
Chapter 2

Nonlinear and Multivalued
Maps

2.1 Introduction

2.1.1 Compact, Completely Continuous, and Proper
Maps

Definition 2.1
Let X and Y be two Banach spaces, let D ⊆ X be a set, and let
f : D −→ Y be a map.

(a) We say that f is compact, if it is continuous and maps bounded
subsets of D to relatively compact sets (i.e., if B ⊆ D is bounded,
then f(B) ⊆ Y is compact). We denote the set of all compact
maps f : D −→ Y by K(D;Y ). If D = X, then we set Lc(X;Y ) =
L(X;Y ) ∩K(X;Y ).

(b) We say that f is completely continuous, if for every sequence
{un}n�1 ⊆ D such that un

w−→ u ∈ D in X, we have f(un) −→
f(u) in Y (i.e., f maps weakly convergent sequences in D to
strongly convergent sequences in Y ).

(c) We say that f is a finite rank map, if f(D) lies in a fin-
ite dimensional subspace of Y . We denote the set of all finite
rank maps f : D −→ Y by Kf (D;Y ). If D = X, then we set
Lf (X;Y ) = L(X;Y ) ∩Kf (X;Y ).
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258 Chapter 2. Nonlinear and Multivalued Maps

(d) We say that f is a weakly compact map, if it maps bounded sets
in D to relatively weakly compact subsets of Y (that is, if B ⊆ D
is bounded, then f(B)

w ⊆ Y is weakly compact). We denote the
set of all weakly compact maps f : D −→ Y by Kwc(D;Y ). If
D = X, then we set Lwc(X;Y ) = L(X;Y ) ∩Kwc(X;Y ).

Remark 2.2
Evidently we have Kf (X;Y ) ⊆ K(X;Y ). A completely continuous
linear operator A : X −→ Y is sometimes called Dunford–Pettis
operator . Clearly the completely continuous maps are continuous.

Proposition 2.3
If X and Y are two Banach spaces and K ∈ Lc(X;Y ),
then K is completely continuous.

The converse of this result is not in general true.

Proposition 2.4
If X is a reflexive Banach space, D ⊆ X is nonempty closed and
f : D −→ Y is completely continuous,
then f ∈ K(D;Y ).

Combining Propositions 2.3 and 2.4, we infer the following.

Corollary 2.5
If X is a reflexive Banach space, Y is a Banach space and K ∈
L(X;Y ),
then K ∈ Lc(X;Y ) if and only if K is completely continuous.

The next theorem presents a useful approximation property that
compact maps have and explains why those maps are the right class
to extend the finite dimensional theory.

Theorem 2.6
If X and Y are two Banach spaces, D ⊆ X is a bounded closed set
and f : D −→ Y is a map,
then f ∈ K(D;Y ) if and only if f is the uniform limit of finite rank
maps
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Remark 2.7
In fact given ε > 0, we can find a finite rank map fε : D −→ Y such
that

‖f(u)− fε(u)‖Y < ε ∀ u ∈ D

and

fε(D) ⊆ conv f(D).

Compact maps exhibit a nice extension property, which is a con-
sequence of the following theorem, which generalizes the well-known
Tietze extension theorem (see Theorem I.2.138).

Theorem 2.8 (Dugundji Extension Theorem)
If X is a metric space, Y is a locally convex space, D ⊆ X is a
nonempty closed set, and f : D −→ Y is a continuous map,
then there exists a continuous map ̂f : X −→ Y such that

̂f |D = f and ̂f(X) ⊆ conv f(D).

Using the above theorem together with the Mazur theorem on the
convex hull of compact sets (according to which the convex hull of a
compact set in X is relatively compact; see Theorem I.5.86), we have
the following result.

Theorem 2.9
If X and Y are two Banach spaces, D ⊆ X is a nonempty closed and
bounded set and f ∈ K(D;Y ),
then there exists ̂f ∈ K(X;Y ) such that

̂f |D = f and ̂f(X) ⊆ conv f(D).

The space Lc(X;Y ) is closed and so

Lf (X;Y )
‖·‖L ⊆ Lc(X;Y ).

In general this inclusion can be strict.

Definition 2.10
A Banach space Y is said to have the approximation property (the
AP for short), if for every Banach space X we have

Lf (X;Y )
‖·‖L

= Lc(X;Y ).
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Remark 2.11
The Hilbert spaces and the Banach spaces c0 =

{

û = {uk}k�1 :

uk −→ 0
}

and lp (with p ∈ [1,+∞)) have the AP.

Theorem 2.12 (Schauder Theorem)
If X and Y are two Banach spaces and K ∈ L(X;Y ), then
(a) K ∈ Lc(X;Y ) if and only if K∗ ∈ Lc(Y

∗;X∗);
(b) K ∈ Lf (X;Y ) if and only if K∗ ∈ Lf (Y

∗;X∗).

The next notion is important because it restricts the size of the
solution set of an operator equation of the form f(u) = y.

Definition 2.13
Let X and Y be two Hausdorff topological spaces and let f ∈ C(X;Y ).
We say that f is proper, if for every compact set C ⊆ Y , the set
f−1(C) ⊆ X is compact.

This notion is related to the coercivity of f which is important in
variational analysis.

Proposition 2.14
If X and Y are two Banach spaces and f ∈ C(X;Y ),
then the following conditions are equivalent:
(a) f is proper.
(b) f is a closed map (i.e., maps closed sets in X to closed sets in

Y ). Moreover, if X and Y are finite dimensional, then the above
conditions are also equivalent to the following one:

(c) f is coercive (i.e., ‖f(u)‖Y −→ +∞ as ‖u‖X −→ +∞).

In some special cases for maps between infinite dimensional Banach
spaces, coercivity implies properness.

Proposition 2.15
If X and Y are two Banach spaces, f ∈ C(X;Y ) is coercive (i.e.,
‖f(u)‖Y −→ +∞ as ‖u‖X −→ +∞) and at least one of the following
conditions holds:
(i) f = g + h where g is proper and h is compact; or
(ii) X is reflexive and f is completely continuous (see Defini-

tion 2.1(b)),

then f is proper (see Definition 2.13).

The notions of compactness and properness are related as follows.
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Proposition 2.16
If X is a Banach space, D ⊆ X is a bounded closed set and f ∈
K(D;X),
then IX − f is proper (IX being the identity on X).

Now we turn our attention to the space Lc(X;Y ) and in particular
to the spectral properties of such operators.

Proposition 2.17
If X and Y are two Banach spaces,
then Lc(X;Y ) furnished with the operator norm is a Banach space

Definition 2.18
Let X be a complex Banach space and let A ∈ L(X). The spectrum
σ(A) of A is defined by

σ(A) =
{

λ ∈ C : λIX −A is not invertible
}

.

The set C \ σ(A) is called the resolvent set of A and it is denoted by
�(A). Also, the operator R(λ) = (λIX − A)−1 is called the resolvent
of A.

Remark 2.19
If we insist on real Banach spaces, then some important results of
the spectral theory fail. For this reason we consider complex Banach
spaces. For example, the next result is no longer true, if X is a real
Banach space.

Proposition 2.20
If X is a complex Banach space and A ∈ L(X),
then σ(A) 	= ∅ and in particular σ(A) is a nonempty compact subset
of

{

λ ∈ C : |λ| � ‖A‖L
}

.

Definition 2.21
Let X be a complex Banach space and let A ∈ L(X).
(a) We say that λ ∈ C is an eigenvalue of A, if there is u ∈ X,

u 	= 0 such that (λIX − A)(u) = 0. Then u is an eigenvector
corresponding to the eigenvalue λ. The subspace (λIX − A)−1(0)
is the eigenspace corresponding to the eigenvalue λ. The set of
all eigenvalues of A is called the point spectrum of A and is
denoted by σp(A).
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(b) If λ ∈ σ(A) \ σp(A) and R(λIX − A) is not dense in X, then we
say that λ is in the residual spectrum of A.

Remark 2.22
The reason that we single out the residual spectrum is that it does
not occur for a large class of operators, for example, for self-adjoint
operators on a Hilbert space.

Theorem 2.23
If X is an infinite dimensional complex Banach space and A ∈ Lc(X),
then
(a) σ(A) is a countably compact set (see Definition I.2.88) with 0 as

the only possible limit point;
(b) σ(A) = σp(A) ∪ {0};
(c) if λ ∈ σp(A)\{0}, then the eigenspace corresponding to λ is finite

dimensional and

dimker (λIX −A) = codimR(λIX −A)

(recall that codimR(λIX −A) = dim
(

X/R(λIX −A)
)

).

We can expand (c) in the above theorem.

Proposition 2.24
If X is a Banach space, A ∈ Lc(X) and λ is a nonzero scalar, then
(a) ker (λIX −A) is finite dimensional;
(b) R(λIX −A) is closed and R(λIX −A) = ker (λI∗

X
−A∗)⊥;

(c) ker (λIX −A) = {0} if and only if R(λIX −A) = X;
(d) dimker (λIX −A) = dimker (λI∗

X
−A∗).

Remark 2.25
Statement (c) says that λIX −A is injective if and only if it is surjec-
tive. This is a well-known fact for operators between finite dimensional
spaces. So, according to this statement, the equation

(λIX −A)(u) = y

has a solution for every y ∈ X if and only if the equation

(λIX −A)(u) = 0

admits only the trivial solution. In this form, the result is known as
the Fredholm alternative theorem .
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For compact self-adjoint operators defined on a separable Hilbert
space, we have the following result.

Theorem 2.26 (Spectral Theorem)
If H is an infinite dimensional separable Hilbert space and A ∈ Lc(H),
then there exists an orthonormal basis {en}n�1 of H consisting of
eigenvectors of A such that for every u ∈ H we have

A(u) =
∑

k�1

λk (u, ek)H ek,

with λk being the eigenvalue corresponding to ek and (·, ·)H denoting
the inner product of H.

Definition 2.27
Let H be a Hilbert space and let A ∈ L(H).
(a) We say that A is normal, if AA∗ = A∗A;
(b) We say that A is unitary, if A∗ = A−1 (i.e., AA∗ = A∗A = IH );
(c) We say that A is projection, if A2 = A and it is an orthogonal

projection, if it is a projection and R(A) = (kerA)⊥.

Proposition 2.28
If H is a complex separable Hilbert space and A ∈ Lc(H) is normal,
then there exists an orthonormal basis {en}n�1 of H consisting of
eigenvectors of A such that for every u ∈ H, we have

A(u) =
∑

k�1

λk (u, ek)H ek,

with λk being the eigenvalue corresponding to ek and (·, ·)H denoting
the inner product of H.

Definition 2.29
Let X and Y be two Banach spaces and let L ∈ L(X;Y ). We say
that L is a Fredholm operator, if kerL is finite dimensional and
R(L) = L(X) is finite codimensional (that is, dim(Y/R(L)) < +∞).
The number i(L) = dimkerL− dim(Y/R(L)) is called the index of L.
The set of Fredholm operators L : X −→ Y is denoted by Fred (X;Y ).

Remark 2.30
If L ∈ Fred (X;Y ), then R(L) ⊆ Y is closed. Moreover, we have

X = kerL⊕ V
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and L|V is an isomorphism of V onto L(X). Fred (X;Y ) is an open
subset of L(X;Y ) and the map L 
−→ i(L) is continuous (hence, it is
constant on each connected component of Fred (X;Y )). Finally every
L ∈ Fred (X;Y ) is invertible modulo finite rank operators, that is,
there exists T ∈ L(Y ;X) such that both L ◦ T − IY and T ◦ L− IX
are finite rank operators.

Finally we introduce a notion that allows us to go beyond compact
maps.

Definition 2.31
Let X be a Banach space and let B be the family of bounded subsets
of X.

(a) The Kuratowski measure of noncompactness α : B −→ R+

is defined by

α(C) = inf
{

d > 0 : C can be covered by a finite number

of sets of diameter � d
}

.

(b) The Hausdorff measure of noncompactness β : B −→ R+ is
defined by

β(C) = inf
{

r > 0 : C can be covered by a finite number

of balls of radius r
}

.

Let D ⊆ X, let Y be another Banach space and let f : D −→ Y be
a continuous and bounded (i.e., maps bounded sets to bounded sets)
map. In what follows by γX (respectively γY ) we denote either α or β
on X (respectively on Y ).

(c) We say that f is a k-set-Lipschitz map, if for every bounded
set C ⊆ D we have

γY (f(C)) � kγX(C).

(d) We say that f is a k-set contraction, if it is k-set Lipschitz with
k < 1. We denote by SCk(D;Y ) the family of all such maps.

(e) We say that f is a condensing, if for every bounded set C ⊆ D
with γX(C) > 0, we have γY (f(C)) < γX(C). We denote by
S(D;Y ) the family of all such maps.
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Proposition 2.32
If X is Banach space and γ : B −→ R+ is either α or β, then

(a) γ(C) = 0 if and only if C is compact (regularity);
(b) γ(λC) = |λ|γ(C) for all λ ∈ R and γ(C1 + C2) � γ(C1) + γ(C2)

(seminorm);
(c) if C1 ⊆ C2, then γ(C1) � γ(C2) (monotonicity);
(d) γ(C1 ∪ C2) = max{γ(C1), γ(C2)} (semiadditivity);
(e) γ(C) = γ(convC) and γ(C) = γ(C ).

Another measure of noncompactness that we will use is related to
the weak topology on X.

Definition 2.33
Let X be a Banach space and let B be the family of bounded sub-
sets of X. The weak measure of noncompactness ξ : B −→ [0,+∞) is
defined by

ξ(C) = inf
{

ε > 0 : there exists a w-compact set D ⊆ X

such that C ⊆ D + εB1

}

,

where B1 = {u ∈ X : ‖u‖X � 1}.

The properties of ξ are similar to those of α and β.

Proposition 2.34
If X is a Banach space and ξ : B −→ R+ is the weak measure of
noncompactness, then
(a) ξ(C) = 0 if and only if C

w
is w-compact;

(b) ξ(λC) = |λ|ξ(C) for all λ ∈ R and ξ(C1 + C2) � ξ(C1) + ξ(C2);
(c) if C1 ⊆ C2, then ξ(C1) � ξ(C2);
(d) ξ(C1 ∪ C2) = max{ξ(C1), ξ(C2)};
(e) ξ(C) = ξ(convC) and ξ(C) = ξ(C

w
).

2.1.2 Multifunctions

Throughout this section, we will use the following notation for certain
hyperspaces. So, let X be a Hausdorff topological space. We define

Pf (X) =
{

A ⊆ X : A is nonempty and closed
}

Pk(X) =
{

A ⊆ X : A is nonempty and compact
}

̂Pf (X) = Pf (X) ∪ {∅}.
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Moreover, if X is a normed space, then

Pfc(X) =
{

A ∈ Pf (X) : A is convex
}

Pkc(X) =
{

A ∈ Pk (X) : A is convex
}

Pwkc(X) =
{

A ⊆ X : A is nonempty, w-compact and convex
}

Pbf(c)(X) =
{

A ⊆ X : A is nonempty, bounded, closed (and convex)
}

.

Definition 2.35
Let X and Y be two sets, let F : X −→ 2Y \ {∅} be a multifunction
and let D ⊆ Y . We define

(a) The weak inverse image of D under F is the set

F−(D) =
{

u ∈ X : F (u) ∩D 	= ∅
}

.

(b) The strong inverse image of D under F is the set

F+(D) =
{

u ∈ X : F (u) ⊆ D
}

.

Using these notions, we can define some continuity concepts for
multifunctions between two Hausdorff topological spaces.

Definition 2.36
Let X and Y be two Hausdorff topological spaces and let F : X −→ 2Y

be a multifunction.

(a) We say that F is upper semicontinuous at u0 ∈ X (usc at
x0 for short), if for every open set V ⊆ Y such that F (u0) ⊆ V ,
we can find U ∈ N (u0) (the filter of neighborhoods of u0), such
that F (u) ⊆ V for all u ∈ U . We say that F is upper semi-
continuous (usc for short), if it is upper semicontinuous at any
u ∈ X.

(b) We say that F is lower semicontinuous at u0 ∈ X (lsc at x0
for short), if for every open set V ⊆ Y such that F (u0) ∩ V 	= ∅,
we can find U ∈ N (u0), such that F (u) ∩ V 	= ∅ for all u ∈ U .
We say that F is lower semicontinuous (lsc for short), if it is
lower semicontinuous at any u ∈ X.

(c) We say that F is continuous (or Vietoris continuous) at
u0 ∈ X, if it is both upper and lower semicontinuous at u0. We
say that F is continuous (or Vietoris continuous) if it is con-
tinuous at any u ∈ X.
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These definitions lead to the following alternative descriptions of
the above continuity notions for multifunctions.

Proposition 2.37
If X and Y be two Hausdorff topological spaces and F : X −→ 2Y is
a multifunction,
then the following statements are equivalent:

(a) F is upper semicontinuous.

(b) For every closed set C ⊆ Y , the set F−(C) is closed in X.

(c) If x ∈ X, {xα}α∈J is a net in X, xα −→ x, V ⊆ Y is an open
set such that F (x) ⊆ V , then there exists α0 ∈ J , such that for all
α ∈ J , α � α0 we have F (xα) ⊆ V .

(d) For every open set U ⊆ Y , the set F+(U) is open in X.

Proposition 2.38
If X and Y be two Hausdorff topological spaces and F : X −→ 2Y is
a multifunction,
then the following statements are equivalent:

(a) F is lower semicontinuous.

(b) For every closed set C ⊆ Y , the set F+(C) is closed in X.

(c) If x ∈ X, {xα}α∈J is a net in X, xα −→ x, V ⊆ Y is an open set
such that F (x) ∩ V 	= ∅, then there exists α0 ∈ J , such that for all
α ∈ J , α � α0 we have F (xα) ∩ V 	= ∅.

(d) If x ∈ X, {xα}α∈J is a net in X, xα −→ x and y ∈ F (x), then
for every α ∈ J we can find yα ∈ F (xα), such that yα −→ y in Y .

(e) For every open set U ⊆ Y , the set F−(U) is open in X.

Proposition 2.39
If X and Y are two Hausdorff topological spaces and F : X −→ 2Y is
a multifunction,
then the following statements are equivalent:

(a) F is continuous.

(b) For every closed set C ⊆ Y , the sets F+(C) and F−(C) are both
closed in X.

(c) If x ∈ X, {xα}α∈J is a net in X, xα −→ x, V,W ⊆ Y are open
sets such that F (x) ⊆ V and F (x) ∩ W 	= ∅, then there exists
α0 ∈ J , such that for all α ∈ J , α � α0 we have F (xα) ⊆ V and
F (xα) ∩W 	= ∅.
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Definition 2.40
Let X and Y be two Hausdorff topological spaces and let F : X −→ 2Y

be a multifunction. The graph of F is the set

GrF = {(x, y) ∈ X × Y : y ∈ F (x)} .

We say that F is closed, at u0 ∈ X, if for every net {(xα, yα)}α∈J ⊆
GrF such that (xα, yα) −→ (x0, y0) in X × Y , we have y0 ∈ F (x0).
We say that F is closed, if F is closed at every x ∈ X (that is,
GrF ⊆ X × Y is closed).

Proposition 2.41

(a) If X and Y are two Hausdorff topological spaces with Y being
regular and F : X −→ Pf (Y ) is an upper semicontinuous multi-
function,
then F is closed.

(b) If X is a complete metric space, Y is a Hausdorff topological space
with topology τ , F : X −→ Pk(Y ) is an upper semicontinuous
multifunction and there is a metrizable topology τ1 of Y such that
τ1 ⊆ τ ,
then F is continuous on a residual set (that is, on the complement
of a set of first Baire category).

For multifunctions with compact values, we can drop the regularity
condition on Y . This is a consequence of the following proposition.

Proposition 2.42
If X and Y are two Hausdorff topological spaces and F : X −→ 2Y \{∅}
is a multifunction,
then F is Pk(Y )-valued and upper semicontinuous if and only if for
every net {(xα, yα)}α∈J ⊆ GrF such that xα −→ x in X, {yα}α∈J has
a limit point in F (x).

With this result, we can have a version of Proposition 2.41(a) in
which the regularity of the space Y is no longer required.

Proposition 2.43
If X and Y are two Hausdorff topological spaces and F : X −→ Pk(Y )
is an upper semicontinuous multifunction,
then F is closed.
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Now we introduce a metric structure on the range space Y and for
every y ∈ Y , we examine the function x 
−→ distY (y, F (x)).

Proposition 2.44
If X is a Hausdorff topological space, (Y, dY ) is a metric space and

F : X −→ 2Y \ {∅} is a multifunction,
then F is lower semicontinuous if and only if for every y ∈ Y , the func-
tion x 
−→ distY (y, F (x)) is upper semicontinuous (as an R+-valued
function).

There is no corresponding result for upper semicontinuous multi-
functions. We only have the following result.

Proposition 2.45
If X is a Hausdorff topological space, (Y, dY ) is a metric space and

F : X −→ 2Y \ {∅} is a locally compact multifunction (i.e., for every
x ∈ X, we can find U ∈ N (x) such that F (U) ∈ Pk(Y )) and for every
y ∈ Y , the function x 
−→ distY (y, F (x)) is lower semicontinuous,
then F is upper semicontinuous.

If on Y we introduce linear structure, then there is another impor-
tant functional that we can associate with a multifunction F : X −→
2Y \ {∅}, namely the support function.

Definition 2.46
Let Y be a normed space, Y ∗ its topological dual and D ⊆ Y a
nonempty set. The support function of D, σD : Y ∗ −→ R =
R ∪ {+∞} is defined by

σD(y
∗) = sup

y∈D
〈y∗, y〉 ,

where by 〈·, ·〉 we denote the duality brackets for the pair (Y ∗, Y ).

Proposition 2.47
If X is a Hausdorff topological space, Y is a normed space furnished

with its weak topology and F : X −→ 2Y \ {∅} is an upper semicontin-
uous multifunction,
then for every y∗ ∈ Y ∗, the function x 
−→ σ

F (x)
(y∗) is upper semicon-

tinuous.
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To have the converse of the above proposition, we need to
strengthen the conditions on the multifunction F .

Proposition 2.48
If X is a Hausdorff topological space, Y is a normed space and
F : X −→ Pwkc(Y ) is a multifunction such that for all y∗ ∈ Y ∗, the
function x 
−→ σ

F (x)
(y∗) is upper semicontinuous,

then F is upper semicontinuous from X into Y equipped with the weak
topology.

In the presence of a metric structure on Y , we can have a pseudo-
metric structure on the hyperspace 2Y .

Definition 2.49
Let (Y, dY ) be a metric space and let C,D ∈ 2Y be two sets. We define:
(a) h∗(C,D) = sup

c∈C
distY (c,D) (the excess of C over D).

(b) h(C,D) = max
{

h∗(C,D), h∗(D,C)
}

(the Hausdorff distance
of C from D).

Remark 2.50
Evidently h is a generalized pseudometric on 2Y (that is, h is a pseu-
dometric that can also take the value +∞). Moreover, h(C,D) = 0 if
and only if C = D and so Pf (Y ) ∪ {∅} is a generalized metric space,
with ∅ an isolated point. Then we call h the Hausdorff metric.
The Hausdorff metric h is not a topological construction, that is, the
Hausdorff metric topology on Pf (Y ) is not determined by the topology
of Y . It is easy to check that

h(λC, λD) = |λ|h(C,D) ∀ λ ∈ R

and if Y is a normed space, then

h(C1 + C2, D1 +D2) � h(C1, D1) + h(C2, D2)

and

h(λC1+(1−λ)C2, λD1+(1−λ)D2) � λh(C1, D1)+(1−λ)h(C2, D2),

for all λ ∈ [0, 1]. Therefore, we have

h(convC, convD) � h(C,D).
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The same inequalities are also valid for h∗. Also, note that

h∗(C,D) = sup
y∈Y

(dist(y, C)− dist(y,D))

and is Y is a normed space and C,D ∈ Pbfc(Y ), then

h∗(C,D) = sup {σC (y
∗)− σD(y

∗) : ‖y∗‖∗ � 1}

An immediate consequence of Definition 2.49 are the following two
useful expressions for the Hausdorff metric h.

Proposition 2.51

(a) If (Y, dY ) is a metric space and C,D ∈ 2Y \ {∅},
then h(C,D) = sup

y∈Y

∣

∣distY (y, C)− distY (y,D)
∣

∣;

(b) If Y is a normed space and C,D ∈ Pbfc(Y ),

then h(C,D) = sup
‖y∗‖�1

∣

∣σC (y
∗) − σD(y

∗)
∣

∣ (the Hörmander

formula).

(c) If Y is a normed space and C ⊆ Y is a nonempty, convex set
then for every v ∈ Y , we have

distY (v, C) = sup
{

〈v∗, v〉 − σC (v
∗) : v∗ ∈ Y ∗, ‖v∗‖∗ � 1

}

(see Problem 3.88).

(d) If Y is a Banach space and C ⊆ Y ,
then C ∈ Pwkc(Y ) if and only if the map v∗ 
−→ σC (v

∗) is
m(Y ∗, Y )-continuous with m(Y ∗, Y ) being the Mackey topology.

Assuming extra structure on Y , we can say more about the metric
space (Pf (Y ), h).

Proposition 2.52

(a) If (Y, dY ) is a complete metric space,
then (Pf (Y ), h) is a complete metric space too.

(b) Pbf (Y ) is a closed subset of (Pf (Y ), h) and if (Y, dY ) is a separable
metric space, then so is (Pf (Y ), h).

(c) If Y is a normed space,
then Pkc(Y ) ⊆ Pbfc(Y ) and Pk(Y ) ⊆ Pbf (Y ) are all closed subsets
of the metric space (Pf (Y ), h).
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Using these metric notions, we can introduce new continuity con-
cepts for a multifunction F , in general distinct from those of Defini-
tion 2.36.

Definition 2.53
Let X be a Hausdorff topological space and let (Y, dY ) be a metric
space.

(a) A multifunction F : X −→ 2Y \ {∅} is said to be h-upper semi-
continuous at x0 ∈ X (h-usc at x0 for short), if the function
x 
−→ h∗

(

F (x), F (x0)
)

is continuous at x0. We say that F is
h-upper semicontinuous (h-usc for short), if it is h-upper
semicontinuous at every x ∈ X.

(b) A multifunction F : X −→ 2Y \ {∅} is said to be h-lower semi-
continuous at x0 ∈ X (h-lsc at x0 for short), if the function
x 
−→ h∗

(

F (x0), F (x)
)

is continuous at x0. We say that F is
h-lower semicontinuous (h-lsc for short), if it is h-lower semi-
continuous at every x ∈ X.

(c) A multifunction F : X −→ 2Y \ {∅} is said to be h-continuous
at x0 ∈ X, if it is both h-lower and h-upper semicontinuous at
x0 ∈ X (that is, the multifunction function F : X −→ (2Y \{∅}, h)
is continuous at x0). We say that F is h-continuous, if it is
h-continuous at every x ∈ X.

How are these continuity notions related to those introduced in
Definition 2.36?

Proposition 2.54
If X is a Hausdorff topological space, (Y, dY ) is a metric space, and

F : X −→ 2Y \ {∅} is upper semicontinuous,
then F is h-upper semicontinuous.

Proposition 2.55
If X is a Hausdorff topological space, (Y, dY ) is a metric space, and

F : X −→ 2Y \ {∅} is h-lower semicontinuous,
then F is lower semicontinuous.

In general the converse implications are not true (see Prob-
lem 2.67). For compact valued multifunctions, the situation is better.
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Proposition 2.56
If X is a Hausdorff topological space, (Y, dY ) is a metric space, and
F : X −→ Pk(Y ) is a multifunction, then
(a) F is upper semicontinuous if and only if F is h-upper

semicontinuous.
(b) F is lower semicontinuous if and only if F is h-lower

semicontinuous.
(c) F is continuous if and only if F is h-continuous.

Now we turn our attention to the fundamental question of the
existence of a continuous selection.

Definition 2.57
Let X and Y be two Hausdorff topological spaces and let
F : X −→ 2Y \ {∅} be a multifunction. A continuous selection
(or selector) of F is a continuous function f : X −→ Y such that
f(x) ∈ F (x) for all x ∈ X.

We have the following existence result.

Theorem 2.58 (Michael Selection Theorem)
If X is a paracompact space, Y is a Banach space and F : X −→
Pfc(Y ) is a lower semicontinuous multifunction,
then F admits a continuous selection.

When X is a metric space (thus also a paracompact space) and
Y is a separable Banach space, we can produce a whole sequence of
continuous selectors of F which is dense in F (x) for all x ∈ X.

Proposition 2.59
If X is a metric space, Y is a separable Banach space and
F : X −→ Pfc(Y ) is a lower semicontinuous multifunction,
then there exists a sequence {fn}n�1 of continuous selectors of F such
that

F (x) = {fn(x)}n�1 ∀ x ∈ X.

In general Theorem 2.58 is optimal in the sense that the hypotheses
of the theorem cannot be relaxed. However, if Y is a separable Banach
space, then we can enlarge the range space of F .
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Proposition 2.60
If X is a paracompact, perfectly normal topological space (see Def-
initions I.2.142 and I.2.137), Y is a separable Banach space, and
F : X −→ 2Y \ {∅} is a lower semicontinuous multifunction with con-
vex values such that for all x ∈ X either intF (x) 	= ∅ or F (x) is finite
dimensional,
then F admits a continuous selection.

So far, we have focused on the topological properties of multifunc-
tions. Next we turn our attention to the measure theoretic ones.

Definition 2.61
Let (Ω,Σ) be a measurable space, X a metric space and F : Ω −→ 2X a
multifunction.
(a) We say that F is measurable, if for every open set U ⊆ X, we

have F−(U) ∈ Σ (see Definition 2.35(a)).
(b) We say that F is graph measurable, if GrF ∈ Σ×B(X) (B(X)

being the Borel σ-field of X).

Remark 2.62
The domain of F is defined to be the set

domF =
{

ω ∈ Ω : F (ω) 	= ∅
}

.

Evidently, if F is measurable, then domF ∈ Σ. So, when dealing with
measurable multifunctions F , we can always assume that domF = Ω.

The next theorem summarizes what is known about the measura-
bility of multifunctions with closed values.

Theorem 2.63
Let (Ω,Σ) be a measurable space, (X, dX ) a separable metric space
and F : Ω −→ Pf (X) is a multifunction. We consider the following
properties of F :
(1) F−(D) ∈ Σ for every D ∈ B(X) (B(X) being the Borel σ-field

of X).
(2) F−(C) ∈ Σ for every closed set C ⊆ X.
(3) F is measurable (see Definition 2.61(a)).
(4) For every x ∈ X, the function ω −→ dist(x, F (x)) is

Σ-measurable.
(5) F is graph measurable.
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We have the following relations among the above properties:
(a) (1) =⇒ (2) =⇒ (3) ⇐⇒ (4) =⇒ (5).
(b) If X is σ-compact, then (2) ⇐⇒ (3).
(c) If Σ is complete (that is, Σ = ̂Σ (̂Σ being the universal σ-field; see

Definition I.4.45)) and X is complete, then (1) ⇐⇒ (2) ⇐⇒ (3).

Now we pass to the problem of existence of selections. In this case
we look for a measurable selections.

Theorem 2.64 (Kuratowski–Ryll Nardzewski Selection Theorem)
If (Ω,Σ) is a measurable space, X is a Polish space and
F : Ω −→ Pf (X) is a measurable multifunction,
then F admits a Σ-measurable selection.

Remark 2.65
In fact we can be slightly more general and instead assume that X
is a separable metrizable space (that is, we drop the completeness
hypothesis on X) and that F has complete values.

We can improve the above selection theorem (compare with Propo-
sition 2.59).

Theorem 2.66
If (Ω,Σ) is a measurable space, X is a Polish space and
F : Ω −→ Pf (X) is a multifunction,
then the following statements are equivalent:
(a) F is measurable.
(b) There exists a sequence of Σ-measurable selectors

{fn : Ω −→ X}n�1 of the multifunction F such that

F (ω) = {fn(ω)}n�1 ∀ ω ∈ Ω.

This result leads to the following improved version of Theorem 2.63.

Theorem 2.67
Let (Ω,Σ) be a measurable space, (X, dX ) a separable metric space
and F : Ω −→ Pf (X) a multifunction. We consider the following
statements:
(1) F−(D) ∈ Σ for every D ∈ B(X) (with B(X) being the Borel

σ-field of X).
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(2) F−(C) ∈ Σ for every closed set C ⊆ X.

(3) F is measurable (see Definition 2.61(a)).

(4) For every x ∈ X, the function ω 
−→ dist(x, F (ω)) is
Σ-measurable.

(5) There exists a sequence {fn : Ω −→ X}n�1 of Σ-selectors of F
such that

F (ω) = {fn(ω)}n�1 ∀ ω ∈ Ω.

(6) F is graph measurable.

We have the following relations among the above properties:

(a) (1) =⇒ (2) =⇒ (3) =⇒ (4) =⇒ (6).

(b) If X is complete (that is, X is a Polish space), then (3) ⇐⇒
(4) ⇐⇒ (5).

(c) If X is σ-compact, then (2) ⇐⇒ (3).

(d) If Σ is complete (that is, Σ = ̂Σ (̂Σ being the universal σ-field))
and X is a Polish space, then all properties (1) to (6) are
equivalent.

In Theorem 2.64 (see also Theorem 2.66), we require that F has
closed values. We have a second measurable selection theorem for
multifunctions which need not to be closed valued.

Theorem 2.68 (Yankov–von Neumann–Aumann Selection Theorem)
If (Ω,Σ) is a complete measurable space (that is, Σ = ̂Σ (̂Σ being the

universal σ-field)), X is a Souslin space and F : Ω −→ 2X \ {∅} is a
graph measurable multifunction (see Definition 2.61),
then F admits a Σ-measurable selection.

Remark 2.69
Recall that a Hausdorff topological space X is said to be Souslin , if
there is a Polish space Y and a continuous surjection from Y onto X.
For locally compact spaces, the notions of Souslin space and Polish
space coincide. A separable Banach space with the weak topology is
a Souslin nonmetrizable space. Similarly, if X∗ is the topological dual
of a separable Banach space and we furnish X∗ with the w∗-topology
(denoted by X∗

w∗), then X∗
w∗ is a Souslin nonmetrizable space. In

fact the above theorem can be strengthened by saying that there is
a whole sequence {fn}n�1 of Σ-measurable selections of F such that

F (ω) ⊆ {fn(ω)}n�1 for all ω ∈ Ω.
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The notion of decomposability which we will introduce next for-
mally resembles that of convexity and is important in the theory of
measurable multifunctions.

Definition 2.70
Let (Ω,Σ, μ) be a σ-finite measure space, X a separable Banach
space, L0(Ω;X) =

{

u : Ω −→ X : u is Σ-measurable
}

and D ⊆
L0(Ω;X). We say that the set D is decomposable, if for every triple
(A, x1, x2) ∈ Σ×D ×D, we have

χAx1 + χ
Acx2 ∈ D.

Remark 2.71
Since χ

Ac = 1−χA , we see that the notion of decomposability reminds
us that of convexity. Only now the coefficients instead of scalars are
functions.

Decomposable sets are closely related to measurable multifunc-
tions.

Theorem 2.72
If (Ω,Σ, μ) is a σ-finite measure space, X is a separable Banach space
and the set D ⊆ Lp(Ω;X) (with 1 � p < +∞) is closed,
then the set D is decomposable if and only if there exists a unique
measurable multifunction F : Ω −→ Pf (X) such that

D = Sp
F =

{

u ∈ Lp(Ω;X) : u(ω) ∈ F (ω) μ-a.e.
}

.

Theorem 2.73
If (Ω,Σ, μ) is a finite nonatomic measure space (see Definition I.3.40),
X is a Banach space and D ⊆ Lp(Ω;X) (with 1 � p < +∞) is a
nonempty, decomposable and w-closed set,
then D is convex.

The next theorem is another remarkable consequence of decompos-
ability and is a basic tool in variational analysis.

Theorem 2.74
If (Ω,Σ, μ) is a σ-finite measure space, X is a separable Banach space,

h : Ω×X −→ R = R ∪ {+∞} is measurable, F : Ω −→ 2X \ {∅} is
graph measurable, ξ(u) =

∫

Ω

h(ω, u(ω)) dμ for all u ∈ Lp(Ω;X) (with
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1 � p � +∞) and it is defined (maybe +∞) for all u ∈ Sp
F and there

exists u0 ∈ Sp
F such that ξ(u0) > −∞, then

sup
u∈Sp

F

ξ(u) =

∫

Ω

sup
x∈F (ω)

h(ω, x) dμ.

Definition 2.75
Let (Ω,Σ, μ) be a σ-finite measure space, X a separable Banach space,
and F : Ω −→ 2X \ {∅} a multifunction. We say that F is Lp-
integrably bounded if 1 < p � +∞ or simply integrably bounded
if p = 1, when there exists h ∈ Lp(Ω) such that

|F (ω)| = sup
x∈F (ω)

‖x‖X � h(ω) for μ-a.a. ω ∈ Ω.

Theorem 2.76
If (Ω,Σ, μ) is a σ-finite measure space, X is a separable Banach space
and F : Ω −→ Pf (X) is a graph measurable and integrably bounded
multifunction,
then the set S1

F =
{

u ∈ L1(Ω;X) : u(ω) ∈ F (ω) for μ-a.a. ω ∈ Ω
}

is
nonempty, w-compact, and convex if and only if

F (ω) ∈ Pwkc(X) for μ-a.a. ω ∈ Ω.

Decomposability leads to a continuous selection theorem for non-
convex valued multifunctions (compare with Theorem 2.58).

Theorem 2.77
If (Ω,Σ, μ) is a σ-finite measure space, V is a separable metric space,

X is a separable Banach space, and F : V −→ Pf

(

L1(Ω;X)
)

is lower
semicontinuous and has decomposable values,
then F admits a continuous selection.

Let T = [0, b] (a bounded closed interval in R) and let X be a
separable Banach space. We introduce the following weaker norm on
the Lebesgue–Bochner space L1(T ;X).

Definition 2.78
The weak norm ‖·‖w on L1(T ;X) is defined by

‖u‖w = sup
0�t�t′�b

∥

∥

t′
∫

t

u(s) ds
∥

∥

X
∀ u ∈ L1(T ;X).
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Remark 2.79
An equivalent way to define the weak norm is to set

‖u‖w = sup
0�t�b

∥

∥

t
∫

0

u(s) ds
∥

∥

X
∀ u ∈ L1(T ;X)

We want to compare the weak topology on L1(T ;X) with the weak
norm topology. To do this, we introduce the following notion.

Definition 2.80
We say that the set E ⊆ L1(T ;X) has property U, if

(a) E is uniformly integrable;

(b) for every ε > 0, we can find Kε ∈ Pk(X) such that for every
u ∈ E there exists a measurable set Tu,ε ⊆ T with λ(T \ Tu,ε) < ε
(λ being the Lebesgue measure on R) such that u(t) ∈ Kε for all
t ∈ Tu,ε.

Remark 2.81
If E ⊆ L1(T ;X) has property U, then E is relatively w-compact in
L1(T ;X).

Proposition 2.82
If E ⊆ L1(T ;X) has property U,
then the w-topology and ‖·‖w-topology coincide on E.

Definition 2.83
Let Y be a Polish space and let F : T ×Y −→ Pwkc(X) be a multifunc-
tion. We say that F is an h-Carathéodory multifunction, if
(a) for every y ∈ Y , the multifunction t 
−→ F (t, y) is measurable;

(b) for almost all t ∈ T , the multifunction y 
−→ F (t, y) is
h-continuous;

(c) for every C ∈ Pk(Y ), we can find ϕC ∈ L1(T ) such that

|F (t, y)| = sup
x∈F (t,y)

‖x‖X � ϕC(t) for a.a. t ∈ T, all y ∈ C.

Given a nonempty compact set K ⊆ C(T ;Y ), let
Γ: K −→ Pwkc

(

L1(T ;X)
)

be defined by

Γ(y) = S1
F (·,y(·)) ∀ y ∈ K.
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Let CSw
Γ (respectively CSw

ext Γ) denote the set of selectors of Γ (respec-
tively of ext Γ) which are continuous from K into (L1(T ;X), ‖ · ‖w)
(usually denoted by L1

w(T ;X)).

Theorem 2.84
If F : T ×Y −→ Pwkc(X) is an h-continuous Carathéodory multifunc-
tion and K ⊆ C(T ;Y ) is a compact set, then

CSw
Γ = CSw

ext Γ
‖·‖w

.

Definition 2.85
Let (Ω,Σ, μ) be a σ-finite measure space, X a separable Banach space
and F : Ω −→ 2X \ {∅} a multifunction with S1

F 	= ∅. The set-valued
integral of F (or Aumann integral of F ) is defined by

∫

Ω

F (ω) dμ =

{∫

Ω

u dμ : u ∈ S1
F

}

.

Next we introduce some convergence notions for sets and multi-
functions, which arise often in variational analysis.

Definition 2.86
Let (X, dX ) be a metric space, A ∈ Pf (X) and {An}n�1 ⊆ Pf (X) a
sequence of sets. We say that the sequence {An}n�1 converges to A

in the Hausdorff sense, denoted by An
h−→ A or h–lim

n→+∞An = A

if h(An, A) −→ 0, with h being the Hausdorff metric on Pf (X) (see
Definition 2.49(c)).

Remark 2.87
This mode of set-convergence is actually convergence in the metric
space (Pf (X), h).

Definition 2.88
Let X be a Hausdorff topological space with τ denoting the topology
of X. Let {An}n�1 ⊆ 2X \ {∅}. We define

τ–lim inf
n→+∞ An =

{

x ∈ X : x = τ–lim
n→+∞xn, xn ∈ An, n � 1

}

,

τ–lim sup
n→+∞

An =
{

x ∈ X : x= τ–lim
k→+∞

xnk
, xnk

∈ Ank
, n1 < n2 < . . .

}

.
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We call τ–lim inf
n→+∞ An the τ-Kuratowski limit inferior of the seq-

uence {An}n�1 and τ–lim sup
n→+∞

An the τ-Kuratowski limit superior

of the sequence {An}n�1. If A = τ–lim inf
n→+∞ An = τ–lim sup

n→+∞
An, then we

say that A is the τ-Kuratowski limit of the sequence {An}n�1 and

we write A = τ–lim
n→+∞An or An

Kτ−→ A.

Remark 2.89
Evidently τ–lim inf

n→+∞ An ⊆ τ–lim sup
n→+∞

An and the inclusion can be strict.

If X is a metric space with metric dX , then we drop the letter τ and
have

lim inf
n→+∞ An =

{

x ∈ X : lim
n→+∞dist(x,An) = 0

}

,

lim sup
n→+∞

An =
{

x ∈ X : lim inf
n→+∞ dist(x,An) = 0

}

.

Moreover, if X is a first countable space (see Definition I.2.24), then

τ–lim sup
n→+∞

An =
⋂

k�1

⋃

n�k

An.

Note that in general if the topology τ is clear from the context, for
notational simplicity we drop the letter τ . This mode of convergence
is useful in the context of locally compact spaces, but exhibits serious
problems if X is an infinite dimensional Banach space. For this reason
in the next definition, we mix the topologies.

Definition 2.90
Let X be a Banach space. By w (respectively s) we denote the weak
(respectively strong) topology on X. Let {An}n�1 ⊆ 2X \ {∅} be a
sequence. We say that the sequence {An}n�1 converges to A in the

Mosco sense, denoted by An
M−→ A, if we have

A = s–lim inf
n→+∞ An = w–lim sup

n→+∞
An.

Remark 2.91
Evidently we have that An

M−→ A if and only if An
Kw−→ A and

An
Ks−→ A.
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This mode of set convergence is more effective in the context of
reflexive Banach spaces.

Definition 2.92
Let (X, dX ) be a metric space, A ∈ Pf (X) and let {An}n�1 ⊆ Pf (X)
be a sequence. We say that the sequence {An}n�1 converges to A in

the Wijsman sense, denoted by An
W−→ A, if we have

dist(x,An) −→ dist(x,A) ∀ x ∈ X.

Remark 2.93
From Proposition 2.51(a), it is clear that, if An

h−→ A, then An
W−→ A.

Definition 2.94
Let X be a Banach space, A ∈ Pfc(X) and let {An}n�1 ⊆ Pfc(X)
be a sequence. We say that the sequence {An}n�1 converges weakly

(or scalarly) to A, denoted by An
w−→ A, if for all x∗ ∈ X∗, we have

σAn
(x∗) −→ σA(x

∗)

(see Definition 2.46).

Remark 2.95
From the Hörmander formula (see Proposition 2.51(b)), we see that

for a sequence {An}n�1 ⊆ Pfc(X), if An
h−→ A, then An

w−→ A.

Recall that a sequence in L1(Ω), which converges weakly but not
strongly, oscillates wildly around its weak limit (see Problem 1.1).
For vector-valued functions, we have an extremality condition which
prevents such a behavior.

Proposition 2.96
If (Ω,Σ, μ) is a finite measure space and {un}n�1 ⊆ L1(Ω;RN )

is a sequence such that un
w−→ u in L1(Ω;RN ) and u(ω) ∈

ext
{

conv lim sup
n→+∞

{un(ω)}
}

for almost all ω ∈ Ω,

then un −→ u in L1(Ω;RN ).

The next proposition elaborates further the above result.
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Proposition 2.97
If (Ω,Σ, μ) is a finite measure space, u ∈ L1(Ω;RN ), {un}n�1 ⊆
L1(Ω;RN ) is a sequence such that un

w−→ u in L1(Ω;RN ) and there
exists a measurable multifunction F : Ω −→ Pfc(R

N ) such that:
(i) dist(un(ω), F (ω)) −→ 0 for μ-almost all ω ∈ Ω;
(ii) u(ω) ∈ extF (ω) for μ-almost all ω ∈ Ω,
then un −→ u in L1(Ω;RN ).

2.1.3 Maximal Monotone Maps and Generalizations

A function u : R −→ R is said to be nondecreasing if

x � y =⇒ u(x) � u(y).

Unfortunately this definition involves the order of R and so it cannot
be extended to maps between Banach spaces. However, we can define
alternatively the monotonicity of u, by saying that

(x− y) · (u(x)− u(x)) � 0 ∀ x, y ∈ R.

This definition avoids the order structure of R and can be easily ext-
ended to maps from a Banach space X into its dual X∗ by replacing
the product with the duality brackets for the pair (X∗, X).

So, let X be a Banach space, X∗ its topological dual and let 〈·, ·〉
denote the duality brackets for the pair (X∗, X). Consider the map
A : X ⊇ D(A) −→ 2X

∗
. Here

D(A) =
{

x ∈ X : A(x) 	= ∅
}

(the domain of A).

Also,

GrA=
{

(x, x∗) ∈ X×X∗:x∗ ∈ A(x)
}

(the graph of multifunction A).

Based on the initial remark, we make the following definitions.

Definition 2.98
Let X be a Banach space and let A : X ⊇ D(A) −→ 2X

∗
be a multi-

valued map.
(a) We say that A is monotone, if

〈u∗ − v∗, u− v〉 � 0 ∀ (u, u∗), (v, v∗) ∈ GrA.
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(b) We say that A is strictly monotone, if

〈u∗ − v∗, u− v〉 > 0 ∀ (u, u∗), (v, v∗) ∈ GrA, u 	= v.

(c) We say that A is strongly monotone, if

〈u∗ − v∗, u− v〉 � c‖u− v‖2X ∀ (u, u∗), (v, v∗) ∈ GrA,

with some c > 0.

(d) We say that A is uniformly monotone, if there exists a continu-
ous function ϑ : R+ −→ R+ which is strictly increasing, ϑ(0) = 0,
ϑ(t) −→ +∞ as t → +∞ and

〈u∗−v∗, u−v〉 � ϑ(‖u−v‖X)‖u−v‖X ∀ (u, u∗), (v, v∗) ∈ GrA.

(e) We say that A is coercive, if D(A) is bounded or D(A) is unb-
ounded and

inf
u∗∈A(u)

‖u∗‖∗ −→ +∞ as ‖u‖X → +∞, u ∈ D(A).

(f) We say that A is strongly coercive, if D(A) is bounded or D(A)
is unbounded and

inf
(u,u∗)∈GrA

〈u∗,u〉
‖u‖X −→ +∞ as ‖u‖X → +∞, u ∈ D(A).

Remark 2.99
From the above definition it is clear that we have

strong monotonicity

⇓
uniform monotonicity

⇓
strict monotonicity

⇓
monotonicity

and also

uniform monotonicity

⇓
strong coercivity

⇓
coercivity.
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The next definition identifies a subclass of monotone maps which
is central in the theory and in applications.

Definition 2.100
Let X be a Banach space and let A : X ⊇ D(A) −→ 2X

∗
be a monotone

map. We say that A is maximal monotone, if

[

〈u∗ − v∗, u− v〉 � 0 ∀ (u, u∗) ∈ GrA
]

=⇒ (v, v∗) ∈ GrA.

Remark 2.101
The above definition says that A is maximal monotone if and only if
GrA is maximal with respect to inclusion among the graphs of mono-
tone maps.

Definition 2.102
Let X be a Banach space and let A : X ⊇ D(A) −→ 2X

∗
be a map.

We say that the map A is locally bounded at u ∈ D(A), if there exist
� > 0 and M > 0 such that

‖v∗‖∗ � M ∀ v∗ ∈ A(v), v ∈ D(A) ∩B�(u).

We say that A is bounded, if it maps bounded sets in X ∩ D(A) to
bounded sets in X∗. Also, if C ⊆ X and u ∈ C, then we say that u is
an absorbing point of C, if

X =
⋃

λ>0

λ(C − u).

Remark 2.103
If intC 	= ∅, then every interior point is absorbing. However, the set
C can have absorbing points even if intC = ∅.

Proposition 2.104
If X is a Banach space, A : X ⊇ D(A) −→ 2X

∗
is a monotone map,

and u ∈ D(A) is an absorbing point of D(A),
then A is locally bounded at u.

Proposition 2.105
If X is a Banach space, A : X ⊇ D(A) −→ 2X

∗
is a maximal mono-

tone map and intD(A) 	= ∅,
then A|

intD(A)
is upper semicontinuous from X with the norm topology

into X∗ with the w∗-topology.
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Proposition 2.106
If X is a Banach space and A : X ⊇ D(A) −→ 2X

∗
is a maximal

monotone map,
then for every u ∈ D(A), the set A(u) ⊆ X∗ is nonempty, convex, and
w∗-closed.

Combining Propositions 2.104 and 2.106, we obtain the following
result.

Corollary 2.107
If X is a reflexive Banach space, A : X ⊇ D(A) −→ 2X

∗
is a maximal

monotone map, and u ∈ D(A) is absorbing,
then A(u) is nonempty, convex, and w-compact.
In particular if D(A) = X, then A has values in Pwkc(X

∗).

The next result is a partial converse of Proposition 2.105.

Proposition 2.108
If X is a Banach space, A : X ⊇ D(A) −→ 2X

∗
is a monotone map

with D(A) = X, has w∗-closed and convex values and for every u, h ∈
X, the multifunction t 
−→ A(u+ th) is upper semicontinuous from
[0, 1] into X∗ with the w∗-topology,
then A is maximal monotone.

Remark 2.109
If A is upper semicontinuous from X with the norm topology into X∗

with the w∗-topology, then the previous proposition holds.

Definition 2.110
Let A : X −→ X∗ be a single valued map with D(A) = X.
(a) We say that A is demicontinuous, if for any sequence

{xn}n�1 ⊆ X with xn −→ x, we have A(xn)
w∗
−→ A(x).

(b) We say that A is hemicontinuous, if for any x, h ∈ X, the
map t 
−→ A(x+ th) is continuous from [0, 1] into X∗ with the
w∗-topology.

As a consequence of Proposition 2.108, we have

Corollary 2.111
If X is a Banach space and A : X −→ X∗ is a monotone and hemi-
continuous map,
then A is maximal monotone.
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Definition 2.112
Let X be a Banach space. The map F : X −→ 2X

∗
defined by

F(x) =
{

x∗ ∈ X∗ : 〈x∗, x〉 = ‖x‖2X = ‖x∗‖2∗
}

is called the (normalized) duality map on X.

Remark 2.113
As a consequence of the Hahn–Banach theorem (see Corollary I.5.26),
we have that D(F) = X. Moreover, F has closed and convex values.

The duality map is essentially dependent on the norm of X. In
fact, two equivalent norms on X need not generate the same duality
map. The next proposition shows that the geometry of X and X∗ is
crucial concerning the properties of F .

Proposition 2.114

(a) If X is a reflexive Banach space and X∗ is strictly convex (see
Definition I.5.168 and Remark I.5.169),
then F is single valued, bounded, odd, demicontinuous, and max-
imal monotone.

(b) If X is a reflexive Banach space and both X and X∗ are strictly
convex,
then F is strictly monotone.

(c) If X is a reflexive Banach space and X∗ is locally uniformly
convex,
then F is continuous.

(d) If X∗ is uniformly convex,
then F is uniformly continuous on bounded sets.

Remark 2.115
The Troyanski renorming theorem is a basic tool in the theory of
maximal monotone maps (see Theorem I.5.192). We recall that this
theorem says that every reflexive Banach space X be can equivalently
renormed so that both X and X∗ are locally uniformly convex and
have Fréchet differentiable norms. Note that equivalently renorming
X and X∗ does not affect important properties of the map A, such as
maximal monotonicity and coercivity (simple or strong).

Using the duality map, we can have a criterion for the maximality
of a map A : X ⊇ D(A) −→ 2X

∗
.
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Theorem 2.116
If X is a reflexive Banach space with X and X∗ both
strictly convex (see Definition I.5.168 and Remark I.5.169) and
A : X ⊇ D(A) −→ 2X

∗
is monotone,

then A is maximal monotone if and only if R(A+ F) = X∗.

Maximal monotone operators are very useful because they exhibit
remarkable surjectivity properties.

Definition 2.117
Let X be a Banach space and let A : X ⊇ D(A) −→ 2X

∗
be a multi-

valued map. We define A−1 : X∗ ⊇ D∗ −→ 2X by setting

GrA−1 =
{

(x∗, x) ∈ X∗ ×X : (x, x∗) ∈ GrA
}

.

Using this notion, we have the following criterion for the surjectiv-
ity of a maximal monotone map.

Theorem 2.118
If X is a reflexive map and A : X ⊇ D(A) −→ 2X

∗
is maximal

monotone,
then A is surjective if and only if A−1 is locally bounded.

Evidently, if A is coercive (see Definition 2.98(e)), then A−1 is
locally bounded. So, from Theorem 2.118 we deduce the following
fundamental surjectivity result for maximal monotone maps.

Theorem 2.119
If X is a reflexive Banach space and A : X ⊇ D(A) −→ 2X

∗
is maxi-

mal monotone and coercive,
then A is surjective.

Corollary 2.120
If X is a reflexive Banach space and A : X ⊇ D(A) −→ X∗ is mono-
tone, hemicontinuous and coercive,
then A is surjective.

In finite dimensional spaces, we can drop the monotonicity
requirement.
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Proposition 2.121
If X is a finite dimensional Banach space and A : X ⊇ D(A) −→
Pkc(X

∗) is upper semicontinuous and strongly coercive (see Defini-
tion 2.98(f)),
then A is surjective.

The surjectivity results lead to some useful single-valued approxi-
mations of a maximal monotone map. These approximations are more
useful in the context of pivot Hilbert spaces (a Hilbert space is pivot ,
if it is identified with its dual).

Definition 2.122
Let H be a pivot Hilbert space (i.e., H∗ = H) and let A : H ⊇
D(A) −→ 2H be a maximal monotone map. For every λ > 0, we
define

JA
λ = (IH + λA)−1 (the resolvent of A)

Aλ = 1
λ(IH − JA

λ )−1 (the Yosida approximation of A).

Proposition 2.123
If H is a pivot Hilbert space, A : H ⊇ D(A) −→ 2H is a maximal
monotone map and λ > 0, then
(a) D(JA

λ ) = D(Aλ) = H.
(b) JA

λ is nonexpansive (i.e., Lipschitz continuous with Lipschitz
constant 1).

(c) Aλ(x) ∈ A(JA
λ (x)) for all x ∈ H.

(d) Aλ is monotone and Lipschitz continuous with Lipschitz
constant 1

λ .
(e) ‖Aλ(x)‖H � ‖A0(x)‖H for all x ∈ D(A), where A0(x) ∈ A(x) is

the unique element of A(x) with smallest norm.
(f) lim

λ↘0
Aλ(x) = A0(x) for all x ∈ D(A).

(g) D(A) is convex and lim
λ↘0

JA
λ (x) = proj

D(A)
(x) for all x ∈ H

(here proj
D(A)

denotes the metric projection on the closed convex

set D(A)).

Remark 2.124
If x 	∈ D(A), then ‖Aλ(x)‖H −→ +∞ and λ ↘ 0.

Perturbation results for maximal monotone operators are impor-
tant in applications. We start with two results in Hilbert spaces.
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Theorem 2.125
If H is a pivot Hilbert space (i.e., H∗ = H) and A : H ⊇
D(A) −→ 2H , B : H ⊇ D(B) −→ 2H are two maximal monotone maps
such that D(A) ∩D(B) 	= ∅ and

0 � (y,Bλ(x))H ∀ (x, y) ∈ GrA, λ > 0,

then A+B is maximal monotone.

Theorem 2.126
If H is a pivot Hilbert space (i.e., H∗ = H) and A : H ⊇
D(A) −→ 2H , B : H ⊇ D(B) −→ 2H are two maximal monotone maps
such that

0 ∈ int
(

D(A)−D(B)
)

,

then A+B is maximal monotone.

For maps defined on a reflexive Banach space with values in its
dual, we have the following result.

Theorem 2.127
If X is a reflexive Banach space and A : X ⊇ D(A) −→ 2X

∗
,

B : X ⊇ D(B) −→ 2X
∗
are two maximal monotone maps such that

intD(A) ∩D(B) 	= ∅,

then A+B is maximal monotone.

Remark 2.128
Since intD(A)−D(B) ⊆ int

(

D(A)−D(B)
)

, we see that the hypothesis
of Theorem 2.126 is weaker than that of Theorem 2.127. Note that
0 ∈ int (D(A)−D(B)) can happen even if intD(A) = intD(B) = ∅.

Next we pass to generalizations of the notion of maximal mono-
tonicity.

Definition 2.129
Let X be a reflexive Banach space and let A : X −→ 2X

∗
be a multi-

function. We say that A is pseudomonotone, if
(a) D(A) = X and for every x ∈ X, A(x) ∈ Pwkc(X);
(b) A is upper semicontinuous from every finite dimensional subspace

of X into X∗ with the weak topology;
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(c) if xn
w−→ x in X, x∗n ∈ A(xn) for all n � 1 and

lim sup
n→+∞

〈x∗n, xn − x〉 � 0, then for each v ∈ X, we can find

y∗(v) ∈ A(x) such that

〈y∗(v), x− v〉 � lim inf
n→+∞ 〈x∗n, xn − v〉 .

Remark 2.130
A completely continuous map A : X −→ X∗ is pseudomonotone. Also,
if X is finite dimensional, then any continuous operator A : X −→ X∗

is pseudomonotone.

Definition 2.131
Let X be a reflexive Banach space and let A : X ⊇ D(A) −→ 2X

∗

be a multifunction. We say that A is generalized pseudomono-
tone, if for every sequences {xn}n�1 ⊆ X, {x∗n}n�1 ⊆ X∗ such that

xn
w−→ x in X and x∗n

w−→ x∗ in X∗ with x∗n ∈ A(xn) for all n � 1
and lim sup

n→+∞
〈x∗n, xn − x〉 � 0, we have

x∗ ∈ A(x) and 〈x∗n, xn〉 −→ 〈x∗, x〉 .

Proposition 2.132
If X is a reflexive Banach space and A : X −→ 2X

∗
is a pseudomono-

tone map,
then A is generalized pseudomonotone.

There is a version of the converse to this proposition.

Proposition 2.133
If X is a reflexive Banach space and A : X −→ Pfc(X

∗) is a bounded
and generalized pseudomonotone map,
then A is pseudomonotone.

Proposition 2.134
If X is a reflexive Banach space and A : X ⊇ D(A) −→ Pfc(X

∗) is a
maximal monotone map with D(A) = X,
then A is pseudomonotone.

The property of pseudomonotonicity is preserved by addition.
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Proposition 2.135
If X is a reflexive Banach space and A1, A2 : X −→ 2X

∗
are two

pseudomonotone maps,
then A1 +A2 is pseudomonotone.

Pseudomonotone maps exhibit remarkable surjectivity properties
and for this reason are important in applications.

Theorem 2.136
If X is a reflexive Banach space and A : X −→ 2X

∗
is a pseudomono-

tone and strongly coercive map (see Definition 2.98(f)),
then A is surjective.

A notion closely related to pseudomonotonicity and to generalized
pseudomonotonicity is that of an (S)+-operator, which is particularly
useful in the application of variational methods. In particular it is the
right property to check the Palais–Smale condition for a functional
ϕ ∈ C1(X) (see Definition 5.45(a) in Chap. 5).

Definition 2.137
Let X be a reflexive Banach space, C ⊆ X a nonempty subset and
let A : C −→ X∗ be a map. We say that A is an (S)+-map, if
for every sequence {un}n�1 ⊆ C such that xn

w−→ x in X and
lim sup
n→+∞

〈A(xn), xn − x〉 � 0, we have xn −→ x in X.

The next proposition summarizes some basic properties of
(S)+-maps.

Proposition 2.138
Let X be a reflexive Banach space and let C ⊆ X be a nonempty
subset.
(a) If A : C −→ X∗ is an (S)+-map and λ > 0,

then λA is an (S)+-map too.
(b) If A,B : C −→ X∗ are two (S)+-maps and one of them is also

demicontinuous,
then A+B is an (S)+-map too.

(c) If A : C −→ X∗ is an (S)+-map and B : X −→ X∗ is a monotone
map,
then A+B : C −→ X∗ is an (S)+-map.

(d) If A : C −→ X∗ is an (S)+-map and B : X −→ X∗ is a completely
continuous map,

then A+B : C −→ X∗ is an (S)+-map.
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2.1.4 Accretive Maps

So far we have considered maps from a Banach space X into its dual
X∗. Now, we focus on maps fromX into itself and introduce the notion
of accretive maps. Such operators are closely related to the generation
theory of semigroups of operators (linear and nonlinear alike).

Definition 2.139
Let X be a Banach space and let A : X ⊇ D(A) −→ 2X be a multival-
ued map.
(a) We say that A is accretive, if for every (x, u), (y, v) ∈

GrA we can find x∗ ∈ F(x− y) such that 〈x∗, u− v〉 � 0
(where F : X −→ 2X

∗
is the normalized duality map; see Defi-

nition 2.112).
(b) We say that A is maximal accretive, if its graph is maximal

with respect to inclusion among the graphs of all accretive maps.
(c) We say that A is m-accretive, if R(IX +A) = X.
(d) We say that A is dissipative (respectively m-dissipative), if −A

is accretive (respectively m-accretive).

Remark 2.140
If H is a pivot Hilbert space (i.e., H∗ = H), then F = IH and A is
accretive if and only if A is monotone. Moreover, the notions of maxi-
mal accretivity and m-accretivity coincide and correspond to maximal
monotonicity (see Definition 2.100 and Theorem 2.116).

Proposition 2.141
If X is a Banach space and A : X ⊇ D(A) −→ 2X is a multivalued
map,
then A is an accretive map if and only if

‖x− y + λ(u− v)‖X � ‖x− y‖X ∀ λ > 0, (x, u), (y, v) ∈ GrA.

In analogy to Definition 2.112, we introduce the following single-
valued approximation of the identity and of the map itself.
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Definition 2.142
Let X be a Banach space and let A : X ⊇ D(A) −→ 2X be an accretive
map. For λ > 0 we define

Jλ(x) = (IX + λA)−1(x),

Aλ(x) = 1
λ(IX − Jλ)(x),

D(Aλ) = Dλ = R(IX + λA),

|A(x)| = inf
u∈A(x)

‖u‖X .

As an easy consequence of Proposition 2.141, we have

Proposition 2.143
If X is a Banach space and A : X ⊇ D(A) −→ 2X is a multivalued
map,
then A is accretive if and only if for every λ > 0, Jλ is single-valued
and nonexpansive, i.e.,

‖Jλ(x)− Jλ(y)‖X � ‖x− y‖X ∀ x, y ∈ Dλ.

Moreover, for any accretive map A : X ⊇ D(A) −→ 2X , we have

(a) Aλ : R(IX + λA) −→ X is single-valued, accretive and Lipschitz
continuous;

(b) Aλ(u) ∈ A(Jλ(u)) for all u ∈ R(IX + λA);

(c) ‖Aλ(u)‖X � inf
v∈A(y)

‖v‖X for all v ∈ D(A) ∩R(IX + λA);

(d) lim
λ↘0

Jλ(u) = u for all u ∈ D(A) ∩
( ⋂

λ>0

R(IX + λA)
)

.

Proposition 2.144
If X is a Banach space and A : X ⊇ D(A) −→ 2X is an m-accretive
map,
then A is maximal accretive and R(IX + λA) = X for all λ > 0.

Definition 2.145
Let X be a Banach space and let A : X ⊇ D(A) −→ 2X be
a multivalued map. The minimal section of A is the map
A0 : X ⊇ D(A0) −→ 2X defined by

A0(x) =
{

u ∈ A(x) : ‖u‖X = |A(x)|
}

.
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Proposition 2.146
If X is a reflexive and strictly convex Banach space, the dual X∗ is
strictly convex too (see Definition I.5.168 and Remark I.5.169) and
A : X ⊇ D(A) −→ 2X is maximal accretive,
then D(A0) = D(A) and A0 is single-valued.

The importance of A0 is illustrated by the next theorem.

Theorem 2.147
If X is a Banach space with uniformly convex dual X∗ and A,B : X ⊇
D −→ 2X are two m-accretive maps such that

A0(x) ∩B0(x) 	= ∅ ∀ x ∈ D,

then A = B. Hence, if A0 = B0, then A = B.

The next theorem is analogous to Theorem 2.125.

Theorem 2.148
If X is a Banach space with uniformly convex dual X∗ and

A : X ⊇ D(A) −→ 2X , B : X ⊇ D(B) −→ 2X are two m-accretive
maps such that:
(i) D(A) ∩D(B) 	= ∅,
(ii) 〈F(Bλ(x)), y〉 � 0 for all (x, y) ∈ GrA and λ > 0,

then A+B is m-accretive.

As we already mentioned m-accretive maps are related to the gen-
eration of contraction semigroups of operators.

Definition 2.149
Let X be a Banach space and let {S(t)}t�0 ⊆ L(X). We say that the
family {S(t)}t�0 is a C0-semigroup, if the following is true:
(a) S(0) = IX ,
(b) S(t+ τ) = S(t) ◦ S(τ) for all t, τ � 0 (semigroup property),
(c) for every x ∈ X, S(t)x −→ x as t ↘ 0.
If ‖S(t)‖L � 1 for all t � 0, then {S(t)}t�0 is called a contraction
semigroup.
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Definition 2.150
Let X be a Banach space and let {S(t)}t�0 be a C0-semigroup. The
infinitesimal generator of the semigroup is a linear operator A
defined by

A(x) = lim
t↘0

S(t)x−x
t ∀ x ∈ D(A),

with D(A) =
{

x ∈ X : lim
t↘0

S(t)x−x
t exists

}

.

Proposition 2.151
If X is a Banach space and {S(t)}t�0 is a C0-semigroup with inf-
initesimal operator A,
then A is closed and densely defined.

Remark 2.152
If A ∈ L(X), then A is the infinitesimal generator of

S(t) = eAt =
∑

k�0

(At)k

k! .

For an unbounded linear operator A to be the infinitesimal gen-
erator of a C0-semigroup, the precise conditions are provided by the
following theorem.

Theorem 2.153 (Hille–Yosida Theorem)
Necessary and sufficient conditions for a linear unbounded opera-
tor A on a Banach space X to be the infinitesimal generator of a
C0-semigroup satisfying that

‖S(t)‖L � Meωt ∀ t � 0,

for some M � 1 and ω � 0, are

(a) A is closed and densely defined;

(b) (λIX −A)−1 exists for λ > ω;

(c) ‖(λIX −A)−m‖L � M
(λ−ω)m for λ > ω, m � 1.

Remark 2.154
The family of the operators R(λ) = (λIX − A)−1 for λ > ω is called
the resolvent of A.
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Proposition 2.155
If X is a Banach space and {S(t)}t�0 ⊆ L(X) is a contraction semi-
group with infinitesimal generator A,
then for any x ∈ X,

S(t)x = lim
n→+∞

(

IX − t
nA

)−n
x = lim

n→+∞
(

n
tR(nt )

)n
x.

We can have also nonlinear semigroups.

Definition 2.156
Let X be a Banach space and let C ⊆ X be a nonempty subset. A fam-
ily of nonlinear maps {S(t) : C −→ C}t�0 is said to be a semigroup
of nonexpansive maps on C, if
(a) ‖S(t)x− S(t)y‖X � ‖x− y‖X for all t � 0, x, y ∈ C;
(b) S(t+ τ) = S(t) ◦ S(τ) for all t, τ � 0 (semigroup property),
(c) S(0) = IC ,
(d) lim

t↘0
S(t)x = x for every x ∈ C.

Remark 2.157
The map (t, x) 
−→ S(t)x is jointly continuous from R+ × C into C.

The main generation theorem for nonlinear semigroups reads as
follows.

Theorem 2.158
If A : X ⊇ D(A) −→ 2X is an m-accretive operator,

then for every x ∈ D(A),

S(t)x = lim
n→+∞

(

IX + t
nA

)−n
x

exists uniformly in t on compact sets in R+, {S(t)}t�0 is a semigroup
of nonexpansive maps and for each x ∈ D(A) and t > 0, we have

‖S(t)x− x‖X � t|A(x)|

(see Definition 2.142). Moreover, if X and X∗ are both uniformly
convex and u0 ∈ D(A), then
(a) the map t 
−→ S(t)u0 is right differentiable on R+ = [0,+∞) and

we have
d+

dt+
S(t)u0 = AS(t)u0 ∀ t � 0;
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(b) the map t 
−→ ‖AS(t)u0‖X is nonincreasing on R+ and the map
t 
−→ AS(t)u0 is right continuous at every t � 0;

(c) d
dtS(t)u0 = AS(t)u0 exists and is continuous on R+ except for a
countable set of point.

Definition 2.159
Let X be a Banach space.
(a) A nonlinear semigroup {S(t) : C −→ C}t�0 of nonexpansive maps

on C is said to be compact, if for every t > 0, S(t) is compact.
(b) A nonlinear semigroup {S(t) : C −→ C}t�0 of nonexpansive maps

on C is said to be equicontinuous, if for every bounded set
B ⊆ X, the family

{

S(·)x : x ∈ B
}

is equicontinuous at every
t > 0.

Remark 2.160
Recall that S(0) = IC . So, if in Definition 2.159(a), S(t) is compact
for all t � 0, then the set C imbeds compactly in X. In particular, if
C = X, then X is finite dimensional.

Proposition 2.161
If X is a Banach space and A : X ⊇ D(A) −→ 2X is accretive,
then for all x ∈ X and all λ, μ > 0, we have

Jλ(x) = Jμ
(μ
λx+ λ−μ

λ Jλ(x)
)

(resolvent identity).

Remark 2.162
Using the resolvent identity we see that Jλ is compact for all λ > 0 if
and only if it is compact for some λ > 0.

2.1.5 Miscellaneous Results

Theorem 2.163
If X is a Banach space and C ⊆ X,
then C is relatively compact if and only if there is a sequence
{un}n�1 ⊆ X converging to the origin such that C ⊆ conv {un}n�1.

Theorem 2.164
A set K ⊆ c0 is relatively compact if and only if it is bounded and the
limit lim

n→+∞un exists uniformly for {un}n�1 ∈ K.
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Theorem 2.165 (Lyapunov Convexity Theorem)
(a) If (Ω,Σ) is a measurable space, X is a finite dimensional Banach

space and m : Σ −→ X is a vector measure which is nonatomic,
then the set m(Σ) ⊆ X is compact and convex.

(b) If (Ω,Σ) is a measurable space, X is a Banach space with the
RNP and m : Σ −→ X is a vector measure which is nonatomic
and of bounded variation,
then the set m(Σ) ⊆ X is compact and convex.

The Lusin theorem (see Theorem I.3.77) says that an R-valued
Borel function is actually continuous outside a “small” set. Below we
provide an abstract version of this result for maps with values in a
separable metric space.

Theorem 2.166 (Lusin Theorem II)
If X is a Polish space, Y is a separable metric space, f : X −→ Y is
a Borel measurable function and μ is a finite Borel measure on X,
then for every ε > 0, we can find a compact set Kε ⊆ X such that
μ(X \Kε) < ε and f |Kε

is continuous.

Remark 2.167
Recall that every finite Borel measure on a Polish space is Radon (see
Theorem I.4.12).

Proposition 2.168
If (Ω,Σ, μ) is a finite measure space and D is a family of Σ-measurable
R+-valued functions,
then there exists a unique (modulo μ-a.e. equality) Σ-measurable func-
tion h : Ω −→ R+ such that:
(a) f(ω) � h(ω) for μ-almost all ω ∈ Ω and all f ∈ D;
(b) if g : Ω −→ R+ is Σ-measurable and f(ω) � g(ω) for μ-almost all

ω ∈ Ω and f ∈ D, then h(ω) � g(ω) for μ-almost all ω ∈ Ω.
Moreover, there exists a sequence {fn}n�1 ⊆ D such that

h(ω) = sup
n�1

fn(ω) for μ-a.a. ω ∈ Ω.

Finally, if D is upward directed (that is, if f1, f2 ∈ D, then there exists
̂f ∈ D such that f1 � ̂f and f2 � ̂f), then the sequence {fn}n�1 can
be chosen to be increasing.
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2.2 Problems

Problem 2.1�

Let X and Y be two Banach spaces and let A : X −→ Y be a linear
map such that for each bounded sequence {un}n�1 ⊆ X, the sequence
{A(un)}n�1 ⊆ Y admits a strongly convergent subsequence. Show
that A ∈ Lc(X;Y ).

Problem 2.2�

Suppose that X and Y are two Banach spaces, D ⊆ X is a nonempty
subset and {fα : D −→ Y }α∈J is a net of compact maps (i.e.,
{fα}α∈J ⊆ K(D;Y )) such that fα −→ f uniformly on bounded sub-
sets of D. Show that f ∈ K(D;Y ).

Problem 2.3�

Suppose that X is a Banach space, D ⊆ X is a nonempty bounded and
closed subset, and f : D −→ X is a compact map. Suppose that given
ε > 0, we can find uε ∈ D such that ‖uε − f(uε)‖X < ε. Show that f
has a fixed point in D, i.e., there exists v ∈ D such that v = f(v).

Problem 2.4��

Let X and Y be two Banach spaces and let A ∈ Lc(X;Y ). Show that:
(a) the subspace A(X) ⊆ Y is separable;
(b) if A(X) is of second category in itself, then A ∈ Lf (X;Y ).

Problem 2.5��

Let X and Y be two metric spaces and let f ∈ C(X;Y ). Show that
the following two conditions are equivalent:
(a) Every sequence {un}n�1 ⊆ X such that f(un) −→ y ∈ Y admits

a subsequence {unk
}k�1 such that unk

−→ u ∈ X.
(b) f is a closed map and for every y ∈ Y , the set f−1(y) ⊆ Y is

compact.

Problem 2.6��

Let X and Y be two metric spaces and suppose that f ∈ C(X;Y )
satisfies one of the equivalent properties (a) or (b) of Problem 2.5.
Show that f is proper.

Problem 2.7��

Let X and Y be two metric spaces with X being compact. Show that
every function f ∈ C(X;Y ) is closed and proper.
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Problem 2.8��

Let {ϑn}n�1 ⊆ R be a sequence such that ϑn −→ 0 and letK : l2 −→ l2

be the linear operator defined by

K(u) = {ϑnxn}n�1 ∀ u = {xn}n�1 ∈ l2.

Show that K ∈ Lc(l
2).

Problem 2.9�

Suppose that X is a Banach space, A ∈ Lc(X) and A2 = A (that is,
A is a projection; see Definition 2.27(c)). Show that A ∈ Lf (X).

Problem 2.10�

Suppose that X is a Banach space, D ⊆ X is a nonempty closed
and bounded subset, and f : D −→ X is a condensing map (that is,
f ∈ S(D)). Show that IX − f is proper.

Problem 2.11���

Let X be an infinite dimensional Banach space and let
B1 = {u ∈ X : ‖u‖X = 1}. Show that α(B1) = 2 and β(B1) = 1.

Problem 2.12��

Suppose that X is a Banach space, B is the family of bounded subsets
of X, {Cn}n�1 ⊆ B is a decreasing sequence of sets (i.e., Cn+1 ⊆ Cn

for all n � 1), and lim
n→+∞ γ(Cn) = 0, where γ = α or γ = β. Show

that the set
⋂

n�1

Cn is nonempty and compact.

Problem 2.13��

Suppose that X is a reflexive Banach space, Y is a Banach space,
A ∈ Lc(X;Y ), and C ⊆ X is a nonempty, bounded, closed, and
convex set. Show that the set A(C) ⊆ Y is compact.

Problem 2.14�

Suppose that X and Y are two Banach spaces, A ∈ Lc(X;Y ) and
L ∈ L(Y ;X). Show that AL ∈ Lc(Y ) and LA ∈ Lc(X).

Problem 2.15��

Let X and Y be two Banach spaces and let A ∈ L(X;Y ). Suppose
that there exists c > 0 such that

‖A(u)‖Y � c‖u‖X ∀ u ∈ X.

Show that A is compact if and only if X is finite dimensional.
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Problem 2.16��

Let X be a Banach space and let A ∈ Lc(X) \ Lf (X). Show that

0 ∈ A(∂B1) (recall that ∂B1 = {x ∈ X : ‖x‖X = 1}).

Problem 2.17�

Let S : l2 −→ l2 be the forward shift operator, i.e.,

S(u1, u2, . . .) = (0, u1, u2, . . .) ∀ {un}n�1 ∈ l2.

Evidently S ∈ L(l2). Is S compact? Justify your answer.

Problem 2.18��

Suppose that X and Y are two Banach spaces, A ∈ L(X;Y ) and A is
also continuous from X with the weak topology into Y with the strong
topology. Show that A ∈ Lf (X;Y ).

Problem 2.19�

Let X be a reflexive Banach space and let A ∈ Lc(X). Show that
there exists u0 ∈ X with ‖u0‖X � 1 such that ‖A‖L = ‖A(u0)‖X .

Problem 2.20��

Find a Banach space X and A ∈ L(X) such that A is not compact
but A2 is.

Problem 2.21���

Let H be a Hilbert space and let A ∈ L(H). Show that the following
properties are equivalent:
(a) A ∈ Lc(H).
(b) For every orthonormal basis {eα}α∈J of H and ε > 0, the set

{

α ∈ J : | (A(eα), eα)H | � ε
}

is finite.

(c) There is a sequence {An}n�1 ⊆ Lf (H) such that ‖A−An‖L −→ 0.

Problem 2.22��

Let (S,Σ1, μ) and (T,Σ2, ξ) be two finite separable measure spaces
and let K ∈ L2(T × S). Consider the integral operator L : L2(S) −→
L2(T ) defined by

L(u)(t) =

∫

S

K(t, s)u(s) dμ ∀ t ∈ T.

Show that L is compact.
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Problem 2.23��

Let h ∈ C ([0, 1]), h 	= 0 and let A : C ([0, 1]) −→ C ([0, 1]) be
defined by

A(u)(t) = h(t)u(t) ∀ u ∈ C ([0, 1]) , t ∈ [0, 1].

Show that A is well defined, linear, continuous but not compact.

Problem 2.24��

Show that l1 is embedded continuously in l2 and examine if the emb-
edding is compact.

Problem 2.25��

Let X be a reflexive Banach space. Show that every A ∈ L(X; l1) is
compact.

Problem 2.26���

Show that the space Lc(l
2) is not reflexive.

Problem 2.27��

Let X and Y be two Banach spaces with X of infinite dimension and
let A ∈ Lc(X;Y ). Show that there exists a sequence {un}n�1 ⊆ X
such that ‖un‖X = 1 for all n � 1 and ‖A(un)‖Y −→ 0.

Problem 2.28��

Let X be a reflexive Banach space and let A ∈ L(c0;X). Show that A
is compact (recall that

c0 =
{

{un}n�1 : {un}n�1 is a real sequence such that un −→ 0
}

with the norm ‖{un}n�1‖c0 = sup
n�1

|un|).

Problem 2.29��

Suppose that X and Y are two Banach spaces, A ∈ Lc(X;Y ) and
R(A) ⊆ Y is closed. Show that A ∈ Lf (X;Y ). In addition, if
dimkerA < +∞, then X is finite dimensional.

Problem 2.30��

Let X and Y be two Banach spaces and let A ∈ Lwc(X;Y ) (see Defini-
tion 2.1(d)). Show that R(A) is closed if and only if R(A) is reflexive.
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Problem 2.31���

Let X and Y be two Banach spaces and let A ∈ L(X;Y ). Show that
the following four properties are equivalent:

(a) A is weakly compact (see Definition 2.1(d)).

(b) A∗∗(X∗∗) ⊆ Y .

(c) A∗ : Y ∗
w∗ −→ X∗

w is continuous (here by Y ∗
w∗ we denote the space

Y ∗ furnished with the w∗-topology and by X∗
w, the space X∗ fur-

nished with its w-topology).

(d) A∗ : Y ∗ −→ X∗ is weakly compact.

Problem 2.32���

Let X and Y be two Banach spaces and let A ∈ L(X;Y ). Show that
A ∈ Lc(X;Y ) if and only if there exists a sequence {u∗n}n�1 ⊆ X∗

such that ‖u∗n‖X∗ −→ 0 and

‖A(u)‖Y � sup
n�1

| 〈xn, u〉 | ∀ u ∈ X

Problem 2.33��

Let X be a reflexive Banach space and let f : X −→ X∗ be a coercive
map satisfying the condition: “for any sequence {un}n�1 ⊆ X such

that un
w−→ u in X and lim

n→+∞ 〈f(un)− f(u), un − u〉 = 0, we have

that un −→ u in X.” Show that f is proper.

Problem 2.34��

Let X and Y be two Banach spaces and let A ∈ L(X;Y ). Show that
A ∈ Lc(X;Y ) if and only if A factors with compact factors through a
closed subspace of c0.

Problem 2.35��

Let X be a Banach space and let A ∈ L(c0, X). Show that A ∈
Lwc(c0, X) if and only if A ∈ Lc(c0;X).

Problem 2.36��

Suppose that X is a reflexive Banach space, Y is a Banach space,
A ∈ Lc(X;Y ), C ⊆ X is a nonempty, bounded, closed, and convex set
and y ∈ Y . Show that there exists u0 ∈ C such that

‖A(u0)− y‖Y = inf
u∈C

‖A(u)− y‖Y .
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Problem 2.37��

Let X and Y be two Banach spaces and let A ∈ L(X;Y ). Show that
A ∈ Lf (X;Y ) if and only if A∗ ∈ Lf (Y

∗;X∗). Moreover dimR(A) =
dimR(A∗).

Problem 2.38��

Let Y be a Banach space and let A ∈ L(l1;X). Show that A is weakly
compact if and only if the sequence {A(en)}n�1 ⊆ Y is relatively w-

compact (here {en}n�1 denotes the standard Schauder basis of l1).

Problem 2.39��

Suppose that X is a Banach space, {un}n�1 ⊆ X is a relatively w-

compact sequence and A : l1 −→ X is defined by

A(x) =
∑

n�1

xnun ∀ x = {xn}n�1 ∈ l1.

Show that A is weakly compact.

Problem 2.40��

Let X be an infinite dimensional Banach space and let A ∈ Lc(X).
Show that 0 ∈ σ(A).

Problem 2.41��

Let A ∈ L(L2(0, 1)) be defined by

A(u)(t) = tu(t) ∀ t ∈ [0, 1].

Show that σp = ∅ (that is, A has no eigenvalues) and [0, 1] ⊆ σ(A).

Problem 2.42��

Let H be a Hilbert space and let A ∈ L(H) be self-adjoint. Show that:
(a) ‖A‖L = sup

‖u‖H�1
(A(u), u)H ;

(b) all eigenvalues of A are real and eigenvectors corresponding to
distinct eigenvalues are orthogonal.

Problem 2.43��

Suppose that H is a Hilbert space, A ∈ L(H) is a self-adjoint operator
and λ ∈ C. Show that λ ∈ σ(A) if and only if

inf
‖u‖H=1

‖(λIH −A)(u)‖H = 0.
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Problem 2.44��

Suppose that H is a Hilbert space, A ∈ L(H) is a self-adjoint operator
and

m = inf
‖u‖H=1

(A(u), u)H and M = sup
‖u‖H=1

(A(u), u)H .

Show that σ(A) ⊆ [m,M ] and m,M ∈ σ(A).

Problem 2.45�

Suppose that X is a Banach space and A ∈ L(X) is such that A 	= 0,
A 	= IX and A is a projection (see Definition 2.27(c)). Show that
σp(A) = σ(A) = {0, 1}.

Problem 2.46��

Suppose that X is a Banach space, A ∈ L(X) and ξ ∈ C\{0}. Assume
that the series

∑

n�0

ξ−(n+1)An(u) converges for every u ∈ X. Show that

ξ ∈ �(A).

Problem 2.47��

Let X = Lp(0, 1) with 1 � p < +∞ and let A : X −→ X be defined by

A(u)(t) =

t
∫

0

u(s) ds ∀ t ∈ (0, 1).

Show that A ∈ Lc(X) and find σ(A) and σp(A).

Problem 2.48��

Let H be a Hilbert space and let A ∈ L(H) be a self-adjoint isomor-
phism of H which is positive (i.e., (A(u), u)H � 0 for all u ∈ H). Show
that

〈u, h〉 = (A(u), h)H ∀ u, h ∈ H

defines a new inner product on H and |u| = 〈u, u〉
1
2 is an equivalent

norm on H.

Problem 2.49�

Let X and Y be two Banach spaces and let L ∈ L(X;Y ). Suppose
that T, S ∈ L(Y ;X) are such that L◦T = IY +K and S ◦L = IX + ̂K

with K and ̂K compact operators. Show that L ∈ Fred (X;Y ).
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Problem 2.50�

Let X and Y be two Banach spaces, L ∈ Fred (X;Y ) and K ∈
Lc(X;Y ). Show that L+K ∈ Fred (X;Y ) and i(K) = i(L+K).

Problem 2.51��

Let X be a Hausdorff topological space and let ϕ : X −→ R be a
function. Show that:
(a) ϕ is a lower semicontinuous function if and only if the

multifunction u 
−→ Eϕ(u) is upper semicontinuous (where
Eϕ(u) = {λ ∈ R : ϕ(u) � λ});

(b) ϕ is an upper semicontinuous function if and only if the multi-
function u 
−→ Eϕ(u) is lower semicontinuous.

Problem 2.52��

Let X and Y be two Hausdorff topological spaces and let F : X −→
2Y \ {∅} be a multifunction with connected values which is upper
semicontinuous or lower semicontinuous. Show that F maps connected
sets to connected sets.

Problem 2.53�

Let X and Y be two Hausdorff topological spaces and let F : X −→
2Y \{∅} be a multifunction. We introduce the multifunction F : X −→
Pf (X) defined by

F (u) = F (u) ∀ u ∈ X.

Show that F is lower semicontinuous if and only if F is lower semi-
continuous.
Is the result true for upper semicontinuous functions? Justify your
answer.

Problem 2.54��

Suppose that X is a Hausdorff topological space, Y is a normed space
and F : X −→ 2Y \ {∅} is a lower semicontinuous multifunction. Show
that the multifunctions u 
−→ convF (u) and u 
−→ convF (u) are both
lower semicontinuous.

Problem 2.55�

Suppose that X is a Hausdorff topological space, Y is a Banach space
and F : X −→ Pk(Y ) is an upper semicontinuous multifunction. Show
that the multifunction u 
−→ convF (u) is upper semicontinuous too.
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Problem 2.56��

Let X and Y be two Hausdorff topological spaces and let
F : X −→ 2Y \ {∅} be a multifunction. Show that:
(a) if F is Pk(Y )-valued and upper semicontinuous and K ∈ Pk(X),

then F (K) ∈ Pk(Y );
(b) if F : X −→ 2Y \ {∅} is closed, G : X −→ Pk(Y ) is upper semi-

continuous and F (u) ∩ G(u) 	= ∅ for all u ∈ X, then X � u 
−→
H(u) = F (u) ∩G(u) ∈ 2Y \ {∅} is upper semicontinuous.

(c) Is the intersection of two lower semicontinuous multifunctions nec-
essary a lower semicontinuous multifunction? Justify your answer.

Problem 2.57��

Let (X, dX ) be a metric space and suppose that ϕ ∈ C(X) is in the
closure of {dist(·, E) : E ∈ Pf (X)} for the topology of pointwise con-
vergence. Assume that D = {x ∈ X : ϕ(x) = 0} 	= ∅ and for each
u ∈ X we have dist(u,D) � ϕ(u). Show that ϕ(·) = dist(·, D)

Problem 2.58��

Let (X, dX ) be a metric space and let {Cn}n�1 ⊆ Pf (X) be a sequence

such that Cn
h−→ C ∈ Pk(X). Show that

C =
⋂

m�1

⋃

n�m

Cn =
⋂

ε>0

⋃

m�1

⋂

n�m

(Cn)ε,

where (Cn)ε = {u ∈ X : dist(u,Cn) < ε}.

Problem 2.59��

Let (X, dX ) be a metric space and let K ⊆ (Pf (X), h) be compact.
Show that the set

⋃

C∈K
C ⊆ X is closed.

Problem 2.60��

Let (X, dX ) be a metric space and let F be the family of finite subsets
of X. Show that F is dense in (Pf (X), h) if and only if X is totally
bounded.
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Problem 2.61�

Suppose that X, Y , and V are three Hausdorff topological spaces,
ϕ : X × Y −→ V is a continuous map, and M : X −→ 2Y \ {∅} is a
lower semicontinuous multifunction. We set

F (u) = ϕ(u,M(u)) ∀ u ∈ X.

Show that u 
−→ F (u) is lower semicontinuous form X into 2V \ {∅}.

Problem 2.62�

Suppose that X, Y , and V are three metric spaces, ϕ : X×Y −→ V is
a continuous map, and M : X −→ Pk(Y ) is an upper semicontinuous
multifunction. We set

F (u) = ϕ(u,M(u)) ∀ u ∈ X.

Show that u 
−→ F (u) is upper semicontinuous form X into Pk(V ).

Problem 2.63�

Let (X, dX ) be a metric space and suppose that (Pf (X), h) is compact.
Show that X is compact.

Problem 2.64��

Suppose that X and Y are two Hausdorff topological spaces, ϕ : X ×
Y −→ R

∗ = R ∪ {±∞} is a lower semicontinuous function and
F : X −→ 2Y \ {∅} is a lower semicontinuous multifunction. Let

v(u) = sup
y∈F (u)

ϕ(u, y)

(the value function). Show that v : X −→ R
∗ is lower semicontinu-

ous.

Problem 2.65��

Let X and Y be two Hausdorff topological spaces and let F : X −→
Pf (Y ) be a multifunction which is closed (see Definition 2.40) and
locally compact (see Proposition 2.45). Show that F is upper semi-
continuous.



310 Chapter 2. Nonlinear and Multivalued Maps

Problem 2.66��

Suppose that X and Y are two Hausdorff topological spaces, ϕ : X ×
Y −→ R is a continuous function, and F : X −→ Pk(X) is a continuous
multifunction. We define

v(u) = sup
y∈F (u)

ϕ(u, y) ∀ u ∈ X,

S(u) = {y ∈ F (x) : v(u) = ϕ(u, y)} ∀ u ∈ X.

Show that v : X −→ R is continuous and S : X −→ Pk(Y ) is upper
semicontinuous.

Problem 2.67�

Show that in general a lower semicontinuous multifunction need not be
h-lower semicontinuous and an h-upper semicontinuous multifunction
need not be upper semicontinuous (cf. Propositions 2.54 and 2.55).

Problem 2.68�

Suppose that X is a Hausdorff topological space, (Y, dY ) is a metric
space, and F : X −→ Pf (Y ) is an h-upper semicontinuous multifunc-
tion. Show that F is closed.

Problem 2.69�

Suppose that X is a Hausdorff topological space, (Y, dY ) is a metric
space and F : X −→ 2Y \ {∅} is an h-upper semicontinuous multi-
function. Show that for every y ∈ X the function u 
−→ ϕy(u) =
distY (y, F (u)) is lower semicontinuous.

Problem 2.70��

Let (X, dX ) be a complete metric space and let F : X −→ Pk(X) be a
multifunction such that

h(F (u), F (v)) � kdX (u, v) ∀ u, v ∈ X,

with k > 0. For any compact set K ⊆ X, we set RF (K) =
⋃

u∈K
F (u).

Show that:
(a) RF (K) ∈ Pk(X);
(b) RF : Pk(X) −→ Pk(X) is Lipschitz continuous with Lipschitz con-

stant k (on Pk(X) we consider the Hausdorff metric corresponding
to dX ).
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Problem 2.71��

Suppose thatX and Y are two Hausdorff topological spaces, F : X −→
2Y \{∅} is a lower semicontinuous multifunction, andG : X −→ 2Y \{∅}
is a multifunction with open graph. Suppose that

F (u) ∩G(u) 	= ∅ ∀ u ∈ X.

Show that the multifunction u 
−→ F (u) ∩ G(u) is lower
semicontinuous.

Problem 2.72��

Let X be a paracompact, perfectly normal topological space, let Y be
a Banach space, and let F : X −→ 2Y \ {∅} be a lower semicontinuous
multifunction with convex values. Show that for every r > 0, there
exists a continuous map h : X −→ Y such that

distY (h(u), F (u)) < r ∀ u ∈ X.

Problem 2.73��

Suppose thatX is a compact Hausdorff topological space, Y is a locally
convex vector space, and F : X −→ 2Y \ {∅} is a multifunction with
convex values. Assume that for every y ∈ Y , the set F−({y}) =
{u ∈ X : y ∈ F (u)} is open. Show that there exists a continuous map
f : X −→ Y such that f(u) ∈ F (u) for all u ∈ X.

Problem 2.74��

Let X and Y be two Banach spaces and let A ∈ L(X;Y ) be surjec-
tive. Show that there exists a continuous map f : Y −→ X such that
A(f(y)) = y for all y ∈ Y .

Problem 2.75�

Suppose that X is a paracompact space, Y is a Banach space,
C ∈ Pf (X) and F : X −→ Pfc(Y ) is a lower semicontinuous multi-
function. Show that any continuous selection of F |C can be extended
to a continuous selection of F .

Problem 2.76�

Suppose that X is metric space, ϕ : X −→ R is an upper semicontinu-
ous function and ψ : X −→ R is a lower semicontinuous function such
that ϕ(u) < ψ(u) for all u ∈ X. Show that there exists a continuous
function f : X −→ R such that

ϕ(u) < f(u) < ψ(u) ∀ u ∈ X.
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Problem 2.77��

Suppose that X is a Hausdorff topological space, Y is a topological
vector space, F : X −→ 2Y \ {∅} is a lower semicontinuous multifunc-
tion, ϕ ∈ C(X;Y ) and U is an open neighborhood of the origin in Y .
Assume that

H(u) = F (u) ∩
(

ϕ(u) + U
)

	= ∅ ∀ u ∈ X.

Show that the multifunction u 
−→ H(u) is lower semicontinuous from
X into Y .

Problem 2.78��

Suppose that X is a Hausdorff topological space, Y is a topological
vector space, and F,G : X −→ 2Y \ {∅} are two lower semicontinuous
multifunctions. Show that the multifunction X � u 
−→ H(u) =
F (u) +G(u) ∈ 2Y \ {∅} is lower semicontinuous.

Problem 2.79��

Let X be a paracompact space and let Y be a normed space. We say
that a multifunction F : X −→ 2Y \ {∅} is almost lower semicon-
tinuous (a-lsc for short), if for every ε > 0 and every u ∈ X, there
exists U ∈ N (u) (where N (u) is the filter of neighborhoods of u) such
that

⋂

u′∈U
F (u′)ε 	= ∅

(recall that F (u′)ε = {y ∈ Y : distY (y, F (u′)) < ε)}). Show that, if
F is an almost lower semicontinuous multifunction and has convex
values, then for every ε > 0 there exists fε ∈ C(X;Y ) such that
distY (fε(u), F (u)) < ε for all u ∈ X.

Problem 2.80�

Suppose that X is a paracompact space, Y is a Banach space,
F : X −→ Pfc(Y ) is a lower semicontinuous multifunction and (û, ŷ) ∈
GrF . Show that there exists a continuous selector ̂f of F such that
̂f(û) = ŷ.

Problem 2.81�

Suppose that X and Y are two Hausdorff topological spaces, D ⊆ X
is a set and F : X −→ 2Y \ {∅} is a multifunction which is lower
semicontinuous on D \D. Show that F (D) ⊆ F (D).
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Problem 2.82�

Show that the Cartesian product of two lower semicontinuous multi-
functions is lower semicontinuous. Is this also true for upper semicon-
tinuous multifunctions? Justify your answer.

Problem 2.83���

Suppose that (X, dX ) is a metric space, Y is a Banach space and
F : X −→ 2Y \ {∅} is an upper semicontinuous multifunction with con-
vex values. Show that for every ε > 0, we can find a locally Lipschitz
function fε : X −→ Y such that

fε(X) ⊆ convF (X) and h∗(Gr fε,GrF ) < ε.

Problem 2.84���

Suppose that X is a metric space, Y is a Banach space, W ⊆ X is
an open set, K ⊆ W is a compact set and F : W −→ 2Y \ {∅} is an
upper semicontinuous multifunction with convex values. Show that for
every ε > 0, there exists an open neighborhood Vε of K and a locally
Lipschitz function fε : Vε −→ convF (K) with finite dimensional range
such that

fε(u) ∈ F (K ∩Bε(u)) + εB1 ∀ u ∈ Vε.

Problem 2.85��

Suppose that X is a compact topological space and F : X −→ Pf (X)
is an upper semicontinuous multifunction. Show that there exists a
nonempty closed set C ⊆ X such that F (C) = C.

Problem 2.86��

Find a compact valued multifunction which is closed but not upper
semicontinuous.

Problem 2.87��

Let X be a Banach space and let K ⊆ X be a nonempty set which
is boundedly compact (respectively boundedly w-compact), i.e., for
every r > 0, the set K ∩Br is compact (respectively w-compact). Let

proj
K
(u) = {h ∈ K : ‖u− h‖X = dist(u,K)} .

Show that the multifunction u 
−→ proj
K
(u) (known as the metric

projection on K) is upper semicontinuous from X into X (respec-
tively from X into Xw, where Xw denotes the Banach space X fur-
nished with the weak topology).
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Problem 2.88��

Suppose thatX is a Banach space,X∗ is its topological dual, F : X −→
2X

∗ \ {∅} is the duality map. Show that F is upper semicontinuous
from X with norm topology into X∗

w∗ (X∗
w∗ denoting X∗ with the

w∗-topology).

Problem 2.89��

Let X be a metric space and let F : X −→ Pk(X) be a lower semicon-
tinuous and closed multifunction with connected values. Show that F
is continuous.

Problem 2.90�

Produce an upper semicontinuous multifunction with closed and con-
vex values which does not have a continuous selector.

Problem 2.91��

Let T and X be two separable metric spaces which are Borel sets in
their respective completions (that is, T and X are Borel spaces) and
let F : T −→ Pfc(X) be a measurable multifunction with σ-compact
values. Show that for every closed set C ⊆ X, we have F−(C) ∈ B(X).

Problem 2.92�

Suppose that (Ω,Σ) is a measurable space, X is a Polish space and
ϕ : X −→ Ω is a map such that:

(i) for every ω ∈ Ω, ϕ−1({ω}) ∈ Pf (X); and

(ii) for every open set V ⊆ X, ϕ(V ) ∈ Σ.

Show that there exists a Σ-measurable map f : Ω −→ X such that
ϕ(f(ω)) = ω for all ω ∈ Ω.

Problem 2.93��

Suppose that (Ω,Σ) is a measurable space, X is a separable metric
space and F : Ω −→ Pk(X) is a multifunction. Show that F is mea-
surable if and only if F−(C) ∈ Σ for every closed set C ⊆ X.

Problem 2.94��

Suppose that (Ω,Σ) is a measurable space, X is a separable metric
space, and F : Ω −→ Pf (X) is a measurable multifunction. Show that
for every compact set K ⊆ X, we have F−(K) ∈ Σ.
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Problem 2.95��

Suppose that (Ω,Σ) is a measurable space, X is a separable metric
space, Y is a metric space, ϕ : Ω × X −→ Y is a Carathéodory map
(i.e., for all u ∈ X, the function ω 
−→ ϕ(ω, u) is Σ-measurable, while
for every ω ∈ Ω, the function u 
−→ ϕ(ω, u) is continuous) and U ⊆ Y
is a nonempty open set. Show that the multifunction F : Ω −→ 2X

defined by
F (ω) = {u ∈ X : ϕ(ω, u) ∈ U} .

is measurable.

Problem 2.96��

LetX and Y be two σ-compact metric spaces and let F : X −→ 2Y \{∅}
be a closed multifunction. Show that F is measurable.

Problem 2.97���

Suppose that (Ω,Σ) is a measurable space, X is a separable metric
space and {Fn : Ω −→ Pf (X)}n�1 is a sequence of measurable multi-
functions. Suppose that at least one of them is compact valued. Show
that the map ω 
−→ H(ω) =

⋂

n�1

Fn(ω) is measurable.

Problem 2.98��

Suppose that (Ω,Σ) is a measurable space, X is a Polish space, Y is a
metric space, ϕ : Ω×X −→ Y is a Carathéodory map, U : Ω −→ Pf (X)
is a measurable multifunction, and

G(ω) = ϕ(ω,U(ω)) ∀ ω ∈ Ω.

Show that G : Ω −→ Y is measurable.

Problem 2.99��

Suppose that (Ω,Σ) is a measurable space, X is a Polish space,
F : Ω −→ Pk(X) is a measurable multifunction, and g : Ω −→ X is
a Σ-measurable function. Show that there exists a Σ-measurable sel-
ector f of F such that

dist(g(ω), F (ω)) = dX (g(ω), f(ω)) ∀ ω ∈ Ω.

Problem 2.100�

Suppose that (Ω,Σ) is a measurable space, X is a σ-compact metric
space, and F : Ω −→ Pf (X) is a multifunction such that F−(K) ∈ Σ
for every K ∈ Pk(X). Show that F is measurable.
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Problem 2.101���

Suppose that (Ω,Σ) is a complete measurable space, X is a Polish
space, Y is a σ-compact Polish space, and F : Ω −→ Pf (X × Y ) is a
multifunction. We define the multifunction G : Ω × X −→ Pf (Y ) by
setting

G(ω, u) = {y ∈ Y : (u, y) ∈ F (ω)} ∀ (ω, u) ∈ Ω×X.

Show that F is measurable if and only if G is measurable.

Problem 2.102�

Suppose that (Ω,Σ) is a complete measurable space, X is a separable
Banach space and F : Ω −→ 2X \ {∅} is a graph measurable multi-
function (see Definition 2.61(b)). Show that for every u∗ ∈ X∗, the
map

ω 
−→ σ
F (ω)

(u∗) = sup
u∈F (ω)

〈u∗, u〉

is Σ-measurable.

Problem 2.103���

Suppose that (Ω,Σ) is a measurable space, X is a separable Banach
space, and F : Ω −→ Pwkc(X) is a multifunction. Show that F is
measurable if and only if for every u∗ ∈ X∗, the map ω 
−→ σ

F (ω)
(u∗)

in Σ-measurable.

Problem 2.104��

Suppose that (Ω,Σ) is a complete measurable space, X is a Souslin
space ϕ : Ω×X −→ R

∗ is a jointly measurable function and F : Ω −→
2X \ {∅} is a graph measurable multifunction. We define

m(ω) = inf
u∈F (ω)

ϕ(ω, u) ∀ ω ∈ Ω.

Show that m : Ω −→ R
∗ is Σ-measurable.

Problem 2.105��

(a) Suppose that (Ω,Σ) is a measurable space, X is a separable Ba-
nach space and F : Ω −→ Pf (X) is a measurable multifunction.
Show that multifunctions ω 
−→ convF (ω) and ω 
−→ convF (ω)
are both measurable.
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(b) Suppose that (Ω,Σ) is a complete measurable space, X is a sepa-
rable Banach space and F : Ω −→ 2X \{∅} is a graph measurable
multifunction. Show that the multifunction ω 
−→ convF (ω) is
measurable.

Problem 2.106�

Suppose that (Ω,Σ) is a measurable space, X is a separable Banach
space, and u : Ω −→ X and � : Ω −→ (0,+∞) are Σ-measurable func-
tions. Show that the multifunction

Ω � ω 
−→ B�(ω)(u(ω)) = {y ∈ X : ‖y − u(ω)‖X < �(ω)}

is measurable.

Problem 2.107��

Suppose that (Ω,Σ) is a measurable space, X is a compact metric
space, and ϕ : Ω×X −→ R is a Carathéodory function (see Prob-
lem 2.95). Show that the multifunction F : Ω −→ 2X defined by

F (ω) = {u ∈ X : ϕ(ω, u) = 0}

is measurable.

Problem 2.108��

We suppose that (Ω,Σ) and (T, T ) are two measurable spaces with Σ
being complete (i.e., Σ = ̂Σ; see Definition I.4.45), X is a Souslin space,
F : Ω −→ 2X \ {∅}, and G : Ω −→ 2T \ {∅} are two graph measurable
multifunctions, h : Ω×X −→ T is a (Σ× B, T )-measurable map and

h(ω, F (ω)) ∩G(ω) 	= ∅ ∀ ω ∈ Ω.

Show that there exists a Σ-measurable selector f : Ω −→ X of F such
that

h(ω, f(ω)) ∈ G(ω) ∀ ω ∈ Ω.

Problem 2.109�

Suppose that (Ω,Σ) is a complete measurable space, X is a Polish
space and {Fn : Ω −→ Pf (X)}n�1 is a sequence of measurable multi-
functions. Show that the multifunctions

ω 
−→ G(ω) =
⋃

n�1

Fn(ω) and ω 
−→ H(ω) =
⋂

n�1

Fn(ω)

are both measurable.
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Problem 2.110��

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X is a separable
Banach space and F : Ω −→ 2X \ {∅} is a multifunction with GrF ∈
Σμ × B(X) (Σμ being the μ-completion of Σ; see Definition I.4.45).
Show that for 1 � p � +∞, we have Sp

F 	= ∅ (see Theorem 2.72) if and
only if

inf
u∈F (ω)

‖u‖X � ϑ(ω) for μ-a.a. ω ∈ Ω,

with ϑ ∈ Lp(Ω)+.

Problem 2.111��

Suppose that (Ω,Σ, μ) is a complete σ-finite measure space, X is a
Polish space and {Fn : Ω −→ Pf (X)}n�1 is a sequence of measurable
multifunctions. Show that the multifunctions

ω 
−→ lim inf
n→+∞ Fn(ω) and ω 
−→ lim sup

n→+∞
Fn(ω)

(see Definition 2.88) are both measurable.

Problem 2.112��

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X is a separable
Banach space and F : Ω −→ 2X\{∅} a graph measurable multifunction
such that Sp

F 	= ∅ with 1 � p < ∞. Show that we can find a sequence
{fn}n�1 ⊆ Sp

F such that

F (ω) ⊆ {fn(ω)}n�1 for μ-a.a. ω ∈ Ω.

Problem 2.113��

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X is a separable
Banach space, F : Ω −→ Pf (X) a graph measurable multifunction
such that Sp

F 	= ∅ with 1 � p < +∞, {fn}n�1 ⊆ Sp
F is a sequence such

that

F (ω) = {fn(ω)}n�1 for μ-a.a. ω ∈ Ω

(see Problem 2.112), f ∈ Sp
F and ε > 0. Show that there exists a finite

Σ-partition {A1, . . . , Al} of Ω such that

∥

∥f −
l

∑

k=1

χAk
fk
∥

∥

X
< ε.



2.2. Problems 319

Problem 2.114��

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X is a separa-
ble Banach space and F,G : Ω −→ Pf (X) are two measurable mul-
tifunctions such that Sp

F , S
p
G 	= ∅ with some 1 � p � +∞. Set

H(ω) = F (ω) +G(ω). Show that Sp
H = Sp

F + Sp
G.

Problem 2.115��

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X is a separable
Banach space, F : Ω −→ 2X \ {∅} a graph measurable multifunction
such that Sp

F 	= ∅ with 1 � p < +∞. Show that

convSp
F = Sp

convF .

Problem 2.116��

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X is a separable
Banach space, F : Ω −→ 2X \ {∅} a graph measurable multifunction

such that Sp
F 	= ∅ with 1 � p < +∞. Show that Sp

F = Sp

F
.

Problem 2.117���

Suppose that (Ω,Σ, μ) is a σ-finite nonatomic measure space, X,Y
are two Banach spaces with Y having the RNP (see Definition 1.45),
D ⊆ Lp(Ω;X) (with 1 � p < +∞) is a decomposable set (see Defini-
tion 2.70) and T ∈ L(Lp(Ω;X);Y ). Show that the set T (D) ⊆ Y is
convex.

Problem 2.118���

Suppose that (Ω,Σ, μ) is a σ-finite nonatomic measure space, X is a
Banach space, D ⊆ Lp(Ω;X) (with 1 � p < +∞) is a decomposable
set which is w-closed. Show that the set D is convex.

Problem 2.119��

Suppose that (Ω,Σ, μ) is a σ-finite nonatomic measure space, X is
a separable Banach space, and F : Ω −→ 2X \ {∅} is a graph mea-
surable multifunction, such that Sp

F 	= ∅ (with 1 � p < +∞). Show

that Sp
F

w
= Sp

convF (here by w we denote the weak topology on the
Lebesgue–Bochner space Lp(Ω;X)).

Problem 2.120��

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X is a separable
Banach space and F,G : Ω −→ 2X \ {∅} are two graph measurable
multifunction, such that Sp

F = Sp
G for some 1 � p � +∞. Show that

F (ω) = G(ω) for μ-almost all ω ∈ Ω.
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Problem 2.121��

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X is a separable
Banach space, and F : Ω −→ 2X \ {∅} is a graph measurable multi-
function.
(a) Suppose that Sp

F (with 1 � p < +∞) is nonempty and closed.
Show that F (ω) ∈ Pf (X) for μ-almost all ω ∈ Ω.

(b) Suppose that μ is nonatomic and Sp
F (with 1 � p < +∞) is

nonempty, closed, and convex. Show that F (ω) ∈ Pfc(X) for
μ-almost all ω ∈ Ω.

Problem 2.122��

Suppose that (Ω,Σ, μ) is a nonatomic, σ-finite measure space, X is a
separable Banach space and F : Ω −→ 2X \ {∅} is a graph measurable
multifunction with S1

F 	= ∅. Show that the set cl
∫

Ω

F dμ ⊆ X is convex

(see Definition 2.85).

Problem 2.123�

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X is a separable
Banach space and F : Ω −→ Pwkc(X) is a graph measurable and inte-
grably bounded multifunction. Show that

∫

Ω

F (ω) dμ ∈ Pwkc(X).

Problem 2.124�

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X is a separable
Banach space and F : Ω −→ 2X \ {∅} is a graph measurable multi-
function with S1

F 	= ∅. Show that

σ
S1
F

(h∗) =

∫

Ω

σ
F (ω)

(h∗(ω)) dμ ∀ h∗ ∈ L∞(Ω;X∗
w∗).

Problem 2.125��

Suppose that V is a Polish space, X is a separable metric space,
μ : B(V ) −→ R is a finite Borel measure on V and F : V −→ Pf (X) is
a measurable multifunction. Show that for every ε > 0, there exists a
compact set Kε ⊆ V with μ(V \Kε) < ε such that F |Kε

is closed.

Problem 2.126��

Suppose that V is a Polish space, X is a separable metric space,
μ : B(V ) −→ R is a finite Borel measure on V and F : V −→ Pf (X) is
a measurable multifunction. Show that for every ε > 0, there exists
a compact set Kε ⊆ V with μ(V \ Kε) < ε such that F |Kε

is lower
semicontinuous.
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Problem 2.127�

Suppose that (Ω,Σ) and (T, T ) are two measurable spaces, X is a
separable metric space and F : Ω×T −→ Pf (X) is a Σ×T -measurable
multifunction. Fix t0 ∈ T and let u0 be a Σ-measurable selector of
F (·, t0). Show that given ε > 0, we can find a Σ × T -measurable
selector ̂f of F such that

dX (
̂f(ω, t0), u0(ω)) � ε ∀ ω ∈ Ω.

Problem 2.128�

Suppose that (Ω,Σ) is a complete measurable space, X is a Souslin
space and F : Ω −→ 2X is a graph measurable multifunction. Show
that for every D ∈ B(X), we have F−(D) ∈ Σ.

Problem 2.129��

Suppose that (Ω,Σ) is a complete measurable space, X is a Polish
space and F : Ω −→ 2X \ {∅} is a graph measurable multifunction.
Show that the multifunction ω 
−→ ∂F (ω) is measurable and ω 
−→
intF (ω) is graph measurable (where ∂F (ω) denotes the boundary of
F (ω)).

Problem 2.130��

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X is a separable
Banach space and F : Ω −→ 2X \ {∅} is a graph measurable multi-
function with open values such that S1

F 	= ∅. Show that for every set
A ∈ Σ, the set

∫

A

F dμ ⊆ X is open.

Problem 2.131��

Suppose that (Ω,Σ, μ) is a finite measure space, X is a separable Ba-
nach space and F : Ω −→ 2X \{∅} is a graph measurable multifunction
such that S1

F 	= ∅, F (ω) is convex for all ω ∈ Ω and

intF (ω) 	= ∅ for μ-a.a. ω ∈ Ω.

Show that

int

∫

A

F dμ =

∫

A

intF dμ ∀ A ∈ Σ.

Problem 2.132��

Suppose that (Ω,Σ, μ) is a finite measure space, X is a Banach space
and D ⊆ L1(Ω;X) is a bounded and decomposable set. Show that D
is uniformly integrable.
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Problem 2.133��

Let T = [0, b] and let F : T −→ Pkc(R
N ) be a graph measurable and

integrably bounded multifunction. For every t ∈ T we set

V (t) =

t
∫

0

F (s) ds.

Show that V : T −→ Pkc(R
N ) is h-continuous and continuous and the

set CSV of continuous selectors of V is nonempty and compact in
C(T ;RN ).

Problem 2.134�

Let X be a Banach space and let {An}n�1 ⊆ 2X \ {∅} be a sequence
of sets. Show that for every u ∈ X, we have

lim sup
n→+∞

dist(u,An) � dist(u, s–lim inf
n→+∞ An).

Problem 2.135�

Suppose that X is a Banach space, C ⊆ X is a nonempty, w-closed
set such that for every r > 0, we have C ∩ Br ∈ Pwk(X) (where
Br = {u ∈ X : ‖u‖X � r}) and {An}n�1 ⊆ 2X \ {∅} is a sequence of
sets such that An ⊆ C for all n � 1. Show that for every u ∈ X, we
have

dist(u,w–lim sup
n→+∞

An) � lim inf
n→+∞ dist(u,An).

Problem 2.136�

Suppose that X is a reflexive Banach space, A ∈ Pfc(X), {An}n�1 ⊆
Pfc(X) is a sequence such that An

M−→ A and {un}n�1 ⊆ X is a
sequence such that un −→ u in X. Show that dist(un, An) −→
dist(u,A).

Problem 2.137��

Suppose that (Ω,Σ) is a measurable space, X is a σ-compact metric
space and {Fn : Ω −→ Pf (X)}n�1 is a sequence of measurable multi-
functions with

lim sup
n→+∞

Fn(ω) 	= ∅ ∀ ω ∈ Ω.

Show that the multifunction ω 
−→ H(ω) = lim sup
n→+∞

Fn(ω) is

measurable.
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Problem 2.138�

Suppose that X is a Banach space, A ∈ 2X \ {∅}, {An}n�1 ⊆ 2X \ {∅}
is a sequence such that

lim sup
n→+∞

dist(u,An) � dist(u,A) ∀ u ∈ X.

Show that A ⊆ s–lim inf
n→+∞ An.

Problem 2.139��

Assume that X is a Banach space, C ∈ Pwk(X) and {An}n�1 ⊆
2X \ {∅} is a sequence such that An ⊆ C for all n � 1. Show that
w–lim sup

n→+∞
An 	= ∅ and

σ
w–lim sup
n→+∞

An
(u∗) = lim sup

n→+∞
σAn

(u∗) ∀ u∗ ∈ X∗.

Problem 2.140�

Suppose that X is a Banach space, A ∈ 2X \ {∅} and {An}n�1 ⊆
2X \ {∅} is a sequence such that

lim sup
n→+∞

σAn
(u∗) � σA(u

∗) ∀ u∗ ∈ X∗.

Show that w–lim sup
n→+∞

An ⊆ convA.

Problem 2.141���

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X is a Banach space,
h ∈ Lp(Ω;X), {hn}n�1 ⊆ Lp(Ω;X) (with 1 � p < +∞) is a sequence

such that hn
w−→ h in Lp(Ω;X) and

hn(ω) ∈ G(ω) ∈ Pwk(X) for μ-a.a. ω ∈ Ω.

Show that

h(ω) ∈ conv w–lim sup
n→+∞

{hn(ω)} for μ-a.a. ω ∈ Ω.

Problem 2.142���

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X and Y are two
separable Banach spaces and F : Ω×X −→ Pfc(Y ) is a multifunction
such that:
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(i) for all u ∈ X, the multifunction ω 
−→ F (ω, u) is graph
measurable;

(ii) for μ-almost all ω ∈ Ω, the multifunction u 
−→ F (ω, u) has a
graph which is closed in X × Yw (where Yw denotes the Banach
space Y with the w-topology);

(iii) F (ω, u) ⊆ G(ω) for μ-almost all ω ∈ Ω, all u ∈ X with a graph
measurable and integrably bounded multifunction G : Ω −→
Pwkc(Y ).

Show that S1
F (·,v(·)) 	= ∅ for any v ∈ L1(Ω;X).

Problem 2.143�

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X is a separable
Banach spaces, and {hn}n�1 ⊆ L1(Ω;X) is a sequence which is uni-
formly integrable and such that

{hn(ω)}
w

n�1 ∈ Pwk(X) for μ-a.a. ω ∈ Ω.

Show that the sequence {hn}n�1 ⊆ L1(Ω;X) is relatively w-compact.

Problem 2.144�

Suppose that (Ω,Σ, μ) is a finite measure space, h ∈ L1(Ω), {hn}n�1 ⊆
L1(Ω) is a sequence such that hn

w−→ h in L1(Ω) and assume that at
least one of the following conditions holds:
(i) h(ω) � lim inf

n→+∞ hn(ω) for μ-almost all ω ∈ Ω; or

(ii) lim sup
n→+∞

hn(ω) � h(ω) for μ-almost all ω ∈ Ω.

Show that hn −→ h in L1(Ω).

Problem 2.145��

Show that in general for a sequence {An}n�1 ⊆ Pf (X) in a Banach
space X, the set w–lim sup

n→+∞
An need not be closed or weakly closed.

Problem 2.146�

Let X be a Banach space and let {An}n�1 ⊆ Pfc(X) be a sequence
such that

An+1 ⊆ An (respectively An+1 ⊇ An) ∀ n � 1.

Show that An
M−→

⋂

n�1

An (respectively An
M−→

⋃

n�1

An).
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Problem 2.147��

Suppose that (Ω,Σ, μ) is a σ-finite measure space, X and Y are two
separable
Banach spaces and F : Ω × X −→ 2Y \ {∅} is a multifunction such
that:
(i) F is measurable on Ω×X;
(ii) for μ-almost all ω ∈ Ω, the multifunction u 
−→ F (ω, u) is lower

semicontinuous;
(iii) there exists ξ ∈ L1(Ω) such that

|F (ω, u)| = sup
y∈F (ω,u)

‖y‖Y � ξ(ω) for μ-a.a. ω ∈ Ω, all u ∈ X.

Show that the multifunction h 
−→ S1
F (·,h(·)) is lower semicontinuous

from L1(Ω;X) into L1(Ω;Y ).

Problem 2.148�

LetX be a Banach space and let A : X ⊇ D(A) −→ 2X
∗
be a monotone

map with D(A) 	= ∅. Show that there exists a maximal monotone
extension ̂A : X ⊇ D( ̂A) −→ 2X

∗
of A (that is, a maximal monotone

map ̂A : X ⊇ D( ̂A) −→ 2X
∗
such that GrA ⊆ Gr ̂A).

Problem 2.149��

Let X be a Banach space and let A : X ⊇ D(A) −→ 2X
∗
be a maximal

monotone map. Show that GrA is closed in Xw ×X∗ and in X ×X∗
w∗

(here Xw (respectively X∗
w∗) denotes the Banach space X (respectively

X∗) furnished with the weak (respectively weak∗) topology). Can we
say that GrA is closed in Xw ×X∗

w∗? Justify your answer.

Problem 2.150�

Suppose that T = (0, b), H is a Hilbert space, and u0 ∈ H. We define
A : L2(T ;H) ⊇ D(A) −→ L2(T ;H) by

A(u) = d
dtu ∀ u ∈ D(A) =

{

u ∈ W 1,2(T ;H) : u(0) = u0
}

(see Problem 1.104). Show that A is maximal monotone.

Problem 2.151��

Let X be a finite dimensional Banach space and let A : X −→ X∗ be
a monotone map with D(A) = X which is also hemicontinuous (see
Definition 2.110(b)). Show that A is continuous.
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Problem 2.152��

Let X be a Banach space and let A : X −→ X∗ be a monotone map
with D(A) = X. Show that A is demicontinuous if and only if it is
hemicontinuous.

Problem 2.153�

Let Ω ⊆ R
N be a bounded open set with a Lipschitz boundary ∂Ω,

1 < p < +∞ and let a : RN −→ R
N be a continuous and monotone

map satisfying the following growth condition

|a(y)| � c(1 + |y|p−1) ∀ y ∈ R
N ,

for some c > 0. For every u ∈ W 1,p
0 (Ω), let A(u) = −div a(Du). Show

that A : W 1,p
0 (Ω) −→ W−1,p′(Ω) = W 1,p

0 (Ω)∗ (where 1
p + 1

p′ = 1) is
bounded (that is, maps bounded sets to bounded ones), continuous,
and maximal monotone.

Problem 2.154��

Let Ω ⊆ R
N be a bounded open set with a Lipschitz boundary ∂Ω,

1 < p < +∞ and let a : RN −→ R
N be a continuous and monotone

map satisfying the following conditions

|a(y)| � c(1 + |y|p−1) ∀ y ∈ R
N ,

for some c > 0 and

(a(y), y)
RN � ĉ|y|p ∀ y ∈ R

N ,

for some ĉ > 0. Let g ∈ W−1,p′(Ω) = W 1,p
0 (Ω)∗. Show that there

exists u ∈ W 1,p
0 (Ω) such that

−div a(Du) = g in W−1,p′(Ω).

Problem 2.155�

Let X be a reflexive Banach space and let A : X ⊇ D(A) −→ X∗ be
a linear monotone map. Show that the map A is maximal monotone
if and only if GrA is maximal among all linear monotone subsets
(graphs) of X ×X∗.

Problem 2.156��

Let X be a reflexive Banach space and let A : X −→ X∗ be a linear
demicontinuous monotone map. Show that A ∈ L(X;X∗).
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Problem 2.157��

LetX be a Banach space and let A : X ⊇ D(A) −→ 2X
∗
be a monotone

map which is lower semicontinuous at û ∈ D(A) ⊆ X into X∗
w∗ (where

X∗
w∗ denotes the space X∗ furnished with the w∗-topology). Show that

A(û) is a singleton.

Problem 2.158���

Let X be a separable Banach space and let A : X ⊇ D(A) −→ 2X
∗
be

a maximal monotone map with intD(A) 	= ∅. Show that the set

Γ = {u ∈ D(A) : A(u) is not a singleton}
is of first category.

Problem 2.159��

Show that the duality map of a Banach space X is linear if and only
if X is a Hilbert space.

Problem 2.160���

Suppose that X is a reflexive Banach space, A : X ⊇ D(A) −→
2X

∗
is a monotone map, and C is a closed convex set such that

D(A) ⊆ C. Show that there exists a maximal monotone map
̂A : X ⊇ D( ̂A) −→ 2X

∗
such that GrA ⊆ Gr ̂A and D( ̂A) ⊆ C.

Problem 2.161��

Let X be a reflexive Banach space with X and X∗ both locally
uniformly convex (which is always possible thanks to the Troyanski
renorming theorem; see Theorem I.5.192 or Remark 2.115) and let
A : X ⊇ D(A) −→ 2X

∗
be a maximal monotone map. Show that for

every u ∈ X and for every λ > 0, there exists unique uλ ∈ D(A) such
that 0 ∈ λA(uλ) + F(uλ − u).

Remark. According to this problem, for every λ > 0 we can define
the map Jλ : X −→ D(A) by setting

Jλ(u) = uλ ∈ D(A)

and then the map Aλ : X −→ X∗ by setting

Aλ(u) = − 1
λF(uλ − u) = 1

λF(u− uλ).

The map Jλ is called the resolvent of A and Aλ is called the Yosida
approximation of A. They are extensions to Banach spaces of the
items introduced in Definition 2.122.
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Problem 2.162��

Suppose that X is a reflexive Banach space, A : X ⊇ D(A) −→ 2X
∗

is a maximal monotone map, {(un, u∗n)}n�1 ⊆ GrA is a sequence such

that un
w−→ u in X and u∗n

w−→ u∗ in X∗ and assume that

lim sup
n,k→+∞

〈u∗n − u∗k, un − uk〉 � 0 or lim sup
n→+∞

〈u∗n − u∗, un − u〉 � 0.

Show that (u, u∗) ∈ GrA and 〈u∗n, un〉 −→ 〈u∗, u〉.

Problem 2.163���

Let X be a reflexive Banach space with X and X∗ both locally uni-
formly convex. Show that for every λ > 0, the Yosida approximation
Aλ : X −→ X∗ (see the Remark after Problem 2.161) is everywhere de-
fined, single valued, monotone, bounded, demicontinuous and satisfies

Aλ(u) ∈ A(Jλ(u)) ∀ u ∈ X

and Jλ : X −→ D(A) is continuous.

Problem 2.164��

Let X be a reflexive Banach space with X and X∗ both locally uni-
formly convex and let A : X ⊇ D(A) −→ 2X

∗
be a maximal monotone

map. Show that

Aλ(u) −→ A0(u) in X∗ as λ ↘ 0 ∀ u ∈ D(A),

with A0(u) ∈ A(u) such that

‖A0(u)‖X∗ = inf
u∗∈A(u)

‖u∗‖X∗

(the minimal section of A) and

Jλ(u) −→ u in X as λ ↘ 0 ∀ u ∈ convD(A).

Problem 2.165��

Let X be a reflexive Banach space and let A : X ⊇ D(A) −→ 2X
∗
be a

maximal monotone map. Show that D(A) and R(A) are both convex.

Problem 2.166��

Let A : RN −→ R
N be a surjective monotone map. Show that

lim
|u|→+∞

|A(u)| = +∞.
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Problem 2.167�

Let A : R
N −→ R

N be a monotone map on Br+ε =
{

u ∈ R
N : |u| < r + ε

}

(where r, ε > 0). Show that the set
A(Br) ⊆ R

N is bounded.

Problem 2.168��

Suppose that T = (a, b), H is a Hilbert space, u0 ∈ H and
A : L2(T ;H) ⊇ D(A) −→ L2(T ;H) is defined by

A(u) = d
dtu ∀ u ∈ D(A),

with D(A) =
{

u ∈ W 1,2(T ;H) : u(0) = u0
}

(see Problem 1.104).
Find the resolvent JA

1 (see Definition 2.122).

Problem 2.169��

Let X be a reflexive Banach space and let A : X −→ X∗ be an every-
where defined uniformly monotone and hemicontinuous map. Show
that A is surjective.

Problem 2.170��

Suppose that X is a reflexive Banach space and A : X ⊇ D(A) −→ 2X
∗

is a bounded map (that is, A maps bounded sets to bounded sets)
which satisfies the following condition: if {(un, u∗n)}n�1 ⊆ GrA

is a sequence such that un
w−→ u in X, u∗n

w∗
−→ u∗ in X∗ and

lim sup
n→+∞

〈u∗n, un − u〉 � 0, then (u, u∗) ∈ GrA. Show that A is upper

semicontinuous from every finite dimensional subspace of X into X∗
w

(where X∗
w denotes the space X∗ furnished with the w-topology).

Problem 2.171��

Suppose that X is a reflexive Banach space and A : X ⊇ D(A) −→ 2X
∗

and C : X ⊇ D(C) −→ X∗ are two monotone maps with D(C) = X.
Assume that the map u 
−→ (A+ C)(u) is maximal monotone. Show
that A is maximal monotone.

Problem 2.172��

Suppose that (Ω,Σ, μ) is a σ-finite measure space, H is a Hilbert space,
A : H ⊇ D(A) −→ 2H is a maximal monotone map with (0, 0) ∈ GrA
and ̂A : L2(Ω;H) ⊇ D( ̂A) −→ L2(Ω;H) is the realization of A on the
Hilbert space L2(Ω;H), that is,

̂A(u) =
{

h ∈ L2(Ω;H) : h(ω) ∈ A(u(ω)) for μ-a.a. ω ∈ Ω
}
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for all u ∈ D( ̂A) =
{

v ∈ L2(Ω;H) : S2
A(v(·)) 	= ∅

}

. Show that ̂A is

maximal monotone and find its Yosida approximation ̂Aλ, for λ > 0.
If μ(Ω) < +∞, then we can drop the requirement that (0, 0) ∈ GrA.

Problem 2.173�

Given two maximal monotone maps A and C which are defined ev-
erywhere, is it true that R(A + C) = R(A) + R(C)? Justify your
answer.

Problem 2.174��

Suppose that (Ω,Σ) is a complete measurable space, X is a separa-
ble reflexive Banach space and for every ω ∈ Ω, the map A(ω) : X ⊇
D(A(ω)) −→ 2X

∗
is maximal monotone. Show that the following two

properties are equivalent:
(a) The multifunction ω 
−→ GrA(ω) is measurable from Ω into

Pf (X ×X∗).
(b) For every u∗ ∈ X∗, the map ω 
−→ (A(ω) + F)−1(u∗) is

Σ-measurable from Ω into X.

Problem 2.175��

Suppose that (Ω,Σ) is a complete measurable space, X is a separable
reflexive Banach space and

{A(ω) : X ⊇ D(A(ω)) = D(ω) −→ 2X
∗}ω∈Ω

is a family of maximal monotone maps satisfying property (a) (or
equivalently property (b)) in Problem 2.174. Show that:
(1) for every E ∈ B(X), we have D−(E)= {ω ∈ Ω : D(ω) ∩ E 	= ∅} ∈

Σ;
(2) for every u ∈ X, the multifunction ω 
−→ A(ω)(u) is measurable

from Ω into X∗;
(3) for every u ∈ X, we have Ω(u) = {ω ∈ Ω : u ∈ D(ω)} ∈ Σ and

the minimal section map ω 
−→ A0(ω)(u) (see Problem 2.164) is
Σ-measurable from Ω(u) into X∗.

Problem 2.176��

Suppose that X is a reflexive Banach space, A : X ⊇ D(A) −→ 2X
∗

is a maximal monotone surjective map with D(A) = X and C ⊆ X is
a nonempty, closed, and convex set. Show that the set A(C) ⊆ X∗ is
closed.
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Problem 2.177��

Suppose that X is a strictly convex (see Definition I.5.168 and
Remark I.5.169), reflexive Banach space with a strictly convex dual
X∗, A : X ⊇ D(A) −→ 2X

∗
and C : X ⊇ D(C) −→ 2X

∗
are two max-

imal monotone maps such that D(A) ∩D(C) 	= ∅. Show that for
every h∗ ∈ X∗, the set of solutions {uλ}λ>0 of the equations
h∗ ∈ (A+ Cλ + F)(uλ) remains bounded in X as λ ↘ 0.

Problem 2.178��

Let X be a Banach space and let u, y ∈ X. Show that the following
two properties are equivalent:
(a) ‖u‖X � ‖u+ λy‖X for all λ > 0.
(b) There exists u∗ ∈ F(u) such that 〈u∗, y〉 � 0.

Problem 2.179��

Suppose that X is a reflexive Banach space with a strictly convex dual
X∗ (see Definition I.5.168 and Remark I.5.169), F : X −→ X∗ is the
duality map, C ⊆ X is a nonempty and convex set and u0 ∈ C. Show
that ‖u0‖X = inf

u∈C
‖u‖X if and only if

〈F(u0), u0〉 � 〈F(u0), u〉 ∀ u ∈ C.

Problem 2.180�

Suppose that X is a reflexive Banach space with both X and X∗

being strictly convex, A : X ⊇ D(A) −→ 2X
∗
is a maximal monotone

multifunction, {λn}n�1 ⊆ R and {un}n�1 ⊆ X are two sequences such
that

λn −→ 0, un
w−→ u in X and Aλn(un)

w−→ y∗ in X∗

and
lim sup
n,m→+∞

〈Aλn(un)−Aλm(um), un − um〉 � 0.

Show that (u, y∗) ∈ GrA and

lim sup
n,m→+∞

〈Aλn(un)−Aλm(um), un − um〉 = 0.

Problem 2.181���

Suppose that X is a strictly convex reflexive Banach space with a
strictly convex dual X∗ (see Definition I.5.168 and Remark I.5.169),
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A : X ⊇ D(A) −→ 2X
∗
and C : X ⊇ D(C) −→ 2X

∗
are two maximal

monotone maps such that D(A) ∩D(C) 	= ∅. Show that if for every
λ > 0, uλ ∈ X is the unique solution of the operator inclusion

h∗ ∈ (A+ Cλ + F)(uλ)

and {Cλ(uλ)}λ>0 ⊆ X∗ is bounded as λ ↘ 0, then h∗ ∈ R(A+C+F).

Problem 2.182�

Let X be a reflexive Banach space and let A : X ⊇ D(A) −→ 2X
∗
be

a maximal monotone map. We set

m(u) = inf
u∗∈A(u)

‖u∗‖∗

(with inf ∅ = +∞). Show that the function m : X −→ R = R∪ {+∞}
is lower semicontinuous.

Problem 2.183��

Suppose that X is a reflexive Banach space, A : X ⊇ D(A) −→ 2X
∗

and C : X ⊇ D(C) −→ X∗ are two monotone maps such that
D(C) = X, R(A+ C) = X∗ and (A+ C)−1 is continuous. Show that
A is maximal monotone.

Problem 2.184��

Let X be a Banach space and let F be its duality map. Show that X
is reflexive if and only if R(F) = X∗.

Problem 2.185�

Let X be a locally uniformly convex Banach space with a strictly
convex dualX∗ (see Definition I.5.168 and Remark I.5.169). Show that
the duality map F : X −→ X∗ is of type (S)+ (see Definition 2.137).

Problem 2.186��

Suppose that X is a reflexive Banach space, A : X −→ X∗ is a demi-
continuous map of type (S)+, and K : X −→ X∗ is a compact map.
Show that the map T : X −→ X∗ defined by

T (u) = (A+K)(u) ∀ u ∈ X

is generalized pseudomonotone (see Definition 2.131).
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Problem 2.187��

Suppose that X is a reflexive Banach space, A : X −→ X∗ is a gen-
eralized pseudomonotone map with D(A) = X and K : X −→ X∗

is a map which is sequentially continuous from Xw (where Xw den-
otes the Banach space X furnished with the weak topology) into X∗

w

(where X∗
w denotes the Banach space X∗ furnished with the weak

topology) and such that the function u 
−→ ϕ(u) = 〈K(u), u〉 is
sequentially weakly lower semicontinuous. Let {un}n�1 ⊆ X be a

sequence such that un
w−→ u in X, (A + K)(un)

w−→ u∗ in X∗ and
lim sup
n→+∞

〈(A+K)(un), un − u〉 � 0. Show that u∗ ∈ (A+K)(u).

Problem 2.188�

Suppose that X is a reflexive Banach space, A : X ⊇ D(A) −→ 2X
∗

is a generalized pseudomonotone map and C ⊆ X is a nonempty,
bounded, and weakly closed set. Show that the set

A(C) = {u∗ ∈ X∗ : u∗ ∈ A(u) for some u ∈ C}

is strongly closed in X∗.

Problem 2.189��

Let H be a Hilbert space and let K : H −→ H be a compact map.
Show that the map u 
−→ u+K(u) is generalized pseudomonotone.

Problem 2.190��

Let X be a reflexive Banach space and let K : X −→ X∗ be a com-
pact map. Is K necessarily generalized pseudomonotone? Justify your
answer.

Problem 2.191�

LetX be a reflexive Banach space and let A : X −→ X∗ be a monotone
map which is sequentially weakly continuous. Show that the function
u 
−→ ϕ(u) = 〈A(u), u〉 is sequentially weakly lower semicontinuous.

Problem 2.192���

Let Ω ⊆ R
N be a bounded open set with a Lipschitz boundary and let

G : Ω× R
N −→ R satisfies:

(i) for all y ∈ R
N , the function z 
−→ G(z, y) is measurable;

(ii) for almost all z ∈ Ω, the function y 
−→ G(z, y) is C1, strictly
convex and G(z, 0) = 0;
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(iii) there exist â ∈ L∞(Ω) and 1 < p < +∞ such that

|∇yG(z, y)| � â(z)(1 + |y|p−1)

for almost all z ∈ Ω and all y ∈ R
N ;

(iv) we have
(∇yG(z, y), y)

RN � pG(z, y)

for almost all z ∈ Ω and all y ∈ R
N ;

(v) there exists c0 > 0 such that

c0|y|p � pG(z, y)

for almost all z ∈ Ω and all y ∈ R
N .

Let a(z, y) = ∇yG(z, y) and let A : W 1,p(Ω) −→ W 1,p(Ω)∗ be the
nonlinear map defined by

〈A(u), h〉 =

∫

Ω

(a(z,Du(z)), Dh(z))
RN dz ∀ u, h ∈ W 1,p(Ω).

Show that A is maximal monotone and of type (S)+.

Remark. If G(z, y) = G(y) = 1
p |y|p for all y ∈ R

N with 1 < p < +∞,

then a(y) = |y|p−2y for all y ∈ R
N and so A corresponds to the

p-Laplacian differential operator with Neumann boundary condition.

Problem 2.193��

Suppose that H is a Hilbert space, A : H ⊇ D(A) −→ 2H is a maximal
monotone map, and C : H ⊇ D(C) −→ H is a monotone map with
D(C) ⊆ H closed and satisfies

‖C(u)− C(y)‖H � k‖u− y‖H ∀ u, y ∈ D(C),

for some k ∈ (0, 1). Show that the map u 
−→ (A+ C)(u) is maximal
monotone.

Problem 2.194�

Let X be a reflexive Banach space and let A : X −→ X∗ be a demi-
continuous map of type (S)+. Show that A is pseudomonotone.

Problem 2.195��

Let X be a reflexive Banach space and let A : X −→ X∗ be a demicon-
tinuous, strongly coercive (see Definition 2.98(f)) and bounded map
which is of type (S)+. Show that A is surjective.
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Problem 2.196��

Let Ω ⊆ R
N (with N � 3) be a bounded open set and let

A : H1
0 (Ω) −→ H−1(Ω) = H1

0 (Ω)
∗ be defined by

〈A(u), h〉 =

∫

Ω

N
∑

k=1

(sinu(z))(Dku(z))h(z) dz ∀ u, h ∈ H1
0 (Ω).

Show that A is completely continuous.

Problem 2.197���

Let H be a Hilbert space and let A : H ⊇ D(A) −→ H be a linear
operator (not necessarily bounded) which is monotone (positive) and
symmetric. Show that A is self-adjoint if and only if A is maximal
monotone.

Problem 2.198��

Suppose that H is a Hilbert space, A : H ⊇ D(A) −→ H and
T : H ⊇ D(T ) −→ H are two linear monotone operators such that A
is self-adjoint and A ⊆ T (i.e., GrA ⊆ GrT ). Show that A = T .

Problem 2.199�

Let X be a Banach space with a strictly convex dual X∗ and let
A : X ⊇ D(A) −→ 2X be a maximal accretive map. Show that for
every u ∈ D(A), we have A(u) ∈ Pfc(X).

Problem 2.200��

(a) Let X be a Banach space and let A : X ⊇ D(A) −→ 2X be a
maximal accretive map. Show that GrA ⊆ X ×X is closed.

(b) Let X be a Banach space with locally uniformly convex dual X∗

and let A : X ⊇ D(A) −→ 2X be a maximal accretive map. Show
that GrA is closed in X × Xw (where Xw denotes the Banach
space X furnished with the weak topology).

Problem 2.201��

Let X be a uniformly convex Banach space with a uniformly convex
dual X∗ and let A : X ⊇ D(A) −→ 2X be an m-accretive operator.
Show that for all u ∈ D(A) we have

lim
λ↘0

Aλ(u) = A0(u) and lim
λ↘0

A0(Jλ(u)) = A0(u).
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Problem 2.202��

Let X be a reflexive Banach space with uniformly convex dual X∗

and let A : X ⊇ D(A) −→ 2X be a maximal accretive map, which is
locally bounded. Show that A is upper semicontinuous from X into
Xw (where Xw denotes the Banach space X furnished with the weak
topology).

Problem 2.203��

Suppose that X is a Banach space, u : R −→ X is a map which is
almost everywhere weakly differentiable and the map t 
−→ ‖u(t)‖X is
almost everywhere differentiable. Show that for almost all t ∈ R, we
have

‖u(t)‖X d
dt‖u(t)‖X = 〈u∗, u′(t)〉 ∀ u∗ ∈ F(u(t)).

Problem 2.204�

LetX be a Banach space and let A : X −→ X be a continuous accretive
map such that D(A) = X. Show that A is m-accretive.

Problem 2.205��

Let X be a reflexive Banach space with a uniformly convex dual X∗

and let A : X −→ Pfc(X) be an accretive map which is upper semi-
continuous from X into Xw (where Xw denotes the Banach space X
furnished with the weak topology). Show that A is maximal accretive.

Problem 2.206�

Suppose that X is a uniformly convex Banach space with uniformly
convex dualX∗, C ⊆ X is a nonempty and closed set and {S(t) : C −→
C}t�0 is a semigroup of nonexpansive maps (see Definition 2.156)
with infinitesimal generator A and which has the following prop-
erty: “if {un}n�1 ⊆ D(A) is a sequence such that ‖un‖X −→ +∞,
then ‖A(un)‖X −→ +∞.” Show that for every u ∈ D(A), we have
sup
t�0

‖S(t)u0‖X < +∞.

Problem 2.207�

Suppose that X is a Banach space, A : X ⊇ D(A) −→ 2X is an
m-accretive map and {S(t) : D(A) −→ D(A)}t�0 is the semigroup of
nonexpansive maps generated by A (see Theorem 2.158). Show that
for every u ∈ D(A) and t > 0, we have
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‖S(t)u− u‖X � 2
t

t
∫

0

‖S(τ)u− u‖X dτ.

Problem 2.208�

Suppose that X is a Banach space, A : X ⊇ D(A) −→ 2X is an
m-accretive map and {S(t) : D(A) −→ D(A)}t�0 is the nonlinear semi-
group of nonexpansive maps generated by A (see Theorem 2.158).
Show that for every u ∈ D(A), every t > 0 and every λ > 0, we have

‖S(t)u− u‖X �
(

2 + t
λ

)

‖u− Jλ(u)‖X

and

‖u− Jλ(u)‖X � 2
t

(

1 + λ
t

)

t
∫

0

‖S(τ)u− u‖X dτ.

Problem 2.209���

Suppose that X is a Banach space, A : X ⊇ D(A) −→ 2X is an
m-accretive map and {S(t) : D(A) −→ D(A)}t�0 is the nonlinear semi-
group of nonexpansive maps generated by A (see Theorem 2.158).
Show that the following two properties are equivalent:
(a) The nonlinear semigroup {S(t)}t�0 is compact (see Defini-

tion 2.159(a)).
(b) For every λ > 0, the map Jλ is compact and {S(t)}t�0 is equicon-

tinuous (see Definition 2.159(b)).

Problem 2.210��

Let X be a Banach space and let A : X ⊇ D(A) −→ 2X be an
m-accretive map. Suppose that {un}n�1 ⊆ D(A) is a sequence such
that un −→ u in X and Aλn(un) −→ h with λn ↘ 0. Show that
(u, h) ∈ GrA. Also show that if X is reflexive with locally uniformly
convex dual, then we may assume that Aλn(un)

w−→ h (instead of
Aλn(un) −→ h).

Problem 2.211��

Let X be a Banach space and let A : X ⊇ D(A) −→ 2X be
an m-accretive map. Show that the following two properties are
equivalent:
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(a) For every λ > 0, Jλ is compact.
(b) For every η > 0, the sublevel set

Lη = {u ∈ D(A) : ‖u‖X + |A(u)| � η} is relatively compact in X.

Problem 2.212�

Let L2
2π(R) be the space of L2(R)-functions which are 2π-period. We

equip L2
2π(R) with the norm ‖u‖ = ‖u|[0,2π]‖2. It becomes a Hilbert

space. Let A : L2
2π(R) ⊇ D(A) −→ L2

2π(R) be defined by A(u) = u′

for every u ∈ D(A), where D(A) =
{

u ∈ L2
2π(R) : u′ ∈ L2

2π(R)
}

.
Show that A is maximal monotone and it generates a C0-semigroup
{S(t)}t�1 which is not compact.

Problem 2.213��

Suppose that X is a Banach space, (E, dE ) is a compact metric space,
and F : E −→ Pw∗kc (X

∗) is an upper semicontinuous multifunction
from E into X∗

w∗ (with X∗
w∗ being the Banach space X∗ furnished

with the w∗-topology) and

γ(u) = inf
v∗∈F (u)

‖v∗‖∗ ∀ u ∈ E and η = inf
u∈E

γ(u).

Show that for every ε > 0, we can find a continuous map ξ : E −→ X
such that for every u ∈ E and every v∗ ∈ F (u) we have

‖ξ(u)‖X � 1 and 〈v∗, ξ(u)〉 � η − ε.

Problem 2.214��

Suppose that X is a reflexive Banach space, Y , Z are two Banach
spaces with X being continuously embedded in Z and L ∈ Lc(X;Y ).
Show that for every ε > 0, there exists cε > 0 such that

‖L(u)‖Y � ε‖u‖X + cε‖u‖Z ∀ u ∈ X.

Problem 2.215��

Let Ω ⊆ R
N be a bounded domain with a Lipschitz boundary ∂Ω.

Suppose that p ∈ (1, N) and q ∈ (1, Np−p
N−p ). Show that for every ε > 0,

there exists cε > 0 such that

‖u‖Lp(∂Ω) � ε‖Du‖p + cε‖u‖Lp(Ω) ∀ u ∈ W 1,p(Ω).

Problem 2.216��

Suppose that X is a Banach space, X∗ is its topological dual, U ⊆ X
is a nonempty open set and A : U −→ 2X

∗ \ {∅} is a monotone map
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with convex and w∗-closed values which is upper semicontinuous from
X into X∗

w∗ (by X∗
w∗ we denote the Banach space X∗ furnished with

the w∗-topology). Show that A is maximal monotone.

Problem 2.217��

Suppose thatX is a Banach space, X∗ is its topological dual, A : X −→
2X

∗ \ {∅} is a monotone, locally bounded map with convex values and
GrA is closed in X × X∗

w∗ (by X∗
w∗ we denote the Banach space X∗

furnished with the w∗-topology). Show that A is maximal monotone.

Problem 2.218�

Let X be a Banach space and let A : X ⊇ D(A) −→ 2X
∗
be a strongly

coercive and surjective map. Show that A−1 is locally bounded.
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2.3 Solutions

Solution of Problem 2.1
Evidently for each bounded set B ⊆ X, the set A(B) ⊆ Y is compact.
We need to show that A is also continuous (see Definition 2.1(a)).
Arguing by contradiction, suppose that A is not continuous. Then for
each n � 1, we can find un ∈ X such that

‖A(un)‖Y > n‖un‖X .

Then the sequence
{

un
‖un‖X

}

n�1
is bounded (it is on the unit sphere

ofX). But the sequence
{

A( un
‖un‖X )

}

n�1
is unbounded, a contradiction

to the hypothesis.

Solution of Problem 2.2
Clearly f is continuous. Let B ⊆ D be a nonempty bounded set.
Given ε > 0, we can find α0 = α0(ε,B) ∈ J such that

‖fα(u)− f(u)‖Y < ε
2 ∀ α � α0, u ∈ B. (2.1)

We fix α ∈ J , α � α0. We have that fα(B) ⊆ Y is relatively compact,
in particular then totally bounded (see Definition I.1.70 and Theorem
I.1.71). So, we can find N = N(ε,B) � 1 and y1, . . . , yN ∈ Y such
that

fα(B) ⊆
N
⋃

n=1

B ε
2
(yn), (2.2)

where B ε
2
(yn) =

{

y ∈ Y : ‖y − yn‖Y < ε
2

}

. Let u ∈ B. We can find
n0 ∈ {1, . . . , N} such that

‖fα(u)− yn0‖Y < ε
2

(see (2.2)), so

‖f(u)− yn0‖Y � ‖f(u)− fα(u)‖Y + ‖fα(u)− yn0‖Y < ε
2 + ε

2 = ε

(see (2.1) and (2.2)), thus

f(B) ⊆
N
⋃

n=1

Bε(yn)
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(since u ∈ B is arbitrary). This means that f(B) is totally bounded,
hence relatively compact. We conclude that f ∈ K(D;Y ) (see Defini-
tion 2.1(a)).

Solution of Problem 2.3
By hypothesis, for every n � 1, we can find un ∈ D such that

‖un − f(un)‖X < 1
n . (2.3)

Since f is compact (see Definition 2.1(a)), passing to a subsequence
if necessary, we may assume that f(un) −→ v ∈ F (D). It follows
that un −→ v (see (2.3)) and since D is closed, we have v ∈ D. The
continuity of f implies that f(un) −→ f(v). Hence v = f(v) with
v ∈ D.

Solution of Problem 2.4
(a) Let B1 be the closed unit ball in X. We have

A(X) =
⋃

n�1

nA(B1). (2.4)

But since A ∈ Lc(X;Y ) (see Definition 2.1(a)), we have that

the set A(B1) is compact, hence separable. It follows that
⋃

n�1

nA(B1) is separable and so we conclude that A(X) is sep-

arable (see (2.4)).
(b) Since A(X) is of second category in itself (see Definition I.1.25),

from the open mapping theorem (see Theorem I.5.47), we have

that A(B1) is a neighborhood of the origin in (A(X), ‖·‖Y ). The
compactness of A (see Definition 2.1(a)) implies that A(B1) is
compact. So, (A(X), ‖·‖Y ) is locally compact, hence finite dimen-
sional (see Proposition I.5.9(a)). Therefore A ∈ Lf (X;Y ) (see
Definition 2.1(c)).
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Solution of Problem 2.5
“(a) =⇒ (b)”: Let {un}n�1 ⊆ f−1(y) be a sequence. Then f(un) = y
for all n � 1 and so from property (a), we can find a subsequence
{unk

}k�1 such that unk
−→ u ∈ X. The continuity of f implies that

f(unk
) −→ f(u) in Y . Hence y = f(u). Therefore u ∈ f−1(y) and this

shows that f−1(y) is compact. Let C ⊆ X be closed and let y ∈ f(C).
We can find a sequence {un}n�1 ⊆ C such that f(un) −→ y in Y .
According to property (a), we can find a subsequence {unk

}k�1 such
that unk

−→ u ∈ C (recall that the set C is closed). The continuity
of f implies that f(unk

) −→ f(u) in Y , hence y = f(u) ∈ f(C).
This proves that f(C) is closed and so f is a closed map (see Propo-
sition 2.14).

“(b) =⇒ (a)”: Let {un}n�1 ⊆ X be a sequence such that f(un) −→
y ∈ Y . Let Cn = {uk : k � n} for n � 1. Since f is closed, we have
f(Cn) = f(Cn). Since f(un) −→ y, we have

{y} =
⋂

n�1

f(Cn) =
⋂

n�1

f(Cn).

So, if x ∈ f−1(y), then

f(x) ∈
⋂

n�1

f(Cn).

Then the closed sets Dn = f−1(y) ∩ Cn for n � 1, are nonempty
and have the finite intersection property (see Definition I.2.80). The
compactness of f−1(y) implies that

f−1(y) ∩
(
⋂

n�1

Cn

)

	= ∅

(see and Theorem I.2.81). So, there is a limit point of the sequence
{un}n�1 which belongs in f−1(y).

Solution of Problem 2.6
Let C ⊆ Y be a compact set and let {un}n�1 ⊆ f−1(C) be a sequence.
Since {f(un)}n�1 ⊆ C, we can find a subsequence {unk

}k�1 such that
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f(unk
) −→ y ∈ C. From property (a) of Problem 2.5, we know that

we can find a subsequence
{

unkm

}

m�1
of {unk

}k�1 such that unkm
−→

v ∈ X. The continuity of f implies that f(unkm
) −→ f(v) ∈ C. Then

y = f(v) ∈ C and so v ∈ f−1(C) which establishes the compactness
of f−1(C). Therefore f is proper (see Definition 2.13).

Solution of Problem 2.7
Let C ⊆ X be a closed subset. The compactness of X implies that C is
compact too (see Proposition I.1.69(b)). Then from the continuity of
f , we have that the set f(C) ⊆ Y is compact (see Proposition I.1.74),
hence closed too (see Proposition 2.14(b)). Thus we have proved that
f is a closed map (see Proposition 2.14). Also, for every y ∈ Y , the set
f−1(y) ⊆ X is closed (due to the continuity of f), hence compact in X
(since X is compact; see Proposition I.1.69(b)). So, we have verified
property (b) of Problem 2.5. Invoking Problem 2.6, we conclude that
f is proper (see Definition 2.13).

Solution of Problem 2.8
Evidently K ∈ L(l2). For every n � 1, we consider Kn ∈ Lf (l

2)
defined by

Kn(u) =
(

ϑ1x1, ϑ2x2, . . . , ϑnxn, 0, . . .
)

∀ u = {xn}n�1 ∈ l2.

Since by hypothesis ϑn −→ 0, given ε > 0, we can find n0 � 1 such
that

|ϑn| � ε ∀ n � n0.

We have

‖(K −Kn)(u)‖l2 =
(

∑

k�n+1

ϑ2
kx

2
k

) 1
2 � ε‖u‖l2 ∀ n � n0, u ∈ l2,

so

‖K −Kn‖L � ε ∀ n � n0,

thus Kn −→ K and hence K ∈ Lc(l
2) (see Problem 2.2).
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Solution of Problem 2.9
Let V = A(X) ⊆ X and consider A|V : V −→ V . If v ∈ V , then we
can find x ∈ X such that v = A(x). Hence A(v) = A2(x) = A(x) = v.
If follows that A|V = IV , which implies that V is finite dimensional
(see Theorem I.5.22). Therefore A ∈ Lf (X) (see Definition 2.1(c)).

Solution of Problem 2.10
Let C ⊆ D be a compact subset and let E = (IX − f)−1(C). The
continuity of IX − f implies that E is closed in X. Also, note that
E ⊆ C + f(E) and so from Proposition 2.32, we have

γ(E) � γ(C + f(E)) � γ(C) + γ(f(E)) = γ(f(E)). (2.5)

If E is not compact, then γ(E) > 0 (see Proposition 2.32) and since
γ is condensing (see Definition 2.31(e)), we have

γ(f(E)) < γ(E). (2.6)

Comparing (2.5) and (2.6) we reach a contradiction and so we con-
clude that E is compact. This means that IX − f is proper (see
Definition 2.13).

Solution of Problem 2.11
First let us show that α(B1) = 2 (see Definition 2.31). Note that
by virtue of Proposition 2.32(e), we may replace B1 by ∂B1 =
{x ∈ X : ‖x‖X = 1}. From Definition 2.31, it is clear that α(∂B1)� 2.
Suppose that α(∂B1) < 2. This means that

∂B1 =
N
⋃

n=1

Cn,

with diamCn < 2 for all n ∈ {1, . . . , N}. Since
N
⋃

n=1
Cn =

N
⋃

n=1
Cn, we

may assume that the sets Cn are closed. Let V be an N -dimensional
subspace of X. Then

∂B1 ∩ V =

N
⋃

n=1

(Cn ∩ V ).
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Therefore {C1 ∩ V,C2 ∩ V, . . . , CN ∩ V } is a closed cover of ∂B1 ∩ V
(the unit sphere of V ) and so at least for one n0 ∈ {1, . . . , N}, the set
Cn0 ∩ V must contain a pair of antipodal points. Thus we have

2 = diam (Cn0 ∩ V ) � diamCn0 ,

a contradiction. This proves that α(B1) = 2.
Next let us show that β(B1) = 1. Again from Definition 2.31,

we have β(B1) � 1. Suppose that β(B1) = λ < 1. Let ε > 0 be
such that λ+ ε < 1. From Definition 2.31, we know that we can find
u1, . . . , uN ∈ X such that

B1 ⊆
N
⋃

n=1

Bλ+ε(un) =
N
⋃

n=1

(un + (λ+ ε)B1).

Then using Proposition 2.32, we have

λ = γ(B1) � (λ+ ε)γ(B1) = (λ+ ε)λ < λ,

a contradiction. This proves that β(B1) = 1.

Solution of Problem 2.12
We do the solution for γ = α and since β � α (see Definition 2.31),
the result is also true for γ = β. For each n � 1 choose un ∈ Cn and
let C = {un}n�1. Since by hypothesis α(Cn) −→ 0, given ε > 0, we
can find n0 � 1 such that

α(Cn) � ε ∀ n � n0. (2.7)

We have

α(C) = α
(

{u1, . . . , un0} ∪ {un}n�n0+1

)

= α
(

{un}n�n0+1

)

� α(Cn0) � ε

(see Proposition 2.32, (2.7) and recall that the sequence {Cn}n�1

is decreasing). Since ε > 0 is arbitrary, we let ε ↘ 0 and obtain
α(C) = 0, which means that C is compact. Therefore, by passing
to a subsequence if necessary, we may assume that un −→ u in X.
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Evidently u ∈ Cn for all n � 1 and so u ∈
⋂

n�1

Cn. Therefore
⋂

n�1

Cn

is nonempty. Moreover
⋂

n�1

Cn is closed and

α
(
⋂

n�1

Cn

)

� α(Cn) = α(Cn) ∀ n � 1,

so

α
(
⋂

n�1

Cn

)

= 0,

thus
⋂

n�1

Cn is compact.

Solution of Problem 2.13
We know that A(C) is compact. So, it suffices to show that A(C) ⊆ Y
is closed. Let {yn}n�1 ⊆ A(C) be a sequence such that yn −→ y in Y .
We have yn = A(un) with un ∈ C for all n � 1. SinceX is reflexive and
C ⊆ X is bounded, by the Eberlein–Smulian theorem (see Theorem
I.5.78) and passing to a suitable subsequence if necessary, we may
assume that un

w−→ u in X. So, u ∈ C
w
. But the convexity of C

and the Mazur theorem (see Theorem I.5.58) imply that u ∈ C = C.
Also, since A ∈ L(X;Y ), we have that A ∈ L(Xw;Yw) (here Xw and
Yw denote the Banach spaces X and Y with their weak topologies).
Therefore A(un)

w−→ A(u) in Y . Recall that A(un) = yn −→ y in Y .
It follows that y = A(u) ∈ A(C) and so A(C) ⊆ Y is closed, hence
compact.

Solution of Problem 2.14
Let {yn}n�1 ⊆ Y be a bounded sequence. The continuity of L implies
that the sequence {L(yn)}n�1 ⊆ X is bounded. Since A is compact, it
follows that the sequence {A(L(yn))}n�1 admits a strongly convergent
subsequence and this shows that AL ∈ Lc(Y ) (see Problem 2.1).
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Let {xn}n�1 ⊆ X be a bounded sequence. Since A ∈ Lc(X;Y ),
the sequence {A(xn)}n�1 admits a strongly convergent subsequence
{A(xnk

)}k�1. But then {L(A(xnk))}k�1 is strongly convergent too
and so by Problem 2.1, we conclude that LA ∈ Lc(X).

Solution of Problem 2.15
Hypothesis on A implies that A is injective. Let V = A(X) ⊆ Y .
Then A : X −→ V is bijective and so we can define A−1 : V −→ X
which is linear. Moreover, from the hypothesis on A, we have

‖A−1(y)‖X � 1
c‖y‖Y ∀ y ∈ V,

so
A−1 ∈ L(V ;X).

If A is compact (see Definition 2.1(a)), then IX = A−1A ∈ Lc(X) (see
Problem 2.14), hence X is finite dimensional (being locally compact;
see Proposition I.5.9(a)).

On the other hand, if X is finite dimensional, then every A ∈
L(X;Y ) is compact.

Solution of Problem 2.16
We argue indirectly. So, suppose that the claim of the problem is not
true. Then we have

inf
u∈∂B1

‖A(u)‖X > 0.

So, we can find c > 0 such that ‖A(u)‖X � c‖u‖X for all u ∈ X. From
Problem 2.15, it follows that X is finite dimensional, a contradiction
as A 	∈ Lf (X). This proves that 0 ∈ A(∂B1).
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Solution of Problem 2.17
No. Let en be the standard n-th basis element of l2. Then ‖en‖l2 = 1
for all n � 1 and

‖S(en)− S(em)‖l2 =
√
2 ∀ n,m � 1, n 	= m.

Therefore the sequence {S(en)}n�1 has no convergence subsequence
and consequently S 	∈ Lc(X) (see Definition 2.1).

Solution of Problem 2.18
The hypothesis on A implies that we can find u∗1, . . . , u∗n ∈ X∗ such
that if

V =
{

u ∈ X : | 〈u∗k, u〉 | < 1 for all k = 1, . . . , n
}

,

then A(V ) ⊆ BY
1 = {y ∈ Y : ‖y‖Y < 1}. Then we have

A| n⋂

k=1
(u∗

k
)−1(0)

= 0. Note that
n
⋂

k=1

(u∗k)
−1(0) is finite codimensional. So,

we can write

X =
(

n
⋂

k=1

(u∗k)
−1(0)

)

⊕ Z,

with dimZ < +∞. Observe that A(X) = A(Z) and the latter is finite
dimensional. Therefore A ∈ Lf (X;Y ) (see Definition 2.1).

Solution of Problem 2.19
We know that

‖A‖L = sup
‖u‖X�1

‖A(u)‖X .

From Problem 2.13, we know that the set A(B1) ⊆ X is compact.
Since the norm functional is continuous, from the Weierstrass theorem
(see Theorem I.1.75), we know that we can find u0 ∈ X with ‖u0‖X �
1 such that

‖A(u0)‖X = sup
‖u‖X�1

‖A(u)‖X = ‖A‖L.
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Solution of Problem 2.20
Let X = lp with 1 � p < ∞ and let {en}n�1 be the standard Schauder
basis of lp. Let A ∈ L(lp) be defined by

A(u1, u2, . . .) = (0, u1, 0, u3, 0, u5, . . .) ∀ {un}n�1 ∈ l2.

Then A(e2n−1) = e2n for all n � 1. Hence

‖A(en)−A(em)‖l2 = 2
1
p ∀ n,m odd, n 	= m,

so the sequence {A(en)}n�1 has no strongly convergent subsequence
and thus A is not compact (see Definition 2.1(a)).

On the other hand,

A2(u1, u2, . . .)=A(0, u1, 0, u3, 0, u5, . . .)=(0, 0, . . .) ∀ {un}n�1 ∈ l2,

that is, A2 = 0 and so it is trivially compact.

Solution of Problem 2.21
“(a) =⇒ (b)”: Suppose that the implication is not true. So, we
can find an orthonormal basis {eα}α∈J and ε > 0 such that the set
{

α ∈ J : | (A(eα), eα)H | � ε
}

is infinite. Thus, we can find an
orthonormal sequence {en}n�1 ⊆ {eα}α∈J such that

| (A(en), en)H | � ε ∀ n � 1.

The compactness of A (see Definition 2.1(a)) implies that we can find
a subsequence {enk

}k�1 of {en}n�1 such that A(enk
) −→ u in H. By

throwing away a finite number of elements of this sequence, we may
assume that

‖A(enk
)− u‖H < ε

2 ∀ k � 1,

so

∣

∣ (A(enk
), enk

)H − (u, enk
)H

∣

∣ � ‖A(enk
)− u‖‖enk

‖H
= ‖A(enk

)− u‖H < ε
2 ∀ k � 1

and so
| (u, enk

)H | > ε
2 ∀ k � 1.
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But this contradicts the Bessel inequality (see Theorem I.5.105(a)).

“(b) =⇒ (c)”: Let n � 1 and let Y be the family of all orthonor-
mal sets {eα}α∈J in H such that

| (A(eα), eα) | � 1
n ∀ α ∈ J.

By property (b), J is finite. The family Y is partially ordered by
inclusion. Let D ⊆ Y be a chain (that is, a linear ordered subset of
Y). The union of the orthonormal set in D is still an element of Y and
of course is an upper bound forD. Thus invoking the Kuratowski–Zorn
lemma (see Theorem 4.120), we infer that Y has a maximal element
{eα}α∈L. Evidently L is finite. Let Y = span {eα}α∈L. Then Y is
finite dimensional and

| (A(u), u)H | < 1
n ∀ u ∈ Y ⊥, ‖u‖H = 1

or otherwise {eα}α∈L ∪ {u} ∈ Y, which contradicts the maximality
of {eα}α∈L. Let Pn ∈ L(H) be the orthogonal projection on Y (see
Definition 2.27(c)) and let u = (IH − Pn)x with x ∈ H. We have

∣

∣ (A(IH − Pn)x, (IH − Pn)x)H
∣

∣ < 1
n ,

so

∣

∣ ((IH − Pn)A(IH − Pn)x, x)H
∣

∣ < 1
n ∀ x ∈ H, ‖x‖H � 1

(see Proposition I.5.161) and thus

‖(IH − Pn)A(IH − Pn)‖L < 2
n .

The linear operator An = APn+PnA−PnAPn ∈ L(H) has finite rank
(i.e., An ∈ Lf (H); see Definition 2.1(c)) and from last inequality we
see that ‖A−An‖L < 2

n .

“(c) =⇒ (a)”: This implication follows from Problem 2.2 and
Remark 2.2.
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Solution of Problem 2.22
Evidently L ∈ L(L2(S);L2(T )) and ‖L‖L � ‖K‖L2(T×S). Let {vn}n�1

be an orthonormal basis for L2(T ). For fixed s ∈ S, we expand K(·, s)
with respect to this basis. So, we have

K(t, s) =
∑

n�1

vn(t)hn(s).

From the property of the Fourier coefficients, we have hn ∈ L2(S).
Using the Parseval relation (see Theorem I.5.105(b)), we have

∫

T

|K(t, s)|2 ds =
∑

n�1

|hn(s)|2.

Integrating over S, we obtain

∫

S

∫

T

|K(t, s)|2 dξ dμ =
∑

n�1

∫

S

|hn(s)|2 dμ.

We define

Km(t, s) =
m
∑

n=1

vn(t)hn(s)

and

Lm(u)(t) =

∫

S

Km(t, s)u(s) ds ∀ u ∈ L2(S).

We see that Lm ∈ Lf (L
2(S);L2(T )) and we have

‖L− Lm‖2L �
∫

T

∫

S

|K(t, s)−Km(t, s)|2 dμ dξ ∀ m � 1,

so Lm −→ L in L(L2(S);L2(T )). Thus operator L is compact (see
Definition 2.1(a) and Problem 2.2).
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Solution of Problem 2.23
Note that hu ∈ C ([0, 1]) for any u ∈ C ([0, 1]). So, A is well defined
and of course linear. We have

‖A(u)‖C([0,1]) = sup
t∈[0,1]

|A(u)(t)| = sup
t∈[0,1]

|h(t)u(t)|

� ‖h‖C([0,1])‖u‖C([0,1]),

so A ∈ L(C ([0, 1]) , C ([0, 1])).
Suppose that A is compact (see Definition 2.1(a)). Then A(B1) ⊆

C ([0, 1]) is relatively compact (recall that B1 =
{

u ∈ C ([0, 1]) :
‖u‖C([0,1]) � 1

}

). Let η ∈ (0, 1) and let n � 1 be such that 1
n < η. We

define

un(t) =

⎧

⎨

⎩

0 if 0 � t < η − 1
n ,

n(t− η) + 1 if η − 1
n � t � η,

1 if η < t � 1,

for all t ∈ [0, 1]. Then hun ∈ A(B1) for all n > 1
η . Since

A(B1) ⊆ C ([0, 1]) is relatively compact, by the Arzela–Ascoli theo-
rem (see Theorem I.2.181) it is equicontinuous (uniformly since [0, 1]
is compact). So, for every ε > 0, there exists δ = δ(ε) > 0, such that
for all t, s ∈ [0, 1] with |t− s| � δ, we have

∣

∣h(t)un(t)− h(s)un(s)
∣

∣ < ε ∀ n � 1, 1
n < η.

We can find nε � 1 such that 1
n < min{η, δ} for all n � nε. For

t = η − 1
n , s = η, we have that |t− s| = 1

n < δ and so

∣

∣h(η − 1
n)un(η − 1

n)− h(η)un(η)
∣

∣ < ε ∀ n � nε.

From the definition of {un}n�1 it follows that |h(η)| < ε for all ε > 0.
Let ε ↘ 0 to conclude that h(η) = 0 for η ∈ (0, 1). From the continuity
of h, we have h(0) = h(1) = 0, that is, h ≡ 0, a contradiction to our
hypothesis. Therefore A(B1) ⊆ C ([0, 1]) is not relatively compact
which means that A is not a compact operator.
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Solution of Problem 2.24
Let u = {un}n�1 ∈ l1. We have

‖u‖l2 =
(
∑

n�1

u2n
) 1

2 �
∑

n�1

|un| = ‖u‖l1 . (2.8)

This shows that l1 is embedded continuously into l2. Let i denote the
embedding operator. From (2.8) we see that ‖i‖L � 1. On the other
hand, if e1 = (1, 0, 0, . . .), then

1 = ‖i(e1)‖l2 � ‖i‖L‖e1‖l1 = ‖i‖L
and so we conclude that ‖i‖L = 1.

Let {en}n�1 be the complete Schauder basis for l1. We have

{en}n�1 = {i(en)}n�1 ⊆ i(B1)

(where B1 =
{

u ∈ l1 : ‖u‖l1 � 1
}

), so i cannot be compact (see
Definition 2.1(a) and Problem 2.1).

Solution of Problem 2.25
From the Schur property of l1 (see Remark I.5.57), we know that a
subset of l1 is relatively w-compact if and only if it is norm totally
bounded (see Definition I.1.70). Since X is reflexive, the closed unit
ball B1 =

{

u ∈ X : ‖u‖ � 1
}

is w-compact. We know that A is weak-
to-weak continuous. Hence A(B1) ⊆ l1 is w-compact (see Proposition
I.2.82), thus by the Schur property mentioned above, the set A(B1)
is relatively norm compact. This implies that A is compact.

Solution of Problem 2.26
In the space

c0 =
{

{un}n�1 : {un}n�1 is a real sequence such that un −→ 0
}

we consider the norm ‖{un}n�1‖c0 = sup
n�1

|un|. Given ϑ = {ϑn}n�1 ∈

c0, from Problem 2.8, we know that Aϑ(u) = {ϑnun}n�1 for every
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u = {un}n�1 ∈ l2 is a compact linear operator. Consider the map

ξ : c0 −→ Lc(l
2) defined by

ξ(ϑ) = Aϑ ∀ ϑ ∈ c0.

Clearly ξ is linear and for ϑ′, ϑ ∈ c0, we have

‖Aϑ′ −Aϑ‖L = sup
‖u‖l2�1

‖Aϑ′(u)−Aϑ(u)‖l2

= sup
‖u‖l2�1

(
∑

n�1

(ϑ′
n − ϑn)

2u2n
) 1

2

� ‖ϑ′ − ϑ‖c0
(

sup
‖u‖l2�1

∑

n�1

u2n
) 1

2 = ‖ϑ′ − ϑ‖c0 ,

so ξ ∈ L(c0;Lc(l
2)).

We claim that it is an isometry. To see this, it is enough to check
that if ‖ϑ‖c0 = 1, then ‖Aϑ‖L = 1. To this end note that, if ‖u‖l2 = 1,
then

‖Aϑ(u)‖l2 =
(
∑

n�1

ϑ2
nu

2
n

) 1
2 � ‖ϑ‖c0

(
∑

n�1

u2n
) 1

2 = ‖ϑ‖c0‖u‖l2 = 1,

so ‖Aϑ‖L � 1. On the other hand, given ε > 0, choose n0 such
that |ϑn0 | > 1−ε (recall that ‖ϑ‖c0 = 1). Let en0 ∈ l2 be the standard
basic element. Then Aϑ(en0) = ϑn0en0 and so

‖Aϑ(en0)‖l2 = |ϑn0 | > 1− ε.

Let ε ↘ 0 to conclude that ‖Aϑ‖L � 1.
Thus we have shown that ‖Aϑ‖L = 1. This proves that ξ is an

isometry. So, c0 is isometrically isomorphic to a subspace of Lc(l
2).

Since c0 is not reflexive, we conclude that Lc(l
2) cannot be reflexive.

Solution of Problem 2.27
We argue indirectly. So, suppose that the conclusion of the problem
is not true. Then we can find c > 0 such that

‖A(u)‖Y � c‖u‖X ∀ u ∈ X.

Since A is compact, Problem 2.15 implies that X is finite dimensional,
a contradiction to our hypothesis.
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Solution of Problem 2.28
We know that A∗ ∈ L(X∗; c∗0). Since X∗ is reflexive and c∗0 = l1,
from Problem 2.25, we infer that A∗ is compact. Then Theorem 2.12
implies that A is compact.

Solution of Problem 2.29
Let V = R(A). Then V is a Banach space and A : X −→ V is surjec-
tive. So, by the open mapping theorem (see Theorem I.5.47), we can
find c > 0 such that cBV

1 ⊆ A(BX
1 ) (where BX

1 =
(

u ∈ X : ‖u‖X < 1
)

and BV
1 =

(

u ∈ V : ‖u‖V < 1
)

). Since A is compact, we have that
BV

1 is relatively compact and so V is finite dimensional (being locally
compact). This means that A ∈ Lf (X;Y ). Let Z be a topological
complement of kerA (i.e., Z is closed and X = kerA ⊕ Z). Then
̂A = A|Z is bijective from Z onto R(A). So, dimZ = dimR(A) < +∞
(as proved earlier). Therefore we conclude that the Banach space X
is finite dimensional.

Solution of Problem 2.30
“=⇒”: Suppose that R(A) ⊆ Y is closed. Then by the open map-
ping theorem (see Theorem I.5.47), A is an open map from X onto

V = R(A). Therefore, A(B
X
1 ) is a relatively w-compact set which

contains an open neighborhood of the origin (namely the set A(BX
1 )).

Therefore the set B
V
1 =

{

v ∈ V : ‖v‖V � 1
}

is w-compact. So, by
Theorem I.5.73, the space V is reflexive.

“⇐=”: Recall that every reflexive subspace of Y is closed.

Solution of Problem 2.31
“(a) =⇒ (b)”: Let

B
X
1 =

{

u ∈ X : ‖u‖X � 1
}

and B
X∗∗
1 =

{

h ∈ X∗∗ : ‖h‖X∗∗ � 1
}

.
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From the Goldstine theorem (see Theorem I.5.70), we know that

B
X
1

w∗

= B
X∗∗
1 , with w∗ being the w∗-topology on the space X∗∗.

Recall that A∗∗ ∈ L(X∗∗
w∗ ;Y ∗∗

w∗ ), where X∗∗
w∗ (respectively Y ∗∗

w∗ ) de-
notes the spaceX∗∗ (respectively Y ∗∗) furnished with the w∗-topology.
Also, the w∗-topology of Y ∗∗ restricted to Y , is the w-topology of Y .
Therefore, since A is weakly compact (see Definition 2.1(d)), we have

A(B
X
1 )

w∗

⊆ Y , hence A(B
X
1

w∗

) = A(B
X∗∗
1 ) ⊆ Y from which we con-

clude that A(X∗∗) ⊆ Y .

“(b) =⇒ (c)”: Let y∗α
w∗
−→ 0 in Y ∗ and let h ∈ X∗∗. By hypothe-

sis A∗∗(h) ∈ Y , so we have

〈A∗(y∗α), h〉 = 〈y∗α, A∗∗(h)〉 −→ 0

and thus A∗(y∗α)
w−→ 0 inX∗. This prove the continuity ofA∗ : Y ∗

w∗ −→
X∗

w. “(c) =⇒ (d)”: From the Alaoglu theorem (see Theorem I.5.66),

we know that B
Y ∗
1 =

{

y∗ ∈ Y ∗ : ‖y∗‖Y ∗ � 1
}

is w∗-compact. So,

by hypothesis (c), we have that A∗(BY ∗
1 ) ⊆ X∗ is w-compact, which

means that A∗ is weakly compact.

“(d) =⇒ (a)”: From the implications established thus far, we have

that A∗∗ : X∗∗
w∗ −→ Y ∗∗

w is continuous. Therefore the set A∗∗(BX∗∗
1 ) ⊆

Y ∗∗ is w-compact. The space Y is strongly closed in Y ∗∗ and so by
the Mazur theorem (see Theorem I.5.58), it is also weakly closed in

Y ∗∗. It follows that the set A∗∗(BX∗∗
1 ) ∩ Y ⊆ Y ∗∗ is w-compact and

since w∗ ⊆ w on Y ∗∗, we infer that the set A∗∗(BX∗∗
1 ) ∩ Y ⊆ Y ∗∗ is

w∗-compact. We know that

A(B
X
1 ) = A∗∗(BX

1 ) ⊆ A∗∗(BX∗∗
1 ) ∩ Y

and the w∗-topology of Y ∗∗ restricted on Y is the w-topology of Y .

So, we have that the set A(B
X
1 ) ⊆ Y is relatively w-compact,

hence A is a weakly compact operator.
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Solution of Problem 2.32
“=⇒”: Assume that A ∈ Lc(X;Y ). From Theorem 2.12 we have that

A∗ ∈ Lc(Y
∗;X∗). Therefore A∗(BY ∗

1 ) ⊆ X∗ is relatively compact (re-

call that B
Y ∗
1 =

{

y∗ ∈ Y ∗ : ‖y∗‖Y ∗ � 1
}

). So, we can find a sequence

{u∗n}n�1 ⊆ X∗ such that ‖u∗n‖X∗ −→ 0 and A∗(BY ∗
1 ) ⊆ conv {u∗n}n�1

(see Theorem 2.163). For each u ∈ X, we have

‖A(u)‖Y = sup
‖y∗‖Y ∗�1

∣

∣ 〈y∗, A(u)〉
∣

∣

= sup
‖y∗‖Y ∗�1

∣

∣ 〈A∗(y∗), u〉
∣

∣ � sup
n�1

∣

∣ 〈u∗n, u〉
∣

∣.

“⇐=”: Consider T ∈ L(X; c0) (see Problem 2.28), defined by

T (u) =
{

〈u∗n, u〉
}

n�1
.

Let h =
{

‖u∗n‖X∗
}

n�1
∈ c0. We have that T (B

X
1 ) ⊆ [−h, h] (here

by [−h, h] we denote the order interval in c0 determined by ±h). The
order interval [−h, h] is compact in c0 (see Theorem 2.164). Therefore

T (B
X
1 ) ⊆ c0 is relatively compact. Let V = T (X) and define the

operator L : V −→ Y by

L(T (u)) = A(u).

This operator is well defined. Indeed, if T (u) = T (x), then

〈u∗n, u− x〉 = 0 ∀ n � 1,

so
‖A(u)−A(x)‖Y � sup

n�1

∣

∣ 〈u∗n, u− x〉
∣

∣ = 0,

thus A(u) = A(x). Moreover, note that

‖L(T (u))‖Y = ‖A(u)‖Y � sup
n�1

| 〈u∗n, u〉 | = ‖T (u)‖c0 ,

so L ∈ L(X;Y ). Since A(B
X
1 ) = L(T (B

X
1 )) and the latter is relatively

compact in Y , we conclude that A ∈ Lc(X;Y ).
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Solution of Problem 2.33
Let C ⊆ X∗ be a compact set. We need to show that the set
f−1(C) ⊆ X is compact. To this end let {un}n�1 ⊆ F−1(C) be a
sequence. For every n � 1, let hn = f(un) ∈ C. Since C ⊆ X∗

is compact, passing to a subsequence if necessary, we may assume
that hn −→ h in X∗. The coercivity of f implies that the sequence
{un}n�1 ⊆ X is bounded. Because X is reflexive, by the Eberlein–
Smulian theorem (see Theorem I.5.78), passing to another subsequence
if necessary, we may assume that un

w−→ u in X. We have

〈f(un)− f(u), un − u〉 = 〈hn − h, un − u〉 −→ 0,

so, from the property of f , we have un −→ u in X. Thus the set
f−1(C) is compact, hence f is proper (see Definition 2.13).

Solution of Problem 2.34
“=⇒”: By Problem 2.32, we can find a sequence {u∗n}n�1 ⊆ X∗ such
that u∗n −→ 0 in X∗ and

‖A(u)‖Y � sup
n�1

| 〈u∗n, u〉 | ∀ u ∈ X. (2.9)

We can assume that u∗n 	= 0 for every n � 1 and define

y∗n = u∗
n

‖u∗
n‖

1
2

∀ n � 1.

Then ‖y∗n‖X∗ = ‖u∗n‖
1
2∗ −→ 0. So, we can define the linear operator

T : X −→ c0 by setting

T (u) =
{

〈y∗n, u〉
}

n�1
∀ u ∈ X.

Note that

‖T (u)‖c0 = sup
n�1

| 〈y∗n, u〉 | � c‖u‖X ∀ u ∈ X,

for some c > 0, thus T ∈ L(X; c0).
Moreover, Problem 2.32 implies that T ∈ Lc(X; c0). We set V =

T (X) and clearly we have T ∈ Lc(X;V ). We consider the linear
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operator L : T (X) −→ Y defined by L(T (u)) = A(u). Note that, if
T (u) = T (v), then 〈u∗n, u− v〉 = 0 for all n � 1 and so from (2.9), we
have that A(u) = A(v), hence L is well defined. Moreover, we have

‖L(T (u))‖Y = ‖A(u)‖Y � sup
n�1

| 〈u∗n, u〉 | � ĉ| 〈y∗n, u〉 | � ĉ‖T (u)‖c0

with ĉ = sup
n�1

‖u∗n‖
1
2∗ (see (2.9) and recall the definition of T ), so

L ∈ L(T (X);Y ). Therefore L has a continuous extension ̂L on
V = T (X) ⊆ c0. Clearly A = L ◦ T .

“⇐=”: This is an immediate consequence of Problem 2.14.

Solution of Problem 2.35
From Problem 2.31 we know that A : c0 −→ X is weakly compact
(see Definition 2.1(d)) if and only if A∗ : X∗ −→ c∗0 = l1 is weakly
compact. From the Schur property (see Remark I.5.57), it follows
that A∗ : X∗ −→ l1 is weakly compact if and only if it is compact.
Invoking the Schauder theorem (see Theorem 2.12) we conclude that
A∗ : X∗ −→ l1 is compact if and only if A : c0 −→ X is compact.

Solution of Problem 2.36
Let {un}n�1 ⊆ C be a minimizing sequence, i.e.,

‖A(un)− y‖Y −→ inf
u∈C

‖A(u)− y‖Y .

From Problem 2.13 we know that the set A(C) ⊆ Y is compact. So,
we can find a subsequence {unk

}k�1 of {un}n�1 and u0 ∈ C such that
A(unk

) −→ A(u0) in Y . Then

‖A(unk
)− y‖Y −→ ‖A(u0)− y‖Y ,
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so
‖A(u0)− y‖Y = inf

u∈C
‖A(u)− y‖Y .

Solution of Problem 2.37
Suppose that A ∈ Lf (X;Y ) and let n = dimR(A). Let {v1, . . . vn} be
a basis of R(A). For every u ∈ X, we can write

A(u) =
n
∑

k=1

ξk(u)vk. (2.10)

The coefficients ξk(u) are uniquely determined and clearly ξk are linear
functions of u, which are bounded since

|ξk(u)| � c‖A(u)‖Y � c‖A‖L‖u‖X

for some c > 0. Therefore, we can find v∗k ∈ X∗ for k = 1, . . . , n such
that ξk(u) = 〈v∗k, u〉. Hence (2.10) becomes

A(u) =
n
∑

k=1

〈v∗k, u〉 vk.

For any y∗ ∈ Y ∗ we have

〈A∗(y∗), u〉 = 〈y∗, A(u)〉 =
n
∑

k=1

〈v∗k, u〉 〈y∗, vk〉

=
〈

n
∑

k=1

〈y∗, vk〉 v∗k, u
〉

.

This is true for every u ∈ X. Therefore

A∗(y∗) =
n
∑

k=1

〈y∗, vk〉 v∗k,

soR(A∗) is spanned by {v∗1, . . . , v∗n}. This shows that A∗ ∈ Lf (Y
∗;X∗)

and dimR(A∗) � dimR(A).
In the above argument we replace A by A∗ and obtain

A∗∗ ∈ Lf (X;Y ) and dimR(A∗∗) � dimR(A∗).
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Hence
dimR(A∗∗) � dimR(A).

But recalling that A is a restriction of A∗∗, we conclude that
dimR(A) = dimR(A∗).

Solution of Problem 2.38
Let C = {A(en) : n � 1}. Then C ⊆ A(B

l1

1 ) (where B
l1

1 =
{

u ∈ l1 :
‖u‖l1 � 1

}

). So, if A is weakly compact (see Definition 2.1(d)), the

set A(B
l1

1 ) is relatively weakly compact, hence the same is true for C.
Conversely, suppose that C ⊆ Y is a relatively w-compact set. Let

u = {un}n�1 ∈ l1 be such that ‖u‖l1 � 1. Let

hn =
n
∑

k=1

ukA(ek) ∀ n � 1.

Then {hn}n�1 ⊆ convC and the latter is w-compact since the set
C ⊆ Y is relatively w-compact (see Theorem I.5.86). We have

hn = A
(

n
∑

k=1

ukek
)

−→ A(u) in Y,

so A(u) ∈ convC and thus A(B
l1

1 ) ⊆ convC, which implies that the

set A(B
l1

1 ) is relatively w-compact. Therefore we conclude that A is
weakly compact.

Solution of Problem 2.39
Note that there exists M > 0 such that ‖un‖X � M for all n � 1. So,
the series

∑

n�1

xnun is norm convergent inX for each x = {xn}n�1 ∈ l1.

Therefore A ∈ L(l1;X). We see that

A(en) = un ∀ n � 1.

Therefore, we can apply Problem 2.38 to conclude that A is weakly
compact (see Definition 2.1(d)).
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Solution of Problem 2.40
Arguing by contradiction, suppose that 0 	∈ σ(A) (see Definition 2.18).
Then A is invertible and so by setting

|u| = ‖A(u)‖X ∀ u ∈ X

we have defined an equivalent norm on X, whose open unit ball is
A(B1). But this is relatively compact. Therefore (X, | · |) is locally
compact, hence X is finite dimensional (see Proposition I.5.9(a)), a
contradiction.

Solution of Problem 2.41
Let λ ∈ C and assume that for some u ∈ L2(0, 1) we have

(λ− t)u(t) = 0 for a.a. t ∈ (0, 1).

Thus u(t) = 0 for almost all t ∈ (0, 1) and so λ 	∈ σp(A) (see Defini-
tion 2.21).

Next, let λ ∈ [0, 1] and let ε > 0 be such that

[λ, λ+ ε] ⊆ [0, 1] or [λ− ε, λ] ⊆ [0, 1].

To fix things, we assume that [λ, λ + ε] ⊆ [0, 1] (the analysis being
analogous when the second inclusion holds). We define

uε(t) =

{

1√
ε

if t ∈ [λ, λ+ ε],

0 if t ∈ [0, 1] \ [λ, λ+ ε].

We have
1

∫

0

uε(t)
2 dt =

λ+ε
∫

λ

1
ε dt = 1

and so uε ∈ ∂BL2

1 =
{

u ∈ L2(0, 1) : ‖u‖2 = 1
}

. Then

‖(λI
L2(0,1)

−A)(uε)‖22 = 1
ε

λ+ε
∫

λ

(λ− t)2 dt = ε,
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so
(λI

L2(0,1)
−A)(uε) −→ 0 in L2(0, 1) as ε ↘ 0.

This implies that λI
L2(0,1)

− A is not invertible. Indeed, otherwise we
would have

‖uε‖2 = ‖(λI
L2(0,1)

−A)−1(λI
L2(0,1)

−A)(uε)‖2
� ‖(λI

L2(0,1)
−A)−1‖L‖(λIL2(0,1)

−A)(uε)‖2 −→ 0 as ε ↘ 0,

a contradiction to the definition of uε. So λ ∈ σ(A) (see Defini-
tion 2.18) and thus [0, 1] ⊆ σ(A)

Solution of Problem 2.42

(a) Let u ∈ H be such that ‖u‖H � 1. We have

| (A(u), u)H | � ‖A(u)‖H‖u‖H � ‖A‖L‖u‖2H ,

so
sup

‖u‖H�1
| (A(u), u)H | � ‖A‖L. (2.11)

Now, let ξ = sup
‖u‖H�1

| (A(u), u)H |. We have

| (A(u), u)H | � ξ‖u‖2H ∀ u ∈ H.

For u ∈ H \{0}, we introduce λ =
(‖A(u)‖H

‖u‖H
) 1

2 and set y = 1
λA(u).

We have

‖A(u)‖2H
= (A(u), A(u))H =

(

A(λu), 1
λA(u)

)

H
= (A(λu), y)H

= 1
4

(

(A(λu+ y), λu+ y)H − (A(λu− y), λu− y)H
)

� 1
4ξ
(

‖λu+ y‖2H + ‖λu− y‖2H
)

= 1
2ξ
(

‖λu‖2H + ‖y‖2H
)

= 1
2ξ
(

λ2‖u‖2H + 1
λ2 ‖A(u)‖2H

)

(2.12)

(from the polarization identity since A is self-adjoint and from
the parallelogram law; see Remark I.5.94). From the definition of
λ > 0, we see that λ‖u‖H = 1

λ‖A(u)‖H . Therefore

0 =
(

λ‖u‖H − 1
λ‖A(u)‖H

)2
,
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so
λ2‖u‖2H + 1

λ2 ‖A(u)‖2H = 2‖u‖H‖A(u)‖H .

Using this equality in (2.12), we obtain

‖A(u)‖2H � ξ‖u‖H‖A(u)‖H ,

so
‖A(u)‖H � ξ‖u‖H

and thus ‖A‖L � ξ. From this and (2.11), we conclude that

‖A‖L = sup
‖u‖H�1

(A(u), u)H .

(b) Since A is self-adjoint, for every u ∈ H, we have that
(A(u), u)H ∈ R. Let λ be an eigenvalue of A with eigenfunction u
(see Definition 2.21). We have

(A(u), u)H = (λu, u)H = λ‖u‖2H ,

so
λ =

(A(u),u)H
‖u‖2H

∈ R.

Thus, every eigenvalue of A is real.
Next, let λ, μ be two distinct eigenvalues with corresponding
eigenvectors u, v ∈ H \ {0}, respectively. Then

A(u) = λu and A(v) = μv.

We have
(A(u), v)H = λ (u, v)H

and
(A(u), v)H = (u,A(v))H = μ (u, v)H

(since A is self-adjoint), so

(λ− μ) (u, v)H = 0,

thus (u, v)H = 0. This shows that eigenvectors are orthogonal.
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Solution of Problem 2.43
“=⇒”: Let λ ∈ σ(A) (see Definition 2.18).
It suffices to show that if inf

‖u‖H=1
‖(λIH −A)(u)‖H > 0 then the

operator λIH −A is invertible. So, suppose that

inf
‖u‖H=1

‖(λIH −A)(u)‖H = c > 0.

Then

‖(λIH −A)(u)‖H � c‖u‖H ∀ u ∈ H. (2.13)

From (2.13) it is clear that λIH − A is injective. So, if we show
that λIH −A is also surjective, then by the Banach theorem (see
Theorem I.5.48), we would have that λIH − A is invertible. We
show surjectivity of λIH − A in two steps. First we show that
(λIH −A)(H) is dense in H and then we show that (λIH −A)(H)
is closed.
To show that (λIH − A)(H) is dense in H, we argue indirectly.
So, suppose that (λIH − A)(H) is not dense in H. Then we can

find ̂h ∈ H \ {∅} such that

(

(λIH −A)(u),̂h
)

H
= 0 ∀ u ∈ H.

Exploiting the fact that A is self-adjoint (see Definition
I.5.108(b)), we have

(

(λIH −A)(u),̂h
)

H
=

(

u, (λIH −A)(̂h)
)

H
∀ u ∈ H,

so
(λIH −A)(̂h) = 0, with ̂h 	= 0,

thus λ is an eigenvalue of A (see Definition 2.21. But from Prob-
lem 2.42(b), we know that all eigenvalues of A are real. Hence
λ ∈ R and so

(λIH −A)(̂h) = 0, with ̂h 	= 0,

which contradicts (2.13). This proves the density of (λIH −A)(H)
in H. Next we show that (λIH − A)(H) ⊆ H is closed. So, let
{un}n�1 ⊆ H be a sequence such that

(λIH −A)(un) −→ h.
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From (2.13), for all n,m � 1, we have

c‖un−um‖H � ‖(λIH−A)(un−um)‖H −→ 0 as n,m → +∞,

so {un}n�1 ⊆ H is a Cauchy sequence. Thus, we have un −→ u
in H for some u ∈ H. From the continuity of λIH − A, it follows
that

(λIH −A)(un) −→ (λIH −A)(u) in H,

so h = (λIH − A)(u) and thus h ∈ R(λIH − A). This proves that
R(λIH −A) is closed. Therefore R(λIH −A) = H.

“⇐=”: If λ ∈ �(A), then (λIH − A)−1 ∈ L(H) and for u ∈ ∂B1,
we have

1 = ‖u‖H = ‖(λIH −A)−1(λIH −A)(u)‖H
� ‖(λIH −A)−1‖L‖(λIH −A)(u)‖H

(where ∂B1 = {h ∈ H : ‖h‖H = 1}), so

‖(λIH −A)−1‖−1
L � ‖(λIH −A)(u)‖H ∀ u ∈ ∂B1.

Solution of Problem 2.44
From Problem 2.42(b) we know that σ(A) ∈ R. Let ϑ > 0. We will
show that M + ϑ 	∈ σ(A). According to Problem 2.43, it suffices to
show that

inf
‖u‖H=1

‖((M + ϑ)IH −A)(u)‖H > 0.

For u ∈ H, with ‖u‖H = 1, we have

((M + ϑ)u−A(u), u)H = (M + ϑ)− (A(u), u)H (2.14)

� (M + ϑ)−M = ϑ > 0 (2.15)

(recall that ‖u‖H = 1 and see the definition of M). Also we have

((M + ϑ)u−A(u), u)H � ‖((M + ϑ)IH −A)(u)‖H . (2.16)
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From (2.14) and (2.16) it follows that

0 < ϑ � inf
‖u‖H=1

‖((M + ϑ)IH −A)(u)‖H ,

so M + ϑ 	∈ σ(A) (see Problem 2.43).
In a similar fashion, we show that m−ϑ 	∈ σ(A). Therefore σ(A) ⊆

[m,M ].
Next we show that M ∈ σ(A). Note that σ(A+ ϑIH ) = σ(A) + ϑ

and so by replacing A by A+ ϑIH , we may assume without only loss
of generality that 0 � m � M . Then by virtue of Problem 2.42(a), we
have

‖A‖L = M. (2.17)

According to Problem 2.43, it suf-
fices to show that inf

‖u‖H=1
‖(MIH −A)(u)‖H = 0. Let {un}n�1 ⊆ H

be a sequence such that ‖un‖H = 1 for all n � 1 and

(A(un), un)H −→ M = ‖A‖L (2.18)

(see (2.17)). We have

0 � ‖(MIH −A)(un)‖2H = (Mun −A(un),Mun −A(un))H
= M2‖un‖2H − 2M (A(un), un)H + ‖A(un)‖2H
� 2M2 − 2M (A(un), un)H −→ 0

(since A is self-adjoint and using (2.18)), so

inf
‖u‖H=1

‖(MIH −A)(u)‖H = 0.

and thus M ∈ σ(A).
Similarly we show that m ∈ σ(A).

Solution of Problem 2.45
Let Y = A(X) and V = (IX − A)(X). Then Y and V are nontrivial
closed vector subspaces of X and X = Y ⊕V . If y ∈ Y and v ∈ V are
both nonzero, then A(y) = y and A(v) = 0, so 0 and 1 are eigenvalues
of A (i.e., {0, 1} ⊆ σp(A); see Definition 2.21).
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Next let λ ∈ C \ {0, 1}. If u ∈ X, then u = y + v with y ∈ Y ,
v ∈ V (in a unique way). Then

(λIX −A)(u) = λu−A(u) = (λ− 1)y + λv.

So, if (λIX−A)(u) = 0, then (λ−1)y = 0 and λv = 0. Since λ 	∈ {0, 1},
we see that y = v = 0 and so u = 0. This proves that λIX − A is
injective.

Also, if u = y + v with y ∈ Y , v ∈ V , then for x = y
λ−1 + v

λ we
have

(λIX −A)(x) = u,

so λIX − A is surjective and thus λIX − A is invertible (from the
Banach theorem; see Theorem I.5.48). Thus σ(A) ⊆ {0, 1} and so
σp(A) = σ(A) = {0, 1} (see Definitions 2.18 and 2.21).

Solution of Problem 2.46
Let

L(u) =
∑

n�0

ξ−(n+1)An(u)

and

Lm(u) =

m
∑

n=0

ξ−(n+1)An(u) ∀ u ∈ X, m � 1.

Clearly Lm ∈ L(X) and Lm(u) −→ L(u) in X. Then by the uniform
boundedness principle (see Corollary I.5.40), we infer that L ∈ L(X).
For each u ∈ X, we have

(ξIX −A)L(u) = lim
m→+∞

(

(ξIX −A)
m
∑

n=0

ξ−(n+1)An(u)
)

= lim
m→+∞

(

m
∑

n=0

ξ−nAn(u)−
m
∑

n=0

ξ−(n+1)An+1(u)
)

= lim
m→+∞

(

u− ξ−(m+1)Am+1(u)
)

.

By hypothesis lim
m→+∞ ξ−(m+1)Am+1(u) = 0. Therefore it follows that

(ξIX −A)L(u) = u.
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In a similar fashion we show that

L(ξIX −A)(u) = u.

From the two last relations we conclude that (ξIX −A)−1 = L ∈ L(X),
hence ξ ∈ �(A) (see Definition 2.18).

Solution of Problem 2.47
Evidently A is well defined and linear. Also, by the Hölder inequality
(see Theorem 1.3 and Problem 1.27), we have

∣

∣A(u)(t)−A(u)(τ)
∣

∣ � |t− τ |
1
p′ ‖u‖p ∀ t, τ ∈ (0, 1)

(with 1
p +

1
p′ = 1). If 1 < p < +∞, then p′ < +∞ and so we can apply

the Arzela–Ascoli theorem (see Theorem I.2.181) and conclude that
A ∈ Lc(X).

If p = 1, then p′ = +∞ and then we apply the Kolomogorov–Riesz
theorem (see Theorem 1.29) to conclude that A ∈ Lc(X).

Next we determine σ(A) and σp(X) (see Definitions 2.18 and 2.21).
First we show that 0 	∈ σp(A). To this end, assume that A(u) = 0.
Then

1
∫

0

u(s)χ
[a,b]

(s) ds = 0 ∀ a, b ∈ [0, 1].

Exploiting the density of simple functions in Lp(0, 1) (with 1 � p �
+∞), we conclude that u ≡ 0.

Also, let λ 	= 0 and u ∈ C ([0, 1]). We set h = (λIX − A)−1(u).

Then y(t) =
t
∫

0

h(s) ds satisfies

y ∈ C1 ([0, 1]) and y′ = (λIX −A)−1(u),

so
λy′ −A(y′) = λy′ − y = u, with y(0) = 0

and thus

h(t) = 1
λu(t)−

1
λ2

t
∫

0

e(t−s)λu(s) ds.
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Exploiting the density of C ([0, 1]) in Lp(0, 1) (with 1 � p < +∞), we
conclude that the last relation is in fact valid for all u ∈ Lp(0, 1).
Therefore λ 	∈ σ(A) and so

σ(A) = {0} and σp(A) = ∅.

Solution of Problem 2.48
Since A is an isomorphism, we see that 0 	∈ σ(A) (see Definition 2.18).
Then from Problem 2.43 we have

c‖u‖2H � (A(u), u)H ∀ u ∈ H, (2.19)

for some c > 0. Therefore 〈A(u), u〉 > 0 for all u 	= 0 and it follows
that 〈·, ·〉 is a new inner product on H.

Let |u| = 〈u, u〉
1
2 . Then

|u|2 � ‖A‖L‖u‖2H ∀ u ∈ H. (2.20)

From (2.19) and (2.20) it follows that

c‖u‖2H � |u|2 � ‖u‖L‖u‖2H ∀ u ∈ H,

so ‖·‖H and | · | are equivalent norms on H.

Solution of Problem 2.49
Note that kerL ⊆ ker (S ◦L) = ker (IX + ̂K) and ker (IX + ̂K) is finite
dimensional (see Proposition 2.24). Also, we have

R(L) ⊇ R(L ◦ T ) = R(IY +K)

and R(IY +K) is finite codimensional, hence so is R(L) (see Proposi-
tion 2.24). This shows that L ∈ Fred (X;Y ) (see Definition 2.29).
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Solution of Problem 2.50
We can find T ∈ L(X;Y ) such that

L ◦ T = IY +K1 and T ◦ L = IX +K2,

with K1 ∈ Lc(Y ;Y ) and K2 ∈ Lc(X;X) (see Remark 2.30). Then we
have

(L+K) ◦ T = IY +K1 +K ◦ T,
T ◦ (L+K) = IX +K2 + T ◦K.

Since K1 + K ◦ T ∈ Lc(Y ;Y ) and K2 + T ◦ K ∈ Lc(X;X), from
Problem 2.49, we infer that L +K ∈ Fred (X;Y ). Then consider the
map [0, 1] � t 
−→ L(t) = L+ tK. From the first part of the solution,
we have that L(t) ∈ Fred (X;Y ) for all t ∈ [0, 1]. Moreover, from
Remark 2.30, it follows that i(L) = i(L+K).

Solution of Problem 2.51

(a) “=⇒”: Let ϕ be a lower semicontinuous function and let
V ⊆ R be an open set. According to Proposition 2.37(d)
we need to show that the set E+

ϕ (V ) is open (where
E+

ϕ (V ) = {u ∈ X : Eϕ(u) ⊆ V }). Let u ∈ E+
ϕ (V ). Then the in-

clusion Eϕ(u) ⊆ V means that V ⊇ (λ,+∞) for some λ < ϕ(u).
The lower semicontinuity of ϕ implies that we can find a neighbor-
hood U of u such that λ < ϕ(h) for all h ∈ U . Then Eϕ(h) ⊆ V
for all h ∈ U and so we conclude that u 
−→ Eϕ(u) is upper semi-
continuous.

“⇐=”: Since Eϕ is upper semicontinuous, for every λ ∈ R, the set

E+
ϕ ((λ,+∞)) = {u ∈ X : Eϕ(u) ⊆ (λ,+∞)}

= {u ∈ X : ϕ(u) > λ}

is open. This means that ϕ is a lower semicontinuous function.

(b) “=⇒”: Let ϕ be an upper semicontinuous function and let V ⊆ R

be an open set. In this case, we need to show that E−
ϕ (V ) =
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{u ∈ X : Eϕ(u) ∩ V 	= ∅} is open (see Proposition 2.38(e)). Let
u ∈ E−

ϕ (V ). Then the relation Eϕ(u) ∩ V 	= ∅ means that we can
find λ ∈ V such that ϕ(u) � λ. In fact the openness of V implies
that we can always choose λ ∈ V such that ϕ(u) < λ. Then the
upper semicontinuity of the function ϕ implies that we can find
a neighborhood U of u such that ϕ(h) < λ for all h ∈ U . Hence
Eϕ(h) ∩ V 	= ∅ for all h ∈ U . This implies that the set E−

ϕ (V ) is
open, therefore Eϕ is lower semicontinuous.
“⇐=”: Since Eϕ is lower semicontinuous, for every λ ∈ R, the set

E−
ϕ ((−∞, λ)) = {u ∈ X : Eϕ(u) ∩ (−∞, λ) 	= ∅}

= {u ∈ X : ϕ(u) < λ}

is open. This means that ϕ is an upper semicontinuous function.

Solution of Problem 2.52
First we consider the case of F being lower semicontinuous (see Defi-
nition 2.36(b)). So, let C ⊆ X be a connected set and let V1, V2 ⊆ X
be two open sets such that

F (C) ⊆ V1 ∪ V2, F (C) ∩ V1 	= ∅ and F (C) ∩ V2 	= ∅. (2.21)

We need to show that F (C) ∩ V1 ∩ V2 	= ∅. To this end, suppose that

C ∩ F−(V1) ∩ F−(V2) = ∅. (2.22)

Since F is lower semicontinuous, the sets F−(V1) and F−(V2) are both
open and from (2.21) we infer that

C ⊆ F−(V1)∪F−(V2), C ∩F−(V1) 	= ∅ and C ∩F−(V2) 	= ∅.
(2.23)

Combining (2.22) and (2.23), we see that we have a contradiction to
the connectedness of C. Therefore (2.22) cannot happen and so we
have

C ∩ F−(V1) ∩ F−(V2) 	= ∅.
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Let u ∈ C ∩ F−(V1) ∩ F−(V2). We have

F (u) ⊆ V1 ∪ V2, F (u) ∩ V1 	= ∅ and F (u) ∩ V2 	= ∅.

So, from the connectedness of F (u) we infer that

F (u) ∩ V1 ∩ V2 	= ∅,

so F (C) ∩ V1 ∩ V2 	= ∅, which proves the connectedness of F (C).
When F is upper semicontinuous, then the proof if similar, working

this time with a “disconnection” consisting of closed sets.

Solution of Problem 2.53
Note that for every nonempty open set V ⊆ Y we have

F (u) ∩ V 	= ∅ if and only if F (u) ∩ V 	= ∅.

Therefore F is lower semicontinuous if and only if F is lower semicon-
tinuous (see Definition 2.36).

For upper semicontinuous multifunctions the result is not true. To
see this, let X = Y = R and consider the multifunction

F (u) = (u− 1, u+ 1) ∀ u ∈ R.

Then
F+((−1, 1)) = {0}

(see Definition 2.35(b)) and so F is not upper semicontinuous. On the
other hand,

F (u) = [u− 1, u+ 1] ∀ u ∈ R

and for every y ∈ R

ϕy(u) = distY (y, F (u)) =

⎧

⎨

⎩

u− 1− y if y � u− 1,
0 if u− 1 < y < u+ 1,
y − (u+ 1) if u+ 1 � y.
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Clearly ϕy is lower semicontinuous. So, Proposition 2.45 implies that
F is upper semicontinuous.

Solution of Problem 2.54
Let V ⊆ Y be an open set and let y ∈ convF (u) ∩ V . Then we have

y =
n
∑

k=1

λkyk ∈ V, with y1, . . . , yn ∈ F (u), λ1, . . . , λn ⊆ [0, 1],

n
∑

k=1

λk = 1.

Let ε > 0 be small such that

Bε(y) =
{

y′ ∈ Y : ‖y′ − y‖Y < ε
}

⊆ V.

Note that F (u) ∩ Bε(yk) 	= ∅ for all k ∈ {1, . . . , n}. Then since F
is lower semicontinuous, we can find Uk ∈ N (u) (N (u) being the
filter of neighborhoods of u) such that for every u′ ∈ Uk we have

F (u′) ∩ Bε(yk) 	= ∅, with k ∈ {1, . . . , n}. We set U =
n
⋂

k=1

Uk. For

every u′ ∈ U , let y′k ∈ F (u′) ∩Bε(yk) and set y′ =
n
∑

k=1

λky
′
k. Then

‖y′ − y‖Y =
∥

∥

n
∑

k=1

λk(y
′
k − y)

∥

∥

Y
�

n
∑

k=1

λk‖y′k − yk‖Y < ε,

so y′ ∈ convF (u′) ∩ V and thus the set convF−(V ) is open. Hence
u 
−→ convF (u) is lower semicontinuous.

Then using Problem 2.53, we conclude that u 
−→ convF (u) is
lower semicontinuous too.
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Solution of Problem 2.55
Since F has compact values, for every u ∈ X we have convF (u) ∈
Pkc(Y ) (by the Mazur theorem; see Theorem I.5.86). Then by virtue
of Proposition 2.56(a), it suffices to show that F is h-upper semicon-
tinuous (see Definition 2.53(a)). So, suppose that {xα}α∈J ⊆ X is a
net such that xα −→ x in X. Then

h∗ (convF (uα), convF (u)) � h∗ (F (uα), F (u))

(see Remark 2.50), so using the h-upper semicontinuity of F (see
Proposition 2.56(a)), we have

h∗ (convF (uα), convF (u))
α∈J−→ 0.

Thus the multifunction u 
−→ convF (u) is h-upper semicontinuous,
hence upper semicontinuous too.

Solution of Problem 2.56

(a) Let {yα}α∈J ⊆ F (K) be a net. Then yα ∈ F (uα) for all α ∈ J
with some net {uα}α∈J ⊆ K. The compactness of K implies that
we can find a subnet {uβ}β∈I of {uα}α∈J such that uβ −→ u ∈ K.
Note that {(uβ , yβ)}β∈I ⊆ GrF . Invoking Proposition 2.42, we
infer that {yβ}β∈I admits a cluster point in F (u) ⊆ F (K). This
proves the compactness of the set F (K).

(b) According to Proposition 2.37, it suffices to show that for
every closed set C ⊆ Y , we have that the set H−(C) =
{u ∈ X : H(u) ∩ C 	= ∅} is closed in X. To this end, let
{uα}α∈J ⊆ H−(C) be a net such that uα −→ u in X. Let

K = {u} ∪ {uα : α ∈ J} ∈ Pk(X).

From (a) we have that G(K) ∈ Pk(Y ). Let yα ∈ H(uα) ∩ C.
Then {yα}α∈J ⊆ G(K) and so we can find a subnet {yβ}β∈I of
{yα}α∈J such that yβ −→ y in Y . Since the set C ⊆ Y is closed,
we have that y ∈ C. Also, using Proposition 2.43, we see that
the multifunction u 
−→ F (u) ∩G(u) is closed, hence y ∈ F (u) ∩
G(u). Therefore y ∈ H(u) ∩ C and so u ∈ H−(C). This shows
that H−(C) ⊆ X is closed, hence the multifunction H is upper
semicontinuous (see Proposition 2.37).
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(c) No. To see this, letX = Y = [0, 1] and consider the multifunctions

F (u) =

{ {

1
n : n � 1

}

if u 	= 0,
{0} if u = 0,

G(u) =

{

(0, 1] \
{

1
n : n � 2

}

if u 	= 0,
[0, 1] if u = 0.

Both multifunctions are lower semicontinuous and

(F ∩G)(u) =

{

{1} if u 	= 0,
{0} if u = 0,

which is not lower semicontinuous (see Proposition 2.38) because
for the closed set C = {1} ⊆ X, the set F+(C) = (0, 1] ⊆ Y is
not closed.

Solution of Problem 2.57
Evidently, it suffices to show that ϕ(u) � dist(u,D) for all u ∈ X.
Arguing by contradiction, suppose that we can find u ∈ X such that
dist(u,D) < ϕ(u). Let ε = ϕ(u) − dist(u,D) > 0 and choose h ∈ D
such that

dX (u, h) < dist(u,D) + ε
3 .

From the hypothesis concerning ϕ, we can find E ∈ Pf (X) such that

|ϕ(h)− dist(h,E)| < ε
3 and |ϕ(u)− dist(u,E)| < ε

3 .

We have

ϕ(u) < dist(u,E) + ε
3 � dX (u, h) + dist(h,E) + ε

3

� dX (u, h) + ϕ(h) + 2ε
3

= dX (u, h) +
2ε
3 < dist(u,D) + ε

(since h ∈ D), which contradicts the definition of ε. We conclude that

ϕ(u) = dist(u,D) ∀ u ∈ X.
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Solution of Problem 2.58
The hypothesis that Cn

h−→ C (see Definition 2.86) implies that given
ε > 0, we can find n0 = n0(ε) � 1 such that

C ⊆ (Cn)ε and Cn ⊆ Cε ∀ n � n0. (2.24)

From the second inclusion in (2.24), we have that
⋃

n�n0

Cn ⊆ Cε,

so
⋃

n�n0

Cn ⊆ C2ε,

thus
⋂

m�1

⋃

n�m

Cn ⊆ C2ε ∀ ε > 0

and hence
⋂

m�1

⋃

n�m

Cn ⊆ C = C (2.25)

(since C ∈ Pf (X)). From the first inclusion in (2.24), we obtain

C ⊆
⋂

ε>0

⋃

m�1

⋂

n�m

(Cn)ε. (2.26)

Finally let u ∈
⋂

ε>0

⋃

m�1

⋂

n�m

(Cn)ε. This means that for every ε > 0,

we can find m0 = m0(ε) � 1 such that for all n � m0 we have u ∈
(Cn)ε ⊆

( ⋃

n�m0

Cn

)

ε
. Since ε > 0 is arbitrary, we infer that

u ∈
⋃

n�m0

Cn,

so
⋂

ε>0

⋃

m�1

⋂

n�m

(Cn)ε ⊆
⋂

m�1

⋃

n�m

Cn. (2.27)

Combining (2.25), (2.26) and (2.27), we reach the equality claimed by
the problem.
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Solution of Problem 2.59
Let y ∈ X \

( ⋃

C∈K
C
)

. Then for every C ∈ K, y ∈ X \ C and so

dist(y, C) = mC > 0. This means that h({y}, C) � mC > 0. Consider
the function ξ : (Pf (X), h) −→ R+ defined by

ξ(D) = h({h}, D) ∀ D ∈ Pf (X).

This function is continuous and so inf
K

ξ is attained. Therefore

h({y}, C) � ε > 0 ∀ C ∈ K,

for some ε > 0. This means that y 	∈
( ⋃

C∈K
C
)

ε
, so

dist(y,
⋃

C∈K
C) > 0.

Since y ∈ X \
( ⋃

C∈K
C
)

is arbitrary, we conclude that the set
⋃

C∈K
C is

closed.

Solution of Problem 2.60
“=⇒”: Let F is dense in (Pf (X), h). Note that if C ∈ Pf (X) and
F ⊆ X is finite, then F is an ε-net for the set C if and only if C ⊆ Fε.
Therefore, if h(F,C) < ε (see Definition 2.49), then F is an ε-net
for C. Let

Bh(C, ε) = {D ∈ Pf (X) : h(D,C) < ε} .

If Bh(C, ε) ∩ F 	= ∅ for all ε > 0, then C is totally bounded (see Defi-
nition I.1.70). In particular this is also true if C = X.

“⇐=”: Since X is totally bounded, every C ∈ Pf (X) is also to-
tally bounded. Therefore, for every C ∈ Pf (X) and every ε > 0,
we can find F ∈ F such that C ⊆ Fε. We can also have F ⊆ Cε,
because if this inclusion is not true, then we can find û ∈ F such
that dist(û, C) � ε. This implies that C ∩ Bε(û) = ∅ (recall that
Bε(û) = {u ∈ X : dX (u, û) < ε}) and so F ′ = F \ {û} is still an ε-net
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for C and so, we can replace F by F ′. Then h(F,C) < ε and so F is
dense in (Pf (X), h).

Solution of Problem 2.61
Let {uα}α∈J ⊆ X be a net such that uα −→ u in X and let v =
F (u). According to Proposition 2.38(d), in order to establish the lower
semicontinuity of the multifunction F , we need to find vα ∈ F (uα) for
all α ∈ J such that vα −→ v in V . From the definition of F we have
that

v = ϕ(u, y), with y ∈ M(u).

Since by hypothesis M is lower semicontinuous, we can find yα ∈
M(uα) for α ∈ J such that yα −→ y in Y (see Proposition 2.38). The
continuity of ϕ implies that

vα = ϕ(uα, yα) −→ ϕ(u, y) = v.

Since vα = F (uα), we have proved the lower semicontinuity of F .

Solution of Problem 2.62
According to Proposition 2.37, it suffices to show that for every closed
set C ⊆ Y , the set F−(C) = {u ∈ X : F (u) ∩ C 	= ∅} is closed. To
this end, let {un}n�1 ⊆ F−(C) be a sequence such that un −→ u
in X. From the definition of F , we can find yn ∈ M(un) such that
ϕ(un, yn) ∈ C for all n � 1. Note that yn ∈ M({u} ∪ {un : n � 1})
and from Problem 2.56(a), we know that M({u} ∪ {un : n � 1}) ∈
Pk(Y ) and so we can find a subsequence {ynk

}k�1 of {yn}n�1 such that
ynk

−→ y in Y . Invoking Proposition 2.43, we have that y ∈ M(u).
Also, the continuity of ϕ, implies that

ϕ(unk
, ynk

) −→ ϕ(u, y) ∈ C in V.
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Since y ∈ M(u), it follows that u ∈ F−(C) and so F−(C) is closed.
This implies the upper semicontinuity of the multifunction F .

Solution of Problem 2.63
Let {un}n�1 ⊆ X. For each n � 1, let Cn = {un} ∈ Pf (X) for
n � 1 and since by hypothesis (Pf (X), h) is compact, we can find a
subsequence {Cnk

}k�1 of {Cn}n�1 and a set C ∈ Pf (X) such that

h(Cnk
, C) −→ 0

(see Definition 2.49). Given ε > 0, we can find k0 = k0(ε) � 1 such
that

C ⊆ (Cnk
)ε and Cnk

⊆ Cε ∀ k � k0. (2.28)

Note that (Cnk
)ε = Bε(unk

). Hence diamC � 2ε, so C = {u} (i.e., C
is singleton), thus

unk
∈ Bε(u) ∀ k � k0

(see (2.28)) and so unk
−→ u in X. This proves the compactness of X.

Solution of Problem 2.64
We need to show that for every λ ∈ R, the set Lλ =
{u ∈ X : v(y) � λ} is closed (see Definition I.2.46). So, let {uα}α∈J ⊆
Lλ be a net such that uα −→ u in X. Given any ε > 0, we can find
y ∈ F (u) such that

v(u)− ε � ϕ(u, y). (2.29)

The lower semicontinuity of F implies that we can find yα ∈ F (uα)
for α ∈ J such that yα −→ y in Y (see Proposition 2.38). We have

ϕ(uα, yα) � v(uα) � λ ∀ α ∈ J,
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so
ϕ(u, y) � lim inf

α∈J
ϕ(uα, yα) � λ

(since ϕ is lower semicontinuous), thus v(u)− ε � λ (see (2.29)).
Since ε > 0 was arbitrary, we let ε ↘ 0, to conclude that v(u) � λ,

so u ∈ Lλ and thus Lλ is closed. We conclude that v is a lower
semicontinuous function.

Solution of Problem 2.65
Let {(uα, yα)}α∈J ⊆ GrF be a net and assume that uα −→ u in X.
Since F is locally compact, we can find U ∈ N (u) (where N (u) is the
filter of neighborhoods of u) such that F (U) ∈ Pk(Y ). We can find
α0 ∈ J such that uα ∈ U for all α � α0. Then {yα}α�α0 ⊆ Y

is relatively compact, hence {yα}α∈J has a cluster point in F (U).
We can find a subnet {yβ}β∈I of {yα}α∈J and y ∈ F (U) such that
yβ −→ y in Y . Note that {(uβ , yβ)}β∈J ⊆ GrF and since uβ −→ u
in X, yβ −→ y in Y and F is closed, we have (u, y) ∈ GrF , that is,
y ∈ F (u). So, invoking Proposition 2.42, we conclude that F is upper
semicontinuous.

Solution of Problem 2.66
From Problem 2.64 we already know that v is lower semicontinuous.
So, it suffices to show that v is upper semicontinuous. To this end, for
every λ ∈ R, let

Uλ = {u ∈ X : v(u) � λ} .
We need to show that Uλ is closed (see Definition I.2.46). So, let
{uα}α∈J ⊆ Uλ be a net and assume that uα −→ u in X. Since ϕ
is continuous and F is Pk(Y )-valued, for every α ∈ J , we can find
yα ∈ F (uα) such that

v(uα) = ϕ(uα, yα) � λ. (2.30)

Invoking Proposition 2.42, we can find a subnet {yβ}β∈I of {yα}α∈J
and y ∈ F (u) such that yβ −→ y in Y . Then the continuity of ϕ
implies that

ϕ(uβ , yβ) −→ ϕ(u, y) � v(u),
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so
λ � v(u)

(see (2.30)), thus u ∈ Uλ and hence Uλ is closed. This proves that v
is also upper semicontinuous, therefore it is continuous.

Clearly S is Pk(Y )-valued. For every u ∈ X, let

G(u) = {y ∈ Y : v(u) = ϕ(u, y)} .

The continuity of v and ϕ implies that G is closed (see Definition 2.40).
We have

S(u) = G(u) ∩ F (u).

Invoking Problem 2.56(b), we conclude that S is upper semicontinu-
ous.

Solution of Problem 2.67
Let X = [0, 1] and Y = R

2
+. Consider the multifunction F : X −→

2Y \ {∅} defined by

F (u) = {(t, ut) : t � 0} .

Clearly F is lower semicontinuous (see Proposition 2.38(d)), but F is
not h-lower semicontinuous (see Definitions 2.53(b) and 2.49(b)).

Next, let X = [0, 1] and Y = R. Consider the multifunction
F : X −→ 2Y \ {∅} defined by

F (u) =

{

[0, 1] if u ∈ [0, 1),
[0, 1) if u = 1.

Clearly F is h-upper semicontinuous (see Definitions 2.53(a)
and 2.49(b)). However, note that F+((−1, 1)) = {1} (see Defini-
tion 2.35(b)) and so F is not upper semicontinuous at 1 (see Defi-
nition 2.36(a) and Proposition 2.37).
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Solution of Problem 2.68
Let {(uα, yα)}α∈J ⊆ GrF be a net and assume that (uα, yα) −→ (u, y)
in X × Y . We have

distY (yα, F (u)) � h∗(F (uα), F (u)) −→ 0

(see Definitions 2.53(a) and 2.49), so distY (y, F (u)) = 0, thus y ∈ F (u)
and hence F is closed (see Definition 2.40).

Solution of Problem 2.69
We need to show that for every λ � 0, the set

Lλ(y) = {u ∈ X : ϕy(u) � λ}

is closed. To this end, let {uα}α∈J ⊆ Lλ(y) be a net such that uα −→ u
in X. For every vα ∈ F (uα) we have

distY (y, F (u)) � dY (y, vα) + distY (vα, F (u))

� dY (y, vα) + h∗(F (uα), F (u))

(see Definition 2.49), so

ϕy(u) � ϕy(uα) + h∗(F (uα), F (u)),

thus
ϕy(u) � λ+ h∗(F (uα), F (u))

and from the h-upper semicontinuity of F , we get

ϕy(u) � λ.

This means that u ∈ Lλ(u), which proves that the set Lλ(u) is closed.
Hence the function u 
−→ ϕy(u) is lower semicontinuous.



384 Chapter 2. Nonlinear and Multivalued Maps

Solution of Problem 2.70

(a) This is a consequence of Proposition 2.56(a) and Problem 2.56(a).
(b) From the definition of the Hausdorff metric (see Definition 2.49),

we have

h∗(RF (K), RF (K
′)) = sup

h∈RF (K)
inf

y∈RF (K′)
dX (h, y)

= sup
h∈RF (K)

inf
v∈K′ h

∗(h, F (v)) = sup
u∈K

inf
v∈K′ h

∗(F (u), F (v))

� sup
u∈K

inf
v∈K′ h(F (u), F (v)) � k sup

u∈K
inf
v∈K′ dX (u, v) = kh∗(K,K ′).

In a similar way, we show that

h∗(RF (K
′), RF (K)) � kh∗(K ′,K).

Hence
h(RF (K), RF (K

′)) � kh(K,K ′)

(see Definition 2.49).

Solution of Problem 2.71
Let V ⊆ Y be an open set. We need to show that (F ∩G)−(V ) ⊆ X
is open (see Proposition 2.38). So, let u ∈ (F ∩ G)−(V ) and y ∈
F (u) ∩G(u) ∩ V . Then (u, y) ∈ GrG ∩ (X × V ). Since by hypothesis
GrG ⊆ X × Y is open, we can find U1(u) ∈ N (u) and V1(y) ∈ N (y)
(where N (u) and N (y) are the filters of neighborhoods of u in X and
y in Y respectively) such that

U1(x)× V1(y) ⊆ GrG ∩ (X × V ). (2.31)

Note that F (u)∩V1(y) 	= ∅ and recall that F is lower semicontinuous.
So, we can find U2(u) ∈ N (u) such that

F (u′) ∩ V1(y) 	= ∅ ∀ u′ ∈ U2(u). (2.32)

We set U(u) = U1(u)∩U2(u) ∈ N (u). Then for all u′ ∈ U(u) we have

F (u′) ∩ V1(y) 	= ∅ and U(u)× V1(y) ⊆ GrG ∩ (X × Y )
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(see (2.31) and (2.32)), so

F (u′) ∩G(u′) ∩ V 	= ∅ ∀ u′ ∈ U(u),

thus the set (F ∩G)−(V ) ⊆ X is open and hence u 
−→ (F ∩G)(u) is
lower semicontinuous.

Solution of Problem 2.72
Consider the multifunction H : X −→ 2Y \ {∅} defined by

H(u) = F (u)r = {y ∈ Y : distY (y, F (u)) < r} ∀ u ∈ X.

Evidently H has convex and open values. We claim that H is lower
semicontinuous (see Definition 2.36(b)). To this end, let {uα}α∈J ⊆ X
be a net such that uα −→ u in X and let y ∈ H(u). If y ∈ F (u), then
exploiting the lower semicontinuity of F (see Proposition 2.38) we can
find yα ∈ F (uα) for α ∈ J such that yα −→ y. Clearly yα ∈ H(uα).
If y 	∈ F (u), then we can find v ∈ F (u) such that ‖v − y‖Y < r. Let
vα ∈ F (uα) be such that vα −→ v (again this is possible due to the
lower semicontinuity of F ). Then we can find α0 ∈ J such that

‖vα − y‖Y < r ∀ α � α0,

so
distY (y, F (uα)) < r ∀ α � α0,

thus y ∈ H(uα) for all α � α0 and hence H is lower semicontin-
uous (see Proposition 2.37). Invoking Proposition 2.60 (note that
intH(u) 	= ∅ for all u ∈ X), we can find a continuous function
h : X −→ Y such that

h(u) ∈ H(u) ∀ u ∈ X,

so
distY (h(u), F (u)) < r ∀ u ∈ X.
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Solution of Problem 2.73
Recall that a compact Hausdorff space is paracompact (see Definition
I.2.142 and Theorem I.2.144). Also, the collection {F−({y})}y∈Y is
an open cover of X. The compactness of X implies that we can find
a finite set {y1, . . . , yn} ⊆ Y such that {F−({y1}), . . . , F−({y1})} is
an open cover of X. The paracompactness of X implies that there is
a continuous partition of unity {s1, . . . , sn} subordinate to this finite
open cover (see Definition I.2.146 and Theorem I.2.147). Let

f(u) =
n
∑

k=1

sk(u)yk.

Then f is continuous. If sk(u) 	= 0, then u ∈ F−({yk}) and so yk ∈
F (u). The convexity of the values of F implies that f(u) ∈ F (u) for
all u ∈ X.

Solution of Problem 2.74
Let G : Y −→ 2X \ {∅} be the multifunction defined by

G(y) = A−1(y) = {u ∈ X : A(u) = y} . (2.33)

Since A ∈ L(X;Y ) is surjective, by the open mapping theorem (see
Theorem I.5.47), A is open. For every open set V ⊆ X, we have
that the set G−(V ) = A(V ) ⊆ Y is open. So, by Proposition 2.38,
G is lower semicontinuous. Also, from (2.33) it is clear that G has
values in Pfc(X). We can apply the Michael selection theorem (see
Theorem 2.58) and find a continuous map f : Y −→ X such that

f(y) ∈ G(y) ∀ y ∈ Y,

so

A(f(y)) = y ∀ y ∈ Y.
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Solution of Problem 2.75
Suppose that f : C −→ Y is a continuous selection of F |C . Let
̂F : X −→ Pfc(Y ) be the multifunction defined by

̂F (u) =

{

f(u) if u ∈ C,
F (u) if u ∈ X \ C.

Clearly ̂F is lower semicontinuous (see Proposition 2.38(d)). Also, it
has values in Pfc(Y ). So, we can apply the Michael selection theo-
rem (see Theorem 2.58) and conclude that there exists a continuous
selection ̂f : X −→ Y of ̂F . Evidently ̂f extends f on all of X.

Solution of Problem 2.76
For every u ∈ X, let F (u) = (ϕ(u), ψ(u)) ⊆ R. We claim that F is
lower semicontinuous. Indeed, let un −→ u in X and let y ∈ F (u).
Exploiting the upper semicontinuity of ϕ and the lower semicontinuity
of ψ, we see that we can find n0 � 1 such that

y ∈ (ϕ(un), ψ(un)) ∀ n � n0,

so F is lower semicontinuous. Applying Proposition 2.60, we obtain a
continuous selection f : X −→ R of F . Then ϕ(u) < f(u) < ψ(u) for
all u ∈ X.

Solution of Problem 2.77
According to Proposition 2.38, we need to show that for every open
set V ⊆ Y , the set H−(V ) = {u ∈ X : H(u) ∩ V 	= ∅} ⊆ X is open.
So, let y0 ∈ H(u0)∩V . Then y0 ∈ (ϕ(u0)+U)∩V . Thus there exists
an open symmetric neighborhood W of the origin in V such that

y0 +W +W ⊆
(

ϕ(u0) + U
)

∩ V,

so y0 +W ⊆ V .
Let D = ϕ−1(ϕ(u0) + W ). Since ϕ is continuous, we see that

D ⊆ X is open and u0 ∈ D.
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Next, we will show that

y0 +W ⊆ ϕ(u) + U ∀ u ∈ D. (2.34)

To prove this, let w ∈ W and u ∈ D. Then

h = ϕ(u0)− ϕ(u) ∈ W.

Since y0 + W + W ⊆ ϕ(u0) + U , we can find û ∈ U such that
y0 + w + h = ϕ(u0) + û and so

y0 + w = ϕ(u) + û ∈ ϕ(u) + U,

which proves (2.34). Since y0 ∈ F (u0) ∩ (y0 + W ), we have
u0 ∈ F−(y0 +W ) and since F is lower semicontinuous, we have that
the set F−(y0 +W ) is open. Let

E = D ∩ F−(y0 +W ).

Then E is an open neighborhood of u0. If u ∈ E, then

H(u) ∩ V = F (u) ∩
(

ϕ(u) + U
)

∩ V

⊇ F (u) ∩
(

ϕ(u) + U
)

∩ (y0 +W )

= F (u) ∩ (y0 +W ) 	= ∅

(see (2.34) and recall that y0+W ⊆ V ), so H is lower semicontinuous.

Solution of Problem 2.78
We consider the multifunction Γ: X −→ 2Y×Y \ {∅} defined by

Γ(u) = F (u)×G(u) ∀ u ∈ X.

Let V1 × V2 ⊆ Y × Y be a basic open set. Then

Γ−(V1 × V2) = F−(V1) ∩G−(V2),

so Γ−(V1 × V2) ⊆ X is open (since both F and G are lower semicon-
tinuous) and thus Γ is lower semicontinuous. Let ϕ : Y × Y −→ Y be
defined by

ϕ(y1, y2) = y1 + y2 ∀ y1, y2 ∈ Y.
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We know that ϕ is continuous. Then we have H = ϕ ◦ Γ. It is easily
seen that the composition of two lower semicontinuous multifunctions
is lower semicontinuous too. Therefore H is lower semicontinuous.

Solution of Problem 2.79
Given ε > 0, for every u ∈ X, we can find Vu ∈ N (u) such that

⋂

u′∈Vu

F (u′)ε 	= ∅.

The collection {Vu}u∈X is an open cover of X. Since X is paracompact
(see Definition I.2.142), there is a locally finite refinement {Wj}j∈J of
{Vu}u∈X (see Definition I.2.146 and Theorem I.2.147). For each j ∈ J ,
let uj ∈ X be such thatWj ⊆ Vuj . Also, let {ξj}j∈J be a corresponding
continuous partition of unity subordinate to {Wj}j∈J (see Definition
I.1.111). For every j ∈ J , we choose yj ∈

⋂

u′∈Wj

F (u′)ε and then define

fε : X −→ Y by setting

fε(u) =
∑

j∈J
ξj(u)yj .

Clearly fε ∈ C(X;Y ) and since F is convex valued, we have

fε(u) ∈ convF (u)ε = F (u)ε ∀ u ∈ X.

Solution of Problem 2.80
Let ̂F : X −→ Pfc(Y ) be the multifunction defined by

̂F (u) =

{

{ŷ} if u = û,
F (u) if u 	= û.

It is easy to see that ̂F is lower semicontinuous (see Proposition 2.38)
and has values in Pfc(Y ). So, we can apply the Michael selection theo-

rem (see Theorem 2.58) and find a continuous function ̂f : X −→ Y
such that ̂f(u) ∈ ̂F (u) for all u ∈ X. Evidently ̂f is a continuous
selector of ̂F such that ̂f(û) = ŷ.
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Solution of Problem 2.81
For u0 ∈ D, we have F (u0) ⊆ F (D) ⊆ F (D). Suppose that u0 ∈ D\D
and let y ∈ F (u0). For each open set V ⊆ Y containing y, we have
that F−(V ) ⊆ X is an open set containing u0 (see Proposition 2.38).
Since u0 ∈ D, we can find u ∈ D ∩ F−(V ). Then F (u) ∩ V 	= ∅ and
so F (D)∩ V 	= ∅. This shows that y ∈ F (D) and so we conclude that
F (D) ⊆ F (D).

Solution of Problem 2.82
See the solution of Problem 2.78 for the Cartesian product of two
lower semicontinuous multifunctions. The statement is not true for
upper semicontinuous multifunctions. To see this let X = Y = R and
consider the multifunction F : R −→ 2R \ {∅} defined by

F (u) = (−1, 1) ∀ u ∈ R.

Let H : R −→ 2R×R \{∅} be the multifunction defined by H = I
R
× F .

Clearly I
R

and F are upper semicontinuous multifunctions. On
the other hand, if B1 =

{

h ∈ R
2 : |h| < 1

}

, then (I
R
× F )(0) ⊆ B1.

However, we cannot find a neighborhood U of 0 in R such that
(I

R
× F )(U) ⊆ B1. Therefore the map u 
−→ H(u) = (u, F (u)) is not

upper semicontinuous.

Solution of Problem 2.83
We fix ε > 0. Because F is upper semicontinuous, for every
u ∈ X, we can find δ = δ(ε, u) ∈ (0, ε2) such that, if
u′ ∈ Bδ(u) = {u′ ∈ X : dX (u

′, u) < δ}, then F (u′) ⊆ F (u) + ε
2B1,

where B1 =
{

y ∈ Y : ‖y‖Y < ε
}

(see Proposition 2.54). The fam-
ily {B δ

4
(u)}u∈X is an open cover of X. Recall that a metric space

is paracompact (see Definition I.2.142 and Theorem I.2.144). So, we
can find a locally finite refinement {Uα}α∈J of {B δ

4
(u)}u∈X (see Def-

inition I.2.146 and Theorem I.2.147). There exists a locally Lipschitz
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partition of unity {ξα}α∈J subordinate to this cover {Uα}α∈J (see Def-
inition I.1.111). For each α ∈ J , we choose (uα, yα) ∈ GrF ∩ (Uα×Y )
and define

fε(u) =
∑

α∈J
ξα(u)yα ∀ u ∈ X.

Since the cover {Uα}α∈J is locally finite, fε is well defined and locally
Lipschitz. Moreover, it is clear that

fε(u) ∈ convF (X) ∀ u ∈ X.

Next, we fix u ∈ X. Recalling that {Uα}α∈J is locally finite, we have
that 0 < ξα(u) for all α ∈ J(u) ⊆ J with J(u) finite. For every α ∈
J(u), let uα ∈ X be such that Uα ⊆ B δα

4
(uα), with δα = δ(ε, uα) > 0.

Let β ∈ J(uα) and set δβ = max {δα : α ∈ J(u)}. Then uα ∈ B δβ
4

(uβ)

and so Uα ⊆ Bδβ (uβ). Hence for every α ∈ J(u), we have

yα ∈ F (Uα) ⊆ F (Uβ) +
ε
2B1.

Since the latter set is convex, we have

fε(u) ∈ F (Uβ) +
ε
2B1.

Thus we can find yβ ∈ F (uβ) such that ‖fε(u)− yβ‖Y < ε
2 and so

dX×Y ((u, fε(u)), (uβ , yβ)) = dX (u, uβ) + ‖fε(u)− yβ‖Y < ε,

so (u, fε(u)) ∈ GrF + εB1. Since u ∈ X is arbitrary, we conclude that
h∗(Gr fε,GrF ) < ε (see Definition 2.49).

Solution of Problem 2.84
We keep the notation from the solution of Problem 2.83. The family
{Bδ(u)}u∈K is an open cover of the compact set K. So, we can find
a finite subcover {Bδ1(u1), . . . , Bδm(um)} with δi = δi(ε, ui) > 0 for
i ∈ {1, . . . ,m}. We can find a locally Lipschitz partition of unity
{ξ1, . . . , ξm} subordinate to this finite subcover (see Definition I.1.111).
Also, let yi ∈ F (ui) for i ∈ {1, . . . ,m} and define

fε(u) =

m
∑

i=1

ξi(u)yi ∀ u ∈ Vε =

m
⋃

i=1

Bδi(ui).



392 Chapter 2. Nonlinear and Multivalued Maps

Then fε : Vε −→ Y is locally Lipschitz and fε(u) ∈ convF (K) ∩ Yε
with Yε = span {y1, . . . , ym}, hence fε has a finite dimensional range.
As in the solution of Problem 2.83, we see that

fε(u) ∈ F (K ∩Bε(u)) + εB1 ∀ u ∈ Vε.

Solution of Problem 2.85
Let X1 = F (X) and Xn+1 = F (Xn) for all n � 1. From Prob-
lem 2.56(a), we know that for each n � 1, the set Xn is compact. Also,
since X1 ⊆ X, we see that Xn+1 ⊆ Xn for all n � 1. Let C =

⋂

n�1

Xn.

Since {Xn}n�1 has the finite intersection property (being decreasing;
see Definition I.2.80 and Theorem I.2.81), it follows that C 	= ∅. We
have

F (C) ⊆
⋂

n�1

F (Xn) ⊆
⋂

n�1

Xn−1 = C

(setting X0 = X). Suppose that u0 ∈ C \ F (C). Note that C is
closed, hence F (C) ⊆ X is closed too (see Problem 2.56(a)). Recall
that a compact space is regular. So, we can find open sets U1, U2 ⊆ X
such that

u0 ∈ U1, F (C) ⊆ U2 and U1 ∩ U2 = ∅. (2.35)

Since F is upper semicontinuous, we have that the set F+(U2) ⊆ X is
open (see Proposition 2.37) and C =

⋂

n�1

Xn ⊆ F+(U2). We have

X \ F+(U2) ⊆
⋃

n�1

(X \Xn). (2.36)

The set X \ F+(U2) ⊆ X is closed, hence compact. From (2.36), it
follows that we find a finite subcover of the open cover {(X \Xn)}n�1.
So, we can say that

X \ F+(U2) ⊆
m
⋃

n=1

(X \Xn),
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so
m
⋂

n=1

Xn ⊆ F+(U2),

thus
Xn ⊆ F+(U2) ∀ n � m

hence
Xn+1 = F (Xn) ⊆ U2 ∀ n � m

and so C ⊆ U2. But u0 ∈ C and u0 	∈ U2 (see (2.35)), we reach a
contradiction. Therefore, we conclude that F (C) = C.

Solution of Problem 2.86
In the light of Problem 2.65, we need to consider a noncompact do-
main. So, let X = Y = R+ and consider the multifunction defined by

F (u) =

{

{0} if u = 0,
[0, u] ∪ { 1

u} if u > 0.

Evidently, for every u � 0, we have F (u) ∈ Pk(Y ). Also GrF is
closed. But F is not upper semicontinuous at 0. Indeed, note that
F (0) ⊆ [0, 1), but F+([0, 1)) = {0} which is not open in Y = R+.
Therefore F is not upper semicontinuous (see Proposition 2.37).

Solution of Problem 2.87
We will consider the boundedly w-compact case. The other case can
be established similarly. First note that for every u ∈ X, we have
proj

K
(u) 	= ∅. Indeed, let {hn}n�1 ⊆ K be a minimizing sequence,

that is,
‖u− hn‖X ↘ dist(u,K). (2.37)

From (2.37) we see that the sequence {hn}n�1 ⊆ K is bounded. So,

we can find r > 0 such that {hn}n�1 ⊆ K∩Br. Since K is by hypoth-
esis boundedly w-compact, we have that the sequence {hn}n�1 ⊆ X is
relatively w-compact. So, by the Eberlein–Smulian theorem (see Theo-
rem I.5.78), passing to a subsequence if necessary, we may assume that
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hn
w−→ h ∈ K ∩ Br. Exploiting the weak lower semicontinuity of the

norm functional (see Proposition I.5.56(c)), we have

‖u− h‖X � lim inf
n→+∞ ‖u− hn‖X ,

so
‖u− h‖X = dist(u,K)

(see (2.37) and recall that h ∈ K), thus h ∈ proj
K
(u) and hence

proj
K
(u) 	= ∅.

Now let C ⊆ X be a w-closed set. According to Proposition 2.37,
we need to show that the set proj−

K
(C) =

{

u ∈ X : proj
K
(u) ∩ C 	= ∅

}

is closed. So, let {un}n�1 ⊆ proj−
K
(C) be a sequence such that un −→

u in X. We have that proj
K
(un) ∩ C 	= ∅ for all n � 1. We can find

hn ∈ C such that

dist(un,K) = ‖un − hn‖X ∀ n � 1. (2.38)

We know that

dist(un,K) −→ dist(u,K). (2.39)

From (2.38) and (2.39), it follows that the sequence {hn}n�1 ⊆ K ∩C

is bounded. So, there exists r > 0 such that {hn}n�1 ⊆ K ∩ Br.
Because K is boundedly w-compact, invoking the Eberlein Smulian
theorem and by passing to a suitable subsequence if necessary, we can
have

hn
w−→ h ∈ K ∩ C ∩Br

(since C is w-closed). Also, the weak lower semicontinuity of the norm
functional (see Proposition I.5.56(c)) implies that

‖u− h‖X � lim inf
n→+∞ ‖un − hn‖X ,

so
‖u− h‖X = dist(u,K)

(see (2.38), (2.39) and recall that h ∈ K ∩C), thus u ∈ proj−
K
(C) and

hence proj
K

is upper semicontinuous from X into Xw.
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Solution of Problem 2.88
Note that F is closed from X into X∗

w∗ . Indeed, let {(uα, u∗α)}α∈J ⊆
GrF be a net such that uα −→ u in X and u∗α

w∗
−→ u∗ in X∗. Then

‖uα‖X −→ ‖u‖X and

‖uα‖2X = ‖u∗α‖2∗ = 〈u∗α, uα〉 −→ 〈u∗, u〉 ,

so

‖uα‖2X = 〈u∗, u〉 � ‖u∗‖X∗‖u‖X (2.40)

On the other hand, the weak∗ lower semicontinuity of the norm func-
tional of X∗ (see Proposition I.5.65(c)) implies that

‖u∗‖X∗ � lim inf
α∈J

‖u∗α‖X∗ = lim inf
α∈J

‖uα‖X = ‖u‖X . (2.41)

From (2.40) and (2.41) it follows that

‖u∗‖X∗ = ‖u‖X = 〈u∗, u〉 ,

so u∗ ∈ F(u) and hence F is closed.
From the definition of F (see Definition 2.112) and the Alaoglu

theorem (see Theorem I.5.66), we see that F is locally compact from
X into X∗

w∗ . So, invoking Problem 2.65, we conclude that F is upper
semicontinuous from X into X∗

w∗ .

Solution of Problem 2.89
Since F is compact valued, according to Proposition 2.56(a), it suffices
to show that F is h-upper semicontinuous (see Definition 2.53(a)).
Arguing indirectly, suppose that F is not h-upper semicontinuous.
Then we can find a sequence {un}n�1 ⊆ X with un −→ u in X and
ε > 0 such that

F (un) 	⊆ F (u) + εB1 ∀ n � 1. (2.42)

From (2.42) it follows that we can find hn ∈ F (un) such that

dist(hn, F (u)) � ε ∀ n � 1.
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Since F is lower semicontinuous and compact valued, it is also h-lower
semicontinuous (see Proposition 2.56(b)). So, we can find n0 ∈ N such
that

F (u) ⊆ F (un) + εB1 ∀ n � n0. (2.43)

Let h ∈ F (u). From (2.43) we see that we can find ̂hn ∈ F (un) for
n � n0 such that

‖̂hn − h‖X < ε ∀ n � n0,

so
dist(̂hn, F (u)) < ε ∀ n � n0. (2.44)

Recall that F has connected values. Then the continuity of the
map y 
−→ dist(y, F (u)) on F (un) for n � n0, together with (2.43)
and (2.44) imply that there exists h′n ∈ F (un) such that

dist(h′n, F (u)) = ε ∀ n � n0 (2.45)

(the Bolzano theorem; see Theorem I.1.90). So, we have that
{

h′n
}

n�n0
⊆ F (u) + εB1 ∈ Pk(R

N ).

By passing to a subsequence if necessary, we may assume that

h′n −→ h′ in R
N .

But (un, h
′
n) ∈ GrF and the latter by hypothesis is closed. So h′ ∈

F (u). On the other hand, from (2.45), we have

dist(h′, F (u)) = ε > 0,

so h′ 	∈ F (u), a contradiction. Therefore F is h-upper semicontinuous,
hence continuous.

Solution of Problem 2.90
Let X = Y = R and consider the multifunction F : R −→ Pfc(R)
defined by

F (u) =

⎧

⎨

⎩

−1 if u < 0,
[−1, 1] if u = 0,
1 if u > 0



2.3. Solutions 397

(the sign multifunction). Clearly F is upper semicontinuous (see Def-
inition 2.36(a)) but does not have a continuous selector.

Solution of Problem 2.91
From Theorem 2.63, we know that GrF ∈ B(T ×X). Let ̂T and ̂X be
the metric completions of T and X respectively. Since by hypothesis
T and X are Borel spaces, we have GrF ∈ B( ̂T × ̂X). Let C ∈ Pf (X)

and let ̂C be the ̂X-closure of C. Then C = ̂C ∩X. We have

F−(C) = {t ∈ T : F (t) ∩ C 	= ∅}
=

{

t ∈ T : F (t) ∩ ̂C 	= ∅
}

= proj
T̂

(

GrF ∩ ( ̂T × ̂C)
)

∈ B(X)

(by the Yankov–von Neumann–Aumann projection theorem; see Theo-
rem I.4.65).

Solution of Problem 2.92
Consider the multifunction F : Ω −→ 2X defined by

F (ω) = ϕ−1({ω}) = {u ∈ X : ϕ(u) = ω} . (2.46)

Therefore by hypothesis (i), F has values in Pf (X). Also, if V ⊆ X
is open, then

F−(V ) = {ω ∈ Ω : F (ω) ∩ V 	= ∅} = ϕ(V ) ∈ Σ,

so F is measurable (see Definition 2.61). Invoking the Kuratowski–
Ryll Nardzewski selection theorem (see Theorem 2.64), we can find a
Σ-measurable map f : Ω −→ X such that

f(ω) ∈ F (ω) ∀ ω ∈ Ω.

From (2.46) we see that ϕ(f(ω)) = ω for all ω ∈ Ω.
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Solution of Problem 2.93
“=⇒”: Let C ⊆ X be a closed set and let U = X \ C. We know that
U is an Fσ-set. In particular, we have

U =
⋃

n�1

̂Cn with ̂Cn =
{

x ∈ X : dist(x,C) � 1
n

}

∀ n � 1.

We have

F−(C) = Ω \ F+(U) = Ω \ F+
(
⋃

n�1

̂Cn

)

. (2.47)

It is easy to see that we always have

⋃

n�1

F+( ̂Cn) ⊆ F+
(
⋃

n�1

̂Cn

)

. (2.48)

We will show that the opposite inclusion also holds. Arguing indirectly,
suppose that we can find ω ∈ F+

( ⋃

n�1

̂Cn

)

such that F (ω) ∩ ̂Cc
n 	= ∅

for all n � 1. Let un ∈ F (ω) ∩ ̂Cc
n for all n � 1. Since F (ω) ∈ Pk(X),

we may assume that un −→ u ∈ F (ω) ⊆ U . We know that un ∈ ̂Cc
n

for all n � 1. Hence we have

dist(un, C) < 1
n ∀ n � 1

and so dist(u,C) = 0, therefore u ∈ C, a contradiction. So, the
inclusion in (2.48) is in fact an equality of the two sets and we have

F+
(
⋃

n�1

̂Cn

)

=
⋃

n�1

F+( ̂Cn) =
⋃

n�1

(

Ω \ F−( ̂Cc
n)
)

∈ Σ

(since F is measurable), thus F−(C) ∈ Σ (see (2.47)).

“⇐=”: This follows from Theorem 2.63(a).
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Solution of Problem 2.94
Since X is a separable metric space, it can be viewed as a dense subset
of a compact metric space Y (in fact, X is homeomorphic to a subset
of the Hilbert cube [0, 1]N which is compact by the Tichonov theorem;
see Theorem I.2.91). Let G : Ω −→ Pk(Y ) be defined by

G(ω) = F (ω)
Y ∀ ω ∈ Ω.

Then for every compact set K ⊆ X, we have

F−(K) = {ω ∈ Ω : F (ω) ∩K 	= ∅}
= {ω ∈ Ω : G(ω) ∩X ∩K 	= ∅} = G−(K).

Since G is compact valued in Y and measurable, from Problem 2.93,
we have that G−(K) ∈ Σ and so F−(K) ∈ Σ.

Solution of Problem 2.95
We know that ϕ is jointly measurable. Let C ⊆ X be a closed set and
let {un}n�1 ⊆ C be a sequence dense in C. We have

F−(C) = {ω ∈ Ω : F (ω) ∩ C 	= ∅}
= {ω ∈ Ω : ϕ(ω, u) ∈ U for some u ∈ C}
= {ω ∈ Ω : ϕ(ω, un0) ∈ U for some n0 � 1}
=

⋃

n�1

{ω ∈ Ω : ϕ(ω, un) ∈ U} ∈ Σ

(since U is open and ϕ(ω, ·) is continuous), so F is measurable (see
Theorem 2.63(a)).

Solution of Problem 2.96
Since X and Y are two σ-compact metric spaces, both are separable
and

X =
⋃

n�1

Cn with Cn ⊆ X compact for all n � 1,

Y =
⋃

m�1

Km with Km ⊆ Y compact for all m � 1.
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Let D ⊆ Y be a closed set. We have

F−(D) =
⋃

n,m�1

proj
X

(

(Cn × (D ∩Km)) ∩GrF
)

.

Since F is a closed multifunction (see Definition 2.40), we have that
the set

(Cn × (D ∩Km)) ∩GrF ⊆ X × Y

is compact for all n,m � 1. Recall that proj
X

is continuous. Hence
the set proj

X

(

(Cn × (D ∩Km))∩GrF
)

is compact for each n,m � 1,
thus a Borel set. Therefore F−(D) ⊆ X is a Borel set and so F is
measurable (see Theorem 2.63(a)).

Solution of Problem 2.97
Without any loss of generality, we may assume that H(ω) 	= ∅ for all
ω ∈ Ω. First we assume that all the multifunctions Fn are compact
valued. We start by showing that the map ω 
−→ H2(ω) = F1(ω) ∩
F2(ω) is measurable. To this end, let P (ω) = F1(ω)× F2(ω). Note
that for every set D ⊆ X × Y , we have

P−(D) = F−
1 (proj

1
D) ∩ F−

2 (proj
2
D),

with proj
1
(respectively proj

2
) being the projection on the first (res-

pectively second) factor of the product space. So, if D ⊆ X × Y is an
open set, then P−(D) ∈ Σ as

P−(D)=
{

ω ∈ Ω :F1(ω) ∩ proj
1
D 	= ∅

}

∩
{

ω ∈ Ω :F2(ω) ∩ proj
2
D 	= ∅

}

,

since the projections are open maps and F1, F2 are by hypothesis mea-
surable multifunctions (see Definition 2.61(a)). So, P is measurable
and compact valued.

Let Δ2 ⊆ X ×X be the diagonal set, that is

Δ2 = {(u, u) : u ∈ X} .
For every closed set ̂C ⊆ X ×X, we have

H−
2 ( ̂C) =

{

ω ∈ Ω : P (ω) ∩Δ2 ∩ ̂C 	= ∅
}

∈ Σ

(see Problem 2.93), so H2 is measurable (see Theorem 2.63).
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By induction, we see that the multifunction

ω 
−→ Hn(ω) =
n
⋂

k=1

Fk(ω)

is measurable for every n � 1. For every ω ∈ Ω, we have

h∗(Hn(ω), H(ω)) = sup
u∈Hn(ω)

dist(u,H(ω))

(see Definition 2.49). Since Hn(ω) ∈ Pk(X), we can find un ∈ Hn(ω)
such that

h∗(Hn(ω), H(ω)) = dist(un, H(ω)) ∀ n � 1.

Note that {un}n�1 ⊆ F1(ω) ∈ Pk(X). Passing to a subsequence if
necessary, we may assume that un −→ u in X. Evidently u ∈ H(ω)
and so

h∗(Hn(ω), H(ω)) −→ 0,

so
dist(u,Hn(ω)) −→ dist(u,H(ω)) ∀ ω ∈ Ω, u ∈ X.

Since Hn is measurable, the map ω 
−→ dist(u, Fn(ω)) is Σ-measurable
for every n � 1, hence the map ω 
−→ dist(u,H(ω)) is Σ-measurable
for every u ∈ X. This implies the measurability of H, when all mul-
tifunctions Fn are compact valued.

Now, assume that at least on Fn is compact valued. Let ̂X be
the metrizable compactification of X (recall that X being separa-
ble, is homeomorphic to a subset of the Hilbert cube [0, 1]N). Let
̂Fn : Ω −→ Pk( ̂X) be defined by

̂Fn(ω) = Fn(ω) ∀ ω ∈ Ω

(the closure in ̂X). From the first part of the solution we have that, if

̂H(ω) =
⋂

n�1

̂Fn(ω) ∀ ω ∈ Ω,

then ̂H is measurable. Since Fn0 = ̂Fn0 for some n0 � 1, it follows
that H = ̂H and so H is measurable.
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Solution of Problem 2.98
From Theorem 2.66, we know that there is a sequence
{hn : Ω −→ X}n�1 of Σ-measurable selectors of U such that

U(ω) = {hn(ω)}n�1 ∀ u ∈ Ω.

Let V ⊆ Y be an open set. Then

G−(V ) = {ω ∈ Ω : ϕ(ω,U(ω)) ∩ V 	= ∅}
=

⋃

n�1

{ω : ϕ(ω, hn(ω)) ∈ V } (2.49)

(due to the continuity of ϕ(ω, ·)). But ϕ being Carathéodory, is jointly
measurable. Hence, for every n � 1, the map ω 
−→ ϕ(ω, hn(ω)) is
Σ-measurable. Therefore

{ω ∈ Ω : ϕ(ω, hn(ω)) ∈ V } ∈ Σ ∀ n � 1,

so G−(V ) ∈ Σ (see (2.49)) and hence G is measurable (see Defini-
tion 2.61(a)).

Solution of Problem 2.99
Let

G(ω) =
{

u ∈ F (ω) : dX (g(ω), u) = dist(g(ω), F (ω))
}

.

Since F is Pk(X)-valued we see that G(ω) ∈ Pk(X) for all ω ∈ Ω.
Also, let

ϕ(ω, u) = dX (g(ω), u)− dist(g(ω), F (ω)).

The measurability of F and the Σ-measurability of g imply that
ϕ(ω, u) is a Carathéodory function. Let

Ln(ω) =
{

u ∈ X : ϕ(ω, u) < 1
n

}

.

From Problem 2.95 we know that Ln is measurable, hence the mul-
tifunction ω 
−→ Ln(ω) = Ln(ω) is measurable. Problem 2.97 im-
plies that the multifunction ω 
−→ Ln(ω) ∩ F (ω) is measurable and
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Pk(X)-valued for every n � 1. Once again Problem 2.97 implies
that the multifunction ω 
−→ G(ω) =

⋂

n�1

(Ln(ω) ∩ F (ω)) is measur-

able and Pk(X)-valued. Apply the Kuratowski–Ryll Nardzewski se-
lection theorem (see Theorem 2.64), to find a Σ-measurable function
f : Ω −→ X such that

f(ω) ∈ G(ω) ∀ ω ∈ Ω,

so

f(ω) ∈ F (ω) and dist(g(ω), F (ω)) = dX (g(ω), f(ω)) ∀ ω ∈ Ω.

Solution of Problem 2.100
Since X is σ-compact, we have

X =
⋃

n�1

Kn with Kn ∈ Pk(X) ∀ n � 1.

Let C ⊆ X be a closed set. Then

F−(C) = F−( ⋃

n�1

(C ∩Kn)
)

=
⋃

n�1

F−(C ∩Kn) ∈ Σ

(since C ∩Kn ∈ Pk(X) for all n � 1), so F is measurable (see Theo-
rem 2.63(a)).

Solution of Problem 2.101
“=⇒”: Let F be measurable. According to Problem 2.100, it suffices
to show that for every K ∈ Pk(Y ), we have G−(K) ∈ Σ×B(X). Note
that

G−(K) = {(ω, u) ∈ Ω×X : G(ω, u) ∩K 	= ∅}
=

{

(ω, u) ∈ Ω×X : there exists y ∈ Y

such that (u, y) ∈ F (ω) ∩ (X ×K)
}

.
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Let ΩK = {ω ∈ Ω : F (ω) ∩ (X ×K) 	= ∅}. Since F is measurable, we
have ΩK ∈ Σ (see Theorem 2.63). Let H : ΩK −→ Pf (X × Y ) be
defined by

H(ω) = F (ω) ∩ (X ×K) ∀ ω ∈ ΩK . (2.50)

Then we have

GrH = GrF ∩ (Ω×X ×K) ∈ Σ× B(X)× B(Y )

(see Theorem 2.63), so H is measurable (again by Theorem 2.63).
Thus Theorem 2.66 implies that we can find (Σ ∩ ΩK)-measurable
maps

fn : ΩK −→ X and gn : ΩK −→ Y ∀ n � 1,

such that

H(ω) = {fn(ω), gn(ω)}n�1 ∀ ω ∈ Ω.

Let DK =
{

(ω, u) ∈ ΩK ×X : u ∈ {fn(ω)}n�1

}

.
We will show that G−(K) = DK . From the definitions of the two

sets, we see that

G−(K) ⊆ DK .

Next let (ω, u) ∈ DK . Then we can find a subsequence {fnk
(ω)}k�1

of {fn(ω)}n�1 such that fnk
(ω) −→ u in X. We consider the cor-

responding subsequence {gnk
(ω)}k�1 of {gn(ω)}n�1. From (2.50) we

see that {gnk
(ω)}k�1 ⊆ K and so, passing to a further subsequence

if necessary, we may assume that gnk
(ω) −→ y ∈ K in Y . Therefore

(u, y) ∈ H(ω), hence (ω, u) ∈ G−(K). This shows that DK ⊆ G−(K)
so we get G−(K) = DK .

Note that

DK =
{

(ω, u) ∈ Ω×X : inf
n�1

dX (u, fn(ω)) = 0
}

∈ Σ× B(X),

so G−(K) ∈ Σ × B(X) (as G−(K) = DK) and thus G is measurable
(see Problem 2.100).
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“⇐=”: Let G be measurable. Note that

GrF = GrG ∈ Σ× B(X)× B(Y ) = Σ× B(X × Y ).

So, by Theorem 2.63(a), F is measurable.

Solution of Problem 2.102
From the Yankov–von Neumann–Aumann selection theorem (see
Theorem 2.68 and Remark 2.69), we can find a sequence
{fn : Ω −→ X}n�1 of Σ-measurable selectors of F such that

F (ω) ⊆ {fn(ω)}n�1 ∀ ω ∈ Ω.

Then σ
F (ω)

(u∗) = sup
n�1

〈u∗, fn(ω)〉 for all ω ∈ Ω and so the function

ω 
−→ σ
F (ω)

(u∗) is Σ-measurable for every u∗ ∈ X∗ (see Corollary
I.3.69).

Solution of Problem 2.103
“=⇒”: By the Mazur theorem (see Theorem I.5.58), the values of F
are in Pfc(X). So, according to Theorem 2.66, we can find a sequence
{fn : Ω −→ X}n�1 of Σ-measurable selectors of F such that

F (ω) = {fn(ω)}n�1 ∀ ω ∈ Ω.

Then for every u∗ ∈ X∗, we have

σ
F (ω)

(u∗) = sup
n�1

〈u∗, fn(ω)〉 ,

so the map ω 
−→ σ
F (ω)

(u∗) in Σ-measurable (see Corollary I.3.69).

“⇐=”: Let B
X∗
1 = {u∗ ∈ X∗ : ‖u∗‖X∗ � 1}. Since X is separable,

the set B
X∗
1 furnished with the relative w∗-topology is compact (by
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the Alaoglu theorem; see Theorem I.5.66) and metrizable (see Theo-
rem I.5.85). Note that

X∗ =
⋃

n�1

nB
X∗
1 ,

hence X∗
w∗ (the space X∗ furnished with the w∗-topology) is separable.

Then X∗ is separable in all topologies τ such that (X∗
τ )

∗ = X. In par-
ticular then this is the case for τ = m(X∗, X) (the Mackey topology on
X∗ for the pair (X∗, X), i.e., the strongest, locally convex topology τ
on X∗ for which we have (X∗

τ )
∗ = X). Since F is Pwkc(X)-valued, the

function u∗ 
−→ σ
F (ω)

(u∗) is m-continuous (see Proposition 2.51(d)).
From Proposition 2.51(c), we know that for all u ∈ X, we have

dist(u, F (ω)) = sup
{

〈u∗, u〉 − σ
F (ω)

(u∗) : ‖u∗‖X∗ � 1
}

.

So, if {u∗n}n�1 ⊆ B
X∗
1 is an m-dense sequence, then

dist(u, F (ω)) = sup
n�1

(

〈u∗n, u〉 − σ
F (ω)

(u∗n)
)

,

thus the map ω 
−→ dist(u, F (ω)) is Σ-measurable and hence F is
measurable (see Theorem 2.63(a)).

Solution of Problem 2.104
Let λ ∈ R. Then, m(ω) < λ if and only if there exists u ∈ F (ω) such
that ϕ(ω, u) < λ. Therefore, we have

{ω ∈ Ω : m(ω) < λ} = proj
Ω

(

{(ω, u) : ϕ(ω, u) < λ} ∩GrF
)

.

The joint measurability of ϕ, the graph measurability of F and
the Yankov–von Neumann–Aumann projection theorem (see Theorem
I.4.65) imply that

proj
Ω

(

{(ω, u) : ϕ(ω, u) < λ} ∩GrF
)

∈ ̂Σ = Σ

(since Σ is complete), so

{ω ∈ Ω : m(ω) < λ} ∈ Σ ∀ λ ∈ R

and thus the map m : Ω −→ R
∗ is Σ-measurable (cf. Proposition

I.3.63).
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Solution of Problem 2.105

(a) From Theorem 2.66, we know that there exists a sequence
{fn : Ω −→ X}n�1 of Σ-measurable selectors of F such that

F (ω) = {fn(ω)}n�1 ∀ ω ∈ Ω.

Also, let

Δ =
{

{rk}k�1 : rk ∈ Q, rk � 0 and all but a finite number

equal zero and
∑

k�1

rk = 1
}

.

Let

Γ =
{

h : Ω −→ X : h(ω) =
∑

n�1

rnfn(ω) for all ω ∈ Ω

with {rn}n�1 ∈ Δ
}

.

Note that the set Δ is countable, hence so is Γ and each h ∈ Γ is
a Σ-measurable selector of ω 
−→ convF (ω). Moreover, for every
ω ∈ Ω, we have

Γ(ω) = convF (ω),

so the multifunction ω 
−→ Γ(ω) is measurable (see Theorem 2.66)
and thus the multifunction ω 
−→ convF (ω) is measurable.
Since for every nonempty open set U ⊆ X, we have

convF (ω) ∩ U 	= ∅ if and only if convF (ω) ∩ U 	= ∅,
so it follows that the multifunction ω 
−→ convF (ω) is measurable
too.

(b) This is proved as the measurability of ω 
−→ convF (ω) in part
(a), using this time the Yankov–von Neumann–Aumann selection
theorem (see Theorem 2.68).

Solution of Problem 2.106
Let {ûn}n�1 be a sequence which is dense in the open unit ball of X.
Let

hn(ω) = u(ω) + �(ω)ûn ∀ ω ∈ Ω, n � 1.
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Then for each n � 1, the map ω 
−→ hn(ω) is Σ-measurable and

B�(ω)(u(ω)) = {hn(ω)}n�1 ∀ ω ∈ Ω,

so the multifunction ω 
−→ B�(ω)(u(ω)) is measurable (see
Theorem 2.66) and thus the multifunction ω 
−→ B�(ω)(u(ω)) is mea-
surable.

Solution of Problem 2.107
For every n � 1, let

Fn(ω) =
{

u ∈ X : |ϕ(ω, u)| < 1
n

}

.

Problem 2.95 implies that for each n � 1, the multifunction ω 
−→
Fn(ω) is measurable, hence so is the multifunction ω 
−→ Fn(ω) =
{

u ∈ X : |ϕ(ω, u)| � 1
n

}

. Note that

F (ω) =
⋂

n�1

Fn(ω),

so, invoking Problem 2.97, we conclude that F is measurable.

Solution of Problem 2.108
Let Γ(ω) = {u ∈ F (ω) : h(ω, u) ∈ G(ω)}. By hypothesis Γ(ω) 	= ∅ for
all ω ∈ Ω. Also, let h0 : Ω×X −→ Ω× T be defined by

h0(ω, u) = (ω, h(ω, u)) ∀ (ω, u) ∈ Ω×X.

Clearly h0 is (Σ×B(X),Σ×T )-measurable (see Definition I.3.53). We
have

GrΓ = GrF ∩ h−1
0 (GrG).

Since h0 is measurable and F , G are both graph measurable (see Def-
inition 2.61(b)), we have

GrΓ ∈ Σ× B(X).
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So, we can apply the Yankov–von Neumann–Aumann selection theo-
rem (see Theorem 2.68) and find a Σ-measurable function f : Ω −→ X
such that

f(ω) ∈ Γ(ω) ∀ ω ∈ Ω,

so

f(ω) ∈ F (ω) and h(ω, f(ω)) ∈ G(ω) ∀ ω ∈ Ω.

Solution of Problem 2.109
Let U ⊆ X be an open set. Then

G−(U) =
{

ω ∈ Ω :
⋃

n�1

(Fn(ω) ∩ U) 	= ∅
}

=
⋃

n�1

F−
n (U) ∈ Σ,

so the multifunction ω 
−→ G(ω) is measurable.
The multifunction H has closed values and

GrH =
⋂

n�1

GrFn ∈ Σ× B(X),

so the multifunction H is measurable (see Theorem 2.67).

Solution of Problem 2.110
“=⇒”: Obvious.

“⇐=”: From the Yankov–von Neumann–Aumann selection theo-
rem (see Theorem 2.68 and Remark 2.69), we can find a sequence
{fn : Ω −→ X}n�1 of Σμ-measurable selectors of F such that

F (ω) ⊆ {fn(ω)}n�1 ∀ ω ∈ Ω.

Then

m(ω) = inf
u∈F (ω)

‖u‖X = inf
n�1

‖fn(ω)‖X ∀ ω ∈ Ω,
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so the map m is Σμ-measurable and hence m ∈ Sp
F (as m � ϑ). Let

ε ∈ Lp(Ω)+ with ε(ω) > 0 for all ω ∈ Ω and consider the multifunction

Hε(ω) = {u ∈ F (ω) : ‖u‖X � m(ω) + ε(ω)} .

Then GrHε ∈ Σμ × B(X).
So, we can find a Σ-measurable map f : Ω −→ X such that f(ω) ∈

Hε(ω) for μ-almost all ω ∈ Ω (see the Yankov–von Neumann–Aumann
selection theorem; Theorem 2.68). Since

‖f(ω)‖X � m(ω) + ε(ω) for μ-a.a. ω ∈ Ω,

we conclude that f ∈ Sp
F (recall that m+ ε ∈ Sp

F ) and so Sp
F 	= ∅.

Solution of Problem 2.111
From Remark 2.89 we know that

Hl(ω) = lim inf
n→+∞ Fn(ω) =

{

u ∈ X : lim
n→+∞ dist(u, Fn(ω)) = 0

}

,

(2.51)

Hu(ω) = lim sup
n→+∞

Fn(ω) =
{

u ∈ X : lim inf
n→+∞ dist(u, Fn(ω)) = 0

}

.

(2.52)

Both multifunctions are closed valued (see Remark 2.89). For every
n � 1, the function

ϕn(ω, u) = dist(u, Fn(ω)) ∀ (ω, u) ∈ Ω×X

is a Carathéodory function, hence jointly measurable (i.e., Σ×B(X)-
measurable). Therefore

hl(ω, u) = lim inf
n→+∞ ϕn(ω, u) and hu(ω, u) = lim sup

n→+∞
ϕn(ω, u)
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are both Σ× B(X)-measurable. From (2.51)-(2.51), we have

GrHl = {(ω, u) ∈ Ω×X : hl(ω, u) = hu(ω, u) = 0} ∈ Σ× B(X),

GrHu = {(ω, u) ∈ Ω×X : hl(ω, u) = 0} ∈ Σ× B(X),

so Hl and Hu are both measurable multifunctions (see Theorem 2.67).

Solution of Problem 2.112
By the Yankov–von Neumann–Aumann selection theorem (see Theo-
rem 2.68 and Remark 2.69), we can find a sequence {gm}m�1 of Σ-
measurable selectors of F such that

F (ω) ⊆ {gm(ω)}m�1 for μ-a.a. ω ∈ Ω.

Since the measure space is σ-finite, we can find a sequence {Ωn}n�1 ⊆
Σ of pairwise disjoint sets such that μ(Ωn) < +∞ for all n � 1 and
Ω =

⋃

n�1

Ωn. Let h ∈ Sp
F and define

Ckmn = {ω ∈ Ω : k − 1 � gm(ω) < k} ∩ Ωn

and

fkmn = χCkmn
gm + χ

Cc
kmn

h ∈ Sp
F .

Then, we have

F (ω) ⊆ {fkmn(ω)}k,m,n�1 ∀ ω ∈ Ω.

Solution of Problem 2.113
Let δ ∈ L1(Ω) be such that δ(ω) > 0 for all ω ∈ Ω and

∫

Ω

δ(ω) dμ < 2εp

3 .
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Let {Cn}n�1 ⊆ Σ be a sequence of pairwise disjoint sets such that

Ω = N ∪
( ⋃

n�1

Cn

)

with N being μ-null and

‖f(ω)− fn(ω)‖pX < δ(ω) ∀ ω ∈ Cn.

As

∑

k�1

∫

Ck

‖fk(ω)‖pX dμ

� 2p−1
∑

k�1

∫

Ck

‖fk(ω)− f(ω)‖pX dμ+ 2p−1
∑

k�1

∫

Ck

‖f(ω)‖pX dμ

� 2p−1

∫

Ω

δ(ω) dμ+ 2p−1

∫

Ω

‖f(ω)‖pX dμ,

we see that series
∑

k�1

∫

Ck

‖fk(ω)‖pX dμ is convergent. Let N ∈ N be

such that
∑

k�N+1

∫

Ck

‖fk(ω)‖pX dμ < εp

2p·3

and
∑

k�N+1

∫

Ck

‖f(ω)‖pX dμ < εp

2p·3 .

We define the finite Σ-partition of Ω by setting

A1 = C1 ∪
(

⋃

k�N+1

Ck

)

and Am = Cm ∀ 2 � m � N.

We have

∥

∥f−
N
∑

k=1

χAk
fk
∥

∥

p

p
�

∫

Ω

δ dμ+
∑

k�N+1

2p−1
(

‖χCk
f‖pp+‖χCk

fk‖pp
)

< εp.
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Solution of Problem 2.114
According to Theorem 2.66, we can find two sequences
{fn : Ω −→ X}n�1 and {gm : Ω −→ X}m�1 of Σ-measurable selectors
of F and G respectively such that

F (ω) = {fn(ω)}n�1 and G(ω) = {gm(ω)}m�1 ∀ ω ∈ Ω.

We have
H(ω) = {fn(ω) + gm(ω)}n,m�1,

so the multifunction H is measurable and Pf (X)-valued (see Theo-
rem 2.66).

Note that since H is closed valued, then Sp
H is closed. So, we have

Sp
F + Sp

G ⊆ Sp
H . (2.53)

We need to show that the opposite inclusion also holds. To this end,
let h ∈ Sp

H and ε > 0. According to Problem 2.113, we can find
a finite Σ-partition {A1, . . . , Al} of Ω and positive integers n1, . . . , nl

and m1, . . . ,ml such that

∥

∥h−
l

∑

k=1

χAk
(fnk

+ gnk
)
∥

∥

p
< ε,

so h ∈ Sp
F + Sp

G. Thus, we have

Sp
H ⊆ Sp

F + Sp
G. (2.54)

From (2.53) and (2.54) we conclude that Sp
H = Sp

F + Sp
G.

Solution of Problem 2.115
Clearly Sp

convF is closed, convex and so we have

convSp
F ⊆ Sp

convF . (2.55)

Suppose that the inclusion in (2.55) is strict. So, we can find
h ∈ Sp

convF \ convSp
F . The strong separation theorem for convex sets

(see Theorem I.5.29) implies that we can find h∗ ∈ Lp(Ω;X)∗ =
Lp′ (Ω;X∗

w∗) (with 1
p + 1

p′ = 1; see Theorem 1.47) such that

σ
conv S

p
F

(h∗) < 〈h∗, h〉 (2.56)
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(see Definition 2.46), where by 〈·, ·〉 we denote the duality brackets for
the pair (Lp′ (Ω;X∗

w∗) , Lp(Ω;X)), i.e.,

〈h∗, h〉 =

∫

Ω

〈h∗(ω), h(ω)〉X dμ,

where by 〈·, ·〉X we denote the duality brackets for the pair (X∗, X).
We have

σ
conv S

p
F

(h∗) = σ
S
p
F

(h∗) = sup
f∈Sp

F

〈h∗, f〉

= sup
f∈Sp

F

∫

Ω

〈h∗(ω), f(ω)〉X dμ =

∫

Ω

sup
u∈F (ω)

〈h∗(ω), u〉X dμ

=

∫

Ω

σ
F (ω)

(h∗(ω)) dμ =

∫

Ω

σ
convF (ω)

(h∗(ω)) dμ

<

∫

Ω

〈h∗(ω), h(ω)〉X dμ

(see Theorem 2.74 and (2.56)), which contradicts the fact that h ∈
Sp
convF . This proves that in (2.55) we have equality.

Solution of Problem 2.116
Since Sp

F
⊆ Lp(Ω;X) is closed, we have

Sp
F ⊆ Sp

F
. (2.57)

Let f ∈ Sp

F
and for every n � 1 we define

Vn(ω) =
{

u ∈ F (ω) : ‖u− f(ω)‖X < 1
n

}

.

By modifying Vn(ω) on a μ-null set, we may assume that Vn(ω) 	= ∅
for all ω ∈ Ω. Note that, if ϕ(ω, u) = ‖u − f(ω)‖X , then ϕ is a
Carathéodory function, hence jointly measurable and we have

GrVn =
{

(ω, u) ∈ Ω×X : ϕ(ω, u) < 1
n

}

∩GrF,
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so GrVn ∈ Σ × B(X). Invoking the Yankov–von Neumann–Aumann
selection theorem (see Theorem 2.68 and Remark 2.69), we can find a
sequence {fn : Ω −→ X}n�1 of Σ-measurable functions such that

fn(ω) ∈ Vn(ω) for μ-a.a. ω ∈ Ω, all n � 1,

so
‖fn(ω)− f(ω)‖X < 1

n for μ-a.a. ω ∈ Ω, all n � 1

and fn ∈ Sp
F for all n � 1, thus

fn(ω) −→ f(ω) for μ-a.a. ω ∈ Ω. (2.58)

We have

‖fn(ω)‖X � ‖f(ω)‖X + 1 for μ-a.a. ω ∈ Ω, all n � 1, (2.59)

with f ∈ Lp(Ω;X). Because of (2.58) and (2.59) and the Lebesgue
dominated convergence theorem, we have

fn −→ f in Lp(Ω;X),

so f ∈ Sp
F , hence we have equality in (2.57).

Solution of Problem 2.117
By working on each component of Ω of finite μ-measure, we see that
we may assume that μ is finite. Let f, g ∈ D and define m : Σ −→ Y
by setting

m(A) = T (χA(f − g)) ∀ A ∈ Σ.

We show that m is a vector measure (see Definition 1.43). To this
end, let {An}n�1 ⊆ Σ be a sequence of pairwise disjoint sets and let
A =

⋃

n�1

An. We set Cn =
⋃

k�n+1Ak ∈ Σ. From the linearity of T ,

for every n � 1, we have

m(A) = T (χA(f − g)) = T
(

n
∑

k=1

χAk
(f − g) + χCn

(f − g)
)

=
n
∑

k=1

T (χAk
(f − g)) + T (χCn

(f − g)),
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so

∥

∥m(A)−
n
∑

k=1

T (χAk
(f − g))

∥

∥

Y
=

∥

∥m(A)−
n
∑

k=1

m(Ak)
∥

∥

Y

= ‖T (χCn
(f − g))‖Y . (2.60)

But Cn ↘ ∅ and so

χCn
(f − g) −→ 0 in Lp(Ω;X).

Then the continuity of T implies that

‖T (χCn
(f − g))‖Y −→ 0,

so m is a vector measure (see (2.60) and Definition 2.70).
If μ(A) = 0, then χA(f−g) = 0 and som(A) = 0. This implies that

m � μ. Moreover, the nonatomicity of μ implies that m is nonatomic
(see Definition I.3.40). Note that

‖m(A)‖Y = ‖T (χA(f − g))‖Y � ‖T‖L‖χA(f − g)‖Lp(Ω;X). (2.61)

If

ϑ(A) =

∫

A

‖f(ω)− g(ω)‖pX dμ ∀ A ∈ Σ,

then ϑ is a measure on (Ω,Σ) of bounded variation and from (2.61)
we have

|m|(Ω) � ‖T‖Lϑ(Ω)
1
p

(see Definition 1.43), so m is a vector measure of bounded variation.
Therefore, so far we have that m : Σ −→ Y is a nonatomic vector

measure of bounded variation. Because Y has the RNP, we can apply
the Lyapunov convexity theorem (see Theorem 2.165) and infer that
m(Σ) ⊆ Y is convex and compact. Then the set

⋃

A∈Σ
T (χA(f − g)) + T (g) =

⋃

A∈Σ
T (χA(f − g)) + T (g)

is convex. Using the linearity of T , we have

T (χA(f − g)) + T (g) = T (χAf + χ
Acg).
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The decomposability of D (see Definition 2.70) implies that χAf +
χ

Acg ∈ D for all A ∈ Σ, so
⋃

A∈Σ
T (χAf + χ

Acg) ⊆ T (D).

It follows that for all λ ∈ [0, 1], we have

T (λf + (1− λ)g) ∈ T (D),

so the set T (D) is convex (recall that f, g ∈ D).

Solution of Problem 2.118
By working on each component of Ω of finite μ-measure, we see that
we may assume that μ is finite. Let h ∈ convD. Then

h =
n
∑

k=1

λkfk, with λk ∈ [0, 1],
n
∑

k=1

λk = 1, fk ∈ D for k ∈ {1, . . . , n}.

Recall that Lp(Ω;X)∗ = Lp′ (Ω;X∗
w∗) (with 1

p + 1
p′ = 1; see Theo-

rem 1.47) and let 〈·, ·〉 denote the duality brackets for this dual pair.
Let Uw(h) be a basic weak neighborhood of h defined by

Uw(h) =
{

g ∈ Lp(Ω;X) : | 〈u∗k, g − h〉 | < ε for all k ∈ {1, . . . ,m}
}

,

with m � 1, u∗k ∈ Lp′ (Ω;X∗
w∗) for all k ∈ {1, . . . ,m} and ε > 0. We

consider the continuous linear map T : Lp(Ω;X) −→ R
m defined by

T (h) =
(

〈u∗1, h〉 , . . . , 〈u∗m, h〉
)

.

From Problem 2.117 we have that T (D) is convex (no closure is needed
since in finite dimensional Banach spaces the Lyapunov theorem is
exact; see Theorem 2.165). Therefore, we can find f ∈ D such that
T (f) = T (h) and so D ∩ Uw(h) 	= ∅. Hence h ∈ D

w
= D (since by

definition D is w-closed). Then we conclude that D = convD.



418 Chapter 2. Nonlinear and Multivalued Maps

Solution of Problem 2.119
Note that the set Sp

F

w
remains decomposable (see Definition 2.70).

Also, it is w-closed. Hence according to Problem 2.118 it is convex.
Also, from Problem 2.115, we have convSp

F = Sp
convF . Therefore

convSp
F ⊆ Sp

F

w
. (2.62)

But by the Mazur theorem (see Theorem I.5.58), a convex set is closed

if and only if it is w-closed. So, from (2.62) it follows that Sp
F

w
=

convSp
F , thus

Sp
F

w
= Sp

convF .

Solution of Problem 2.120
We argue indirectly. So, suppose that H(ω) = F (ω) \ G(ω) is not
empty on a set of positive μ-measure. Then

A = domH = {ω ∈ Ω : H(ω) 	= ∅} ∈ Σμ.

Since H : A −→ 2X \ {∅} is graph measurable (see Definition 2.61(b)),
form the Yankov–von Neumann–Aumann selection theorem (see Theo-
rem 2.68), we can find a ΣA-measurable map h : A −→ X such that

h(ω) ∈ H(ω) for μ-a.a. ω ∈ A

(here ΣA = Σ ∩ A). Since μ is σ-finite, we can find a sequence
{Ωn}n�1 ⊆ Σ with μ(Ωn) < +∞ for all n � 1 such that Ω =

⋃

n�1

Ωn.

Also for every m � 1, let

Am = {ω ∈ A : m− 1 � h(ω) < m} ∈ (Σμ)A.

We set Cmn = Am ∩ Ωn. Then A =
⋃

n,m�1

Cmn. Since μ(A) > 0,

we can find m,n � 1 such that μ(Cmn) > 0. Let f ∈ Sp
F and let

ϑ = χCmn
h + χ

Cc
mn

f ∈ Sp
F (by decomposability; see Definition 2.70)

but ϑ 	∈ Sp
G, a contradiction to the hypothesis that Sp

F = Sp
G.
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Solution of Problem 2.121

(a) From Problem 2.116 we have Sp
F = Sp

F = Sp

F
. Invoking Prob-

lem 2.120, we infer that

F (ω) = F (ω) for μ-a.a. ω ∈ Ω,

hence F (ω) ∈ Pf (X) for μ-almost all ω ∈ Ω.
(b) From the Mazur theorem (see Theorem I.5.58) and Problem 2.119,

we have
Sp
F = Sp

F

w
= Sp

convF ,

so
F (ω) = convF (ω) for μ-a.a. ω ∈ Ω

(see Problem 2.120) and thus F (ω) ∈ Pfc(X) for μ-almost all
ω ∈ Ω.

Solution of Problem 2.122
Let T ∈ L(L1(Ω;X);X) be defined by

T (h) =

∫

Ω

h(ω) dμ ∀ h ∈ L1(Ω;X).

From Definition 2.85 we know that

T (S1
F ) =

∫

Ω

F (ω) dμ.

Problem 2.117 implies that T (S1
F ) is convex (note that in present case

we do not need X to have the RNP, since the vector measure is from
the definition of T in integral form). Therefore, we conclude that the
set cl

∫

Ω

F dμ ⊆ X is convex.
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Solution of Problem 2.123
Recall that

∫

Ω

F (ω) dμ = T (S1
F ), where T ∈ L(L1(Ω;X);X) is

defined by

T (h) =

∫

Ω

h(ω) dμ ∀ h ∈ S1
F

(see Definition 2.85). From Theorem 2.76, we have that S1
F ⊆

L1(Ω;X) is w-compact and convex. Hence

T (S1
F ) =

∫

Ω

F (ω) dμ ∈ Pwkc(X).

Solution of Problem 2.124
Let 〈·, ·〉 denote the duality brackets for the pair

(L∞(Ω;X∗
w∗) = L1(Ω;X)∗, L1(Ω;X))

(see Theorem 1.52). Also, by 〈·, ·〉X we denote the duality brackets for
the dual pair (X∗, X). According to Definition 2.46, we have

σ
S1
F

(h∗) = sup
f∈S1

F

〈h∗, f〉 = sup
f∈S1

F

∫

Ω

〈h∗(ω), f(ω)〉X dμ

=

∫

Ω

sup
u∈F (ω)

〈h∗(ω), u〉X =

∫

Ω

σ
F (ω)

(h∗(ω)) dμ.

(see Theorem 2.74)

Solution of Problem 2.125
We fix ε > 0 and let {ûn}n�1 ⊆ X be a sequence which is dense in X.
Let

ϕn(v) = dist(ûn, F (v)) ∀ v ∈ V, n � 1.
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By the Lusin theorem (see Theorem 2.166), we can find compact
sets Kn ⊆ V with μ(V \ Kn) < ε

2n for all n � 1, such that ϕn|Kn

is continuous. Let Kε =
⋂

n�1

Kn. Evidently Kε ⊆ V is compact

and μ(V \ Kε) < ε. Also, for every n � 1, ϕn|Kε
is continuous.

Let {(vm, um)}m�1 ⊆ GrF ∩ (Kε × X) be a sequence such that
(vm, um) −→ (ṽ, ũ). We fix δ > 0 and choose n � 1 such that
dX (ûn, ũ) < δ. Then we can find m0 = m0(n) � 1 such that

ϕn(vm) = dist(ûn, F (vm)) � dX (ûn, um) < δ ∀ m � m0.

The continuity of ϕn|Kε
implies that dist(ûn, F (ṽ)) � δ and so

dist(ũ, F (ṽ)) < 2δ. Since δ > 0 is arbitrary, we let δ ↘ 0 and ob-
tain dist(ũ, F (ṽ)) = 0, thus (ṽ, ũ) ∈ GrF (recall that F has closed
values) and this proves that F |Kε

is closed (see Definition 2.40).

Solution of Problem 2.126
Theorem 2.66 implies that there exists a sequence {fn : V −→ X}n�1

of Borel measurable functions such that

F (v) = {fn(v)}n�1 ∀ v ∈ V. (2.63)

By the Lusin theorem (see Theorem 2.166), for every ε > 0, we can
find a compact set Kε ⊆ V with μ(V \ Kε) < ε such that fn|Kε

is
continuous for every n � 1 (see the solution of Problem 2.125). Then
because of (2.63) for every closed set C ⊆ X, we have that the set

F |+
Kε

(C) =
⋂

n�1

fn|−1
Kε

(C)

is closed. Therefore F |Kε
is lower semicontinuous (see Proposi-

tion 2.38).
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Solution of Problem 2.127
By Theorem 2.66 there exists a sequence {fn}n�1 of Σ×T -measurable
selectors of F such that

F (ω, t) = {fn(ω, t)}n�1 ∀ (ω, t) ∈ Ω× T . (2.64)

For every n � 1, let

Ωn = {ω ∈ Ω : dX (u0(ω), fn(ω, t0)) � ε} . (2.65)

From (2.64) we have Ω =
⋃

n�1

Ωn. Let

D1 = Ω1 and Dn = Ωn \
n−1
⋃

k=1

Dk ∀ n � 2.

We have {Dn}n�1 ⊆ Σ. We set

̂f(ω, t) =
∑

n�1

χDn
(ω)fn(ω, t).

Then ̂f is a Σ× T -measurable selector of F and

dX (
̂f(ω, t0), u0(ω)) � ε ∀ ω ∈ Ω.

(see (2.65)).

Solution of Problem 2.128
By definition, we have

F−(D) = {ω ∈ Ω : F (ω) ∩D 	= ∅}
= proj

Ω

(

GrF ∩ (Ω×D)
)

∈ Σ

(by the Yankov–von Neumann–Aumann projection theorem; see
Theorem I.4.65).
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Solution of Problem 2.129
Note that ω 
−→ F (ω) and ω 
−→ F c(ω) = X \ F (ω) are both
graph measurable (see Definition 2.61(b)). Then from Problem 2.128
we see that they are measurable and then so are ω 
−→ F (ω) and
ω 
−→ F c(ω). Therefore the map ω 
−→ ∂F (ω) = F (ω) ∩ F c(ω) is
graph measurable and then since ∂F is closed valued, from Theo-
rem 2.67(d), we conclude that ω 
−→ ∂F (ω) is measurable.

Next note that intF (ω) = F (ω) \ ∂F (ω), hence

Gr (intF ) = GrF ∩ (Gr ∂F )c ∈ Σ× B(X)

and thus ω 
−→ intF (ω) is graph measurable.

Solution of Problem 2.130
We may assume that A = Ω. Also, let f ∈ S1

F . Then by replac-
ing F (ω) by F (ω)− f(ω), which is still graph measurable and open
valued, we may assume that 0 ∈ F (ω) for all ω ∈ Ω. Let ξF (ω) =
dist(0, F (ω)c). Since F is graph measurable (see Definition 2.61(b)),
so is ω −→ F (ω)c which is closed valued, hence ξF is Σμ-measurable
(see Theorem 2.67(a)). Note that ξF (ω) > 0 for all ω ∈ Ω. So, we
can find ε > 0 and A ∈ Σ with μ(A) > 0 such that ξF (ω) � ε for all
ω ∈ A. This means that, if Bε = {u ∈ X : ‖u‖X < ε} then

μ(A)Bε ⊆
∫

A

F dμ ⊆
∫

Ω

F dμ

(since 0 ∈ F (ω) for all ω ∈ Ω), so the set
∫

A

F dμ ⊆ X is open.
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Solution of Problem 2.131
Without any loss of generality, we may assume that intF (ω) 	= ∅ for
all ω ∈ Ω. We fix A ∈ Σ with μ(A) > 0 and we show that the set
∫

A

intF dμ is dense in
∫

A

F dμ. To this end let f ∈ S1
F and ε > 0. We

introduce the multifunction H : Ω −→ 2X \ {∅} defined by

H(ω) =
{

u ∈ intF (ω) : ‖f(ω)− u‖X < ε
μ(A)

}

.

If ϕ(ω, u) = ‖f(ω) − u‖X , then ϕ is a Carathéodory function, hence
jointly measurable and so

GrH = Gr intF ∩
{

(ω, u) ∈ Ω×X : ϕ(ω, u) < ε
μ(A)

}

∈ Σμ×B(X)

(see Problem 2.129 and recall that Σμ stands for the μ-completion of
Σ). Invoking the Yankov–von Neumann–Aumann selection theorem
(see Theorem 2.68) we can find a Σ-measurable map h : Ω −→ X such
that

h(ω) ∈ H(ω) for μ-a.a. ω ∈ Ω.

We have

h(ω) ∈ intF (ω) and ‖f(ω)− h(ω)‖X < ε
μ(A) for μ-a.a. ω ∈ Ω,

so h ∈ S1
intF (recall that f ∈ S1

F ) and

∥

∥

∫

A

(f(ω)− h(ω)) dμ
∥

∥

X
< ε,

so
∫

A

intF dμ is dense in
∫

A

F dμ.

From Problem 2.130, we know that
∫

A

intF dμ is open and convex

in X. So
∫

A

intF dμ = int

∫

A

inf F dμ = int

∫

A

F dμ ⊇ int

∫

A

F dμ. (2.66)

On the other hand, the openness of
∫

A

intF dμ implies

∫

A

intF dμ ⊆ int

∫

A

F dμ. (2.67)
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From (2.66) and (2.67) we conclude that int
∫

A

F dμ =
∫

A

intF dμ

for all A ∈ Σ.

Solution of Problem 2.132
Let |D| = {‖f(·)‖X : f ∈ D} ⊆ L1(Ω) and let h = ess sup |D|. We
know that we can find a sequence {fn}n�1 ⊆ D such that

h(ω) = sup
n�1

‖fn(ω)‖X for μ-a.a. ω ∈ Ω

(see Proposition 2.168). The decomposability of D (see Defini-
tion 2.70) implies that we can have {‖fn(·)‖X}n�1 to be increasing.
Also, the boundedness of D and the Lebesgue monotone convergence
theorem, imply that h ∈ L1(Ω)+. Since

‖f(ω)‖X � h(ω) for μ-a.a. ω ∈ Ω and all f ∈ D,

we conclude that D is uniformly integrable (see Definition 1.18).

Solution of Problem 2.133
From Theorem 2.76 we know that S1

F ∈ Pwkc

(

L1(Ω;RN )
)

. Therefore

V (t) =

t
∫

0

F (s) ds ∈ Pkc(R
N ) ∀ t ∈ T

(see Definition 2.85). For t, τ ∈ [0, b] with τ < t, we have

h(V (t), V (τ)) = sup
|y∗|�1

|σ
V (t)

(y∗)− σ
V (τ)

(y∗)|

� sup
|y∗|�1

t
∫

τ

σ
F (s)

(y∗) ds �
t

∫

τ

h(s) ds

(see the Hörmander formula (Proposition 2.51(b)) and recall that F
is integrably bounded; see Definition 2.75) with h ∈ L1(T ), so V
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is h-continuous, hence continuous too (since is Pkc(R
N )-valued; see

Proposition 2.56(c)).
The Michael selection theorem (see Theorem 2.58) implies that

CSV 	= ∅. Let {vn}n�1 ⊆ CSV be a sequence. Then we can find a

sequence {fn}n�1 ⊆ S1
F such that

vn(t) =

t
∫

0

fn(s) ds ∀ t ∈ T, n � 1.

From Theorem 2.76 we know that by passing to a suitable subsequence,
we may assume that

fn
w−→ f in L1(T ;RN ), (2.68)

with f ∈ S1
F . Since F is integrably bounded, we have

|F (t)| � h(t) for a.a. t ∈ T,

with h ∈ L1(T ). So, S1
F is uniformly integrable (see Definition 1.18).

Moreover, using the Lusin theorem on h (see Theorem 2.166), we see
that condition (b) of Definition 2.80 is satisfied. So, S1

F has property U
(see Definition 2.80) and then by Proposition 2.82, the weak topology
and the ‖·‖w-topology (see Definition 2.78) coincide. Let

v(t) =

t
∫

0

f(s) ds ∀ t ∈ T.

Then v ∈ CSV and we have

‖vn − v‖∞ = max
t∈T

|vn(t)− v(t)| = max
t∈T

∣

∣

t
∫

0

(fn(s)− f(s)) ds
∣

∣

� c‖fn − f‖w ∀ n � 1,

for some c > 0 (see Definition 2.78 and Remark 2.79). Because
of (2.68) we have ‖fn − f‖w −→ 0 and so ‖vn − v‖∞ −→ 0, which
proves the compactness of CSV ⊆ C(T ;RN ).
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Remark. An alternative solution can be based on the Arzela–Ascoli
theorem (see Theorem I.2.181).

Solution of Problem 2.134
If s–lim inf

n→+∞ An = ∅, then dist(u, s–lim inf
n→+∞ An) = +∞ and the des-

ired inequality holds. So, we assume that s–lim inf
n→+∞ An 	= ∅. Let v ∈

s–lim inf
n→+∞ An. Then we can find a sequence {vn}n�1 with vn ∈ An for

all n � 1 such that vn −→ v in X (see Definition 2.88). We have

dist(u,An) � ‖u− vn‖X ,

so
lim sup
n→+∞

dist(u,An)) � ‖u− v‖X . (2.69)

Since v ∈ s–lim inf
n→+∞ An is arbitrary, from (2.69) we conclude that

lim sup
n→+∞

dist(u,An) � dist(u, s–lim inf
n→+∞ An).

Solution of Problem 2.135
Let u ∈ X and let r = lim inf

n→+∞ dist(u,An). If r = +∞, then the desired

inequality holds. So, let us assume that r < +∞. Let {vn}n�1 be a
sequence such that vn ∈ An for all n � 1 and

‖u− vn‖X � dist(u,An) +
1
n ∀ n � 1. (2.70)

We have {vn}n�1 ⊆ C ∩ B(r+‖u‖X+1) ∈ Pwk(X). So, by virtue of the
Eberlein–Smulian theorem (see Theorem I.5.78), passing to a subse-
quence if necessary, we have

vn
w−→ v in X and v ∈ w–lim sup

n→+∞
An. (2.71)

Exploiting the weak lower semicontinuity of the norm functional (see
Proposition I.5.56(c)), we have

‖u− v‖X � lim inf
n→+∞ ‖u− vn‖X � lim inf

n→+∞ dist(u,An)
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(see (2.70)), so

dist(u,w–lim sup
n→+∞

An) � lim inf
n→+∞ dist(u,An)

(see (2.71)).

Solution of Problem 2.136
Because X is reflexive and A ∈ Pfc(X), we can find v ∈ A such that

dist(u,A) = ‖u− v‖X . (2.72)

Since by hypothesis An
M−→ A, we can find vn ∈ An for all n � 1 such

that vn −→ v in X (see Definitions 2.90 and 2.88). We have

dist(un, An) � ‖un − vn‖X ∀ n � 1,

so
lim sup
n→+∞

dist(un, An) � ‖u− v‖X = dist(u,A) (2.73)

(see (2.72)). On the other hand, from triangle inequality, we have

dist(un, An) � ‖u− un‖X + dist(u,An) ∀ n � 1. (2.74)

The hypothesis that An
M−→ A, the reflexivity ofX and Problems 2.134

and 2.135 imply that

dist(u,An) −→ dist(u,A).

So, if in (2.74) we pass to the limit as n → +∞, then

dist(u,A) � lim inf
n→+∞ dist(un, An). (2.75)

From (2.73) and (2.75), we conclude that dist(un, An) −→ dist(u,A).
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Solution of Problem 2.137
From Remark 2.89, we know that the multifunc-
tion ω 
−→ H(ω) = lim sup

n→+∞
Fn(ω) is Pf (X)-valued. So, according to

Problem 2.100, it suffices to show that for all K ∈ Pk(X), we have
H−(K) ∈ Σ. Note that

H−(K) =
⋂

m�1

⋂

k�1

⋃

n�k

F−
n (K 1

m
)

(see Remark 2.87), where K 1
m

=
{

u ∈ X : dist(u,K) < 1
m

}

. But for

each n,m � 1, we have F−
n (K 1

m
) ∈ Σ (since Fn is measurable; see

Definition 2.61(a)). Hence H−(K) ∈ Σ and so H is measurable.

Solution of Problem 2.138
Let u ∈ A. Then from the hypothesis we have dist(u,An) −→ 0 and
this by virtue of Definition 2.88 implies that u ∈ s–lim inf

n→+∞ An. So, we

conclude that A ⊆ s–lim inf
n→+∞ An.

Solution of Problem 2.139
Since An ⊆ C ∈ Pwk(X) for all n � 1, using the Eberlein–Smulian
theorem (see Theorem I.5.78) and Definition 2.88 we conclude that
w–lim sup

n→+∞
An 	= ∅.

Let h ∈ w–lim sup
n→+∞

An. Then we can find a subsequence {Ank
}k�1

of {An}n�1 and hnk
∈ Ank

for all k � 1 such that hnk

w−→ h in X.
For every u∗ ∈ X∗, we have

〈u∗, hnk
〉 � σAnk

(u∗) ∀ k � 1

(see Definition 2.46), so

〈u∗, h〉 � lim sup
k→+∞

σAnk
(u∗) � lim sup

n→+∞
σAn

(u∗),
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thus
σ

w–lim sup
n→+∞

An

(

u∗
)

� lim sup
n→+∞

σAn
(u∗). (2.76)

On the other hand, given u∗ ∈ X∗, we can find hn ∈ An such that

σAn
(u∗)− 1

n � 〈u∗, hn〉 ∀ n � 1 (2.77)

(see Definition 2.46). We have {hn}n�1 ⊆ C ∈ Pwk(X). The Eberlein–
Smulian theorem implies that we can find a subsequence {hnk

}k�1 of
{hn}n�1, such that

hnk

w−→ h in X.

It follows that h ∈ w–lim sup
n→+∞

An. Then from (2.77) we have

lim sup
n→+∞

σAn
(u∗) � σ

w–lim sup
n→+∞

An

(

u∗
)

. (2.78)

From (2.76) and (2.78), we conclude that

σ
w–lim sup
n→+∞

An

(

u∗
)

= lim sup
n→+∞

σAn
(u∗) ∀ u∗ ∈ X∗.

Solution of Problem 2.140
Let h ∈ w–lim sup

n→+∞
An. Then we can find a subsequence {Ank

}k�1 of

{An}n�1 and hnk
∈ Ank

for all k � 1 such that hnk

w−→ h in X. For
every u∗ ∈ X∗ we have

〈u∗, hnk
〉 −→ 〈u∗, h〉 ,

so

〈u∗, h〉 � lim sup
n→+∞

σAnk
(u∗) � σA(u

∗)

(see Definition 2.46), thus h ∈ convA and hence w–lim sup
n→+∞

An ⊆
convA.
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Solution of Problem 2.141
From the Mazur theorem (see Theorem I.5.58), we know that

h(ω) ∈ conv
⋃

n�k

hn(ω) ∀ k � 1.

So, for every k � 1, u∗ ∈ X∗ and ω ∈ Ω \N with μ(N) = 0, we have

〈u∗, h(ω)〉 � σ ⋃

n�k
hn(ω)

(u∗) = sup
n�k

〈u∗, hn(ω)〉 ,

so

〈u∗, h(ω)〉 � lim sup
n→+∞

〈u∗, hn(ω)〉 = σ
w–lim sup
n→+∞

{hn(Ω)}(u
∗)

(see Problem 2.139), thus

h(ω) ∈ conv w–lim sup
n→+∞

{hn(ω)} for μ-a.a. ω ∈ Ω.

Solution of Problem 2.142
Note that hypotheses (i) and (ii) do not imply the joint measurability
of F (see Hu–Papageorgiou [8, p. 227]). So, the conclusion cannot be
deduced from the Yankov–von Neumann–Aumann selection theorem
(see Theorem 2.68). Let v ∈ L1(Ω;X). We can find a sequence of
simple functions {sn}n�1 ⊆ L1(Ω;X) such that

‖v(ω)− sn(ω)‖X −→ 0 for μ-a.a. ω ∈ Ω

(see Definition 1.35(b)). Then because of hypothesis (i) for
every n � 1, the multifunction ω 
−→ F (ω, sn(ω)) is graph mea-
surable (see Definition 2.61(b)). So, we can apply the Yankov–
von Neumann–Aumann selection theorem (see Theorem 2.68) and ob-
tain hn ∈ S1

F (·,sn(·)). But from hypothesis (iii) (see Definitions 2.61(c)

and 2.75) we know that S1
F (·,sn(·)) ⊆ S1

G and the latter is w-compact

in L1(Ω;Y ) (see Theorem 2.76). So, by passing to a suitable subse-
quence if necessary, we may assume that hn

w−→ h in L1(Ω;Y ). From
Problem 2.140, we have
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h(ω) ∈ conv w–lim sup
n→+∞

{hn(ω)}

⊆ conv w–lim sup
n→+∞

F (ω, sn(ω))

⊆ convF (ω, v(ω)) = F (ω, v(ω)) for μ-a.a. ω ∈ Ω

(see hypothesis (ii)), so h ∈ S1
F (·,v(·)) and thus S1

F (·,v(·)) 	= ∅.

Solution of Problem 2.143
Let m denote the Mackey topology m(X∗, X) on X∗ (i.e., the
strongest, locally convex topology τ on X∗ for which we have (X∗

τ )
∗ =

X). The space X∗
m (i.e., the space X∗ furnished with the Mackey

topology) is separable. Let {u∗n}n�1 ⊆ X∗ be an m-dense sequence.
For every u, v ∈ X, we set

dX (u, v) =
∑

n�1

|〈u∗
n,u−v〉|

1+|〈u∗
n,u−v〉| .

This is a metric on X and it can be easily verified that the dX -topology
is weaker than the weak topology and the two coincide on w-compact
subsets of X (see Theorem I.2.84).

Let H(ω) = {hn(ω)}
w

n�1 ∈ Pwk(X). Then H(ω) = hn(ω)
d
for μ-

almost all ω ∈ Ω and sinceXd is separable, from Theorem 2.67 we infer
thatH is measurable intoXd. Then GrH ∈ Σ×B(Xd) = Σ×B(Xw) =
Σ × B(X) and so we can apply Theorem 2.76 and have that S1

H ⊆
L1(Ω;X) is w-compact. Therefore the sequence {hn}n�1 ⊆ L1(Ω;X)
is relatively w-compact.

Solution of Problem 2.144
We do the solution when condition (i) holds. The solution is similar if
condition (ii) holds. Let F (ω) = [h(ω),+∞). Then F is a measurable
multifunction from Ω into Pfc(R). We have

distRN (hn(ω), F (ω)) = (h− hn)
+(ω) −→ 0 for μ-a.a. ω ∈ Ω
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(due to condition (i)). Also we have

h(ω) ∈ extF (ω) for μ-a.a. ω ∈ Ω.

Therefore we can apply Proposition 2.97 and conclude that hn −→ h
in L1(Ω).

Solution of Problem 2.145
First we show that the set w–lim sup

n→+∞
An need not be closed in X.

Let X be a Banach space with a separable dual X∗ (therefore, X is
separable too; see Theorem I.5.82). Let B1 = {u ∈ X : ‖u‖X � 1}
and S1 = ∂B1 = {u ∈ X : ‖u‖X = 1}. We know that 0 ∈ S

w
1 and

since the weak topology on B1 is metrizable, we can find a sequence
{un}n�1 ⊆ S1 such that un

w−→ 0 in X. Let An = {u1, . . . , un} for all
n � 1. Then

w–lim sup
n→+∞

An = {un}n�1 ∪ {0}

and this set is not strongly closed.
Next we show that w–lim sup

n→+∞
An need not be w-closed. To this

end let X = l1 and let An = S1 for all n � 1. Then w–lim sup
n→+∞

An is

not w-closed. Indeed, recall that 0 ∈ S
w
1 , but by the Schur property

(see Remark I.5.57) there is no sequence in S1 w-converging to 0 and
this implies that w–lim sup

n→+∞
An is not w-closed.

Solution of Problem 2.146
First we treat the “decreasing” case. Let A =

⋂

n�1

An. From Re-

mark 2.89 we have that A = s–lim inf
n→+∞ An. If w–lim sup

n→+∞
An = ∅, then

A = ∅ and we are done. So, assume that w–lim sup
n→+∞

An 	= ∅ and let

u ∈ w–lim sup
n→+∞

An. We can find a subsequence {Ank
}k�1 of {An}n�1
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and unk
∈ Ank

such that unk

w−→ u in X. Since {An}n�1 is decreasing,
we have u ∈

⋂

k�1

Ank
=

⋂

n�1

An, hence u ∈ A and so w–lim sup
n→+∞

An ⊆ A.

We conclude that
An

M−→
⋂

n�1

An

(see Definition 2.90). For the “increasing” case, we have

s–lim inf
n→+∞ An =

⋃

n�1

An (2.79)

(see Remark 2.89). The set
⋃

n�1

An is closed, convex, hence it is w-

closed, which implies that

w–lim sup
n→+∞

An ⊆
⋃

n�1

An,

so

An
M−→

⋃

n�1

An

(see (2.79)).

Solution of Problem 2.147
Let h ∈ L1(Ω;X) and v ∈ L1(Ω;Y ). Then

distL1(Ω;Y )(v, S
1
F (·,h(·))) = inf

y∈S1
F (·,h(·))

‖v − y‖L1(Ω;Y )

= inf
y∈S1

F (·,h(·))

∫

Ω

‖v(ω)− y(ω)‖Y dμ =

∫

Ω

inf
z∈F (ω,h(ω))

‖v(ω)− z‖Y dμ

=

∫

Ω

distY (v(ω), F (ω, h(ω))) dμ (2.80)

(see hypothesis (i) and Theorem 2.74). According to Proposition 2.44
it suffices to show that for every v ∈ L1(Ω;Y ), the function h 
−→
distL1(Ω;Y )(v, S

1
F (·,h(·))) is upper semicontinuous. So, for every v ∈

L1(Ω;Y ) and λ � 0 we need to show that the set

Uλ =
{

h ∈ L1(Ω;X) : distL1(Ω;Y )(v, S
1
F (·,h(·))) � λ

}
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is closed (see Proposition I.2.54). To this end, let {hn}n�1 ⊆ Uλ be

a sequence such that hn −→ h in L1(Ω;X). By passing to a suitable
subsequence, we may assume that

hn(ω) −→ h(ω) for μ-a.a. ω ∈ Ω. (2.81)

Then we have

λ � lim sup
n→+∞

distL1(Ω;Y )(v, S
1
F (·,hn(·)))

= lim sup
n→+∞

∫

Ω

distY (v(ω), S
1
F (ω,hn(ω))

) dμ

�
∫

Ω

lim sup
n→+∞

distY (v(ω), F (ω, hn(ω))) dμ

�
∫

Ω

distY (v(ω), F (ω, h(ω))) dμ

= distL1(Ω;Y )(v, S
1
F (·,h(·)))

(by the Fatou lemma, hypotheses (iii) and (ii), Proposi-
tion 2.44, (2.81), and (2.80)), so h ∈ Uλ and thus the function
h 
−→ distL1(Ω;Y )(v, S

1
F (·,h(·))) is upper semicontinuous on L1(Ω;X).

This proves that the multifunction h 
−→ S1
F (·,h(·)) is lower

semicontinuous from L1(Ω;X) into L1(Ω;Y ).

Solution of Problem 2.148
Let Y =

{

E : X ⊇ D(E) −→ 2X
∗
: E is monotone and GrA ⊆

GrE}. Evidently Y 	= ∅. We introduce a partial order � on Y as
follows:

E1 � E2
def⇐⇒ GrE1 ⊆ GrE2,

for all E1, E2 ∈ Y. Let C be a chain in Y. The map with graph
equal to

⋃

E∈C
GrE is an upper bound for C. Invoking the Kuratowski–

Zorn lemma (see Theorem 4.120), we can find a maximal element
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̂A ∈ Y. Clearly then ̂A : X ⊇ D( ̂A) −→ 2X
∗
is maximal monotone

(see Definition 2.100) and GrA ⊆ Gr ̂A.

Solution of Problem 2.149
Let {(uα, u∗α)}α∈J ⊆ GrA be a net and assume that

uα
w−→ u in X and u∗α −→ u∗ in X∗. (2.82)

The monotonicity of A implies that

〈u∗α − v∗, uα − v〉 � 0 ∀ (v, v∗) ∈ GrA

(see Definition 2.98(a)), so

〈u∗ − v∗, u− v〉 � 0 ∀ (v, v∗) ∈ GrA

(see (2.82)) and thus (u, u∗) ∈ GrA (from the maximality of A; see
Definition 2.100). This proves that GrA is closed in Xw ×X∗.

Similarly, we show the closedness of GrA in X ×X∗
w∗ .

For the second part of the problem, the answer is No. To see this,
let X = l2 (a Hilbert space), let C = B1 and let pC be the metric
projection (that is, for any u ∈ X, pC(u) =

{

h ∈ C : ‖u − h‖l2 =
inf
h′∈C

‖u−h′‖l2
}

). We know that pC is single valued and nonexpansive

(i.e., ‖pC(u)− pC(v)‖l2 � ‖u− v‖l2 for all u, v ∈ X) (see Proposition
I.5.99). We have that the map u 
−→ (IX − pC)(u) is continuous and
monotone (see Definition 2.98(a)), since

〈(IX − pC(u)− (IX − pC))(v), u− v〉
� ‖u− v‖2l2 − ‖pC(u)− pC(v)‖l2‖u− v‖l2
� ‖u− v‖2l2 − ‖u− v‖2l2 = 0.

Invoking Corollary 2.111, we infer that u 
−→ (IX −pC)(u) is maximal
monotone (see Definition 2.100). Let {en}n�1 be the standard or-

thonormal basis of X = l2 and consider the sequence {un}n�1 defined
by un = e1 + e2n for all n � 1. Then

{

(un, (1−
1√
2
)un)

}

n�1
⊆ Gr (IX − pC)
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and we have

(un, (1− 1√
2
)un)

w−→ (e1, (1− 1√
2
)e1)

(recall that en
w−→ 0). Note that (e1, (1− 1√

2
)e1) 	∈ GrA.

Solution of Problem 2.150
Let u, v ∈ D(A). We have

〈A(u)−A(v), u− v〉 =

b
∫

0

(

u′(t)− v′(t), u(t)− v(t)
)

H
dt

= 1
2

b
∫

0

d
dt‖u(t)− v(t)‖2H dt = 1

2

(

‖u(b)− v(b)‖2H − ‖u(0)− v(0)‖2H
)

= 1
2‖u(b)− v(b)‖2H � 0,

so A is monotone (see Definition 2.98(a)).
According to Theorem 2.116, in order to show the maximality of

A, it suffices to show that R(A + I
L2(T ;H)

) = L2(T ;H). So, we fix

h ∈ L2(T ;H) and consider the abstract Cauchy problem
{

u′(t) + u(t) = h(t) for a.a. t ∈ T,
u(0) = u0.

(2.83)

Let g(t) = eth(t) for t ∈ T . Evidently g ∈ L2(T ;H). We define

y(t) = u0 +

t
∫

0

g(s) ds.

We have y ∈ W 1,2(T ;H) ⊆ C(T ;H) and y(0) = y0. Setting
u(t) = e−ty(t) for t ∈ T , we have u′(t) = −e−ty(t) + e−ty′(t) =
−u(t)+h(t). Therefore u ∈ W 1,2(T ;H), u(0) = u0 and it solves (2.83).
This then proves the maximality of A.
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Solution of Problem 2.151
Let {un}n�1 ⊆ X be a sequence such that un −→ u in X. The map
A is locally bounded (see Definition 2.102 and Proposition 2.104).
Therefore the sequence {A(un)}n�1 ⊆ X∗ is bounded and so it has a
cluster point h∗ ∈ X∗. The monotonicity of A implies that

〈h∗ −A(v), u− v〉 � 0 ∀ v ∈ X.

Let v = ty+(1− t)u with t ∈ [0, 1] and y ∈ X. The hemicontinuity of
A implies

〈h∗ −A(y), u− y〉 � 0 ∀ y ∈ X. (2.84)

From Corollary 2.111, we know that A is maximal monotone (see
Definition 2.100). So, (2.84) implies that h∗ = A(u). This means that
for the original sequence, we have A(un) −→ A(u) and so we conclude
that A is continuous.

Solution of Problem 2.152
“=⇒”: Assume that A is demicontinuous (see Definition 2.98(a)) and
monotone. It is clear from Definition 2.110, that A is hemicontinuous
too.

“⇐=”: Assume that A is monotone and hemicontinuous. Let
{un}n�1 ⊆ X be a sequence such that un −→ u in X. Let

tn = ‖un − u‖
1
2
X and for h ∈ X, let hn = u+ tnh. We have

〈A(un), h〉 = 1
tn

〈A(un), hn − un〉 + 1
tn

〈A(un), un − u〉 . (2.85)

Note that the sequence {A(un)}n�1 ⊆ X∗ is bounded (see Proposi-
tion 2.104) and so we have

1
tn

〈A(un), un − u〉 =
〈

A(un),
un−u

‖un−u‖
1
2
X

〉

−→ 0. (2.86)

Also, the hemicontinuity of A implies that

A(hn)
w∗
−→ A(u) in X∗,

so
1
tn

〈A(hn), hn − un〉 −→ 〈A(u), h〉 . (2.87)
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From the monotonicity of A, we have

〈A(un), hn − un〉 � 〈A(hn), hn − un〉 ∀ n � 1,

so

lim sup
n→+∞

1
tn

〈A(un), hn − un〉 � 〈A(u), h〉 (2.88)

(see (2.87)). Returning to (2.85), passing to the limit as n → +∞ and
using (2.86) and (2.88), we obtain

lim sup
n→+∞

〈A(un), h〉 � 〈A(u), h〉 ∀ h ∈ X,

so

〈A(un), h〉 −→ 〈A(u), h〉 ∀ h ∈ X

(see Proposition 2.104 and Problem 2.149), thus

A(un)
w∗
−→ A(u) in X∗

and hence A is demicontinuous (see Definition 2.110).

Solution of Problem 2.153
For every u ∈ W 1,p

0 (Ω), we have that Du ∈ Lp(Ω;RN ) and so from
the growth condition on a, we have

a(Du(·)) ∈ Lp′(Ω;RN ).

From Theorem 1.140 it follows that −div a(Du(·)) ∈ W−1,p′(Ω). We
denote this operator by A : W 1,p

0 (Ω) −→ W−1,p′(Ω) and we have

〈A(u), h〉=〈−div a(Du), h〉=
∫

Ω

(a(Du), Dh)
RN dz ∀ h ∈ W 1,p

0 (Ω)

(since h|
∂Ω

= 0; see Definition 1.129). If E ⊆ W 1,p
0 (Ω) is bounded,

then

the set {Du : u ∈ E} ⊆ Lp(Ω;RN ) is bounded
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and so from the growth condition on a it follows that

the set {a(Du) : u ∈ E} ⊆ Lp′(Ω;RN ) is bounded. (2.89)

So, we have

|〈A(u), h〉| =
∣

∣

∫

Ω

(a(Du), Dh)
RN

∣

∣ �
∫

Ω

|a(Du)| |Dh| dz

� c1‖Dh‖Lp(Ω;RN ) ∀ h ∈ W 1,p
0 (Ω),

for some c1 > 0 (see (2.89)), so the set A(E) ⊆ W−1,p′(Ω) is bounded.
Let {un}n�1 ⊆ W 1,p

0 (Ω) be a sequence such that un −→ u in

W 1,p
0 (Ω). Then for all h ∈ W 1,p

0 (Ω) we have

|〈A(un)−A(u), h〉| �
∫

Ω

|a(Dun)− a(Du)| |Dh| dz

� ‖a(Dun)− a(Du)‖Lp′ (Ω;RN )‖Dh‖Lp(Ω;RN )

= ‖a(Dun)− a(Du)‖Lp′ (Ω;RN )‖h‖W 1,p
0 (Ω)

(see Theorem 1.131), so

‖A(un)−A(u)‖W−1,p′ (Ω) � ‖a(Dun)− a(Du)‖Lp′ (Ω;RN ).

But by virtue of the Krasnoselskii theorem (see Problem 1.42), we
have

‖a(Dun)− a(Du)‖Lp′(Ω;RN ) −→ 0,

so A is continuous. Finally for all u, v ∈ W 1,p
0 (Ω), we have

〈A(u)−A(v), u− v〉 =

∫

Ω

(a(Du)− a(Dv), Du−Dv)
RN dz � 0

(since a is monotone; see Definition 2.98(a)). Therefore A is contin-
uous and monotone, thus according to Corollary 2.111, also maximal
monotone (see Definition 2.100).
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Solution of Problem 2.154
Let A : W 1,p

0 (Ω) −→ W−1,p′(Ω) be the nonlinear map defined by

〈A(u), h〉=〈−div (Du), h〉=
∫

Ω

(a(Du), Dh)
RN dz ∀ h ∈ W 1,p

0 (Ω).

From Problem 2.153 we know that A is maximal monotone (see
Definition 2.100). From the Poincaré inequality (see Theorem 1.131),
we know that we can have

‖u‖1,p = ‖Du‖Lp(Ω;RN ) ∀ u ∈ W 1,p
0 (Ω).

From the assumption on a, we have

〈A(u),u〉
‖u‖1,p � ĉ

‖u‖p1,p
‖u‖1,p = ĉ‖u‖p−1

1,p ,

so A is strongly coercive (see Definition 2.98(f)). Invoking
Theorem 2.119, we conclude that there exists u ∈ W 1,p

0 (Ω) such that
A(u) = g.

Solution of Problem 2.155
“=⇒”: This follows immediately from the definition of maximal mono-
tonicity (see Remark 2.101).

“⇐=”: Suppose that GrA is maximal among all linear monotone
graphs and suppose that it is not maximal monotone. Then according
to Definition 2.100 there exists (u, u∗) ∈ (X ×X∗) \GrA such that

〈u∗ − h∗, u− h〉 � 0 ∀ (h, h∗) ∈ GrA.

Then the linear space span (GrA ∪ (u, u∗)) is a linear monotone graph
extending GrA, a contradiction to our hypothesis. So, A is a maximal
monotone map.

Solution of Problem 2.156
Arguing indirectly suppose that A 	∈ L(X;X∗). Then we can find a
sequence {un}n�1 ⊆ X and ε > 0 such that

un −→ 0 in X and ‖A(un)‖X∗ � ε ∀ n � 1. (2.90)
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Let tn = 1

‖un‖
1
2
X

for all n � 1 and set hn = tnun for all n � 1. Clearly

‖hn‖X = ‖un‖
1
2
X −→ 0.

Hence by the demicontinuity of A, we have that A(hn)
w−→ 0. Thus

there exists M > 0 such that

‖A(hn)‖X∗ � M ∀ n � 1. (2.91)

On the other hand, we have

‖A(hn)‖X∗ = tn‖A(un)‖X∗ � tnε ∀ n � 1

(see (2.90)), so
‖A(hn)‖X∗ −→ +∞,

which contradicts (2.91).

Solution of Problem 2.157
We argue indirectly. So, suppose that we can find u∗, v∗ ∈ A(û),
u∗ 	= v∗. Then there exists u ∈ X such that ε = 〈u∗ − v∗, u〉 > 0. Let

ûn = û+ 1
nu ∀ n � 1.

Then ûn −→ û in X and because A is by hypothesis lower semicon-
tinuous at û into X∗

w∗ , for some big n0 � 1, we have that

Sn = A(ûn) ∩
{

h∗ ∈ X∗ : |〈u∗ − h∗, u〉| < ε
2

}

	= ∅ ∀ n � n0

(see Definition 2.36). Let hn ∈ Sn for n � n0. Then since A is
monotone (see Definition 2.98(a)), we have

0 � 〈h∗n − v∗, ûn − û〉 = 1
n 〈h∗n − v∗, u〉

= 1
n 〈h∗n − u∗, u〉 + 1

n 〈u∗ − v∗, u〉
< ε

2n − ε
n < 0

for big n � 1, a contradiction.
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Solution of Problem 2.158
From Proposition 2.105 we know that A is upper semicontinuous from
intD(A) into X∗

w∗ (where X∗
w∗ denotes the space X∗ furnished with

the w∗-topology). Moreover, from Propositions 2.104 and 2.106 and
the Alaoglu theorem (see Theorem I.5.66), we see that A|

intD(A)
has

nonempty, convex, and w∗-compact values. Since X is separable, we
can find a sequence {un}n�1 ⊆ X which is dense in X. Then for
u∗, x∗ ∈ X∗, we set

d
X∗ (u

∗, v∗) =
∑

n�1

1
2n

|〈u∗−v∗,un〉|
1+|〈u∗−v∗,un〉| .

This is a metric on X∗ and the topology it generates is weaker than
the w∗-topology. So, we can apply Proposition 2.41(b) and infer that
the set

{u ∈ intD(A) : A is not lower semicontinuous at u}
is of first category. Then Problem 2.157 implies that the set Γ is of
first category.

Solution of Problem 2.159
“=⇒”: We assume that the duality map F is linear (see Defini-
tion 2.112). Then for all u, v ∈ X, we have

‖u±v‖2X = 〈F(u± v), u± v〉 = ‖u‖2X±〈F(u), v〉±〈F(v), u〉+‖v‖2X
(from the linearity of F), so

‖u+ v‖2X + ‖u− v‖2X = 2
(

‖u‖2X + ‖v‖2X
)

.

So, the space X satisfies the parallelogram law (see Remark I.5.94),
hence X must be a Hilbert space.

“⇐=”: A Hilbert space has a differentiable norm and we can easily
check that for all u, h ∈ X, we have

〈F(u), h〉 = 1
2

d
dt‖u+ th‖2X |t=0 = 1

2
d
dt (u+ th, u+ th)X |t=0

= 1
2

d
dt

(

‖u‖2X + 2t (u, h)X + t2‖h‖2X
)

|t=1 = (u, h)X ,

so F(u) = u and so F = IX .
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Solution of Problem 2.160
Invoking the Troyanski renorming theorem (see Theorem I.5.192 or
Remark 2.115), without any loss of generality we may assume that
both X and X∗ are locally uniformly convex (see Definition I.5.168(b)
and Remark I.5.169). As in the situation of Problem 2.148, using
the Kuratowski–Zorn lemma (see Theorem 4.120), we can show that
A admits a monotone extension ̂A which is maximal in the class of
all monotone maps with domain in C. We will show that ̂A is in
fact maximal monotone (see Definition 2.100). According to Theo-
rem 2.116, it suffices to show that R(A + F) = X∗. Let h∗ ∈ X∗.
From Theorem 3.117, we know that there exists u ∈ C such that

〈F(u) + v∗ − h∗, v − u〉 � 0 ∀ (v, v∗) ∈ Gr ̂A.

Since ̂A has no monotone extension on C ×X∗, we infer that

if u ∈ D( ̂A) and h∗ −F(u) ∈ ̂A(u), then h∗ ∈ ̂A(u) + F(u).

Since h∗ ∈ X∗ is arbitrary, we conclude that R( ̂A + F) = X∗ and so
̂A is maximal monotone.

Solution of Problem 2.161
From Theorem 2.119 we know that there exists uλ ∈ D(A) such that

0 ∈ λA(uλ) + F(uλ − u).

We show that this solution uλ ∈ D(A) is in fact unique. So, suppose
that uλ, vλ ∈ D(A) satisfy

λu∗λ + F(uλ − u) = 0, with u∗λ ∈ A(uλ), (2.92)

and

λv∗λ + F(vλ − u) = 0, with v∗λ ∈ A(vλ). (2.93)

From the monotonicity of A and F (see Proposition 2.114)
and (2.92), (2.93), we have

0 � λ 〈u∗λ − v∗λ, uλ − vλ〉 = 〈F(vλ − u)−F(uλ − u), uλ − vλ〉 = 0,
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so
〈F(uλ − u)−F(vλ − u), uλ − vλ〉 = 0. (2.94)

But F is strictly monotone (see Definition 2.98(b) and Proposi-
tion 2.114(b)). Then from (2.94) we infer that uλ = vλ, which proves
the uniqueness of the solution.

Solution of Problem 2.162
We do the solution under the assumption that

lim sup
n,k→+∞

〈u∗n − u∗k, un − uk〉 � 0. (2.95)

The other case can be treated similarly.
The monotonicity of A and (2.95) imply that

lim sup
n,k→+∞

〈u∗n − u∗k, un − uk〉 = 0. (2.96)

Let {(um, u∗m)}m�1 be a subsequence of {(uk, u∗k)}k�1 ⊆ GrA such
that

lim
m→+∞ 〈u∗m, um〉 = lim sup

k→+∞
〈u∗k, uk〉 = ξ. (2.97)

Let ηnm = 〈u∗n − u∗m, un − um〉 and ηn= 〈u∗n, un〉−〈u∗n, u〉−〈u∗, un〉+ξ.
We have

ηnm −→ ηn as m → +∞
(see (2.96)) and

ηn −→ 2ξ − 2 〈u∗, u〉
(see (2.97)). So, we can find an increasing (not necessarily strictly)
sequence {n(m)}m�1 such that

ηn(m)m −→ 2ξ − 2 〈u∗, u〉 as m → +∞ (2.98)

(see Problem I.1.175). But from (2.96) we have

ηn(m)m −→ 0 as m → +∞,

so ξ = 〈u∗, u〉 (see (2.98)), thus

〈u∗n, un〉 −→ 〈u∗, u〉 .
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The monotonicity of A implies that

〈u∗ − h∗, u− h〉 � 0 ∀ (h, h∗) ∈ GrA,

so (u, u∗) ∈ GrA (since A is maximal monotone; see Definition 2.100)).

Solution of Problem 2.163
By definition

Aλ(u) = 1
λF(u− Jλ(u)) ∀ u ∈ X.

So clearly Aλ is everywhere defined and single valued (see Proposi-
tion 2.114(a)). Moreover, from Problem 2.161, we see that

Aλ(u) ∈ A(Jλ(u)) ∀ u ∈ X.

Now, let u, v ∈ X. We have

〈Aλ(u)−Aλ(v), u−v〉= 1
λ 〈F(u−Jλ(u))−F(v − Jλ(v)), u−v〉

= 1
λ 〈F(u− Jλ(u))−F(v − Jλ(v)), u− Jλ(u)− (v − Jλ(v))〉
+ 〈Aλ(u)−Aλ(v), Jλ(u)− Jλ(v)〉 ,

with Aλ(u) ∈ A(Jλ(u)) and Aλ(v) ∈ A(Jλ(v)). Therefore exploiting
the monotonicity of A and F (see Proposition 2.114), we have

〈Aλ(u)−Aλ(v), u− v〉 � 0,

so Aλ is monotone (see Definition 2.98(a)).
For every (h, h∗) ∈ GrA, from the monotonicity of A, we have

〈h∗, Jλ(u)− h〉 � 〈Aλ(u), Jλ(u)− h〉
= − 1

λ 〈F(Jλ(u)− u), Jλ(u)− u〉 − 1
λ 〈F(Jλ(u)− u), u− h〉 (2.99)

(recall that Aλ(u) ∈ A(Jλ(u)) and see Problem 2.161), so

‖Jλ(u)− u‖2X � −λ 〈h∗, Jλ(u)− h〉 − 〈F(Jλ(u)− u), u− h〉 (2.100)

(see Definition 2.112), thus

‖Jλ(u)− u‖X � λ‖h∗‖X∗ + ‖u− h‖X ,
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hence
‖Jλ(u)‖X � λ‖h∗‖X∗ + 2‖u‖X + ‖h‖X ,

which proves that Jλ is bounded (that is, maps bounded sets to
bounded sets).

Since Aλ(u) =
1
λF(u − Jλ(u)), it follows that Aλ is bounded too

(see Definition 2.112).
Next let {un}n�1 ⊆ X be a sequence such that un −→ u in X and

set yn = Jλ(un) and y∗n = Aλ(un) for all n � 1. Then

λy∗n + F(yn − un) = 0 ∀ n � 1. (2.101)

So, we have

〈F(yn − un)−F(yk − uk), uk − un〉
= 〈F(yn − un)−F(yk − uk), yn − un − (yk − uk)〉

+λ 〈y∗n − y∗k, yn − yk〉 ∀ n � 1. (2.102)

Note that

〈F(yn − un)−F(yk − uk), uk − un〉 −→ 0 as n, k → +∞

(see (2.101)). Moreover, both summands in the right-hand side
of (2.102) are nonnegative (due to the monotonicity of F and A re-
spectively). So, we obtain

lim
n,k→+∞

〈F(yn − un)−F(yk − uk), yn − un − (yk − uk)〉 = 0,

and
lim

n,k→+∞
〈y∗n − y∗k, yn − yk〉 = 0.

The boundedness of the maps Jλ, Aλ and F implies that by passing
to a suitable subsequence if necessary, we may assume that

yn
w−→ y inX, y∗n

w−→ y∗ inX∗ and F(yn−un)
w−→ v∗ ∈ X∗.

Then Problem 2.162 implies that

(y, y∗) ∈ GrA, F(y − u) = v∗ and λy∗ + F(y − u) = 0,

so
y = Jλ(u) and y∗ = Aλ(u).
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Therefore

Jλ(un)
w−→ Jλ(u) in X and Aλ(un)

w−→ Aλ(u) in X∗.

The second convergence proves the demicontinuity of Aλ. From the
first convergence, Proposition 2.114 and the Kadec–Klee property, we
have the continuity of Jλ.

Solution of Problem 2.164
From the solution of Problem 2.163 (see (2.99)), with u = h, we have

‖Jλ(u)− u‖X � λ‖u∗‖X∗ ∀ (u, u∗) ∈ GrA,

so

‖Aλ(u)‖X∗ = 1
λ‖Jλ(u)− u‖X � ‖u∗‖X∗

(see Remark after Problem 2.161 and Definition 2.112), thus

‖Aλ(u)‖X∗ � ‖A0(u)‖X∗ ∀ λ > 0.

The reflexivity of X, implies that we can find a sequence λn ↘ 0 such
that

Aλn(u)
w−→ y∗ in X∗, (2.103)

so

‖y∗‖X∗ � ‖A0(u)‖X∗ . (2.104)

Also since

‖Jλn(u)− u‖X � sup
n�1

λn‖A0(u)‖X∗ < +∞, (2.105)

we may assume that

F(Jλn(u)− u)
w−→ h∗ in X∗. (2.106)

Then for all v ∈ D(A) we have

‖Jλn(u)− u‖2X � −λn

〈

A0(v), Jλn(u)− u
〉

− 〈F(Jλn(u)− u), u− v〉
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(cf. (2.100) in the solution of Problem 2.163), so

lim sup
n→+∞

‖Jλn(u)− u‖2X � 〈h∗, u− v〉

(see (2.105) and (2.106)). Evidently this is true for every u, v ∈
convD(A). Set u = v, to have

Jλn(u) −→ u in X. (2.107)

From the monotonicity of A, we have

0 � 〈w∗ −Aλn(u), w − Jλn(u)〉 ∀ (w,w∗) ∈ GrA

(as Aλn(u) ∈ A(Jλn(u)); see Problem 2.163) so

0 � 〈w∗ − y∗, w − u〉 ∀ (w,w∗) ∈ GrA

(see (2.103) and (2.107)), thus y∗ ∈ A(u) (since A is maximal mono-
tone; see Definition 2.100)), hence

‖A0(u)‖X∗ � ‖y∗‖X∗ � ‖A0(u)‖X∗

(see (2.104)), which implies that

‖A0(u)‖X∗ = ‖y∗‖X∗ � ‖A0(u)‖X∗

and so y∗ = A0(u). We conclude that Aλ(u) −→ A0(u) as λ ↘ 0 for
all u ∈ D(A).

Solution of Problem 2.165
Since the notion of maximal monotonicity is independent of the partic-
ular norms on X and X∗, invoking the Troyanski renorming theorem
(see Theorem I.5.192 or Remark 2.115) without any loss of generality,
we may assume that both X and X∗ are locally uniformly convex (see
Definition I.5.168(b) and Remark I.5.169). From Problem 2.164 we
know that for every u ∈ convD(A), we have

Jλ(u) −→ u in X as λ ↘ 0.

Recall that Jλ(u) ∈ D(A). Therefore u ∈ D(A). Hence D(A) =
convD(A) and thus the set D(A) is convex.
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Note that R(A) = D(A−1) and A−1 remains maximal monotone
(recall that A−1(u∗) = {u ∈ X : (u, u∗) ∈ GrA}). Therefore R(A) =
D(A−1) ⊆ X∗ is convex too.

Solution of Problem 2.166
We argue indirectly. So, suppose that the conclusion does not hold.
Then we can find a sequence {un}n�1 ⊆ X and M > 0 such that

|un| −→ +∞ and |A(un)| � M ∀ n � 1.

We may assume that A(un) −→ h∗ in R
N . Set yn = un

|un| for all n � 1.

Then |yn| = 1 for all n � 1 and so we may assume that yn −→ y in
R
N , |y| = 1. From the monotonicity of A, we have

0 �
(

A(un)−A(h), un
|un| −

h
|un|

)

RN ∀ h ∈ R
N , n � 1,

so
0 � (h∗ −A(h), y)

RN ∀ h ∈ R
N . (2.108)

Since by hypothesis A is surjective, for every n � 1, we can find
vn ∈ R

N such that A(vn) = ny. Then from (2.108), we have

0 � (h∗ −A(vn), y)RN ∀ n � 1,

so
0 � (h∗ − ny, y)

RN ∀ n � 1,

thus
n|y|2 � (h∗, y)

RN � |h∗||y|

and hence
n|y| � |h∗| ∀ n � 1,

a contradiction since |y| = 1. Therefore lim
|u|→+∞

|A(u)| = +∞.
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Solution of Problem 2.167
Arguing by contradiction, let {un}n�1 ⊆ Br be a sequence such that

un −→ u in R
N and |A(un)| −→ +∞. Let yn = A(un)

|A(un)| for n � 1.

Then |yn| = 1 for all n � 1 and so we may assume that yn −→ y in
R
N , with |y| = 1. The monotonicity of A implies that

0 �
( A(un)
|A(un)| −

A(v)
|A(un)| , un − v

)

RN =
(

yn − A(v)
|A(un)| , un − v

)

RN

for all v ∈ Br+ε and all n � 1, so

0 � (y, u− v)
RN ∀ v ∈ Br+ε

and thus
(y, v)

RN � (y, u)
RN ∀ v ∈ Br+ε.

Let v = u+ ε
2y. Then we reach a contradiction. So, the set A(Br) ⊆

R
N is bounded.

Solution of Problem 2.168
From Problem 2.150 we know that A is maximal monotone (see Def-
inition 2.100). So, JA

1 can be defined (see Definition 2.122) and
dom JA

1 = L2(T ;H) (see Proposition 2.123(a)). Moreover, from the
solution of Problem 2.150, we know that for every u ∈ L2(T ;H), if

v(t) = e−tu0 +

t
∫

0

et−su(s) ds ∀ t ∈ [0, b],

then v ∈ W 1,2(T ;H), v(0) = u0 and u(t) = v(t) + v′(t) for almost all
t ∈ T . Hence u = (I

L2(T ;H)
+ A)v, so JA

1 (u) = v (see Definition 2.122

and Proposition 2.123).

Solution of Problem 2.169
Since A is everywhere defined and uniformly monotone (see Defini-
tion 2.98(d)), we have

〈A(u)−A(v), u− v〉 � ϑ(|u− v|)|u− v| ∀ u, v ∈ X, (2.109)
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with a strictly increasing function ϑ : R+ −→ R+ such that ϑ(0) = 0
and ϑ(r) −→ +∞ as r → +∞. Then ϑ−1 : R+ −→ R+ exists and it is
strictly increasing too, with ϑ−1(0) = 0. Let

u∗ = A(u) and v∗ = A(v) with u, v ∈ X.

Then from (2.109), we have

‖A−1(u∗)−A−1(v∗)‖X � ϑ−1(‖u∗ − v∗‖∗),
so A−1 is continuous on R(A). Let B∗

r = {u∗ ∈ X∗ : ‖u∗‖∗ < r}.
Then for all u∗ ∈ B∗

r we have

‖A−1(u∗)‖X � ϑ−1(r) + ‖A−1(0)‖X ,

so A−1 is bounded from X∗ into X. Since A is maximal monotone
(see Corollary 2.111) we can apply Theorem 2.118 to conclude that A
is surjective.

Solution of Problem 2.170
Let V be a finite dimensional subspace of X. Let u ∈ D(A) ∩ V and
let U be a weakly open set in X∗ containing A(u). We need to show
that A|+

V
(U) = {y ∈ V : A(y) ⊆ U} is open in V (see Definition 2.36).

Arguing by contradiction, suppose that A|+
V
(U) is not open in V . Then

we can find a sequence {un}n�1 ⊆ V such that un −→ u and A(un) ∩
U c 	= ∅ for all n � 1. Let u∗n ∈ A(un) ∩ U c. The boundedness of
A implies that the sequence {u∗}n�1 ⊆ X∗ is bounded. Then the
reflexivity of X (hence of X∗ too) and the Eberlein–Smulian theorem
(see Theorem I.5.78) imply that at least for a subsequence, we have
u∗n

w−→ u∗ in X∗. Then

〈u∗n, un − u〉 −→ 0,

so (u, u∗) ∈ GrA (see the condition which is assumed on A). Also
U c is w-closed in X∗, hence u∗ ∈ U c. Therefore u∗ ∈ A(u) ∩ U c,
a contradiction to the fact that A(u) ⊆ U . This proves the desired
upper semicontinuity property of the map A.
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Solution of Problem 2.171
Let u ∈ X and u∗ ∈ X∗ be such that

0 � 〈u∗ − h∗, u− h〉 ∀ (h, h∗) ∈ GrA. (2.110)

Given v∗ ∈ (A+ C)(v), we have

v∗ = h∗ + C(v), (2.111)

for some h∗ ∈ A(v). Then we have

〈u∗ + C(u)− v∗, u− v〉 = 〈u∗ + C(u)− h∗ − C(v), u− v〉
= 〈u∗ − h∗, u− v〉 + 〈C(u)− C(v), u− v〉 � 0 (2.112)

(see (2.111) and (2.110)). Because by hypothesis A+ C is a maximal
monotone map (see Definition 2.100), from (2.112) we infer that

u ∈ D(A+ C) and u∗ + C(u) ∈ (A+ C)(u).

This implies that u∗ ∈ A(u) and so we have the maximal monotonicity
of A (see (2.110)).

Solution of Problem 2.172
The monotonicity of ̂A is a direct consequence of the monotonicity of
A. Then according to Theorem 2.116, in order to show maximality
of ̂A, it suffices to show that R( ̂A + I

L2(Ω;H)
) = L2(Ω;H). So, let

h ∈ L2(Ω;H) and exploiting the maximal monotonicity of A, set

v(ω) = (IH +A)−1(h(ω)) ∀ ω ∈ Ω.

Evidently v is Σ-measurable. Also, by hypothesis (0, 0) ∈ GrA, we
have JA

1 (0) = 0 and so from Proposition 2.123(b), it follows that

‖v(ω)‖H � ‖h(ω)‖H for μ-a.a. ω ∈ Ω,

so v ∈ L2(Ω;H). Therefore R(A + IH ) = L2(Ω;H) and we have

proved the maximality of ̂A. From the above argument it is clear that
for every λ > 0, we have

J
̂A
λ (u)(·) = JA

λ (u(·)) ∀ u ∈ L2(Ω;H).
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Hence we infer that

̂Aλ(u)(·) = Aλ(u(·)) ∀ u ∈ L2(Ω;H)

(see Definition 2.122). Finally, if μ(Ω) < +∞, then constant functions
belong to L2(Ω;H) and so from the fact that JA

1 is nonexpansive (see
Proposition 2.123(b)), we have that v ∈ L2(Ω;H). So, in that case we
can drop the requirement that (0, 0) ∈ GrA.

Solution of Problem 2.173
No. We always have R(A+ C) ⊆ R(A) +R(C) and the inclusion can
be strict. For example, let H = R

2 and let A,C : R2 −→ R
2 be the

operators that perform rotation by π
2 and by −π

2 respectively. Then
R(A+ C) = {0}, while R(A) +R(C) = R

2.

Solution of Problem 2.174
Without any loss of generality we may assume that both X
and X∗ are locally uniformly convex (by the Troyanski renorm-
ing theorem; see Theorem I.5.192 or Remark 2.115) and so
the duality map F : X −→ X∗ is a homeomorphism (see Proposi-
tion 2.114). Let ξ : X ×X∗ −→ X∗ ×X be the map defined by
ξ(u, u∗) = (u∗ + F(u), u). Then ξ is a homeomorphism. For every
ω ∈ Ω, we have

ξ(GrA(ω)) = Gr (A(ω) + F)−1.

Then property (a) is equivalent to saying that
{

(ω, u∗, u) ∈ Ω×X∗ ×X : u = (A(ω) + F)−1(u∗)
}

∈ Σ× B(X∗)× B(X) = Σ× B(X∗ ×X),

which is precisely property (b).
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Solution of Problem 2.175

(1) Let E ∈ B(X). Then E×X∗ ∈ B(X)×B(X∗) = B(X ×X∗). We
have

D−(E) = {ω ∈ Ω : D(ω) ∩ E 	= ∅}
= {ω ∈ Ω : GrA(ω) ∩ (E ×X∗) ∈ Σ}

(see property (a) in Problem 2.174).
(2) Let E∗ ∈ B(X∗). Then {u} × E∗ ∈ B(X)× B(X∗) = B(X ×X∗)

and so

{ω ∈ Ω : A(ω)(u) ∩ E∗ 	= ∅}
= {ω ∈ Ω : GrA(ω) ∩ ({u} × E∗) 	= ∅} ∈ Σ,

so the multifunction ω 
−→ A(ω)(u) is measurable from Ω into X∗.
(3) Fix u ∈ X. We have

Ω(u) = {ω ∈ Ω : A(ω)(u) ∩X∗ 	= ∅} ,

so Ω(u) ∈ Σ (see part (2)). Then the multifunction ω 
−→ A(ω)(u)
is measurable form Ω(u) into Pfc(X

∗). So, Theorem 2.66 implies
the existence of a sequence {v∗n : Ω(u) −→ X∗}n�1 of Σ ∩ Ω(u)-
measurable functions such that

A(ω)(u) = {v∗n(ω)}n�1 ∀ ω ∈ Ω.

Then we have

‖A0(ω)(u)‖∗ = inf
n�1

‖v∗n(ω)‖∗ ∀ ω ∈ Ω,

so the map ω 
−→ ‖A0(ω)(u)‖∗ is Σ∩Ω(u)-measurable. Note that

GrA0(·)(u) =
{

(ω, u∗) ∈ Ω(u)×X∗ : u∗ ∈ A(ω)(u),

‖u∗‖∗ = ‖A0(ω)(u)‖∗
}

∈ (Σ ∩ Ω(u))× B(X∗)

(see part (2)), so ω 
−→ A0(ω)(u) is Σ ∩ Ω(u)-measurable (since
Σ is complete).
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Solution of Problem 2.176
Let {u∗n}n�1 ⊆ A(C) be a sequence such that u∗n −→ u∗ in X∗. We

have that u∗n ∈ A(un) with un ∈ C. Recall that A−1 is maximal mono-
tone (see Definition 2.100) fromR(A) = X∗ (recall that A is surjective)
onto X. Proposition 2.104 implies that the sequence

{

A−1(u∗n)
}

n�1
is

bounded. Hence the sequence {un}n�1 ⊆ C is bounded and because
X is reflexive, by passing to a suitable subsequence if necessary, we
may assume that un

w−→ u in X. Since the set C ⊆ X is closed and
convex, it is also weakly closed (by the Mazur theorem; see Theorem
I.5.58) and so u ∈ C. Also, by virtue of Problem 2.149, we have that
(u, u∗) ∈ GrA and so finally u∗ ∈ A(C). This proves that the set
A(C) ⊆ X∗ is closed.

Solution of Problem 2.177
For any û ∈ D(A) ∩ D(C), the elements h∗λ ∈ (A + Cλ + F)(û) for
λ > 0, are bounded in λ ∈ (0, 1] since

‖Cλ(û)‖∗ � ‖C0(û)‖∗
(see the solution of Problem 2.164). Exploiting the monotonicity of
the maps A and Cλ (see Problem 2.163), we have

(‖uλ‖X − ‖û‖X)2 � 〈h∗ − h∗λ, uλ − û〉 ,

so

‖uλ‖2X � (‖h∗ − h∗λ‖∗ + 2‖û‖X) ‖uλ‖X + (‖h∗ − h∗λ‖∗ − ‖û‖X) ‖û‖X ,

hence the family {uλ}λ>0 remains bounded in X as λ ↘ 0.

Solution of Problem 2.178
“(a) =⇒ (b)”: Let λ > 0 and let u∗λ ∈ F(u+λy). We set h∗λ =

u∗
λ

‖u∗
λ‖∗ .

We have

‖u‖X � ‖u+ λy‖X =
〈u∗

λ,u+λy〉
‖u∗

λ‖∗ = 〈h∗λ, u+ λy〉
= 〈h∗λ, u〉 + λ 〈h∗λ, y〉 � ‖u‖X + λ 〈h∗λ, y〉 . (2.113)
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Since ‖h∗λ‖∗ = 1, the net {h∗λ}λ>0 admits a w∗-cluster point h∗, with
‖h∗‖∗ � 1. Also, we have

‖u‖X � 〈h∗, u〉 and 〈h∗, y〉 � 0 (2.114)

(see (2.113)). Therefore

‖u‖X � 〈h∗, u〉 � ‖u‖X
(see (2.114) and recall that ‖h∗‖∗ � 1), so ‖u‖X = 〈h∗, u〉 and thus
‖h∗‖∗ = 1. Then

u∗ = ‖u‖h∗ ∈ F(u) and 〈u∗, y〉 � 0.

“(b) =⇒ (a)”: For every λ > 0, we have

‖u‖2X = 〈u∗, u〉 � 〈u∗, u〉 + λ 〈u∗, y〉 = 〈u∗, u+ λy〉
� ‖u∗‖∗‖u+ λy‖X = ‖u‖X‖u+ λy‖X ,

so ‖u‖X � ‖u+ λy‖X for all λ > 0.

Solution of Problem 2.179
“=⇒”: For every u ∈ C and every λ ∈ [0, 1], we have

‖u0‖X � ‖u0 + λ(u− u0)‖X
(recall that C is convex). Invoking Problem 2.178 and since F is single
valued (see Proposition 2.114(a)), we have

〈F(u0), u− u0〉 � 0 ∀ u ∈ C,

so 〈F(u0), u0〉 � 〈F(u0), u〉 for all u ∈ C.

“⇐=”: We have

‖u0‖2X = 〈F(u0), u0〉 � 〈F(u0), u〉 � ‖u0‖X‖u‖X ∀ u ∈ C,

so
‖u0‖X � ‖u‖X ∀ u ∈ C.
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Solution of Problem 2.180
From Problem 2.161, we know that

(Jλn(un), Aλn(un)) ∈ GrA ∀ n � 1.

Note that the boundedness of the sequence {Aλn(un)}n�1 ⊆ X∗ im-
plies that

‖Jλn(un)− un‖X −→ 0

(see the solution of Problem 2.164). Hence Problem 2.162 implies that

(u, y) ∈ GrA and lim sup
n,m→+∞

〈Aλn(un)−Aλm(um), un − um〉 = 0.

Solution of Problem 2.181
From Problem 2.177 and the hypothesis, we know that we can find
M > 0 and λ∗ > 0 such that

‖Cλ(uλ)‖∗ � M and ‖uλ‖∗ � M ∀ λ ∈ (0, λ∗). (2.115)

So, if λn ↘ 0, then because of (2.115) and the reflexivity of X, we
may assume that

Cn(un) = Cλn(uλn)
w−→ v∗ in X∗, F(un)

w−→ g∗ in X∗

(2.116)
and

un = uλn

w−→ u in X. (2.117)

We have

h∗ = u∗n + Cn(un) + F(un) with u∗n ∈ A(un) ∀ n � 1. (2.118)

For n,m � 1, we have

〈u∗n − u∗m, un − um〉 + 〈Cn(un)− Cm(um), un − um〉
+ 〈F(un)−F(um), un − um〉 = 0. (2.119)

Because of the monotonicity of the duality map (see Proposition 2.114)
and the monotonicity of A (by hypothesis), we have

lim sup
n,m→+∞

〈Cn(un)− Cm(um), un − um〉 � 0. (2.120)
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Then from (2.120) and Problem 2.180, we have

(u, v∗) ∈ GrC and lim
n,m→+∞ 〈Cn(un)− Cm(um), un − um〉 = 0.

(2.121)
From (2.119) and (2.121), it follows that

lim
n,m→+∞ 〈u∗n + F(un)− (u∗m + F(um)), un − um〉 = 0,

so
lim sup
n,m→+∞

〈F(un)−F(um), un − um〉 � 0 (2.122)

(since A is monotone). From (2.122) and Problem 2.162, we infer that

g∗ = F(u) and lim
n,m→+∞ 〈u∗n − u∗m, un − um〉 = 0. (2.123)

From (2.115) and (2.118), we see that the sequence {u∗n}n�1 ⊆ X∗ is
bounded and so, passing to a subsequence if necessary, we may assume
that

u∗n
w−→ u∗ in X∗. (2.124)

Using (2.123), (2.124) and Problem 2.162, we have

(u, u∗) ∈ GrA. (2.125)

Passing to the limit as n → +∞ in (2.118) and using (2.121), (2.123)
and (2.125), we obtain

h∗ = u∗ + v∗ + F(u),

with u∗ ∈ A(u), v∗ ∈ C(u). Therefore h∗ ∈ R(A+ C + F).

Solution of Problem 2.182
We need to show that for every λ � 0, the sublevel set

Lλ = {u ∈ X : m(u) � λ}

is closed. To this end, let {un}n�1 ⊆ Lλ be a sequence such that
un −→ u in X. Since A is maximal monotone (see Definition 2.100)
for every n � 1, we have A(un) ∈ Pfc(X

∗) (see Corollary 2.107). Since
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X∗ is reflexive (recall that X is reflexive), we can find u∗n ∈ A(un)
such that m(un) = ‖u∗n‖∗ for all n � 1. We have ‖u∗n‖∗ � λ for all
n � 1 and so by passing to a suitable subsequence if necessary, we may
assume that u∗n

w−→ u∗ in X∗. From Problem 2.149 we have (u, u∗) ∈
GrA, from the weak lower semicontinuity of the norm functional (see
Proposition I.5.56(c)), we have

‖u∗‖∗ � lim inf
n→+∞ ‖u∗n‖∗ = lim inf

n→+∞ m(un) � λ,

so m(u) � λ (since u∗ ∈ A(u)), thus u ∈ Lλ and hence Lλ is closed.
This proves lower semicontinuity of m.

Solution of Problem 2.183
Let u ∈ X and u∗ ∈ X∗ be such that

0 � 〈u∗ − h∗, u− h〉 ∀ (h, h∗) ∈ GrA. (2.126)

From (2.126) and the monotonicity of C, we have

0 � 〈u∗ + C(u)− (h∗ + C(h)), u− h〉 ∀ (h, h∗) ∈ GrA. (2.127)

Let v∗ ∈ X∗, t > 0, u∗t = u∗ + C(u) + tv∗, ut = (A+ C)−1(u∗t ). Since
R(A+ C) = X∗, we can find y∗t ∈ A(ut) such that y∗t + C(ut) = u∗t .
In (2.127) we choose h = ut and h∗ = y∗t . Then

0 � 〈v∗, ut − u〉 .

But by hypothesis (A+ C)−1 is continuous. So, if t ↘ 0, then

0 � 〈v∗, u0 − u〉 with u0 = (A+ C)−1(u∗ + C(u)). (2.128)

Since v∗ ∈ X∗ is arbitrary, from (2.128) we infer that u0 = u. There-
fore u∗ ∈ A(u), which by virtue of (2.126) implies the maximal mono-
tonicity of A.
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Solution of Problem 2.184
“=⇒”: IfX is reflexive, then B1 = {u ∈ X : ‖u‖X � 1} is w-compact.
So, given u∗ ∈ X∗, we can find u0 ∈ B1 such that

〈u∗, u0〉 = sup {〈u∗, u〉 : ‖u‖X � 1} = ‖u∗‖∗,

so u∗ ∈ F(‖u∗‖∗u0) (see Definition 2.112), hence R(F) = X∗.

“⇐=”: Suppose that X is not reflexive Then B1 is not w-compact and
so by the James theorem (see Theorem I.5.74) we can find u∗0 ∈ X∗

such that sup
{

〈u∗0, u〉 : ‖u‖X � 1
}

is not attained. Then u∗0 	∈ R(F)
and so R(F) 	= X∗.

Solution of Problem 2.185
From Proposition 2.114, we know that F is single valued. Let un

w−→ u
in X and assume that

lim sup
n→+∞

〈F(un), un − u〉 � 0. (2.129)

We have

(‖un‖X − ‖u‖X)2 � 〈F(un)−F(u), un − u〉 ,

so

‖un‖X −→ ‖u‖X
(see (2.129) and recall that un

w−→ u in X), thus un −→ u (by the
Kadec–Klee property; see Corollary 1.26) and hence F is of type (S)+
(see Definition 2.137).

Solution of Problem 2.186
According to Definition 2.131 we consider a sequence {un}n�1⊆X such

that un
w−→u in X, T (un)

w−→u∗ in X∗ and lim sup
n→+∞

〈T (un), un−u〉�0.
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Since K is compact, the sequence {K(un)}n�1 ⊆ X∗ is relatively com-
pact and so by passing to a suitable subsequence if necessary, we may
assume that

K(un) −→ v∗ in X∗. (2.130)

Then we have
A(un)

w−→ u∗ − v∗ in X∗.

Also
〈K(un), un − u〉 −→ 0

(see (2.130)) and

lim sup
n→+∞

〈A(un), un − u〉 � 0 (2.131)

(from the choice of the sequence {un}n�1), so

un −→ u in X

(since A is of type (S)+; see Definition 2.137 and (2.131)). Then
we have K(un) −→ K(u) (since K is compact, hence continuous too)
and A(un)

w−→ A(u) in X∗ (since A is demicontinuous). Therefore
v∗ = A(u) +K(u) = T (u) and we have that

〈T (un), un〉 −→ 〈T (u), u〉 ,

that is, T is generalized pseudomonotone (see Definition 2.131).

Solution of Problem 2.187
Let T = A + K. By hypothesis we have that un

w−→ u in X,
T (un)

w−→ u∗ in X∗ and

lim sup
n→+∞

〈T (un), un − u〉 � 0. (2.132)

From the hypothesis onK, we have thatK(un)
w−→ K(u) inX∗. Then

A(un)
w−→ u∗ −K(u) in X∗. (2.133)
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Also we have

lim sup
n→+∞

〈A(un), un〉 = lim sup
n→+∞

(〈T (un), un〉 − 〈K(un), un〉)

� lim sup
n→+∞

〈T (un), un〉 − lim inf
n→+∞ 〈K(un), un〉

� 〈u∗ −K(u), u〉

(see (2.132) and use the semicontinuity of ϕ), so

lim sup
n→+∞

〈A(un), un − u〉 � lim sup
n→+∞

〈A(un), un〉 − lim inf
n→+∞ 〈A(un), u〉

� 〈u∗ −K(u), u〉 − 〈u∗ −K(u), u〉 = 0

(see (2.133)). But recall that A is generalized pseudomonotone. Hence
from the above inequality and Definition of 2.131, it follows that
A(u) = u∗ −K(u), so u∗ = (A+K)(u).

Solution of Problem 2.188
Let {u∗n}n�1 ⊆ A(C) be a sequence such that u∗n −→ u∗ in X∗. Then
we have

u∗n ∈ A(un) with un ∈ C ∀ n � 1.

The set C is w-compact in X since the space X is reflexive. So, by
the Eberlein–Smulian theorem (see Theorem I.5.78) we may assume
that un

w−→ u in X. We have u ∈ C and

lim
n→+∞ 〈u∗n, un − u〉 = 0.

Since A is generalized pseudomonotone (see Definition 2.131), we have
(u, u∗) ∈ GrA, hence u∗ ∈ A(u) with u ∈ C, which proves that the set
A(C) ⊆ X is closed.
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Solution of Problem 2.189
According to Problem 2.186, it suffices to show that the identity map
IH is of type (S)+ (see Definition 2.137). So, let {un}n�1 ⊆ H be a

sequence such that un
w−→ u in H and

lim sup
n→+∞

(un, un − u)H � 0.

So, using also the weak lower semicontinuity of the norm functional
(see Proposition I.5.56(c)), we have

‖u‖2H � lim inf
n→+∞ ‖un‖2H � lim sup

n→+∞
‖un‖2H � ‖u‖2H ,

thus ‖un‖H −→ ‖u‖H and from the Kadec–Klee property in Hilbert
spaces (see Corollary 1.26), we get un −→ u. Therefore IH is of type
(S)+ and so we can use Problem 2.186 to conclude that the map
u 
−→ u+K(u) is generalized pseudomonotone (see Definition 2.131).

Solution of Problem 2.190
No. Let X = H = l2. This is a Hilbert space and X∗ = H = l2. We
consider the map K : l2 −→ l2 defined by

K(û) = (2− ‖û‖l2 , 0, 0, . . .) ∀ û = {uk}k�1 ∈ l2.

EvidentlyK is of finite rank (see Definition 2.1(c)) and so it is compact
(see Remark 2.2). Let ûn = {unk}k�1 = {δnk}k�1, with δnk being the
Kronecker symbol, i.e.,

δnk =

{

1 if n = k,
0 if n 	= k,

n, k � 1.

Then ûn ∈ l2 for all n � 1 and ûn
w−→ û = 0 in l2. Also

K(ûn) −→ ̂h = (1, 0, 0, . . .) in l2

and
(K(ûn), ûn)H −→ 0.
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However, ̂h 	= K(û) = (2, 0, 0, . . .) and so K is not generalized pseu-
domonotone (see Definition 2.131).

Solution of Problem 2.191
Let un

w−→ u in X. The monotonicity of A implies that

〈A(u), un − u〉 � 〈A(un), un − u〉 ∀ n � 1,

so
0 � lim inf

n→+∞ 〈A(un), un − u〉 . (2.134)

From the sequential weak continuity of A, we have

lim inf
n→+∞ 〈A(un), un − u〉 = lim inf

n→+∞ 〈A(un), un〉 − 〈A(u), u〉 ,

so
ϕ(u) � lim inf

n→+∞ ϕ(un)

(see (2.134)), thus ϕ is sequentially weakly lower semicontinuous.

Solution of Problem 2.192
The maximal monotonicity of A can be established similarly as in the
solution of Problem 2.153. So, we need to show that A is of type (S)+
(see Definition 2.137). To this end, let {un}n�1 ⊆ W 1,p(Ω) be such
that

un
w−→ u inW 1,p(Ω) and lim sup

n→+∞
〈A(un), un − u〉 � 0. (2.135)

From (2.135) we have

lim sup
n→+∞

〈A(un)−A(u), un − u〉 � 0. (2.136)

The monotonicity of A implies that

lim inf
n→+∞ 〈A(un)−A(u), un − u〉 � 0. (2.137)
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From (2.136) and (2.137), we have

lim
n→+∞ 〈A(un)−A(u), un − u〉 = 0. (2.138)

Let

ξn(z) = (a(z,Dun(z))− a(z,Du(z)), Dun(z)−Du(z))
RN .

From the convexity of G(z, ·), we have that a(z, ·) is monotone (see
Definition 2.98(a)) and so

ξn(z) � 0 for a.a. z ∈ Ω, all n � 1.

Also, from (2.138), we have
∫

Ω

ξn(z) dz −→ 0,

so
ξn −→ 0 in L1(Ω). (2.139)

From (2.139) and by passing to a suitable subsequence if necessary,
we may assume that

ξn(z) −→ 0 for a.a. z ∈ Ω (2.140)

and
ξn(z) � k(z) for a.a. z ∈ Ω, (2.141)

with k ∈ L1(Ω). From the convexity of G(z, ·), we have

(a(z, y), y)
RN � G(z, y) � c0

p |y|
p for a.a. z ∈ Ω, all y ∈ R

N

(2.142)

(see hypothesis (v)). Using (2.140)–(2.142) and hypothesis (iii), for
almost all z ∈ Ω and all n � 1, we have

k(z) � ξn(z) = (a(z,Dun(z))− a(z,Du(z)), Dun(z)−Du(z))
RN

� c0
p (|Dun(z)|p + |Du(z)|p)
−
(

â(z)(1 + |Du(z)|p−1)
)

|Dun(z)|
−
(

â(z)(1 + |Dun(z)|p−1)
)

|Du(z)|. (2.143)

From (2.143) it follows that for all z ∈ Ω\D with |D|N = 0 (by |·|N we
denote the Lebesgue measure on R

N ), the sequence {Dun(z)}n�1 ⊆
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R
N is bounded. Hence, by passing to a suitable subsequence if nec-

essary (in general the subsequence depends on z ∈ Ω \ D), we will
have

Dun(z) −→ η(z) in R
N ∀ z ∈ Ω \D,

so

a(z,Dun(z)) −→ a(z, η(z)) ∀ z ∈ Ω \D1,

with D1 ⊇ D, |D1|N = 0. Passing to the limit as n → +∞ and
using (2.140)–(2.141), we obtain

(a(z, η(z))− a(z,Du(z)), η(z)−Du(z))
RN = 0 ∀ z ∈ Ω \D1.

(2.144)

Since G(z, ·) is strictly convex, we have that a(z, ·) is strictly mono-
tone. So, from (2.144) it follows that η(z) = Du(z) for almost all
z ∈ Ω. So, by the Urysohn criterion for the convergence of sequences
(see Problem I.1.3), for the original sequence, we have

Dun(z) −→ Du(z) for a.a. z ∈ Ω. (2.145)

Let E ⊆ Ω be a Lebesgue measurable set. Then from (2.143), using
the Hölder inequality (see Theorem 1.3 and Problem 1.27) and the
boundedness of the sequence {Dun}n�1 ⊆ Lp(Ω;RN ) (see (2.135)),
we have

c0
p

∫

E

|Dun|p dz � c2
(

∫

E

|Du| dz + |C|
1
p′
N +

(

∫

E

|Du|p dz
) 1

p

+
(

∫

E

|Du|p dz
) 1

p′
)

for some c2 > (here 1
p+

1
p′ = 1). So the sequence {|Dun|p}n�1 ⊆ L1(Ω)

is uniformly integrable (see Definition 1.18 and Problem 1.6).
This fact, (2.145) and the Vitali theorem (the extended dominated

convergence theorem; see Theorem I.3.128 and Proposition I.3.130)
imply that

‖Dun‖p −→ ‖Du‖p. (2.146)

Recall that

Dun
w−→ Du in Lp(Ω;RN ) (2.147)
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(see (2.135)). Since Lp(Ω;RN ) is uniformly convex, it has the Kadec–
Klee property (see Corollary 1.26). So, from (2.146) and (2.147) it
follows that

Dun −→ Du in Lp(Ω;RN ). (2.148)

On the other hand, from (2.135) and the Rellich–Kondrachov embed-
ding theorem (see Theorem 1.135), we have

un −→ u in Lp(Ω). (2.149)

From (2.148) and (2.149) we conclude that un −→ u in W 1,p(Ω) and
so we infer that A is of type (S)+.

Solution of Problem 2.193
According to Theorem 2.116, it suffices to show that R(A+C+IH )=H.
Let h ∈ H and

E(u) = (A+ IH )
−1(h− C(u)) ∀ u ∈ D(C).

We know that (A+ IH )
−1 is nonexpansive (see Proposition 2.123(b)).

So, we have

‖E(u)− E(y)‖H � k‖u− y‖H ∀ u, y ∈ D(C).

Since by hypothesis D(C) ⊆ H is closed, we can apply the Banach
fixed point theorem (see Theorem I.1.49) and find v̂ ∈ D(C) such that
E(v̂) = v̂. Then h ∈ (A+ C + IH )(v̂). Because h ∈ H is arbitrary,
we infer that R(A + C + IH ) = H and so we conclude that A + C is
maximal monotone (see Definition 2.100).

Solution of Problem 2.194
Let {un}n�1 ⊆ X be a sequence such that un

w−→ u in X and

lim sup
n→+∞

〈A(un), un − u〉 � 0.
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Since A is of type (S)+ (see Definition 2.137), we have that un −→ u
in X (see Definition 2.137). Because of the demicontinuity of A we
have A(un)

w−→ A(u) in X∗. Hence for every y ∈ X, we have

〈A(u), u− y〉 � lim inf
n→+∞ 〈A(un), un − y〉 ,

so A is pseudomonotone (see Definition 2.129).

Solution of Problem 2.195
From Problem 2.194, we know that A is pseudomonotone. Then strong
coercivity of A and Theorem 2.136 imply that A is surjective.

Solution of Problem 2.196
Let {un}n�1 ⊆ H1

0 (Ω) be a sequence such that un
w−→ u in H1

0 (Ω).

SinceN � 3, we have thatH1
0 (Ω) is embedded compactly in L4(Ω) (see

the Rellich–Kondrachov embedding theorem; Theorem 1.135). So, we
have un −→ u in L4(Ω). We need to show that A(un) −→ A(u) in
H−1(Ω). Arguing by contradiction, suppose that the last convergence
in H−1(Ω) is not true. Then we can find ε > 0 and a sequence
{vn}n�1 ⊆ H1

0 (Ω) such that

‖vn‖H1
0 (Ω) � 1 and 〈A(un)−A(u), vn〉 � ε ∀ n � 1. (2.150)

From (2.150) we see that by passing to a subsequence if necessary, we
may assume that vn

w−→ v in H1
0 (Ω), so

vn −→ v in L4(Ω).

For all n � 1 and k ∈ {1, . . . , N}, we have

(sinun)(Dkun)vn − (sinu)(Dku)vn

= (sinun − sinu)(Dkun)vn + (sinu)(Dkun)(vn − v)

+(sinu)(Dkun −Dku)v + (sinu)(Dku)(v − vn). (2.151)
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Using the mean value theorem, we have

|sinun − sinu| � |un − u|.

Then invoking the generalized Hölder inequality (see Theorem
I.3.105), we have

∣

∣

∫

Ω

(sinun − sinu)(Dkun)vn dz
∣

∣ � ‖un − u‖4‖Dkun‖2‖vn‖4

� c‖un − u‖4‖un‖H1
0 (Ω)‖vn‖H1

0 (Ω),

with c > 0, so

∫

Ω

(sinun − sinu)(Dkun)vn dz −→ 0.

Also, since vn
w−→ v in H1

0 (Ω) and Dkun
w−→ Dku in L2(Ω), then

∫

Ω

(sinu)(Dkun)(vn − v) dz −→ 0,

∫

Ω

(sinu)(Dkun −Dku)v dz −→ 0,

∫

Ω

(sinu)(Dku)(v − vn) dz −→ 0.

We return to (2.151), integrate over Ω (for every k ∈ {1, . . . , N}) and
obtain

〈A(un)−A(u), vn〉 −→ 0,

which contradicts (2.150). This proves the complete continuity of A
(see Definition 2.1(b)).
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Solution of Problem 2.197
“=⇒”: Suppose that A is self-adjoint (see Definition I.5.108(b)).
According to Theorem 2.116, it suffices to show that R(A+ IH ) = H.
First we show that R(A+ IH ) is dense in H. So, let h ∈ R(A+ IH )

⊥.
Then

(h, u)H + (h,A(u))H = 0 ∀ u ∈ D(A),

so

(h,A(u))H = − (h, u)H ∀ u ∈ D(A)

and thus h ∈ D(A∗) and A∗(h) = −h. Since by hypothesis A is
self-adjoint (i.e., A = A∗), we have h ∈ D(A) and A(h) = −h. The
monotonicity of A implies that

0 � (A(h), h)H = −‖h‖2H ,

so h = 0 and so R(A+ IH ) is dense in H.
Next we show that R(A+IH ) is closed. To this end, let {hn}n�1 ⊆

R(A+ IH ) and suppose that hn −→ h in H. Let {un}n�1 ⊆ D(A) be
such that

hn = A(un) + un ∀ n � 1, (2.152)

so

‖un − um‖H � ‖hn − hm‖H ∀ n,m � 1

(see Proposition 2.123(b)), so {un}n�1 ⊆ H is a Cauchy sequence and
thus un −→ u in H. From (2.152), we have

A(un) −→ h− u in H.

But A being self-adjoint, is closed and so A(u) = h−u, so h = A(u)+u,
thus h ∈ R(A + IH ) and hence the set R(A + IH ) ⊆ H is closed. We
conclude that R(A + IH ) = H and so A is maximal monotone (see
Definition 2.100).

“⇐=”: Suppose that A is maximal monotone. First we show that
A is densely defined (i.e., D(A) = H). So, let h ∈ D(A)⊥. Then
(h, u)H = 0 for all u ∈ D(A). Since A is maximal monotone, we have
R(A + IH ) = H (see Theorem 2.116). Hence we can find u ∈ D(A)
such that h = A(u) + u. We have

‖u‖2H � (A(u), u) + ‖u‖2H = (h, u)H = 0
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(recall that A is monotone), so u = 0 and thus h = 0. This shows that
the operator A is densely defined.

Since by hypothesis A is symmetric, we have A ⊆ A∗ (i.e., GrA ⊆
GrA∗). Therefore, in order to have that A∗ is self-adjoint, it is enough
to show that D(A∗) ⊆ D(A). We fix v ∈ D(A∗). Since R(A+IH ) = H
(from the maximal monotonicity of A), we can find u, z ∈ D(A) such
that

A(u) + u = A∗(v) + v and A(z) + z = v − u. (2.153)

Since A is symmetric, then so is A+ IH and we have

(A∗(v) + v, z)H = (A(u) + u, z)H
= (A(z) + z, u)H = (v − u, u)H (2.154)

(see (2.153) and use the symmetry of A+ IH ). From the definition of
the adjoint operator, we have

(A∗(v), z)H = (A(z), v)H .

It follows that

(v − u, v)H = (A(z) + z, v)H = (z,A∗(v) + v)H
= (z,A(u) + u)H = (v − u, u)H

(see (2.153), (2.154) and use the symmetry of A+IH ), so ‖v−u‖2H=0,
thus v = u ∈ D(A) and hence D(A∗) ⊆ D(A). This proves that
D(A) = D(A∗), which shows that A is self-adjoint.

Solution of Problem 2.198
From Problem 2.197 we have that A is maximal monotone (see Def-
inition 2.100). Since T is monotone and GrA ⊆ GrT , we must have
GrA = GrT (see Remark 2.101) and so A = T .
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Solution of Problem 2.199
From Proposition 2.114(a) we know that the duality map F : X−→X∗

is single valued. The maximality of A (see Definition 2.139(b)) implies
that

A(u) =
⋂

(x,y)∈GrA

{v ∈ X : 〈F(u− x), v − y〉 � 0}

(recall that A is accretive; see Definition 2.139(a)). In this intersection,
every set is closed and convex. Therefore A(u) ∈ Pfc(X).

Solution of Problem 2.200

(a) Let {(un, vn)}n�1 ⊆ GrA be a sequence such that un −→ u and
vn −→ v in X. According to Definition 2.139(a), for every (x, y) ∈
GrA, we can find h∗n ∈ F(un − x) such that

〈h∗n, vn − y〉 � 0. (2.155)

From Problem 2.88 we know that the duality map is upper
semicontinuous from X into X∗

w∗ (where X∗
w∗ denotes the Ba-

nach space X∗ furnished with the w∗-topology). Then since
K = {un − x : n � 1} ∪ {u− x} ∈ Pk(X), from Problem 2.56(a),
we have that the set F(K) ⊆ X∗ is w∗-compact. Because
{h∗n}n�1 ⊆ F(K), we can find a subnet {h∗α}α∈J of {h∗n}n�1 such

that h∗n
w∗
−→ h∗ in X∗ and h∗ ∈ F(u− x). From (2.155) we obtain

〈h∗, v − x〉 � 0 ∀ (x, y) ∈ GrA.

The maximality of A implies that (u, v) ∈ GrA and so GrA is
closed in X ×X.

(b) Since the space X∗ is locally uniformly convex (see Definition
I.5.168), it is also strictly convex (see Remark I.5.169). By Propo-
sition 2.114, the duality map F : X −→ X∗ is single valued and
continuous. Let {(uα, vα)}α∈J ⊆ GrA be a net such that

uα −→ u in X and vα
w−→ v in X. (2.156)
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For every (x, y) ∈ GrA, we have

〈F(uα − x), vα − y〉 � 0,

so

〈F(u− x), v − y〉 � 0

(see (2.156)) and thus (u, v) ∈ GrA (due to maximality of A).

Solution of Problem 2.201
First note that X being uniformly convex, it is reflexive (see the
Milman–Pettis theorem; Theorem I.5.89). We will show that for ev-
ery sequence {λn}n�1 such that λn ↘ 0, the sequence {Aλn(u)}n�1

admits a subsequence strongly convergent to A0(u). By the Urysohn
criterion for the convergence of subsequences (see Problem I.1.3), this
implies that Aλ(u) −→ A0(u) as λ ↘ 0.

From Proposition 2.143, we see that the sequence {Aλn(u)}n�1⊆X
is bounded. The reflexivity of X implies that the sequence
{Aλn(u)}n�1 is relatively w-compact in X. Then the Eberlein–
Smulian theorem (see Theorem I.5.78) implies that we can find a sub-
sequence {Aλnk

(u)}k�1 of {Aλn(u)}n�1 such that

Aλnk
(u)

w−→ v in X. (2.157)

From Proposition 2.143(b), we know that

Aλnk
(u) ∈ A(Jλnk

(u)) ∀ k � 1. (2.158)

From Proposition 2.143(d), we have

Jλnk
(u) −→ u in X. (2.159)

Because A is m-accretive (see Definition 2.139(c)) it is also maximal
accretive (see Proposition 2.144). So, from (2.157), (2.158), (2.159)
and Problem 2.200(b), we have (u, v) ∈ GrA. Then

‖A0(u)‖X � ‖v‖X . (2.160)
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Also, we have

‖v‖X � lim inf
k→+∞

‖Aλnk
(u)‖X � lim sup

k→+∞
‖Aλnk

(u)‖X � ‖A0(u)‖X
(2.161)

(see Proposition 2.143(c)). From (2.160) and (2.161), we have
‖v‖X = ‖A0(u)‖X . From Problem 2.199 we know that A(u) ∈ Pfc(X).
Therefore v = A0(u) and so

‖Aλnk
(u)‖X −→ ‖A0(u)‖X and Aλnk

(u)
w−→ A0(u) in X,

so
Aλnk

(u) −→ A0(u) in X

(by the Kadec–Klee property; see Corollary 1.26)). Using once more
Proposition 2.143, we have

‖A0(Jλ(u))‖X � ‖Aλ(u)‖X � ‖A0(u)‖X ∀ u ∈ D(A), λ > 0.

Then the same argument as above, via the Kadec–Klee property, gives

A0(Jλ(u)) −→ A0(u) as λ ↘ 0 ∀ u ∈ D(A).

Solution of Problem 2.202
We argue indirectly. So, suppose that A is not upper semicontinuous
as claimed by the problem. Then we can find a weakly open set U ⊆ X
such that

A+(U) = {u ∈ D(A) : A(u) ⊆ U}
is not open in D(A) (see Proposition 2.37). This means that we can
find u ∈ D(A) ∩A+(U) and a sequence {un}n�1 ⊆ D(A) such that
un −→ u in X and vn ∈ A(un) such that vn 	∈ U for all n � 1. By hy-
pothesis A is locally bounded (see Definition 2.102). So, the sequence
{vn}n�1 ⊆ X is bounded and due to the reflexivity of X, by passing

to a subsequence if necessary, we may assume that vn
w−→ v ∈ X \ U .

Since (un, vn) ∈ GrA for every n � 1, Problem 2.200(b) implies that
v ∈ A(u) ⊆ U , a contradiction.
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Solution of Problem 2.203
For every t, s ∈ R and every u∗ ∈ F(u(t)), we have

〈u∗, u(t)〉 = ‖u(t)‖2X and 〈u∗, u(s)〉 � ‖u(t)‖X‖u(s)‖X .

It follows that

〈u∗, u(s)− u(t)〉 � ‖u(t)‖X (‖u(s)‖X − ‖u(t)‖X) .

Let t ∈ R be a point of differentiability of ‖u(·)‖X and of weak differ-
entiability of u. Dividing by s− t and letting s → t, we obtain

〈

u∗, u′(t)
〉

� ‖u(t)‖X d
dt‖u(t)‖X as s → t+

and
〈

u∗, u′(t)
〉

� ‖u(t)‖X d
dt‖u(t)‖X as s → t−.

So, finally we have

〈

u∗, u′(t)
〉

= ‖u(t)‖X d
dt‖u(t)‖X for a.a. t ∈ T, all u∗ ∈ F(u(t)).

Solution of Problem 2.204
According to Definition 2.139(c), we need to show that for every
h ∈ X, the operator equation u+A(u) = h admits a solution u ∈ X.

Let
̂A(u) = (IX +A)(u) + h ∀ u ∈ X.

Evidently ̂A is continuous accretive (see Definition 2.139) with
D( ̂A) = X. For fixed u0 ∈ X, we consider the following abstract
Cauchy problem

{

du
dt (t) +

̂A(u(t)) = 0,
u(0) = u0.

(2.162)

From Theorem 2.158, we know that problem (2.162) has a unique
solution u ∈ C1((0,+∞);X). We have

d
dt (u(t+ h)− u(t)) =−A (u(t+ h))+A (u(t))−u(t+h)+u(t) ∀ t > 0,

so

‖u(t+h)−u(t)‖X d
dt‖u(t+h)−u(t)‖X � −‖u(t+h)−u(t)‖2X ∀ t � 0
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(see Problem 2.203 and recall that A is accretive), thus

‖u(t+ h)− u(t)‖X � e−t‖u(h)− u0‖X ∀ t � 0. (2.163)

Similarly, from the equation

d
dt (u(t)− u0) = −A(u(t))− u(t) + h,

we obtain

‖u(t)− u0‖X d
dt‖u(t)− u0‖X

� −‖u(t)− u0‖2X + ‖u(t)− u0‖X (‖A(u0)‖X + ‖u0‖X + ‖h‖X) ,

so

‖u(t)− u0‖X � (1 + e−t) (‖A(u0)‖X + ‖u0‖X + ‖h‖X) ∀ t � 0.
(2.164)

From (2.163) and (2.164), we infer that lim
t→+∞u(t) = û ∈ X exists

and lim
t→+∞

du
dt (t) = 0. Therefore, if in (2.162) we pass to the limit as

t → +∞, we obtain (IX +A)û = h, so R(IX + A) = X and thus A is
m-accretive (see Definition 2.139).

Solution of Problem 2.205
We argue by contradiction. So, suppose that A is not maximal accre-
tive (see Definition 2.139(b)). Then we can find (û, v̂) 	∈ GrA such
that

0 � 〈F(x− û), y − v̂〉 ∀ (x, y) ∈ GrA. (2.165)

The set A(û) is nonempty, closed, and convex. Since v̂ 	∈ A(û), we can
find h∗ ∈ X∗, h∗ 	= 0 such that

sup
v∈A(û)

〈h∗, v〉 < 〈h∗, v̂〉 .

The duality map F is monotone, continuous and coercive (see Propo-
sition 2.114). So, Theorem 2.119 implies that R(F) = X∗. Therefore
we can find h ∈ X such that F(h) = h∗. So, we have

〈F(h), v〉 < 〈F(h), v̂〉 ∀ v ∈ A(û). (2.166)
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Set U = {y ∈ X : 〈F(h), y − v̂〉 < 0}. Evidently U ⊆ X is weakly
open and A(û) ⊆ U (see (2.166)). Let t ∈ (0, 1) and let ût = û + th,
v̂t ∈ A(ût). By hypothesis A is upper semicontinuous from X into
Xw. So, for t ∈ (0, 1) small, v̂t ∈ U . Then

〈F(h), v̂t − v̂〉 < 0. (2.167)

On the other hand, from (2.165), we have

0 � 〈F(ût − û), v̂t − v̂〉 = t 〈F(h), v̂t − v̂〉 ,

so

〈F(h), v̂t − v̂〉 � 0,

a contradiction to (2.167). This shows that A is maximal accretive.

Solution of Problem 2.206
Arguing indirectly, suppose that we can find u0 ∈ D(A) and a sequence
{tn}n�1 ⊆ (0,+∞) such that

‖S(tn)u0‖X � n ∀ n � 1.

Since t 
−→ S(t)u0 is continuous, we must have tn −→ +∞. Then
from the hypothesis of the problem, we have

‖AS(tn)u0‖X −→ +∞.

On the other hand, from Theorem 2.158, we know that the map
t 
−→ ‖AS(t)u0‖X is nonincreasing, a contradiction. So, we conclude
that sup

t�0
‖S(t)u0‖X < +∞.
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Solution of Problem 2.207
We have

∥

∥S(t)u− 1
t

t
∫

0

S(τ)u dτ
∥

∥

X
= 1

t

∥

∥

t
∫

0

(S(t)u− S(τ)u) dτ
∥

∥

X

� 1
t

t
∫

0

∥

∥S(τ)(S(t− τ)u)− S(τ)u
∥

∥

X
dτ � 1

t

t
∫

0

‖S(t− τ)u− u)‖X dτ

= 1
t

t
∫

0

‖S(r)u− u‖X dr (2.168)

(see Definitions 2.156(b) and (a)). Using the triangle inequality, we
have

‖S(t)u− u‖X �
∥

∥S(t)u− 1
t

t
∫

0

S(τ)u dτ
∥

∥

X
+ 1

t

∥

∥

t
∫

0

(S(τ)u− u) dτ
∥

∥

X

� 2
t

t
∫

0

‖S(τ)u− u‖X dτ

(see (2.168)).

Solution of Problem 2.208
From the triangle inequality, for every u ∈ D(A), x ∈ D(A), y ∈ A(x)
and t > 0, we have

‖S(t)u− u‖X � ‖S(t)u− S(t)x‖X + ‖S(t)x− x‖X + ‖y − x‖X
� 2‖u− x‖X + t‖y‖X (2.169)

(see Definition 2.156 and Theorem 2.158). In (2.169), we let x = Jλ(u)
and y = Aλ(u) (recall that Aλ(u) ∈ A(Jλ(u))). So, we obtain

‖S(t)u− u‖X �
(

2 + t
λ

)

‖Jλ(u)− u‖X
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(see Definition 2.142). For all x ∈ D(A), all y ∈ A(x) and all t > 0,
we have

‖S(t)u− x‖X � ‖u− x‖X + 1
λ

t
∫

0

(

‖S(τ)u− x− λy‖X

−‖S(τ)u− x‖X
)

dτ ∀ λ > 0.

Choosing x = Jλ(u) and y = Aλ(u), we obtain

‖S(t)u− Jλ(u)‖X � ‖u− Jλ(u)‖X

+ 1
λ

t
∫

0

(

‖S(τ)u− u‖X − ‖S(τ)u− Jλ(u)‖X
)

dτ,

so

‖u− Jλ(u)‖X � λ
t ‖S(t)u− u‖X + 2

t

t
∫

0

‖S(τ)u− u‖X dτ

and thus

‖u− Jλ(u)‖X � 2
t

(

1 + λ
t

)

t
∫

0

‖S(τ)u− u‖X dτ

(see Problem 2.207).

Solution of Problem 2.209
“(a) =⇒ (b)”: Suppose that the nonlinear semigroup {S(t)}t�0 is
compact (see Definition 2.159(a)). From Remark 2.160, we know that
{S(t)}t�0 is equicontinuous. Recall that Jλ : X −→ D(A) (see Defini-
tion 2.142). So, from Theorem 2.158, for all u ∈ X, we have

‖S(t)Jλ(u)−Jλ(u)‖X � t |A(Jλ(u))| � t‖Aλ(u)‖X = t
λ‖u−Jλ(u)‖X

(recall that Aλ(u) ∈ A(Jλ(u)) and see Definition 2.142), so

lim
t↘0

S(t)Jλ = Jλ uniformly on bounded subsets of X
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(see Proposition 2.143). But S(t)Jλ is compact. Hence so is the
limit Jλ.

“(b) =⇒ (a)”: Suppose that for every λ > 0, the map Jλ is com-
pact and {S(t)}t�0 is equicontinuous (see Definition 2.159(b)). From

Problem 2.208, for all u ∈ D(A), all t > 0 and all λ > 0, we have

‖Jλ(S(t)u)− S(t)u‖X � 4
λ

λ
∫

0

‖S(t+ τ)u− S(t)u‖X dτ.

The equicontinuity hypothesis on {S(t)}t�0 implies that for every

bounded set B ⊆ D(A), we can find a function ξB : R+ −→ R+ such
that ξB(r) −→ 0 as r ↘ 0 and for all τ � 0, all u ∈ B, we have

‖S(t+ τ)u− S(t)u‖X � ξB(τ)

(see Definition 2.159(b)). So, for all u ∈ B, we have

‖Jλ(S(t)u)− S(t)u‖X � 4 sup
r∈[0,λ]

ξB(r),

thus

Jλ(S(t)u) −→ S(t)u as λ ↘ 0 uniformly on bounded sets of D(A).

But Jλ ◦ S is compact for every λ > 0. So, Problem 2.2 implies that
S(t) is compact for all t > 0.

Solution of Problem 2.210
For every n � 1, we have

‖u− Jλn(un)‖X � ‖u− un‖X + ‖un + Jλn(un)‖X
� ‖u− un‖X + λn‖Aλn(un)‖X � ‖u− un‖X + λc,

for some c > 0 independent of n � 1 (see Definition 2.142 and recall
that the sequence {Aλn(un)}n�1 ⊆ X is bounded), so

‖u− Jλn(un)‖X −→ 0. (2.170)
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We know that Aλn(un) ∈ A(Jλn(un)) for all n � 1 (see Proposi-
tion 2.143). From (2.170) and since Aλn(un) −→ h in X, invoking
Problem 2.200(a), we conclude that (u, h) ∈ GrA. The last part of
the problem is a consequence of Problem 2.200(b).

Solution of Problem 2.211
“(a) =⇒ (b)”: From Proposition 2.143(c), we know that

‖Aλ(u)‖X = 1
λ‖u− Jλ(u)‖X � η ∀ u ∈ Lη, λ > 0,

so
‖u− Jλ(u)‖X � λη,

thus
lim
λ↘0

Jλ = IX uniformly on Lη.

Since by hypothesis Jλ is compact, it follows that IX |Lη
is compact

(see Problem 2.2) and so Lη is relatively compact in X.

“(b) =⇒ (a)”: Let B ⊆ X be a bounded set. Then Jλ(B) is bounded
for every λ > 0 (recall that Jλ in nonexpansive). For any u ∈ X and
λ > 0, we have

‖Jλ(u)‖X + |A(Jλ(u))| � ‖Jλ(u)‖X + ‖Aλ(u)‖X
= ‖Jλ(u)‖X + 1

λ‖u− Jλ(u)‖X .

So, there exists η > 0 such that Jλ(B) ⊆ Lη, hence Jλ(B) is compact
in X. Since B ⊆ X is an arbitrary bounded set, we conclude that Jλ
is compact.

Solution of Problem 2.212
To show the maximal monotonicity of A, it suffices to show that

R(A+ I
L2
2π(R)

) = L2
2π(R)
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(see Theorem 2.116). So, for every h ∈ L2
2π(R), we consider the peri-

odic problem
{

u′(t) + u(t) = h(t) for a.a. t ∈ T,
u(0) = u(2π).

(2.171)

It is well known that (2.171) has a unique solution u ∈ W 1,2(0, 2π)
(variation of constant formula). Therefore A is maximal monotone
(see Definition 2.100). The Hille–Yosida theorem (see Theorem 2.153)
implies that A is the infinitesimal generator of the C0-semigroup de-
fined by

S(t)u(τ) = u(t− τ) ∀ u ∈ L2
2π(R), t � 0.

so, for each t � 0, S(t) is an isometry and so it cannot be compact for
t > 0.

Solution of Problem 2.213
Without any loss of generality, we may assume that η > 0. Let ε ∈
(0, η). If B

∗
η− ε

2
=

{

v∗ ∈ X∗ : ‖v∗‖∗ � η − ε
2

}

, then

B
∗
η− ε

2
∩ F (u) = ∅ ∀ u ∈ E.

From the separation theorem for convex sets (see Theorem I.5.29), we
see that for all u ∈ E, we can find ξu ∈ X such that ‖ξu‖X = 1 and

〈h∗, ξu〉 � 〈v∗, ξu〉 ∀ h∗ ∈ B
∗
η− ε

2
, v∗ ∈ F (u).

Then
η − ε � 〈v∗, ξu〉 .

The upper semicontinuity of F implies that we can find an open neigh-
borhood U(u) of u such that

〈v∗, ξu〉 > η − ε ∀ u′ ∈ U(u), v∗ ∈ F (u′).

Since the set E is compact and {U(u)}u∈E is an open cover of E, we
can find a finite subcover {U(u1), . . . , U(um)}. Let {v1, . . . , vm} ⊆ X
be such that

‖vk‖X = 1 and 〈v∗, vk〉 > η − ε
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for all k ∈ {1, . . . ,m}, u ∈ U(uk) and v∗ ∈ F (u). If λk(u) =
distE(u, ∂U(uk)), we define

μk(u) = λk(u)
m
∑

k=1
λk

and ξ(u) =
m
∑

k=1

μk(u)vk.

This is the desired continuous map ξ : E −→ X.

Solution of Problem 2.214
We argue by contradiction. So, suppose that we can find ε0 > 0 and
a sequence {un}n�1 ⊆ X such that

‖L(un)‖Y > ε0‖un‖X + n‖un‖Z . (2.172)

Replacing un with un
‖un‖X if necessary, we may assume that ‖un‖X = 1

for all n � 1. Since X is reflexive, passing to a subsequence if neces-
sary, we may assume that

un
w−→ u in X,

so
un

w−→ u in Z (2.173)

(since the embedding X ↪→ Z is continuous). As L ∈ Lc(X;Y ), from
Proposition 2.3, we have

L(un) −→ L(u) in Y. (2.174)

From (2.172), we have

‖un‖Z < 1
n‖L(un)‖Y ,

so ‖u‖Z � 0 (see (2.173) and (2.174)), thus u = 0. So, we have
L(un) −→ 0 in Y , while from (2.172), we have ε0 � lim inf ‖L(un)‖Y ,
a contradiction. This completes the solution of the problem.
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Solution of Problem 2.215
Let X = W 1,p(Ω), Y = Lq(∂Ω), Z = Lp(Ω) and let
L = γ ∈ Lc(W

1,p(Ω), Lq(∂Ω)) (the trace map; see Definition 1.129).
So, we can use Problem 2.214 and then given ε > 0, we can find
ĉε > 0 such that for all u ∈ W 1,p(Ω), we have

‖u‖Lq(∂Ω) � ε
(

‖u‖p + ‖Du‖p
)

+ ĉ‖u‖p = ε‖Du‖p + cε‖u‖p,

with cε = ĉε + ε > 0.

Solution of Problem 2.216
Let (v, v∗) ∈ U ×X∗ and suppose that

〈v∗ − u∗, v − u〉 � 0 ∀ (u, u∗) ∈ GrA. (2.175)

Suppose that v∗ 	∈ A(v). Then by the strong separation theorem
(see Theorem I.5.29 and recall that A(v) is nonempty, convex, and
w∗-closed), we can find h ∈ X \ {0} such that

F (v) ⊆ {y∗ ∈ X∗ : 〈y∗, h〉 < 〈v∗, h〉} = W. (2.176)

The set W is w∗-open. Since F is upper semicontinuous from X
into X∗

w∗ , we can find a norm open neighborhood D of v such that
A(D) ⊆ W (see Definition 2.36(a)). For t > 0 small we have v+th ∈ D
and so A(v + th) ⊆ W . Returning to (2.175) and choosing (u, u∗) =
(v + th, u∗) with u∗ ∈ A(v + th) we have

0 � 〈v∗ − u∗,−th〉 = −t 〈v∗ − u∗, h〉 ,

so
〈v∗, h〉 � 〈u∗, h〉

and thus u∗ 	∈ W , a contradiction. So, v∗ ∈ A(v) and this proves the
maximal monotonicity of A (see Definition 2.100).
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Solution of Problem 2.217
First note that A has w∗-closed values. Also, since A is locally
bounded, by the Alaoglu theorem (see Theorem I.5.66), it is locally
compact (see Proposition 2.45). So, we can use Problem 2.65 and infer
that A is upper semicontinuous from X into X∗

w∗ . Then we can invoke
Problem 2.216 and conclude that A is maximal monotone.

Solution of Problem 2.218
Let u∗ ∈ X∗ and let {u∗n}n�1 ⊆ X∗ be a sequence such that u∗n −→ u∗

in X∗. Let un ∈ D(A) be such that u∗n ∈ A(un) for all n � 1. Since
A is strongly coercive (see Definition 2.98(f)), we can find a function
η : R+ −→ R with η(r) −→ +∞ as r → +∞ such that

〈u∗n, un〉 � η(‖un‖)‖un‖X ∀ n � 1,

so
η(‖un‖X) � ‖u∗n‖∗ � c1 ∀ n � 1,

for some c1 > 0, thus

‖un‖X � c2 ∀ n � 1,

for some c2 > 0 and hence A−1 is locally bounded at u∗ ∈ X∗ (see
Definition 2.102). Since u∗ ∈ X∗ was arbitrary, we conclude that A−1

is locally bounded.
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Boston (2009)

[3] Barbu, V.: Nonlinear Semigroups and Differential Equations
in Banach Spaces. Noordhoff International Publishing, Leiden
(1976)
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