Chapter 2
Spaces of Analytic Functions

Abstract We present here spaces of analytic functions Ay, ; C S" as well as spaces,
Al 7 C Sp,n =1, 2, 3. In this chapter, we shall study the properties of these
spaces, we shall prove in Chap. 3 that if the components of the initial condition
vector u’ belong to A} , then each component of N'u of (1.23) belongs to A? , ., and
we shall furthermore prove in Chap. 4 that the solution to (1.23) belongs to A} , /.
for all T sufficiently small. These spaces are in fact special cases of the spaces S"
and S% introduced in Sect. 1.2. They provide several conveniences, such as enabling
sharper error bounds and yielding exponential convergence of our approximate
solution which we obtain in Chap. 5.

2.1 The Spaces A’ , and A}, , .

Let n denote a positive integer, and let us now define vector spaces of functions Ag, ,
and Ag , -

Definition 2.1.1. Set7* = 7+ip, withr € R", p € R",setr = |r| ,and p = |p|.

(a) Corresponding to some positive numbers « and d, let A, 4 denote the family of
all functions f with the following properties:

(1) Analyricity property. There exists a positive number d’ > d, such that each f
is analytic in the domain

n={*=r+ipeC': p<d}; 2.1)
and

(ii) Asymptotic property. There exist positive numbers C = C(f,d’) and o’ > «,
such that for all 7* € &,

lfGF*)| < C exp(—a’' 7). (2.2)

Notice that if f and g belong either to A, 4 or to A, 4.7, then so does &, where
for any constants @, b, and ¢, h = af + bg,or h = cf.
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10 2 Spaces of Analytic Functions

(b) We also define the space A[, ,; of functions f = f(¥*,t*) such that f(-,7) €
A}, , for each fixed ¢ € [0, T], and such that (7, -) is an analytic and uniformly
bounded function of = * in the “eye-shaped” region

Dpr =4t €C:|arg(t™/(T—1")| <d'}. (2.3)

(c) The spaces A}, ; and A}, , r, are normed for p € [1,00) by || - ||, i.€.,

/p
I, = ([ rorar) " itp e (1,00

(2.4)
[ flloo = sup [f(F)].
reRrn
and similarly,
T 1/p
1 flpr = ( [ [ ve r>|ﬂd?dr) [ifp € [1,00) and
o (2.5)

[flloor = sup [f(r.0)].

FER" 1€(0,T)

The following theorem describes an important and beautiful property of the class of
functions A, ;.

Theorem 2.1.1. In the notation of Definition 2.1.1, let f € A, ,. Letf‘ denote the

Fourier transform of f ie.,
f(A) = / f(#) exp(i A-7)d¥. (2.6)
]Rn

Thenf € Al,,.

Proof. The one-dimensional version of this result is found in Theorem 26 of
Sect. 1.27 of [3]. The proof of the three-dimensional case is similar, and we omit it.

[
Upon recalling the inverse Fourier transform formula for R3 [see, e.g., (1.21)] we
also have by Parseval’s theorem that

I1£ll2 = 2 7)*2 Ifll2, 2.7)

and similarly for |[f|| 27
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Definition 2.1.2. Let n denote a positive integer, and setb = (by, ..., b,), with b;
nonnegative integers and with |b| = Z,"l=1 b;, and define

ol

Df = :
f A(xl)ybr, ..., 9(x)bn

(2.8)

Theorem 2.1.2. Letd, d, a, and o' defined as in Definition 2.1.1 be given.

(i) Iff € A", then DPf € A" ;

(ii) Iff is analytic in the domain 9., and if for all 7* = v +i p in 9}, and constants
C>0m>0anda” € (a, &), we have f(r*) < Cr" exp(—ar), then
f€AL s

Proof. Part (i): In the notation of Definition 2.1.1, taking d’ € (d,d’) and o’ €

(a,a’), we have for any 7* = (x!,x?,x°) € 2%, and any ¢ € min(0,d" —d”, (o' —

a'’’)), that

o _ k! f(p*)d¥

- = —— —. 2.9
ox/ 2mi |7 —p* |=¢ (é:] —X])k ( )

Hence by our assumption that for all 7 € 7, , we have |[f(¥*)| < Cexp(—a'r), it
follows that |[f(6*| < C exp(—a’ p + &) < C exp(—a” p), and so

A

ox/

=<
2 ek

exp(—a r), (2.10)

This proves Theorem 2.1.2 for the case of f = f(#¥*) when taking one derivative
with respect to ¥. The proof for the case of DPf is similar, just by repeating the
one-dimensional argument. The proof for the case of f = f(¥*, r) with ¢ € [0, T] is
also similar, and we omit it.

Part (ii). Let us select € > 0, such that «” — & > «, and let us then select R > 0,
such that if r > R, then " < exp(er). Then we have C r" e?'r < CeP " for r > R,
where B = a” — & > a. We now select C' > 0 such that C' ¢®® = CR™. Then
Cefr<crme’ " forre (0, 00).

2.2 Denseness of AZ P in §”*

As we already mentioned, our preference is to work with the spaces Aj, ;, not only
for computing the solution of the N-S equations efficiently and accurately, but also
for obtaining a simpler proof of existence of the solution to the equations. We first
show in this section that the Sinc spaces are dense in the spaces S”. We then use
this result in Sect.2.2.2 to show that the spaces A[, ; defined above are dense in the
spaces S".
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Now, let h > 0,letk € Z,let § € C, letk € Z", and let r € R". Let us
define the Sinc function S(k, #)(§) in one dimension and a product . (k, #)(¥*), in
n dimensions, where now r* € C".

sin (¥ (x — kh))
S(k, h = —h
(W = =
(2.11)

&) =[Sk (), & eC.

J=1

2.2.1 Denseness of Sinc Approximation in S"

We shall prove the denseness of Sinc approximation only with respect to the “sup”
norm; we omit the proofs of L>—approximation at this time, since such proofs
follow almost verbatim from the L.°° ones of this section. We thus prove only the
following theorem in the remainder of this section.

Theorem 2.2.1. Let r = (xl, o, X))y eRY letg € §" leth > 0, let N be a
positive integer, and set
gva(®) = Y g(kh).Z (k. h)(F), (2.12)
KeZy,
where
Zy = k= (k' ..., k)eZ": =N <K <N,j=1, ..., n}. (2.13)

Given any positive number ¢, we can select h > 0 and N such that

llg — enull™ = sup [g(F) — gna(F)| < e. (2.14)

reRr”

We split the proof of this theorem into the proofs of some lemmas.
We omit the proof of the following lemma since the (a)-Part of it is well known
([2], Theorem 1.2.1), and since the (b)-Part follows directly from the (a)-Part.

Lemma 2.2.1.
(a) If (x,y) € Cx (—m/h,7/h), then
e =Y "8G h)(x) e’ (2.15)

jez
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(b) Let Q" be defined by

O'={p=@E".....eR |¢|<n/h j=1, ..., n}. (2.16)

Then we have the identity

exp(i7 - p) = »_ L (k.h)(F) exp(ijhp - k) (2.17)
kezn

forall (r,p) € C"x Q"

Remark 2.2.1. The function on the right-hand side of (2.15) can be extended as a
function of y to the real line R, where for arbitrary integer m it is a periodic copy of
e on (—m/h, w/h) to the interval ((2m—1) 7 /h, (2m+1) 7 /h). The infinite series
on the right-hand side of (2.15) is discontinuous at each of the points (2m + 1) w/h
where it takes on the value cos( x). In particular, both functions, that on the left-
hand side of (2.15) and that on the right-hand side, are bounded by 1 on R x R.
Similarly, both sides of (2.17) are identically equal on C x Q", and also the right-
hand side of (2.17) has periodic extension to all of R”, similar to that of (2.15) for
the n = 1 case, and so both sides of (2.17) are bounded by 1 on R"” x R".

Let gy, be defined as in (2.12) and set
gn(r) = lim gy (7). (2.18)
N—00

Lemma 2.2.2. Let g € S", and let g, be defined as in (2.18). Given ¢ > 0 there
exists h > 0 such that

_ _ &
llg — &nll™ = sup [g(r) — gn(P)| < X (2.19)

rer”?

Proof. Let g denote the n-dimensional Fourier transform of g, i.e., with 7 and p in
Rn’

o) = /1; exp(iT - 1) 8(7)dp (2.20)

It then follows immediately, upon using (2.17) and applying the inverse of the
Fourier transform formula of (2.20), that

8) — 24P
1

= —ir - p)— Lk, h) (7 —ihk - p) ] - _
o5 | (exp( B 3 ) el p)) @a1)

-8(p) dp.
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It is well known ([1], Corollary 3.2.1) that if g € S”, then its Fourier transform,
g € S". Hence there exist constants C > 0 and 8 > 0, such that

13(p) = CcU+p) 7. (2.22)
Since the difference between each side of (2.21) is zero on Q" and is bounded by

2 on R"\ 0", and since 0 < p"~! < (1 4+ p)*~!, we have, with £2, denoting' the
“surface area” of the unit ball in R”, that

e — gall® < / g(ﬁ)dﬁ‘
(277:)” R"\Q”
2C / _
< (1+p)"Fdp
(277,')” ]Rn\Qn
2C /°° _
< (1+p) " Pdp
(27[)’1 w/h
(2.23)
200, /00 . o
= P+ p) P dp
(27r)n w/h
200, /00 .
< (14+p) P dp
(277)” w/h
200,

T Q@r)BA+wa/h)B

Under our assumption that 8 > 0, the right-hand side of (2.23) clearly approaches
0 as h — 0. Hence, given any ¢ > 0, we can determine 2 > 0, such that ||g(r) —
&N <¢/2.

]

Lemma 2.2.3. Leta > 0, y > 0, set wy(a,t) = (1 + (@ + t2)1/2)_V, assume that
h > 0, and that N is a positive integer. Then,

(i)

2
> wytilajh) < = wy(a.Nh). (2.24)
>N vh

1Q, =272/ (n)2).
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(ii) If y < 2(1 + a), then

4
> wypila.jh) < P w, (a,0). (2.25)

=

Proof. Part (i). Note that w4 (a, 7) is an even function of 7 which is monotonically
decreasing on (0, 00). Since |¢|/(a* + 2)1/? < 1,

E A
wy+i(a, jh) < 7 /h wyt1(a, 1) dt
lil>N N
: 2.26
= /N, mwyﬂ(a,t)dt (2.26)

2
= —wy(a,Nh).
hy
Part (ii). Set

1
100 =5 [ wa@na
(2.27)
Jw) = Zwy+1(a,jh).

=

Then J(w) < I(w) + [J(w) — I(w)].
Let us first bound I(w). Inserting the factor |¢|/(a® + 1*)'/? < 1 into the integral
in (2.27) yields

l7|

I(w) < @O

1+ @+ 7 ar

- 2/000 (@ —|—tt2)1/2 (1+ @+ 7 ar 229
= ;wy(a,O) = SOty
Next, for any ¥ € C'[0, h] we have the easily verified identity
h h
3O+ = [ Eovod, (2.29)

where Ej,(f) is defined on (0, k) by E;(t) = t — h/2. We can extend the definition
of Ej(t) to all of R by setting E,(f) = Ej(t — mh) on (mh, (m + 1) h), with m
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an arbitrary integer. We furthermore set E;,(mh) = 0, m € Z, and we then have
supyc [En()] < /2.

Notice now that w), (1) > 0if # < 0, and w), ;(t) < 0if # > 0, and it follows,
thus, from the definition of J(w) given in (2.27) and our remarks following (2.29)
that

[I(w) —J(w)| < =2 / ” w41 (@, 0)dt = 2wy 41(a. 0). (2.30)
0

If we now add the right-hand sides of (2.28) and (2.30) we find, under the
assumptions made in the statement of Lemma 2.2.2 (ii), that

2
— wy(a,0) +2wy11(a, 0)

J00) < 100+ 1108) = SO0 < 5=

A

(2.31)
4
W wy(a, 0).

IA

Lemma 2.2.4. Let g, and gy, be defined as in (2.12). If ZY, is defined as in
Theorem 2.2.1 and if h is selected as in Lemma 2.2.2, then we can select N > 0
such that

I
llgn — gnall™ < > (2.32)

Proof. We shall again use our above definition of w, 4 i.e., taking r = |r|, we set
Wwyr1(r) = (14 r)~7~! since it is now convenient totake a = Oand y +1 = n+ 8,
with 8 > 0. We can then write the difference g, — gy, as a telescoping sum,

llgn — gnall® = sup | D" g(hk) 7 (k. h)(7)

reR" \ezm\zy

<C Y WK (2.33)
KreZn\Zl,

<CY» 09 Y warph K.

=1 |kt |>N

In this notation, the operator o) denotes a product of n — 1 sums, with £ — 1 of
them taken over ZZ{,_I and the other n — £ of them taken over Z" \ Z!, where Z;‘V_l is
defined as in Theorem 2.2.1. More specifically, we can write ¢ = ZZIKV—] ZZ"\Z‘

(with these sums being replaced by “1” when £ — 1 = 0 and when n — £ = 0).
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Since w,44(r) > 0, we increase the right-hand side of (2.33) by replacing each
truncated sum oz With Y opeeze, £ = 1. ..., n — 1. Similarly (note, at
the symmetry and positivity of w,g(r) enable us to replace each double sum
Y iiez |-y Occurring in the sum line of o® with Y,y Yy, for £ =
2,...,n. Upon doing this, and taking k"~! = {(k2, ..., k") € Z""'}, each (th
row of sums becomes the same, i.e., we get n such sums, so that

lgn —gnal® < Cn Y Y wapp(hlk K. (2.34)
kr—lezr—1 |kl|>N

Applying Lemma 2.2.3 (i) to bound the sum with respect to k! on the right of (2.34),
we get

2Cn _
llgn — gnnll™ < (n—I—,B——l)h Z Wpyp—1(h [N, K" l|) (2.35)
kn—lezn—l

We next successively apply Lemma 2.2.3 (ii) to each single sum in the product of
n — 1 sums of (2.35), one at a time, under the assumption that (1 + N &) > B. After
applying Lemma 2.2.3 (ii) to the first sum, the resulting (2.35) becomes

lgn — ennll™

42Cn) ,._ (2.36)
SntB-Dnt B2 D Watp-2(h N0 K2,

kr—2ezn—2

Hence repeating this process another n — 2 times, we get our final result,

. 41 (2Cn)
lgn — gnanll™ = -3 R (2.37)

inwhich (B), =BB+1),--- ., (B+n—1).

Since 4 is fixed, it is clear that the right-hand side of (2.37) approaches zero as
N — 00, and we can thus select N so that 2 (1 + N &) > f, and also, so that the
right-hand side of (2.37) is less than /2.

]

By combining the results of Lemmas 2.2.2 and 2.2.4 we get ||g — gnva||® <
g —gnll® + llgn — gnall™ < e/2 +&/2 =e.

This completes the proof of Theorem 2.2.1. m
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2.2.2 Denseness of the Space A}, ,in S"

Let 7 and p belong to Z},, let #(k, h)(r) be defined as in the above subsection, let
g € §", let Zj, be defined as in (2.13), and for arbitrary fixed p € R”, let us consider
the Sinc approximation of k(g, p,7) = exp (—|? — /3|2) g(r), i.e., let us examining
the difference

Eyi(k) = sup |k(g.5.7) — > «(g.7. hk) 7 (k. h)(7)| . (2.38)
FERn KeZl,

Evidently, given any p € R", k € S" whenever g € S". Hence, it follows that
Theorem 2.2.1 applies to this function « uniformly, for p € R". We thus take p = r
in (2.38), to get k (g, 7, 7) = g(¥) enabling us to state the following result:

Theorem 2.2.2. Given any g € S", and given any positive number €, there exists
a positive integer N, constants cy, and functions wx,k € Zy, with each of the wy
belonging to A, ,, such that

(e ¢]

g— Z Ck Wk <e. (2.39)
keZy,

Proof. The above description of k taken together with Theorem 2.2.1 enables us to

state that given any ¢ > 0, there exists a number # > 0 and a positive integer N such
that

sup |g(r) — Z g(hKk) exp (—|7 — hk|2) Sk, h)(r)| < e. (2.40)
reRrn =
The proof is completed upon noting that each of the functions
wi(7) = exp (—|F — hk|?) L (k, h)(7) (2.41)

belongs to Ay, , for all positive numbers « and d.
m
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