Chapter 2
Limits and Continuity of Functions

2.1 Continuity

As you have seen in beginning calculus, informally, a function is said to be
continuous if its values change by small amounts corresponding to small changes
in the value of its independent variable. We will give the precise definition. The
discussion will be restricted to functions that are defined on intervals or unions of
intervals since our discussion in later chapters will involve functions defined on such
sets. We will introduce the important concept of the uniform continuity of a function
on an interval. We will also discuss the continuity of some basic functions and their
combinations.

2.1.1 The Definition of Continuity

Definition 1. Assume that f is a real-valued function that is defined in an open
interval that contains the point xo. We say that f is continuous at x, if for each
& > 0 there exists § > 0 such that

If (¥) =f (xo)| < &if |x—xo| < 8.

You can think of the number § as a positive number that is sufficiently small so
that the magnitude of the difference between f (x) and f (xo) is smaller than a given
positive number ¢ that can be arbitrarily small, i.e., as small as desired, provided
that the distance between x and x; is less than §. You can also think of ¢ > 0 as
an “error tolerance” in approximating f (xo) with the value of f at a nearby point x.
Note that

If () =f o)| <& & f(xo) —& <f(x) <f(x)+e
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and
[x—x0] <8 © xp—38 <x<x9+ 9.

Thus, f is continuous at x if f (x) is between f (xo) — & and f (xo) + & provided that
x is between xo — & and xo + §.

Remark 1. Note that the “<” sign in the definition of continuity can be replaced by
the “<” sign: f is continuous at xo if for each ¢ > 0 there exists § > 0 such that

If &) = f (x0)| = €if [x—x0| = .

Indeed, if the above statement is valid, given ¢ > 0 we can find § > 0 so that
If (x) —f (x0)] <e/2ifx € D and |x — xo| <§. Then

If @) —f (x0)] < eifx e Dand |x—xo| <§.

<

Example 1. Let f (x) = x? for each x € R and let xy be an arbitrary real number.
Show that f is continuous at xo.

Solution. We have
If (x) —f (x0)| = |¥* — 3| = [(x + x0) (x — x0)| = |x + xo] |x — xo] -
Since
e + xo| = [x] + |xol
by the triangle inequality, we have
If () —f (xo)| = (x| + |xol) |x — xo -

Since we are entitled to have x as close to xy as necessary in order to have f (x) as
close to f (xo) as desired, we can restrict x so that |x — x| < 1. Then,

x| = [(x —x0) + xo| < [x—xo| + [x0] <1+ |x0].
Therefore,

If () =f (x0)| = (Ix[ + [xo]) [x = xol < (1 + [xo] + |xol) |x — xo
= (1+2xo[) [x — xo] -
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Now we are ready to pick a § for a given ¢ > 0 be given. Let us set

8=min(1, ¢ )
1+ 2 |xo]

If |x — xo] < § then

F ) = o)l < (1 +2 fxol) [x — 0] < (1 +2 fxo]) (1 +82|x0|) -

Therefore, f is continuous at xo, as claimed.
Note that the choice of § for a given ¢ is not unique. For example, we could have
restricted x so that |x — x| < 0.1. Then

|x| = |(x —x0) + xo0| < |x —x0| + |x0] < 0.1+ |xo]
so that

[f (1) —f ()| = (x| + [xo]) [x —x0| < (0.1 + [xo| + [xo]) [x — xo]
= (0.1 + 2 |xo]) |x — xo] -

Then we are led to the choice

. &
§ =min (0.1,
0.1+2 |)C()|

so that
[f () = f (x0)| < &if |x—xo| <.

|

Remark 2. The definition of continuity can be rephrased as follows by setting x =
Xo + h:

A function f that is defined in an open interval containing xj is continuous at x
if, given any ¢ > 0, there exists § > 0 such that

If (xo + h) — f (x0)| < & provided that |h| < §.

In some cases this expression may be more convenient in confirming the continuity
of a function. &

Example 2. Letf (x) = x> for each x € R. Show that f is continuous at any x, € R.
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Solution. We have
If (x0 + k) —f (x0)| = |(xo + h)° —x?)) = |xq + 3xgh + 3xoh* + I’ — x|
= |h] |3x5 + 3x0h + 1’|
< || (33 + 3 |xo| |n| + 1?).
Let us restrict & so that |#| < 1. Then,
If (xo + 1) = f (x0)| < |h| (3x5 + 3 |xo| + 1)

Thus, given ¢ > 0 we can set

. &
8:m1n(1, 5 )
3x5 + 3 |xol + 1
If |h| < § then
If (xo + h) —f (xo)| < |h| (35 + 3 |xo] 4+ 1) < 8 (3x5 + 3 |xo| + 1)

£
< 32+ 3 x| + 1) = e.
(3x5+3|x0|+1)(x° ol +1)

Therefore, f is continuous at xy. [J

In the above example we made a choice for § that yielded the inequality

If (xo + 1) — f (x0)| < &.
We could have made another choice for § as min (1, €). Then || < § implies that
If (xo + h) —f (xo)| < |A] (3x5 + 3 |xo| + 1) < (335 + 3 |xo| + 1) &.

Would that be sufficient to prove the continuity of f at x¢? Indeed it would: Once we
have such an inequality, given ¢ > 0, we can easily amend the choice of § by setting

. )
5=rn1n(1, ) )
3x5 + 3 x| + 1

in order to have |f (xo + h) —f (xo)| < € if |h| < 6.
There are “one-sided” versions of continuity:

Definition 2. Assume that f (x) is defined on an interval [xo,xo + 8p) for some
8o > 0. The function f is continuous at x, from the right if for any ¢ > 0 there
exists § > 0 such that |[f (x) —f (xo)| < eif xo < x < xo + §. We say that f is
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continuous at x, from the left If f (x) is defined on an interval (xo — 8o, xo] for
some 8y > 0 and for any ¢ > 0 there exists § > 0 such that |f (x) — f (x0)] < ¢ if
Xp— & < x < xo. Assume that f (x) is defined for each x in an interval J. We will say
that f is continuous on J if f is continuous at any point in the interior of J (i.e., a
point of J that is not an endpoint of J) and f is continuous from the right or from the
left at an endpoint of J that belongs to J, depending on which concept is applicable.

Example 3. Let f (x) = 4/x for each x > 0. Show that f is continuous on the
interval [0, +00).

Solution. Assume that x > 0 and that |A| < x. Then

Vx4 h+ Jx
(x+h) —x h

oV h+ Jx xdh4 Jx

fOa+n—f)=Vx+h—x= (\/x+h_\/x)<\/x+h+«/x)

Since
Vx+h4 /x> Jx

we have

|A] ||

rarn-roi= S <

if |h| < x. Given ¢ > 0 in order to have |[f (x + h) — f (x)| < ¢ it is sufficient to have

|A]
Jx

<& |h| < xe.

Thus we will set
§ = min (x, st) .
If |h| < 6 then

B8 Jxe
fa+m-fol< <=

Therefore f is continuous at each x in the interior of the interval [0, 4+00).
Now let us consider the continuity of f at the endpoint 0 of [0, +00). The relevant
concept is continuity at O from the right. We need to be able to choose § > 0 so that

= ¢&.

f ) —fO) =vx<e
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if0 < x < §.Givene > 0 let us set § = &2. If
0<x<ée’then0 < /x <e.

Thus f is continuous at O from the right. Therefore we have shown that f is
continuous on the interval [0, +00). O

There is a connection between the concepts of continuity and limits of sequences:

Theorem 1 (The Sequential Characterization of Continuity). Assume that f is
defined in an open interval that contains xo. The function f is continuous at xyif and

only if

lim x,= xo= lim f (x,) = f (x0)
n—00 n—oo

Proof. Assume that f is continuous at xo. Let {x,}—, be a sequence such that
lim, 00 X, = Xo. Given ¢ > 0 there exists 6 > 0 such that |f (x) —f (x0)] < &
if |x — x0| < 8. Since lim,—, o X, = X there exists a positive integer N such that

|x, — x| < §ifn > N.

In that case |f (x,) —f (x0)| < €. Since we have shown that for a given ¢ > 0 there
exists N € N such that |[f (x,) —f (x0)| < & we have lim,—oo f (x,) = f (x0) .

Conversely, assume that lim,— f (x,) = f (xo) for any sequence {x,} = such
that lim,— o0 X, = xo € D. We would like to prove the continuity of f at xo. We will
prove the contrapositive of the implication. Thus, assume that f is not continuous
at xo. We will show that the statement about sequences that converge to xy is not
true:

Since f is not continuous at x, there exists &g > 0 such that for any § > 0 there
exists x where

|x —xo| < 8 and |f (x) —f (x0)| > &o.

Thus, for any n € N there exists x, such that

1
bn —xo| < and |f (xa) —f (x0)| = &

Therefore, lim,— o0 X, = Xo but it is not true that lim,— o f (x,) = f (xo). B

Remark 3. In the statement of Theorem 1 it is assumed implicitly that f (x,) is
defined for each n. This should be assumed in similar statements. The theorem can
be rephrased as follows: A function f is continuous at xy if and only if for any

sequence {x,} oo, where lim,—, o X, = xo we have

s 0= (1 )



2.1 Continuity 67

Note that “one-sided” versions of Theorem 1 are valid. For example, is f (x) is

defined for each x in an interval the form [xg,xo + &o) then f is continuous at xg

from the right if and only if for any sequence {x,} =, where x, > xofor each n and

lim,— 00 X, = Xo We have lim, o f (x,,) = f (x0). <&

The sequential characterization of continuity is useful in ruling out continuity as
in the following example:

Example 4. Let

—1ifx <0,

FO=1 1 x>0

Show that f is not continuous at 0.

Solution. Let

2l

x,=CD" ,n=1,2,3,...
n
Then lim,,—, » x, = 0, but it is not true that lim,—, f (x,) = 0. Indeed,
fx)=f(=1)=-1itn=1,3,5,...,
and
f)=f()=1ifn=2,4,6,...

Thus, the sequence {f (x,)}o, has two subsequences that converge to different
numbers. This rules out the existence of the limit of {f (x,)}.",. Therefore f is not
continuous at 0. O

2.1.2 Uniform Continuity

In order to show that a function f is continuous at a point xy it is sufficient to be able
to determine § > 0 such that |f (x) —f (xo)| < € if |[x — xo| < §. The choice of § can
depend on the particular point xo. The uniform continuity of f on a set D requires
that we should be able to choose § > 0 that works for all points in D:

Definition 3. A function f is uniformly continuous on an interval J C R if, given
any ¢ > 0 there exists 6 > 0 such that |[f (x;) —f (x2)| < € if x; and x;, are in J and
le — )C2| < 4.

Example 5. Letf (x) = 1/x. Show that f is uniformly continuous on [1/2, 4+00).
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Solution. Assume that x; > 1/2 and x, > 1/2. We have

1

1 X1 — X
X2 X1

e x

If (x2) —f (x1)| = ‘

X1X2 X1X2

Since x; > 1/2 and x, > 1/2 we have x;x; > 1/4. Therefore

If () —f ()| =

X2 — X X2 — X
|2 l|<|2 1|:4|x2—x1|.
X

1X2 - 1/4

Givene > Oletusset§ = ¢/4.If x; > 1/2and x, > 1/2 and |x; — x| < § then
&
o) —f @)l <4l —u| <45 =4(}) ==

Thus f is uniformly continuous on [1/2, 0o0). O

Remark 4. As in the case of continuity at a point, we can rephrase uniform
continuity as follows:
A function f is uniformly continuous on the interval J if, given any ¢ > 0, there
exists § > 0 such that

xeJ,x+heJand |h| <= |f(x+h)—f ()] <e.

<
There is a sequential characterization of uniform continuity:

Theorem 2. A function f : J —R is uniformly continuous on the interval J if and
only if the following condition is satisfied:
If {un} o2, and {v,}oo, are sequences in J and lim,— o0 (y—v,) = 0 then

Tim () =f (0)) = 0.

Proof. Assume that f is uniformly continuous and {u,}.—, and {v,} o,k are

sequences in J and lim,— o (4, — v,) = 0. We will show that
L (F () = () = 0.
Let ¢ > 0 be given. By the uniform continuity of f on J, there exists § > 0 such that
x1€J, xpeJand [x; — x| <8 = |f(x1) —f (02)] < &.

Since lim,,— o0 (¢, — v,,) = 0, there exists N € N such that |u, — v,| < § if n > N.
Then |f (u,) —f (v,)| < & Therefore lim,— o (f (u,) —f (v,)) = 0.
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To prove the converse, we will assume that f is not uniformly continuous on J.
Then there exists &€ > 0 such that for each n € N there exists u, and v, in J with
lu, — v,| < 1/nand |f (u,) —f (v,)| > e. Thus lim,— o (4, — v,) = 0 but it is not
true that lim,— oo (f (1) —f (v,)) = 0. A

The sequential characterization of uniform continuity is useful in ruling out
uniform continuity, as in the following example:

Example 6. Letf (x) = 1/xforeachx # 0. Show thatf is not uniformly continuous
on (0, 1].

Solution. Set

1 1
u, = andv, = .
n n+1
Then
1 1 1-—
lim (up—vy) = lim | — — Gim ("
n—00 n—soo\n n-4+1 n—oo\ n(n+1)
=1l =0.
w00 nn+1)
On the other hand,
fu)—f(w) =n—(+1) =-1,
so that

lim (f () —f (v2)) = lim (~1) = —1 # 0.

n—>o00 n—>00
Therefore, f is not uniformly continuous on (0, 1], even though f is continuous at
each point in (0, 1] (confirm). O

A continuous function on a closed and bounded interval is guaranteed to be
uniformly continuous:

Theorem 3. Assume that f is continuous on a closed and bounded interval |a, b]
(i.e., f is continuous at each point of J). Then f is uniformly continuous on |[a, b).

Proof. Given the interval [a, b], the contrapositive of the statement
f is continuous at each point of [a, b] = f is uniformly continuous on [a, b]
is
f is not uniformly continuous on [a, b] = there exists a point of [a, b]

where f is not continuous.
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We will prove the above statement. Thus, assume that f is not uniformly continuous
on [a, b]. Then there exists ¢ > 0 such that for each n € N there exists points
x, and y, in [a, b] where |x, —y,| < 1/n but |f (x,) —f (y»)| = €. Since [a, b] is
sequentially compact (Theorem 5 of Sect. 1.5), there exists a subsequence {x,, };2

of {x,}o2, that converges to a point xo € [a, b]. Again by the compactness of [a, b]
o0

there exists a subsequence {ynkj} that converges to yo € J. Since
=1

1
<
I’lkj

KXngg — Y
we have

. 1
|x0 —y0| < lim =0.
Jj—oo I’lkj

Thus xo = yo. The function f is not continuous at x,. Indeed, if f were continuous
at xo, we would have

tim / (x, ) =/ (x0) and lim £ (3, ) =1 (x0)

j—oo"

since lim; o0 Xy, = limj_, o Yy, = Xo- Thus

) ~1 ()] 0
But
Xn. ) —f (yn. )| = & foreachj € N.
V( "1) ( k])‘

Thus f is not continuous at xo € D. [

2.1.3 The Continuity of Basic Functions and Their
Combinations

Many functions that are encountered frequently are continuous on their natural
domains. Let us begin by noting that a constant function is continuous on the
entire number line: Let f (x) = ¢ for each x € R. We have

If (x+h) =f )] = |c=c| =0.
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Thus |f (x + h) —f (x)| < & for any positive number ¢. Therefore given ¢ > 0 we
have complete freedom in choosing a corresponding § > 0. For example, § = 1 will
do.

Positive integer powers of x define continuous functions:

Proposition 1. Assume that n is a positive integer and f, (x) = x" for each x € R.
Then f, is continuous on the entire number line.

Proof. We have fi (x) = x for each x € R. Since |f; (x + h) —f1 (x)| = |h| it is
sufficient to set § = ¢ for a given ¢ > 0.
Let x be an arbitrary real number. If n > 2 we have

fox4+h) —fi () = (x+ h)" =X

-1
= ()H’ + " 'h n(n2 )x”_2h2 + .- +h") —x"
by the Binomial Theorem. Therefore

-1
! 4 n(nz )x’"2h+m+h"“

nn—1)
2

o (x + h) —fu (X)] = |h]

sm(ﬁMPkr M“ﬂm+~~ﬂmkﬂ,

by the triangle inequality. Let us restrict /4 so that || < 1. Then

nn—1)

m@+m—ﬁun<w(MW“+ 5

|x|"_2+---+l).

If we set

(n—

D
LI |
S

_ n
Cx)=nlx|"""+
we have

fa (x4 h) = fo ()] < C (%) |A].

Thus, given ¢ > 0, it is sufficient to choose § so that

. £
6 = min (1, C(x))‘

Since |f,, (x + h) — f, (x)| < € if |h| < § the function f, is continuous at x. W

The following theorem states that arithmetic operations on continuous functions
lead to continuous functions:
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Theorem 4. Assume that the functions  and g are continuous at xo. Then

1. f + g is continuous at x,
2. fg is continuous at xy,
3. f/g is continuous at xq if g (xo) # O.

The assertions of Theorem 4 follow easily from the corresponding facts for
sequences (exercise). It is also instructive to prove each statement by referring
directly to -6 definition of continuity.

Corollary 1. A polynomial is continuous at each x €R.

Proof. A polynomial is defined by an expression of the form
p () =ao+ ax + ax® + - + apx”,

where the coefficients ag, aog,..., a, are given numbers. We have shown that
constants and functions defined by positive integer powers of x are continuous
functions on R. Since sums and products of continuous functions are continuous
a polynomial defines a continuous function on R (we may simply say that a
polynomial is continuous on R). ll

Proposition 2. A rational function is continuous on its natural domain.

Proof. A rational function f is the quotient of polynomials: If P (x) and Q (x) are
polynomials

fx) = P&) for each x € R such that Q (x) # 0.
0 (x)

Since P (x) and Q (x) are continuous at each x € R the continuity of f on its natural
domain rule follows from Theorem 4. W

Remark 5. Thanks to Theorem 3 a polynomial is uniformly continuous on any
closed and bounded interval. A rational function g is uniformly continuous on any
closed and bounded interval that does not contain a point where the denominator in
the expression for g (x) vanishes. &

Remark 6. The trigonometric functions sine and cosine are continuous at any
x eR.

We are not in a position to provide a rigorous proof for this statement since we
have not even provided precise definitions for sine and cosine. In Chap. 5 we will be
able to discuss these functions rigorously via power series (Sect. 5.6). In any case,
it may be worth mentioning that

|sin (x + k) — sin (x)| < |h| and |cos (x + h) — cos (x)| < ||

for each x and 4 in R. These inequalities lead to the uniform continuity of sine and
cosine on the entire number line (we can set § = ¢ for any ¢ > 0.
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The trigonometric functions tangent and secant are continuous at any x € R that
is not an odd integer multiple of 7z /2. Indeed,

i 1
tan (x) = z:)r; (();)) and sec (x) = cos (x)’

and a quotient of continuous functions is continuous at any point where the
denominator does not vanish (cos (x) = 0 iff x is an odd integer multiple of
w/2). &

Remark 7. We will also take it for granted that exponential functions are
continous on the entire number line and logarithms are continuous on (0, +00).
We will provide the justification for these facts in Chaps. 4 and 5. <

Composition of continuous functions leads to continuous functions:

Theorem 5. Assume that f is continuous at xo and g is continuous at f (xo). Then
the composite function g o f is continuous at x.

Proof. Let ¢ > 0 be given. Since g is continuous at f (xp), we can choose §; > 0 so
that

lu—f(xo)| <8 =g ) —g(f () <e.
Since f is continuous at xy, we can choose § > 0 such that
lx —x0| <& = If () —f (xo)| < 6.
Thus,

I —x0| <& = [g(f (x) =g (f ()| <e.

This shows that g o f is continuous at x,. H

Example 7. Let F (x) = sin (xl) for each x € R. Then f is continuous on the entire
number line. Indeed, if we set f (x) = x*> and g (1) = sin () then F = gof is
continuous on R since both f and g have that property. O

2.1.4 Problems

In problems 1 and 2 prove that f is continuous at x, in accordance with the ¢ — §
definition of continuity (Suggestion: It may be easier to work with the definition that
involves f (xo + h)).
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X
f(x)=x4;x0:3, f(X):xz—i—l;xO:Z

In problems 3 and 4, prove that f is continuous for each xy € D in accordance
with the ¢ — § definition of continuity.

3.

f(x):xi ,D={xeR:x>4}

4

Hint: Restrict /4 so that |h| < (x — 4) /2.
4.

f@x) =x"3, D=10,+00).

Hint: Consider the cases x = 0 and x > 0 separately. If x > 0 multiply and divide

f(x+h)—f(x) by
(x+ 1)+ (x+ h)VPXP 4 25

and restrict 4 so that |h| < x/2.

In problems 5 and 6, show that f is uniformly continuous on D. You may find it

convenient to make use of the following version of the ¢ — § definition of uniform
continuity:

A function f : D — R is uniformly continuous on D if, given any ¢ > 0 there
exists § > 0 such that

xeD,x+heDand |h|<d=|f(x+h)—f(x)] <.

5. 6
1
f)=x+x-2,D=[0,3]. fo =, D=[l,+0)

In problems 7 and 8 show that f is not uniformly continuous on D by appealing
to the sequential characterization of uniform continuity.

7.

1
F@ =, D=8

16

Hint: Consider sequences that converge to 4.
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1
f@= . D=02

Hint: Consider sequences that converge to 0.

2.2 The Limit of a Function at a Point

In the previous section we discussed the continuity of a function at a point.
Informally f is continuous at « if f (x) approaches f (a) as x approaches a. In some
cases f (x) may approach a definite value as x approaches a point a even though f
may not be defined at a. Even if f is defined at a that value may not be the same as
f (a). The relevant concept is the limit of a function at a point. That is the topic that
we will discuss in this section.

2.2.1 The Definition of the Limit of a Function

Definition 1. Assume that f (x) is defined for each x in an open interval that
contains the point xo, with the possible exception of xy. The limit of / at x is L
if, given any & > 0, there exists § > 0 such that |f(x) — L| < eifx € D, x # x¢ and
|x — x0] < 6.

If the limit of f at x¢ is L we write

lim f (x) = L

X—>X0

(read “the limit of f (x) as xapproaches x is L”).

Example 1. Let

fx)= if x #£ 3.

4(x—9)
x—3

The function is not defined at 3 but we are entitled to investigate the limit of f at
3 since it is defined if x # 3. We have

4(x+3)(x—3)

fw=""""%

=4(x+3)
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if x # 3. This expression indicates that f (x) approaches 24 as x approaches 3. Let
us prove that in accordance with Definition 1. We have

f(x) =24 =4(x+3)—24|=4x— 12| = |4 (x—3)| =4 |x—3].

Given ¢ > 0 we need to choose § > 0 so that 4 |x — 3| < e if [x—3| < §. Itis
sufficient to set § = ¢/4. If x # 3 and |x — 3| < § then

[F(x) — 24| = 4]x — 3] < 48 < e.

Therefore lim,_,3 f (x) — 24, as claimed. O

Remark 1. Note that if f (x) is defined in an open interval that contains x, then f is
continuous at xp if and only if lim, ., f (x) = f (x0). ¢

Remark 2. 1f we set x = xo+h we can rephrase the definition of the limit as follows:
The limit of f at xo is L if, given any ¢ > 0 there exists § > 0 such that
If (xo+h)—L| <eifxo+heD,h#0and |h]| <§. O

Example 2. Let

24
fx) = 3—2) ifx #£ 2.

Show that lim,—, f (x) = 4/3.
Solution. If x # 2

x+2)(x=2) x+2
f )= = :

3(x—2) 3
This expression for f (x) indicates that lim,—.,f (x) = 4/3. Let us justify this in
accordance with the alternative definition of the limit as in Remark 2:

If x = 2 + h where i # 0 then

Q+h)+2  4+h

fe+m=""7 :

Thus

4 44h 4 h 1
24h)— | = - | = = _|h].
Therefore, for a given & > 0 it is sufficient to have & # 0 and

1
|h| < e.
3
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Thus, we can set § = 3¢. If h # 0 and |h| < § then
4 1 1

24+ h)— _|=_|h 3e) = e

T EMENTECES

Therefore lim,—, f (x) = 4/3, as claimed. The choice of § corresponding to a given
¢ is not unique, of course. For example, the choice § = ¢ is also sufficient. [J

2.2.2 Basic Facts about Limits

As in Example 1 and Example 2, in many cases we can show that a given function
has a certain limit at a point by identifying a continuous function with values that
coincide with the values of the given function near that point:

Proposition 1. Assume that f (x) is defined in an open interval J that contains x
with the possible exception of xy. If the function g is continuous at xy and g (x) =
f (x) for each x € J other than x, then

lim f (x) = g (x0) -

Proof. Let ¢ > 0 be given. Since g is continuous at xo,
lim g (x) = g (x0) -
X—>X0

Since f (x) = g (x) if x # xp and x € J, we have

lim f (x) = lim g (x) = g (x0) .
X—>X(0 X—>X0

Example 3. Let

fx) = ifx > 0 and x # 4.

Jx=2

x—4

a) Determine lim,_,4 f (x) by finding a function g that is continuous at 4 such that
g (x) = f (x) if x # 4 and x is in some open interval containing 4.

b) Justify your assertion that g is continuous at 4 in accordance with the ¢ — §
definition of continuity.

Solution. a) We have

o= = ()00 = o inn = v
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if x > 0 and x # 4. Set

g0 = Jx+2

Then g is continuous at 4 since ./x defines a function that is continuous at 4
(Example 3 of Sect. 2.1). We have

1 1 1

4: = = .
s Ja+1 242 4

Since f (x) = g (x) if x > 0 and x # 4,

1
limf(x) =limg (x) =g(4) = ,.

b) If |h| <4 and h # 0,
1 1 1 4—4+h-=-2
gl +h— = - v
4 VA+h+2 4 4(VA+h+2)

2—V4+h
4(V4+h+2)

2—VA+h 2+ VA4+h
- (4(~/4+h+2)) (2+~/4+h)
4—@4+h h
4+ Va+R)] 4@+ arn)

Therefore,

1 z mo_ 1
s = = I,
pan- | st varny 40 a6l

Let £ > 0 be given. Let
8 = min (16¢,4).

If h % 0 and |h| < § then

1 1 1
44 h)— h 16g) = e.
‘g(+) 4| < el < o (160 =¢
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We can define “one-sided limits,” just as we can refer to one-sided continuity:

Definition 2. Assume that there exists 6y > 0 such that f (x) is defined in the open
interval (xo, xo 4 o). The limit of f (x) as x approaches x, from the right is L if
given ¢ > 0 there exists § > 0 such that |f (x) — L4+ | < ¢ provided that xp < x <
Xo + 6. In this case we write

lim f(¥) =L

x—>x0+

(read “the limit of f (x) as x approaches x( from the right is L ).
Similarly, the limit of f (x) as x approaches x, from the left is L_ if given ¢ > 0
there exists § > 0 such that |f (x) — L—| < ¢ if xo—8 < x < xo. In this case we write

lim f(x) = L_

X—>Xx0—
(read “the limit of f (x) as ax approaches x, from the left is L_).

Remark 3. Clearly, the limit of f (x) as x approaches x( exists if and only if the
limits of f (x) as x approaches xy from the right and from the left exist and have the
same value. Also note that f is continuous at x, from the right if and only if

lim f(x) =f (x0).
x—=>x0+
Similarly, f is continuous at xo from the left if and only if
lim f(x) = f (xo) .
X—>X0—

&

Just as there is a sequential characterization of continuity (Theorem 1 of
Sect. 2.1) there is a sequential characterization of a limit:

Theorem 1. Assume that f (x) is defined for each x in an open interval that contains
the point xo, with the possible exception of xo. Then lim,_,, f (x) = L if and only if
for any sequence {x,}oo | such that each x,#xo, f (x,) is defined at each x, and
lim,,— o0 X, =Xx0 we have lim, oo f (x,) = L.

The proof is similar to the sequential characterization of continuity and is left as
an exercise.

The rules for the limits of sums, products, and quotients of functions are similar
to the corresponding rules for sequences.

The following theorem is relevant to the composition of functions:

Theorem 2. Assume that f (x) is defined for each x in an open interval J containing
Xo with the possible exception of xy and that lim,_.,, f (x) = y,. Assume that g is
continuous at yo. Then the limit of g o f at x exists and
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Jim g (f () = g 00) -
ie.,
tim ¢ ) = (Jim £ ).
Proof. The proof of Theorem 2 is similar to the proof of the corresponding theorem
for the composition of continuous functions (Theorem 5 of Sect. 2.1):
Let ¢ > 0 be given. Since g is continuous at yy, we can choose §; > 0 so that
lu—yol <81 = |g ) —g (o)l <e.
Since lim,—,, f (x) = yo, we can choose § > 0 such that
x # xo and |x —xo| < & = |f (x) — yo| < 61.
Thus,
x#xpand [x—xo| <8 = [g(f(x) —g ()| <&

This shows that lim,—,, g (f (x)) = g (o). H

. Jr(xz—l)
iﬂws(ﬂx—l))

Assume that cosine is continuous at any real number.

Example 4. Evaluate

Solution. We have

limzr(xz—l) i T x—DE+1) —lim

Tx+1) 27 =
=l 6(x—1) =1 6(x—1) =l 6 6 3"

Since cosine is continuous at /3, we can apply Theorem 2:

) n(xz—l) ) n(xz—l) b4 1
}ﬂcos(é(x—l)):m(}ﬂ 6(x—1) :C°S<3):2'
O

Now we will state and prove two theorems that will be useful when we discuss
integrals in Chap. 4, especially in our discussion of improper integrals. The first such
theorem is about monotone functions. Such functions may have discontinuities but
one-sided limits exist:
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Theorem 3. Assume that f :[a,b] —R is an increasing or decreasing function.
Then

Jim f (x) and lim f (x)
exist at each ¢ € (a, b). In case f is increasing we have
lim f () =F () < lim £ ().
In case f is decreasing
lim ()= (@)= lim £ ()
The limits limy— 44 f (x) and lim,—,— f (x) exist as well.
Proof. We will consider the case of an increasing function and ¢ € (a, b). Let
S={(x):c<x<b}.
Since f is an increasing function f (¢) is a lower bound for S4. Therefore
L =infS
exists. We claim that
Xgrg_f (x) = L.

Indeed, let ¢ > 0 be given. By the definition of the greatest lower bound of a set
there exists § > 0 such that ¢ + 6 < b and

fle)<f(c+é8 <L+¢

Since f is increasing we have
fO=f@=flc+d <L+e

if c < x < ¢+ 4. Since L is a lower bound of the values f (x) in the interval (c, b]
we have

L<f(x)<f(c+8) <L+¢

if ¢ < x < ¢ 4 8. Therefore lim,—, .+ f (x) exists and

x1—1>1gl+f (X) =L
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Since
f(c) <L+ eforeache >0

we have
fl@=L= lim f@).
The proof of the existence of lim,_,.— f (x) and the fact that
lim £ () <f ()
is along similar lines. We need to consider

sup({f (x):a <x<c})

(confirm as an exercise). ll

Example 5. Let

e 1 1
if <x< ,n=12,3,...
— n n+1 —n’ P E
f @ { 0 if x=0

Then f is monotone increasing on [0, 1]. Note that f has infinitely many discontinu-
ities,

1 o0

{ } U0}
n) =1

At each point of discontinuity 1/n we have

1 1
lim f(x)= and lim f(x)= ,n=234,
x—>1/n+ n—1

x—>1/n— n

We also have
lim f(x) = 0and limf (x) = 1.
x—>04 x—>1

|

Another criterion for the existence of the limit of a function is a Cauchy condition
that is applicable to functions that are not necessarily monotone increasing.
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Theorem 4 (Cauchy Condition for the Limit of a Function). Assume that f (x)
is defined for each x € (c, ¢ + &) for some 80> 0. Also assume that given any ¢ > 0
there exists § > 0 such that § < §, and

If (w)—f ()| <eifc<u<cH+dandc <v <c—+54.

Then lim,_, .y f (x) exists. The obvious counterpart of the statement is valid for the
existence of limy—— f (x).

Proof. By the given condition, if ¢ = 1 there exists positive §; < 1 such that
fw)—f@)|<lifc<u<c+dandec <v <c+4.
Select such a point x;. Thus ¢ < x; <c¢+8; <c¢+ 1 and
f () —f(x)| <lifc<u<c+d

Again by the given condition, if ¢ = 1/2 there exists a positive §, < min (1/2,§;)
such that

1
If () —f (v)| < 2ifc<u<c+82andc<v<c+52.
Select a point x; < x; such thatc < x, < ¢+ 8, < ¢+ 1/2 and
I,
If () —f (x2)] < 21f6<u<c+82.

Note that

If (x1) —f ()| < 1.

Having selected x; > x, > ... > x, and positive numbers §; > 6, > ... > §, such
that

1
c<xk<c+5k<c+k
and
1.
[f(u)—f(xk)|<klfc<u<c+8k,k:1,2,...,n

we select §,4+1 < min (1/(n+ 1),6,) and x,+1 < x, such that ¢ < x,,41 < ¢+ 8,41
and

1
If (u) —f (xug1)] < ifc<u<cH+ 8y
n+1
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Thus, lim, s x, = ¢ and the sequence {f (x,)}.—, is a Cauchy sequence. Indeed,
given ¢ > 0 we can select N € N such that /N < e.Ifn > Nand k = 1,2,3,...
then

f Gentie) —f ()| < :l < ;] <e.

By the Cauchy convergence principle L = lim,—o0f (x,) exists. We claim that
limy—.+f (x) = L. Let ¢ > 0 be given. Pick N € N such that N > 2 /¢. Set § = dy.
Ifc <x <c+4then

If () = L| < If (0) =f ()| + If (n) = L
for any n. If n > N then
I ) = LI < If 0) = f Gea) [ + f () — L

< ;] +f (xn) —L| < ;+ If (xn) — L]

Since lim,,— o f (x,) = L we can select n > N large enough so that

€
n) — L .
f o =Ll <
Thus
f(x) =L <eifc<x<c+§é.

This shows that lim,, .4 f (x) = L. &

2.2.3 Problems

1. Prove that

) (2x2 — 32)
lim =16
—>4 x—4

in accordance with the ¢-6 definition of the limit.

2. Prove that

X =22 —2x-3
lim =13
x—3 (x— 3)

in accordance with the ¢-6 definition of the limit.
Hint: Divide and then set x = 3 + h.
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3. Show that

_ xB—2 1
lim =
—>8 x—8 12

by finding a function g that is continuous at 8 such that

1/3_2
g(x):x ifx # 8
x—38

You need not give an -6 proof for the continuity of g.
Hint:

(a—b) (@ +ab+1*) =da’ - b
4. Prove “the squeeze theorem”:

If f (x), g (x), and & (x) are defined for each x in an open interval that contains xy,
with the possible exception of xo,

g =f () =hx)
for each such x, and

lim g (x) = lim A (x),
X—>X(0 X—>X0

then lim,, ,, f (x) exists and we have
lim f(x) = lim g (x) = lim A (x),
X—>X0 X—>X0

x—)xo'

2.3 Infinite Limits and Limits at Infinity

In beginning calculus you have studied the vertical asymptotes for the graphs of
functions. The relevant concept is that of an “infinite limit.” We will provide the
precise definitions and justify some techniques that are useful in the determination
of such limits.

2.3.1 Infinite Limits

Definition 1. The limit of f at a is +oo if, given any M > 0, there exists § > 0
such that f (x) > M provided that 0 < |x —a| < §. We write
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lim f (x) = +00
xX—>a

The limit of f at a is —oo if, given any M > 0, there exists § > 0 such that
f (x) < =M provided that 0 < |x —a| < §. We write

lim f (x) = —o0

The definition of a one-sided infinite limit such as lim,—,+f (x) = +oo is a
modification of the definition of lim,—, .+ f (x) = +o0 by restricting x so that x > a.
Note that

lim f (x) = —oo if and only if lim (—f (x)) = 4o0.

Remark 1 (Caution). In any of the cases covered by Definition 1, the relevant
limit of / does not exist as a real number. Indeed, if lim,—., f(x) = L, there exists
8 > 0and M > 0 such that |[f (x)] < M if 0 < |x—a| < §. Here, we have an
example of “mathematical doublespeak”: We are using the same word “limit”, and
the same symbol “lim” in connection with “finite limits” and “infinite limits” . The
doublespeak is traditional and convenient, and we will use it. The particular context
should clarify which usage of the word “limit” we have in mind. Nevertheless, if
there is any possibility of confusion, we may stress that we are talking about a
“finite limit”, or an “infinite limit”’ in the sense of Definition . <

Example 1. Let

1

FO= i3 a—2)

Prove that lim,—,4 f (x) = +o0. and lim,—,— f (x) = —o0.

Solution. In order to prove that lim,—,4 f (x) = 400, we will restrict x so that
2 <x < 3.Thus 5 < x4 3 < 6 so that

1 1
> .
x+3 6
Therefore,
1 1

FO= i hw-2 66-2)

Thus, given M > 0, in order to ensure that

1

CrHe—2
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it is sufficient to have

1

6(x—2) > M.

This is the case if

1 1
O0<x—2< ,le,2<x<?2 ,
X oM 1. X + oM
with the restriction that x < 3. Thus we can set
1
§ =min| 1, .
6M
If 2 < x <2+ 6 then
1 1
fx) > > =M.

6(x—2) 6( 1 )
6M

Therefore lim,—,4 f (x) = +o0.

Now let us prove that lim,—,,— f (x) = —oo. It may be more convenient to prove
the equivalent statement that lim,—,— (—f (x)) = +4o0: We will restrict x so that
0 <x <2. Thus0 < x4 3 < 5 so that

1 1
> .
x+3 5
Therefore

1 1

TO= - T 50-x

Thus, given M > 0, in order to ensure that —f (x) > M it is sufficient to have

1
> M
52—x)
This is the case if
1
>2—x
5M
ie.,
x>2—

5M°
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§ = min (2, ! )
S5M

to ensure thatx > 0.If 2 —§ < x < 2 then

We can set

1
—f (x) > 52— >M

Therefore lim,—,— (—f (x)) = 4+o00. O
The following proposition is helpful in the determination of infinite limits:

Proposition 1. Assume that f(x) > 0 if x is in an open interval that contains a,
x # a and lim,_,,f(x) = 0. Then

lim +o00.

x>a f(x)
Similarly, if f(x) <0 when x is in an open interval that contains a, x # a, and
lim,—, f(x) = O then

lim ! =—

x—>a f (_x)

Proof. The proofis similar to the proof of Proposition 2 of Sect. 1.6. Let us establish
the statement about f that has positive values near a. Let M > 0 be given. Since
f(x) > 0if x is in an open interval that contains a, x # a and lim,_,,f(x) = O there
exists § > 0 such that

1
O<f(x)<Mifx;éaand |x —a|] <é.

Therefore
! > M if x # aand |x —a| < 4.
S x)
Thus
lim ! = +00.
X—)af (_x)

The statement about f that has negative values near follows by considering —f: Then

. 1
A, (_f <x)) =t
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so that

li !

im = —o00,

x—a f (x)

as we noted before. l
One-sided versions of Proposition lare valid.

Example 2. Determine lim,_, >+ sec (x) .
Solution. We have

1

sec (x) = cos (x)’

If 0 < x < 7r/2 then cos (x) > 0, and

b4
lim cos = lim cos = cos( ) =0.
x—>1ﬂ/2— (X) x—in/Z (X) 2

Therefore,

lim sec(x) = lim +00.

x—>m/2— x—>m/2— COS (X) -

If 7/2 < x < 3m/2 then cos (x) < 0, and lim, /> cos (x) = 0. Therefore,

lim sec(x) = lim = —00
x—>7/2+ x—m/2+ €08 (X)
Figure 2.1 shows the graph of secant on the interval [, ].
Fig. 2.1 y
st
/2 2 *

The picture is consistent with the infinite limits that we calculated. The line x =
/2 is a vertical asymptote for the graph of secant. Since secant is an even function,
the graph is symmetric with respect to the vertical axis, and the line x = —m/2 is
also a vertical asymptote. [
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Proposition 2. Assume that lim,,f(x) =L >0 or lim,,f(x) = +oo and
lim,—, g(x) = 4o00. Then

lim f(x)g (x) = +o0.
Proof. Assume that lim,_,f (x) = L > 0. Then there exists §; > 0 such that
L
[x—a|l < andx #a=|f(x) —L| < 5
Then
L L L
—L>—- = > [ — =
e 2@ > L= =
Let M > 0 be given. Since lim,—, g (X) = 400 there exists §; > 0 such that
2M
gx) > L if |x—a| <8, andx # a.

Let us set § = min (6, 83). If |[x — a| < § and x # a then

F@ g > (g) (224) _

Therefore lim,—,,f (x) g (x) = +o00.
The case where lim,—« f (x) = 400 is handled similarly. Since lim,—,f (x) =
400 there exists §3 > 0 such that
[x—a| <§andx #a=f(x) > 1.
Given M > 0 there exists 64 > 0 such that
gx)>Mif |x—a| <dsandx # a
since lim,_, o g (x) = +o00. If we set § = min (83, §4) we have

f)gkx)>Mif [x—a|] <dandx # a.

Therefore lim,—,f (x) g (x) = +oco. A
One-sided versions of Proposition 2 are valid.

Example 3. Determine

lim tan(x) and lim tan(x).
x—>mw/2— x—>m/2+
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Proof. We have

tan (1) = sin (x)
cos (x)
As in Example 2,
) 1
lim +00.

x—>1/2— COS (X) -
We also have

lim sin (x) = sin(g) =1>0.

x—>m/2

Therefore

lim tan (x) T in (x) 1 n

im tan(x) = lim sin(x = +o0,

x—>mw/2— x—>m/2— COoS (x)
by the one-sided version of Proposition 2.
As in Example 2
lim = —o0.
x—>7/24 €08 (x)

Therefore

1
lim tan = lim sin = —00,
x—>7/24 x) x—>7/24 () (cos (%) )

by Proposition 2. Figure 2.2 is consistent with our assertions. [

Fig. 2.2 y

91

- —T/2

/2
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Remark 2. A word of caution: Even though
li_1>nf(x) > 0 and 1i_1>ng(x) = +o00

implies that lim,—, f (x) g (x) = 400, we cannot make a general statement about
limy 4 f (x) g (x) if limy— .4 f (x) = 0 and lim,—,4 g (x) = +o0. The expression
0 - oo is indeterminate.

For example, we have

. o
fim (= 1) =0, Jim 2y = oo

and

1
li 21 = i 1) = 2.
x—1>IP+ (x ) ()C — 1) x—1>r1n+ (x + )

In this case the indeterminate expression co - 0 seems to hide the number 2.

Similarly,

1
li —-1)=0, l = ,
xgri ()C ) x—1>IP+ x—1 oo

and

In this case, co - 0 seems to hide the number 1. &

Proposition 3. Assume that lim,_,f(x) =L or limy,f(x)=+oco0 and
lim,—, g(x) = +o00. Then

lim (f(x) + g (x)) = +o0.

The proof is similar to the proof of Proposition 4 of Sect. 1.6 (exercise).

2.3.2 Limits at Infinity

The behavior of a function for large positive or negative values of the independent
variable are usually of interest. The relevant concepts are limits at 400 or —oo. We
will provide the precise definitions. The evaluation of such limits is similar to the
evaluation of the limits of sequences. Thus our discussion will be brief.
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Definition 2. The limit of f at +oo is L if, given any & > 0 there exists A > 0 such
that |f (x) —L| < & for each x > A. The limit of f at —oo is L if, given any & > 0
there exists A > 0 such that |f (x) —L| < & for each x < —A.

Example 4. Let

2x
fo=
Show that lim,— 400 f (x) = 2.
Solution. We have
2x 2x—2(x+3) 6
ro—21=| 7 -2|= = 4l
x+3 x+3 |x + 3|
Therefore, if x > —3,
-2 = .
Fe-2=

Let ¢ > 0 be given, and assume that x > —3. Then,

6 x+3 1 6 6
<& & > Sx+3> &ax> —3.
x+3 6 £ £ £

It is certainly sufficient to have x > 6/¢. With reference to Definition 2, we can set
A = 6/¢. By the above calculations, if x > A we have

If (x) — 2| < e.

Therefore, lim,—, 4 oo f (x) = 2. O
We may also speak of infinite limits at infinity:

Definition 3. The limit of f at +o0 is + o0 if, given any M > 0, there exists A > 0
such that f(x) > M for each x > A. The limit of f at +o00 is —oo if, given any
M > 0, there exists A > 0 such that f (x) < —M for eachx > A.

Example 5. Let f (x) = x> — x. Show that lim,_, 1 o0 f () = +00.
Solution. We have

f(x):xz—xzxz(l— 1).

X
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If x > 2, then

Therefore,

f(x):xz(l—i)>x2(l—;):);2.

Let M > 0 be given. By the above inequality, in order to have f (x) > M it is
sufficient to have x > 2 and

2
> M.
2

This is the case if x > 2 and x > +/2M. With reference to Definition 3, we can
set A to be the maximum of 2 and ~/2M. Thus, f (x) > M if x > A. Therefore,
limx—>+oof (-x) = +oo0. U

There is a counterpart of Theorem 3 of Sect. 2.2 for limits at infinity:

Theorem 1. Assume that f is monotone increasing on [A, +00). If there exists
M > 0 such that f(x) <M for each x > A then limy_ 4o f (x) exists (as a
finite limit). If there is no upper bound on the values of f on [A, +00) then
limx—>+oof (-x) = +o0.

Proof. Assume that there exists a number M such that f(x) < M for each x > a.
Then

L =sup{f(x):x>a}

is finite. We claim that lim,—, ;oo f (x) = L. Indeed, by the definition of the least
upper bound, given any ¢ > 0 there exists x* such that

L—e<f(x*) <L
Since f is monotone increasing, if x > x*
L—e<f(x")<f() =L

Therefore, lim,_, 4 oo f (x) = L, as claimed.
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On the other hand, if the set {f (x) : x > a}is not bounded above, given any M
there exists x* > a such that f (x*) > M. Since f is increasing, we have

f@)=f(x*)>M

for any x > x*. Therefore, lim,_ 4 oo f (x) = +00. B
There is also a counterpart of Theorem 4 of Sect. 2.2 for limits at infinity:

Theorem 2 (Cauchy Condition for a Limit at Infinity). Assume that f (x) is
defined if x > a. Then lim,— 1 f (x) exists (as a finite number) if and only if given
& > 0 there exists A such that

c>b=A=|f(c)—f(D)<e.
Proof. Assume that lim,—, f (x) = L. Let ¢ > 0 be given. Pick A so that
e
b>A=|f(b)—L| < g
If c > b > A then

If () —f ()] = |(f () — L) + (L—f (b))
SV@—U+V@—U<;+;=a

Conversely, assume that the given “Cauchy condition” is valid. There exists
ny > a such that

c>b>n = |f(c)—f ()| < 1.
There exists n, > n; such that
1
c>b>m=>|f(c)-f®) < 5
There exists n3 > n, such that
1
c>b>n=|f(c)—f(b)| < 3
Having chosen positive integers ny > ng—; > - -+ > nj such that

1
e>bzmsIfO-fB)< . j=12.k
J
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we choose n;4+; > n such that

> b= n = () —F (b)) < kil.

Thus we construct a strictly increasing sequence of positive integers {n;}re, such
that

If (mm) —f (m)| < llc if m > k.

Therefore the sequence {f (1) };c, is a Cauchy sequence so that L = limy— 0 f (1)
exists. We will show that lim,_, o f (x) = L as well. Let ¢ > 0 be given. Pick A such
that

c>b>A=|f(e)—f(b) < ;

Let x > A. Since L = limy— oo f (12;) we can pick the integer K so that ng > A and
P
If (ng) —L| < 5
Thus
& €
F @) =Ll = If O) =fux |+ o — LI <, + , =&

Therefore lim,_,  f (x) = L. &

We will make use of Theorems 1 and 2 when we study improper integrals in
Chap. 4.

2.3.3 Problems

In problems 1 and 2 justify the statement in accordance with the precise definition
of an infinite limit:

x4+ 1 (=D (x—4)
+00 lim =

li = +00
o2 (= 1) (x—2) A (x—4)
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In problems 3 and 4 justify the statement in accordance with the relevant precise
definition:

3 4.
. x—4 1 . x> —4 n
1m = 1mm = o0
x>t dx—1 4 x>to0 x—9
5. Assume that lim,, .+ (—=f (x)) = +o0. Prove that lim,_, .4 f (x) = —o0.

2.4 The Intermediate Value Theorem

In beginning calculus it is assumed that a continuous function attains its maximum
and minimum values on a closed and bounded interval. Now we will justify that
assumption. We will also clarify the graphical implication of the continuity of a
function as the “continuity” of its graph by showing that the image of an interval
under a continuous function is also an interval. We will also discuss the existence
and continuity of inverse functions.

2.4.1 The Extreme Value Theorem

Theorem 1. Assume that f is continuous on a closed and bounded interval [a, b].
Then f attains its (absolute) maximum and minimum values on [a, b].

Proof. We will establish the existence of the absolute maximum. The statement

about the minimum follows by considering —f (provide the details as an exercise).
To begin with, let us establish that f is bounded above on [a, b]. If we assume that

f is not bounded above on [a, b], then for any n € N there exists x, € [a, b] such that

J () > n.

Since the closed and bounded interval [a, b] is sequentially compact, there exists a
convergent subsequence {x,, }ro, of {x,}r=, and xo € [a, b] such that

lim x,, = xo.
k—00

Since f is continuous at xj, we have

lim £ () = f (o).
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Since a convergent sequence is bounded, the sequence {f (x,,) } ;= must be bounded.
But this contradicts the statement,

f (xnk) > nk

for each k € N. Thus, f is bounded above on [a, b].
By the least upper bound principle, the set

{f()a <x=<b}
has a least upper bound. Set M = sup,, ., f(x). We will show that there exists
Xo € [a, b] such that f (xg) = M.
By the definition of the least upper bound, for each n € N there exists x, € [a, b]

such that

1

M- <f(x) <M.
n

Since the closed and bounded interval [a, b] is sequentially compact, there exists a
subsequence {x,, };o, of {x,},—, and xy € [a, b] such that

lim x,, = x.
k—00

By the continuity of f at x(, we have
klim f () =f (x0) -
—00

On the other hand, the inequalities

1
M_ <f(xnk) f M
s

imply that

lim f (x,) = M.
k—>00

By the uniqueness of the limit, we must have f (xo) = M. H

2.4.2 The Intermediate Value Theorem

Theorem 2. Assume that f is continuous on [a, b] and f (a) # f (b). If ¢ is in the
open interval with endpoints f (a) and f (b) then there exists xy € (a, b) such that

f(x0)=rc.
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Proof. We will assume that
fla)<c<f(b).
Set g (x) = f (x) — ¢ so that
g(a) <0and g (b) > 0.

We need to show the existence of xy € (a, b) such that g (xo) = 0. We will make use
of the bisection method.
Leta; = aand by = b. Set

ai+b  a+b
ml = = B
2 2
so that my is the midpoint of [a, b]. If g (m;) = 0, we are done: We can set xo = m.
Otherwise,

e If g(m) <Oweseta, = m; and b, = b; = b.
e Ifg(my) > 0weset ap =a; = aand b, = mj.

Thus, [a, by] C [a1,b1] = [a, b] and
g(ax) <0,g(b2) >0

Having determined [a5, b,], we set

ar + by
my = .

2

so that m; is the midpoint of [ay, by]. If g (my) = 0, we set xo = my. Otherwise,

o If g(my) < 0 wesetas = my and bz = bs.
o If g(my) > 0 weset az = ap and b3 = my.

Note that [az, b3] C [az, bs2] and

g(a3) <0, g(b3) >0
This procedure is terminated at step 7 if

a, + b,
my = s
2
and g (m,) = 0. In this case, we set xo = m,,. Otherwise,

e If g(m,) <0 weseta,+; = m,and b,4+, = b,.
e If g(m,) > 0 weset a4+ = a, and b, = my,.
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Thus, [a,+1, bp+1] C [an, by] and

8 (ant1) <0, g (bpy1) > 0.
If the procedure is never terminated, we obtain the nested sequence of intervals

[ansbn]v n = 1,2,3,...,

such that
g (a,) <0, g(b,) >0,
and
b—a
b, —a, = .
2n—l

By the nested interval property, there exists a unique xo such that
anp = Xo = bn

for all n, since

. . b—a
lim (b, —a,) = lim =0.
n—00 n—oo 2n—l1

We have

lim a, = lim b, = xo.
n—>00 n—o00

By the continuity of g,
lim g (a,) = lim g (b,) = g (xo) .
n—>oo n—>oo

Since g (a,) < 0 for each n, we have g (xy) < 0. Since g (b,) > 0 for each n, we
have g (x9) > 0. Therefore, g (xo) = 0. H

2.4.3 The Existence and Continuity of Inverse Functions

Let us begin by recalling the definition of the inverse of a function.

Definition 1. Assume that for each x in the range of f there is a unique y in the
domain of f such that f (y) = x. The inverse f~! of f is defined by the following
relationship:
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y=f'@®) & x=f0).

Thus, the value of f~! at x is the solution of the equation x = f(y), provided
that the solution exists and is unique. Figure 2.3 illustrates the relationship between
f and the inverse f~! graphically in the yx-plane (the y-axis is horizontal and the
x-axis is vertical).

Fig. 2.3 x

x=1(y)

y

y=r"()

By the relationship between a function f and its inverse f ', the domain of f~!
is the same as the range of f, and the range of f~! is the same as the domain of f.
We must emphasize that the notation ! in the present context should not be
confused with the reciprocal 1/f of the function f. The meaning of the notation
should be clear within a particular context.

Assume that the function f has an inverse. Then

(f ' of) ») =f" (f (y)) = y for each y in the domain of £,
(fof™") (x) =f (' (x)) = x for each x in the domain of f~'.
If the scale on the vertical axis is the same as the scale on the horizontal axis, the
graph of f~! appears as the reflection of the graph of f with respect to the diagonal
y = x, as illustrated in Fig. 2.4:

Fig. 2.4

There is a general fact about the existence and continuity of the inverse of a
function:

Theorem 3. Assume that f is strictly increasing or decreasing and continuous on
the interval J. The range I of f is also an interval. The inverse of f exists and f~" is
continuous on I. The function f~' is increasing if f is increasing, and decreasing if
[ is decreasing.
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Proof. We will assume that f is increasing on the interval J (the case of a decreasing
function is similar).

Let us first show that the range of f is an interval. Thus, assume that x; = f (y;)
and x, = f (y,) are points in the range of f, and that x; < x,. Let x* € (x1,x;) =
(f 1) .f (2)). By the Intermediate Value Theorem there exists y* € J such that
f (") = x*. Therefore the range of f is an interval. Let us label it as /.

Fig. 2.5 X

x=f(y)

Let x* € I. We have shown that there exists y* € J such that f (y*) = x*. Since
f is strictly increasing if y > y* then f (y) > f (y*), if y < y* then f (y) < f ().
Therefore y* is the only point in J at which f attains the value x*. Therefore f has
aninverse f~' : 1 — J.

The inverse of f is also (strictly) increasing: Assume that x; and x, are in / and
x1 < x2.Lety; = f'(x;) and y, = f~! (x2). Thus x; = f (y1) and x, = f (yy). if
y1 > yz then f (y;) > f (y2) so that x; > x;. Since that is not the case we must have
yr <y

Now let us show that f~! is continuous. We will consider the case of a point a
in the interior of I (the appropriate one-sided continuity is discussed in a similar
manner at an endpoint of / which belongs to 7).

Let ¢ = f~!(a), so that @ = f(c). Let ¢ > 0 be a given. With reference to
Fig. 2.6,letc — & = f~! (a;) and ¢ + & = f~! (a,). Since f is increasing, so is f .
Therefore, if a; < x < as, thenc—¢e < f~! (x) < ¢ + €. Set § to be the minimum of
|a —ay| and |a — a,|. Then,

x—a|<8=>xe(a.a) =>c—e<f ') <c+e
=S @—c="w-f"wl<e

This establishes the continuity of f~'. ll

Fig. 2.6 y

y=r"0
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Example 1. Letf (y) = y*>. We restrict y so thaty > 0. The function f is continuous
and increasing on [0, +00). The range of f is also [0, +00). We have

y=+/xwherex>0&x=f(y) =y andy > 0.

Therefore, f~! (x) = /x. Figure 2.7 illustrates the definition of /x graphically. The
square-root function ! is continuous on [0, o0). OI

Fig. 2.7 X

x=f(y) =y

y
y=/"0=vVx

The square-root function illustrates a function defined by x'/", where 7 is an even
positive integer. We have

y=x/"o x=y"
where x > 0 and y > 0. Therefore, if we set f(y) = y", where y > 0, then
1) =x"" x>0.

Example 2. Let f (y) = y*, where y is an arbitrary real number. The function is
continuous and increasing on R. The range of f is R. We have f~! (x) = x'/3 for
each x € R. Figure 2.8 illustrates the relationship between x = f(y) = y* and
y=/" =20

Fig. 2.8 .

x=1f(y) =)}

y= =P

Example 2 illustrates x'/” where n is an odd positive integer. If n is an odd positive

integer and f (y) = y" for each y € R then f~! (x) = x!/” for each x € R.
Appropriate restrictions of sine, cosine, and tangent have inverses. Let us recall
the definitions of these important special functions of mathematics (Fig. 2.9).
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Let us begin with the sine function. The equation x = sin (y) has infinitely many
solutions for a given x € [—1, 1]. Indeed, if y is a solution of the equation x =
sin (y), theny +2nmw,n = +1,+2, ... are also solutions, since sine is periodic with
period 27:

sin(y + 2nm) = sin(y) = x.

Thus, the sine function does not have an inverse.

Fig. 2.9 .

N
A

2 -

3

Let us restrict sine to the interval [—x/2, /2] and call the resulting function f.
The function f is continuous and increasing on [—x/2, /2], and the range of f is
the interval [—1, 1]. Figure 2.10 shows the graph of f.

Fig. 2.10 x = f(y) = sin(y) X
on[—m/2,7/2]

X = sin(y)

By Theorem 3, the inverse of f exists and f~! is continuous on [—1, 1]. We have

y:f_l(x)<:>x=sin(y),

where —1 < x < l and —7/2 < y < m/2. We will refer to f~! as arcsine, and
abbreviate it as arcsin. Thus,

y = arcsin(x) & x = sin(y)

where —1 < x < land —n/2 <y < n/2. Figure 2.11 illustrates the definition of
arcsine.
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Fig. 2.11 x

X = sin(y)

y

S

y = arcsin (x) %

Figure 2.12 shows the graph of y = arcsin (x).

Fig. 2.12 y = arcsin (x) y

oA

]

(SIE]

Another notation for arcsin(x) is sin~" (x). We will favor the notation arcsin(x) in
order to avoid any confusion with the reciprocal of sine.

Just as in the case of sine, we cannot define the inverse of the periodic function
cosine. On the other hand, cosine is continuous and decreasing on [0, 7], so that
the restriction of cosine to the interval [0, 7] has an inverse. We will refer to that
function as arccosine, and use the abbreviation arccos:

y = arccos(x) & x = cos(y),
where —1 <x < l and 0 <y < 7. Thus, the value of arccosine at x € [—1, 1] is the

unique solution y of the equation cos(y) = x that is in the interval [0, r]. Figure 2.13
illustrates the definition of arccosine.

Fig. 2.13 x

X = cos(y)

y = arccos (x) T
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By Theorem 3, arccosine is continuous on [—1, 1]. Another notation for arccos(x)
is cos™! (x). We will favor the notation arccos(x). Figure 2.14 shows the graph of
arccosine.

Fig. 2.14 y

Remark 1. The functions arcsine and arccosine are related to each other in a simple
manner. It can be shown that

arccos(x) + arcsin(x) = Z -1 <x=<1

&

The function tangent is periodic with period rr, and its range is the entire number
line. Therefore, the equation tan(y) = x has infinitely many solutions for any real
number x, so that the inverse of tangent does not exist. On the other hand, the
restriction of tangent to the open interval (—m/2, 77/2) is continuous, increasing,
and has range equal to R, so that it has an inverse that is continuous on the entire
number line. We will refer to that function as arctangent, and use the abbreviation
arctan. Thus,

y = arctan(x) & x = tan(y),
where x is an arbitrary real number and —77/2 < y < 7/2. You may think of y as the

unique angle between —r/2 and /2 such that tan (y) = x. Figure 2.15 illustrates
the definition of arctangent. Another notation for arctan(x) is tan™" (x).

Fig. 2.15

10+

X = tan(y)

—m/2 y = arctan(x) /2
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Figure 2.16 shows the graph of arctangent.

Fig. 2.16 y = arctan(x) y
e mI2)
X
10 10
-m/2
We have
. b4 . b4
lim arctan(x) = _ and lim arctan (x) = —
x—>+00 2 X—>—00 2

These facts are parallel to the facts,

lim tan(y) = +ocand lim tan(y) = —oo.
y=>5- y=>=3+

The natural exponential and the natural logarithm are inverses of each other:
We have

y=Inkx x=¢

where x > 0 and y € R (Fig.2.17).

Fig. 2.17 x

-1 ; y=In® 7Y

As we will discuss in Chap. 4, both functions are continuous on their respective
domains (Fig.2.18).
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Fig. 2.18 v

2.4.4 Problems

1. Letf (x) = x* + 2x — 7. Show that there exists xy € (0,2) such that f (xo) = 0.
2. Let

f(x) = 2sin (3x) + 3 cos (2x)

Show that there exists ¢ € (0, 2) such that f (c) = 2.

3. Letf (x) = x> 4+ 2x — 7. Show that the inverse function f~! exists (you may use
the derivative test for monotonicity from beginning calculus). What is the domain
of f~1?

4. Letf (x) = sin® (x) where x € [0, 7/2].

a) Show that the inverse f~! exists. What is the domain of f~!'? What is the range
of f~1?
b) Determine f~! (x) explicitly in terms of arcsin(x).
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