ L. For y :=y4 € I' — {id} put

J]ad — bc|

Py = —, ry-1=ry,
lcl

my = y_l(oo):—d/c, m,-1 =y(o0)=a/c,

iy G4 b — (1Y () = A be
vy (2)=y'(2) = cztd)?’ vy-1(2) = ()@= (—cz+a)?’
R —
'Uy(z) - |Z—my|2’
v, = {ZE]PI; vy(z)|>l}:{zEIP’1 ;|my—z|<ry},
Vi={zePy:|v,@| =1} ={zePi;imy —zl<r}.

Note that ¢ # 0 due to Proposition 2.2.4(c). For y =id set vig = 1.

The domains of type V)~ and VV+ are called open rational discs and closed ratio-
nal discs, respectively; cf. Definition 2.4.1 below. They are isomorphic to the open
unit disc and to the closed unit disc, respectively.

As an example, consider a matrix A := ((1) qlz) with 0 < |g| < 1. Thus, we have

that yz =¢?/(z + 1) for y := y4. Then my =—1,m,-1 =0and r, = |q|. In this
case we have

V) ={zePkilz+1<lIql}.

+ _ 1.
Vi ={zePkilzl <lql}.
In particular, one computes y(P}( -V,)= V;_ , and VV+ N V;_, =0.

Lemma 2.2.6. Let I' C PGL(2, K) be a Schottky group with oo ¢ L. Then with
the above notations we have:

(@) vup(z) =va(Bz) - vp(2) fora,Bel.
(b) y(Py -V, )= Vytl and y Py — V}) = V.o fory I —{id}.
To " T8

©) Imqg —mg| = for elements a, B € I with o # B.
raﬁfl

(d) v;mvytlzwforyer—{id}.
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Proof. (a) follows from the chain rule for derivatives.
(b) follows from v,,-1(yz) = 1/v), (2) as was shown in (a).
(c) follows by a direct computation.
(d) follows from (c). Indeed, every element y € I — {id} is hyperbolic and

—1 _ _ _latd|l .
y #y . Therefore, |m, —m,,-1| = ad >y O

Definition 2.2.7. Let I' C PGL(2, K) be a Schottky group. A fundamental domain
for I" is a complement

E:=Pk —(BjU---UB;)
of a finite union of open discs satisfying the following properties:

1) UV <r ¥ (E) equals the set £2 of ordinary points of I",
(i) ENy(E) =@ foralmostall y € I,
(i) ENy(E7)=@forall y € I' — {id} where

E™:=Pk — (B U---UB))
is the complement of the union of the associated closed discs.

In this context a disc is a rational disc; i.e., it is given by a center which is a point
in K and a radius belonging to |K *| so that B~ and B are defined.

Lemma 2.2.8. In the situation of Lemma 2.2.6, let V)~ be defined as in Nota-
tion 2.2.5 and let R(I',§) C I" be defined as in Proposition 2.2.4. Let § > 0 be
small enough such that R(I', §) is a system of generators of I'. If a = y1 - ...y, is
a minimal representation with elements y; € R(I', 8), then V; C Vy;.

Proof. We proceed by induction on n. For n = 1 there is nothing to prove. Thus, let
n=2, andset f:=y- ...y, Due to the induction hypothesis V;" C V, . Since
a ¢ R(I',8), we have ry, <8 <ry,. From Lemma 2.2.6 it follows that [m, — mg| =
rarp/ry <rg,andhence V," C Vy C V) due to the ultrametric inequality. g

Lemma 2.2.9. [n the situation of Lemma 2.2.6, set 0(I") := {Vy’; y e I' — {id}}
and
R(I):={yerl; V., maximal in B(I)}.

Then R(I") is finite and R(I") is stable under the map y —— y_l.

Proof. The finiteness follows from Lemma 2.2.8 and Proposition 2.2.4(d). The sec-
ond claim follows from

Tol
va—gvﬁ— = rg>|my —mpg|= o’p
raﬁfl

= Fa <Tgg-i andry <rg

andry <rg

= rg <rggrandrg <rga &= V., & Vi O
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Proposition 2.2.10. [n the situation of Lemma 2.2.6, we have:

(a) E:= IF’}( - UaeR(F) Vy is a fundamental domain for I'.
(b) R(I") generates I'.

Proof. (a) From Lemma 2.2.8 it follows

E={zePk;|v, ()| < lforally € I — {id}},
E~ ={zePk;|v,(2)| <1forall y e I —{id}}.

R(I") is finite due to Lemma 2.2.9, so E is an affinoid domain of P}(. Due to
Lemma 2.2.8 the set E contains only ordinary points and E Ny (E) # @ only when
y € R(I") U {id}, which is a finite set. Thus, y (E) contains only ordinary points,
and hence | J, ¢ v (E) C 2r.

To show the converse inclusion, consider z € £21. Such a point is contained only
in a finite number of discs V € U(I"). Indeed, assuming the contrary, there would
exist an infinite number of y, € I" such that z € V. Since ry, — 0 due to Proposi-
tion 2.2.4(d), the point z would be the limit of the points m,, = V{] (o0) and hence
z would belong to L (00). That would be a contradiction to z € 2.

For z € 21 — E put

a:= sup‘vy(z)] > 1.
yel
Since |v,(z)| > 1 for only finitely many y € I', the supremum is attained, say
a = |vg(2)|. Then we see by Lemma 2.2.6(a) that

:lvya(z)| <
lva (2)]

|vy(a(z))| 1 forallyerl,
and hence «(z) € E. Thus, we obtain 2y = Uyep y(E).

It remains to show that E~ N y(E) = (. For every point z € E~ we have
|vy (z)| < 1. Since

1=0ig(z) =v,-1,,(2) = v,-1 (¥ (2)) - v, (2),

it follows that |v,, -1 (y(z))| > 1, and hence y (z) ¢ E forall y € I" — {id}.

(b) Let I'" := (R(I')) C I" be the subgroup generated by R(I"). Then I" and I"/
have the same fundamental domain, as follows from (a). Thus, P§ — |, R Va
is a fundamental domain for I'” as well. From (a) it follows 2+ C £2j. Obviously
we have that L C L, and hence §2; = §21. Consider now some y € I'. Then
y(00) € 2. Thus, there exists y’ € I'’ such that ¥’y (00) € E. Since oo € E~ and
y'y(00) € E, we see that 'y =id by (a) and thus y € I, O

Later on, we want to construct the quotient X := "\ explicitly. For this
construction, it is useful to have a suitable fundamental domain. However the fun-
damental domain of Proposition 2.2.10(a) can be quite complicated. For example,
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the system (V, « € R(I")) has the disadvantage that it can happen that V| = Vg

and V__ ;AV LorVy %

tem by varylng the radii which are chosen equal to 1 for the above system. We will
do it in a constructive way.

V; - Vg In the following we want to improve the sys-

Notation 2.2.11. Let I" C PGL(2, K) be a Schottky group with oo ¢ L and let

p: I — K  bea group homomorphism into the multiplicative group of the com-
plete algebraic closure K of K. For y € I' — {id} set

wy (2) :=p(¥) v, () =p(y) - ¥'(2) 50 that wep(2) = we(B(2)) - wp(2),

wy ()| > 1} ={zePk;lz—my| < /|pW)] 1, }.
wy(Z)| = 1} :{Ze[[Dl §|Z_my| =y |P(V)| 'ry}-

Note that w, (z) is the derivative of Y(z) := p(y) - y(z) and my = m, and
ry=+/lpW)|-r,. I [p(y)| < 1 then W;“ CV, and Vy+_, - Wy__1-
The product formula implies y(]P’}( — Wf) = W;F,l as in Lemma 2.2.6(b). Put

W, = {zePk:

W;::{ZEIP’I;

F=Py— [(J W, ={zePk;

wy (2)| < 1forally e I' — {id}},

yel —{id}
- |J wf={zePk:i|w, @) <1forally e I' - {id}}.
yel—{id)
p is called separating if there exists a finite system of generators a1y, ..., of I”

such that the closed discs W

R W+ W+_],... W+, are pairwise disjoint. In

g
this case, we use the numbering oty j := o for i=1,.

Proposition 2.2.12. In the situation of Notation 2.2.11, assume that the homomor-
phismp: ' — K™ is separating. Then we have the following:

(a) There- exists an elemeyt q- € \./|K>< l, ¢ <1 such lwy, (z)| < g forall z € W"—‘t
and je{l,...,2g}with j #1i.

(b) Lety =aj):... oj@u) be areduced representation with oty in {ay, ..., g}
and n > 1. Consider a point 7 € P, — Wa i . Then y (z) belongs to W;(,l) and
J
lwy, ()] < q"~ ' in particular, this is true for z € F.

Ifn>2, then we even have that y (z) € Wm_1 .
()

(c) We have that W, C W, foreveryy el — {id} as in (b). In particular,

O‘()

2g 2¢g
F=Py—| W, and F~ =P} —| WS
i=1 i=1

(d) The system (W, ..., Wa_zg) of discs has the properties:
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(d.) y(F)NF#P <y elid,ai,...,a),
(d2) a;(F)NF = W(:Cl W

(e) I'is afree group and (a1, ..., og) is a free system of generators.

Proof. (a) This follows from the maximum principle, but it can also be seen by
explicit calculations as follows. Since Wo‘); N Wl;t, = for i # j, it follows that

N

For z € WJr and i # j it follows that |z — mg,;| = |mq; — mg,| by the ultrametric
inequality, and hence

e, —may| > max{ro, - /|p(@:)

o)l -rg,  lp@]-rg,
|z — myg, |2 |maj — My; |2 '

|w0!i (Z)| =

i

cf. Notation 2.2.5. Choose g € /| K *| with

lo(a;)] 'r§

1>q> max{ﬁ,
|my moz,|

I =i, J<2gl7'5]}

Then ¢ satisfies the assertion.
(b) We proceed by induction on n. For n =1 is y = «;(1). For every z in

PL — W, We have aj)(z) € wT T C Pl — W;(U because W, ..., Wo'l;,
%1y

W*,,...,W*, are pairwise disjoint. Thus, we obtain for the absolute value
) ®g
|wotj(1)(z)| < 1 =q0
Now assume n > 2. Set f = « jQ aj). From the induction hy-
pothesis we obtain that |wg(z)| < q”_ and ﬂ(z) ewt (12) C IP’l - W&t(l) and
]

|wa 1, (B(R))| < g for z € Py — W, > because @ (1) # o 5. Then it follows that

Y@ =a;1)(Bk) e W_ . The inequality follows from the chain rule
!

n—1

|wy @] = [wa, ) (BR)) - wp )| = [wa, ) (B@)] - [wp@)] <q-4"*=¢

(c) One has m, = ozl._(il) B /(1)(00) € Wa and lwy, (2)] < g"! for z in
Pk — W, i due to (b). Thus, we see that W)~ C W , and, hence, W+ C Wjj .

The latter implies the assertion on F and F'~
(d.1) The implication “— " follows from (b) and “<" follows from (d.2).
(d.2) For @ € {a1, ..., azg} we have that a (P — Wg") = W.F, by the chain rule.
(e) If I" were not free, then there would be a relation id = (1) - ... - &) With

n > 1. So, one obtains z € W, for all z € F due to (b). This is impossible. O
R0

Using Proposition 2.2.12 one can construct examples of Schottky groups.
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Example 2.2.13. Let g > 1 be an integer. Consider g pairs (B; , Bg_+i) of
open discs and let (Bl.+, B++i) be the associated closed affinoid discs in ]P’}< for
i=1,...,g. Assume that tﬁe 2g closed discs are pairwise disjoint and that oo does
not belong to any of the closed discs.

Let op,...,ag be Mobius transformations in PGL(2, K) such that
oc,-(]P’}( — Bl.+) = Bg_+l. fori=1,...,g. Then I" := (a1, ..., o) is a Schottky group
and (a1, ..., a,) is a free system of generators.

A fundamental domain for I is given by F := P}( - U,zi | B;” and the set of its
associated ordinary points is given by 2y = UV cr V().

Such transformations «; € PGL(2, K) with ¢; (IP’}( — B;r) = ngﬂ. exist for
i=1,..., g if the centers and the radii of By, ..., By, are K-rational.

Proof. Using the geometric configuration, one verifies that all the statements of

Proposition 2.2.12 hold. First one shows that I” is free and that (a1, ...,a,) is a
free system of generators. In fact, put agq; := a;l fori =1,..., g, as before. If
Y =aj1)...0ju) € I is a reduced representation with j(@) € {1,...,2g}, then

y(00) € B;_] . Therefore y # id. Then one can construct a group homomorphism
i

p: I — X" by choosing the images of p on the generating system (a1, ..., og)
arbitrarily. So one can define p such that Bl.jE = Wai[ fori =1,...,2g. As in Propo-
sition 2.2.12 all assertions on F resp. §21 follow.

It remains to show that I" acts discontinuously. We only have to explain that the
closure of the orbit I"w is compact for every w € IP’}( (K). Since co ¢ L, it suffices
to show that every sequence (y;(w); i € N) with pairwise distinct y; € I" admits a
convergent subsequence. Put

Fn)y:= ) y(F)=Pg — (By1U---UBy,rim),
Uy)=<n

where B, ; are open discs contained in a large disc By:={z € ALzl <¢} be-
cause of oo € F. The symbol £(y) indicates the number of elements used in a re-
duced representation of y as a product of the «;. Note that there are only finitely
many y € I' with £(y) < n. Since F is a fundamental domain for I", almost all
(yi(w); i € N) are contained in ]P}( — F,. So almost all (y; (w); i € N) are contained
in (B,,1 U---U By r)). Then there exists a sequence (B k); n € N) such that in-
finitely many of the elements (y; (w); i € N) are contained in B, k(). Moreover, we
can arrange the sequence in such a way that

Bui1 k(n+1) C Bukmy forallneN.

The radii p(n) of By ) tend to O for n — oo. In fact, the set of the heights
(cf. Definition 1.3.3) of the annuli B, x(n) — Bu+1,k(+1) is finite, because they
are related under certain elements of I". Now we can choose elements i(n) € N
such that ;) (w) € By k(n for all n € N. Since the radii p(n) tend to 0, the se-
quence (¥ (w); n € N) is a Cauchy sequence. Since K is complete, the sequence
(Yi(y(w); n € N) converges. O
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Now we come to the main theorem of this section. The key result here is that
every Schottky group can be obtained by the method of Example 2.2.13.

Theorem 2.2.14. Let I" be a Schottky group with oo ¢ L. Let R(I") be the subset
of I indexing the maximal discs V., ; cf. Lemma 2.2.9.

Then for every q € Rwith q < 1 there exists a group homomorphism p : I’ — K-
and a separating system of generators a, ...,y of I with respect to p with the
following properties:

(i) ¢y eR:=R() fori=1,...,g.
) g <+/lplap)| <lfori=1,...,g.

In particular, (ay, ..., ag) is a free system of generators of I'.

Proof. We proceed by induction on the number of elements of R := R(I").

If R consists of <2 elements, then I" = (y) is the free group generated by one
element; cf. Proposition 2.2.10.

The induction step will be done in several steps depending on the geometry of
the fundamental domain given by the discs (V,; @ € R) defined in Lemma 2.2.9.
Now we define

t :=min{ry; @ € R},
R :={a €R;rq >t},
r’:=(r'),

Ta

q/::max{q, ;a,,BeR,|ma—m,g|>ra}.

|me /3|

By the induction hypothesis we may assume that there exist a group homomorphism

o' : T’ — K and a separating system o, . . ., o for the subgroup I'' :=(R') C I

with respect to p’, where ¢’ < /]p’(a;)| <1 for i =1,...,g. Here ¢q’ is cho-

sen in such a way that for the enlarged discs W, we have v, N Wt =0if
Oll» ai

lmy —m 1| >r,-1=rq andy € R — R’ Due to Proposition 2.2.12(c), the group

I'’ has the fundan{ental domain

2g
. 1 - 1 —
Fl=Py - W, =Pk— |J w,.
i=1 yel’—{id)

Now we have to consider the elements y € R with V)" C F ’. This set is given by
T':={a€Riry=t,mge F'}CR—R.

Moreover, we know that R(I"") = R’. In fact, the inclusion R’ C R(I"’) is trivial be-
cause of R" C R(I"). Conversely, by Lemma 2.2.8 for every o € R(I"’) there exists
an element g € R" with V;” C V', because R’ generates I"". Since V,~ is maximal
and B € I'’, we obtain that V, = Vg and hence o € R’ as R’ is a subset of R(I").
In particular, we see that oy, ..., ag € R
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Due to the induction principle, we may assume that (I"’, T’} = I". The problem
now is how to vary the radii of the discs V, for &« € R — R’ via a suitable extension

p: I — K of o' — K in order to obtain a separating system for I”. For this
we have to analyze the configuration of the discs (V, ;o € T”).
Let us first deduce some properties of T':

(1) faeT and B e I withrg =t and [my —mg|=1t,then g € T'.

Since V,; is maximal and Vf;r =V, CF', the disc V; is maximal and mg € F".

(2) For every y € R — R" with m,, ¢ F’ there exists « € {1, ..., g} such that
|my, —my—1| =rq.
Since m,, ¢ F', it follows that m, € W, for some a € {a1, ..., az}; ie.

|my, —mg| <4/ |:0/(0‘)| Py

Since v, is maximal, we have that |m, — mgy| > ry, and so 4/|p’(@)| > 1. Thus, it

follows that ! € {a1,...,0g). If |[m), —my| > ry then, due to the choice of q',we
have that

rafq/'|my_ma|<q/' |/0/(05)|‘ra <Ta,
since g"+/|p"(a)| < 1. This is impossible, and hence we see |m, — mqy| =rq.
(3) For y € R — R’ there exists a unique B € R with [m), —mg| <t, rg =1t and
B~ e T’.Inparticular, By ' e " If y € T/, then B € T".

For every y € R — R’ we have r, =¢. If y~! € T’, then we choose 8 := y. Oth-
erwise, we have that m,, -1 ¢ F " because of the very definition of 7”. So due to (2)
there exists o € {ay, ..., ag} such that [m,—1 —mg-1] =rq. Then set y; :=a ly.
In particular, by Lemma 2.2.6(c) we have
Fo = lm oy —my| =2 Ty
o1y 'y

and hence ry, =r, =t. So we obtain that y; € R — R’. Moreover, it follows that

ry - r t
Yy " n
lmy —my | =——=—<t.

Yy Ty
It m, - ¢ F', then repeat the procedure with y; instead of y. Thus, we can construct
1

a sequence y, = ozj_(}” . -aj_(ll) -y with j(v) €{1,..., g} and r,, =1 such that

Ty T
Imy, | —my,|=-"—""1 <t andalso |m, —m,|<t,

Totj)
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because of the ultrametric inequality. In particular, we have y, € R. Since R has
only finitely many elements, the procedure stops after finitely many steps. In-
deed, if not, then we would arrive at a non-trivial relation id =) - ... - 0ju+1),
which is impossible as (a7, ..., a,) is a free system of generators. Thus, we fi-
nally arrive at the situation that g =y, € R with mg-1 € F';ie., B~ e T’ and
By~! :otj(]l)...aj(]n) er’.

If y € T', thenm, € F’. Since |m, —mg| <t,wehavemg € F’,and then 8 € T’
because of rg =t.

Next we turn to the proof of the uniqueness. Assume that there are «, 8 in R with
the asserted properties. Now put § := B~ € I’ and assume § # id. Then we have
that

8(mg-1) =ap™ ! (B(00)) = a(c0) = m,-1;

cf. Notation 2.2.5. Because (x_l,ﬂ_l € T’', we have m,-1, mg-1 € F’ and hence

F'N38(F') # . Thus, we see that § € {«, ..., a2g} due to Proposition 2.2.12(d.1),
and hence |p’(8)| # 1. Moreover, we have that
rs Ty rs Ty
[mg—1 —ma_1|= = =rs,
Fs—lg rg
rs -r,g N rs - V/g
rsg Fo

ms —mp1| =

because rq =1 =rg, and hence mg-1 € V;r and m,-1 € V;[]. Since |p’(8)| # 1,
we have that V;l CcC Wy, or V(;r C Wy andsomy-1 € Wi, ormg-1 € Wy . This
contradicts the fact that mg—1 € F’ and m,-1 € F' because of !, g1 € T".

4 I'=(I"",T)where T :={a T ;a" ' T}

It suffices to show that y € (I'/, T) for all y € R — R’. From (3) it follows that
y € (I'",T", and also T’ C (I"', T). In fact, for a € T’ there exists 8 € R with
Ba~'=y el and B~! € T' by (3). Since o € T, we also have that 8 € T’ by (3).
Thus, B and ™! belong to 7’, and hence B € T. Thus, we obtain that « = !
liesin (I"/, T).

For a € T put

Ty = {ﬂ €T;|mg —mg| < t}.
Because of the uniqueness in (3), we even have
Ty :={BeT;|mg—mpg|=1t}Ufa}.

() If ¢ €T and B € Ty, then Ty, = Tg.
This follows from the ultrametric inequality.

6) IfaeT,then T,-1 ={Ba™'; BTy, B#a}Ula"'}.



2.2 Schottky Groups 45

Indeed, if 8 € Ty, and o # B, then

Fo - T8 t-t

= |ml)l - mﬂ' = ’
rﬂa—l rﬂafl
and hence rg,-1 = . Thus, by the same formula |mg,-1 — my-1| =1 and so

Ba~! e T’ due to (1) because of «~!' € T’. Similarly, one shows that ¢~ € T,
because one can use the fact that Tg = Ty; cf. (5). Thus, we see ,305_1 € T. The
computation showed fa~! € T, 1. Conversely, consider an element g € T, -1 with
B # a~!. From what we have proved above, it follows that S(a~!)~! € T,. Ob-
viously we have that B(a~")~! # « because of 8 # id, and hence the element
B = (B~ Ha~! belongs to the right-hand side.

(7) Ifa € T and B € T, with & # B, then T, N Ty1 = .

Indeed, if 7,1 N Tg-1 # @, then T,-1 = Tg-1 by (5), and hence T, = Tp as
follows from Lemma 2.2.6(c). From (6) we obtain that B~ = da~! for some
8 € T,. Similarly one has that ! =871871 ¢ Tg-1 with s e Tg by (6). Since
Ty = Tg, we see 4, 8§~ e T,. But this is impossible due to Lemma 2.2.6(d), since
|ms —m571| >rs=1I.

For o € T put

Sy =T, U U Tg—1 and Ty :=(Sy).
BeTy

The union over B € Ty is disjoint due to (7), because by (5) we know that
Ty =T =T, for B,y € Ty. Furthermore, T, N Tﬂq =TgN Tﬁq = ¢ due to
Lemma 2.2.6(c). Then (6) implies that

Sa =Ty UTy1 UUper, (087158 € T, 8 # B)

(®)
=T, UT,-1U{8e7!;8,e €Ty, 8#¢).

In particular, S, is invariant under the inverse map y — y . In a special case the
arrangement of the discs is shown in Fig. 2.1.

If y € Ty, then T}, =T, by (5) and hence S, = S,.

Ifye Tﬂ—l for some B € Ty, then Ty, =Tg and T), = Tﬁ—l by (5). Thus, we see
T, = T,-1. Therefore, we may assume y = a~!. Since S, is invariant under the
inverse map, we obtain S, = S,-1. Thus, (6) implies:

(9) We have that S, = S, for every y € S,. Therefore,
T =8,0..-US,

is a disjoint union of sets Sy, for suitable 7y, ...,7, € T.

(10) T, is a free system of generators of I, and is separating with respect to a

suitable group homomorphism py : I, — K which can be chosen arbitrarily
close to 1.
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@@ v ==

1@
V;r_ L

Fig. 2.1 Position of the discs S, for T, = {«, B, y}

Indeed, from (8) it follows (7T,) = I, and from (7) that V/;',l N V/;[l = ¢ for
1 2

B1. B2 € Ty, with B # Ba. For g4 € |K | with go < 1 put

By ={zePkilmp —z| < qurp},
By = {zePiilmpg-1 —z| <rp/qa}.

and define Bﬂ_ and Bf;_l similarly. In this way we shrink Vﬁi and enlarge Vﬂi_ |
for B € Ty. If we choose g, close to 1, then the discs B; for B € T, U TO(_1 are
pairwise disjoint. Furthermore, ,B(IE”}( — Bﬁi) = B;F,l for B € Ty. Thus, we arrive at
the situation of Example 2.2.13, and hence 7}, is a free system of generators of [Iy,.

Then we can define py : Iy, — K- by choosing values py (8) for g € T, with

q' < /1pa(B)] < 1 and extending the map by linearity. This means that we shrink
the discs Vﬂ_ for 8 € T,,. Due to (7) we can do this in such a way that the intersection

W;,l N W;',l =} is empty for B, B2 € T, with B1 # B».

1 2

(11) R(Iy) = Sq.

By definition we have that S, C R(Iy). Any y € R(I},) has a unique representation

as a finite product by elements of T, U Ta_l. Thus, for every y € R(I) we have by
Proposition 2.2.12(c) that W, C WI; for some 8 € T, U Ta_l. Since we can choose

Po such that |py| is arbitrarily close to 1, we obtain that V},+ C Vﬁ+ for some S in
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T, U Ta_l. Thus, we see that |m, —mg| <t and r, =1, because ¢ is the maximal
possible radius. If |m, —mg| < ¢, then y = 8 due to (3). If [m, — mg| =1, then
y € Tg C Sy, and hence the assertion follows.

In (4) we defined the set T and showed that I" = (I"’, T). In (9) we saw that T
decomposes into a disjoint union

T =8,0---US, .

PutT; ;=T and I} :=T7%, :=(Sy;) = (Ty;) fori =1,...,7r.In (10) we saw that
I3 is a free group and, moreover, we constructed a separating group homomorphism
pi I — K. From the induction hypothesis we know that the subgroup I :=I"’
is free and that there exists a separating group homomorphism pg := p’. Then let
Ty :={a, ..., ag} be the separating basis of Iy. Then set

T=TouT1U---UT,.

Due to our construction we have 7; N Tj = for i # j, and hence V" N V/;“ =0

for a®! € T and B*! e T; for i # j. With respect to 0o, ..., o, we define the sub-
domains W= ot for « € T as in Notation 2.2.11. We can choose the p; in such a way

that WJOW/} = () for alla,ﬁeTUT with & # 8. Then we claim
(12) T=TpU---LUT,

is a coproduct in the category of groups. Let p: ' — K™ be the group homomor-
phism induced by po, ..., pr given on the factors.

In fact, due to (4) the group I” is generated by Iy and 7. Since T is contained in
(I, ..., Iy, we have that ' C (I"', I', ..., I'}), and hence that I" coincides with
(r'.n,..., ).

The direct decomposition ]_[r F of I" follows as in (10). Indeed, if there is a

j(n) with 8;,) € T, then y(z) € WJ“1 ory(z) €
85q1)

Ws—;(,) for every point z in F := ]P’K — Usz1e7 Wy . Thus, we see y #id. So, the
coproduct is direct and p is a separating morphism.

Then (7, p) satisfies the assertion of the theorem. Indeed, each factor in (12) is
a free group due to the induction hypothesis and because of (10).

This finishes the proof of Theorem 2.2.14. d

reduced product y := 8/(1) Y

Remark 2.2.15. The radii rg, of the discs V,, belong to /| K ¥|.

If the valuation of K is not discrete, the homomorphism p can be chosen in such
a way that p € Hom(I", K ) and the radii /[p(c)] - ro; of the discs Wy, belong
to |K*|.

If the valuation is discrete and 7 is a uniformizer of the valuation, then

T'a )
max{ ;a,,BeR(I"),ra<|ma—mﬁ|}§ |m].

|ma—m5|
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If one puts g = /[x[, then there exists a separating homomorphism p in
Hom(TI", FX) with || < |p(e;)| <1 fori =1,..., g. Without loss of generality
one can choose |p(e;)| = <f[n| fori =1,..., g. Then the radii of the discs Wy,
belong to /| K *|. This is the best possibility.

Corollary 2.2.16 (Ihara). Schottky groups are free.

This result was shown by Thara in the case of a discrete valuation; cf. [48]. See
also the book of Serre [90, II, §1.5].
For later use we add a result on the geometry of the fundamental domain.

Corollary 2.2.17. Let I' C PGL(2, K) be a non-trivial Schottky group with
00 & L. Then there exists a separating system of generators (a, ...,0ag) With

respect to a suitable homomorphism p : I’ — K™ which can be chosen in such a
way that |p(o;)| < 1 is arbitrarily close to 1 fori =1,...,g. Put agy; = ozl._l for
i=1,...,g,and put
o._ml - - + +
E°:=Py — [V, U- UV UV, u-uuvazg].

Then E° is a complete system of representative of I'\S§2r.

Let 71,72 € 2. Assume that 71 € E° and Bzy € E° for some 8 € I'. Then, for
y € I, the following is true:

If B =1id, then |yz1 — yz2| <ry.

Fy ¥ o,

If B #id, then |yz) — yza| < max{=2—ry g, 1}.

If £(B) is bounded, then the distance |yz1 — yz2| — 0 converges uniformly to O
if £(y) — oo tends to oo.

If V C §2r is an affinoid subdomain, there exists an N € N such that the inter-
section VN y(V)=0 is empty forall y € I with £(y) > N.

Proof. The first assertion follows from Theorem 2.2.14. If we approach p(«;) to 1
from below fori =1, ..., g, then we see that the discs VO;'Ir ey Va‘;g are the maxi-
mal closed discs in the family (V; ;¥ € I'). Due to Lemma 2.2.6(b) we know that
yaeV i adyn=yp~ (B eV, .

If B =id, then yz1,yz2 € V;[l, and hence, |yz1 —yz2| <r,-1 =ry.

If B #£1id, then |y z1 —my,-1| <ry and |y z3 —mpg,—1| <rg,-1; cf. Notation 2.2.5.
Then it follows from Lemma 2.2.6(c) that

I’y—l . rﬁyfl

m,1 —mg, 1| =
|V ﬂy| rp

Then the asserted estimate follows by the ultrametric inequality.

The bound tends to 0 if £(y) tends to oo due to Proposition 2.2.4(d).

Let £ C 21 be a fundamental domain. If V C 2 is affinoid, then there exists
finitely many Bi,..., 8, with V. C B1(E) U --- U B,(E). Therefore, it suffices to
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show that E Ny (E) # ¢ for only finitely many y € I". This is true due to the very
definition of a fundamental domain. Since I is a free group, there exists an N € N
such that, for a finite subset Iy C I, every y € I" with £(y) > N does not belong
to Ip. Il

2.3 Definition and Properties

For the following we keep the notations and hypotheses of Notations 2.2.5
and 2.2.11. Let I" C PGL(2, K) be a non-trivial Schottky group and assume
co¢ Lr.

Due to Theorem 2.2.14 the group I is free with g generators 1, ..., ag; we set
Olgyi :=oz,._1 fori=1,...,g.Let

2g
F:=Py —| W, ={zePk:
i=1

wy, ()| <1fori=1,...,2g}

be the fundamental domain as constructed in Proposition 2.2.12 by Theorem 2.2.14.
Then

2r=JrF cPrg
yell

is the maximal open set where I acts discontinuously. In the following we will
equip the orbit space X := "'\ 2 with arigid analytic structure in a canonical way
such that the residue map p : 2 — X is arigid analytic morphism. Moreover, we
will see that X - is a smooth proper rigid analytic space of dimension 1 and that p is
an unramified covering in the topological sense; i.e., there is an admissible covering
{Viii € I} of X such that each p~1(V;) = Uje,i Ui, ; is a disjoint union and the
restriction ply; ; : U; j—V; of p to each U; ; is an isomorphism.

Theorem 2.3.1. In the above situation we have:

(a) There is a unique structure of a rigid-analytic variety on X such that the
residue map p : 2r — X is an unramified covering in the topological sense.
(b) X is a smooth proper rigid analytic curve of genus g.
. . . Lo . alg
(¢) Xr is the analytification of a smooth projective algebraic curve X -~.

. . . . . alg
(d) Every meromorphic function on Xr is a rational function on X -~

The curves X as defined above are called Mumford curves.
Proof. (a) Any y € I' has a unique reduced representation

Y =01y - Qi) withj(i)e{cxl,...,agg}.
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Let £(y) := n be the length of y. Then

erm=J v

vel l(y)<n

is the complement of finitely many open discs in P}( and hence carries a
unique structure of a smooth affinoid domain of dimension 1. The inclusion map
2r(m) — 2r(n) for m < n is an open immersion of affinoid domains. Thus,
2r = Un eN $2r (n) inherits a unique structure of a smooth rigid analytic domain
such that all £ (n) are open subdomains. Since all £2(n) are separated as affinoid
domains, §2 is separated.

As a set of points we define X as the orbit space of the action of I" on 2.
The rigid analytic structure of X will be defined as a geometric quotient of 2 ;
ie., aset V C Xr and a covering U of V C X, respectively, is admissible if
p~ 1 (V) C 2r and p*, respectively, are admissible. Due to Proposition 2.2.12(a)
there exists ¢ € \/|K*| with ¢ < 1 such that |wg,(z)| < ¢ for all z € WO;';_, for

j=1,...,2g with j #£i. Now choose ¢’ € \/|K*| with g < ¢’ < 1, and put
U = {zeIP’]K;q’g |wai(z)| §1fori:1,...,2g},
Up = {z € Pk;

wa,.(z)| <q'fori= 1,...,2g}.

Then (U, ..., Us,} is an admissible covering of F* with the properties
UoNU; = |z ePg;
UnNnU;j=9 forl<i<j<2g.

wy, ()| =¢'} fori=1,...,2g,

The map p : U; — X is injective. We will endow X with the structure of a rigid
analytic space in the following way. We view p : U; — X as an open immersion
and we equip the image V; := p(U;) with the holomorphic structure given by U;.
The family

{Vi:=pWU;i=0,...,2¢g}

is regarded as an admissible covering of X . Thus, we obtain the structure of a rigid
analytic variety on X which is smooth and 1-dimensional.

The map p : 2 — X is a covering in the topological sense and is a quotient in
the categorical sense; i.e., every I -invariant morphism 2 — Z factorizes through
p:2r— Xr.

(b) Xr is separated, because 2 is separated; cf. [10, 9.6.1/5]. To show that X i
is proper, we have to construct a further covering {Vj, ..., V, g} by affinoid domains
of X such that V; € Vi/ fori =0,...,2g; cf. Definition 1.6.3. Thus, we choose

two absolute values g1, g2 € /|K*| with ¢ < g1 < ¢’ < g2 < 1, where ¢ is close
to g and ¢ is close to 1. Put

Ul ={zePk;qi < |we, (@) <1/q2} fori=1,...,2g,

1

Uy:={zePk; |wy, @)| <qafori=1,...,2¢g}.
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Then p : U/ — X is an open immersion for i = 0,...,2g. Hence, by setting
V/:=pU)) fori=0,...,2g, the covering {V, ..., Vz/g} satisfies the requirement
of Definition 1.6.3.

Next we want to determine the genus of X . For this we will construct a non-
trivial differential form w on X and calculate the degree of its divisor. Let wy, (z)
be as defined in Notation 2.2.11. Then look at the formal series

g1 =) w,(x) and ()= p(Nw,{).

vel yel

We may assume here without loss of generality that (a1, ..., a,) is separating for
p and p2. By Proposition 2.2.12(b) these series converge on F. By the product
formula wy ¢ (z) = wy (x(2)) - wy (2), the series also converges on a(F) fora € I',
and hence on £2,. Moreover, we have

We(2) - g1(az) = g1(z) and  p(a) - we(2) - g2(az) = g2(2)-
Now look at the meromorphic differential form on 2

2
§1() dz.
82(2)

Since p(a) - &’ (z) = wq (), we obtain

. &@@)
Ow=—"""

2 .
_ () - dz = 81(@) - p(@)we(2) we(z)
22(a(2))

we(2)? - g2(2)  pla)

Thus, w is invariant under I, and so it induces a differential form on X .

It remains to determine the degree of div(w). Equivalently, we can consider the
divisor associated to g; and g on £2y which consists of I"-orbits and count the
number of the orbits with multiplicity. It suffices to do it for g, because the argu-
ments for g, are analogous.

By Proposition 2.2.12(b) we know that |w, (z)| < 1, for all z € F~ and all
transformations y € I' — {id}. Since wjq(z) = 1, the ultrametric inequality yields
lg1(z)| =1forall ze F~ — {o0}.

Next we compute the degree of g |(Wo‘lt — W,,). Here we have two dominating
terms, namely wjq(z) and wg, (z). Their absolute values are equal to 1, whereas
those of all the others terms are less than 1. Consider the Laurent series with respect
to the coordinate ¢ := (z — mg,;)/m;, where m; € K™ is a constant to normalize the
coordinate to absolute value equal to 1. On (W‘jlf — W,,) itis givenby 1 +¢ Zupto
terms of absolute value less than 1. Now it is an elementary fact about such functions
that their number of zeros is 2. Thus, we see that each i € {1, ..., g} gives rise to
a I"-orbit of degree 2. Furthermore, there is exactly one orbit for the poles of dz;
namely {m,; y € I'} = I'co of order 2. Thus, we see that the degree of w is 2g — 2,
and hence the genus of X is g.

(c¢) and (d) Follow from Theorem 1.8.1. O
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2.4 Skeletons

In their article [64] Manin and Drinfeld make fundamental use of the tree repre-
sentation of the p-adic numbers. In order to deal with the case of arbitrary non-
Archimedean valuations, we have to generalize the approach slightly.

Let us start with some definitions. For the following, we fix a non-Archimedean
field K.

Definition 2.4.1. The closed unit disc Dk is the affinoid space Sp K (). The open
unit disc is the rigid analytic space Dy := {z € Dg; |£§(2)| < 1}. A closed rational
disc or an open rational disc is a rigid analytic space isomorphic to Dg or D,
respectively.

A closed rational annulus or an open rational annuls is a rigid analytic space
isomorphic to

A(r, DY ={zeDg;r < [E()| <1},
respectively to
A(r,1)” = {z eDg;r < |$(Z)| < 1},

for an element r of the value group |K*|. The number r < 1 is called the height of
the annulus A(r, 1)*; cf. Definition 1.3.3.

A subdomain £2 of the projective line P}( is a closed rational disc if and only
if there exists a coordinate function & of ]P’}( with a zero in IE”}((K ) and a number
r e |K*|suchthat 2 ={z e PL;|&(z)| <r}.

A subdomain 2 of the projective line IP’}< is a closed rational annulus if and only
if £2 is the complement of a closed rational disc by an open rational disc. In fact,
there exists a coordinate function £ on IP’}( which has a zero in the open disc and a
pole outside the closed disc. Then & yields the description of the complement as an
annulus. This can easily be seen by the description of the invertible functions on a
disc in Proposition 1.2.1(b).

Definition 2.4.2. The standard reduction map p : P} — P! of the projective line
is associated to the choice of a coordinate function on IP’}< which also serves as a
coordinate function on P}e- Then p is the specialization map IP’}( — IP’}( on ]P)}e-

The canonical reduction map p : Dg — A,ﬁ of the unit disc D is the map which,
as above, associates to a K’-rational point x of Dg its reduction X which is defined
as the closed point xg ®g k of the extension xp : Spec(R") — A}Q of x.

If D C Dk is the unit disc punctured by finitely many maximal open discs
D(ay)~,...,D(ay)” of Dg, then the reduction map p : Dx — A}( restricts to a
reduction map p : D — A,l —{p(ay), ..., p(ay)}. We refer to this as canonical re-
duction as well.

In the following we make use of some notion about graphs; these are explained in
Sect. A.1. Note that we here identify an edge e of a graph with its inverse e; i.e., we
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consider only “geometric edges”. In Definition 2.4.3 we do not need an orientation
on the graph. Such graphs are called geometric.

Definition 2.4.3. Let Z be a rigid analytic space which is geometrically connected
and locally planar. The latter means that, locally with respect to the holomorphic
topology, Z is isomorphic to affinoid subdomains of the projective line.

A semi-stable skeleton of Z is a surjective map p : Z — S from Z to a geometric
graph S with the following properties:

(i) The inverse image p~!(v) of a vertex v € V(S) is either the whole ]P’}( ora
domain in P}( which is isomorphic to the closed unit disc Dg punctured by
finitely many maximal open discs D] U ---U D, of Dg.

(ii) The inverse image p~!(e) of an edge e € E(S) is isomorphic to an open ratio-
nal annulus A(e(e), 1)~ of a certain height e(e) € | K*|.

(iii) p is continuous; i.e., the inverse image p~!({v1, e, v2}) of an edge e with its
two extremities vy, v; is an affinoid subdomain of Z or the whole Z.

Since the reduction of p~!(v) for a vertex v € S is isomorphic to a projective
line minus finitely many closed points, it is irreducible and, hence, the sup-norm is
multiplicative on o1 (v); cf. Remark 1.4.6.

A semi-stable skeleton p : Z — S of Z is said to separate the points ay, ..., ay
of Z if these points are mapped to vertices such that for all i, j € {1, ..., n} with
i # j either the points a;, a; are mapped to different vertices of S or, if mapped
to the same vertex v € V(S), the points a;, a; have different reductions under the
canonical reduction map.

A semi-stable skeleton of Z is called stable with respect to given points
ai,...,a for n > 3 if it separates the points and if, for each vertex v, the sum
of the number of points of p(aj),..., p(a,) equal to v and of the index of v is at
least 3; cf. Definition A.1.7.

Note that, for the definition of the index, in Definition A.1.7 one distinguishes
between e and its inverse e. One can also define the index of a vertex by the number
of geometric edges which have v as an extremity.

Example 2.4.4. Letr € |[K*| with r < 1. Consider the rational annulus A(r, 1) :=
{x € Dg; |r] <1&(x)|}, where £ is a coordinate of the disc Dg. We define a skeleton
o A(r,1) — § in the following way. The image S consists of two vertices v, v
which are connected by one edge e. The map p : A(r, 1) — § sends the subset where
& takes absolute values r to v,, and the subset where £ takes absolute values 1 to vy,
and the subset where & takes absolute values r < |§(x)| < 1 to e.

More precisely, the reduction of A(r, 1) consists of two lines L, UL, where
i = ]P’1 {0} with coordinate S/c c € K with |c] =r, and Ll ,1( — {00} with
coordinate &. The point co € L, is identified with the point 0 € L.

If f is a holomorphic function on A(r, 1), then f|4(,,) has a sup-norm |cr| and
on A(1, 1) a sup-norm |c1]. Via the reduction one gets two functions f, : f /cr on
L, and f] = f /c1 on L. Both functions have a certain order m, of f, at oo € L
andm; at0 e L 1. Then one easily shows that m| + m, equals the number of zeros
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of f on the open annulus A(r, 1)~. If there are no zeros, then |c,| = r*™

Such a situation will be discussed in Sect. 4.3 in a more general context.

“letl.

Lemma 2.4.5. Letn>3andletay,...,a, € IP}((K) be pairwise distinct K -ratio-
nal points. Then there exists a stable skeleton of P}( which separates the points
ai, ..., ay. Furthermore, the graph of this skeleton is a tree.

A stable skeleton separating ay, ..., ay is uniquely determined by these points.

Proof. To prove the existence, we proceed by induction on n. For n = 3 we can
choose a coordinate such that the points are 0, 1, co. Then the standard reduction
separates these points. In this case the skeleton consists of a single vertex without
any edges.

Now let n > 3 and assume that we have already constructed a stable skeleton
p: IP’}< — § which separates the points ay, ..., a,. Consider an additional point
be ]P’}((K) which is not equal to any of the ay, ..., a,.

If p(b) = v is a vertex, then we have to distinguish two cases. If the reduction of
b under the canonical reduction map of the vertex is different from the reduction of
the points ay, ..., a, which are also mapped to v under p, then it is not necessary
to change anything. On the other hand, if this is not the case, then there is a point
a; with p(a;) = v which has the same canonical reduction as b. Then we introduce
a new vertex v’ and a new geometric edge ¢ which connects v with v’. The map
o' IP’}( — S’ is defined as follows. Let ¢ be a coordinate function on the maximal
open disc D~ inside o~ (v) which contains a; and normalize ¢ by ¢(a;) = 0 and by
the condition that sup-norm of |¢|p- = 1. Then set p'(z) = v’ for all z € D~ with
1£(2)| < 1¢(b)] and p'(z) = ¢’ for all z € D™ with [¢(2)| > [¢(b)| and p'(2) = p(2)
for all points z € P}( — D~ .So p/(b) and p'(a;) are equal, but b and a; have distinct
reductions. Furthermore, v’ is connected to v by ¢’. Then it is clear that p’ is stable.

If p(b) = e is an edge, then A~ := p~!(e) is an open annulus of height & € |K *|,
since A~ is rational. Let ¢ be a coordinate on A~ := p~!(e) which is normalized
by having sup-norm 1. We introduce a new vertex v’ and two new geometric edges
e, ¢ which connect v’ to the extremities of e in S. Then we define p’ : IE”}( - 5
by the following formula. If z € A™, then put

¢ iflE@)] > L)),
P@=1v ifE@I=[G).
ey if 2@ <),

Ifze ]P’}( — A~ , then put p’(z) = p(z). Thus, v' = p’(b) is connected to the remain-
ing part by two edges and hence p’ is stable.

To prove the uniqueness, we proceed by induction on n. Consider first the case
n = 3. If § consists of a single vertex, it is the standard one with a; =0, a» =1 and
a3 = o0. Otherwise, S has at least two terminal vertices in Definition A.1.7, since
it is a finite tree. Then there are at least four points due to the very definition of
stability. This is a contradiction.



2.4 Skeletons 55

Now let us consider the case n > 4. If S consists of single point, then it is easy
to see that S is unique. Thus, we may assume that there is more than one vertex; in
particular, there exists a terminal vertex v of S. Then v supports at least two points;
say a1 and ap. Choose a coordinate function { on IP’}< such that a1 =0, ap =1,
az=o0 and |a,| > 1 for v=4,...,n. Then ,o_1 (v) is uniquely determined by the
position of the points and is independent of the stable skeleton. Indeed, we have that

p'(v)y=DT—[DyU---UD,],

where D is the unit disc at 0 and D,, are maximal open discs in D™ . Furthermore,
in each D, there exists at least one of the given points.

If v supports more than 2 points, then we can remove one and thereby we do not
destroy the stability, and hence we are done by the induction hypothesis. Consider
now the case, where v supports exactly 2 points.

If v has only one neighbor w supporting also a point, then we contract the vertex
and the edge e leading from v to w and remove a;. In this way we get again a stable
skeleton separating the remaining points as w supports now two points. Note that in
this case p~!{v, e} is also uniquely determined. Therefore, we are also done by the
induction hypothesis. If w does not support any of the points, then the index of w
is at least 3. Then, by removing v, the edge e and a;, one obtains a skeleton with
vertex w which supports one point and its index is at least 2. So, we end up with a
stable skeleton and are done by the induction hypothesis. g

Proposition 2.4.6. Let 2 be a connected affinoid subdomain of P}{. Then the fol-
lowing assertions are equivalent:

(a) $2 admits a semi-stable skeleton.
(b) £2 is the projective line punctured by finitely many open rational discs.

If, in the representation 2 = P}( — (D U---U D), even the closed discs
D1+, ..., D are pairwise disjoint, the graph of the skeleton can be chosen in such
a way that its terminal vertices correspond to D;." — Dj_ forj=1,...,n.

Proof. (a) — (b): Since £2 is affinoid, it is quasi-compact and not equal to the whole
projective line. Thus, the skeleton is finite and there are terminal vertices. Here,
a vertex v is called terminal if the reduction of p~!(v) is a projective line IP}c punc-
tured by more points than the index of v. All these points correspond to open rational
discs in the complement of £2 in IP’}(.

(b) — (a): Let 2 := IP’}( — (D U---UD,) be acomplement of IP’}( of the union
of open rational discs D[, ..., D,  which are pairwise disjoint. In particular, there
are K -rational points ¢; € D;” fori =1,...,n.

If n <2, then £2 is an annulus, and the assertion was explained in Example 2.4.4.

If n > 3, then there exists a stable skeleton p : IP’}( — S, which separates the
points {ai, ..., a,} by Lemma 2.4.5. First we refine the skeleton in the following
way. Each a; is supported by a vertex v;. Then, for each j =1,...,n, we intro-

duce a new vertex v}, which is associated to a small closed rational disc D;. C Dj_
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around a;, and a new edge e; which is associated to the open rational annulus
D/.* — D}. Now, there exists a coordinate function & on IP’}( with a zero at ¢; and a

pole at a;. Since D is a rational disc, we can adjust & such that the sup-norm of &
on D is equal to 1. By Proposition 1.3.4 we have that the absolute value function
|&| behaves like the one of a power of the coordinate functions on the annuli associ-
ated to the edges of this skeleton. Then we subdivide every edge at the subannulus
of height 1 where |£| takes the value 1. Thus, we obtain a skeleton such that p re-
stricts to a skeleton pg : IF’}( — D — §1, where S is obtained from § by removing
all the vertices and edges where || takes values less than 1. Likewise we proceed
with all the other discs, and hence we obtain a semi-stable skeleton p, : 2 — S, as
required.

The additional assertion follows easily from the proof of “b — a” as well, be-
cause the subset {z; |£(z)| = 1} is exactly D; — D and |&] takes only values greater
than 1 on all the other closed discs D;L for j > 2. Eventually one has to contract the
part where |&| is equal to 1. O

Corollary 2.4.7. Let K be algebraically closed. If 2 C IP’}( is a connected affinoid
subdomain, then $2 has a semi-stable skeleton, and hence $2 is a closed rational
disc punctured by finitely many open rational discs.

Proof. Since £2 is affinoid, it is strictly contained in IP’}(. So, there exists a coordi-
nate function & on IP’}( such that & has its pole ag outside §2 and its zero inside £2.
Moreover, one can adjust & such that the sup-norm of &|p is equal to 1. Thus,
£2 is contained in the closed unit disc Dg. By Theorem 1.3.7 we know that £2
is a union of finitely many rational domains. It suffices to consider the case £2 =
X(f1/fo,.--, fn/fo), where fo,..., fy are holomorphic functions on X := Dg
without common zeros. Due to Theorem 1.2.5 we may assume that fy, ..., fn are
polynomials, because invertible functions on Dg have constant absolute value func-
tions by Proposition 1.2.1. Since fy, ..., fy have no common zeros, there exists
some r’ € | K*| such that £2 is contained in 2’ := {x € Dg; | fo(x)| > r’}. Note that
§2' is equal to Dg minus finitely many open discs around the zeros of fj.

Now it suffices to analyze the structure of £2'(f;/fo). It follows from Proposi-
tion 2.4.6 that there exists a semi-stable skeleton of §£2’. Then it is an easy combina-
torial game to show how to obtain a skeleton of £2'( f;/fo) from the skeleton of £2’.
In more detail, the absolute value function | fy| of fp is constant on the pre-image
of vertices and behaves like a power of the absolute value of the coordinate on the
pre-image of an edge by Proposition 1.3.4. The function | f1| behaves similarly af-
ter removing small discs around the zeros of fi. Thus, by subdividing some annuli
associated to the skeleton of £2’, we construct a new skeleton such that £2/( f;/fo)
can be viewed as the preimage of a subgraph of this new skeleton. g

The number n 4 1 of holes used in the representation of §2 as a subset of IP’}(
can be characterized in terms of the structure of the group of invertible holomorphic
functions on £2. There is the following result.
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Proposition 2.4.8. Let 2 C IP’}< be a closed rational disc which is punctured by
finitely many open rational discs

2:=Py — (D(ao,70)” U---UD(@y,ra)").

Let & be a coordinate function on IP}( with a pole at ay and a zero outside of
D(ag, ro)~ such that D(ag, ro)~ := {x € P'; |E(x)| > 1}.

Put &, :=c,/(& — &(ay)), where ¢, € K* has absolute value |c,| equal to the
sup-norm of & — &(ay) on the disc D(a,,r,)” . Then we have:

(a) Every holomorphic function on §2 has a unique representation

F=) coiE +> ) cuitl
i=0

v=1i=1
with coefficients c, ; € K. For the sup-norm we have that
|fle =max{lcyl;i €N, v=0,...,n}.
(b) If f has no zeros on S2, then f has a unique representation
f=c-E—a)™ ... —an)™ - (1+h),

where ¢ € K* is a unit, h is a holomorphic function on 2 with sup-norm
|h|le < 1, and where my, ..., m, are integers.

Proof. (a) Since f can be approximated by rational functions which have poles
only in {ao, ..., a,}, it suffices to verify the assertion for such rational functions. In
that case we have a unique partial fraction decomposition. Such a decomposition is
of the same form as in the assertion, but there are only finitely many coefficients
unequal 0.

To verify the assertion on the sup-norm, we first assume that the closed discs
D(ay, ry)T are pairwise disjoint. In that case the assertion follows by the ultrametric
inequality, because the sup-norm of £, on D(a,, ry) T is less than 1 for all u, v with
W # v. By a limit argument (enlarging the discs) and the maximum principle this
implies the assertion in the general case.

The assertion about the uniqueness follows from the formula for | f|.

(b) As in the proof of (a) it suffices to verify the assertion for rational func-
tions which have poles only in {ay, ..., a,}. Moreover, we may assume that the
closed discs D(a,,r,)™" are pairwise disjoint. By Proposition 1.3.4 we know that
the restriction of f to the annulus D(a,, r,)t — D(ay,r,)” can be written as
cv€)”” - (1 + h), where the sup-norm of 4 is less than 1. After replacing f by
f-TIh—1 & ™ we can assume that all the exponents m,, are zero forv=1,...,n.
In that case we will verify that my is also zero, and that f equals ¢ - (1 4+ &) with a
constant ¢ € K™ and with a holomorphic function 4 on §2 with sup-norm less that 1.

Indeed, by (a) we may assume that | f| = 1 and that | | takes a maximum on an
annulus D(ay, )" — D(a,,r,)” forsome v € {1, ..., n}; otherwise consider 1/f.
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Then by (a) it follows |cpo| =1 and |c, ;| <1 for all v,i. Since f has no zeros
on D(ag, ro)* — D(ag, ro)~, by Proposition 1.3.4 we see that mq = 0. Thus, the
assertion is proved. 0

Remark 2.4.9. In the situation of Proposition 2.4.8 the group of invertible holo-
morphic functions on §2 can be represented in the following way:

O()*ZK* xZ" x {14+ h,h € On(£2) with |h|o < 1}.
Here n + 1 is the number of holes of £ in P} .
Proof. Put H :={m € Z'"*';mo+--- 4+ m, =0} = Z". The map
¢: K — Oo(2)*, (mo,...,my) —>E"0 - (& —a)™ ... (§ —an)™

is injective, and its image is a direct summand by Proposition 2.4.8. Thus, we see
that the assertion is true. U

Proposition 2.4.10. In the situation of Proposition 2.4.8 consider a meromorphic
function f on §2 which is not identically zero. Assume, in addition, that the annu-
lus Ay, := D} — Dy belongs to 2, and that f|a, has neither zeros nor poles for
v=1,...,n. Then the degree of the divisor of f on §2 is given by the formula

degdiv(f) =— ZordAv f.
v=0

Here ordy, f is the exponent of the dominating term in the Laurent expansion of
fla, with respect to the coordinate function &, on D;\; cf. Proposition 1.3.4.
In Proposition 4.3.1 there is a more general formula than the given one.

Proof. The support of the divisor of f is finite. Thus there exists a rational function
g on P}( such that div(g|p) = div(f). It we put u := f/g, then u is an invertible
holomorphic function on §2. Using an approximation as in the proof of Proposi-
tion 2.4.8 we can also assume that u = 1 + h with a holomorphic function % on
§2 with |h|p < 1. Thus, we can replace f by g, because f and g have the same
order on A, . Since degdiv g =0, it remains to see that ord4, ¢ = degdiv(g| ) for
v =0,...,n. The latter follows easily from Theorem 1.2.5, because the degree of a
Weierstrall polynomial equals the number of its zeros in the unit disc. g

Now let us return to the Schottky groups.

Proposition 2.4.11. Let I" be a Schottky group. Consider the situation of Nota-

tion 2.2.11 with respect to a separating homomorphism p : I’ — K. Assume that
the radii \/|p(y)| - r, belong to |K*| for all y € I' — {id}. Let F C 21 be the
Sfundamental domain of I' as in Notation 2.2.11. Then we have:
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(a) There exists a semi-stable skeleton pp : F — Sr of F with terminal ver-
tices v1, ..., V2g Such that pgl(vi) = WI-Jr - W foralli=1,...,2¢g, where
Wii = Wo:f for the system (a1, ..., azg). In particular, Sg is a tree.

(b) There exists a semi-stable skeleton pg : 21 — S of 21 which extends pr
such that I' acts on Sq canonically. In particular, S is a tree.

(c) There exists a semi-stable skeleton px : X — Sx of X which is the quo-
tient of pg with respect to the action of I'. In particular, the quotient map
ps : Se — Sx is the universal covering in the category of graphs. There is a
commutative diagram

So ——— Sy.

Proof. (a) Consider the fundamental domain

2g
F=Py-Jw,
i=1
associated to a separating basis ay, ..., oz of I'. Set aj4 ¢ := af] fori=1,...,g.

By Proposition 2.4.6 there exists a semi-stable skeleton pr : FF — SF. Itis clear that
S satisfies the claim.

(b) The skeleton Sy := Sr constructed in (a) has 2g terminal vertices vy, ..., v2g.
Then each «; maps the domains ,o_1 (v;) bijectively to ,0_1 (Vigg) for all i =
1,..., g. Thus we obtain a skeleton

2g
Sy = So U Jei (S0)

i=1

by gluing the skeleton Sy with the skeleton «;(Sp) of o;(F) along v;ye fori =
1,...,2g. Then S is a skeleton of

erm=J v

yel;l(y)<n

for n = 1. Continuing in this way, one obtains skeletons S, of 2 (n) for alln e N
and hence in the limit a skeleton Sg; of £2y. The group I" acts on S, by translation
and is compatible with action on £2.

(c) The skeleton Sy is obtained from Sr by identifying the terminal vertices v;
and v;4, fori =1, ..., g. This is compatible with the group action of I" on £ as
was explained in (a). O
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Corollary 2.4.12. [n the situation of Proposition 2.4.11, let e be an edge of the
skeleton S . If y € I fixes e, then y =id.

Proof. The skeleton Sy, is the universal covering of Sx. Thus, I" is canonically
isomorphic to the deck transformation group of S /Sx. If a deck transformation
fixes one point, then it is equal to the identity. O

Remark 2.4.13. A ray (e;;i € N) in Sp, is an infinite path without backtracking;
cf. Definition A.1.3. Note that a ray has an origin and no target in Sg;. Two rays are
called equivalent if they are equal after removing finite parts at their origins.

An axis (e;;i € Z) in Sg; is an infinite path without backtracking. Note that an
axis has neither an origin nor a target in Sg,.

However we have:

(a) Eachray in Sp, defines a unique point in the set L of the limit points of I".

(b) The equivalence classes of rays correspond bijectively to the limits points of I".
(c) If o € I' — {id}, then let xo C S be the axis leading from z;; to z}, where z;}
is the attractive fixed point and z_, is the repelling fixed point of «. Then o acts

on x, by shifting.

Proof. (a) We choose the coordinate function on IP’}( such that co € ,0_l (vg). Thus,
for i € N we have

P_l(vi) = D(aul.,r,-)+ - [D(avi,lvri)_ U-.-u D(avi,kivri)_]’

where D(ay,,j,r;)” are maximal open rational discs in the closed rational disc
D(ay,, ri)T. Let (e;; i € N) be a ray. Then the edge e; satisfies

p~'(ei) = D(ay,j, 1)~ — D(@y,,,ri+1)"

for a suitable j € {1, ..., k;}. Only finitely many heights ;1 /r; can occur, because
they are related under I". Thus, the limit lima; exists and is a limit point of I"; cf.
the proof of Example 2.2.13.

(b) If two rays define the same limit point, then they are equivalent, because
a ray induces a filter of neighborhoods of the limit point. Conversely, every limit
point induces a ray, because L = L (c0) by Proposition 2.2.4(f).

(c) The subtree x,, of S contains the vertices associated to the sets W(;t1 - W
for n € Z. Then it is clear that « acts by shifting. U

Definition 2.4.14. Let p : Z — S be a semi-stable skeleton.
(a) Apathc:=e;+---+e, in Z is apath (eq, ..., e,) in S; cf. Definition A.1.3.
The length of a path ¢ :=e1 + - - - + e, in Z is defined by
n
)=~ loge(e,),
v=1

where ¢(e,) is the height of the annulus pl(ey).
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(b) For two paths p=}'_ e, and p'=3"_, e, in Z their pairing is defined by

[p.7']:= Y lew-el],

",V

where
—loge(e) ife;=ex=e,
[e1,e2] = { loge(e) ifej =—ey=e,
0 if e] # %en,

for edges eq, ex € E(S), where ¢(e) is the height of the annulus ,0;21 (e). Here
—e means the edge e with the opposite orientation.

Lemma 2.4.15. In the situation of Definition 2.4.14, let p' : Z — S’ be a sec-
ond semi-stable skeleton. Assume that there is a map ¢ : S' — S which contracts
subtrees satisfying ¢ o p’ = p. Thus, one has two notions of length according to the
chosen skeletons. Let v; , vé € 8§’ be two vertices which are mapped to vertices vy, va
in S, respectively. Then for each path ¢’ leading from v| to v}, the image o(c’) has
the same length as the path c leading from v to v;.

Proof. We may assume that v; and v, are connected by a single edge e. Let ¢ :=
(¢}, €5, ..., e,) be the path in S leading from v] to v}. Then o'~ le) = p~1{e)).
Since the height of an annulus A(rr2, 1) is the product of the heights of A(ry, 1)
and A(rp, 1), the assertion follows. O

Notation 2.4.16. Let I" be a Schottky group.

Forevery o € I’ with o # 1 in H :=IT"/[I", '] = Iy there is an axis x4 in Sp
which we orient from the attractive fixed point z}" to the repulsive z, . Let ¢, be the
part of x, which belongs to a fundamental domain of «”. Note that ¢, is a finite path
in Sp. Let ey, ..., e, be the consecutive edges with the induced orientation of c,.
Then, with the notation of Proposition 2.4.11,

Ca = pslca) ==Y ps(ei) € Zi(Sx, Z)

i=1

is a 1-chain. Its homology class in H{(Sx, Z) can be identified with the image of
a € I' in the maximal abelian quotient

m(Sx)=I — H:=T/[T].

More precisely, here one has to consider the realization real(Sy) of the graph Sy;
cf. Definition A.1.2.

Remark 2.4.17. The pairing of Definition 2.4.14 induces a scalar product on
H{(Sx, Z). This bilinear form is symmetric and positive definite.
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The notion of skeletons is useful for the interpretation of H; (X, Z).

Remark 2.4.18. Affinoid spaces with smooth reduction are simply connected in
the sense that they admit only trivial coverings in the topological sense, as eas-
ily follows from Proposition 3.1.12. Furthermore, every affinoid subdomain £2 of
the projective line ]P’}< is also simply connected. Indeed, one can assume that K is
algebraically closed. Thus, £2 admits a semi-stable skeleton which is tree due to
Corollary 2.4.7, and so it is simply connected.

If a rigid analytic space X admits a semi-stable skeleton Sy, then every finite
topological covering ¥ — X inherits a semi-stable skeleton Sy such that Sy — Sx
is a topological covering as well and is compatible with the map ¥ — X. Therefore,
one can view Hi(Sx, Z) as a replacement of “H (X, Z)”.

2.5 Automorphic Functions

In this section we return to Mumford curves. Thus, let us consider a Schottky group
I' Cc PGL(2, K) of rank g > 1; i.e., it is a free group over g generators. Let £2 :=
2r C ]P’}< be the set of ordinary points of I" and let X i be the associated Mumford
curve. As was explained in Sect. 2.3, the canonical map p : 2y — X := X can
be viewed as the universal covering in the rigid analytic sense. Equivalently, the
universal covering can be identified with the associated skeletons ps : So — Sx.
Moreover, the rigid analytic deck transformation group

I"=m(X) = m1(Sx)

can be identified with the deck transformation group of the skeleton Sy. Its maximal
abelian quotient

H:=Ty:=T/[[ = H (X, 7) = H (Sx, 7)

is the group of closed cycles by Notation 2.4.16. In the following we review some
results taken from [64] and adapt them to the case of a non-Archimedean field with
valuation which is not necessarily discrete.

Definition 2.5.1. A K-divisor on £2 is a function 2(K) — Z, n +— n_, with the
following properties:

(i) ng, =ng, if z1 and z; are conjugate over K.
(ii) There is a finite extension L/K such that every z € £2(K) with n, % 0 belongs
to 2(L).
(iii) The set {z; n, 7 0} has no accumulation points in £2 with respect to the holo-
morphic topology.

We denote by D the set of K -divisors. The group I" acts on D.
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