
Chapter 2
Spaces of Analytic Functions

Abstract We present here spaces of analytic functions An
˛;d � Sn as well as spaces,

An
˛;d;T � Sn

T , n D 1; 2; 3. In this chapter, we shall study the properties of these
spaces, we shall prove in Chap. 3 that if the components of the initial condition
vector u0 belong to A3

˛;d then each component of N u of (1.23) belongs to A3
˛;d;T , and

we shall furthermore prove in Chap. 4 that the solution to (1.23) belongs to A3
˛;d;T ,

for all T sufficiently small. These spaces are in fact special cases of the spaces Sn

and Sn
T introduced in Sect. 1.2. They provide several conveniences, such as enabling

sharper error bounds and yielding exponential convergence of our approximate
solution which we obtain in Chap. 5.

2.1 The Spaces An
˛;d and An

˛;d;T

Let n denote a positive integer, and let us now define vector spaces of functions An
˛;d

and An
˛;d;T .

Definition 2.1.1. Set Nr� D NrC i N�, with Nr 2 R
n, N� 2 R

n, set r D jNrj , and � D j N�j.
(a) Corresponding to some positive numbers ˛ and d, let A˛;d denote the family of

all functions f with the following properties:

(i) Analyticity property. There exists a positive number d0 > d, such that each f
is analytic in the domain

Dn
d0 D fNr� D Nr C i N� 2 C

n W � < d0gI (2.1)

and
(ii) Asymptotic property. There exist positive numbers C D C. f ; d0/ and ˛0 > ˛,

such that for all Nr� 2 Dn
d0 ,

j f .Nr�/j < C exp.�˛0 r/: (2.2)

Notice that if f and g belong either to A˛;d or to A˛;d;T , then so does h, where
for any constants a, b, and c, h D a f C b g, or h D c f .
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10 2 Spaces of Analytic Functions

(b) We also define the space An
˛;d;T of functions f D f .Nr�; t�/ such that f .�; t/ 2

An
˛;d for each fixed t 2 Œ0;T�, and such that f .Nr; �/ is an analytic and uniformly

bounded function of t D t� in the “eye-shaped” region

Dd0;T D ft� 2 C W j arg.t�=.T � t�//j < d0g: (2.3)

(c) The spaces An
˛;d and An

˛;d;T , are normed for p 2 Œ1;1/ by k � kp, i.e.,

k f kp D
�Z

Rn
jf .Nr/jp dNr

�1=p

; if p 2 Œ1;1/ and

k f k1 D sup
Nr2Rn

jf .Nr/j:
(2.4)

and similarly,

k f kp;T D
�Z

Rn

Z T

0

jf .Nr; t/jp dNr dt

�1=p

; if p 2 Œ1;1/ and

k f k1;T D sup
Nr2Rn;t2.0;T/

jf .Nr; t/j:
(2.5)

The following theorem describes an important and beautiful property of the class of
functions An

˛;d.

Theorem 2.1.1. In the notation of Definition 2.1.1, let f 2 An
˛;d. Let Of denote the

Fourier transform of Of , i.e.,

Of . N�/ D
Z

Rn
f .Nr0/ exp.i N� � Nr0/ dNr0: (2.6)

Then Of 2 An
d;˛ .

Proof. The one-dimensional version of this result is found in Theorem 26 of
Sect. 1.27 of [3]. The proof of the three-dimensional case is similar, and we omit it.

Upon recalling the inverse Fourier transform formula for R3 [see, e.g., (1.21)] we
also have by Parseval’s theorem that

k Of k2 D .2 �/3=2 kf k2; (2.7)

and similarly for kOf k2;T .
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Definition 2.1.2. Let n denote a positive integer, and set b D .b1; : : : ; bn/, with bj

nonnegative integers and with jbj D Pn
jD1 bj, and define

Db f D @jbjf
@.x1/b1 ; : : : ; @.xn/bn

: (2.8)

Theorem 2.1.2. Let d, d0, ˛, and ˛0 defined as in Definition 2.1.1 be given.

(i) If f 2 An
˛;d, then Db f 2 An

˛;d;
(ii) If f is analytic in the domain Dn

d0 and if for all Nr� D Nr C i N� in Dn
d0 and constants

C > 0, m � 0 and ˛00 2 .˛; ˛0/, we have f .Nr�/ � C rm exp.�˛00r/, then
f 2 An

˛;d.

Proof. Part (i): In the notation of Definition 2.1.1, taking d00 2 .d; d0/ and ˛00 2
.˛; ˛0/, we have for any Nr� D .x1; x2; x3/ 2 Dn

d00 and any " 2 min.0; d0 � d00; .˛0 �
˛00//, that

@f

@xj
D k Š

2 � i

Z

jNr�� N��jD"
f . N��/ d	 j

.	 j � xj/k
: (2.9)

Hence by our assumption that for all Nr� 2 Dn
˛0;d0 we have jf .Nr�/j � C exp.�˛0 r/, it

follows that jf . N��j � C exp.�˛0 �C "/ < C exp.�˛00 �/, and so

ˇ̌
ˇ̌ @f

@xj

ˇ̌
ˇ̌ � C

2�"k
exp.�˛00 r/; (2.10)

This proves Theorem 2.1.2 for the case of f D f .Nr�/ when taking one derivative
with respect to xj. The proof for the case of Db f is similar, just by repeating the
one-dimensional argument. The proof for the case of f D f .Nr�; t/ with t 2 Œ0;T� is
also similar, and we omit it.

Part (ii). Let us select " > 0, such that ˛00 � " > ˛, and let us then select R > 0,
such that if r � R, then rm � exp."r/. Then we have C rm e˛

00 r < C eˇ r, for r � R,
where ˇ D ˛00 � " > ˛. We now select C0 > 0 such that C0 e"R D C Rm. Then
C0 eˇ r � C rm e˛

00 r for r 2 .0;1/.

2.2 Denseness of An
˛;d in Sn

As we already mentioned, our preference is to work with the spaces An
˛;d, not only

for computing the solution of the N–S equations efficiently and accurately, but also
for obtaining a simpler proof of existence of the solution to the equations. We first
show in this section that the Sinc spaces are dense in the spaces Sn. We then use
this result in Sect. 2.2.2 to show that the spaces An

˛;d defined above are dense in the
spaces Sn.
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Now, let h > 0, let k 2 Z, let 	 2 C, let k 2 Z
n, and let Nr 2 R

n. Let us
define the Sinc function S.k; h/.	/ in one dimension and a product S .k; h/.Nr�/, in
n dimensions, where now Nr� 2 C

n.

S.k; h/.x/ D sin
�
�
h .x � k h/

�

�
h .x � k h/

;

S .k; h/.Nr�/ D
nY

jD1
S.kj; h/.	

j/; 	 j 2 C:

(2.11)

2.2.1 Denseness of Sinc Approximation in Sn

We shall prove the denseness of Sinc approximation only with respect to the “sup”
norm; we omit the proofs of L2—approximation at this time, since such proofs
follow almost verbatim from the L1 ones of this section. We thus prove only the
following theorem in the remainder of this section.

Theorem 2.2.1. Let Nr D .x1; : : : ; xn/ 2 R
n, let g 2 Sn, let h > 0, let N be a

positive integer, and set

gN;h.Nr/ D
X

k2Zn
N

g.k h/S .k; h/.Nr/; (2.12)

where

Z
n
N D fk D .k1; : : : ; kn/ 2 Z

n W �N � kj � N; j D 1; : : : ; ng: (2.13)

Given any positive number ", we can select h > 0 and N such that

kg � gN;hk1 D sup
Nr2Rn

jg.Nr/ � gN;h.Nr/j < ": (2.14)

We split the proof of this theorem into the proofs of some lemmas.
We omit the proof of the following lemma since the (a)-Part of it is well known

([2], Theorem 1.2.1), and since the (b)-Part follows directly from the (a)-Part.

Lemma 2.2.1.

(a) If .x; y/ 2 C � .��=h; �=h/, then

ei x y D
X

j2Z
S.j; h/.x/ ei j h y: (2.15)
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(b) Let Qn be defined by

Qn D ˚ N� D .	1; : : : ; 	n/ 2 R
n W j	 jj < �=h; j D 1; : : : ; n

�
: (2.16)

Then we have the identity

exp.i Nr � N�/ D
X

k2Zn

S .k; h/.Nr/ exp.i j h N� � k/ (2.17)

for all .Nr; N�/ 2 C
n � Qn.

Remark 2.2.1. The function on the right-hand side of (2.15) can be extended as a
function of y to the real line R, where for arbitrary integer m it is a periodic copy of
ei x y on .��=h; �=h/ to the interval ..2m�1/ �=h; .2mC1/ �=h/. The infinite series
on the right-hand side of (2.15) is discontinuous at each of the points .2m C 1/ �=h
where it takes on the value cos.� x/. In particular, both functions, that on the left-
hand side of (2.15) and that on the right-hand side, are bounded by 1 on R � R.
Similarly, both sides of (2.17) are identically equal on C � Qn, and also the right-
hand side of (2.17) has periodic extension to all of Rn, similar to that of (2.15) for
the n D 1 case, and so both sides of (2.17) are bounded by 1 on R

n � R
n.

Let gN;h be defined as in (2.12) and set

gh.Nr/ D lim
N!1 gN;h.Nr/: (2.18)

Lemma 2.2.2. Let g 2 Sn, and let gh be defined as in (2.18). Given " > 0 there
exists h > 0 such that

kg � ghk1 D sup
Nr2Rn

jg.Nr/ � gh.Nr/j < "

2
: (2.19)

Proof. Let Og denote the n-dimensional Fourier transform of g, i.e., with Nr and N� in
R

n,

Og.Nr/ D
Z

Rn
exp.i Nr � N�/ g. N�/ d N�: (2.20)

It then follows immediately, upon using (2.17) and applying the inverse of the
Fourier transform formula of (2.20), that

g.Nr/ � gh.Nr/
D 1

.2 �/n

Z

Rn

 
exp.�i Nr � N�/ �

X

k2Zn

S .k; h/.Nr/ exp.�i h k � N�/
!

�
� Og. N�/ d N�:

(2.21)
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It is well known ([1], Corollary 3.2.1) that if g 2 Sn, then its Fourier transform,
Og 2 Sn. Hence there exist constants C > 0 and ˇ > 0, such that

jOg.�/j � C .1C �/�n�ˇ: (2.22)

Since the difference between each side of (2.21) is zero on Qn and is bounded by
2 on R

n n Qn, and since 0 � �n�1 < .1 C �/n�1, we have, with ˝n denoting1 the
“surface area” of the unit ball in R

n, that

kg � ghk1 � 1

.2 �/n

ˇ̌
ˇ̌
Z

RnnQn
g. N�/ d N�

ˇ̌
ˇ̌

� 2C

.2 �/n

Z

RnnQn
.1C �/�n�ˇ d N�

<
2C

.2 �/n

Z 1

�=h
.1C �/�n�ˇ d N�

D 2C˝n

.2 �/n

Z 1

�=h
�n�1 .1C �/�n�ˇ d�

<
2C˝n

.2 �/n

Z 1

�=h
.1C �/�ˇ�1 d�

D 2C˝n

.2 �/n ˇ .1C �=h/ˇ
:

(2.23)

Under our assumption that ˇ > 0, the right-hand side of (2.23) clearly approaches
0 as h ! 0. Hence, given any " > 0, we can determine h > 0, such that kg.Nr/ �
gh.Nr/k1 < "=2.

Lemma 2.2.3. Let a > 0, � > 0, set w� .a; t/ D �
1C .a2 C t2/1=2

���
, assume that

h > 0, and that N is a positive integer. Then,

(i)

X

jjj>N

w�C1.a; j h/ � 2

� h
w� .a;N h/: (2.24)

1˝n D 2�n=2=
 .n=2/.
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(ii) If � � 2.1C a/, then

X

j2Z
w�C1.a; j h/ � 4

h �
w� .a; 0/: (2.25)

Proof. Part (i). Note that w�C1.a; t/ is an even function of t which is monotonically
decreasing on .0;1/. Since jtj=.a2 C t2/1=2 < 1,

X

jjj>N

w�C1.a; jh/ � 2

h

Z 1

N h
w�C1.a; t/ dt

�
Z 1

N h

t

.a2 C t2/1=2
w�C1.a; t/ dt

D 2

h �
w� .a;N h/:

(2.26)

Part (ii). Set

I.w/ D 1

h

Z

R

w�C1.a; t/ dt

J.w/ D
X

j2Z
w�C1.a; j h/:

(2.27)

Then J.w/ � I.w/C jJ.w/ � I.w/j.
Let us first bound I.w/. Inserting the factor jtj=.a2 C t2/1=2 < 1 into the integral

in (2.27) yields

I.w/ �
Z

R

jtj
.a2 C t2/1=2

�
1C .a2 C t2/1=2

��1��
dt

D 2

Z 1

0

t

.a2 C t2/1=2
�
1C .a2 C t2/1=2

��1��
dt

D 2

�
w� .a; 0/ D 2

� .1C a/�
:

(2.28)

Next, for any  2 C1Œ0; h� we have the easily verified identity

h

2
. .0/C  .h// D

Z h

0

Eh.t/ 
0.t/ dt; (2.29)

where Eh.t/ is defined on .0; h/ by Eh.t/ D t � h=2. We can extend the definition
of Eh.t/ to all of R by setting Eh.t/ D Eh.t � mh/ on .m h; .m C 1/ h/, with m
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an arbitrary integer. We furthermore set Eh.m h/ D 0, m 2 Z, and we then have
supt2R jEh.t/j � h=2.

Notice now that w0
�C1.t/ > 0 if t < 0, and w0

�C1.t/ < 0 if t > 0, and it follows,
thus, from the definition of J.w/ given in (2.27) and our remarks following (2.29)
that

jI.w/ � J.w/j � �2
Z 1

0

w0
�C1.a; t/dt D 2w�C1.a; 0/: (2.30)

If we now add the right-hand sides of (2.28) and (2.30) we find, under the
assumptions made in the statement of Lemma 2.2.2 (ii), that

J.w/ � I.w/C jI.w/ � J.w/j � 2

h �
w� .a; 0/C 2w�C1.a; 0/

� 4

h �
w� .a; 0/:

(2.31)

Lemma 2.2.4. Let gh and gN;h be defined as in (2.12). If Z
n
N is defined as in

Theorem 2.2.1 and if h is selected as in Lemma 2.2.2, then we can select N > 0

such that

kgh � gN;hk1 � "

2
: (2.32)

Proof. We shall again use our above definition of w�C1 i.e., taking r D jNrj, we set
w�C1.r/ D .1Cr/���1, since it is now convenient to take a D 0 and �C1 D nCˇ,
with ˇ > 0. We can then write the difference gh � gN;h as a telescoping sum,

kgh � gN;hk1 D sup
Nr2Rn

ˇ̌
ˇ̌
ˇ̌
X

k2ZnnZn
N

g.h k/S .k; h/.Nr/
ˇ̌
ˇ̌
ˇ̌

� C
X

kn2ZnnZn
N

wnCˇ.h jknj/

� C
nX

`D1
�.`/

X

jk`j>N

wnCˇ.h jk.`/j/:

(2.33)

In this notation, the operator �.`/ denotes a product of n � 1 sums, with ` � 1 of
them taken over Z`�1N and the other n � ` of them taken over Zn nZ`, where Zn�1

N is
defined as in Theorem 2.2.1. More specifically, we can write �` D P

Z
`�1
N

P
ZnnZ`

(with these sums being replaced by “1” when ` � 1 D 0 and when n � ` D 0).
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Since wnCˇ.r/ > 0, we increase the right-hand side of (2.33) by replacing each
truncated sum

P
k`2Z`N with

P
k`2Z` , ` D 1; : : : ; n � 1. Similarly (note, at

the symmetry and positivity of wnCˇ.r/ enable us to replace each double sumP
k12Z

P
jk`j>N occurring in the sum line of �.`/ with

P
`2Z

P
jk1j>N , for ` D

2; : : : ; n. Upon doing this, and taking kn�1 D f.k2; : : : ; kn/ 2 Z
n�1g, each `th

row of sums becomes the same, i.e., we get n such sums, so that

kgh � gN;hk1 � C n
X

kn�12Zn�1

X

jk1j>N

wnCˇ.h jk1;kn�1j/: (2.34)

Applying Lemma 2.2.3 (i) to bound the sum with respect to k1 on the right of (2.34),
we get

kgh � gN;hk1 � 2C n

.n C ˇ � 1/ h

X

kn�12Zn�1

wnCˇ�1.h jN;kn�1j/: (2.35)

We next successively apply Lemma 2.2.3 (ii) to each single sum in the product of
n � 1 sums of (2.35), one at a time, under the assumption that .1C N h/ > ˇ. After
applying Lemma 2.2.3 (ii) to the first sum, the resulting (2.35) becomes

kgh � gN;hk1

� 4 .2C n/

.n C ˇ � 1/.n C ˇ � 2/ h2
X

kn�22Zn�2

wnCˇ�2.h jN; 0;kn�2j/:
(2.36)

Hence repeating this process another n � 2 times, we get our final result,

kgh � gN;hk1 � 4n�1 .2C n/

hn .ˇ/n .1C N h/ˇ
; (2.37)

in which .ˇ/n D ˇ .ˇ C 1/; � � � ; .ˇ C n � 1/.
Since h is fixed, it is clear that the right-hand side of (2.37) approaches zero as

N ! 1, and we can thus select N so that 2 .1 C N h/ > ˇ, and also, so that the
right-hand side of (2.37) is less than "=2.

By combining the results of Lemmas 2.2.2 and 2.2.4 we get kg � gN;hk1 �
kg � ghk1 C kgh � gN;hk1 < "=2C "=2 D ".

This completes the proof of Theorem 2.2.1.



18 2 Spaces of Analytic Functions

2.2.2 Denseness of the Space An
˛;d in Sn

Let Nr and N� belong to Z
n
N , let S .k; h/.Nr/ be defined as in the above subsection, let

g 2 Sn, let Zn
N be defined as in (2.13), and for arbitrary fixed N� 2 R

n, let us consider
the Sinc approximation of �.g; N�; Nr/ � exp

��jNr � N�j2� g.Nr/, i.e., let us examining
the difference

EN;h.�/ D sup
Nr2Rn

ˇ̌
ˇ̌
ˇ̌�.g; N�; Nr/ �

X

k2Zn
N

�.g; Nr; h k/S .k; h/.Nr/
ˇ̌
ˇ̌
ˇ̌ : (2.38)

Evidently, given any N� 2 R
n, � 2 Sn whenever g 2 Sn. Hence, it follows that

Theorem 2.2.1 applies to this function � uniformly, for N� 2 R
n. We thus take N� D Nr

in (2.38), to get �.g; Nr; Nr/ D g.Nr/ enabling us to state the following result:

Theorem 2.2.2. Given any g 2 Sn, and given any positive number ", there exists
a positive integer N, constants ck, and functions wk;k 2 Z

n
N with each of the wk

belonging to An
˛;d, such that

������
g �

X

k2Zn
N

ck wk

������

1

< ": (2.39)

Proof. The above description of � taken together with Theorem 2.2.1 enables us to
state that given any " > 0, there exists a number h > 0 and a positive integer N such
that

sup
Nr2Rn

ˇ̌
ˇ̌
ˇ̌g.Nr/ �

X

k2Zn
N

g.h k/ exp
��jNr � h kj2� S .k; h/.Nr/

ˇ̌
ˇ̌
ˇ̌ < ": (2.40)

The proof is completed upon noting that each of the functions

wk.Nr/ D exp
��jNr � h kj2� S .k; h/.Nr/ (2.41)

belongs to An
˛;d for all positive numbers ˛ and d.
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