Chapter 2

Nonlinear and Multivalued
Maps

2.1 Introduction

2.1.1 Compact, Completely Continuous, and Proper

Maps

Definition 2.1
Let X and Y be two Banach spaces, let D C X be a set, and let
f: D —Y be a map.

(a)

(b)

(c)

We say that f is compact, if it is continuous and maps bounded
subsets of D to relatively compact sets (i.e., if B C D is bounded,
then f(B) C Y is compact). We denote the set of all compact
maps f: D — Y by K(D;Y). If D = X, then we set L.(X;Y) =
LIX;Y)NK(X;Y).

We say that f is completely continuous, if for every sequence
{un},>1 © D such that uy L u € Din X, we have f(u,) —
f(u) in Y (ie., f maps weakly convergent sequences in D to
strongly convergent sequences in'Y ).

We say that f is a finite rank map, if f(D) lies in a fin-
ite dimensional subspace of Y. We denote the set of all finite
rank maps f: D — Y by K¢(D;Y). If D =X, then we set
L X;Y)=L(X;Y)NK{(X;Y).
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(d) We say that f is a weakly compact map, if it maps bounded sets
in D to relatively weakly compact subsets of Y (that is, if B C D
is bounded, then f(B) CY is weakly compact). We denote the
set of all weakly compact maps f: D — Y by Kye(D;Y). If
D = X, then we set Lye(X;Y) = L(X;Y) N Kye(X;Y).

Remark 2.2

Evidently we have K;(X;Y) C K(X;Y). A completely continuous
linear operator A: X — Y is sometimes called Dunford—Pettis
operator. Clearly the completely continuous maps are continuous.

Proposition 2.3
If X andY are two Banach spaces and K € L.(X;Y),
then K is completely continuous.

The converse of this result is not in general true.

Proposition 2.4

If X is a reflexive Banach space, D C X is nonempty closed and
f: D —Y is completely continuous,

then f € K(D;Y).

Combining Propositions 2.3 and 2.4, we infer the following.

Corollary 2.5
If X is a reflexive Banach space, Y is a Banach space and K €

LX3Y),
then K € L.(X;Y) if and only if K is completely continuous.

The next theorem presents a useful approximation property that
compact maps have and explains why those maps are the right class
to extend the finite dimensional theory.

Theorem 2.6

If X andY are two Banach spaces, D C X 1is a bounded closed set
and f: D — Y is a map,

then f € K(D;Y) if and only if f is the uniform limit of finite rank

maps
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Remark 2.7
In fact given £ > 0, we can find a finite rank map f.: D — Y such
that

[f(u) = f-(u)|ly < e VueD
and

f«(D) < conv f(D).

Compact maps exhibit a nice extension property, which is a con-
sequence of the following theorem, which generalizes the well-known
Tietze extension theorem (see Theorem 1.2.138).

Theorem 2.8 (Dugundji Extension Theorem)

If X is a metric space, Y is a locally convexr space, D C X 1is a
nonempty closed set, and f: D — Y is a continuous map,

then there exists a continuous map f: X — Y such that

~ ~

flo = f and J(X) C conv f(D).

Using the above theorem together with the Mazur theorem on the
convex hull of compact sets (according to which the convex hull of a
compact set in X is relatively compact; see Theorem 1.5.86), we have
the following result.

Theorem 2.9

If X andY are two Banach spaces, D C X is a nonempty closed and
bounded set and f € K(D;Y),

then there exists | € K(X;Y) such that

ﬂD = f and f(X) C conv f(D).
The space L.(X;Y) is closed and so
L c oLax;y).

In general this inclusion can be strict.

Definition 2.10
A Banach space Y is said to have the approximation property (the
AP for short), if for every Banach space X we have

LX) = £(xv).
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Remark 2.11
The Hilbert spaces and the Banach spaces ¢g = {u = {urtysy
u, — 0} and 1P (with p € [1,400)) have the AP.

Theorem 2.12 (Schauder Theorem)

If X andY are two Banach spaces and K € L(X;Y), then
(a) K € L(X;Y) if and only if K* € L.(Y™*; X*);

(b) K € Ly(X;Y) if and only if K* € Ly(Y*; X7).

The next notion is important because it restricts the size of the
solution set of an operator equation of the form f(u) = y.

Definition 2.13

Let X and Y be two Hausdorff topological spaces and let f € C(X;Y).
We say that f is proper, if for every compact set C C Y, the set
f~HC) C X is compact.

This notion is related to the coercivity of f which is important in
variational analysis.

Proposition 2.14

If X andY are two Banach spaces and f € C(X;Y),

then the following conditions are equivalent:

(a) f is proper.

(b) [ is a closed map (i.e., maps closed sets in X to closed sets in
Y'). Moreover, if X and Y are finite dimensional, then the above
conditions are also equivalent to the following one:

(c) f is coercive (i.e., | f(u)|ly — 400 as ||ul]|x — +00).

In some special cases for maps between infinite dimensional Banach
spaces, coercivity implies properness.

Proposition 2.15

If X andY are two Banach spaces, f € C(X;Y) is coercive (i.e.,

1 (w)|ly — +o0 as |lul|x — +00) and at least one of the following

conditions holds:

(i) f =g+ h where g is proper and h is compact; or

(ii) X is reflexive and f is completely continuous (see Defini-
tion 2.1(b)),

then f is proper (see Definition 2.13).

The notions of compactness and properness are related as follows.
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Proposition 2.16
If X is a Banach space, D C X is a bounded closed set and f €

K(D; X),
then I, — f is proper (I, being the identity on X ).

Now we turn our attention to the space £.(X;Y’) and in particular
to the spectral properties of such operators.

Proposition 2.17
If X andY are two Banach spaces,
then L.(X;Y) furnished with the operator norm is a Banach space

Definition 2.18
Let X be a complex Banach space and let A € L(X). The spectrum
o(A) of A is defined by

oc(A) = {NeC: X — A is not invertible}.

The set C\ o(A) is called the resolvent set of A and it is denoted by
o(A). Also, the operator R(\) = (M, — A)~! is called the resolvent
of A.

Remark 2.19
If we insist on real Banach spaces, then some important results of
the spectral theory fail. For this reason we consider complex Banach
spaces. For example, the next result is no longer true, if X is a real
Banach space.

Proposition 2.20

If X is a complex Banach space and A € L(X),

then o(A) # 0 and in particular o(A) is a nonempty compact subset
of {xeC: [\ <Az}

Definition 2.21

Let X be a complex Banach space and let A € L(X).

(a) We say that X € C is an eigenvalue of A, if there is u € X,
u # 0 such that (M, — A)(u) = 0. Then u is an eigenvector
corresponding to the eigenvalue A. The subspace (A, — A)~1(0)
s the eigenspace corresponding to the eigenvalue . The set of

all eigenvalues of A is called the point spectrum of A and is
denoted by o, (A).
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(b) If X € 0(A) \ 0,(A) and R(A\I, — A) is not dense in X, then we
say that X\ is in the residual spectrum of A.

Remark 2.22

The reason that we single out the residual spectrum is that it does
not occur for a large class of operators, for example, for self-adjoint
operators on a Hilbert space.

Theorem 2.23

If X is an infinite dimensional complex Banach space and A € L.(X),

then

(a) o(A) is a countably compact set (see Definition 1.2.88) with O as
the only possible limit point;

(b) o(A) = 3,(A) U {0};

(c) if X € 0,(A)\ {0}, then the eigenspace corresponding to X is finite
dimensional and

dimker (A, — A) = codim R(A\I, — A)
(recall that codim R(AI, — A) = dim (X/R()JX _ A)))
We can expand (c) in the above theorem.

Proposition 2.24

If X is a Banach space, A € L.(X) and X is a nonzero scalar, then
(a) ker (A, — A) is finite dimensional;

(b) R(M, — A) is closed and R(M — A) = ker (\[}, — A*)L;

(c) ker (\I, — A) = {0} if and only if R\, — A) = X;

(d) dimker (A, — A) = dimker (\[} — A*).

Remark 2.25

Statement (c) says that A, — A is injective if and only if it is surjec-
tive. This is a well-known fact for operators between finite dimensional
spaces. So, according to this statement, the equation

()\IX _A)(u> =Y
has a solution for every y € X if and only if the equation
(A, — A)(u) = 0

admits only the trivial solution. In this form, the result is known as
the Fredholm alternative theorem.
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For compact self-adjoint operators defined on a separable Hilbert
space, we have the following result.

Theorem 2.26 (Spectral Theorem)

If H is an infinite dimensional separable Hilbert space and A € L.(H),
then there exists an orthonormal basis {en}n>1 of H consisting of
eigenvectors of A such that for every u € H we have

A(w) = ) Xk (uer)p en,

k>1

with A\, being the eigenvalue corresponding to ey, and (-,-)y denoting
the inner product of H.

Definition 2.27

Let H be a Hilbert space and let A € L(H).

(a) We say that A is normal, if AA* = A*A;

(b) We say that A is unitary, if A* = A™! (ie., AA* = A*A=1,);

(c) We say that A is projection, if A> = A and it is an orthogonal
projection, if it is a projection and R(A) = (ker A)*.

Proposition 2.28

If H is a complex separable Hilbert space and A € L.(H) is normal,
then there exists an orthonormal basis {en}n>1 of H consisting of
eigenvectors of A such that for every u € H, we have

Alw) = Y i (u,e) g ex,

k>1

with A\, being the eigenvalue corresponding to ey, and (-,-)y denoting
the inner product of H.

Definition 2.29

Let X and Y be two Banach spaces and let L € L(X;Y). We say
that L is a Fredholm operator, if ker L is finite dimensional and
R(L) = L(X) is finite codimensional (that is, dim(Y/gr)) < +00).
The number i(L) = dimker L — dim(Y/p(r)) is called the index of L.
The set of Fredholm operators L: X — Y is denoted by Fred (X;Y).

Remark 2.30
If L € Fred (X;Y), then R(L) CY is closed. Moreover, we have

X = ker LV
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and L|, is an isomorphism of V onto L(X). Fred (X;Y) is an open
subset of £(X;Y) and the map L — i(L) is continuous (hence, it is
constant on each connected component of Fred (X;Y)). Finally every
L € Fred (X;Y) is invertible modulo finite rank operators, that is,
there exists 7' € L(Y; X) such that both LoT — I, and ToL — I
are finite rank operators.

Finally we introduce a notion that allows us to go beyond compact
maps.

Definition 2.31

Let X be a Banach space and let B be the family of bounded subsets

of X.

(a) The Kuratowski measure of noncompactness a: B — R
1s defined by

a(C) = inf{d>0: C can be covered by a finite number
of sets of diameter < d}.

(b) The Hausdorff measure of noncompactness 3: B — R, is
defined by

B(C) = inf{r>0: C can be covered by a finite number
of balls of radius r}.

Let D C X, let Y be another Banach space and let f: D — Y be

a continuous and bounded (i.e., maps bounded sets to bounded sets)

map. In what follows by vx (respectively vy ) we denote either a or 3

on X (respectively on'Y ).

(c) We say that f is a k-set-Lipschitz map, if for every bounded
set C C D we have

1w (f(C)) < kyx(C).

(d) We say that f is a k-set contraction, if it is k-set Lipschitz with
k < 1. We denote by SCx(D;Y) the family of all such maps.

(e) We say that f is a condensing, if for every bounded set C C D
with vx(C) >0, we have vy (f(C)) < vx(C). We denote by
S(D;Y) the family of all such maps.
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Proposition 2.32

If X is Banach space and v: B — Ry is either a or 3, then

(a) v(C) =0 if and only if C is compact (regularity);

(b) v(AC) = |[A[y(C) for all X € R and v(Cy + C2) < 7(C1) +v(Ch)
(seminorm);

(c) if C1 C Cy, then v(C1) < v(C2) (monotonicity);

(d) v(C1 U C2) = max{y(C1),7(Ca)} (semiadditivity);

(e) 1(C) = y(conv C) and 4(C) = (),

Another measure of noncompactness that we will use is related to
the weak topology on X.

Definition 2.33
Let X be a Banach space and let B be the family of bounded sub-

sets of X. The weak measure of noncompactness §: B — [0, +00) is
defined by

&C) = inf {5 > 0: there exists a w-compact set D C X
such that C C D + €§1},

where By = {u € X : |lul|x < 1}.

The properties of ¢ are similar to those of a and .

Proposition 2.34

If X is a Banach space and &: B — Ry is the weak measure of
noncompactness, then

(a) £(C) =0 if and only if C* is w-compact;

(b) £(AC) = |ME(C) for all X €R and §(C1 + C2) < E(Ch) +&(C2);
(c) if C1 C Cy, then £(C1) < &(C2);

(d) £(C1UCy) = max{{(C1),£(C2)};

—w

(e) £(C) = &(conv O) and £(C) = £(CT).

2.1.2 Multifunctions

Throughout this section, we will use the following notation for certain
hyperspaces. So, let X be a Hausdorff topological space. We define

Pi(X) = {ACX: Aisnonempty and closed}
P,(X) = {A C X : A is nonempty and compact}
Pr(X) = Pr(X)u{0}.
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Moreover, if X is a normed space, then

(X)={A€ P;(X): Ais convex}
Ppo(X)={A€ P, (X): Ais convex}
(X)
(X)

= {A C X : Ais nonempty, w-compact and convex}

Definition 2.35

Let X and Y be two sets, let F: X — 2Y \ {0} be a multifunction
and let D CY. We define

(a) The weak inverse image of D under F is the set

F7(D) = {ueX: FluynD #0}.
(b) The strong inverse image of D under F is the set
F*'(D) = {ue X: F(u) C D}.

Using these notions, we can define some continuity concepts for
multifunctions between two Hausdorff topological spaces.

Definition 2.36

Let X and Y be two Hausdorff topological spaces and let F: X — 2Y

be a multifunction.

(a) We say that F is upper semicontinuous at ug € X (usc at
xo for short), if for every open set V.C 'Y such that F(ugp) C 'V,
we can find U € N(ug) (the filter of neighborhoods of ug), such
that F(u) CV for allu € U. We say that F is upper semi-
continuous (usc for short), if it is upper semicontinuous at any
u € X.

(b) We say that F is lower semicontinuous at ug € X (lsc at xg
for short), if for every open set V.CY such that F(ug) NV # 0,
we can find U € N (ug), such that F(u) NV # 0 for allu € U.
We say that F is lower semicontinuous (lsc for short), if it is
lower semicontinuous at any u € X.

(c) We say that F is continuous (or Vietoris continuous) at
ug € X, if it is both upper and lower semicontinuous at ug. We
say that F' is continuous (or Vietoris continuous) if it is con-
tinuous at any u € X.
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These definitions lead to the following alternative descriptions of
the above continuity notions for multifunctions.

Proposition 2.37

If X andY be two Hausdorff topological spaces and F: X — 2Y is

a multifunction,

then the following statements are equivalent:

(a) F is upper semicontinuous.

(b) For every closed set C CY, the set F~(C) is closed in X.

(c) If v € X, {xa}acs is anet in X, v — z, V CY is an open
set such that F(x) C V', then there exists ag € J, such that for all
a€J, a>ay we have F(z,) CV.

(d) For every open set U CY, the set F+(U) is open in X.

Proposition 2.38

If X andY be two Hausdorff topological spaces and F: X — 2Y is

a multifunction,

then the following statements are equivalent:

(a) F is lower semicontinuous.

(b) For every closed set C CY, the set F*(C) is closed in X.

(c) If v € X, {za}acsisanetin X, xo, — x, V CY is an open set
such that F(x) NV # (), then there exists ag € J, such that for all
a€J, a>ay we have F(z,) NV # 0.

(d) If v € X, {za}tacs is a net in X, xn, —> x and y € F(x), then
for every a € J we can find yo € F(x,), such that yo, — y in Y.

(e) For every open set U CY, the set F~(U) is open in X.

Proposition 2.39

If X andY are two Hausdorff topological spaces and F: X — 2Y is

a multifunction,

then the following statements are equivalent:

(a) F is continuous.

(b) For every closed set C CY, the sets FT(C) and F~(C) are both
closed in X.

(c) If v € X, {za}acs is anet in X, zq — x, V,W CY are open
sets such that F(x) CV and F(zx) N W # (), then there exists
ag € J, such that for all « € J, a > g we have F(zy) CV and
F(xq) "W # 0.
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Definition 2.40
Let X and Y be two Hausdorff topological spaces and let F: X — 2V
be a multifunction. The graph of F is the set

GrF ={(z,y) e XxY: yeF(x)}.

We say that F is closed, at uy € X, if for every net {(zqa,Ya)}acs C
Gr F such that (xo,ya) — (zo,y0) in X XY, we have yg € F(xg).
We say that F is closed, if F is closed at every x € X (that is,
GrF C X xY is closed).

Proposition 2.41

(a) If X and Y are two Hausdorff topological spaces with Y being
?egular and F: X — P¢(Y) is an upper semicontinuous multi-
function,
then F' is closed.

(b) If X is a complete metric space, Y is a Hausdorff topological space
with topology 7, F: X — Pu(Y) is an upper semicontinuous
multifunction and there is a metrizable topology 71 of Y such that
nCT,
then F' is continuous on a residual set (that is, on the complement
of a set of first Baire category).

For multifunctions with compact values, we can drop the regularity
condition on Y. This is a consequence of the following proposition.

Proposition 2.42

If X andY are two Hausdorff topological spaces and F: X — 2Y\{(}}
is a multifunction,

then F is Py(Y)-valued and upper semicontinuous if and only if for
every net {(xa, Ya)tacs C Gr F such that o, — x in X, {ya tacs has
a limit point in F(x).

With this result, we can have a version of Proposition 2.41(a) in
which the regularity of the space Y is no longer required.

Proposition 2.43

If X andY are two Hausdorff topological spaces and F: X — Py(Y')
is an upper semicontinuous multifunction,

then F' is closed.
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Now we introduce a metric structure on the range space Y and for
every y € Y, we examine the function z — disty (y, F'(z)).

Proposition 2.44

If X is a Hausdorff topological space, (Y,d, ) is a metric space and
F: X — 2V \ {0} is a multifunction,

then F is lower semicontinuous if and only if for everyy € Y, the func-
tion x —— disty (y, F'(x)) is upper semicontinuous (as an Ry -valued
function).

There is no corresponding result for upper semicontinuous multi-
functions. We only have the following result.

Proposition 2.45

If X is a Hausdorff topological space, (Y,d, ) is a metric space and
F: X — 2\ {0} is a locally compact multifunction (i.e., for every
z € X, we can find U € N(x) such that F(U) € Py(Y')) and for every
y €Y, the function x — disty (y, F(x)) is lower semicontinuous,
then F' is upper semicontinuous.

If on Y we introduce linear structure, then there is another impor-
tant functional that we can associate with a multifunction F': X —
2Y'\ {0}, namely the support function.

Definition 2.46
Let Y be a normed space, Y™ its topological dual and D C Y a

nonempty set. The support function of D, 0,: Y* — R =
R U {400} is defined by

o,(y*) = sup(y*,y),
yeD

where by (-,-) we denote the duality brackets for the pair (Y*,Y).

Proposition 2.47

If X is a Hausdorff topological space, Y is a normed space furnished
with its weak topology and F: X — 2Y \ {0} is an upper semicontin-
uous multifunction,

then for every y* € Y™, the function x —— O ey (y*) is upper semicon-
tinuous.
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To have the converse of the above proposition, we need to
strengthen the conditions on the multifunction F'.

Proposition 2.48

If X is a Hausdorff topological space, Y is a mormed space and
F: X — Pure(Y) is a multifunction such that for all y* € Y™, the
function x — O i) (y*) is upper semicontinuous,

then F' is upper semicontinuous from X into Y equipped with the weak

topology.

In the presence of a metric structure on Y, we can have a pseudo-
metric structure on the hyperspace 2Y .

Definition 2.49
Let (Y,d, ) be a metric space and let C, D € 2Y be two sets. We define:
(a) h*(C,D) = supdisty (¢, D) (the excess of C over D).

ceC

(b) h(C,D) = max {h*(C,D),h*(D,C)} (the Hausdorff distance
of C from D).

Remark 2.50

Evidently h is a generalized pseudometric on 2¥ (that is, h is a pseu-
dometric that can also take the value +00). Moreover, h(C, D) = 0 if
and only if C = D and so P¢(Y) U {0} is a generalized metric space,
with () an isolated point. Then we call h the Hausdorff metric.
The Hausdorff metric h is not a topological construction, that is, the
Hausdorff metric topology on Pf(Y") is not determined by the topology
of Y. It is easy to check that

h(AC,AD) = |Ah(C, D) VieR
and if Y is a normed space, then
h(Ci + Co, D1 + Dy) < h(C1,D1)+ h(Cq, Do)
and
h(AC1+(1—=X)Co, AD14+(1—=X)D3) < Ah(Cy,D1)+(1=N)h(Co, Dy),
for all A € [0,1]. Therefore, we have

h(conv C,conv D) < h(C, D).
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The same inequalities are also valid for A*. Also, note that

h*(C,D) = sup (dist(y, C) — dist(y, D))
yey

and is Y is a normed space and C, D € Py (Y'), then
h*(C,D) = sup{o.(y*) —o,(y") : [ly'll« <1}

An immediate consequence of Definition 2.49 are the following two
useful expressions for the Hausdorff metric h.

Proposition 2.51
(a) If (Y,d,) is a metric space and C,D € 2V \ {0},
then h(C, D) = sup |disty (y, C)) — disty (y, D)|;

yey

(b) If Y is a normed space and C,D € Pyp.(Y),

then h(C,D) = sup !ac(y*) - UD(y*)‘ (the Hormander
ly*lI<1
formula).

(c) If Y is a normed space and C' C Y is a nonempty, conver set
then for every v € Y, we have

disty (v,C) = sup{ (v*,v) —o,(v*): v €Y*, [[v*]. <1}

(see Problem 3.88).

(d) If Y is a Banach space and C CY,
then C € Pue(Y) if and only if the map v* — o, (v*) is
m(Y™*,Y)-continuous with m(Y*,Y) being the Mackey topology.

Assuming extra structure on Y, we can say more about the metric
space (P¢(Y),h).

Proposition 2.52

(a) If (Y,d,) is a complete metric space,
then (P¢(Y),h) is a complete metric space too.

(b) Pyr(Y) is a closed subset of (P¢(Y'), h) and if (Y,d, ) is a separable
metric space, then so is (Py(Y'),h).

(¢) If Y is a normed space,
then Pro(Y) C Pype(Y) and Pp(Y) C Pyp(Y) are all closed subsets
of the metric space (P¢(Y'),h).
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Using these metric notions, we can introduce new continuity con-
cepts for a multifunction F', in general distinct from those of Defini-
tion 2.36.

Definition 2.53

Let X be a Hausdorff topological space and let (Y,d,) be a metric

space.

(a) A multifunction F: X — 2¥ \ {0} is said to be h-upper semi-
continuous at xg € X (h-usc at xo for short), if the function
z — h*(F(z),F(z0)) is continuous at zo. We say that F is
h-upper semicontinuous (h-usc for short), if it is h-upper
semicontinuous at every x € X.

(b) A multifunction F: X — 2Y \ {0} is said to be h-lower semi-
continuous at xog € X (h-lsc at xo for short), if the function
x — h*(F(x0), F(x)) is continuous at xzo. We say that F is
h-lower semicontinuous (h-lsc for short), if it is h-lower semi-
continuous at every x € X.

(c) A multifunction F: X — 2Y \ {0} is said to be h-continuous
at xg € X, if it is both h-lower and h-upper semicontinuous at
xo € X (that is, the multifunction function F: X — (2Y\{0}, h)
is continuous at xg). We say that F is h-continuous, if it is
h-continuous at every x € X.

How are these continuity notions related to those introduced in
Definition 2.367

Proposition 2.54

If X is a Hausdorff topological space, (Y,d, ) is a metric space, and
F: X — 2V \ {0} is upper semicontinuous,

then F is h-upper semicontinuous.

Proposition 2.55

If X is a Hausdorff topological space, (Y,d, ) is a metric space, and
F: X — 2V \ {0} is h-lower semicontinuous,

then F' is lower semicontinuous.

In general the converse implications are not true (see Prob-
lem 2.67). For compact valued multifunctions, the situation is better.



2.1. Introduction 273

Proposition 2.56

If X is a Hausdorff topological space, (Y,d, ) is a metric space, and

F: X — Py(Y) is a multifunction, then

(a) F is wupper semicontinuous if and only if F is h-upper
5emicontinuous.

(b) F is lower semicontinuous if and only if F is h-lower
s5emicontinuous.

(c) F is continuous if and only if F is h-continuous.

Now we turn our attention to the fundamental question of the
existence of a continuous selection.

Definition 2.57
Let X and Y be two Hausdorff topological spaces and let
F: X — 2V \ {0} be a multifunction. A continuous selection

(or selector) of F is a continuous function f: X — Y such that
f(z) € F(z) forallz € X.

We have the following existence result.

Theorem 2.58 (Michael Selection Theorem,)

If X is a paracompact space, Y is a Banach space and F': X —
Pto(Y) is a lower semicontinuous multifunction,

then F' admits a continuous selection.

When X is a metric space (thus also a paracompact space) and
Y is a separable Banach space, we can produce a whole sequence of
continuous selectors of F' which is dense in F(x) for all z € X.

Proposition 2.59

If X is a metric space, Y is a separable Banach space and
F: X — P (Y) is a lower semicontinuous multifunction,

then there exists a sequence {fn}n>1 of continuous selectors of F' such
that

F(z) = {fn(x)}n>1 VaelX.

In general Theorem 2.58 is optimal in the sense that the hypotheses
of the theorem cannot be relaxed. However, if Y is a separable Banach
space, then we can enlarge the range space of F'.
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Proposition 2.60

If X is a paracompact, perfectly normal topological space (see Def-
initions 1.2.142 and 1.2.137), Y is a separable Banach space, and
F: X — 2V \ {0} is a lower semicontinuous multifunction with con-
vex values such that for all v € X either int F'(z) # 0 or F(z) is finite
dimensional,

then F' admits a continuous selection.

So far, we have focused on the topological properties of multifunc-
tions. Next we turn our attention to the measure theoretic ones.

Definition 2.61

Let (Q, %) be a measurable space, X a metric space and F: Q — 2% ¢

multifunction.

(a) We say that F is measurable, if for every open set U C X, we
have F~(U) € ¥ (see Definition 2.35(a)).

(b) We say that F is graph measurable, if Gr F € ¥ x B(X) (B(X)
being the Borel o-field of X ).

Remark 2.62
The domain of F is defined to be the set

domF = {weQ: F(w)#0}.

Evidently, if F' is measurable, then dom F' € . So, when dealing with
measurable multifunctions F', we can always assume that dom ' = €.

The next theorem summarizes what is known about the measura-
bility of multifunctions with closed values.

Theorem 2.63

Let (2,X) be a measurable space, (X,d,) a separable metric space

and F': Q@ — Py(X) is a multifunction. We consider the following

properties of F:

(1) F~(D) € X for every D € B(X) (B(X) being the Borel o-field
of X).

(2) F~(C) € X for every closed set C C X.

(8) F is measurable (see Definition 2.61(a)).

(4) For every x € X, the function w — dist(z,F(x)) is
Y-measurable.

(5) F is graph measurable.
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We have the following relations among the above properties:

(0) (1) = (2) = (3) < (4) = (5)

(b) If X is o-compact, then (2) <= (3).

(c) If S is complete (that is, ¥ = S (S being the universal o-field; see
Definition 1.4.45)) and X is complete, then (1) <= (2) < (3).

Now we pass to the problem of existence of selections. In this case
we look for a measurable selections.

Theorem 2.64 (Kuratowski-Ryll Nardzewski Selection Theorem)

If  (Q,%) is a measurable space, X is a Polish space and
F: Q — P¢(X) is a measurable multifunction,

then F' admits a YX-measurable selection.

Remark 2.65

In fact we can be slightly more general and instead assume that X
is a separable metrizable space (that is, we drop the completeness
hypothesis on X) and that F' has complete values.

We can improve the above selection theorem (compare with Propo-
sition 2.59).

Theorem 2.66

If  (,%) is a measurable space, X is a Polish space and

F: Q — Py(X) is a multifunction,

then the following statements are equivalent:

(a) F is measurable.

(b) There exists a  sequence of X-measurable  selectors
{fn: Q2 — X}n>1 of the multifunction F such that

Fw) = {fnW)}pz  Ywel
This result leads to the following improved version of Theorem 2.63.

Theorem 2.67

Let (©,%) be a measurable space, (X,d,) a separable metric space

and F: Q — Pp(X) a multifunction. We consider the following

statements:

(1) F~(D) € % for every D € B(X) (with B(X) being the Borel
o-field of X ).
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(2) F~(C) € X for every closed set C C X.

(3) F is measurable (see Definition 2.61(a)).

(4) For every x € X, the function w +— dist(z, F(w)) is
> -measurable.

(5) There exists a sequence {fn: Q — X}~ of X-selectors of F
such that

Flw) = {fal@},s, VYwe

(6) F is graph measurable.

We have the following relations among the above properties:

(6) (1) = (2) = (3) = (4) = (6).

(b) If X is complete (that is, X is a Polish space), then (3) <=
(4) <= (5).

(c) If X is o-compact, then (2) < (3).

(d) If S is complete (that is, & = S (S being the universal o-field))
and X is a Polish space, then all properties (1) to (6) are
equivalent.

In Theorem 2.64 (see also Theorem 2.66), we require that F' has
closed values. We have a second measurable selection theorem for
multifunctions which need not to be closed valued.

Theorem 2.68 (Yankov—von Neumann—Aumann Selection Theorem)
If (Q,%) is a complete measurable space (that is, & = % (S being the
universal o-field)), X is a Souslin space and F: Q — 2%\ {0} is a
graph measurable multifunction (see Definition 2.61),

then F' admits a X-measurable selection.

Remark 2.69

Recall that a Hausdorff topological space X is said to be Souslin, if
there is a Polish space Y and a continuous surjection from Y onto X.
For locally compact spaces, the notions of Souslin space and Polish
space coincide. A separable Banach space with the weak topology is
a Souslin nonmetrizable space. Similarly, if X* is the topological dual
of a separable Banach space and we furnish X* with the w*-topology
(denoted by X7.), then X7. is a Souslin nonmetrizable space. In
fact the above theorem can be strengthened by saying that there is
a whole sequence {f,},; of ¥-measurable selections of F' such that

F(w) C{fn(w)},>; for all w € Q.
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The notion of decomposability which we will introduce next for-
mally resembles that of convexity and is important in the theory of
measurable multifunctions.

Definition 2.70

Let (Q,%,u) be a o-finite measure space, X a separable Banach
space, LO(Q; X) = {u: Q — X : w is X-measurable} and D C
L%(; X). We say that the set D is decomposable, if for every triple
(A, z1,22) € ¥ x D x D, we have

Xa%1+ X, e2 € D.

Remark 2.71

Since x ,. = 1—x,, we see that the notion of decomposability reminds
us that of convexity. Only now the coefficients instead of scalars are
functions.

Decomposable sets are closely related to measurable multifunc-
tions.

Theorem 2.72

If (Q,%, 1) is a o-finite measure space, X is a separable Banach space
and the set D C LP(Q; X) (with 1 < p < +00) is closed,

then the set D is decomposable if and only if there exists a unique
measurable multifunction F: Q — Pp(X) such that

D = S = {uel’(X): uw) € F(w) p-ae.}.

Theorem 2.73

If (Q,%, 1) is a finite nonatomic measure space (see Definition 1.3.40),
X is a Banach space and D C LP(Q;X) (with 1 <p < +00) is a
nonempty, decomposable and w-closed set,

then D is convex.

The next theorem is another remarkable consequence of decompos-
ability and is a basic tool in variational analysis.

Theorem 2.74

If (2,5, 1) is a o-finite measure space, X is a separable Banach space,

h: Qx X — R=RU{+oc} is measurable, F': Q@ — 2%\ {0} is

graph measurable, £(u) = [ h(w,u(w))dp for all u € LP(Q; X) (with
Q
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1 <p < +o0) and it is defined (maybe +oc) for all u € S%. and there
exists ug € Sh such that £(ug) > —oco, then

sup {(u) = / sup h(w,z)dpu.

ueSh o r€F(w)

Definition 2.75

Let (Q,%, 1) be a o-finite measure space, X a separable Banach space,
and F: Q — 2X\ {0} a multifunction. We say that F is LP-
integrably bounded if 1 < p < +oo or simply integrably bounded
if p=1, when there exists h € LP(QY) such that

|F(w)] = sup |z|lx < h(w) for p-a.a. we Q.
zeF (w

Theorem 2.76
If (Q,%, 1) is a o-finite measure space, X is a separable Banach space
and F: Q — P;(X) is a graph measurable and integrably bounded
multifunction,
then the set Sp = {u € L' X) : u(w) € F(w) for p-a.a. w € Q} is
nonempty, w-compact, and convez if and only if

F(w) € Pure(X) for p-a.a. w € Q.

Decomposability leads to a continuous selection theorem for non-
convex valued multifunctions (compare with Theorem 2.58).

Theorem 2.77

If (2,3, ) is a o-finite measure space, V is a separable metric space,
X 1is a separable Banach space, and F':'V — P; (Ll(Q;X)) s lower
semicontinuous and has decomposable values,

then F' admits a continuous selection.

Let T = [0,b] (a bounded closed interval in R) and let X be a
separable Banach space. We introduce the following weaker norm on
the Lebesgue-Bochner space L'(T; X).

Definition 2.78
The weak norm ||-||w on LY(T; X) is defined by

t/
luw = sup | /u(s) ds|| YV ue LYT; X).
0ttt
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Remark 2.79
An equivalent way to define the weak norm is to set

t
[ullw = sup H/U(S)dSHX Vue LYT; X)
ose<t

We want to compare the weak topology on L!(T; X) with the weak
norm topology. To do this, we introduce the following notion.

Definition 2.80

We say that the set E C LY(T; X) has property U, if

(a) E is uniformly integrable;

(b) for every e > 0, we can find K. € Py(X) such that for every
u € E there exists a measurable set T, C T with N(T'\ Tyc) < €
(A being the Lebesgue measure on R) such that u(t) € K. for all
teT..

Remark 2.81
If E C LYT;X) has property U, then E is relatively w-compact in
LNT; X).

Proposition 2.82
If EC LY(T; X) has property U,
then the w-topology and ||-||,-topology coincide on E.

Definition 2.83

Let Y be a Polish space and let F: T XY — Pyr.(X) be a multifunc-

tion. We say that F is an h-Carathéodory multifunction, if

(a) for everyy €Y, the multifunction t — F(t,y) is measurable;

(b) for almost all t € T, the multifunction y —— F(t,y) is
h-continuous;

(c) for every C € P,(Y), we can find oo € L(T) such that

|F'(t,y)| = sup |zllx < ¢c(t) foraa teT, allyeC.
z€F(t,y)

Given a nonempty compact set K C c(TyY), et
I's K — Py (Ll(T;X)) be defined by
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Let CSY (respectively CS%, ) denote the set of selectors of I' (respec-

tively of extT') which are continuous from K into (L*(T;X),| " |lw)
(usually denoted by L. (T;X)).

Theorem 2.84
If F: TXY — Pype(X) is an h-continuous Carathéodory multifunc-
tion and K C C(T;Y) is a compact set, then
CS{-‘U — C‘ng;(tFH'Hw.
Definition 2.85
Let (Q,%, 1) be a o-finite measure space, X a separable Banach space

and F: Q — 2%\ {0} a multifunction with St # 0. The set-valued
integral of F' (or Aumann integral of F') is defined by

Q/F(w)d,u = {Q/ud,u: uES’}:}.

Next we introduce some convergence notions for sets and multi-
functions, which arise often in variational analysis.

Definition 2.86
Let (X,d) be a metric space, A € Pr(X) and {An}, 5, C Pr(X) a
sequence of sets. We say that the sequence {An}n>1 converges to A

in the Hausdorff sense, denoted by A, My A or h-lim A, = A

n—-+o0o

if h(Ap, A) — 0, with h being the Hausdorff metric on P¢(X) (see
Definition 2.49(c)).

Remark 2.87
This mode of set-convergence is actually convergence in the metric
space (P¢(X),h).

Definition 2.88
Let X be a Hausdorff topological space with T denoting the topology
of X. Let {An},>; C 2%\ {0}. We define

7-liminf A,, = {:J:EX: r = 71im z,, x, € Ay, n > 1},

n—-+o0o n—-+o0o

Tlimsup A, = {:U € X: z=rlimax,,, o, €Ay, n1 <nz2 < }
n—+o0 k—4o00
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We call T*lin’l ian the T-Kuratowski limit inferior of the seq-

uence {A, } >1 cmd m-limsup A4,, the 7-Kuratowski limit superior
n—+00

of the sequence {An}n>1 If A=r1- hm mf A, = mlimsup A,,, then we

n—-4o00

say that A is the T- Kuratowsksi lzmzt of the sequence {An},>, and

we write A = lim A,, or A, LYY

n—-+0oo
Remark 2.89
Evidently =liminf A,, C 7=limsup A,, and the inclusion can be strict.
n—>+00 n—+o00

If X is a metric space with metric d, , then we drop the letter 7 and
have

liminf 4,, = {x € X: lim dist(z,A,) = 0}
n—-+o0 n—+00
limsup 4, = {x € X : liminfdist(z, A,) = O}
n—s-+oo n—r+00

Moreover, if X is a first countable space (see Definition 1.2.24), then

limsup A, = m U A,

n—=+00 k>1n>k

Note that in general if the topology 7 is clear from the context, for
notational simplicity we drop the letter 7. This mode of convergence
is useful in the context of locally compact spaces, but exhibits serious
problems if X is an infinite dimensional Banach space. For this reason
in the next definition, we mix the topologies.

Definition 2.90

Let X be a Banach space. By w (respectively s) we denote the weak
(respectively strong) topology on X. Let {An},>; C 2%\ {0} be a
sequence. We say that the sequence {An},s, converges to A in the

Mosco sense, denoted by A, M, A, if we have

A = s-liminf A, = w-limsup A,.

n—r+00 n——+00

Remark 2.91
Evidently we have that A, M, A if and only if A, Ku A and

A, B oA
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This mode of set convergence is more effective in the context of
reflexive Banach spaces.

Definition 2.92
Let (X,dy) be a metric space, A € Pr(X) and let {An},~; C Pr(X)
be a sequence. We say that the sequence {An}n>1 converges to A in

the Wijsman sense, denoted by A, w, A, if we have
dist(x, A,) — dist(z, A) VaoelX.

Remark 2.93
From Proposition 2.51(a), it is clear that, if A, LN A, then A, Ny

Definition 2.94
Let X be a Banach space, A € Pr.(X) and let {An},~; C Pre(X)
be a sequence. We say that the sequence {An}n>1 converges weakly

(or scalarly) to A, denoted by A, — A, if for all z* € X*, we have
00 (@) — 0, (a")
(see Definition 2.46).

Remark 2.95
From the Hormander formula (see Proposition 2.51(b)), we see that

for a sequence {A,},~; C Pr(X), if 4, SN A, then A, — A.

Recall that a sequence in L!(Q), which converges weakly but not
strongly, oscillates wildly around its weak limit (see Problem 1.1).
For vector-valued functions, we have an extremality condition which
prevents such a behavior.

Proposition 2.96
If (,%,p) is a finite measure space and {un},~; C LY(Q; RN)
is a sequence such that u, — wu in L'(QRYN) and u(w) €
ext {conv limsup {u,(w)} } for almost all w € Q,

n—+o00

then w, — u in L*(Q;RY).

The next proposition elaborates further the above result.
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Proposition 2.97

If (9,%,p) is a finite measure space, u € L'(;RY), {un}t,>1 C
LYQ;RN) is a sequence such that u, — u in LY(Q;RY) and there
erists a measurable multifunction F: Q@ — Py (RN) such that:

(¢) dist(un(w), F(w)) — 0 for p-almost all w € Q;

(i) u(w) € ext F(w) for p-almost all w € €,

then w, — u in L'(Q;RN).

2.1.3 Maximal Monotone Maps and Generalizations

A function u: R — R is said to be nondecreasing if
r <y = u(z) < uly).

Unfortunately this definition involves the order of R and so it cannot
be extended to maps between Banach spaces. However, we can define
alternatively the monotonicity of u, by saying that

(x—vy) (u(z) —u(x)) =2 0 Va,yeR.

This definition avoids the order structure of R and can be easily ext-
ended to maps from a Banach space X into its dual X* by replacing
the product with the duality brackets for the pair (X*, X).

So, let X be a Banach space, X* its topological dual and let (-, -)
denote the duality brackets for the pair (X*, X). Consider the map
A: X D D(A) — 2X". Here

D(A) = {ze€X: A(z) #0} (the domain of A).
Also,
Gr A={(z,2*) € XxX*:w* € A(z)} (the graph of multifunction A).
Based on the initial remark, we make the following definitions.

Definition 2.98

Let X be a Banach space and let A: X D D(A) — 2% be a multi-
valued map.

(a) We say that A is monotone, if

(u"  —v*5u—v) > 0 v (u,u”), (v,v*) € Gr A.
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(b) We say that A is strictly monotone, if

(U —v*u—v)y > 0 YV (u,u*), (v,0*) € Gr A, u # .
(c) We say that A is strongly monotone, if

(u* —v*u—v) > cu—v|% V (u,u”), (v,v") € Gr A,

with some ¢ > 0.

(d) We say that A is uniformly monotone, if there exists a continu-
ous function ¥: Ry — Ry which is strictly increasing, 9(0) = 0,
I(t) — 400 ast — oo and

(' =v" u=v) = I([lu=vllx)lu=vlx ¥ (u,u"),(v,0%) € Gr A.

(e) We say that A is coercive, if D(A) is bounded or D(A) is unb-
ounded and

inf |Ju*|lx — 400 as|u||x = +oo, u€ D(A).
u*€A(u)
(f) We say that A is strongly coercive, if D(A) is bounded or D(A)
1s unbounded and
inf (u*,u)
(u,u*)eGr A
llullx

Remark 2.99
From the above definition it is clear that we have

— +oo  as ||ul|x = +oo, u€ D(A).

strong monotonicity

4

uniform monotonicity

¢

strict monotonicity

4

monotonicity

and also

uniform monotonicity

4

strong coercivity

¢

coercivity.
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The next definition identifies a subclass of monotone maps which
is central in the theory and in applications.

Definition 2.100
Let X be a Banach space and let A: X D D(A) — 2% be a monotone
map. We say that A is maximal monotone, if

[(w* = v, u—v) =20 V (u,u*) € GrA] = (v,v*) € Gr A.

Remark 2.101

The above definition says that A is maximal monotone if and only if
Gr A is maximal with respect to inclusion among the graphs of mono-
tone maps.

Definition 2.102

Let X be a Banach space and let A: X D D(A) — 2% be a map.
We say that the map A is locally bounded at uw € D(A), if there exist
0>0 and M > 0 such that

v ]« < M V v* € A(v), v e D(A) N B,y(u).

We say that A is bounded, if it maps bounded sets in X N D(A) to
bounded sets in X*. Also, if C C X and u € C, then we say that u is
an absorbing point of C, if

X = [JMC-uw).

A>0

Remark 2.103
If int C' # ), then every interior point is absorbing. However, the set
C' can have absorbing points even if int C' = ().

Proposition 2.104

If X is a Banach space, A: X D D(A) — 2X" is a monotone map,
and u € D(A) is an absorbing point of D(A),

then A is locally bounded at u.

Proposition 2.105

If X is a Banach space, A: X D D(A) — 2X" is a mazimal mono-
tone map and int D(A) # 0,

then A[mtD(A) is upper semicontinuous from X with the norm topology
into X* with the w*-topology.
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Proposition 2.106

If X is a Banach space and A: X D D(A) — 2% is a mazximal
monotone map,

then for every w € D(A), the set A(u) C X* is nonempty, convez, and
w*-closed.

Combining Propositions 2.104 and 2.106, we obtain the following
result.

Corollary 2.107
If X is a reflevive Banach space, A: X 2 D(A) — 2X7 is a mazimal
monotone map, and u € D(A) is absorbing,

then A(u) is nonempty, conver, and w-compact.
In particular if D(A) = X, then A has values in Puge(X™).

The next result is a partial converse of Proposition 2.105.

Proposition 2.108

If X is a Banach space, A: X D D(A) — 2% is a monotone map
with D(A) = X, has w*-closed and conver values and for every u,h €
X, the multifunction t — A(u+ th) is upper semicontinuous from
[0,1] into X* with the w*-topology,

then A is mazimal monotone.

Remark 2.109
If A is upper semicontinuous from X with the norm topology into X*
with the w*-topology, then the previous proposition holds.

Definition 2.110

Let A: X — X* be a single valued map with D(A) = X.

(a) We say that A is demicontinuous, if for any sequence
{zn},~; € X with x,, — x, we have A(xy) BN A(z).

(b) We sa/y that A is hemicontinuous, if for any x,h € X, the
map t — A(x + th) is continuous from [0,1] into X* with the
w*-topology.

As a consequence of Proposition 2.108, we have
Corollary 2.111
If X is a Banach space and A: X — X* is a monotone and hemi-

continuous map,
then A is mazximal monotone.
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Definition 2.112
Let X be a Banach space. The map F: X — 2% defined by

Fla) = {z" e X"t (a",2) = ||z[k = [|l="[|7}
is called the (mnormalized) duality map on X.

Remark 2.113
As a consequence of the Hahn—Banach theorem (see Corollary 1.5.26),
we have that D(F) = X. Moreover, F has closed and convex values.

The duality map is essentially dependent on the norm of X. In
fact, two equivalent norms on X need not generate the same duality
map. The next proposition shows that the geometry of X and X* is
crucial concerning the properties of F.

Proposition 2.114

(a) If X is a reflexive Banach space and X* is strictly convex (see
Definition 1.5.168 and Remark 1.5.169),
then F is single valued, bounded, odd, demicontinuous, and max-
tmal monotone.

(b) If X is a reflexive Banach space and both X and X* are strictly
convet,
then F 1is strictly monotone.

(c) If X is a reflexive Banach space and X* is locally uniformly
convet,
then F is continuous.

(d) If X* is uniformly convez,
then F is uniformly continuous on bounded sets.

Remark 2.115

The Troyanski renorming theorem is a basic tool in the theory of
maximal monotone maps (see Theorem 1.5.192). We recall that this
theorem says that every reflexive Banach space X be can equivalently
renormed so that both X and X* are locally uniformly convex and
have Fréchet differentiable norms. Note that equivalently renorming
X and X* does not affect important properties of the map A, such as
maximal monotonicity and coercivity (simple or strong).

Using the duality map, we can have a criterion for the maximality
of amap A: X D D(A) — 2X".
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Theorem 2.116

If X is a reflerive Banach space with X and X* both
strictly convex (see Definition 1.5.168 and Remark 1.5.169) and
A: X D D(A) — 2% is monotone,

then A is mazimal monotone if and only if R(A+ F) = X*.

Maximal monotone operators are very useful because they exhibit
remarkable surjectivity properties.

Definition 2.117
Let X be a Banach space and let A: X D D(A) — 2% be a multi-
valued map. We define A~1: X* D D* — 2% by setting

GrA™' = {(z*,2) € X* x X : (z,2%) € GrA}.

Using this notion, we have the following criterion for the surjectiv-
ity of a maximal monotone map.

Theorem 2.118

If X is a reflerive map and A: X O D(A) — 2% is mazimal
gzonotone,

then A is surjective if and only if A~1 is locally bounded.

Evidently, if A is coercive (see Definition 2.98(e)), then A~1 is
locally bounded. So, from Theorem 2.118 we deduce the following
fundamental surjectivity result for maximal monotone maps.

Theorem 2.119

If X is a reflexive Banach space and A: X D D(A) — 2% is maxi-
mal monotone and coercive,

then A is surjective.

Corollary 2.120

If X is a reflexive Banach space and A: X O D(A) — X* is mono-
tone, hemicontinuous and coercive,

then A is surjective.

In finite dimensional spaces, we can drop the monotonicity
requirement.
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Proposition 2.121
If X is a finite dimensional Banach space and A: X 2 D(A) —
P (X™) is upper semicontinuous and strongly coercive (see Defini-

tion 2.98(f)),

then A is surjective.

The surjectivity results lead to some useful single-valued approxi-
mations of a maximal monotone map. These approximations are more
useful in the context of pivot Hilbert spaces (a Hilbert space is pivot,
if it is identified with its dual).

Definition 2.122
Let H be a pivot Hilbert space (i.e., H* = H) and let A: H 2

D(A) — 2 be a maximal monotone map. For every X > 0, we
define

J = (I, + A" (the resolvent of A)
Ay - JN™L (the Yosida approxzimation of A).

Proposition 2.123

If H is a pivot Hilbert space, A: H D D(A) — 2 is a mazimal

monotone map and X > 0, then

(a) D(J{) = D(4,) = H.

(b) J;f‘ is monexpansive (i.e., Lipschitz continuous with Lipschitz
constant 1).

(c) Ax(z) € A(J{(x)) for all x € H.

(d) Ax is monotone and Lipschitz continuous with Lipschitz
constant %

(e) || Ax(@)||lg < [|A%(2)|| g for all z € D(A), where A°(x) € A(x) is
the unique element of A(x) with smallest norm.

(f) /l\igbA)\(:c) = A%x) for all x € D(A).
T~/ AN . . A _ .

(g) D(A) is conver and /1\1{1% J{(x) = prOJW(.r) for all x € H
(here projm denotes the metric projection on the closed convex

set D(A)).

Remark 2.124
If x ¢ D(A), then [|Ax(x)||lg —> 400 and A N\, 0.

Perturbation results for maximal monotone operators are impor-
tant in applications. We start with two results in Hilbert spaces.
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Theorem 2.125

If H is a pivot Hilbert space (i.e., H* = H) and A: H 2
D(A) — 28, B: H D D(B) — 2" are two mazimal monotone maps
such that D(A) N D(B) # 0 and

0 < (y7 B)\(x))H V (iU,y) € GI‘A, A > 07
then A + B is maximal monotone.

Theorem 2.126
If H is a pivot Hilbert space (i.e., H* = H) and A: H 2
D(A) — 2", B: H D D(B) — 28 are two mazimal monotone maps
such that

0 € int (D(A) — D(B)),

then A + B is maximal monotone.

For maps defined on a reflexive Banach space with values in its
dual, we have the following result.

Theorem 2.127
If X is a reflerive Banach space and A: X D D(A) — 2X7,
B: X D D(B) — 2% are two mazimal monotone maps such that

int D(A)N D(B) # 0,
then A + B is maximal monotone.

Remark 2.128

Since int D(A)—D(B) C int (D(A)—D(B)), we see that the hypothesis
of Theorem 2.126 is weaker than that of Theorem 2.127. Note that
0 € int (D(A) — D(B)) can happen even if int D(A) = int D(B) = 0.

Next we pass to generalizations of the notion of maximal mono-
tonicity.

Definition 2.129

Let X be a reflexive Banach space and let A: X — 2% be a multi-

function. We say that A is pseudomonotone, if

(a) D(A) = X and for every x € X, A(x) € Pypc(X);

(b) A is upper semicontinuous from every finite dimensional subspace
of X into X* with the weak topology;
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(c) if ©, -5 x in X, x5 € Axn) for al n > 1 and

n

limsup (z},z, —x) < 0, then for each v € X, we can find
n—-+o0o

y*(v) € A(zx) such that

* _ < limi * .
' (©),v—v) < lminf (), 20— v)

Remark 2.130

A completely continuous map A: X — X* is pseudomonotone. Also,
if X is finite dimensional, then any continuous operator A: X — X*
is pseudomonotone.

Definition 2.131

Let X be a reflevive Banach space and let A: X D D(A) — 2%
be a multifunction. We say that A is generalized pseudomono-
tone, if for every sequences {xn},>; C X, {23}, C X* such that
T 2 xin X and x5 o in X* with x¥ € A(zy,) for alln > 1

and limsup (z}, z, — x) < 0, we have
n—+00

¥ € Alx) and (x),zn,) — (¥, 7).

Proposition 2.132

If X is a reflexive Banach space and A: X — 2% is a pseudomono-
tone map,

then A is generalized pseudomonotone.

There is a version of the converse to this proposition.

Proposition 2.133

If X is a reflexive Banach space and A: X — P.(X*) is a bounded
and generalized pseudomonotone map,

then A is pseudomonotone.

Proposition 2.134

If X is a reflevive Banach space and A: X 2 D(A) — Py.(X*) is a
mazimal monotone map with D(A) = X,

then A is pseudomonotone.

The property of pseudomonotonicity is preserved by addition.
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Proposition 2.135

If X is a reflerive Banach space and Ay, As: X — 2% are two
pseudomonotone maps,

then A1 + As is pseudomonotone.

Pseudomonotone maps exhibit remarkable surjectivity properties
and for this reason are important in applications.

Theorem 2.136

If X is a reflexive Banach space and A: X — 2% is a pseudomono-
tone and strongly coercive map (see Definition 2.98(f)),

then A is surjective.

A notion closely related to pseudomonotonicity and to generalized
pseudomonotonicity is that of an (S) -operator, which is particularly
useful in the application of variational methods. In particular it is the
right property to check the Palais—Smale condition for a functional
¢ € C1(X) (see Definition 5.45(a) in Chap.5).

Definition 2.137
Let X be a reflexive Banach space, C C X a nonempty subset and
let A: C — X* be a map. We say that A is an (S)y-map, if
for every sequence {un},~,; C C such that x, 5 2 in X and
limsup (A(xy,), x, — x) <0, we have z,, — = in X.
n—-+o00

The next proposition summarizes some basic properties of
(S)4-maps.

Proposition 2.138

Let X be a reflerive Banach space and let C C X be a nonempty

subset.

(a) If A: C — X* is an (S)4-map and X > 0,
then A\A is an (S)-map too.

(b) If A,B: C — X* are two (S)+-maps and one of them is also
gemicontmuous,
then A+ B is an (S)4+-map too.

(c) If A: C — X* isan (S)y-map and B: X — X* is a monotone
map,
then A+ B: C — X* is an (S)4-map.

(d) If A: C — X" isan (S)y-map and B: X — X is a completely
continuous map,

then A+ B: C — X* is an (S)4-map.
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2.1.4 Accretive Maps

So far we have considered maps from a Banach space X into its dual
X*. Now, we focus on maps from X into itself and introduce the notion
of accretive maps. Such operators are closely related to the generation
theory of semigroups of operators (linear and nonlinear alike).

Definition 2.139

Let X be a Banach space and let A: X D D(A) — 2% be a multival-

ued map.

(a) We say that A is accretive, if for every (x,u),(y,v) €
GrA we can find z* € F(x —y) such that (z*,u—v) > 0
(where F: X — 2% is the normalized duality map; see Defi-
nition 2.112).

(b) We say that A is maximal accretive, if its graph is mazimal
with respect to inclusion among the graphs of all accretive maps.

(c) We say that A is m-accretive, if R(I, + A) = X.

(d) We say that A is dissipative (respectively m-dissipative), if —A
is accretive (respectively m-accretive).

Remark 2.140

If H is a pivot Hilbert space (i.e., H* = H), then F = I,, and A is
accretive if and only if A is monotone. Moreover, the notions of maxi-
mal accretivity and m-accretivity coincide and correspond to maximal
monotonicity (see Definition 2.100 and Theorem 2.116).

Proposition 2.141
If X is a Banach space and A: X D D(A) — 2% is a multivalued

map,
then A is an accretive map if and only if

|l —y+AXu—0)|lx = |lz—ylx V>0, (z,u),(y,v) € Gr A.

In analogy to Definition 2.112, we introduce the following single-
valued approximation of the identity and of the map itself.
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Definition 2.142
Let X be a Banach space and let A: X D D(A) — 2% be an accretive
map. For A > 0 we define

J)\(l‘) (IX + )‘A)_l(x)a
A(z) = 3 = I)(@),
D(Ay) = Dy = R(I, +)\A),
A = nf [l

As an easy consequence of Proposition 2.141, we have

Proposition 2.143

If X is a Banach space and A: X D D(A) — 2% is a multivalued
map,

then A is accretive if and only if for every A > 0, Jy is single-valued
and nonerpansive, i.c.,

[a(@) = A@lx < llz-yllx  Va,yeDy

Moreover, for any accretive map A: X D D(A) — 2%, we have

(a) Ax: R(I, + NA) — X s single-valued, accretive and Lipschitz
continuous;

(b) Ax(u) € A(Jx(w)) for allu e R(I, + \A);

(c) [[Ax(u)]x < veigfy) |lvllx for allv € D(A) N R(I, + NA);

(d) /1\1{% Jr(u) =u for allu € D(A)N (,\QOR(IX + AA)).

Proposition 2.144

If X is a Banach space and A: X D D(A) — 2% is an m-accretive
map,

then A is mazimal accretive and R(I, + NA) = X for all X > 0.

Definition 2.145
Let X be a Banach space and let A: X D D(A) — 2% be

a multivalued map. The minimal section of A is the map
A% X D D(A%) — 2% defined by

Aw) = {ueAl@): |lullx = |A()]}.
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Proposition 2.146

If X is a reflexive and strictly convexr Banach space, the dual X* is
strictly convex too (see Definition 1.5.168 and Remark 1.5.169) and
A: X D D(A) — 2% is maximal accretive,

then D(A%) = D(A) and A° is single-valued.

The importance of A is illustrated by the next theorem.

Theorem 2.147
If X is a Banach space with uniformly convex dual X* and A, B: X 2
D — 2% are two m-accretive maps such that

A@2)nB%z) # 0 VYazeD,
then A = B. Hence, if A" = B?, then A = B.

The next theorem is analogous to Theorem 2.125.

Theorem 2.148

If X is a Banach space with uniformly conver dual X* and
A: XD D(A) — 2%, B: X D D(B) — 2% are two m-accretive
maps such that:

(i) D(4)N D(B) #0,

(ii) (F(Bx(x)),y) =0 for all (z,y) € Gr A and XA > 0,

then A + B is m-accretive.

As we already mentioned m-accretive maps are related to the gen-
eration of contraction semigroups of operators.

Definition 2.149

Let X be a Banach space and let {S(t)}i>0 € L(X). We say that the
family {S(t) }+>0 is a Cyo-semigroup, if the following is true:

(a‘) S(0) = I,

(b) S(t+71)=5(t)oS(r) for all t,7 = 0 (semigroup property),

(c) for every x € X, S(t)xr — x as t \, 0.

If [|S(t)|lz < 1 for allt > 0, then {S(t)}+>0 is called a contraction
semigroup.
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Definition 2.150
Let X be a Banach space and let {S(t)}i>0 be a Cy-semigroup. The
infinitestmal generator of the semigroup is a linear operator A

defined by
A(z) = lim 2022y 4 e D(A),

with D(A) = {z € X : lim % exwists}.

Proposition 2.151

If X is a Banach space and {S(t)}1>0 is a Co-semigroup with inf-
initesimal operator A,

then A is closed and densely defined.

Remark 2.152
If Ae £(X), then A is the infinitesimal generator of

S(t) = et = Ut

k>0

For an unbounded linear operator A to be the infinitesimal gen-
erator of a Cy-semigroup, the precise conditions are provided by the
following theorem.

Theorem 2.153 (Hille—Yosida Theorem)

Necessary and sufficient conditions for a linear unbounded opera-
tor A on a Banach space X to be the infinitesimal generator of a
Co-semigroup satisfying that

ISHlz < Met  Vit>0,

for some M > 1 and w = 0, are

(a) A is closed and densely defined;

(b) (M, — A)~! exists for A > w;

(c) I(A[, —A)"™| < ﬁ for A >w, m>1.

Remark 2.154

The family of the operators R(\) = (A, — A)~! for A > w is called
the resolvent of A.
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Proposition 2.155
If X is a Banach space and {S(t)}i>0 € L(X) is a contraction semi-
group with infinitesimal generator A,
then for any x € X,

St)z = lim (I, —tA) "z = lim (

n——+0o n——+oo

I3
=
—~
I3
~
~
3
8

We can have also nonlinear semigroups.

Definition 2.156

Let X be a Banach space and let C C X be a nonempty subset. A fam-
ily of nonlinear maps {S(t): C — C}i>0 is said to be a semigroup
of nonexpansive maps on C, if

(a) [|S(t)x —St)yllx < |lx —yllx forallt >0, 2,y € C;

(b) S(t+71)=25(t)oS(r) for allt,7 >0 (semigroup property),

(c) S(0) =1,

(d) %i\I(%S(t)ﬂ? =z for every x € C.

Remark 2.157
The map (¢,x) — S(t)x is jointly continuous from Ry x C' into C.

The main generation theorem for nonlinear semigroups reads as
follows.

Theorem 2.158
If A: X D D(A) — 2% is an m-accretive operator,

then for every x € D(A),

. . t —-n

S(t)x = ngrfoo (I +14) "
exists uniformly in t on compact sets in Ry, {S(t)}i>0 is a semigroup
of nonexpansive maps and for each x € D(A) and t > 0, we have

1Stz —zx < t[A(z)|

(see Definition 2.142). Moreover, if X and X* are both uniformly

convez and ug € D(A), then

(a) the map t — S(t)ug is right differentiable on Ry = [0,400) and
we have

4 S(tyug = AS(tug Yt =0
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(b) the map t — ||AS(t)uo||x is nonincreasing on Ry and the map
t — AS(t)up is right continuous at every t > 0;

(c) %S(t)uo = AS(t)ug exists and is continuous on Ry except for a
countable set of point.

Definition 2.159

Let X be a Banach space.

(a) A nonlinear semigroup {S(t): C — C}i>0 of nonexpansive maps
on C' is said to be compact, if for every t >0, S(t) is compact.

(b) A nonlinear semigroup {S(t): C — C}y>0 of nonexpansive maps
on C is said to be equicontinuous, if for every bounded set
B C X, the family {S’()av x € B} s equicontinuous at every
t> 0.

Remark 2.160

Recall that S(0) = I,. So, if in Definition 2.159(a), S(¢) is compact
for all ¢t > 0, then the set C imbeds compactly in X. In particular, if
C = X, then X is finite dimensional.

Proposition 2.161
If X is a Banach space and A: X D D(A) —s 2% s accretive,
then for all x € X and all A\, p > 0, we have

In(@) = Ju(kx+ 25 T\(x))
(resolvent identity).

Remark 2.162
Using the resolvent identity we see that Jy is compact for all A > 0 if
and only if it is compact for some A > 0.

2.1.5 Miscellaneous Results

Theorem 2.163

If X is a Banach space and C C X,

then C s relatively compact if and only if there is a sequence
{un},>1 C X converging to the origin such that C' C conv {un}, -

Theorem 2.164
A set K C ¢qg is relatively compact if and only if it is bounded and the

limit nli)r_ir_loo Uy, exists uniformly for {un}n>1 e K.
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Theorem 2.165 (Lyapunov Convezity Theorem,)
(a) If (2, %) is a measurable space, X is a finite dimensional Banach

space and m: Y — X is a vector measure which is nonatomic,
then the set m(X) C X is compact and convex.

(b) If (Q,%) is a measurable space, X is a Banach space with the
RNP and m: ¥ — X is a vector measure which is nonatomic
and of bounded variation,
then the set m(X) C X is compact and convex.

The Lusin theorem (see Theorem 1.3.77) says that an R-valued
Borel function is actually continuous outside a “small” set. Below we
provide an abstract version of this result for maps with values in a
separable metric space.

Theorem 2.166 (Lusin Theorem II)

If X is a Polish space, Y is a separable metric space, f: X — Y is
a Borel measurable function and p is a finite Borel measure on X,
then for every € > 0, we can find a compact set K. C X such that
WX\ K.) <e and fl,_ is continuous.

Remark 2.167
Recall that every finite Borel measure on a Polish space is Radon (see
Theorem 1.4.12).

Proposition 2.168

If (2,2, 1) is a finite measure space and D is a family of ¥-measurable

R -valued functions,

then there exists a unique (modulo p-a.e. equality) X-measurable func-

tion h: Q0 — R4 such that:

(a) f(w) < h(w) for p-almost all w € Q and all f € D;

(b) if g: Q@ — Ry is X-measurable and f(w) < g(w) for u-almost all
we Q and f € D, then h(w) < g(w) for p-almost all w € Q.

Moreover, there exists a sequence {fn}n}1 C D such that

h(w) = sup fu(w) for p-a.a. w € Q.
n>1
Finally, of D is upward directed (thaAt 18, if f1, fo € D, then there exists

f € D such that fi < f and fo < f), then the sequence {fn},, can
be chosen to be increasing.
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2.2 Problems

Problem 2.1*
Let X and Y be two Banach spaces and let A: X — Y be a linear
map such that for each bounded sequence {un}n>1 C X, the sequence

{A(un)},>1 € Y admits a strongly convergent subsequence. Show
that A € L.(X;Y).

Problem 2.2*

Suppose that X and Y are two Banach spaces, D C X is a nonempty
subset and {fo: D — Y},es is a net of compact maps (i.e.,
{fa}acs € K(D;Y)) such that f, — f uniformly on bounded sub-
sets of D. Show that f € K(D;Y).

Problem 2.3*

Suppose that X is a Banach space, D C X is a nonempty bounded and
closed subset, and f: D — X is a compact map. Suppose that given
e > 0, we can find u. € D such that |Ju. — f(ue)||x < e. Show that f
has a fixed point in D, i.e., there exists v € D such that v = f(v).

Problem 2.4**

Let X and Y be two Banach spaces and let A € £.(X;Y’). Show that:
(a) the subspace A(X) CY is separable;

(b) if A(X) is of second category in itself, then A € L;(X;Y).

Problem 2.5**

Let X and Y be two metric spaces and let f € C(X;Y). Show that

the following two conditions are equivalent:

(a) Every sequence {un},~; C X such that f(u,) — y € Y admits
a subsequence {uy, }x>1 such that u,, — u e X.

(b) f is a closed map and for every y € Y, the set f~1(y) C Y is
compact.

Problem 2.6**

Let X and Y be two metric spaces and suppose that f € C(X;Y)
satisfies one of the equivalent properties (a) or (b) of Problem 2.5.
Show that f is proper.

Problem 2.7
Let X and Y be two metric spaces with X being compact. Show that
every function f € C(X;Y) is closed and proper.
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Problem 2.8**
Let {¥5.},,~1 € R be asequence such that 0, — 0 and let K: 12—
be the linear operator defined by

K(u) = {ﬁnwn}n>1 Vu= {xn}n>1 el
Show that K € L.(1%).

Problem 2.9*
Suppose that X is a Banach space, A € £.(X) and A? = A (that is,
A is a projection; see Definition 2.27(c)). Show that A € L;(X).

Problem 2.10*

Suppose that X is a Banach space, D C X is a nonempty closed
and bounded subset, and f: D — X is a condensing map (that is,
f € S(D)). Show that I, — f is proper.

Problem 2.11***
Let X be an infinite dimensional Banach space and let
By ={u€ X : |ul|x =1}. Show that «(B;) =2 and 3(B;) = 1.

Problem 2.12**
Suppose that X is a Banach space, B is the family of bounded subsets
of X, {Cn}n>1 C B is a decreasing sequence of sets (i.e., Cp41 C Cp,
for all n > 1), and lim ~(C,) = 0, where v = a or v = . Show
n—-+00

that the set () C,, is nonempty and compact.

n=1
Problem 2.13**
Suppose that X is a reflexive Banach space, Y is a Banach space,
A € L(X;Y), and C C X is a nonempty, bounded, closed, and
convex set. Show that the set A(C') CY is compact.

Problem 2.14*
Suppose that X and Y are two Banach spaces, A € L.(X;Y) and
L e L(Y;X). Show that AL € L.(Y) and LA € L.(X).

Problem 2.15**
Let X and Y be two Banach spaces and let A € L£(X;Y). Suppose
that there exists ¢ > 0 such that

|Aw)|ly = cllullx  VueX.

Show that A is compact if and only if X is finite dimensional.
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Problem 2.16**
Let X be a Banach space and let A € L.(X) \ L¢(X). Show that
0 € A(0By) (recall that 0By = {z € X : |z|]|x = 1}).

Problem 2.17*
Let S: 1?2 — [? be the forward shift operator, i.e.,

S(uy,uzg,...) = (0,ug,ug,...) V{unt,>1 € 2.

Evidently S € £(I?). Is S compact? Justify your answer.

Problem 2.18**
Suppose that X and Y are two Banach spaces, A € £L(X;Y) and A is

also continuous from X with the weak topology into Y with the strong
topology. Show that A € L#(X;Y).

Problem 2.19*
Let X be a reflexive Banach space and let A € L.(X). Show that
there exists ug € X with |lug||x < 1 such that ||A| 2 = || A(uo)| x-

Problem 2.20**
Find a Banach space X and A € £(X) such that A is not compact
but A? is.

Problem 2.21***

Let H be a Hilbert space and let A € £L(H). Show that the following
properties are equivalent:

(a) Ae L.(H).

(b) For every orthonormal basis {e, }acs of H and € > 0, the set

{oe ! [(Alea),ea)y | > €}

is finite.
(c) Thereisasequence {A,},~, C Lf(H) such that |[A—A,|z — 0.

Problem 2.22**
Let (S,%1,u) and (T,%2,&) be two finite separable measure spaces
and let K € L?(T x S). Consider the integral operator L: L?(S) —
L?(T) defined by

= /K(t, s)u(s) dp Vtel.

Show that L is compact.
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Problem 2.23**
Let h € C([0,1]), h # 0 and let A: C([0,1]) — C([0,1]) be
defined by

A(u)(t) = h(t)u(t) VueC(0,1]), te]0,1].
Show that A is well defined, linear, continuous but not compact.

Problem 2.24**
Show that I! is embedded continuously in [? and examine if the emb-
edding is compact.

Problem 2.25**
Let X be a reflexive Banach space. Show that every A € L£(X;I!) is
compact.

Problem 2.26***
Show that the space L.(I?) is not reflexive.

Problem 2.27**

Let X and Y be two Banach spaces with X of infinite dimension and
let A€ Lc(X;Y). Show that there exists a sequence {us},~; € X
such that ||u||x =1 for all n > 1 and ||A(uy)|y — 0.

Problem 2.28**
Let X be a reflexive Banach space and let A € £(cp; X). Show that A
is compact (recall that

co = {{un}n21 t {un},>; is a real sequence such that u,, — 0}

with the norm [[{un},>[lco = sup |un|).
n>1

Problem 2.29**

Suppose that X and Y are two Banach spaces, A € L.(X;Y) and
R(A) C Y is closed. Show that A € L;(X;Y). In addition, if
dimker A < 400, then X is finite dimensional.

Problem 2.30**
Let X and Y be two Banach spaces and let A € £,,.(X;Y") (see Defini-
tion 2.1(d)). Show that R(A) is closed if and only if R(A) is reflexive.
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Problem 2.31**

Let X and Y be two Banach spaces and let A € £(X;Y'). Show that

the following four properties are equivalent:

(a) A is weakly compact (see Definition 2.1(d)).

(b) A™(X*) CY.

(c) A*: Y. — X is continuous (here by Y,5. we denote the space
Y™ furnished with the w*-topology and by X, the space X* fur-
nished with its w-topology).

(d) A*: Y* — X* is weakly compact.

Problem 2.32™*

Let X and Y be two Banach spaces and let A € L(X;Y). Show that
A € LA(X;Y) if and only if there exists a sequence {up},~; € X*
such that ||u}|x» — 0 and

[A(w)lly < sup[(zn,u)| VueX

n>1

Problem 2.33**

Let X be a reflexive Banach space and let f: X — X™* be a coercive

map satisfying the condition: “for any sequence {un}n>1 C X such

that u, — u in X and lirf (f(un) — f(u),un, —u) = 0, we have
n——+0oo

that u, — u in X.” Show that f is proper.

Problem 2.34**

Let X and Y be two Banach spaces and let A € £(X;Y'). Show that
A€ L(X;Y) if and only if A factors with compact factors through a
closed subspace of cg.

Problem 2.35**
Let X be a Banach space and let A € L(cg, X). Show that A €
Loye(co, X) if and only if A € L.(cp; X).

Problem 2.36**

Suppose that X is a reflexive Banach space, Y is a Banach space,
A€ LA(X;Y), C C X is anonempty, bounded, closed, and convex set
and y € Y. Show that there exists ug € C such that

|A(uo) —ylly = 522 |A(uw) —ylly.
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Problem 2.37**

Let X and Y be two Banach spaces and let A € £(X;Y'). Show that
A€ L§(X;Y)if and only if A* € L(Y*; X*). Moreover dim R(A) =
dim R(A™*).

Problem 2.38**
Let Y be a Banach space and let A € £(I'; X). Show that A is weakly
compact if and only if the sequence {A(en)}, 5, C Y is relatively w-

compact (here {en}n>1 denotes the standard Schauder basis of I1).

Problem 2.39**
Suppose that X is a Banach space, {un}n>1 C X is a relatively w-

compact sequence and A: ' — X is defined by

Alx) = anun Vao={z},5, € 1.
n>1

Show that A is weakly compact.

Problem 2.40**
Let X be an infinite dimensional Banach space and let A € L.(X).
Show that 0 € o(A).

Problem 2.41**
Let A € £(L*(0,1)) be defined by

A(u)(t) = tu(t) Vtelo,1].
Show that o, = 00 (that is, A has no eigenvalues) and [0, 1] C o(A).

Problem 2.42**
Let H be a Hilbert space and let A € L(H) be self-adjoint. Show that:
(a) [|Allc = sup (A(u),u)y;
llullar <1
(b) all eigenvalues of A are real and eigenvectors corresponding to
distinct eigenvalues are orthogonal.

Problem 2.43**
Suppose that H is a Hilbert space, A € L(H) is a self-adjoint operator
and A € C. Show that A € o(A) if and only if

(AL, — )W)l = 0.

inf ||
lull p=1
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Problem 2.44**
Suppose that H is a Hilbert space, A € L(H) is a self-adjoint operator
and

m = inf (A(u),u)y and M = sup (A(u),u)y.

llull =1 l[ull =1
Show that o(A) C [m, M] and m, M € o(A).

Problem 2.45*

Suppose that X is a Banach space and A € £(X) is such that A # 0,
A # I, and A is a projection (see Definition 2.27(c)). Show that
op(A) =0(A) ={0,1}.

Problem 2.46**
Suppose that X is a Banach space, A € £(X) and £ € C\{0}. Assume
that the series > £€~("+1) A (u) converges for every v € X. Show that

n>0
£ € o(A).

Problem 2.47**
Let X = LP(0,1) with 1 < p < 400 and let A: X — X be defined by

Au)(t) = /u(s)ds Vte(0,1).
0

Show that A € £.(X) and find o(A) and 0,(A).

Problem 2.48**
Let H be a Hilbert space and let A € L(H) be a self-adjoint isomor-
phism of H which is positive (i.e., (A(u),u)y = 0 for alluw € H). Show
that

(u,h) = (A(u),h)y VuheH

(NI

defines a new inner product on H and |u| = (u,u)? is an equivalent

norm on H.

Problem 2.49*

Let X and Y be two Banach spaces and let L € £(X;Y). Suppose
that T, S € L(Y; X) are such that LoT =1, + K and SoL =1, +K
with K and K compact operators. Show that L € Fred (X;Y).
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Problem 2.50*
Let X and Y be two Banach spaces, L € Fred(X;Y) and K €
L.(X;Y). Show that L + K € Fred (X;Y) and i(K) = i(L + K).

Problem 2.51**

Let X be a Hausdorff topological space and let ¢: X — R be a

function. Show that:

(a) ¢ is a lower semicontinuous function if and only if the
multifunction w+—— E,(u) is upper semicontinuous (where
Eo(u) = {A € R: g(u) < AD);

(b) ¢ is an upper semicontinuous function if and only if the multi-
function v — E,(u) is lower semicontinuous.

Problem 2.52**

Let X and Y be two Hausdorff topological spaces and let F': X —
2\ {0} be a multifunction with connected values which is upper
semicontinuous or lower semicontinuous. Show that F’ maps connected
sets to connected sets.

Problem 2.53*

Let X and Y be two Hausdorff topological spaces and let F: X —
2Y'\ {0} be a multifunction. We introduce the multifunction F: X —
P¢(X) defined by

F(u) = Flu) VYueX.

Show that F is lower semicontinuous if and only if F is lower semi-
continuous.

Is the result true for upper semicontinuous functions? Justify your
answer.

Problem 2.54**

Suppose that X is a Hausdorff topological space, Y is a normed space
and F: X — 2¥\ {(}} is a lower semicontinuous multifunction. Show
that the multifunctions u — conv F'(u) and u — conv F'(u) are both
lower semicontinuous.

Problem 2.55*

Suppose that X is a Hausdorff topological space, Y is a Banach space
and F': X — P,(Y) is an upper semicontinuous multifunction. Show
that the multifunction u — ¢onv F'(u) is upper semicontinuous too.
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Problem 2.56**

Let X and Y be two Hausdorff topological spaces and let

F: X — 2Y\ {0} be a multifunction. Show that:

(a) if F is P(Y)-valued and upper semicontinuous and K € Py(X),
then F(K) € Py(Y);

(b) if F: X — 2V \ {0} is closed, G: X — P,(Y) is upper semi-
continuous and F(u) N G(u) # 0 for all u € X, then X 3 u —
H(u) = F(u) N G(u) € 2¥ \ {0} is upper semicontinuous.

(c) Is the intersection of two lower semicontinuous multifunctions nec-
essary a lower semicontinuous multifunction? Justify your answer.

Problem 2.57**

Let (X,d,) be a metric space and suppose that ¢ € C(X) is in the
closure of {dist(-, E) : E € P¢(X)} for the topology of pointwise con-
vergence. Assume that D = {z € X : ¢(z) =0} # 0 and for each
u € X we have dist(u, D) < ¢(u). Show that () = dist(-, D)

Problem 2.58**
Let (X, dy) be a metric space and let {Cy}, 5, C Pr(X) be a sequence

such that C,, oe P (X). Show that

c-nNUa-=-NUN©-

m=1ln>m e>0m=>=1n>m

where (Cp)e = {u € X : dist(u,C),) < €}.

Problem 2.59**
Let (X,dy) be a metric space and let K C (P¢(X),h) be compact.

Show that the set |J C C X is closed.
CeK

Problem 2.60**

Let (X, d, ) be a metric space and let F be the family of finite subsets
of X. Show that F is dense in (Py(X),h) if and only if X is totally
bounded.
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Problem 2.61*

Suppose that X, Y, and V are three Hausdorff topological spaces,
¢: X xY — V is a continuous map, and M: X — 2V \ {0} is a
lower semicontinuous multifunction. We set

F(u) = o(u, M(u)) VueX.
Show that u — F(u) is lower semicontinuous form X into 2" \ {(}.

Problem 2.62*

Suppose that X, Y, and V are three metric spaces, ¢: X XY — V is
a continuous map, and M: X — P,(Y) is an upper semicontinuous
multifunction. We set

F(u) = o(u, M(u)) VueX.
Show that u — F'(u) is upper semicontinuous form X into Py(V).

Problem 2.63*
Let (X,d, ) be a metric space and suppose that (P¢(X), k) is compact.
Show that X is compact.

Problem 2.64**

Suppose that X and Y are two Hausdorff topological spaces, ¢: X X
Y — R* = RU {*oo} is a lower semicontinuous function and
F: X — 2V \ {0} is a lower semicontinuous multifunction. Let

v(u) = sup @(u,y)
yEF (u)

(the value function). Show that v: X — R* is lower semicontinu-
ous.

Problem 2.65**

Let X and Y be two Hausdorff topological spaces and let F': X —»
P¢(Y') be a multifunction which is closed (see Definition 2.40) and
locally compact (see Proposition 2.45). Show that F' is upper semi-
continuous.
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Problem 2.66**

Suppose that X and Y are two Hausdorff topological spaces, ¢: X X
Y — Ris a continuous function, and F': X — Py (X) is a continuous
multifunction. We define

v(u) = sup p(u,y) VuelX,
yEF (u)

S(u) = {yeF(x): v(u) =v(u,y)} VueX.

Show that v: X — R is continuous and S: X — Pi(Y) is upper
semicontinuous.

Problem 2.67*

Show that in general a lower semicontinuous multifunction need not be
h-lower semicontinuous and an h-upper semicontinuous multifunction
need not be upper semicontinuous (cf. Propositions 2.54 and 2.55).

Problem 2.68*

Suppose that X is a Hausdorff topological space, (Y,d, ) is a metric
space, and F': X — P(Y') is an h-upper semicontinuous multifunc-
tion. Show that F' is closed.

Problem 2.69*

Suppose that X is a Hausdorff topological space, (Y,d, ) is a metric
space and F: X — 2Y \ {(} is an h-upper semicontinuous multi-
function. Show that for every y € X the function u — ¢,(u) =
disty (y, F'(u)) is lower semicontinuous.

Problem 2.70**
Let (X,d, ) be a complete metric space and let F': X — P(X) be a
multifunction such that

h(F(u), F(v)) < kd(u,v) Vu,veX,

with & > 0. For any compact set K C X, we set Rp(K) = |J F(u).
u€K
Show that:

(a) Rr(K) € Pp(X);

(b) Rp: Py(X) — Pp(X) is Lipschitz continuous with Lipschitz con-
stant k£ (on Py (X) we consider the Hausdorff metric corresponding
tod,).
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Problem 2.71**

Suppose that X and Y are two Hausdorff topological spaces, F': X —
2Y\ {0} is a lower semicontinuous multifunction, and G: X — 2¥\{(}
is a multifunction with open graph. Suppose that

FuyNnGu) # 0 VuelX.

Show that the multifunction v +— F(u) N G(u) is lower
semicontinuous.

Problem 2.72**

Let X be a paracompact, perfectly normal topological space, let Y be
a Banach space, and let F': X — 2¥\ {()} be a lower semicontinuous
multifunction with convex values. Show that for every r > 0, there
exists a continuous map h: X — Y such that

disty (h(u), F(u)) < r VueX.

Problem 2.73**

Suppose that X is a compact Hausdorff topological space, Y is a locally
convex vector space, and F': X — 2¥ \ {}} is a multifunction with
convex values. Assume that for every y € Y, the set F~({y}) =
{ue X : ye€ F(u)} is open. Show that there exists a continuous map
f: X — Y such that f(u) € F(u) for all u € X.

Problem 2.74**
Let X and Y be two Banach spaces and let A € L(X;Y) be surjec-
tive. Show that there exists a continuous map f: Y — X such that

A(f(y)) =y forally e Y.

Problem 2.75*

Suppose that X is a paracompact space, Y is a Banach space,
C € Pr(X) and F: X — Py (Y) is a lower semicontinuous multi-
function. Show that any continuous selection of F'|, can be extended
to a continuous selection of F'.

Problem 2.76*

Suppose that X is metric space, p: X — R is an upper semicontinu-
ous function and ¢: X — R is a lower semicontinuous function such
that ¢(u) < ¢ (u) for all v € X. Show that there exists a continuous
function f: X — R such that

olu) < flu) < P(u) VueX.
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Problem 2.77**

Suppose that X is a Hausdorff topological space, Y is a topological
vector space, F': X — 2V \ {{} is a lower semicontinuous multifunc-
tion, ¢ € C(X;Y) and U is an open neighborhood of the origin in Y.
Assume that

H(u) = Fu)n (eu)+U) # 0 Vue X.

Show that the multifunction u — H (u) is lower semicontinuous from
X into Y.

Problem 2.78**

Suppose that X is a Hausdorff topological space, Y is a topological
vector space, and F,G: X — 2Y \ {()} are two lower semicontinuous
multifunctions. Show that the multifunction X > u —— H(u) =
F(u) + G(u) € 2¥ \ {0} is lower semicontinuous.

Problem 2.79™*
Let X be a paracompact space and let Y be a normed space. We say
that a multifunction F: X — 2 \ {0} is almost lower semicon-

tinuous (a-lsc for short), if for every ¢ > 0 and every u € X, there
exists U € N (u) (where NV (u) is the filter of neighborhoods of u) such

that

() Fu): # 0

u'elU
(recall that F(u'). = {y € Y : disty(y, F(u')) <e)}). Show that, if
F is an almost lower semicontinuous multifunction and has convex
values, then for every ¢ > 0 there exists f. € C(X;Y) such that
disty (fe(u), F(u)) < ¢ for all u € X.

Problem 2.80*
Suppose that X is a paracompact space, Y is a Banach space,
F: X — Py (Y) is a lower semicontinuous multifunction and (u,y) €

Gr F. Show that there exists a continuous selector fof F such that

fw)=4y.

Problem 2.81*

Suppose that X and Y are two Hausdorff topological spaces, D C X
is a set and F: X — 2Y \ {0} is a multifunction which is lower
semicontinuous on D \ D. Show that F( D) C F(D).
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Problem 2.82*

Show that the Cartesian product of two lower semicontinuous multi-
functions is lower semicontinuous. Is this also true for upper semicon-
tinuous multifunctions? Justify your answer.

Problem 2.83***

Suppose that (X,d, ) is a metric space, Y is a Banach space and
F: X — 2Y\ {0} is an upper semicontinuous multifunction with con-
vex values. Show that for every € > 0, we can find a locally Lipschitz
function f.: X — Y such that

fe(X) C conv F(X) and A*(Grf.,GrF) < e.

Problem 2.84***

Suppose that X is a metric space, Y is a Banach space, W C X is
an open set, K C W is a compact set and F': W — 2V \ {0} is an
upper semicontinuous multifunction with convex values. Show that for
every € > 0, there exists an open neighborhood V; of K and a locally
Lipschitz function f.: V. — conv F/(K) with finite dimensional range
such that

fe(u) € F(KNB:(u))+eBy VuevV..

Problem 2.85™*

Suppose that X is a compact topological space and F': X — Pr(X)
is an upper semicontinuous multifunction. Show that there exists a
nonempty closed set C' C X such that F(C) = C.

Problem 2.86**
Find a compact valued multifunction which is closed but not upper
semicontinuous.

Problem 2.87**

Let X be a Banach space and let K C X be a nonempty set which
is boundedly compact (respectively boundedly w-compact), i.e., for
every r > 0, the set K N B, is compact (respectively w-compact). Let

proj, (u) = {he K: |[u—h|x = dist(u, K)}.

Show that the multifunction u +—— proj,(u) (known as the metric
projection on K) is upper semicontinuous from X into X (respec-
tively from X into X, where X,, denotes the Banach space X fur-
nished with the weak topology).
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Problem 2.88**

Suppose that X is a Banach space, X* is its topological dual, F: X —
2X"\ {0} is the duality map. Show that F is upper semicontinuous
from X with norm topology into X, (X, denoting X* with the
w*-topology).

Problem 2.89**

Let X be a metric space and let F': X — Py (X) be a lower semicon-
tinuous and closed multifunction with connected values. Show that F'
is continuous.

Problem 2.90*
Produce an upper semicontinuous multifunction with closed and con-
vex values which does not have a continuous selector.

Problem 2.91**

Let T  and X be two separable metric spaces which are Borel sets in
their respective completions (that is, 7" and X are Borel spaces) and
let F: T — Pf.(X) be a measurable multifunction with o-compact
values. Show that for every closed set C' C X, we have F~(C) € B(X).

Problem 2.92*

Suppose that (2,3) is a measurable space, X is a Polish space and
w: X —> 1 is a map such that:

(i) for every w € Q, ¢ '({w}) € P¢(X); and

(ii) for every openset V C X, (V) € X.

Show that there exists a Y-measurable map f: Q2 — X such that
o(f(w)) = w for all w € Q.

Problem 2.93**

Suppose that (€2,X) is a measurable space, X is a separable metric
space and F': Q — Py (X) is a multifunction. Show that F' is mea-
surable if and only if F~(C) € X for every closed set C' C X.

Problem 2.94**

Suppose that (€2,%) is a measurable space, X is a separable metric
space, and F': § — P¢(X) is a measurable multifunction. Show that
for every compact set K C X, we have F~(K) € X.
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Problem 2.95**

Suppose that (€2,%) is a measurable space, X is a separable metric
space, Y is a metric space, ¢: 2 x X — Y is a Carathéodory map
(i.e., for all u € X, the function w — p(w, u) is X-measurable, while
for every w € €2, the function u — ¢(w, u) is continuous) and U C Y
is a nonempty open set. Show that the multifunction F: Q — 2%
defined by

Flw) = {ue X: ¢o(w,u) eU}.

is measurable.

Problem 2.96**
Let X and Y be two o-compact metric spaces and let F': X — 2Y\{()}
be a closed multifunction. Show that F' is measurable.

Problem 2.97***

Suppose that (€2,%) is a measurable space, X is a separable metric
space and {Fy: Q@ — Py(X)}, -, is a sequence of measurable multi-
functions. Suppose that at least one of them is compact valued. Show

that the map w+— H(w) = [ Fnp(w) is measurable.
n>1

Problem 2.98**

Suppose that (£2,X) is a measurable space, X is a Polish space, Y is a
metric space, p: QxX — Y is a Carathéodory map, U: Q@ — P¢(X)
is a measurable multifunction, and

Gw) = ¢pw,U(w)) VweQ.
Show that G: Q2 — Y is measurable.

Problem 2.99**

Suppose that (€2,3) is a measurable space, X is a Polish space,
F: Q — Py(X) is a measurable multifunction, and ¢g: @ — X is
a Y-measurable function. Show that there exists a Y-measurable sel-
ector f of F' such that

dist(g(w), F(w)) = dy(9(w), f(w)) Vwe

Problem 2.100*

Suppose that (€2,X) is a measurable space, X is a o-compact metric
space, and F': @ — P¢(X) is a multifunction such that F~(K) € ¥
for every K € P(X). Show that F' is measurable.
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Problem 2.101**

Suppose that (£2,X) is a complete measurable space, X is a Polish
space, Y is a o-compact Polish space, and F': Q@ — P¢(X xY) is a
multifunction. We define the multifunction G: Q@ x X — P¢(Y) by
setting

Gw,u) = {yeY: (u,y) € F(w)} vV (w,u) € Qx X.
Show that F' is measurable if and only if G is measurable.

Problem 2.102*
Suppose that (€2,X) is a complete measurable space, X is a separable
Banach space and F: Q — 2% \ {0} is a graph measurable multi-
function (see Definition 2.61(b)). Show that for every u* € X*, the
map
w — o, (W) = sup (v, u)
ueF (w)

is Y-measurable.

Problem 2.103***

Suppose that (€,Y) is a measurable space, X is a separable Banach
space, and F': Q@ — Puic(X) is a multifunction. Show that F' is
measurable if and only if for every u* € X*, the map w — O pw) (u*)
in Y-measurable.

Problem 2.104**

Suppose that (€2,3) is a complete measurable space, X is a Souslin
space ¢: 2 x X — R* is a jointly measurable function and F': ) —
2%\ {0} is a graph measurable multifunction. We define

m(w) = ueigfw) o(w,u) VweQ.

Show that m: ) — R* is ¥-measurable.

Problem 2.105**

(a) Suppose that (2,%) is a measurable space, X is a separable Ba-
nach space and F':  — P¢(X) is a measurable multifunction.
Show that multifunctions w —— conv F(w) and w —— conv F(w)
are both measurable.
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(b) Suppose that (Q,¥) is a complete measurable space, X is a sepa-
rable Banach space and F': Q — 2%\ {{)} is a graph measurable
multifunction. Show that the multifunction w +—— conv F'(w) is
measurable.

Problem 2.106*

Suppose that (€2, Y) is a measurable space, X is a separable Banach
space, and u:  — X and p: Q — (0, +00) are Y-measurable func-
tions. Show that the multifunction

Q3w — Byw)(uw)) ={y e X: [ly —u(w)llx <olw)}

is measurable.

Problem 2.107**

Suppose that (£2,) is a measurable space, X is a compact metric
space, and ¢: Q@ x X — R is a Carathéodory function (see Prob-
lem 2.95). Show that the multifunction F':  — 2% defined by

Flw) = {ue X: p(w,u) =0}
is measurable.

Problem 2.108**

We suppose that (€2, %) and (7, 7) are two measurable spaces with
being complete (i.e., ¥ = 5; see Definition 1.4.45), X is a Souslin space,
F:Q— 2%\ {0}, and G: Q — 27\ {0} are two graph measurable
multifunctions, h: Q x X — T is a (X x B, T )-measurable map and

hw, Flw)) NGw) # 0 YweQ.

Show that there exists a X-measurable selector f: 0 — X of F' such
that
hMw, f(w)) € G(w) YV w e

Problem 2.109*

Suppose that (£2,%) is a complete measurable space, X is a Polish
space and {Fy: Q@ — Pp(X)}, -, is a sequence of measurable multi-
functions. Show that the multifunctions

wr— Gw) = UFn(w) and w — H(w) = an(w)
n>1 n>1

are both measurable.
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Problem 2.110**
Suppose that (2, %, ) is a o-finite measure space, X is a separable
Banach space and F: Q — 2%\ {()} is a multifunction with Gr F €
Y, x B(X) (X, being the p-completion of ¥; see Definition 1.4.45).
Show that for 1 < p < +o0, we have S%. # () (see Theorem 2.72) if and
only if

inf JJul|lx < Y(w) for pra.a. weQ,

€F(w)

with 9 € LP(Q).

Problem 2.111**

Suppose that (,%, ) is a complete o-finite measure space, X is a
Polish space and {F},: @ — Pr(X)}, -, is a sequence of measurable
multifunctions. Show that the multifunctions

w > liminf F,(w) and w +— limsup F,(w)
n—+00 n—4o0o

(see Definition 2.88) are both measurable.

Problem 2.112**

Suppose that (2,3, u) is a o-finite measure space, X is a separable
Banach space and F': Q — 2%\ {0} a graph measurable multifunction
such that S%. # () with 1 < p < co. Show that we can find a sequence
{fatns1 € Sp such that

F(w) € {fa(w)},>; for paa we.

Problem 2.113**

Suppose that (2, %, 1) is a o-finite measure space, X is a separable
Banach space, F':  — Pf(X) a graph measurable multifunction
such that S # 0 with 1 < p < 400, {fn}n>1 C S%. is a sequence such
that

F(w) = {fa(w)},>; for p-aa we

(see Problem 2.112), f € S% and € > 0. Show that there exists a finite
Y-partition {A1,..., A;} of Q such that

!
Hf_ZXAkkaX < &
k=1
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Problem 2.114**

Suppose that (2,3, u) is a o-finite measure space, X is a separa-
ble Banach space and F,G: Q — P¢(X) are two measurable mul-
tifunctions such that S%.,S7 # 0 with some 1 < p < +oo. Set

Hw) = m Show that S% = m.

Problem 2.115™

Suppose that (2,3, u) is a o-finite measure space, X is a separable
Banach space, F': Q — 2% \ {(} a graph measurable multifunction
such that S # 0 with 1 < p < +co. Show that

conv Sh. = SE__ ..
Problem 2.116**

Suppose that (2,3, 1) is a o-finite measure space, X is a separable
Banach space, F': Q — 2% \ {()} a graph measurable multifunction

such that S%. # () with 1 < p < 4o00. Show that S%. = S%.

Problem 2.117**

Suppose that (£2,%, ) is a o-finite nonatomic measure space, X,Y
are two Banach spaces with Y having the RNP (see Definition 1.45),
D C LP(Q; X) (with 1 < p < 400) is a decomposable set (see Defini-
tion 2.70) and T € L(LP(2; X);Y). Show that the set T(D) C Y is
convex.

Problem 2.118**

Suppose that (2,3, 1) is a o-finite nonatomic measure space, X is a
Banach space, D C LP(Q2; X) (with 1 < p < 400) is a decomposable
set which is w-closed. Show that the set D is convex.

Problem 2.119**

Suppose that (2,3, ) is a o-finite nonatomic measure space, X is
a separable Banach space, and F': Q — 2% \ {{} is a graph mea-
surable multifunction, such that S% # @ (with 1 < p < 4+00). Show
that ST;w = S __ . (here by w we denote the weak topology on the
Lebesgue—Bochner space LP(€); X)).

Problem 2.120**

Suppose that (€2,3, 1) is a o-finite measure space, X is a separable
Banach space and F,G: Q — 2% \ {()} are two graph measurable
multifunction, such that S7. = S7, for some 1 < p < 400. Show that
F(w) = G(w) for p-almost all w € Q.
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Problem 2.121**

Suppose that (2, %, ) is a o-finite measure space, X is a separable

Banach space, and F: Q — 2% \ {0} is a graph measurable multi-

function.

(a) Suppose that S% (with 1 < p < 400) is nonempty and closed.
Show that F(w) € Py(X) for p-almost all w € Q.

(b) Suppose that g is nonatomic and S} (with 1<p < +o0) is
nonempty, closed, and convex. Show that F(w) € P.(X) for
p-almost all w € Q.

Problem 2.122**

Suppose that (£2, %, p) is a nonatomic, o-finite measure space, X is a

separable Banach space and F': Q — 2% \ {0} is a graph measurable

multifunction with S% # (. Show that the set cl [ Fdp C X is convex
Q

(see Definition 2.85).

Problem 2.123*
Suppose that (2,3, 1) is a o-finite measure space, X is a separable
Banach space and F':  — Pyk.(X) is a graph measurable and inte-
grably bounded multifunction. Show that [ F(w)du € Pyi(X).

Q

Problem 2.124*

Suppose that (2,3, u) is a o-finite measure space, X is a separable
Banach space and F: @ — 2%\ {(} is a graph measurable multi-
function with S} # 0. Show that

7o (17) = /JF(W)(h*(w))du VRt e LO(Q; X5
Q

Problem 2.125**

Suppose that V' is a Polish space, X is a separable metric space,
p: B(V) — R is a finite Borel measure on V and F': V — P¢(X) is
a measurable multifunction. Show that for every € > 0, there exists a
compact set K. C V with u(V'\ K.) < € such that F|,_ is closed.

Problem 2.126**

Suppose that V is a Polish space, X is a separable metric space,
p: B(V) — R is a finite Borel measure on V and F': V. — Py(X) is
a measurable multifunction. Show that for every € > 0, there exists
a compact set K. C V with (V' \ K¢) < € such that F[,_ is lower
semicontinuous.
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Problem 2.127*

Suppose that (£2,%) and (7,7) are two measurable spaces, X is a
separable metric space and F': QxT — P¢(X) is a ¥ x T-measurable
multifunction. Fix ty € T and let ug be a Y-measurable selector of
F(-,t9). Show that given ¢ > 0, we can find a ¥ x T-measurable
selector ]?of F such that

~

dy(f(w,to),up(w)) < € Vwe.

Problem 2.128*

Suppose that (€2,3) is a complete measurable space, X is a Souslin
space and F: Q — 2% is a graph measurable multifunction. Show
that for every D € B(X), we have F~ (D) € X.

Problem 2.129**

Suppose that (£2,%) is a complete measurable space, X is a Polish
space and F': Q — 2%\ {()} is a graph measurable multifunction.
Show that the multifunction w — 9F(w) is measurable and w —
int F'(w) is graph measurable (where OF (w) denotes the boundary of

Problem 2.130**
Suppose that (2,3, 1) is a o-finite measure space, X is a separable
Banach space and F: Q@ — 2%\ {}} is a graph measurable multi-

function with open values such that S}T # (). Show that for every set

A e, the set [ Fdu C X is open.
A

Problem 2.131**

Suppose that (2, %, 1) is a finite measure space, X is a separable Ba-
nach space and F': Q — 2%\ {0} is a graph measurable multifunction
such that Sk # 0, F(w) is convex for all w € Q and

int F(w) # 0 for pra.a. we Q.
Show that
int/Fd,u:/inth,u VAeX.
A A
Problem 2.132**
Suppose that (2, %, 1) is a finite measure space, X is a Banach space

and D C L'(©; X) is a bounded and decomposable set. Show that D
is uniformly integrable.
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Problem 2.133**
Let T = [0,b] and let F': T — Pg.(RY) be a graph measurable and
integrably bounded multifunction. For every ¢t € T we set

Vi) = / F(s) ds.
0

Show that V': T — Py.(RY) is h-continuous and continuous and the

set C'Sy of continuous selectors of V' is nonempty and compact in
C(T;RM).

Problem 2.134*
Let X be a Banach space and let {A,}, 5, C 2%\ {0} be a sequence
of sets. Show that for every u € X, we have

lim sup dist(u, A,) < dist(u, s-liminf A,).

n—+00 n—+00
Problem 2.135*
Suppose that X is a Banach space, C' C X is a nonempty, w-closed
set such that for every r > 0, we have C N B, € Pui(X) (where
B,={ueX: |ul|x <r}) and {An},>1 C 2%\ {0} is a sequence of
sets such that A,, C C for all n > 1. Show that for every u € X, we
have

dist (u, w-limsup A,) < liminf dist(u, 4,).

n—+00 n—+00

Problem 2.136*
Suppose that X is a reflexive Banach space, A € Pr.(X), {An},>; C

P¢.(X) is a sequence such that A, M4 and {un},>; € X is a

sequence such that w, — wu in X. Show that dist(un,A4,) —
dist(u, A).

Problem 2.137**

Suppose that (€2,3) is a measurable space, X is a o-compact metric
space and {F,: Q — P(X)}
functions with

n>1 1S @ sequence of measurable multi-

limsup F,(w) # 0 Ywe.

n—-+4o0o

Show that the multifunction w —— H(w) = limsup F,(w) is
n——+00

measurable.
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Problem 2.138*
Suppose that X is a Banach space, A € 2X\ {0}, {4,},5; € 2%\ {0}
is a sequence such that

limsup dist(u, A,) < dist(u, A) VueX.

n—-+00

Show that A C s—liminf A,,.

n—-+4o0o

Problem 2.139**
Assume that X is a Banach space, C' € Pyi(X) and {A4,},5; C

2%\ {0} is a sequence such that A, C C for all n > 1. Show that
w-limsup A, # 0 and

n—-+o0o

O-wflirn sup Ap, (U*) = hm sup GAn (U*) \V/ U* S ){>|< .

n——4oo n—-+o0o

Problem 2.140*
Suppose that X is a Banach space, A € 2% \ {0} and {An}ns1 C
2%\ {0} is a sequence such that

limsupo, (u*) < o,(u”) Vute X
n——+o0o

Show that w-limsup A,, C conv A.
n—-+oo

Problem 2.141***

Suppose that (€2, X, 1) is a o-finite measure space, X is a Banach space,
h e LP(Q; X), {hn},>; C LP(; X) (with 1 < p < +00) is a sequence
such that h,, — h in LP(€; X) and

hn(w) € G(w) € Pur(X) for praa. we Q.
Show that

h(w) € conv w-limsup {h,(w)} for p-a.a. w € Q.

n—-+0o
Problem 2.142***
Suppose that (2,3, 1) is a o-finite measure space, X and Y are two

separable Banach spaces and F': Q x X — Py.(Y') is a multifunction
such that:
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(i) for all v € X, the multifunction w —— F(w,u) is graph
measurable;

(ii) for p-almost all w € €, the multifunction v — F(w,u) has a
graph which is closed in X x Y, (where Y,, denotes the Banach
space Y with the w-topology);

(iii) F(w,u) € G(w) for p-almost all w € Q, all v € X with a graph
measurable and integrably bounded multifunction G: @ —
F%kJYU-

Show that S}p(.’v(.)) # ) for any v € L'(Q; X).

Problem 2.143*

Suppose that (2,3, u) is a o-finite measure space, X is a separable
Banach spaces, and {hn}n>1 C LY(Q; X) is a sequence which is uni-
formly integrable and such that

w

{hn(W)},>1 € Pur(X) for praa. w e Q.
Show that the sequence {h,},~; C LY(2; X) is relatively w-compact.

Problem 2.144*
Suppose that (€2, %, i) is a finite measure space, h € L*(£), {hn}n>1 C
LY(Q) is a sequence such that h, — h in L'(Q) and assume that at
least one of the following conditions holds:
(i) h(w) < lim_ii_nf hyn(w) for p-almost all w € €; or

n—-—+0o0
(ii) limsup h,(w) < h(w) for p-almost all w € Q.

n—-+00

Show that h,, — h in L1(€).

Problem 2.145**
Show that in general for a sequence {A,}, -, C P¢(X) in a Banach

space X, the set w—limsup A, need not be closed or weakly closed.
n——+00

Problem 2.146*
Let X be a Banach space and let {4}, 5, C Pr.(X) be a sequence
such that

Apy1 C A, (respectively A,11 2 Ay) Vn>l.

Show that A, — () A, (respectively A, A, U Ap).
n>1 n>1
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Problem 2.147**
Suppose that (2, u) is a o-finite measure space, X and Y are two
separable
Banach spaces and F: Q x X — 2Y \ {0} is a multifunction such
that:

(i) F' is measurable on 2 x X;

(ii) for p-almost all w € Q, the multifunction u — F(w,u) is lower

semicontinuous;
(iii) there exists ¢ € L}(Q) such that

|F(w,u)] = sup |lylly € {(w) for pra.a.we Q, allu € X.
yEF (w,u)

Show that the multifunction h — S};(‘ h()) is lower semicontinuous
from L'(Q; X) into L'(;Y).

Problem 2.148*
Let X be a Banach space and let A: X D D(A) — 2% be a monotone
map with D(A) # (. Show that there exists a maximal monotone

extension A: X D D(A) — 2% of A (that is, a maximal monotone
map A: X O D(A) — 2% such that Gr A C Gr A).

Problem 2.149**

Let X be a Banach space and let A: X D D(A) — 2% be a maximal
monotone map. Show that Gr A is closed in X,, x X* and in X x X
(here X, (respectively X .) denotes the Banach space X (respectively
X*) furnished with the weak (respectively weak™) topology). Can we
say that Gr A is closed in X, x X.7 Justify your answer.

Problem 2.150*
Suppose that T' = (0,b), H is a Hilbert space, and ug € H. We define
A: L3(T;H) 2 D(A) — L*(T; H) by

Alu) = Ly VueDA) ={ueW"(T;H): u(0)=u}
(see Problem 1.104). Show that A is maximal monotone.

Problem 2.151**

Let X be a finite dimensional Banach space and let A: X — X* be
a monotone map with D(A) = X which is also hemicontinuous (see
Definition 2.110(b)). Show that A is continuous.
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Problem 2.152**

Let X be a Banach space and let A: X — X™* be a monotone map
with D(A) = X. Show that A is demicontinuous if and only if it is
hemicontinuous.

Problem 2.153*

Let © C RY be a bounded open set with a Lipschitz boundary 09,
1 <p<4o0 and let a: RY — RY be a continuous and monotone
map satisfying the following growth condition

la)l < e+ [y VyeRY,

for some ¢ > 0. For every u € W&’p(Q), let A(u) = —diva(Du). Show
that A: WyP(Q) — W (Q) = WyP(Q)* (where L+ L = 1) is
bounded (that is, maps bounded sets to bounded ones), continuous,

and maximal monotone.

Problem 2.154**

Let © C RY be a bounded open set with a Lipschitz boundary 09,
1 <p< 400 and let a: RY — RY be a continuous and monotone
map satisfying the following conditions

la()] < c1+[yP™")  VyeRY,
for some ¢ > 0 and
(a(y),y)py = Cyf  VyeRN,

for some ¢ > 0. Let g € W1 (Q) = WyP(Q)*. Show that there
exists u € Wy* () such that

—diva(Du) = g in W ().

Problem 2.155*
Let X be a reflexive Banach space and let A: X O D(A) — X* be
a linear monotone map. Show that the map A is maximal monotone

if and only if Gr A is maximal among all linear monotone subsets
(graphs) of X x X*.

Problem 2.156**
Let X be a reflexive Banach space and let A: X — X™ be a linear
demicontinuous monotone map. Show that A € £L(X; X™).
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Problem 2.157**
Let X be a Banach space and let A: X O D(A) — 2%" be a monotone
map which is lower semicontinuous at © € D(A) C X into X . (where
X« denotes the space X* furnished with the w*-topology). Show that
A(u) is a singleton.

Problem 2.158**
Let X be a separable Banach space and let A: X D D(A) — 2%" be
a maximal monotone map with int D(A) # (). Show that the set

I' = {ue D(A): A(u) is not a singleton}
is of first category.

Problem 2.159**
Show that the duality map of a Banach space X is linear if and only
if X is a Hilbert space.

Problem 2.160"*

Suppose that X is a reflexive Banach space, A: X O D(A) —
2X" is a monotone map, and C is a closed convex set such that
D(A) C C. Show that there exists a maximal monotone map

A: X D D(A) — 2% such that Gr A C Gr A and D(A) C C.

Problem 2.161**

Let X be a reflexive Banach space with X and X* both locally
uniformly convex (which is always possible thanks to the Troyanski
renorming theorem; see Theorem 1.5.192 or Remark 2.115) and let
A: X D D(A) — 2% be a maximal monotone map. Show that for
every u € X and for every A > 0, there exists unique uy € D(A) such
that 0 € AA(uy) + F(ux — u).

Remark. According to this problem, for every A > 0 we can define
the map Jy: X — D(A) by setting
Ia(u) = uy € D(A)
and then the map A): X — X™* by setting
Az(u) = —3F(ur—u) = +F(u—uy).

The map J, is called the resolvent of A and A) is called the Yosida
approximation of A. They are extensions to Banach spaces of the
items introduced in Definition 2.122.
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Problem 2.162**
Suppose that X is a reflexive Banach space, A: X D D(A) — 2%
is a maximal monotone map, {(un,uy)},>; € GrA is a sequence such

that u, — u in X and u}, — u* in X* and assume that

limsup (u;, —up,up —ug) < 0 or limsup (u; —u*,u, —u) < 0.
n,k—+o00 n——400

Show that (u,u*) € Gr A and (u}, u,) — (u*,u).

Problem 2.163***

Let X be a reflexive Banach space with X and X* both locally uni-
formly convex. Show that for every A > 0, the Yosida approximation

Ay: X — X (see the Remark after Problem 2.161) is everywhere de-
fined, single valued, monotone, bounded, demicontinuous and satisfies

Ax(u) € A(Jx(u)) VueX
and Jy: X — D(A) is continuous.

Problem 2.164**

Let X be a reflexive Banach space with X and X* both locally uni-
formly convex and let A: X D D(A) — 2%" be a maximal monotone
map. Show that

Ax(u) — A%w) in X* as AN\,0 Vue D(A),
with A%(u) € A(u) such that

AO . = inf * )
[ e = int o]l

(the minimal section of A) and
I(u) — u inX as AN\ 0 YV u € conv D(A).

Problem 2.165**
Let X be a reflexive Banach space and let A: X D D(A) — 2X" be a
maximal monotone map. Show that D(A) and R(A) are both convex.

Problem 2.166**
Let A: RY — RYM be a surjective monotone map. Show that
lim [A(u)| = 4o0.

|u]—+o0
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Problem 2.167*

Let A: RV — RY be a monotone map on B, =
{ueRY: |uf<r+e} (where r,e > 0). Show that the set
A(B,) € R" is bounded.

Problem 2.168**
Suppose that T' = (a,b), H is a Hilbert space, ug € H and
A: L*(T; H) D D(A) — L*(T; H) is defined by

Aw) = du  Yue D(A),

with D(A) = {ue WH*(T;H) : u(0) =uo} (see Problem 1.104).
Find the resolvent J{* (see Definition 2.122).

Problem 2.169**

Let X be a reflexive Banach space and let A: X — X* be an every-
where defined uniformly monotone and hemicontinuous map. Show
that A is surjective.

Problem 2.170**

Suppose that X is a reflexive Banach space and A: X D D(A) — 2%
is a bounded map (that is, A maps bounded sets to bounded sets)
which satisfies the following condition: if {(un,uy)},>; € Grd

is a sequence such that u, — wu in X, uy % w* in X* and
limsup (u), u, — u) < 0, then (u,u*) € Gr A. Show that A is upper

n——+0o00
semicontinuous from every finite dimensional subspace of X into X

(where X denotes the space X* furnished with the w-topology).

Problem 2.171**

Suppose that X is a reflexive Banach space and A: X D D(A) — 2%
and C: X D D(C) — X* are two monotone maps with D(C) = X.
Assume that the map u+—— (A + C)(u) is maximal monotone. Show
that A is maximal monotone.

Problem 2.172**

Suppose that (€2, X, p) is a o-finite measure space, H is a Hilbert space,
A: H D D(A) — 2% is a maximal monotone map with (0,0) € Gr A
and A: L2(Q: H) D D(A) —» L2(2; H) is the realization of A on the
Hilbert space L%(; H), that is,

Aw) = {he LX(Q H) : h(w) € A(u(w)) for p-a.a. w e Q}
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for all u € D(A) = {vell*(%H): 5124(1;()) # 0}. Show that A is
maximal monotone and find its Yosida approximation EA, for A > 0.
If () < +o0, then we can drop the requirement that (0,0) € Gr A.

Problem 2.173*
Given two maximal monotone maps A and C' which are defined ev-
erywhere, is it true that R(A + C) = R(A) + R(C)? Justify your

answer.

Problem 2.174**

Suppose that (£2,3) is a complete measurable space, X is a separa-

ble reflexive Banach space and for every w € €, the map A(w): X D

D(A(w)) — 2%7 is maximal monotone. Show that the following two

properties are equivalent:

(a) The multifunction w —— Gr A(w) is measurable from 2 into
Py (X x X*).

(b) For every u* € X* the map w +— (A(w) + F)~H(u*) is
3-measurable from €2 into X.

Problem 2.175**
Suppose that (€2,X) is a complete measurable space, X is a separable
reflexive Banach space and

{Aw): X 2 D(AWw)) = D(w) — 2% Jueq

is a family of maximal monotone maps satisfying property (a) (or

equivalently property (b)) in Problem 2.174. Show that:

(1) for every E € B(X), we have D™ (E)={w e Q: D(w)NE # 0} €
%

(2) for every u € X, the multifunction w — A(w)(u) is measurable
from € into X*;

(3) for every u € X, we have Q(u) = {w e Q: ue D(w)} € ¥ and
the minimal section map w — A°(w)(u) (see Problem 2.164) is
Y-measurable from Q(u) into X*.

Problem 2.176**

Suppose that X is a reflexive Banach space, A: X D D(A) — 2%
is a maximal monotone surjective map with D(A) = X and C C X is
a nonempty, closed, and convex set. Show that the set A(C) C X* is
closed.
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Problem 2.177*

Suppose that X is a strictly convex (see Definition 1.5.168 and
Remark 1.5.169), reflexive Banach space with a strictly convex dual
X*, A: X D D(A) — 2% and C: X D D(C) — 2% are two max-
imal monotone maps such that D(A)N D(C) # (. Show that for
every h* € X* the set of solutions {uy}rso of the equations
h* € (A+ Cy + F)(uy) remains bounded in X as A\, 0.

Problem 2.178*

Let X be a Banach space and let u,y € X. Show that the following
two properties are equivalent:

(a) JJullx < |lu+ Ay||x for all A > 0.

(b) There exists u* € F(u) such that (u*,y) > 0.

Problem 2.179**

Suppose that X is a reflexive Banach space with a strictly convex dual
X* (see Definition 1.5.168 and Remark 1.5.169), F: X — X* is the
duality map, C' C X is a nonempty and convex set and ug € C'. Show
that ||uol|x = ;Ielg ||lu|| x if and only if

(F(uo),uo) < (F(ug),u) VueC.

Problem 2.180*

Suppose that X is a reflexive Banach space with both X and X*
being strictly convex, A: X D D(A) — 2% is a maximal monotone
multifunction, {A,},~; € R and {u,},>; C X are two sequences such
that

A — 0, up — w inX and Ay, (u,) — y* in X*

limsup (Ay, (un) — Az, (Um), tn — up) < 0.

n,m—-+o0o
Show that (u,y*) € Gr A and
limsup (Ay, (up) — Ax,, (Um), Up — Up) = 0.

n,m—-+o0o

Problem 2.181***
Suppose that X is a strictly convex reflexive Banach space with a
strictly convex dual X* (see Definition 1.5.168 and Remark 1.5.169),
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A: X D D(A) — 2X" and C: X D D(C) — 2% are two maximal
monotone maps such that D(A) N D(C) # 0. Show that if for every
A >0, uy € X is the unique solution of the operator inclusion

h* e (A4 C\+ F)(un)
and {C)(uy)}aso € X* is bounded as A N\ 0, then h* € R(A+C + F).

Problem 2.182*
Let X be a reflexive Banach space and let A: X D D(A) — 2% be
a maximal monotone map. We set

m) = inf ol

(with inf ) = +00). Show that the function m: X — R =R U {+o00}
is lower semicontinuous.

Problem 2.183**

Suppose that X is a reflexive Banach space, A: X D D(A) — 2%
and C:X D D(C) — X* are two monotone maps such that
D(C)=X, R(A+C)= X* and (A + C)~! is continuous. Show that
A is maximal monotone.

Problem 2.184™*
Let X be a Banach space and let F be its duality map. Show that X
is reflexive if and only if R(F) = X*.

Problem 2.185*

Let X be a locally uniformly convex Banach space with a strictly
convex dual X* (see Definition 1.5.168 and Remark 1.5.169). Show that
the duality map F: X — X* is of type (S5)1 (see Definition 2.137).

Problem 2.186**

Suppose that X is a reflexive Banach space, A: X — X* is a demi-
continuous map of type (S)4+, and K: X — X* is a compact map.
Show that the map T: X — X* defined by

T(u) = (A+ K)(u) VueX

is generalized pseudomonotone (see Definition 2.131).
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Problem 2.187**

Suppose that X is a reflexive Banach space, A: X — X* is a gen-
eralized pseudomonotone map with D(A) = X and K: X — X*
is a map which is sequentially continuous from X,, (where X,, den-
otes the Banach space X furnished with the weak topology) into X},
(where X denotes the Banach space X* furnished with the weak
topology) and such that the function u —— @(u) = (K(u),u) is
sequentially weakly lower semicontinuous. Let {un}n>1 C X be a

sequence such that u, — u in X, (A + K)(up) — v* in X* and
limsup ((A 4+ K)(un), up — u) < 0. Show that u* € (A+ K)(u).
n——+oo

Problem 2.188*

Suppose that X is a reflexive Banach space, A: X D D(A) — 2X°
is a generalized pseudomonotone map and C C X is a nonempty,
bounded, and weakly closed set. Show that the set

AC) = {u" € X*: u" € A(u) for some u € C}
is strongly closed in X*.

Problem 2.189**
Let H be a Hilbert space and let K: H — H be a compact map.
Show that the map u —— u + K (u) is generalized pseudomonotone.

Problem 2.190™*

Let X be a reflexive Banach space and let K: X — X™* be a com-
pact map. Is K necessarily generalized pseudomonotone? Justify your
answer.

Problem 2.191*

Let X be a reflexive Banach space and let A: X — X™* be a monotone
map which is sequentially weakly continuous. Show that the function
ur— p(u) = (A(u),u) is sequentially weakly lower semicontinuous.

Problem 2.192***
Let © € RY be a bounded open set with a Lipschitz boundary and let
G: Q x RN — R satisfies:
(i) for all y € RY, the function z — G(z,y) is measurable;
(ii) for almost all z € Q, the function y — G(z,y) is C*, strictly
convex and G(z,0) = 0;
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(iii) there exist @ € L*>(Q2) and 1 < p < +o0 such that
VyG(zy)| < alz)d+ [y

for almost all z € Q and all y € RY;
(iv) we have
(VyG(2,9),y)pn < pG(2,y)
for almost all z €  and all y € RY;
(v) there exists ¢g > 0 such that

colyl’ < pG(z,y)
for almost all z €  and all y € RY.

Let a(z,y) = V,G(z,y) and let A: WIP(Q) — WLP(Q)* be the
nonlinear map defined by

(A(u),h) = /(a(z,Du(z)),Dh(z))RN dz Y u,h € WHP(Q).
Q

Show that A is maximal monotone and of type ().

Remark. If G(z,y) = G(y) = %|y|p for all y € RN with 1 < p < +o0,
then a(y) = |y[P~2y for all y € RY and so A corresponds to the
p-Laplacian differential operator with Neumann boundary condition.

Problem 2.193**

Suppose that H is a Hilbert space, A: H D D(A) — 2" is a maximal
monotone map, and C: H O D(C) — H is a monotone map with
D(C) C H closed and satisfies

1Cw) =CWla < klu—yla  Vuye D),

for some k € (0,1). Show that the map u — (A + C)(u) is maximal
monotone.

Problem 2.194*
Let X be a reflexive Banach space and let A: X — X™* be a demi-
continuous map of type (S);. Show that A is pseudomonotone.

Problem 2.195**

Let X be a reflexive Banach space and let A: X — X™ be a demicon-
tinuous, strongly coercive (see Definition 2.98(f)) and bounded map
which is of type (5)4. Show that A is surjective.
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Problem 2.196**
Let @ C RY (with N < 3) be a bounded open set and let
A: HYQ) — H7H(Q) = HL(Q)* be defined by

N
(A(u),h) = /Z(sin u(2))(Dru(z))h(z) dz Y u,h € Hy ().
o k=1

Show that A is completely continuous.

Problem 2.197*

Let H be a Hilbert space and let A: H O D(A) — H be a linear
operator (not necessarily bounded) which is monotone (positive) and
symmetric. Show that A is self-adjoint if and only if A is maximal
monotone.

Problem 2.198**

Suppose that H is a Hilbert space, A: H O D(A) — H and
T: H D D(T) — H are two linear monotone operators such that A
is self-adjoint and A C T (i.e., Gr A C GrT). Show that A =1T.

Problem 2.199*

Let X be a Banach space with a strictly convex dual X* and let
A: X D D(A) — 2% be a maximal accretive map. Show that for
every u € D(A), we have A(u) € Py (X).

Problem 2.200**

(a) Let X be a Banach space and let A: X D D(A) — 2% be a
maximal accretive map. Show that Gr A C X x X is closed.

(b) Let X be a Banach space with locally uniformly convex dual X*
and let A: X D D(A) — 2% be a maximal accretive map. Show
that Gr A is closed in X x X,, (where X,, denotes the Banach
space X furnished with the weak topology).

Problem 2.201**

Let X be a uniformly convex Banach space with a uniformly convex
dual X* and let A: X D D(A) — 2% be an m-accretive operator.
Show that for all v € D(A) we have

)l\i{‘rbA,\(u) = A%u) and )l\i{‘rbAO(J)\(u)) = A%u).
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Problem 2.202**

Let X be a reflexive Banach space with uniformly convex dual X*
and let A: X D D(A) — 2% be a maximal accretive map, which is
locally bounded. Show that A is upper semicontinuous from X into
Xw (where X, denotes the Banach space X furnished with the weak

topology).

Problem 2.203**

Suppose that X is a Banach space, u: R — X is a map which is
almost everywhere weakly differentiable and the map t — [Ju(t)| x is
almost everywhere differentiable. Show that for almost all ¢ € R, we
have

lu@®lx gllu@®lx = @,d' ) Vu* e Flud)).

Problem 2.204*
Let X be a Banach space and let A: X — X be a continuous accretive
map such that D(A) = X. Show that A is m-accretive.

Problem 2.205**

Let X be a reflexive Banach space with a uniformly convex dual X*
and let A: X — Py.(X) be an accretive map which is upper semi-
continuous from X into X,, (where X,, denotes the Banach space X
furnished with the weak topology). Show that A is maximal accretive.

Problem 2.206*

Suppose that X is a uniformly convex Banach space with uniformly
convex dual X*, C' C X is a nonempty and closed set and {S(t): C' —
C}i>o is a semigroup of nonexpansive maps (see Definition 2.156)
with infinitesimal generator A and which has the following prop-
erty: “if {un},>; C D(A) is a sequence such that [lu,||x — +oo,
then [[A(upn)||x — +00.” Show that for every u € D(A), we have
sup ||S(t)uol|x < +o0.

>0

Problem 2.207*

Suppose that X is a Banach space, A: X D D(A) — 2% is an
m-accretive map and {S(t): D(A) — D(A)}+>0 is the semigroup of
nonexpansive maps generated by A (see Theorem 2.158). Show that
for every u € D(A) and t > 0, we have
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t
IS —ullx < 2 / 1S(r)u — ullx dr-
0

Problem 2.208*

Suppose that X is a Banach space, A: X O D(A) — 2% is an
m-accretive map and {S(t): D(A) — D(A)}+>0 is the nonlinear semi-
group of nonexpansive maps generated by A (see Theorem 2.158).
Show that for every u € D(A), every t > 0 and every A > 0, we have

[SHu—ullx < 2+ %) lu—Jx(u)|x
and

t
lu— J(@lx < 2(1+2) / 1S(r)u — ullx dr.
0

Problem 2.209™*

Suppose that X is a Banach space, A: X D D(A) — 2% is an

m-accretive map and {S(t): D(A) — D(A)};>0 is the nonlinear semi-

group of nonexpansive maps generated by A (see Theorem 2.158).

Show that the following two properties are equivalent:

(a) The nonlinear semigroup {S(¢)};>0 is compact (see Defini-
tion 2.159(a)).

(b) For every A > 0, the map Jy is compact and {S(¢) }+>0 is equicon-
tinuous (see Definition 2.159(b)).

Problem 2.210**

Let X be a Banach space and let A: X D D(A) — 2% be an
m-accretive map. Suppose that {un}n>1 C D(A) is a sequence such
that u, — w in X and Ay, (u,) — h with A, N\, 0. Show that
(u,h) € Gr A. Also show that if X is reflexive with locally uniformly
convex dual, then we may assume that Ay (u,) — h (instead of
Ay, (up) — h).

Problem 2.211**

Let X be a Banach space and let A: X D D(A) — 2% be
an m-accretive map. Show that the following two properties are
equivalent:



338 Chapter 2. Nonlinear and Multivalued Maps

(a) For every A >0, J, is compact.
(b) For every n > 0, the sublevel set
L,={ue D(A): ||ul|x + |A(u)| < n} is relatively compact in X.

Problem 2.212*

Let L3 _(R) be the space of L?(R)-functions which are 27-period. We
equip L3, (R) with the norm [Jul| = [lu|jgox[l2- It becomes a Hilbert
space. Let A: L3 (R) D D(A) — L3 _(R) be defined by A(u) = u'
for every u € D(A), where D(A)={ue L} (R): v € L3 (R)}.
Show that A is maximal monotone and it generates a Cy-semigroup
{S(t)}+>1 which is not compact.

Problem 2.213**

Suppose that X is a Banach space, (E,d,) is a compact metric space,
and F': E — Py« (X*) is an upper semicontinuous multifunction
from E into X;. (with X7. being the Banach space X* furnished
with the w*-topology) and

= iof o'« VueE and 5 = inf y(u).
v(u) v*gm(u)Hv | u and 7 = inf y(u)

Show that for every € > 0, we can find a continuous map £: B — X
such that for every u € E and every v* € F(u) we have

lE(uw)|lx < 1 and (v*,&(u) > n—e.

Problem 2.214**

Suppose that X is a reflexive Banach space, Y, Z are two Banach
spaces with X being continuously embedded in Z and L € L.(X;Y).
Show that for every € > 0, there exists ¢. > 0 such that

L)y < ellullx +ccllullz  YVueX.

Problem 2.215**

Let Q@ C RY be a bounded domain with a Lipschitz boundary 99.
Suppose that p € (1, N) and ¢ € (1, ]X,p__]f). Show that for every € > 0,
there exists ¢, > 0 such that

lullroey < elDullp + cellullpoy ¥ ue WH(Q).

Problem 2.216**
Suppose that X is a Banach space, X* is its topological dual, U C X
is a nonempty open set and A: U — 2% \ {}} is a monotone map
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with convex and w*-closed values which is upper semicontinuous from
X into X+ (by X. we denote the Banach space X* furnished with
the w*-topology). Show that A is maximal monotone.

Problem 2.217**

Suppose that X is a Banach space, X* is its topological dual, A: X —
2%\ {0} is a monotone, locally bounded map with convex values and
GrA is closed in X x X. (by X. we denote the Banach space X*
furnished with the w*-topology). Show that A is maximal monotone.

Problem 2.218*
Let X be a Banach space and let A: X D D(A) — 2% be a strongly
coercive and surjective map. Show that A~ is locally bounded.
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2.3 Solutions

Solution of Problem 2.1

Evidently for each bounded set B C X, the set A(B) C Y is compact.
We need to show that A is also continuous (see Definition 2.1(a)).
Arguing by contradiction, suppose that A is not continuous. Then for
each n > 1, we can find u,, € X such that

[A(un)lly > nllun|x-
Then the sequence {Ilu%ILIX}

of X). But the sequence { A(
to the hypothesis.

n>l is bounded (it is on the unit sphere

is unbounded, a contradiction

Taddic) Yoz

Solution of Problem 2.2
Clearly f is continuous. Let B C D be a nonempty bounded set.
Given ¢ > 0, we can find ag = (g, B) € J such that

€

[fa(u) = fw)lly < 35 Voazao, uebB. (2.1)

We fix a € J, a > . We have that f,(B) C Y is relatively compact,
in particular then totally bounded (see Definition I1.1.70 and Theorem
[.1.71). So, we can find N = N(¢,B) > 1 and y;,...,yny € Y such
that

N
=1

where B ={yeY: [ly—unly <5} Let u€ B. We can find
no € {1,. N} such that

[fa(w) = ynolly < §
(see (2.2)), so

1f (@) = ynolly < (1 (w) = fa(W)lly + lfa(w) —ynolly < 5+5 = €
(see (2.1) and (2.2)), thus

U»

n=1
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(since u € B is arbitrary). This means that f(B) is totally bounded,
hence relatively compact. We conclude that f € K(D;Y) (see Defini-
tion 2.1(a)).

Solution of Problem 2.3
By hypothesis, for every n > 1, we can find u,, € D such that

lun = flun)llx < 3. (2.3)
Since f is compact (see Definition 2.1(a)), passing to a subsequence
if necessary, we may assume that f(u,) — v € F(D). It follows
that u, — v (see (2.3)) and since D is closed, we have v € D. The
continuity of f implies that f(u,) — f(v). Hence v = f(v) with
veD.

Solution of Problem 2.4
(a) Let Bj be the closed unit ball in X. We have
AX) = |JnA(By). (2.4)
n>1
But since A € L.(X;Y) (see Definition 2.1(a)), we have that
the set A(Bp) is compact, hence separable. It follows that

U nA(B;) is separable and so we conclude that A(X) is sep-
n=1
arable (see (2.4)).

(b) Since A(X) is of second category in itself (see Definition 1.1.25),

from the open mapping theorem (see Theorem 1.5.47), we have
that A( B1) is a neighborhood of the origin in (A(X),]|-||ly). The

compactness of A (see Definition 2.1(a)) implies that A(Bj) is
compact. So, (A(X),|||ly) is locally compact, hence finite dimen-
sional (see Proposition 1.5.9(a)). Therefore A € L#(X;Y) (see
Definition 2.1(c)).
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Solution of Problem 2.5

“(a) = (b)": Let {un},>; C f~Y(y) be a sequence. Then f(u,) =y
for all n > 1 and so from property (a), we can find a subsequence
{tn, }k>1 such that u,, — u € X. The continuity of f implies that
f(un,) — f(u)in Y. Hence y = f(u). Therefore u € f~*(y) and this
shows that f~!(y) is compact. Let C C X be closed and let y € f(C).
We can find a sequence {un},~; C C such that f(u,) — y inY.
According to property (a), we can find a subsequence {up, }r>1 such
that u,, — u € C (recall that the set C is closed). The continuity
of f implies that f(u,,) — f(u) in Y, hence y = f(u) € f(C).
This proves that f(C) is closed and so f is a closed map (see Propo-
sition 2.14).

“(b) = (a)”: Let {un},>; € X be a sequence such that f(u,) —
y€Y. Let C,, = {ug: k>n} for n > 1. Since f is closed, we have
f(Cy) = f(Cy). Since f(up) — y, we have

{y} = () f(C) = [) F(Cn)

n>1 n>1

So, if € f~1(y), then

fle) € () F(Cn).

n>1

Then the closed sets D, = f~'(y) N C, for n > 1, are nonempty
and have the finite intersection property (see Definition 1.2.80). The
compactness of f~!(y) implies that

Frwn ([ Cn) # 0

n>1

(see and Theorem 1.2.81). So, there is a limit point of the sequence
{un}, > which belongs in (y).

Solution of Problem 2.6
Let C C Y be a compact set and let {uy},,~; C f~X(C) be a sequence.
Since {f(un)},>1 € C, we can find a subsequence {uy, }x>1 such that
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f(un,) — y € C. From property (a) of Problem 2.5, we know that
we can find a subsequence {unkm }m>1 of {un, }r>1 such that u,, ——
v € X. The continuity of f implies that f(u,, )—> f(v) € C. Then
y = f(v) € C and so v € f~1(C) which establishes the compactness
of f~1(C). Therefore f is proper (see Definition 2.13).

Solution of Problem 2.7

Let C' C X be a closed subset. The compactness of X implies that C' is
compact too (see Proposition 1.1.69(b)). Then from the continuity of
f, we have that the set f(C') CY is compact (see Proposition 1.1.74),
hence closed too (see Proposition 2.14(b)). Thus we have proved that
f is a closed map (see Proposition 2.14). Also, for every y € Y, the set
f~Y(y) C X is closed (due to the continuity of f), hence compact in X
(since X is compact; see Proposition 1.1.69(b)). So, we have verified
property (b) of Problem 2.5. Invoking Problem 2.6, we conclude that
f is proper (see Definition 2.13).

Solution of Problem 2.8
Evidently K € L(I?). For every n > 1, we consider K, € L(I%)
defined by

K, (u) = (1911:1,192552, oy UnTp, 0, .. ) Vu= {xn}n>1 e 2.

Since by hypothesis 9, — 0, given € > 0, we can find ng > 1 such
that
[0, < e V' n = no.

We have
1
(K — Kp)(u)l,z = Z Vra7)? < ellulle Y n=mng, u€l?
k>2n+1
SO

IK—Kile < Ynzn,
thus K,, — K and hence K € £.(I?) (see Problem 2.2).
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Solution of Problem 2.9

Let V = A(X) C X and consider A|,: V — V. If v € V, then we
can find x € X such that v = A(x). Hence A(v) = A%(z) = A(z) = v.
If follows that A|, = I,,, which implies that V is finite dimensional
(see Theorem 1.5.22). Therefore A € L(X) (see Definition 2.1(c)).

Solution of Problem 2.10

Let C C D be a compact subset and let E = (I, — f)"!(C). The
continuity of I,, — f implies that E is closed in X. Also, note that
E C C+ f(F) and so from Proposition 2.32, we have

1E) < A(CH+f(E) < A(C)+1(f(B) = ~+(f(E).  (25)
If E is not compact, then v(E) > 0 (see Proposition 2.32) and since
~y is condensing (see Definition 2.31(e)), we have

1(f(E) < ~(E). (2.6)
Comparing (2.5) and (2.6) we reach a contradiction and so we con-
clude that E is compact. This means that I, — f is proper (see
Definition 2.13).

Solution of Problem 2.11

First let us show that «(B;) = 2 (see Definition 2.31). Note that
by virtue of Proposition 2.32(e), we may replace B; by 0B; =
{r € X : ||z||x = 1}. From Definition 2.31, it is clear that a(0B7) < 2.
Suppose that «(0B) < 2. This means that

N
6Bl = UCna
n=1

N N __
with diam C,, < 2 for all n € {1,...,N}. Since |J C, = |J Ch, we

n=1 n=1
may assume that the sets C,, are closed. Let V be an N-dimensional

subspace of X. Then
N
oBiNV = [ J(CunV).

n=1
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Therefore {C1 NV, ConNV,...,CyNV} is a closed cover of 0B NV
(the unit sphere of V') and so at least for one ng € {1,..., N}, the set
Cp, NV must contain a pair of antipodal points. Thus we have

= diam (Cp,, NV) < diamCy,,

a contradiction. This proves that a(Bp) = 2.

Next let us show that 5(B;) = 1. Again from Definition 2.31,
we have $(B;) < 1. Suppose that S(B1) = A < 1. Let ¢ > 0 be
such that A + ¢ < 1. From Definition 2.31, we know that we can find
u,...,uny € X such that

N
Bxye(un) Uun+ (A+¢€)Bu).
n=1

||C2

Then using Proposition 2.32, we have
A= y(B1) < (+e(B) = A+ < A

a contradiction. This proves that §(B;) = 1.

Solution of Problem 2.12

We do the solution for v = a and since § < « (see Definition 2.31),
the result is also true for v = 3. For each n > 1 choose u,, € C,, and
let C = {un},;. Since by hypothesis a(Cy,) — 0, given £ > 0, we
can find ng > 1 such that

a(Cp) < € Y n > ng. (2.7)
We have

a(C) = a({ul,...,uno}u{un}n>n0+1)
= O‘({un}n2no+1) < a(Cno) S €

(see Proposition 2.32, (2.7) and recall that the sequence {Cp},,
is decreasing). Since € > 0 is arbitrary, we let ¢ \, 0 and obtain
a(C) = 0, which means that C is compact. Therefore, by passing
to a subsequence if necessary, we may assume that uw, — u in X.
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Evidently u € C,, for all n > 1 and so u € N C,,. Therefore N C,

o n>=1 n>1
is nonempty. Moreover () C), is closed and
n>1
o ﬂ Cn) < a(Cpn) = a(Cp) Vn>1,

n>1
SO

Solution of Problem 2.13

We know that A(C) is compact. So, it suffices to show that A(C) CY
is closed. Let {yn},>; € A(C) be a sequence such that y, — yin Y.
We have y,, = A(u,,) with u,, € C for all n > 1. Since X is reflexive and
C C X is bounded, by the Eberlein-Smulian theorem (see Theorem
1.5.78) and passing to a suitable subsequence if necessary, we may
assume that u, — u in X. So, u € C". But the convexity of C
and the Mazur theorem (see Theorem 1.5.58) imply that u € C' = C.
Also, since A € L(X;Y), we have that A € £(Xy;Yw) (here X, and
Y., denote the Banach spaces X and Y with their weak topologies).
Therefore A(u,) — A(u) in Y. Recall that A(u,) =y, — y in Y.
It follows that y = A(u) € A(C) and so A(C) C Y is closed, hence
compact.

Solution of Problem 2.14

Let {yn},>1 €Y be a bounded sequence. The continuity of L implies
that the sequence {L(yn)}n>1 C X is bounded. Since A is compact, it
follows that the sequence {A(L(yy))},>; admits a strongly convergent
subsequence and this shows that AL € £.(Y) (see Problem 2.1).
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Let {zn},>; € X be a bounded sequence. Since A € L.(X;Y),
the sequence {A(zn)},~; admits a strongly convergent subsequence
{A(zn, ) }r>1. But then {L(A(xy,))}k>1 is strongly convergent too
and so by Problem 2.1, we conclude that LA € L.(X).

Solution of Problem 2.15

Hypothesis on A implies that A is injective. Let V = A(X) C Y.
Then A: X — V is bijective and so we can define A™1: V — X
which is linear. Moreover, from the hypothesis on A, we have

AT W)llx < Gllvly  YyeV,

SO
A7l e L(V;X).

If A is compact (see Definition 2.1(a)), then I, = A7t A € L.(X) (see
Problem 2.14), hence X is finite dimensional (being locally compact;
see Proposition 1.5.9(a)).

On the other hand, if X is finite dimensional, then every A €
L(X;Y) is compact.

Solution of Problem 2.16
We argue indirectly. So, suppose that the claim of the problem is not
true. Then we have

inf ||A > 0.
it [lAGw)]x
So, we can find ¢ > 0 such that ||A(u)||x > c||ul|x for all u € X. From

Problem 2.15, it follows that X is finite dimensional, a contradiction
as A & L#(X). This proves that 0 € A(0By).
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Solution of Problem 2.17
No. Let e, be the standard n-th basis element of [2. Then |[le,[|;2 = 1
for allm > 1 and

1S(en) = S(em)llz = V2 ¥am>1, n#m.

Therefore the sequence {S(e;)}, >, has no convergence subsequence
and consequently S & L.(X) (see Definition 2.1).

Solution of Problem 2.18
The hypothesis on A implies that we can find uJ,...,u;, € X* such
that if

V = {ueX: [(u,u)|<lforallk=1,...,n},

then A(V) € BY = {yeY: |ylly <1}. Then we have
n

n = 0. Note that () (u})~'(0) is finite codimensional. So,
N e k=1

we can write
n

X = (N@)o) ez
k=1
with dim Z < 400. Observe that A(X) = A(Z) and the latter is finite
dimensional. Therefore A € L(X;Y") (see Definition 2.1).

Solution of Problem 2.19
We know that

[Allz = sup [[A(w)]x.

lull x<1

From Problem 2.13, we know that the set A(B;) C X is compact.
Since the norm functional is continuous, from the Weierstrass theorem
(see Theorem 1.1.75), we know that we can find uy € X with |lug||x <
1 such that

[A(uo)x = sup [lA(u)[lx = [[Allc

[Jullx <1
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Solution of Problem 2.20
Let X =[P with 1 < p < oo and let {e, },,~; be the standard Schauder
basis of IP. Let A € L(I?) be defined by

A(uy,ug,...) = (0,u1,0,us3,0,us,...) i {un}n>1 e’
Then A(egn—1) = egy, for all n > 1. Hence
IA(en) — Alen)llz = 27 ¥ nymodd, n#m,

so the sequence {A(e;)},>, has no strongly convergent subsequence
and thus A is not compact (see Definition 2.1(a)).
On the other hand,

A?(ug, ug, .. )=A(0,u1,0,u3,0,u5,...)=(0,0,...) YV {un},5; €1

that is, A? = 0 and so it is trivially compact.

Solution of Problem 2.21

“(a) = (b)”: Suppose that the implication is not true. So, we
can find an orthonormal basis {e,}aecs and € > 0 such that the set
{a € J: [(A(ea),ea)y| = €} is infinite. Thus, we can find an
orthonormal sequence {e,},~; C {ea}aes such that

|(A(en),en)y| > ¢ Vn>1

The compactness of A (see Definition 2.1(a)) implies that we can find
a subsequence {en, }x>1 of {en}, >, such that A(e,,) — u in H. By
throwing away a finite number of elements of this sequence, we may
assume that

[A(en,) —ulle < 5§ Vk>1,

SO

| (Aleny)s ) — (ren) | < I1Aleny) = ullen,
JA(en) —ulln < 5 VE>1

and so
| (wen) gy | > 5 Vk>1
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But this contradicts the Bessel inequality (see Theorem 1.5.105(a)).

“(b) = (c¢)”: Let n > 1 and let Y be the family of all orthonor-
mal sets {eq }aecs in H such that

[(A(ea),ea) | = 2 Vael

By property (b), J is finite. The family ) is partially ordered by
inclusion. Let D C Y be a chain (that is, a linear ordered subset of
V). The union of the orthonormal set in D is still an element of ) and
of course is an upper bound for D. Thus invoking the Kuratowski—Zorn
lemma (see Theorem 4.120), we infer that )’ has a maximal element
{ea}acr. Evidently L is finite. Let Y = span{eq}qacr. Then Y is
finite dimensional and

| (A(u),u)y | < % VueYt, lullg =1

or otherwise {eq}aer, U {u} € Y, which contradicts the maximality
of {ea}acr. Let P, € L(H) be the orthogonal projection on Y (see
Definition 2.27(c)) and let u = (I,, — P,,)x with z € H. We have

1

n?

| (AU, = Po)z, (I, = Pa)z) g | <
SO
| ((I; = P)A(IL, — Po)z,z)y | < &+ VYazed, |zg<1
(see Proposition 1.5.161) and thus

I(Z,; = Pa)A(L, = Po)lle < 2.

n

The linear operator A,, = AP, + P,A— P, AP, € L(H) has finite rank
(i.e., Ay € L;(H); see Definition 2.1(c)) and from last inequality we
see that |4 — A,z < 2.

“(c) = (a)”: This implication follows from Problem 2.2 and
Remark 2.2.
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Solution of Problem 2.22

Evidently L € L(L*(S); L*(T)) and || L]z < ||K || 2(rxs)- Let {on}ns1
be an orthonormal basis for L?(T). For fixed s € S, we expand K-, s)
with respect to this basis. So, we have

K(t,s) = > vn(t)hn(s).

n>1

From the property of the Fourier coefficients, we have h, € L2(S).
Using the Parseval relation (see Theorem 1.5.105(b)), we have

/|K(t,s)|2ds = 3 )P
T

n>1

Integrating over S, we obtain

| [is@spacan = X [l an
S T

n>1 S
We define
Km(t,s) = > vn(t)hn(s)
n=1
and

Ly, (u)(t) = /Km(t,s)u(s) ds Y u e L*(9).
S
We see that Ly, € L¢(L*(S); L*(T)) and we have

L= Lalt < [ [I1K(S) = Kt Pdudg Ym>1,
T S

so L, — L in L(L*(S); L*(T)). Thus operator L is compact (see
Definition 2.1(a) and Problem 2.2).
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Solution of Problem 2.23
Note that hu € C ([0,1]) for any v € C([0,1]). So, A is well defined
and of course linear. We have

[AW) ey = sup |A(u)(®)] = sup [h(t)u(t)
te[0,1] te(0,1]

< Plleqoaplvlleo,)

so A e L(C([0,1]),C ([0,1])).

Suppose that A is compact (see Definition 2.1(a)). Then A( B;) C
C ([0,1]) is relatively compact (recall that By = {u € C([0,1]) :
lullcgo)) < 1}). Let p € (0,1) and let n > 1 be such that % <n. We
define

0 if 0<t<n-—21,
un(t) = § n(t—n)+1 if n—L<t<y,
1 if n<t<l,

for all t € [0,1]. Then hu, € A(Bj) for all n > % Since
A(B1) C C([0,1]) is relatively compact, by the Arzela—Ascoli theo-
rem (see Theorem 1.2.181) it is equicontinuous (uniformly since [0, 1]
is compact). So, for every ¢ > 0, there exists § = d(¢) > 0, such that
for all t,s € [0,1] with |t — s| < J, we have

‘h(t)un(t) - h(s)un(s)’ < e Vn>1,

We can find n. > 1 such that X < min{n,d} for all n > n.. For
t=n—21 s=mn, wehave that |t — s| = 1 < § and so

|h(n = S)un(n — ) = h(Dun(n)] < e Vn>ne..

From the definition of {u,},~; it follows that |h(n)| < e for all € > 0.
Let £ N\ 0 to conclude that h(n) = 0 for n € (0,1). From the continuity
of h, we have h(0) = h(1) = 0, that is, h = 0, a contradiction to our
hypothesis. Therefore A(B;) € C([0,1]) is not relatively compact
which means that A is not a compact operator.
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Solution of Problem 2.24
Let u = {un},>; €' We have

1
fulle = (D un)? < Y funl = Jully- (2.8)
n=1 n=1
This shows that I! is embedded continuously into /%. Let i denote the
embedding operator. From (2.8) we see that ||i||z < 1. On the other
hand, if e; = (1,0,0,...), then
1= Jile)lle < llillcllelln = llille

and so we conclude that [|i||z = 1.
Let {en},; be the complete Schauder basis for I'. We have

{6n}n>1 = {i(en)}n>1 - i(El)

(where By = {u € I' : |[julp < 1}), so i cannot be compact (see
Definition 2.1(a) and Problem 2.1).

Solution of Problem 2.25

From the Schur property of I! (see Remark 1.5.57), we know that a
subset of ! is relatively w-compact if and only if it is norm totally
bounded (see Definition 1.1.70). Since X is reflexive, the closed unit
ball By = {u € X : [lu <1} is w-compact. We know that A is weak-
to-weak continuous. Hence A( By) C I! is w-compact (see Proposition
1.2.82), thus by the Schur property mentioned above, the set A( B1)
is relatively norm compact. This implies that A is compact.

Solution of Problem 2.26
In the space

cp = {{un}n>1 {un}, > is a real sequence such that u, — 0}

we consider the norm [[{un},1llcg = sup|us|. Given ¥ = {Un},>; €
n>1

co, from Problem 2.8, we know that Ay(u) = {Jnun},, for every
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U = {un}n>1 € 1? is a compact linear operator. Consider the map

£: co — L(I1?) defined by
6(19) = Ay V9 € c.
Clearly ¢ is linear and for ¥, 9 € ¢y, we have

[Ag — Aglle = sup [[Ag(u) — Ag(u)l|2
[lull,2 <1

1

= sup (Z(Q% — 19n)2ui) E

lull2<1 =5

1

< = e ( sup D un)? = (|9 = ey,

||“||l2<1 n>1
so & € L(co; Lc(l2))

We claim that it is an isometry. To see this, it is enough to check
that if |||, = 1, then ||Ay|/z = 1. To this end note that, if ||ul;2 = 1,
then

1 1
sl = (D dhun)? < 1Wle(D_un)? = [Olleollullz = 1,
n>1 n>1

so ||Ag|lz < 1. On the other hand, given ¢ > 0, choose ny such
that |0,,] > 1—e¢ (recall that ||J||, = 1). Let e,, € [ be the standard
basic element. Then Ay(en,) = Unyen, and so

[Ag(eng)lliz = [Ono| > 1—e.

Let € N\, 0 to conclude that ||Ay||z > 1.

Thus we have shown that ||Ay||z = 1. This proves that £ is an
isometry. So, cg is isometrically isomorphic to a subspace of L.(I?).
Since ¢ is not reflexive, we conclude that £.(I) cannot be reflexive.

Solution of Problem 2.27
We argue indirectly. So, suppose that the conclusion of the problem
is not true. Then we can find ¢ > 0 such that

[AWlly = ellulx  YwuwelX.

Since A is compact, Problem 2.15 implies that X is finite dimensional,
a contradiction to our hypothesis.
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Solution of Problem 2.28

We know that A* € L£(X*;c}). Since X* is reflexive and ¢} = I!,
from Problem 2.25, we infer that A* is compact. Then Theorem 2.12
implies that A is compact.

Solution of Problem 2.29

Let V = R(A). Then V is a Banach space and A: X — V is surjec-
tive. So, by the open mapping theorem (see Theorem 1.5.47), we can
find ¢ > 0 such that ¢cB}' C A(B;*) (where B = (u€ X : |lul|x <1)
and B = (ue€V: |lully <1)). Since A is compact, we have that
BY is relatively compact and so V is finite dimensional (being locally
compact). This means that A € L;(X;Y). Let Z be a topological
complement of ker A (i.e., Z is closed and X = ker A @ Z). Then
A = Al is bijective from Z onto R(A). So, dim Z = dim R(A) < +o0
(as proved earlier). Therefore we conclude that the Banach space X
is finite dimensional.

Solution of Problem 2.30

“=": Suppose that R(A) C Y is closed. Then by the open map-
ping theorem (see Theorem 1.5.47), A is an open map from X onto
V = R(A). Therefore, A(Ef) is a relatively w-compact set which
contains an open neighborhood of the origin (namely the set A(B:X)).
Therefore the set EY ={veV: |v|v <1} is w-compact. So, by
Theorem 1.5.73, the space V is reflexive.

“«<=": Recall that every reflexive subspace of Y is closed.

Solution of Problem 2.31
“(a) = (b)”: Let

By = {ueX: ulx <1} and BY = {heX*: |h|x~ <1}
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From the Goldstine theorem (see Theorem 1.5.70), we know that
711}* * %

Ei( = Ei( , with w* being the w*-topology on the space X**.
Recall that A*™ € L(X2%; Y r), where X¥% (respectively Yp¥) de-
notes the space X** (respectively Y**) furnished with the w*-topology.
Also, the w*-topology of Y** restricted to Y, is the w-topology of Y.
Therefore, since A is weakly compact (see Definition 2.1(d)), we have

—x. v w
A(By)

CY, hence A(Ef ) = A(Ef**) C Y from which we con-
clude that A(X**) CY.

“(b) = (c)”: Let y} 2% 0in Y* and let h € X*. By hypothe-
sis A*(h) € Y, so we have

(A"(ya) ) = (v, A(h) — 0

and thus A*(y*) — 0in X*. This prove the continuity of A*: Y. —
Xi. “(c) = (d)”: From the Alaoglu theorem (see Theorem 1.5.66),
we know that Ef = {y* € Y*: |ly*|ly- < 1} is w*-compact. So,
by hypothesis (c¢), we have that A*(Ei/ ) C X* is w-compact, which
means that A* is weakly compact.

“(d) = (a)”: From the implications established thus far, we have

that A**: X% — Y * is continuous. Therefore the set A**(Ef**) C
Y** is w-compact. The space Y is strongly closed in Y** and so by

the Mazur theorem (see Theorem 1.5.58), it is also weakly closed in
Y**. Tt follows that the set A**(Ef )NY C Y™ is w-compact and
X**

since w* C w on Y**, we infer that the set A**(B] )NY C Y** is
w*-compact. We know that
A(BY) = A*(By) € A™(By )nY

and the w*-topology of Y** restricted on Y is the w-topology of Y.
So, we have that the set A(Ei() C Y is relatively w-compact,
hence A is a weakly compact operator.
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Solution of Problem 2.32
“=—": Assume that A € £.(X;Y). From Theorem 2.12 we have that

A* € L(Y*; X*). Therefore A*(Pf*) C X* is relatively compact (re-
call that FT ={y* €Y*: |ly*|ly- <1}). So, we can find a sequence
{ur},>1 C X* such that ||luy||x+ — 0 and A*(ET ) Ceonv {up},>
(see Theorem 2.163). For each u € X, we have

[A()|ly = sup |{y* Aw)) |
lly*[ly+<1
= sup | (A*(y*),w) ‘ < sup ‘ (ur,u) ‘
lly* ly= <1 n>1

“«=": Consider T € L(X;cp) (see Problem 2.28), defined by
T(“) = { (u;kl,u> }n>1'

Let h = {||u’,“l||X*}n>1 € ¢p. We have that T(Fi{) C [=h,h] (here
by [—h, h] we denote the order interval in ¢y determined by +h). The
order interval [—h, h] is compact in ¢g (see Theorem 2.164). Therefore

T(Ei() C ¢ is relatively compact. Let V' = T(X) and define the
operator L: V — Y by

L(T(u)) = Au).
This operator is well defined. Indeed, if T'(u) = T'(x), then

(up,u—z) = 0 Vn>1,

n’

SO

[A(u) — A(z)]ly < igl;}(UZ,u—xH =0,

thus A(u) = A(x). Moreover, note that

IL(T)lly = [[A)lly < sup|{up,uw) | = [T (w)lle,

n>1

soL € L(X;Y). Since A(Ef) = L(T( Ef)) and the latter is relatively
compact in Y, we conclude that A € L.(X;Y).
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Solution of Problem 2.33

Let C C X* be a compact set. We need to show that the set
f~YC) C X is compact. To this end let {unt,>1 € F~Y(C) be a
sequence. For every n > 1, let h, = f(u,) € C. Since C C X*
is compact, passing to a subsequence if necessary, we may assume
that h, — h in X*. The coercivity of f implies that the sequence
{un},>1 € X is bounded. Because X is reflexive, by the Eberlein—
Smulian theorem (see Theorem 1.5.78), passing to another subsequence
if necessary, we may assume that u, — u in X. We have

<f(un)_f(u)7un_u> = <hn_haun_u> _>07

so, from the property of f, we have u, — w in X. Thus the set
f~1(O) is compact, hence f is proper (see Definition 2.13).

Solution of Problem 2.34
“=": By Problem 2.32, we can find a sequence {uy},~; C X* such
that uy — 0 in X™* and

[A(Wlly < sup|{up,u)|  VwuelX. (2.9)

nz=1

We can assume that u;, # 0 for every n > 1 and define

u

yr = —2or Vn>l.

I
l[ug 112

1
Then ||y} ||x+ = |lu}]|# — 0. So, we can define the linear operator
T: X — ¢y by setting

T(u) = { {(yy, u) }n>1 VueX.
Note that

IT(wW)lley = sup|(yn,w) | < cllulx  YwelX,

n>1

for some ¢ > 0, thus T' € L(X; ¢p).
Moreover, Problem 2.32 implies that T' € L.(X;¢p). We set V =
T(X) and clearly we have T' € L.(X;V). We consider the linear
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operator L: T(X) — Y defined by L(T'(u)) = A(u). Note that, if
T(u) = T(v), then (u},u —v) =0 for all n > 1 and so from (2.9), we
have that A(u) = A(v), hence L is well defined. Moreover, we have

IL(T()lly = [[A)lly < sup|{up,uw) [ < €l {yp,u) | < eT(w)lle

n=1

1
with ¢ = sup|jul||? (see (2.9) and recall the definition of T'), so

n>1

~

L € L(T(X);Y). Therefore L has a continuous extension L on

V=T(X) Ccp. Clearly A=LoT.

“«<=": This is an immediate consequence of Problem 2.14.

Solution of Problem 2.35

From Problem 2.31 we know that A: ¢g — X is weakly compact
(see Definition 2.1(d)) if and only if A*: X* — ¢} = I! is weakly
compact. From the Schur property (see Remark 1.5.57), it follows
that A*: X* — I! is weakly compact if and only if it is compact.
Invoking the Schauder theorem (see Theorem 2.12) we conclude that
A*: X* — ' is compact if and only if A: ¢y — X is compact.

Solution of Problem 2.36
Let {un}n>1 C C be a minimizing sequence, i.e.,

|A(un) —ylly — ;gg |A(u) —ylly-

From Problem 2.13 we know that the set A(C') C Y is compact. So,
we can find a subsequence {uy, };>1 of {un}n>1 and ug € C such that
A(up,) — A(up) in Y. Then

[A(un,) —ylly — [ A(uo) = ylly,
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SO
A — = inf ||[A(u) — .
H (u()) Z/HY thec H (u) Z/HY

Solution of Problem 2.37
Suppose that A € L;(X;Y) and let n = dim R(A). Let {v1,...v,} be
a basis of R(A). For every u € X, we can write

Aw) = 3 &y (2.10)
k=1

The coefficients £ (u) are uniquely determined and clearly &, are linear
functions of u, which are bounded since

Er(u)] < clA(w)lly < cllAllzllullx
for some ¢ > 0. Therefore, we can find vj; € X* for k = 1,...,n such
that & (u) = (v}, u). Hence (2.10) becomes

n

A(w) =Y (vf, u) vy

k=1

For any y* € Y* we have

3

(A'(y"),u) = (W AMW) = ) (v w) (¥ ok)
k=1

= (D" v vi,u).
k=1

This is true for every u € X. Therefore

n

Ay = S i,

k=1

so R(A*)is spanned by {v},...,v;;}. Thisshows that A* € L;(Y*; X*)
and dim R(A*) < dim R(A).
In the above argument we replace A by A* and obtain

A™ € Lp(X;Y) and dim R(A*) < dim R(A%).
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Hence

dim R(A™) < dim R(A).
But recalling that A is a restriction of A™, we conclude that
dim R(A) = dim R(A™).

Solution of Problem 2.38 " "

Let C = {A(en) : n>1}. Then C C A(B;) (where B; = {uel':

[ullp < 1}). So, if A is weakly compact (see Definition 2.1(d)), the
g1

set A( Bll ) is relatively weakly compact, hence the same is true for C.

Conversely, suppose that C' C Y is a relatively w-compact set. Let
u={unt,> € I be such that |lu|;; < 1. Let

hn = ZukA(ek) Vn 2 1.
k=1

Then {hy},>,; C convC and the latter is w-compact since the set
C CY is relatively w-compact (see Theorem 1.5.86). We have

hy, = A(Zukek) — A(u) inY,
k=1

1
so A(u) € conv C and thus A( Bll ) € conv C, which implies that the

—1
set A( Bll ) is relatively w-compact. Therefore we conclude that A is
weakly compact.

Solution of Problem 2.39
Note that there exists M > 0 such that ||u,|x < M for alln > 1. So,

the series ) @puy, is norm convergent in X for each z = {x,,},,5, € I,
n>1

Therefore A € £(I*; X). We see that
Alen) = uy Vn>1.

Therefore, we can apply Problem 2.38 to conclude that A is weakly
compact (see Definition 2.1(d)).
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Solution of Problem 2.40
Arguing by contradiction, suppose that 0 & o(A) (see Definition 2.18).
Then A is invertible and so by setting

luf = [[A(u)lx  YweX

we have defined an equivalent norm on X, whose open unit ball is
A(By). But this is relatively compact. Therefore (X, |- |) is locally
compact, hence X is finite dimensional (see Proposition 1.5.9(a)), a
contradiction.

Solution of Problem 2.41
Let A € C and assume that for some u € L?(0,1) we have

(A=t)u(t) = 0 for a.a.te (0,1).

Thus u(t) = 0 for almost all ¢ € (0,1) and so A & 0,(A) (see Defini-
tion 2.21).
Next, let A € [0, 1] and let € > 0 be such that

AMA+¢e] C10,1] or [A—eg, A\ C]0,1].

To fix things, we assume that [A\, A + €] C [0,1] (the analysis being
analogous when the second inclusion holds). We define

i e [\
U‘g(t) — \/g 1 [ 9 +£]7
0 if te]0,1]\ [\ +e]
We have
1 Ate
/ 2dt = /i_dt =1
0 A
and so u. € OBL® = {ue L*0,1): [jul =1}. Then

e

IO 2y~ DB = L [ =02t = e,
A
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SO

(M

£2(0,1)
This implies that A , o)
would have

luclle = (Mo, ~ A O — A)ue)]l2
< Ny~ A el Moy, — Al — 0 as e N0,

L2(0,1) L2(01)

A)(us) — 0 in L*0,1) ase \,0.

— A is not invertible. Indeed, otherwise we

a contradiction to the definition of u.. So A € o(A) (see Defini-
tion 2.18) and thus [0,1] C o(A)

Solution of Problem 2.42
(a) Let u € H be such that ||u|lg < 1. We have

|(A(w),u) g | <A@ mlellz < [Allcllull?,

S0
sup [(A(u),u)y | < [|Alc. (2.11)
llull <1
Now, let £ = sup |(A(u),u)y |. We have
lulla<1

[(A(u),u)y | < €lullfy;  Yue H.

1
For u € H\ {0}, we introduce A\ = (%)§ and set y = +A(u).
We have

=
1=
IS

=

w), Aw)g = (AQw), 3AW)), = (Au).y)y
A+ y), a4 y) g — (A = y), du — )y )

X+ yllF + A — yl7)

(Il +llylE) = 36Nl + 32 1A@)E) (2.12)
(from the polarization identity since A is self-adjoint and from

the parallelogram law; see Remark 1.5.94). From the definition of
A > 0, we see that A||ul g = 3||A(u)| . Therefore

0 = (Alully — Ll A@)]n)?

VAN
i

ST NN
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SO
Nl + sz A7 = 2lulmlA@)] -

Using this equality in (2.12), we obtain
A7 < Ellullal AW a,
S0

[AW)llg < &llulla
and thus ||Al|z < & From this and (2.11), we conclude that

Al = sup (A(u),u)p .
Jullzr<1

Since A is self-adjoint, for every w € H, we have that
(A(u),u)y € R. Let A be an eigenvalue of A with eigenfunction u
(see Definition 2.21). We have

(A(w),u)y = Quu)y = Nlull,

SO
A= Wby o g

= e
llullz;

Thus, every eigenvalue of A is real.
Next, let A\, be two distinct eigenvalues with corresponding
eigenvectors u,v € H \ {0}, respectively. Then

A(w) = A and A(v) = po.

We have
(A(u),v)y = A(w,v)y
and
(A(u),v)y = (v, AW))y = p(u,v)y
(since A is self-adjoint), so

(A1) (w,0) = 0,

thus (u,v)y = 0. This shows that eigenvectors are orthogonal.
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Solution of Problem 2.43
“=": Let A\ € 0(A) (see Definition 2.18).
It suffices to show that if ‘ inf |[(AM,, — A)(u)||g > 0 then the

lull =
operator A\I,, — A is invertible. So, suppose that

inf (A, — AWy = ¢ > 0.

l[ull =1

Then
Iy = @) > cluly Yued. (2.13)

From (2.13) it is clear that AI,, — A is injective. So, if we show
that AI,, — A is also surjective, then by the Banach theorem (see
Theorem 1.5.48), we would have that A\I,, — A is invertible. We
show surjectivity of A, — A in two steps. First we show that
(M, —A)(H) is dense in H and then we show that (A, — A)(H)
is closed.

To show that (AI,, — A)(H) is dense in H, we argue indirectly.
So, suppose that (I, — A)(H) is not dense in H. Then we can

find o € H \ {0} such that

(M, — A)(u),h),, =0 YueH.

H

Exploiting the fact that A is self-adjoint (see Definition
1.5.108(b)), we have

(M, — A)(u), k), = (u, (N, —A)(R), VueH,

SO
(X, — A)(h) = 0, with h#0,

thus X is an eigenvalue of A (see Definition 2.21. But from Prob-
lem 2.42(b), we know that all eigenvalues of A are real. Hence
A € R and so

(M, — A)(h) = 0, with h#0,

which contradicts (2.13). This proves the density of (A, —A)(H)
in H. Next we show that (A, — A)(H) C H is closed. So, let
{un},>1 C H be a sequence such that

(A, — A)(un) — h.
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From (2.13), for all n,m > 1, we have
llten—timllzr < [Ty A)(im =)t — 0 a5, m = +o0,

SO {un}n>1 C H is a Cauchy sequence. Thus, we have u, — u
in H for some u € H. From the continuity of \I,, — A, it follows
that

(M, —A)(u,) — (M, —A)(u) inH,

so h = (A, — A)(u) and thus h € R(A\I,, — A). This proves that
R(MI,, — A) is closed. Therefore R(A\I,, — A) = H.

“e=": If A € o(A), then (\I, — A)~! € L(H) and for u € OBy,
we have

1 = |lulg = (M, = A) 7 L, = A)w)lla
< Ly = A7l = A) (W)l

(where 0B1 ={h € H: ||h|lg = 1}), so

AL — A7 < [, — AWy VuedB.

Solution of Problem 2.44
From Problem 2.42(b) we know that o(A) € R. Let ¢ > 0. We will
show that M + 9 ¢ 0(A). According to Problem 2.43, it suffices to
show that

inf ||(M + )1, — A)(u)|z > 0.

llull =1

For u € H, with ||u||g = 1, we have

(M +9)u—A(u),u)y = (M+9)—(Au),u)y (2.14)
> (M+9)-M =49 >0 (2.15)

(recall that ||u||g = 1 and see the definition of M). Also we have

(M +9)u = A(u),u)y < (M +9); = A)()lr. (216
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From (2.14) and (2.16) it follows that

0 << Inf MM +9)1 = A)(u)|l,
ullg=

so M +19 & o(A) (see Problem 2.43).

In a similar fashion, we show that m—19 ¢ o(A). Therefore o(A) C
[m, M].

Next we show that M € o(A). Note that 0(A+ V1, ) = o(A) + 9
and so by replacing A by A + ¥1,,, we may assume without only loss
of generality that 0 < m < M. Then by virtue of Problem 2.42(a), we

have
JAll. = M. (2.17)
According to Problem 2.43, it suf-

fices to show that | }lnf |(MI,, — A)(u)||g =0. Let {un},~; € H
u||lg=1 =

be a sequence such that ||uy,||g =1 for all n > 1 and
(A(un),un)y — M = [|Allc (2.18)
(see (2.17)). We have

0

N

(M1, — A)(“ﬂ)”%{ = (Muy — A(un), Mup, — A(un)) g
= M?|unll7r — 2M (A(un), un) g + | Aun) |l
< 2M? —2M (A(up),un)y — 0

(since A is self-adjoint and using (2.18)), so

inf [|(MI, — A)(w)|u = 0.

lull =1

and thus M € o(A).
Similarly we show that m € o(A).

Solution of Problem 2.45

Let Y = A(X) and V = (I, — A)(X). Then Y and V are nontrivial
closed vector subspaces of X and X =Y @V. Ify €Y andv € V are
both nonzero, then A(y) =y and A(v) = 0, so 0 and 1 are eigenvalues
of A (i.e., {0,1} C 0,(A); see Definition 2.21).
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Next let A € C\ {0,1}. If u € X, then u = y+ v with y € Y,
v € V (in a unique way). Then

M, —A)(u) = Au—A(u) = A=1)y+ .

So, if (M, —A)(u) = 0, then (A—1)y = 0 and Av = 0. Since A ¢ {0, 1},
we see that y = v = 0 and so v = 0. This proves that A\I,, — A is
injective.

Also, if u = y+v with y € Y, v € V, then for x = %5 + § we
have

(I, — A)(x) = u,

so AI, — A is surjective and thus A, — A is invertible (from the
Banach theorem; see Theorem 1.5.48). Thus o(A) C {0,1} and so
op(A) = 0(A) ={0,1} (see Definitions 2.18 and 2.21).

Let

and

=) ¢&AMu)  VueX m>1

Clearly L, € £L(X) and L,,(u) — L(u) in X. Then by the uniform
boundedness principle (see Corollary 1.5.40), we infer that L € £(X).
For each u € X, we have

(€L, — AL(w) = Tim_ (€1, — 4) D& DA (w)
n=0

_ lim Zf nAn Z§ (n+1) An+1( ))

m——+00

= lim (u—§ (m+1)Am+1(u)).

m—-+00

By hypothesis lirJrrl g=mAD) Am+1(y) = 0. Therefore it follows that
m—r

o

(&l, —A)L(u) = wu.
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In a similar fashion we show that
LT, — A)w) = u.

From the two last relations we conclude that (€I, —A)™! = L € £(X),
hence € € p(A) (see Definition 2.18).

Solution of Problem 2.47
Evidently A is well defined and linear. Also, by the Holder inequality
(see Theorem 1.3 and Problem 1.27), we have

[A@)(®) ~ Aw)(n)| < lt—7¥|lul, VY t7e(0.1)

(with %—l— 1&% =1). If 1 < p < 400, then p’ < +00 and so we can apply
the Arzela-Ascoli theorem (see Theorem 1.2.181) and conclude that
Ae L(X).

If p =1, then p’ = +00 and then we apply the Kolomogorov—Riesz
theorem (see Theorem 1.29) to conclude that A € L.(X).

Next we determine o(A) and 0,(X) (see Definitions 2.18 and 2.21).
First we show that 0 ¢ 0,(A). To this end, assume that A(u) = 0.
Then

1
/u(s)x[a’b](s) ds = 0 Va,be0,1].
0

Exploiting the density of simple functions in LP(0,1) (with 1 < p <
+00), we conclude that u = 0.
Also, let A # 0 and v € C([0,1]). We set h = (M, — A)~ (u).

¢
Then y(t) = [ h(s)ds satisfies
0

Yy € c! ([07 1]) and y/ - ()\IX - A)_l(u)v

SO
N —AWY) = N —y = u, withy(0)=0

and thus



370 Chapter 2. Nonlinear and Multivalued Maps

Exploiting the density of C' ([0, 1]) in LP(0,1) (with 1 < p < +00), we
conclude that the last relation is in fact valid for all v € LP(0,1).
Therefore A € o(A) and so

o(A) = {0} and o,(4) = 0.

Solution of Problem 2.48
Since A is an isomorphism, we see that 0 & o(A) (see Definition 2.18).
Then from Problem 2.43 we have

dlul} < (Aw)w)y — Vued, (2.19)

for some ¢ > 0. Therefore (A(u),u) > 0 for all v # 0 and it follows
that (-,-) is a new inner product on H.

Let |u| = (u, u>% Then
ul* < JAllclulll;,  VueH. (2.20)
From (2.19) and (2.20) it follows that
clullfy < [uf® < llullclulf  Yued,

so ||-||g and | - | are equivalent norms on H.

Solution of Problem 2.49 R R
Note that ker L C ker (So L) = ker (I, + K) and ker (I, + K) is finite
dimensional (see Proposition 2.24). Also, we have

R(L) 2 R(LoT) = R(I, +K)

and R(I, + K) is finite codimensional, hence so is R(L) (see Proposi-
tion 2.24). This shows that L € Fred (X;Y") (see Definition 2.29).
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Solution of Problem 2.50
We can find T' € L(X;Y) such that

LoT = I,+K; and TolL = I, + Ko,

with K1 € L.(Y;Y) and Ky € L.(X; X) (see Remark 2.30). Then we
have

(L+K)oT = I, +K +KoT,
To(L+K) = I, +Ky+ToK.

Since K1 + KoT € L(Y;Y) and Ko + T o K € L.(X;X), from
Problem 2.49, we infer that L + K € Fred (X;Y). Then consider the
map [0,1] 3¢t +—— L(t) = L + tK. From the first part of the solution,
we have that L(t) € Fred (X;Y) for all t € [0,1]. Moreover, from
Remark 2.30, it follows that i(L) = i(L + K).

Solution of Problem 2.51

(a) “=": Let ¢ be a lower semicontinuous function and let
V. C R be an open set. According to Proposition 2.37(d)
we need to show that the set EX(V) is open (where
Ef(V)={ue X: Ey(u) CV}). Let u € Ef(V). Then the in-
clusion E,(u) €V means that V' O (A, 400) for some A < ¢(u).
The lower semicontinuity of ¢ implies that we can find a neighbor-
hood U of u such that A < ¢(h) for all h € U. Then E,(h) CV
for all h € U and so we conclude that v — E,(u) is upper semi-
continuous.

“«=": Since E, is upper semicontinuous, for every A € R, the set

EJ((\400)) = {u€ X: Ey(u) (A +00)}
= {ueX: p(u) >}
is open. This means that ¢ is a lower semicontinuous function.

(b) “=": Let ¢ be an upper semicontinuous function and let V- C R
be an open set. In this case, we need to show that E (V) =
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{ue X : E,(u)NV # 0} is open (see Proposition 2.38(e)). Let
u € E; (V). Then the relation E,(u) NV # () means that we can
find A € V such that ¢(u) < A. In fact the openness of V' implies
that we can always choose A € V such that ¢(u) < A. Then the
upper semicontinuity of the function ¢ implies that we can find
a neighborhood U of u such that ¢(h) < A for all h € U. Hence
E,(h)nV # () for all h € U. This implies that the set E, (V) is
open, therefore E, is lower semicontinuous.

“<=": Since E,, is lower semicontinuous, for every A € R, the set

E,((—o0,A\) = {ue X : Ey(u)n(—o0,A) # 0}
= {ueX: pu) <A}

is open. This means that ¢ is an upper semicontinuous function.

Solution of Problem 2.52

First we consider the case of F' being lower semicontinuous (see Defi-
nition 2.36(b)). So, let C' C X be a connected set and let V;,V, C X
be two open sets such that

F(C) C ViUV, F(C)NVi # 0 and F(C)NVy # 0. (2.21)
We need to show that F/(C) N V3N Vs # (). To this end, suppose that
CNF-(Vi)NF~(Va) = 0. (2.22)

Since F is lower semicontinuous, the sets F~ (V) and F~(V3) are both
open and from (2.21) we infer that

C C F(WMWUF (Va), CNnF (Vi) # 0 and CNF~(Va) # 0.

(2.23)
Combining (2.22) and (2.23), we see that we have a contradiction to
the connectedness of C. Therefore (2.22) cannot happen and so we
have

CAF~-(Vi)NEF~(Va) # 0.
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Let ue CNF~ (Vi) N F~(V2). We have
Fu) € ViUVa, FlunVy # 0 and Fu)nVy # 0.
So, from the connectedness of F(u) we infer that
Flu)nVinVy # 0,

so F(C)NViNVa# 0, which proves the connectedness of F(C').
When F' is upper semicontinuous, then the proof if similar, working
this time with a “disconnection” consisting of closed sets.

Solution of Problem 2.53
Note that for every nonempty open set V' C Y we have

Fu)NnV #0 ifand only if F(u) NV # 0.

Therefore F is lower semicontinuous if and only if F is lower semicon-
tinuous (see Definition 2.36).

For upper semicontinuous multifunctions the result is not true. To
see this, let X =Y = R and consider the multifunction

Flu) = (u—1,u+1) VueR.
Then
FT((=1,1)) = {0}

(see Definition 2.35(b)) and so F' is not upper semicontinuous. On the
other hand,
Fu) = [u—1,u+1] VueR

and for every y € R

u—1—y if y<u—1,
oy(u) = disty (y, F(u)) = 0 if u-1<y<u+1,
y—(u+1) if u+1<y.
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Clearly ¢, is lower semicontinuous. So, Proposition 2.45 implies that
F' is upper semicontinuous.

Solution of Problem 2.54
Let V C Y be an open set and let y € conv F'(u) N V. Then we have

Yy = Z)\kyk eV Withylv"'vyneF(u)a Alv"'aAng[OvlL

k=1
n
> =L
k=1
Let € > 0 be small such that

Bey) = {yeY: [y —ylly <e} CV.

Note that F(u) N Be(yx) # 0 for all k € {1,...,n}. Then since F
is lower semicontinuous, we can find Uy € N(u) (M(u) being the
filter of neighborhoods of u) such that for every ' € U we have

F(u')N Be(yg) # 0, with k € {1,...,n}. We set U = () Ug. For
k=1

n
every u' € U, let y) € F(u') N B:(yx) and set y' = > Apy;. Then
k=1

n n
ly' = wlly = DMk =9y < D Mlvh —wlly < <
k=1 k=1

so y' € conv F(v') NV and thus the set conv F~ (V) is open. Hence
u — conv F'(u) is lower semicontinuous.

Then using Problem 2.53, we conclude that w —— conv F'(u) is
lower semicontinuous too.
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Solution of Problem 2.55

Since F' has compact values, for every u € X we have conv F'(u) €
Py.(Y) (by the Mazur theorem; see Theorem 1.5.86). Then by virtue
of Proposition 2.56(a), it suffices to show that F' is h-upper semicon-
tinuous (see Definition 2.53(a)). So, suppose that {z4}aes € X is a
net such that z, — x in X. Then

h* (conv F(ugy),conv F'(u)) < A" (F(uq), F(u))
(see Remark 2.50), so using the h-upper semicontinuity of F (see
Proposition 2.56(a)), we have

h* (conv F(uy,),conv F(u)) 2€4 .

Thus the multifunction u —— conv F'(u) is h-upper semicontinuous,
hence upper semicontinuous too.

Solution of Problem 2.56

(a) Let {ya}acs C F(K) be a net. Then y, € F(u,) for all a € J
with some net {uq}acs € K. The compactness of K implies that
we can find a subnet {ug}ger of {tq }acs such that ug — v € K.
Note that {(ug,ys)}ser € GrF. Invoking Proposition 2.42, we
infer that {yg}ger admits a cluster point in F'(u) C F(K). This
proves the compactness of the set F'(K).

(b) According to Proposition 2.37, it suffices to show that for
every closed set C CY, we have that the set H (C) =
{ue X: Hu)NC #0} is closed in X. To this end, let
{ta}aecs € H (C) be a net such that u, — u in X. Let

K = {u}U{ug: a€J} € PX).

From (a) we have that G(K) € Pr(Y). Let yo € H(ua)NC.
Then {ya}tacs € G(K) and so we can find a subnet {yg}ges of
{Ya}acs such that y5 — y in Y. Since the set C' C Y is closed,
we have that y € C. Also, using Proposition 2.43, we see that
the multifunction v — F'(u) N G(u) is closed, hence y € F(u) N
G(u). Therefore y € H(u) N C and so w € H~(C). This shows
that H~(C) C X is closed, hence the multifunction H is upper
semicontinuous (see Proposition 2.37).
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(c) No. Tosee this, let X =Y = [0, 1] and consider the multifunctions

{%: n)l} if u#0,
Flu) = {{0} if w=0,
[0 \{L: n>2} if w0,
Glu) = {[0,1] if w=0.
Both multifunctions are lower semicontinuous and
[ i u#o,
(FNG)(u) = {{0} it u=0,

which is not lower semicontinuous (see Proposition 2.38) because
for the closed set C' = {1} C X, the set F*(C) = (0,1] C Y is

not closed.

Solution of Problem 2.57
Evidently, it suffices to show that p(u) < dist(u, D) for all u € X.
Arguing by contradiction, suppose that we can find v € X such that
dist(u, D) < p(u). Let e = ¢(u) — dist(u, D) > 0 and choose h € D
such that

dy(u,h) < dist(u, D) + £.

From the hypothesis concerning ¢, we can find £ € P¢(X) such that
lp(h) —dist(h, E)| < § and |p(u)—dist(u, )| < §.
We have

< dist(u, E) + § < dy(u,h)+dist(h, E) + 35
< dy(uh) +o(h) + 5
= dy(u,h)+% < dist(u,D) +¢

p(u)

(since h € D), which contradicts the definition of e. We conclude that

o(u) = dist(u, D) VueX.
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Solution of Problem 2.58
The hypothesis that C), e (see Definition 2.86) implies that given
e > 0, we can find ng = ng(e) > 1 such that

C C (Cp)e and C, CC: V n > ng. (2.24)
From the second inclusion in (2.24), we have that
U ¢ < c.,
nzng
o
U ¢ ¢ G,
nz=ng
thus
(N UJCn C Co Ve>0
m>1nzm
and hence

NUa cc=c (2.25)

m>1n>m

(since C' € P¢(X)). From the first inclusion in (2.24), we obtain

ccNU N (226)

e>0m=>=1n>m

Finally let w € () U () (Cn)e. This means that for every ¢ > 0,
e>0m=1n>m

we can find mo = mg(e) > 1 such that for all n > mg we have u €
C-C (U C”)s’ Since € > 0 is arbitrary, we infer that

n=mg
u € U Ch,

n=mg

NUNE@:<c N UEaon (2.27)

e>0m=>=1n>m m=>1ln>m

Combining (2.25), (2.26) and (2.27), we reach the equality claimed by
the problem.

SO




378 Chapter 2. Nonlinear and Multivalued Maps

Solution of Problem 2.59
Let y € X\ ( U C). Then for every C € K, y € X \ C and so
CeK

dist(y, C') = me > 0. This means that h({y},C') > mc > 0. Consider
the function &: (Pr(X),h) — R, defined by

&(D) = h({h},D) VD e Py(X).

This function is continuous and so i?(f ¢ is attained. Therefore

h({y},C) > e > 0 vVCeK,

for some € > 0. This means that y ¢ ( U C)E, SO
CeK

dist(y, U C) > 0.
CeK

Since y € X\ ( U C) is arbitrary, we conclude that the set |J C'is
CeK CeK
closed.

Solution of Problem 2.60

“=": Let F is dense in (P¢(X),h). Note that if C' € P;(X) and
F C X is finite, then F' is an e-net for the set C if and only if C' C F..
Therefore, if h(F,C) < € (see Definition 2.49), then F' is an e-net
for C. Let

Bh(C,€) = {DEPf(X)I h(D,C)<5}.

If By(C,e)NF # 0 for all € > 0, then C' is totally bounded (see Defi-
nition 1.1.70). In particular this is also true if C' = X.

“<=": Since X is totally bounded, every C € Py(X) is also to-
tally bounded. Therefore, for every C' € P¢(X) and every ¢ > 0,
we can find F € F such that C C F.. We can also have F C (.,
because if this inclusion is not true, then we can find ©w € F such
that dist(w,C') > e. This implies that C' N B:(u) = 0 (recall that
B.(u)={ue X : d,(u,u) <e})and so F' = F\ {u} is still an e-net
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for C' and so, we can replace F by F’. Then h(F,C) < ¢ and so F is
dense in (P¢(X),h).

Solution of Problem 2.61
Let {ua}tacs € X be a net such that v, — v in X and let v =
F(u). According to Proposition 2.38(d), in order to establish the lower
semicontinuity of the multifunction F', we need to find v, € F'(uy) for
all o € J such that v, — v in V. From the definition of F' we have
that

v = ¢(u,y), withye M(u).

Since by hypothesis M is lower semicontinuous, we can find y, €
M (uq) for o € J such that y, — y in Y (see Proposition 2.38). The
continuity of ¢ implies that

Vo = ¢(Ua,Ya) — ©(u,y) =v.

Since vq = F(uq), we have proved the lower semicontinuity of F'.

Solution of Problem 2.62

According to Proposition 2.37, it suffices to show that for every closed
set C C Y, theset F~(C) ={ue X: Fu)NC # ()} is closed. To
this end, let {u,},>; € F~(C) be a sequence such that u, — u
in X. From the definition of F, we can find y, € M(uy) such that
©(Un,yn) € C for all n > 1. Note that y,, € M({u} U{u,: n > 1})
and from Problem 2.56(a), we know that M ({u} U{u, : n > 1}) €
P;,(Y) and so we can find a subsequence {y, }x>1 of {yn},~ such that
Yn, — y in Y. Invoking Proposition 2.43, we have that y € M (u).
Also, the continuity of ¢, implies that

w(unk7ynk) — SO(U, y) eC inV.
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Since y € M(u), it follows that u € F~(C) and so F~(C) is closed.
This implies the upper semicontinuity of the multifunction F'.

Solution of Problem 2.63

Let {un},>; € X. For each n > 1, let C,, = {u,} € Py(X) for
n > 1 and since by hypothesis (P¢(X),h) is compact, we can find a
subsequence {Cy, }r>1 of {Cr}, 5, and a set C' € P¢(X) such that

h(Cp,,C) — 0

(see Definition 2.49). Given ¢ > 0, we can find kg = ko(e) > 1 such
that
C C(Cp)e and Cn, C C. Vk= k. (2.28)

Note that (Cp, ) = Be(uy, ). Hence diam C' < 2¢, so C' = {u} (ie., C
is singleton), thus

Up, € Be(u) Vk >k

(see (2.28)) and so u,, — win X. This proves the compactness of X.

Solution of Problem 2.64
We need to show that for every A € R, the set L, =
{u e X : v(y) < A}isclosed (see Definition 1.2.46). So, let {uq }acs C
Ly be a net such that u, — v in X. Given any € > 0, we can find
y € F(u) such that

v(u) —e < p(u,y). (2.29)

The lower semicontinuity of F' implies that we can find yo € F(uq)
for a € J such that y, — y in Y (see Proposition 2.38). We have

0(Ua,Ya) < v(ug) < A Vaceld,
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SO

o(u,y) < liminf(ua, ya) < A
acJ

(since ¢ is lower semicontinuous), thus v(u) —e < A (see (2.29)).

Since € > 0 was arbitrary, we let € N\, 0, to conclude that v(u) < A,
so u € Ly and thus L) is closed. We conclude that v is a lower
semicontinuous function.

Solution of Problem 2.65

Let {(ua,Ya)}tacs € GrF be a net and assume that u, — u in X.
Since F is locally compact, we can find U € N (u) (where N (u) is the
filter of neighborhoods of u) such that F(U) € P(Y). We can find
ag € J such that u, € U for all & > op. Then {ya}aza, C Y

is relatively compact, hence {ys}acs has a cluster point in F(U).
We can find a subnet {yg}ger of {¥a}acs and y € F(U) such that
ysg — y in Y. Note that {(ug,ys)}ses C GrF and since ug — u
in X, yg — y in Y and F is closed, we have (u,y) € Gr F, that is,
y € F(u). So, invoking Proposition 2.42, we conclude that F' is upper

semicontinuous.

Solution of Problem 2.66
From Problem 2.64 we already know that v is lower semicontinuous.
So, it suffices to show that v is upper semicontinuous. To this end, for
every A € R, let

Uy = {ueX: v(u) = A}.
We need to show that Uy is closed (see Definition 1.2.46). So, let
{ta}acs € Uy be a net and assume that u, — u in X. Since ¢
is continuous and F' is Py(Y)-valued, for every a € J, we can find
Yo € F(uq) such that

v(ua) = P(Uarya) = A (2.30)

Invoking Proposition 2.42, we can find a subnet {ys}ger of {ya}acs
and y € F(u) such that y3 — y in Y. Then the continuity of ¢
implies that

p(ug,ys) — o(u,y) < v(u),
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so
A < v(u)

(see (2.30)), thus u € Uy and hence Uy, is closed. This proves that v
is also upper semicontinuous, therefore it is continuous.
Clearly S is Py(Y)-valued. For every u € X, let

Gu) = {yeY :v(u) =p(u,y)}.

The continuity of v and ¢ implies that G is closed (see Definition 2.40).
We have
S(u) = G(u) N F(u).

Invoking Problem 2.56(b), we conclude that S is upper semicontinu-
ous.

Solution of Problem 2.67
Let X = [0,1] and Y = R2. Consider the multifunction F: X —»
2V \ {0} defined by

F(u) = {(t,ut): t >0}.

Clearly F' is lower semicontinuous (see Proposition 2.38(d)), but F' is
not h-lower semicontinuous (see Definitions 2.53(b) and 2.49(b)).

Next, let X = [0,1] and ¥ = R. Consider the multifunction
F: X — 2V \ {0} defined by

[ [0,1] if welo,1),
Fu) = { 0,1) if w=1.

Clearly F is h-upper semicontinuous (see Definitions 2.53(a)
and 2.49(b)). However, note that F™((—1,1)) = {1} (see Defini-
tion 2.35(b)) and so F is not upper semicontinuous at 1 (see Defi-
nition 2.36(a) and Proposition 2.37).
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Solution of Problem 2.68
Let {(ua, Ya)tacs € Gr F be a net and assume that (uq, yo) — (u,y)
in X x Y. We have

disty (Yo, F'(u)) < h*(F(uq), F(u)) — 0

(see Definitions 2.53(a) and 2.49), so disty (y, F'(u)) = 0, thus y € F'(u)
and hence F' is closed (see Definition 2.40).

Solution of Problem 2.69
We need to show that for every A > 0, the set

La(y) = {ue X : ¢y(u) <A}

is closed. To this end, let {uq }aes € L(y) be anet such that uo, — u
in X. For every v, € F(uy) we have

v (Y, vq) + disty (va, F(u))

disty (y, F'(u)) Y, )
v (Y, va) + R (F(ua), F(u))

d
d

NN

(see Definition 2.49), so
py(u) < py(ua) + 07 (F(ua), F(u),

thus
ey(u) < A+ h"(F(ua), F(u))

and from the h-upper semicontinuity of F', we get
oy(u) < A

This means that u € Ly (u), which proves that the set Ly (u) is closed.
Hence the function u — ¢, (u) is lower semicontinuous.
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Solution of Problem 2.70

(a) This is a consequence of Proposition 2.56(a) and Problem 2.56(a).
(b) From the definition of the Hausdorff metric (see Definition 2.49),
we have

h*(Rp(K),Rp(K')) = sup inf  d,(h,y)
heRp(K)YERF(K)

= sup inf A*(h,F(v)) = sup inf A*(F(u), F(v))

hERF(K)”L)EK’ UEKUEK,
< sup inf A(F(u),F(v)) < ksup inf d,(u,v) = kh*(K,K').
uekK veK' wek VEK'

In a similar way, we show that
h*(Rp(K'), Rp(K)) < kh*(K', K).

Hence
h(Rp(K),Rp(K") < kh(K,K")

(see Definition 2.49).

Solution of Problem 2.71

Let V CY be an open set. We need to show that (FNG)~ (V) C X
is open (see Proposition 2.38). So, let v € (FNG)™ (V) and y €
Fu)NG(u)NV. Then (u,y) € Gr GN (X x V). Since by hypothesis
GrG C X x Y is open, we can find U (u) € N(u) and Vi(y) € N (y)
(where N (u) and N (y) are the filters of neighborhoods of v in X and
y in Y respectively) such that

Ui(z) x Vi(y) € GrGN(X x V). (2.31)

Note that F(u) NVi(y) # 0 and recall that F' is lower semicontinuous.
So, we can find Us(u) € N (u) such that

F)YnWVi(y) # 0 V' € Us(u). (2.32)
We set U(u) = Uy (u) NUz(u) € N(u). Then for all ' € U(u) we have

F)YnVi(y) # 0 and U(u) x Vi(y) € GrGN (X xY)
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(see (2.31) and (2.32)), so
FWYNGW)NnV # 0 V' eU(u),

thus the set (FNG)™ (V) C X is open and hence u — (FNG)(u) is
lower semicontinuous.

Solution of Problem 2.72
Consider the multifunction H: X — 2Y \ {()} defined by

H(u) = F(u), = {yeY: disty(y, F(u)) <r} VueX.

Evidently H has convex and open values. We claim that H is lower
semicontinuous (see Definition 2.36(b)). To this end, let {uq tacs € X
be a net such that uo, — win X and let y € H(u). If y € F(u), then
exploiting the lower semicontinuity of F' (see Proposition 2.38) we can
find yo € F(uq) for a € J such that yo, —> y. Clearly y, € H(uq).
If y ¢ F(u), then we can find v € F(u) such that ||[v — y|ly < r. Let
Vo € F(uq) be such that v, — v (again this is possible due to the
lower semicontinuity of F'). Then we can find o € J such that

v —ylly < 7 Y a > ap,

S0
disty (y, Fl(ua)) < 7 Vo > o,

thus y € H(uq) for all @ > ¢ and hence H is lower semicontin-
uous (see Proposition 2.37). Invoking Proposition 2.60 (note that
int H(u) # 0 for all v € X), we can find a continuous function
h: X — Y such that

h(u) € H(u) VuelX,

SO
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Solution of Problem 2.73

Recall that a compact Hausdorff space is paracompact (see Definition
1.2.142 and Theorem 1.2.144). Also, the collection {F"~({y})}, cy is
an open cover of X. The compactness of X implies that we can find
a finite set {y1,...,yn} C Y such that {F~({y1}),...., F~({y1})} is
an open cover of X. The paracompactness of X implies that there is
a continuous partition of unity {si,...,s,} subordinate to this finite
open cover (see Definition 1.2.146 and Theorem 1.2.147). Let

g
—
S
N~—
Il
(]

w
e
£
<
ES

k=1

Then f is continuous. If si(u) # 0, then v € F~({yx}) and so y €
F(u). The convexity of the values of F' implies that f(u) € F(u) for
all u € X.

Solution of Problem 2.74
Let G: Y — 2%\ {0} be the multifunction defined by

Gly) = A7 (y) = {ue X: Alu) =y}. (2.33)

Since A € L(X;Y) is surjective, by the open mapping theorem (see
Theorem 1.5.47), A is open. For every open set V' C X, we have
that the set G7(V) = A(V) CY is open. So, by Proposition 2.38,
G is lower semicontinuous. Also, from (2.33) it is clear that G has
values in Pr.(X). We can apply the Michael selection theorem (see
Theorem 2.58) and find a continuous map f: Y — X such that

fly) € Gly) Vyey,

SO
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Solution of Problem 2.75
Suppose that f: C — Y is a continuous selection of F|,. Let
F: X — Py (Y) be the multifunction defined by

= _f flw) if wedC,
Flu) = {F(u) if ueX\C.

Clearly F' is lower semicontinuous (see Proposition 2.38(d)). Also, it
has values in Pf.(Y). So, we can apply the Michael selection theo-
rem (see Theorem 2.58) and conclude that there exists a continuous
selection f: X — Y of F. Evidently f extends f on all of X.

(2 O A v

Solution of Problem 2.76

For every u € X, let F(u) = (p(u),¢¥(u)) C R. We claim that F is
lower semicontinuous. Indeed, let u,, — w in X and let y € F(u).
Exploiting the upper semicontinuity of ¢ and the lower semicontinuity
of 1, we see that we can find ng > 1 such that

Yy € ((,O(Un), 1/J(Un)) V' n = no,
so F'is lower semicontinuous. Applying Proposition 2.60, we obtain a
continuous selection f: X — R of F. Then ¢(u) < f(u) < ¥(u) for
all u € X.

Solution of Problem 2.77

According to Proposition 2.38, we need to show that for every open
set VCY, theset H (V) ={ueX: Hu)NV #0} C X is open.
So, let yo € H(up) NV. Then yo € (p(ug) +U)NV. Thus there exists
an open symmetric neighborhood W of the origin in V such that

Yo+ W+ W C (p(u) +U)NV,

soyo+W CV.
Let D = ¢ (p(up) + W). Since ¢ is continuous, we see that
D C X is open and ug € D.
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Next, we will show that
Yo+ W C pu)+U  VYuelD. (2.34)
To prove this, let w € W and v € D. Then
h = o(ug) —p(u) € W.

Since yo + W + W C ¢(up) + U, we can find u € U such that

Yo+ w + h = ¢(up) + u and so
yo+w = ou)+u € pu)+U,

which proves (2.34). Since yo € F(ug) N (yo + W), we have
up € F~(yo+ W) and since F' is lower semicontinuous, we have that
the set F~(yo + W) is open. Let

E = DNF (yo+W).

Then FE is an open neighborhood of ug. If v € F, then

Hu)nV = F(u
2> F(u
= F(u)

N(ew) +U)NV
N (e(w) +U) N (yo + W)
N(yo+W) # 0

Solution of Problem 2.78
We consider the multifunction I': X — 2Y*Y \ {})} defined by

[(u) = F(u) x G(u) VueX.
Let V1 x Vo CY X Y be a basic open set. Then
I~ (Vi xV,) = F-(Vi)NnG™ (Va),

so '™ (V4 x V3) C X is open (since both F' and G are lower semicon-
tinuous) and thus I' is lower semicontinuous. Let ¢: Y x Y — Y be
defined by

ey1,92) = yity2  VynypeY
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We know that ¢ is continuous. Then we have H = ¢ oI'. It is easily
seen that the composition of two lower semicontinuous multifunctions
is lower semicontinuous too. Therefore H is lower semicontinuous.

Solution of Problem 2.79
Given € > 0, for every u € X, we can find V,, € N'(u) such that

ﬂ F). # 0.
u' €Vy

The collection {V,, },ex is an open cover of X. Since X is paracompact
(see Definition 1.2.142), there is a locally finite refinement {W;};cs of
{Vu}uex (see Definition 1.2.146 and Theorem 1.2.147). For each j € J,
let u; € X besuch that W; C V,,;. Also, let {{;};es be a corresponding
continuous partition of unity subordinate to {W;};cs (see Definition
I.1.111). For every j € J, we choose y; € (| F(u'). and then define

u' €W
fe: X — Y by setting '

felw) = D &(w)y;.
JjeJ
Clearly f. € C(X;Y) and since F' is convex valued, we have
fe(u) € conv F(u): = F(u)e VueX.

Solution of Problem 2.80
Let F': X — P.(Y') be the multifunction defined by

= [ {y}y i u=n,
Flu) = {F:'g(u) if u# .

It is easy to see that F is lower semicontinuous (see Proposition 2.38)
and has values in Pr.(Y'). So, we can apply the Michael selection theo-
rem (see Theorem 2.58) and find a continuous function f: X — Y

such that fi(u) € F(u) for all w € X. Evidently f is a continuous
selector of F' such that f(u) = v.
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Solution of Problem 2.81

For ug € D, we have F(ug) C F(D) C F(D). Suppose that ug € D\ D
and let y € F(up). For each open set V' C Y containing y, we have
that £~ (V) C X is an open set containing ug (see Proposition 2.38).
Since ug € D, we can find u € DN F~(V). Then F(u) NV # () and

so F(D)NV # (. This shows that y € F(D) and so we conclude that

F(D) C F(D).

Solution of Problem 2.82

See the solution of Problem 2.78 for the Cartesian product of two
lower semicontinuous multifunctions. The statement is not true for
upper semicontinuous multifunctions. To see this let X =Y = R and
consider the multifunction F': R — 2%\ {})} defined by

Fu) = (-1,1) VueR.

Let H: R — 28R\ {(} be the multifunction defined by H = I, x F.
Clearly I, and F' are upper semicontinuous multifunctions. On
the other hand, if By = {h € R?: |h| <1}, then (I, x F)(0) C Bi.
However, we cannot find a neighborhood U of 0 in R such that
(I, x F)(U) € B;. Therefore the map u —— H(u) = (u, F'(u)) is not
upper semicontinuous.

Solution of Problem 2.83

We fix ¢ > 0. Because F' is upper semicontinuous, for every
u € X, we can find 6 = 6d(c,u) € (0,5) such that, if
u' € Bs(u) = {v' € X: dy(v,u) <9}, then F(u') C F(u)+ 5B,
where B; = {y € Y : |ly|ly < €} (see Proposition 2.54). The fam-
ily {B% (u)}uex is an open cover of X. Recall that a metric space

is paracompact (see Definition 1.2.142 and Theorem 1.2.144). So, we
can find a locally finite refinement {Uy}acs of {Bs(u)}uex (see Def-
4

inition 1.2.146 and Theorem 1.2.147). There exists a locally Lipschitz
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partition of unity {£, }aes subordinate to this cover {Uy }aes (see Def-
inition I.1.111). For each o € J, we choose (uq,Yo) € Gr FN (U, X Y)
and define

fe(u) = Zéa(U)ya Vue X.

acJ

Since the cover {Uy, }aes is locally finite, f. is well defined and locally
Lipschitz. Moreover, it is clear that

fe(u) € conv F(X) VueX.

Next, we fix u € X. Recalling that {U, }ac is locally finite, we have

that 0 < &, (u) for all & € J(u) C J with J(u) finite. For every o €

J(u), let uy € X be such that U, C Bis, (ug), with 6, = (e, uq) > 0.
4

Let 8 € J(uqo) and set 05 = max {0, : a € J(u)}. Then uq € Bs, (ug)
T

and so Uy C By, (ug). Hence for every a € J(u), we have
Yo € F(Us) C F(Ug)+ 5B1.
Since the latter set is convex, we have
fe(w) € F(Ug)+ 5B
Thus we can find yg € F(ug) such that || f-(u) — yglly < § and so

dX><Y ((uvfé(u))a (uﬁ’yﬁ)) = dX(“” uﬁ) + ”fe(u) - yﬁ”Y < g,

so (u, fe(u)) € Gr F +¢Bj. Since u € X is arbitrary, we conclude that
h*(Gr f.,Gr F') < e (see Definition 2.49).

Solution of Problem 2.84

We keep the notation from the solution of Problem 2.83. The family
{Bs(u)},cx is an open cover of the compact set K. So, we can find
a finite subcover {By, (u1),. .., Bs,, (um)} with 6; = 0;(e,u;) > 0 for
i € {1,...,m}. We can find a locally Lipschitz partition of unity
{&1, ..., &m} subordinate to this finite subcover (see Definition I.1.111).
Also, let y; € F(u;) for i € {1,...,m} and define

few) = > &Guwy,  VueVe=|]Bs(u)
=1

=1
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Then f.: V. — Y is locally Lipschitz and f.(u) € conv F(K) N Y
with Yz = span {y1,...,ym}, hence f. has a finite dimensional range.
As in the solution of Problem 2.83, we see that

fe(u) € F(KNB:(u))+eBy, VNYuel..

Solution of Problem 2.85

Let X; = F(X) and X141 = F(X,) for all n > 1. From Prob-
lem 2.56(a), we know that for each n > 1, the set X, is compact. Also,
since X1 C X, we see that X,,11 C X, foralln > 1. Let C = () X,.

n>1
Since {X,},~, has the finite intersection property (being decreasing;
see Definition 1.2.80 and Theorem 1.2.81), it follows that C' # (). We
have
F(C) € (VF(Xn) € (| Xn1 = C

nz=1 nz=1

(setting Xo = X). Suppose that up € C\ F(C). Note that C is
closed, hence F(C) C X is closed too (see Problem 2.56(a)). Recall
that a compact space is regular. So, we can find open sets Uy,Us C X
such that

ug € Uy, F(C) C Uy and U NUy = 0. (2.35)
Since F is upper semicontinuous, we have that the set F*(Us) C X is

open (see Proposition 2.37) and C = [ X,, € F*(U;). We have
n>1

X\FH(U) € [ J(X\Xn). (2.36)

The set X \ FT(Us) C X is closed, hence compact. From (2.36), it
follows that we find a finite subcover of the open cover {(X \ X»n)},> ;-
So, we can say that

X\FH () < X\ X,
n=1
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SO .
() Xn C F'(U),
n=1

thus

X, C FT(Uy) Vn>m
hence

Xn+1 = F(X,) C U, Vn>m

and so C C Us. But ug € C and ug & Uy (see (2.35)), we reach a
contradiction. Therefore, we conclude that F(C) = C.

Solution of Problem 2.86
In the light of Problem 2.65, we need to consider a noncompact do-
main. So, let X =Y = R, and consider the multifunction defined by
[ {0} if u=0,
Flu) = { 0,0 U{L} if u>o0.

Evidently, for every u > 0, we have F(u) € Py(Y). Also GrF is
closed. But F' is not upper semicontinuous at 0. Indeed, note that
F(0) € [0,1), but F7([0,1)) = {0} which is not open in ¥ = R;.
Therefore F' is not upper semicontinuous (see Proposition 2.37).

Solution of Problem 2.87
We will consider the boundedly w-compact case. The other case can
be established similarly. First note that for every u € X, we have
proj, (u) # 0. Indeed, let {h,},~, € K be a minimizing sequence,
that is,

lu—hnllx N\ dist(u, K). (2.37)
From (2.37) we see that the sequence {h;,},~; C K is bounded. So,
we can find r > 0 such that {hn},, C KNB,. Since K is by hypoth-
esis boundedly w-compact, we have that the sequence {h;},~; C X is
relatively w-compact. So, by the Eberlein-Smulian theorem (see Theo-
rem 1.5.78), passing to a subsequence if necessary, we may assume that
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h, — h € K N B,. Exploiting the weak lower semicontinuity of the
norm functional (see Proposition 1.5.56(c)), we have

|lu—h|x < liminf||u— Ayl x,
n—-+o0o

SO
|lu—nhllx = dist(u, K)

(see (2.37) and recall that h € K), thus h € proj, (u) and hence
proj,. (u) 0.

Now let C C X be a w-closed set. According to Proposition 2.37,
we need to show that the set proj_(C) = {u € X : proj,(u) N C # 0}
is closed. So, let {uy,}, >, C proj, (C) be a sequence such that u, —
u in X. We have that proj, (u,) NC # 0 for all n > 1. We can find
hy, € C such that

dist(up, K) = ||un — hnllx Vn>l. (2.38)

We know that
dist(up, K) — dist(u, K). (2.39)

From (2.38) and (2.39), it follows that the sequence {hy},>; € KNC

is bounded. So, there exists r > 0 such that {h,},5, C K N B;.
Because K is boundedly w-compact, invoking the Eberlein Smulian
theorem and by passing to a suitable subsequence if necessary, we can
have

hn — h € KNCNB,

(since C'is w-closed). Also, the weak lower semicontinuity of the norm
functional (see Proposition 1.5.56(c)) implies that

lu—h|lx < liminf [|u, — hy||x,
n——+00

SO
lu—hllx = dist(u, K)

(see (2.38), (2.39) and recall that h € K N C), thus u € proj,_(C) and
hence proj,. is upper semicontinuous from X into X.
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Solution of Problem 2.88
Note that F is closed from X into X .. Indeed, let {(uq,u))}acs C

Gr F be a net such that u, — u in X and u}, Y% u* in X*. Then
[uallx — fJullx and

luallk% = lualli = (uhua) — (u',u),

SO
luallX% = (wu) < Jlu"llxflullx (2.40)

On the other hand, the weak* lower semicontinuity of the norm func-
tional of X™* (see Proposition 1.5.65(c)) implies that

ES

* * < 1 1 PR 1 1 g
lu¥llx- < liminflugllxe = liminf uallx = fullx.  (241)
From (2.40) and (2.41) it follows that

lu*llx- = Jullx = (" u),

so u* € F(u) and hence F is closed.

From the definition of F (see Definition 2.112) and the Alaoglu
theorem (see Theorem 1.5.66), we see that F is locally compact from
X into X .. So, invoking Problem 2.65, we conclude that F is upper
semicontinuous from X into X ..

Solution of Problem 2.89

Since F' is compact valued, according to Proposition 2.56(a), it suffices
to show that F' is h-upper semicontinuous (see Definition 2.53(a)).
Arguing indirectly, suppose that F' is not h-upper semicontinuous.
Then we can find a sequence {un}n>1 C X with u,, — v in X and
€ > 0 such that

F(up) ¢ F(u)+eB; Vn>1 (2.42)
From (2.42) it follows that we can find h,, € F'(uy,) such that

dist(hn, F(u)) > ¢ Vn>1.
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Since F' is lower semicontinuous and compact valued, it is also h-lower
semicontinuous (see Proposition 2.56(b)). So, we can find ny € N such
that

F(u) C F(up)+eB Y n = no. (2.43)

Let h € F(u). From (2.43) we see that we can find h, € F(u,) for
n = ng such that

e —hllx < e ¥V n>no,

SO
dist(hn, F(u)) < ¢ ¥V n = no. (2.44)

Recall that F has connected values. Then the continuity of the
map y — dist(y, F(u)) on F(u,) for n > ng, together with (2.43)
and (2.44) imply that there exists h], € F(u,,) such that

dist(hl,, F(u)) = € V' n=ng (2.45)

(the Bolzano theorem; see Theorem 1.1.90). So, we have that
(M} sn, © F(u) +eBy € Py(RY).
By passing to a subsequence if necessary, we may assume that
h, — B inRY.
But (uy,hl) € GrF and the latter by hypothesis is closed. So I/ €
F(u). On the other hand, from (2.45), we have
dist(h', F(u)) = ¢ > 0,

so b/ ¢ F(u), a contradiction. Therefore F' is h-upper semicontinuous,
hence continuous.

Solution of Problem 2.90
Let X =Y = R and consider the multifunction F': R — Py.(R)
defined by
—1 if uw <0,
F(u) = [—1,1] if w=0,
1 if w>0
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(the sign multifunction). Clearly F' is upper semicontinuous (see Def-
inition 2.36(a)) but does not have a continuous selector.

Solution of Problem 2.91

From Theorem 2.63, we know that Gr F' € B(T x X). Let T and X be
the metric completions of T" and X respectively. Since by hypothesis
T and X are Borel spaces, we have Gr F € B(T x X). Let C € P (X)

and let C' be the X-closure of C. Then C' = C' N X. We have
F7(C) = {teT: Ft)nC #0}
= {teT: F(t)ﬂ@;é(i)}
= proj_(GrFn(T x C)) € B(X)

(by the Yankov—von Neumann—Aumann projection theorem; see Theo-
rem 1.4.65).

Solution of Problem 2.92
Consider the multifunction F: Q — 2% defined by
Fw) = ¢ \(wh) = (ue X: g =w}.  (246)
Therefore by hypothesis (i), F' has values in P¢(X). Also, if V C X
is open, then
F7(V) = {weQ: Fw)nNV#0} = (V) € %,
so F' is measurable (see Definition 2.61). Invoking the Kuratowski-

Ryll Nardzewski selection theorem (see Theorem 2.64), we can find a
Y-measurable map f: {2 — X such that

flw) € F(w) YV w e
From (2.46) we see that ¢(f(w)) = w for all w € .
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Solution of Problem 2.93
“=": Let C' C X be a closed set and let U = X \ C. We know that
U is an F,-set. In particular, we have

U= |JCn withCp={zeX: dist(z,C)>1} Vn>1

n>1
We have

F(C) = Q\FT(U) = Q\F" (| Cn). (2.47)

It is easy to see that we always have

U FT(Cn) € FH({JCn). (2.48)

n=>1 n=1

We will show that the opposite inclusion also holds. Arguing indirectly,
suppose that we can find w € F*( |J Cy) such that F(w) NCE # 0
n>1

for all n > 1. Let up, € F(w) N CA’fL for all n > 1. Since F(w) € Px(X),
we may assume that u, — u € F(w) CU. We know that u, € CS
for all n > 1. Hence we have

dist(u,,C) < Vn>1

S|=

and so dist(u,C) = 0, therefore v € C, a contradiction. So, the
inclusion in (2.48) is in fact an equality of the two sets and we have

FrJGC) = JF (G = J@\F(Cs) € =

n>1 n>1 n>1
(since F' is measurable), thus F'~(C) € X (see (2.47)).

“«=": This follows from Theorem 2.63(a).
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Solution of Problem 2.94

Since X is a separable metric space, it can be viewed as a dense subset
of a compact metric space Y (in fact, X is homeomorphic to a subset
of the Hilbert cube [0, 1] which is compact by the Tichonov theorem;
see Theorem 1.2.91). Let G: Q — P(Y) be defined by

Gw) = WY YV w e
Then for every compact set K C X, we have
F(K) = {weQ: Fw)NK # 0}
= {weQ: GwNXNK #0} = G (K).

Since G is compact valued in Y and measurable, from Problem 2.93,
we have that G~ (K) € ¥ and so '~ (K) € X.

Solution of Problem 2.95
We know that ¢ is jointly measurable. Let C' C X be a closed set and
let {un},>; C C be a sequence dense in C. We have

F7(C) = {we: Flw)nC #0}

{weQ: p(w,u) €U for some u € C}
= {weQ: p(w,uy,) €U for some ny > 1}
= U{weQ:w(w,un)eU}GE

n>1

(since U is open and ¢(w,-) is continuous), so F' is measurable (see
Theorem 2.63(a)).

Solution of Problem 2.96
Since X and Y are two o-compact metric spaces, both are separable
and

X = U C, with (), C X compact for all n > 1,
n>1
Y = U K,, with K,, CY compact for all m > 1.

m>1
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Let D CY be a closed set. We have
F (D) = |J proj,((Cn x (DN EKp))NGrF),

n,m>=1
Since F' is a closed multifunction (see Definition 2.40), we have that
the set
(Cox (DNKp)NGrF C X xY

is compact for all n,m > 1. Recall that proj, is continuous. Hence
the set proj, ((C’n x (DN Ky,))NGr F) is compact for each n,m > 1,
thus a Borel set. Therefore FF~ (D) C X is a Borel set and so F is
measurable (see Theorem 2.63(a)).

Solution of Problem 2.97

Without any loss of generality, we may assume that H(w) # ) for all
w € Q. First we assume that all the multifunctions F,, are compact
valued. We start by showing that the map w — Hs(w) = Fi(w) N
F5(w) is measurable. To this end, let P(w) = Fi(w) X Fa(w). Note
that for every set D C X x Y, we have

P~ (D) = Fy (proj,D) N Fy (proj,D),

with proj, (respectively proj,) being the projection on the first (res-
pectively second) factor of the product space. So, if D C X x Y is an
open set, then P~ (D) € X as

P~ (D)={w € Q:Fi(w)Nproj,D # 0}N{w € Q : Fy(w) Nproj,D # 0}

since the projections are open maps and Fy, F5 are by hypothesis mea-
surable multifunctions (see Definition 2.61(a)). So, P is measurable
and compact valued.

Let Ay C X x X be the diagonal set, that is

Ay = {(u,u): ue X}.
For every closed set C C X x X, we have
H; (C) = {weQ: P(w)ﬂAgﬂa#m} €x

(see Problem 2.93), so Hj is measurable (see Theorem 2.63).
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By induction, we see that the multifunction
n
w— Hy(w) = m Fi(w)
k=1

is measurable for every n > 1. For every w € (), we have

h*(Hp(w),H(w)) = sup dist(u, H(w))
uw€ Hnp (w)
(see Definition 2.49). Since Hy(w) € Py(X), we can find u, € Hy,(w)
such that

h*(Hp(w), H(w)) = dist(uy, H(w)) Vn>l1.

Note that {un},>; € Fi(w) € Py(X). Passing to a subsequence if
necessary, we may assume that v, — u in X. Evidently v € H(w)
and so

W (Hp(w), H(w)) — 0,

S0
dist(u, Hy(w)) — dist(u, H(w)) Vwe, ue X.

Since H,, is measurable, the map w — dist(u, F},(w)) is X-measurable
for every n > 1, hence the map w — dist(u, H(w)) is X-measurable
for every uw € X. This implies the measurability of H, when all mul-
tifunctions F,, are compact valued. R

Now, assume that at least on F;, is compact valued. Let X be
the metrizable compactification of X (recall that X being separa-
ble, is homeomorphic to a subset of the Hilbert cube [0,1]Y). Let
F,: Q — P(X) be defined by

Folw) = Fow) VYwe®
(the closure in X ). From the first part of the solution we have that, if
Hw) = mﬁn(w) VweQ,

n>1

then H is measurable. Since F, = ﬁno for some ng > 1, it follows
that H = H and so H is measurable.
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Solution of Problem 2.98
From Theorem 2.66, we know that there is a sequence
{hn: @ — X}, 5, of ¥-measurable selectors of U such that

Uw) = {hn(w)},>1 YV u e .
Let V C Y be an open set. Then

G (V) = {we: pw,Uw)NV #0}
= Jw: ¢ hnw) eV} (2.49)

n>1

(due to the continuity of ¢(w, -)). But ¢ being Carathéodory, is jointly
measurable. Hence, for every n > 1, the map w —— ¢(w, hyp(w)) is
Y-measurable. Therefore

{we: plw,hy(w)) eV} € X Vn>l,

so G7(V) € ¥ (see (2.49)) and hence G is measurable (see Defini-
tion 2.61(a)).

Solution of Problem 2.99
Let

Gw) = {u € Flw): dy(g9(w),u) = dist(g(w),F(w))}.

Since F' is Py(X)-valued we see that G(w) € Pi(X) for all w € Q.
Also, let

olw,u) = dy(g9(w),u) — dist(g(w), F(w)).

The measurability of F' and the X-measurability of g imply that
¢(w,u) is a Carathéodory function. Let

Lp(w) = {ueX: p(w,u) 1}

From Problem 2.95 we know that L, is measurable, hence the mul-
tifunction w — Ly (w) = Ly(w) is measurable. Problem 2.97 im-
plies that the multifunction w +—— L,(w) N F(w) is measurable and
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P (X)-valued for every n > 1. Once again Problem 2.97 implies

that the multifunction w — G(w) = ) (Lp(w) N F(w)) is measur-
n>1

able and Py (X)-valued. Apply the Kuratowski-Ryll Nardzewski se-

lection theorem (see Theorem 2.64), to find a ¥-measurable function

f:Q — X such that
flw) € G(w) VweQ,
SO

fw) € F(w) and dist(g(w), F(w)) =d, (g(w), f(w)) VweQ.

Solution of Problem 2.100
Since X is o-compact, we have

X = |JK, withK,€P(X) Vn>1
n>1

Let C C X be a closed set. Then

F () = F(|JnK,)) = |JF(CNEK,) € =

n>1 n>1

(since C N K,, € Py(X) for all n > 1), so F is measurable (see Theo-
rem 2.63(a)).

Solution of Problem 2.101

“=": Let F' be measurable. According to Problem 2.100, it suffices
to show that for every K € Py(Y'), we have G~ (K) € ¥ x B(X). Note
that

G (K) = {(wy,u) e Ox X: Gw,u)NK # 0}
= {(w,u) €Qx X : there exists y € Y
such that (u,y) € F(w) N (X x K)}.
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Let Qg ={w e N: F(w)N (X x K) # 0}. Since F is measurable, we
have Qi € X (see Theorem 2.63). Let H: Qg — Py(X xY) be
defined by

H(w) = FlwN(X x K) VweQg. (2.50)
Then we have
GrH = GrFN(Qx X xK) € ¥xB(X)xB(Y)

(see Theorem 2.63), so H is measurable (again by Theorem 2.63).
Thus Theorem 2.66 implies that we can find (¥ N Qg)-measurable
maps

fn:Qx — X and g¢g,: Qg — Y Vn=>1,

such that
H(w) = m@1 Ywe.

Let Dy = {(w,u) EQrxX:uce {fn(w)}n>1}.
We will show that G~ (K) = Dg. From the definitions of the two
sets, we see that

G~ (K) C Dg.

Next let (w,u) € Dg. Then we can find a subsequence {f,, (w)}r>1
of {fn(w)},>; such that f,, (w) — w in X. We consider the cor-
responding subsequence {gn, (w)}r>1 of {gn(w)},~;. From (2.50) we
see that {gn, (w)}r>1 € K and so, passing to a further subsequence
if necessary, we may assume that g,, (w) — y € K in Y. Therefore
(u,y) € H(w), hence (w,u) € G~ (K). This shows that Dx C G~ (K)
so we get G~ (K) = Dg.
Note that

Dig = {(w,u) €Qx X : gfldx(u,fn(w))zo} € ¥ x B(X),

so G (K) € ¥ x B(X) (as G™(K) = Dg) and thus G is measurable
(see Problem 2.100).
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“<=": Let G be measurable. Note that
GrF = GrG € ExB(X)xB(Y) = ExB(X xY).

So, by Theorem 2.63(a), F' is measurable.

Solution of Problem 2.102

From the Yankov—von Neumann-Aumann selection theorem (see
Theorem 2.68 and Remark 2.69), we can find a sequence
{fn: @ — X},5, of X-measurable selectors of F' such that

F) € (h@lys VYweo

Then o, (u*) = sup (u*, fo(w)) for all w € €2 and so the function
n>1

w —> 0F<w)(u*) is Y-measurable for every u* € X* (see Corollary

1.3.69).

Solution of Problem 2.103

“=—": By the Mazur theorem (see Theorem 1.5.58), the values of F’
are in P¢.(X). So, according to Theorem 2.66, we can find a sequence
{fn: @ — X}, 5, of X-measurable selectors of F' such that

Flw) = {faw)},>1 Vwe

Then for every u* € X*, we have

so the map w — o, (u*) in X-measurable (see Corollary 1.3.69).

“=": Let Ei(* = {u* € X*: ||u*||x+ <1}. Since X is separable,
the set Ei( furnished with the relative w*-topology is compact (by
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the Alaoglu theorem; see Theorem 1.5.66) and metrizable (see Theo-
rem 1.5.85). Note that
X* = U nF{(*,
n=1

hence X . (the space X* furnished with the w*-topology) is separable.
Then X* is separable in all topologies 7 such that (X*)* = X. In par-
ticular then this is the case for 7 = m(X*, X) (the Mackey topology on
X* for the pair (X*, X), i.e., the strongest, locally convex topology T
on X* for which we have (X*)* = X). Since F' is Pyk.(X)-valued, the
function w* — o, (u*) is m-continuous (see Proposition 2.51(d)).
From Proposition 2.51(c), we know that for all u € X, we have

dist(u, F(w)) = sup { (u*,u) — O (W) 1 U] < 1}.
So, if {up}t,>1 C Ei(* is an m-dense sequence, then

dist (u, F(w)) = sup ((up,u) — o, (uy,)),

n>1

thus the map w —— dist(u, F(w)) is X-measurable and hence F' is
measurable (see Theorem 2.63(a)).

Solution of Problem 2.104
Let A € R. Then, m(w) < A if and only if there exists u € F'(w) such
that ¢(w,u) < A. Therefore, we have

{fweQ: m(w) <A} = proj, ({(w,u): p(w,u) <A} NGrF).

The joint measurability of ¢, the graph measurability of F' and
the Yankov—von Neumann—Aumann projection theorem (see Theorem
1.4.65) imply that

proj, ({(w,u) : p(w,u) <A} NGrF) € S =3
(since ¥ is complete), so
{we: mw) <A} € X VAeR

and thus the map m: Q@ — R* is ¥-measurable (cf. Proposition
1.3.63).
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Solution of Problem 2.105

(a) From Theorem 2.66, we know that there exists a sequence
{fn: Q@ — X}, 5, of X-measurable selectors of F' such that

Fw) = {ful@}s VYwel

Also, let
A = {{rk}k.>1 : 1, € Q, r, > 0 and all but a finite number
equal zero and Z rp = 1}.
k>1
Let

I = {h:Q—>X: h(w):Zrnfn(w) for all w €

n>1

with {ro},5, € A,

Note that the set A is countable, hence so is I" and each h € T" is
a Y-measurable selector of w — conv F'(w). Moreover, for every
w € 2, we have

[(w) = conv F(w),
so the multifunction w — T'(w) is measurable (see Theorem 2.66)
and thus the multifunction w —— conv F'(w) is measurable.
Since for every nonempty open set U C X, we have

conv F(w)NU # ( if and only if conv F(w)NU # 0,

so it follows that the multifunction w — conv F'(w) is measurable
too.

(b) This is proved as the measurability of w —— tonv F'(w) in part
(a), using this time the Yankov—von Neumann—Aumann selection
theorem (see Theorem 2.68).

Solution of Problem 2.106
Let {un},>; be a sequence which is dense in the open unit ball of X.
Let

hn(w) = w(w) + o(w)un, VweQ, n>1.
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Then for each n > 1, the map w —— hy(w) is YL-measurable and

By (u(w)) = {hn(w)}n>1 VweQ,

so the multifunction w +—  By)(u(w)) is measurable (see
Theorem 2.66) and thus the multifunction w — B, (u(w)) is mea-
surable.

Solution of Problem 2.107
For every n > 1, let

Folw) = {ueX: |pwu)<i}.

Problem 2.95 implies that for each n > 1, the multifunction w —
F,(w) is measurable, hence so is the multifunction w +— F,(w) =
{ueX: |p(w,u)| <L} Note that

F) = () Faw),

n>1

so, invoking Problem 2.97, we conclude that F' is measurable.

Solution of Problem 2.108
Let I'(w) = {u € F(w) : h(w,u) € G(w)}. By hypothesis I'(w) # 0 for
all w € Q. Also, let hg: 2 x X — Q x T be defined by

ho(w,u) = (w, h(w,u)) V (w,u) € Q x X.

Clearly hg is (X x B(X), ¥ x T)-measurable (see Definition 1.3.53). We
have
CrI' = GrFnhy'(GrG).

Since hg is measurable and F', G are both graph measurable (see Def-
inition 2.61(b)), we have

GrT € % x B(X).
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So, we can apply the Yankov—von Neumann—Aumann selection theo-
rem (see Theorem 2.68) and find a ¥-measurable function f: Q — X
such that

flw) € T'(w) VweQ,

SO

Solution of Problem 2.109
Let U C X be an open set. Then

G (U) = {we: [JE)nU)£0} = |JF (U) € 5,
n>1

n>1

so the multifunction w — G(w) is measurable.
The multifunction H has closed values and

GrH = (| GrF, € I xB(X),
n>1

so the multifunction H is measurable (see Theorem 2.67).

Solution of Problem 2.110
“=—=": Obvious.

“<—=": From the Yankov—von Neumann—-Aumann selection theo-
rem (see Theorem 2.68 and Remark 2.69), we can find a sequence
{fn: @ — X},5, of ¥, -measurable selectors of F' such that

F) € (fal@)lpsr VYwe
Then

m) = inf Julx = it lf@)lx  Vweo,
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so the map m is ¥,-measurable and hence m € S%. (as m < ¥). Let
e € LP(Q)4 with e(w) > 0 for all w € © and consider the multifunction

H.(w) = {ue F(w): |ullx <mw)+ew)}.

Then Gr H, € ¥, x B(X).

So, we can find a ¥-measurable map f: Q@ — X such that f(w) €
H.(w) for p-almost all w € Q (see the Yankov-von Neumann-Aumann
selection theorem; Theorem 2.68). Since

If(wlx < mw)+e(w) for pa.a weQ,

we conclude that f € S% (recall that m + ¢ € S%.) and so ST # 0.

Solution of Problem 2.111
From Remark 2.89 we know that

Hi(w) = liminf Fp(w) = {ue X : lim dist(u, F(w)) =0},

n—+00 n—+00
(2.51)
H,(w) = ligiupFn(w) = {ueX: ggligdist(u,Fn(w)) =0}.
(2.52)

Both multifunctions are closed valued (see Remark 2.89). For every
n > 1, the function

op(w,u) = dist(u, Fj(w)) V(w,u) € 2 x X

is a Carathéodory function, hence jointly measurable (i.e., ¥ x B(X)-
measurable). Therefore

hi(w,u) = légigapn(w,u) and  hy(w,u) = ljlgilolggon(w,u)
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are both ¥ x B(X)-measurable. From (2.51)-(2.51), we have

GrH = {(w,u)eQxX: h(w,u)=hy(w,u) =0} € X x B(X),
GrH, = {(w,u)eQxX: h(w,u)=0} € ¥ xB(X),

so H; and H,, are both measurable multifunctions (see Theorem 2.67).

Solution of Problem 2.112

By the Yankov—von Neumann—Aumann selection theorem (see Theo-
rem 2.68 and Remark 2.69), we can find a sequence {gm},,~; of -
measurable selectors of F' such that

F(w) € {gm(w)},,>, for praa. we .

Since the measure space is o-finite, we can find a sequence {Q,},~; C
=

Y of pairwise disjoint sets such that p(£2,) < 400 for all n > 1 and
Q= U Q. Let h € S and define

n=1
Cimn = {weQ: k—1<gnw) <k}nNQ,
and
fkmn = Xckmngm + Xcgmnh € S??

Then, we have

F(w) - {fk:mn(w)}k,m,n>l Yweq.

Solution of Problem 2.113
Let § € LY(Q) be such that §(w) > 0 for all w € 2 and

/5(w)d,u < %
Q
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Let {Cn}n>1 C ¥ be a sequence of pairwise disjoint sets such that
Q=NU( U C,) with N being g-null and

n>=1

[f(w) = fa)|% < 6(w) VweCh.

3 / 1 i () % dp

k214,
< 2% [10) - f@l dut 27 Y [ 15 dn
k21 k215,

< o / 5(w) d + 201 / 1F (@)% da
Q QO

we see that series > [ || fx(w)|% di is convergent. Let N € N be

k>1Cy
such that
3 / V@) de < 2
F2N+15,
and
3 / W) dp < 2
k>N+1¢,

We define the finite X-partition of 2 by setting

A =Cu( |J &) and An = Cn  V2<m<N
E>N+1

‘We have

E>N+1

N
53w illy < [ odict 3 2 Mg e flf) <
k=1 Q
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Solution of Problem 2.114

According to Theorem 2.66, we can find two sequences
{fn: Q@ — X}, 5, and {gm: @ — X}, 5, of X-measurable selectors
of F and G respectively such that

F(w) = {fa(w)},>1 and Gw) = {gm(W)}l,> Vwe
We have

H(w) = {fa(w) 4+ gm(w)}ym>1>
so the multifunction H is measurable and Py(X)-valued (see Theo-
rem 2.66).
Note that since H is closed valued, then S%; is closed. So, we have

SE+ 5% C S (2.53)

We need to show that the opposite inclusion also holds. To this end,
let h € S and € > 0. According to Problem 2.113, we can find
a finite Y-partition {A1,..., A4;} of Q and positive integers nq,...,n
and myq,...,m; such that

l
Hh - ZXAk(fnk +gnk>“p < g,
k=1

so h € S%. + S7,. Thus, we have
SY C S+ 5% (2.54)
From (2.53) and (2.54) we conclude that S%, = S%. + SZ.

Solution of Problem 2.115
Clearly S?

conv

r is closed, convex and so we have

D P
conv Sy C St e

(2.55)

Suppose that the inclusion in (2.55) is strict. So, we can find
h e S __ .\ conv Sh.. The strong separation theorem for convex sets

(see Theorem 1.5.29) implies that we can find A* € LP(Q; X)* =
LP (Q; X£.) (with % + ]% = 1; see Theorem 1.47) such that

(h*) < (h*,h) (2.56)

g
conv Sz;;‘
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(see Definition 2.46), where by (-

, ) we denote the duality brackets for
the pair (L¥' (Q; X2.), LP(Q; X)), i.

e.,

Mﬂmzzjlmwxmwuwm

Q

where by (-,-)y we denote the duality brackets for the pair (X*, X).
We have

(h*) = o4 (h") = sup (h" f)

conv SP
F F P
fesek.

= s (W@ @)y di = [ s (@) du

S? cF
fe S ueF(w)

— [ @ dn = [ o 0@

Q

(h*(w), h(w)) x dp

AN
SENES

(see Theorem 2.74 and (2.56)), which contradicts the fact that h €
SP This proves that in (2.55) we have equality.

conv F'*

Solution of Problem 2.116
Since S% C LP(; X) is closed, we have

ShC S (2.57)
Let f € S’% and for every n > 1 we define

Valw) = {u€ F(w): [lu—f@)llx < 1}.

By modifying V,,(w) on a p-null set, we may assume that V;,(w) # 0
for all we Q. Note that, if p(w,u) = [Ju — f(w)|x, then ¢ is a
Carathéodory function, hence jointly measurable and we have

GrV, = {(w,u) €Qx X : p(w,u) < L} NGIF,
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so GrV,, € ¥ x B(X). Invoking the Yankov—von Neumann-Aumann
selection theorem (see Theorem 2.68 and Remark 2.69), we can find a
sequence { f,: @ — X}, 5, of X-measurable functions such that

falw) € Vy(w) for praa. weQ, alln > 1,

SO
|folw) = flW)|lx < L for praa. we, alln>1

n

and f, € S for all n > 1, thus
falw) — f(w) for p-a.a. w e . (2.58)
We have
Ifnlx < [[f(w)|x+1 forpaa we alln>1, (2.59)

with f € LP(Q; X). Because of (2.58) and (2.59) and the Lebesgue

dominated convergence theorem, we have
fo — f in LP(Q; X),

so f € @, hence we have equality in (2.57).

Solution of Problem 2.117
By working on each component of {2 of finite p-measure, we see that
we may assume that p is finite. Let f,g € D and define m: ¥ — Y
by setting

m(A) = T(x,(f-9) VAeX

We show that m is a vector measure (see Definition 1.43). To this
end, let {A,},~; C X be a sequence of pairwise disjoint sets and let

A= U An. Weset Cp = Ugspy1 Ar € . From the linearity of T,
n>1
for every n > 1, we have

m(A) = Tx,(f—9) = T xu (f —9) +Xe,(f —9)
k=1

= ) T, (f—9) + T(xe, (f — 9)),

k=1
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SO

n n

[m(A) = TO, (F =y = [[m(A) =Y m(A)|y

k=1 k=1
= [T(xe, (f = 9)lly- (2.60)

But C), N\ 0 and so
Xe, (f—9) — 0 in LP(; X).
Then the continuity of T" implies that

IT(xe, (f =9y — 0,

so m is a vector measure (see (2.60) and Definition 2.70).

If u(A) = 0, then x , (f—g) = 0 and so m(A) = 0. This implies that
m < p. Moreover, the nonatomicity of p implies that m is nonatomic
(see Definition 1.3.40). Note that

[m(Ally = IITOa(f = 9)lly < [ITlelixa(f = 9lee@x)- (2:61)

If
9(A) = / 1f@) - g@lfydy  VAES,
A

then ¥ is a measure on (2, %) of bounded variation and from (2.61)
we have

m|(Q) < | T]29(Q)7

(see Definition 1.43), so m is a vector measure of bounded variation.

Therefore, so far we have that m: ¥ — Y is a nonatomic vector
measure of bounded variation. Because Y has the RNP, we can apply
the Lyapunov convexity theorem (see Theorem 2.165) and infer that
m(X) CY is convex and compact. Then the set

UT0L(F=9)+T@) = |J T (f—9)+Tlg)

A€ A€y

is convex. Using the linearity of T, we have

T(x,(f=9)+T(g9) = TXAS + Xe9)
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The decomposability of D (see Definition 2.70) implies that x,f +
X9 €D forall Aec ¥, so

U T f +xae9) € T(D).
Aex

It follows that for all A € [0, 1], we have

TAf+(1=XNg) € T(D),
so the set T'(D) is convex (recall that f,g € D).

Solution of Problem 2.118
By working on each component of Q2 of finite y-measure, we see that
we may assume that p is finite. Let h € conv D. Then

h = Mfe, withdp€[0,1], > N =1, fy € Dfork e {1,...,n}.
k=1 k=1

Recall that LP(Q; X)* = LP (Q; X*.) (with %—F 1% = 1; see Theo-

rem 1.47) and let (-,-) denote the duality brackets for this dual pair.

Let Uy, (h) be a basic weak neighborhood of h defined by

Un(h) = {g€ LP(X): |{uj,g—h)|<eforallke{l,...,m}},

with m > 1, uf € LY (Q; X7.) for all k € {1,...,m} and £ > 0. We
consider the continuous linear map 7': LP(Q; X) — R™ defined by

T(h) = ((ui,hy,...,{u5, h)).
From Problem 2.117 we have that T'(D) is convex (no closure is needed
since in finite dimensional Banach spaces the Lyapunov theorem is
exact; see Theorem 2.165). Therefore, we can find f € D such that
T(f) = T(h) and so DN U,(h) # 0. Hence h € D* = D (since by
definition D is w-closed). Then we conclude that D = conv D.
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Solution of Problem 2.119
Note that the set S%  remains decomposable (see Definition 2.70).
Also, it is w-closed. Hence according to Problem 2.118 it is convex.

Also, from Problem 2.115, we have conv S}, = S2__ .. Therefore
conv S%. C ST (2.62)

But by the Mazur theorem (see Theorem 1.5.58), a convex set is closed
if and only if it is w-closed. So, from (2.62) it follows that S}'}w =
conv S%., thus

Solution of Problem 2.120
We argue indirectly. So, suppose that H(w) = F(w) \ G(w) is not
empty on a set of positive y-measure. Then

A =domH = {weQ: Hw)#0} € 3,

Since H: A — 2%\ {(}} is graph measurable (see Definition 2.61(b)),
form the Yankov—von Neumann—Aumann selection theorem (see Theo-
rem 2.68), we can find a 3 4-measurable map h: A — X such that

h(w) € H(w) for p-aa we A

(here ¥4 = ¥ N A). Since p is o-finite, we can find a sequence
{Qn},>1 C B with p(Q,) < +oo for all n > 1 such that Q@ = |J Q,.
n>1

Also for every m > 1, let
Ap = {weAd: m—1<h(w)<m} € (X,)a.

We set Cpp = Ay N Q. Then A= |J Cpyp. Since p(A) > 0,

n,m=1
we can find m,n > 1 such that u(Cpy,) > 0. Let f € ST and let
¥ = X, h+ xoe f € Sp (by decomposability; see Definition 2.70)
but ¥ ¢ S, a contradiction to the hypothesis that S%. = SZ.
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Solution of Problem 2.121

(a) From Problem 2.116 we have Sh = ST,'} = S%. Invoking Prob-
lem 2.120, we infer that

F(w) = F(w) for pra.a weQ,

hence F(w) € P¢(X) for p-almost all w € .
(b) From the Mazur theorem (see Theorem 1.5.58) and Problem 2.119,
we have

p _ ap¥ _ qp
SF - SF - SconvF’

S0
F(w) = conv F(w) for pra.a. w €

(see Problem 2.120) and thus F(w) € Pf.(X) for p-almost all
w € .

Solution of Problem 2.122
Let T € L(LY(Q; X); X) be defined by

T(h) = /h(w) du ¥ heLY(%X).
Q

From Definition 2.85 we know that

T(St) = /F(w) dpu.

Problem 2.117 implies that 7'(S}.) is convex (note that in present case
we do not need X to have the RNP, since the vector measure is from
the definition of T" in integral form). Therefore, we conclude that the
set ¢l [ Fdu C X is convex.

Q




420 Chapter 2. Nonlinear and Multivalued Maps

Solution of Problem 2.123
Recall that [F(w)duy = T(Sk), where T € L(LY(Q;X);X) is
Q

defined by
T(h) = /h(w)du Y h e Sk
Q

(see Definition 2.85). From Theorem 2.76, we have that S} C
L'(9; X) is w-compact and convex. Hence

T(SL) = / F@)dp € Poe(X).
Q

Solution of Problem 2.124
Let (-,-) denote the duality brackets for the pair

(L>°( X5e) = LN X)*, LY X))

(see Theorem 1.52). Also, by (-, -) y we denote the duality brackets for
the dual pair (X*, X). According to Definition 2.46, we have

7y (07 = s (0'.f) = sup [ (h*(w), F@)y du

Q

= [ s @iy = [ 0w d

o u€F (w)

F fest feSk

)

(see Theorem 2.74)

Solution of Problem 2.125

We fix ¢ > 0 and let {un},5; € X be a sequence which is dense in X.
Let

on(v) = dist(uy, F(v)) VveV, n>1
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By the Lusin theorem (see Theorem 2.166), we can find compact
sets K, CV with u(V \ K,) < 5 for all n > 1, such that o[,
is continuous. Let K. = (] K,. Evidently K. C V is compact
n>1

and pu(V \ Kc) < e. Also, for every n > 1, o[, is continuous.
Let {(vm,um)},,>; € GrF N (K. x X) be a sequence such that
(U, Um) — (U,u). We fix 6 > 0 and choose n > 1 such that
d (up,u) < d. Then we can find mo = mg(n) > 1 such that

on(Vm) = dist(Un, F(vm)) < dy(Un,um) < 0 V' 'm = mg.
The continuity of ¢y|,  implies that dist(u,, F'(v)) < ¢ and so
dist(w, F\(v)) < 2. Since § > 0 is arbitrary, we let § ~\, 0 and ob-
tain dist(u, F'(v)) = 0, thus (v,u) € Gr F (recall that F' has closed
values) and this proves that F|,._ is closed (see Definition 2.40).

Solution of Problem 2.126
Theorem 2.66 implies that there exists a sequence {f,: V — X},
of Borel measurable functions such that

Fv) = {fa(v)},>1 VoeV. (2.63)

By the Lusin theorem (see Theorem 2.166), for every € > 0, we can
find a compact set K. C V with u(V \ K.) < € such that f,[,_ 1is
continuous for every n > 1 (see the solution of Problem 2.125). Then
because of (2.63) for every closed set C' C X, we have that the set

FIt (©) = () f2C)

n>1

is closed. Therefore F|, is lower semicontinuous (see Proposi-
tion 2.38).
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Solution of Problem 2.127
By Theorem 2.66 there exists a sequence {f, },~; of ¥ x T-measurable
selectors of F' such that

Flw,t) = {fa(w,t)},>, Vi(w,t) e A xT. (2.64)

For every n > 1, let

Q, = {weQ: dy(uww), fnlw,to)) <e}. (2.65)
From (2.64) we have Q = |J Q,. Let
n=1
n—1
Dy = Q and D, = Qn\UDk Von>2.

k=1

We have {Dn}n>1 C X. We set
Z XDn w) fn(w,t).

n>1
Then fis a X x T-measurable selector of F' and
dX( (wat0)7u0(w)) < € YVweN.

(see (2.65)).

Solution of Problem 2.128
By definition, we have
F (D) = {weQ: Flw)NnD #0}
= proj,(GrFN(Qx D)) € &

(by the Yankov—von Neumann—-Aumann projection theorem; see
Theorem 1.4.65).
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Solution of Problem 2.129
Note that w —— F(w) and w — F¢w) = X \ F(w) are both
graph measurable (see Definition 2.61(b)). Then from Problem 2.128

we see that they are measurable and then so are w —— F(w) and

w +— F¢w). Therefore the map w+— 0F(w) = F(w) N F¢(w) is
graph measurable and then since OF is closed valued, from Theo-
rem 2.67(d), we conclude that w — 0F(w) is measurable.

Next note that int F(w) = F(w) \ 0F(w), hence

Gr(intF) = GrFN(GroF)° € ¥ x B(X)

and thus w — int F'(w) is graph measurable.

Solution of Problem 2.130

We may assume that A = Q. Also, let f € Si. Then by replac-
ing F(w) by F(w) — f(w), which is still graph measurable and open
valued, we may assume that 0 € F(w) for all w € Q. Let &p(w) =
dist(0, F(w)¢). Since F' is graph measurable (see Definition 2.61(b)),
so is w — F(w)® which is closed valued, hence {r is X,-measurable
(see Theorem 2.67(a)). Note that £p(w) > 0 for all w € Q. So, we
can find e > 0 and A € ¥ with u(A) > 0 such that {p(w) > € for all
w € A. This means that, if B. = {u € X : |ju||x < ¢} then

n(A)B: C /qu C /qu
A Q

(since 0 € F(w) for all w € Q), so the set [ Fdy C X is open.
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Solution of Problem 2.131

Without any loss of generality, we may assume that int F'(w) # 0 for
all we Q. We fix A € ¥ with u(A) > 0 and we show that the set
[ int F'dy is dense in [ F'du. To this end let f € S} and € > 0. We
A A

introduce the multifunction H: Q — 2% \ {})} defined by
Hw) = {u cint F(w) : |[f(w) —ulx < m}

If p(w,u) = ||f(w) — ul|x, then ¢ is a Carathéodory function, hence
jointly measurable and so

GrH = GrintFﬁ{(w,u)EQxX: <p(w,u)<ﬁ} € X, xB(X)

(see Problem 2.129 and recall that ¥, stands for the py-completion of
Y). Invoking the Yankov-von Neumann-Aumann selection theorem
(see Theorem 2.68) we can find a ¥-measurable map h: Q@ — X such
that

h(w) € H(w) for p-a.a. w € .
We have

hw) € int F(w) and | f(w)—h(w)|lx < u(EA) for pra.a. w € Q,

so h € Sl (recall that f € SL) and

| [ - hendal <
A

so [int Fdy is dense in [ F dpu.
A A
From Problem 2.130, we know that [ int ' du is open and convex
A

in X. So

/inth,u = int/iand,u = int/Fd,u D int /qu. (2.66)
A A A A

On the other hand, the openness of [ int F'du implies
A

/inthu C int /Fd,u. (2.67)
A A
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From (2.66) and (2.67) we conclude that int [ Fdu = [intFdp
A A
for all A € X.

Solution of Problem 2.132
Let |D| = {||f()|lx : f€ D} C LYQ) and let h = esssup|D|. We
know that we can find a sequence {f,,},>; C D such that

h(w) = sup [|fu(w)]lx for p-aa weQ
n>1
(see Proposition 2.168). The decomposability of D (see Defini-
tion 2.70) implies that we can have {||f.(")l|x},>; to be increasing.

Also, the boundedness of D and the Lebesgue monotone convergence
theorem, imply that h € L1(2),. Since

If(wllx < h(w) for p-a.a. w € Q and all f € D,

we conclude that D is uniformly integrable (see Definition 1.18).

Solution of Problem 2.133
From Theorem 2.76 we know that S}p € Puke (Ll(Q; RN )) Therefore

V() = /F(s) ds € Pu(RY) VteT
0

(see Definition 2.85). For ¢, 7 € [0,b] with 7 < ¢, we have

hV(t),V(T)) = |Sj‘lgllav(t)(y*)—UV(T)(y*)\

t t
< sup /JF(S)(y*)ds < /h(s)ds
ly*I<1
T T
(see the Hormander formula (Proposition 2.51(b)) and recall that F'
is integrably bounded; see Definition 2.75) with h € LY(T), so V
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is h-continuous, hence continuous too (since is Py.(R™)-valued; see
Proposition 2.56(c)).

The Michael selection theorem (see Theorem 2.58) implies that
CSv # 0. Let {v},5, € CSy be a sequence. Then we can find a

sequence {fn},~; C S} such that

t

vp(t) = /fn(s) ds VteTl, n>1.
0

From Theorem 2.76 we know that by passing to a suitable subsequence,
we may assume that

fo = f in LYT;RY), (2.68)
with f € S}. Since F is integrably bounded, we have
|F(t)] < h(t) foraa.teT,

with h € LY(T). So, SL is uniformly integrable (see Definition 1.18).
Moreover, using the Lusin theorem on h (see Theorem 2.166), we see
that condition (b) of Definition 2.80 is satisfied. So, S} has property U
(see Definition 2.80) and then by Proposition 2.82, the weak topology
and the ||-||,-topology (see Definition 2.78) coincide. Let

v(t) = /f(s)ds VteT.
0

Then v € C'Sy and we have

teT teT

Jon = vl = maxlon(®) — o(0)] = max| [ (fals) = F()ds]
0

N

c”fn_wa Vn>l1,

for some ¢ > 0 (see Definition 2.78 and Remark 2.79). Because
of (2.68) we have ||f, — fllw — 0 and so ||v, — v||ec — 0, which
proves the compactness of C'Sy C C(T;RY).
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Remark. An alternative solution can be based on the Arzela—Ascoli
theorem (see Theorem 1.2.181).

Solution of Problem 2.134
If s-liminf A, = (), then dist(u, s-liminf A,,) = 400 and the des-
n——4oo n—-+oo

ired inequality holds. So, we assume that sflini inf A, # 0. Let v €
n——+0o0

s—lirg inf A,,. Then we can find a sequence {v,},~, with v, € A, for
n—-+oo =

all n > 1 such that v, — v in X (see Definition 2.88). We have
dist(u, Ap) < |lu— vy x,

S0
limsup dist(u, 4,)) < |u—vx. (2.69)
n—-+00

Since v € s-liminf A,, is arbitrary, from (2.69) we conclude that
n—-+00

limsup dist(u, A,) < dist(u, s-liminf A,).
n—-+00 n—+00

Solution of Problem 2.135
Let u € X and let r = limJirnf dist(u, Ay). If r = 400, then the desired
n—-+0oo

inequality holds. So, let us assume that r < +oo. Let {v,},5, be a
sequence such that v, € A, for all n > 1 and

Ju—vpllx < dist(u,4,)+2  Vn>1 (2.70)

We have {v,},5; € C mg(r+llullx+1) € Pui(X). So, by virtue of the
Eberlein-Smulian theorem (see Theorem 1.5.78), passing to a subse-
quence if necessary, we have

vp —> v inX and v € w-limsup A,. (2.71)
n—400

Exploiting the weak lower semicontinuity of the norm functional (see
Proposition 1.5.56(c)), we have

= vllx < lminf u—ox < lminf dist(u, An)
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(see (2.70)), so

dist(u, w-limsup A,) < liminfdist(u, A,)
n——+00 n—r+00

(see (2.71)).

Solution of Problem 2.136
Because X is reflexive and A € Py.(X), we can find v € A such that

dist(u, A) = |ju—v]x. (2.72)

Since by hypothesis A, M, A, we can find v, € A, for all n > 1 such
that v, — v in X (see Definitions 2.90 and 2.88). We have

dist(un, Ap) < ||un — vnllx Vn>l,
SO
lim sup dist(un,, A,) < JJu—v||x = dist(u, A) (2.73)
n—-+00
(see (2.72)). On the other hand, from triangle inequality, we have
dist(un, Ap) < ||u — upllx + dist(u, Ay) Vn>l. (2.74)

The hypothesis that A,, M, A, the reflexivity of X and Problems 2.134
and 2.135 imply that

dist(u, 4,) — dist(u, A).
So, if in (2.74) we pass to the limit as n — +oo, then

dist(u, A) < liminf dist(up, Ay). (2.75)

n—-+0o0o

From (2.73) and (2.75), we conclude that dist(uy, A,) — dist(u, 4).
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Solution of Problem 2.137

From  Remark  2.89, we  know  that the  multifunc-
tion w — H(w) = limsup F,,(w) is Pf(X)-valued. So, according to
n—-+o0o

Problem 2.100, it suffices to show that for all K € Py(X), we have
H~(K) € 3. Note that

m ) - ) UE &)

m2=21k>21n>k

(see Remark 2.87), where K1 = {u € X :dist(u, K) < L}. But for
each n,m > 1, we have F,, (K1) € ¥ (since F,, is measurable; see
Definition 2.61(a)). Hence H (K) € ¥ and so H is measurable.

Solution of Problem 2.138

Let uw € A. Then from the hypothesis we have dist(u, A,) — 0 and
this by virtue of Definition 2.88 implies that u € sflirg inf A,,. So, we
n—-+0oo

conclude that A C s-liminf A4,,.

n—-+00

Solution of Problem 2.139

Since A, C C € P,(X) for all n > 1, using the Eberlein-Smulian
theorem (see Theorem I1.5.78) and Definition 2.88 we conclude that
w-limsup A, # 0.

n——+o0

Let h € w-limsup A,. Then we can find a subsequence {A;, }k>1
n—-+o0o

of {An}n>1 and hy,, € Ap, for all £ > 1 such that h,, s hin X.
For every u* € X*, we have

W h) < 0 () k1
(see Definition 2.46), so

(u*,h) < limsupo, (u*) < limsupo, (u),
k—+o00 k n—+o0
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thus
O timenp 4, (0) < limsupo, (u*). (2.76)

n——+oo n—-+o0o

On the other hand, given u* € X*, we can find h,, € A,, such that
o, (u) =1 < (u hy) Vn>l1 (2.77)

(see Definition 2.46). We have {hy},»; C C' € Pyi(X). The Eberlein-
Smulian theorem implies that we can find a subsequence {hy, }r>1 of
{hn},>1, such that

B, — h in X.

It follows that h € w-limsup A,,. Then from (2.77) we have

n—+400
limsupo, (u*) < 0, 0004, (05). (2.78)
n——+o0o n—+0o0o

From (2.76) and (2.78), we conclude that

*\ — 13 * * *
w—limsup An, (u ) - 11m Sup UA7L (u ) V u € X .
n—+o0 n——+00

Solution of Problem 2.140

Let h € w-limsup A,. Then we can find a subsequence {4, }r>1 of
n—-+4o0o

{An}n>1 and hy, € A,, for all £ > 1 such that Ay, s hin X. For
every u* € X* we have

(u*, hp,) — (u*,h),

SO

(u*,h) < lixgiupaAnk (u*) < o, (u*)
n (o.9)

(see Definition 2.46), thus h € conv A and hence w-limsup A4, C

n—-+oo
conv A.
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Solution of Problem 2.141
From the Mazur theorem (see Theorem 1.5.58), we know that

h(w) € conv U hin(w) Vk>1
n>k

So, for every k > 1, u* € X* and w € Q\ N with p(N) = 0, we have

(W' h(w) < 0y (U?) = sup (U, hn(w)),
n>k n>k

(u*,h(w)) < limsup (u* hy(w)) = o

n—-+oo

(see Problem 2.139), thus

w-lim sup{hn (2)} (u*)
n—-+oo

h(w) € conv w-limsup {h,(w)} for p-a.a. w € Q.

n—-+4o0o

Solution of Problem 2.142

Note that hypotheses (i) and (ii) do not imply the joint measurability
of F' (see Hu-Papageorgiou [8, p. 227]). So, the conclusion cannot be
deduced from the Yankov—von Neumann—Aumann selection theorem
(see Theorem 2.68). Let v € L'(€; X). We can find a sequence of
simple functions {s,},5; C LY(£; X) such that

lv(w) = sp(W)|]|lx — 0 for p-a.a. w e N

(see Definition 1.35(b)).  Then because of hypothesis (i) for
every n > 1, the multifunction w +—— F(w,sp(w)) is graph mea-
surable (see Definition 2.61(b)). So, we can apply the Yankov—
von Neumann—Aumann selection theorem (see Theorem 2.68) and ob-
tain h, € S},(.7Sn(.)). But from hypothesis (iii) (see Definitions 2.61(c)

and 2.75) we know that Sll,(. sn () C Sé and the latter is w-compact

in L1(©;Y) (see Theorem 2.76). So, by passing to a suitable subse-
quence if necessary, we may assume that h, — h in L'(Q;Y"). From
Problem 2.140, we have
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h(w) € conv w-limsup {h,(w)}
n—-+oo

conv w-limsup F(w, s, (w))
n——+oo

C conv F(w,v(w)) = F(w,v(w)) for p-a.a. weQ

N

(see hypothesis (ii)), so h € S}p( () and thus S}?(Hv(.)) # 0.

U

Solution of Problem 2.143

Let m denote the Mackey topology m(X*, X) on X* (i.e., the
strongest, locally convex topology 7 on X* for which we have (X})* =
X). The space X}, (i.e., the space X* furnished with the Mackey
topology) is separable. Let {u;‘;}n>1 C X* be an m-dense sequence.
For every u,v € X, we set

_ (s )|
dy(w,v) = ) Trfus o
n=1

This is a metric on X and it can be easily verified that the d, -topology
is weaker than the weak topology and the two coincide on w-compact
subsets of X (see Theorem 1.2.84).

Let H(w) = {hn(@)hest € Puk(X). Then H(w) = hy(w)" for p-
almost all w € € and since X is separable, from Theorem 2.67 we infer
that H is measurable into X4. Then Gr H € ¥ xB(Xy) = ExB(Xy) =
¥ x B(X) and so we can apply Theorem 2.76 and have that S} C
L'(Q; X) is w-compact. Therefore the sequence {hn},s1 C LY(Q; X)
is relatively w-compact.

Solution of Problem 2.144

We do the solution when condition (i) holds. The solution is similar if
condition (ii) holds. Let F(w) = [h(w), +00). Then F' is a measurable
multifunction from € into P.(R). We have

distgn (hn(w), F(w)) = (h—hy)T(w) — 0 for p-a.a. weQ
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(due to condition (i)). Also we have
h(w) € ext F(w) for p-a.a. w e Q.

Therefore we can apply Proposition 2.97 and conclude that h, — h
in L1(9).

Solution of Problem 2.145

First we show that the set w-limsup A, need not be closed in X.
n—-+00

Let X be a Banach space with a separable dual X* (therefore, X is
separable too; see Theorem 1.5.82). Let By = {u € X : |lullx <1}
and S} = B; = {u€ X : |jullx =1}. We know that 0 € S} and
since the weak topology on Bj is metrizable, we can find a sequence
{un}n>1 C S such that u, — 0in X. Let A, = {uy,...,u,} for all
n > 1. Then
w-limsup A, = {un},~; U{0}
n—-+o0o
and this set is not strongly closed.

Next we show that w-limsup A, need not be w-closed. To this
n—-+0o

end let X =[! and let 4,, = S; for all n > 1. Then w-limsup A4,, is

n—-+00
not w-closed. Indeed, recall that 0 € ?iu, but by the Schur property
(see Remark 1.5.57) there is no sequence in S w-converging to 0 and

this implies that w-limsup A, is not w-closed.
n—-+o0o

Solution of Problem 2.146
First we treat the “decreasing” case. Let A = () A,. From Re-

n>1
mark 2.89 we have that A = s-liminf A,,. If w-limsup A,, = 0, then
n—r+o00 n—+o00
A = () and we are done. So, assume that w-limsup 4, # () and let
n—-+4o0o

u € w-limsup A,. We can find a subsequence {4, }r>1 of {An}, 5,
n—-+oo ~
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and uy, € Ay, such that u,, s win X. Since {An}n>1 is decreasing,
we have u € [ An, = () An, hence u € A and so w-limsup A4,, C A.

k>1 n>1 n—+4o0
We conclude that
(14
n>1
(see Definition 2.90). For the “increasing” case, we have
sngmglf A, = U Ay, (2.79)
n>1

(see Remark 2.89). The set |J A, is closed, convex, hence it is w-
n>1

closed, which implies that
w-limsup A, C U Ap,

n>1

n—-+o00

SO

(see (2.79)).

Solution of Problem 2.147
Let h € L'(€; X) and v € L'(€;Y). Then

diStLl(Q;Y) (’U, S;‘(,h())) = 11nf H’U — yHLl(Q;Y)
YESE(h()
- o)~ y@lydi = [ _nt o) = 2l d
Sk >>/ 2 z€F(w,h(w))
= /disty(v(w),F(w,h(w))) dp (2.80)
0

(see hypothesis (i) and Theorem 2.74). According to Proposition 2.44
it suffices to show that for every v € L'(Q;Y), the function h
diStLl(Q;Y)('U,S}I;v(.7h(.))) is upper semicontinuous. So, for every v €
LY(Q;Y) and A > 0 we need to show that the set

U)\ = {h S Ll(Q7X) : diStLl(Q;y)(U,8}1;‘(.7}1(.))) = )\}
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is closed (see Proposition 1.2.54). To this end, let {hn},>; C Uy be
a sequence such that h, — h in L'(Q; X). By passing to a suitable
subsequence, we may assume that

hn(w) — h(w) for p-a.a. w e Q. (2.81)
Then we have

A < limsupdist iy (v, S};(.7hn(.)))

n—-+o0o

= limsup / disty (V(w), S (w))) A

n—-+o0o

< /lim sup disty (v(w), F(w, hy(w))) du

n—-+00

< / disty (v(w), F(w, h(w))) dp
Q
= distLl(Q;Y)(UvSllv(-,h(ﬂ))

(by the Fatou lemma, hypotheses (iii) and (ii), Proposi-
tion 2.44, (2.81), and (2.80)), so h € U, and thus the function
h +— diStLl(Q;Y)('U,Sflrv(.’h(‘))) is upper semicontinuous on L!(£); X).
This proves that the multifunction h +— S}T(~,h(4)) is lower
semicontinuous from L'(Q; X) into L'(Q;Y).

Solution of Problem 2.148
Let¢ ¥ = {E:XD2D(E)— 2% : E is monotone and GrA C
Gr E}. Evidently Y # 0. We introduce a partial order < on ) as

follows:

E, < By &L GrE C GrE,

for all £1,FEs € Y. Let C be a chain in Y. The map with graph

equal to |J Gr E is an upper bound for C. Invoking the Kuratowski-
EeC
Zorn lemma (see Theorem 4.120), we can find a maximal element
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A €Y. Clearly then A: X D D(A) — 2% is maximal monotone
(see Definition 2.100) and Gr A C Gr A.

Solution of Problem 2.149
Let {(ta,u})}oes © Gr A be a net and assume that

Uy —»u in X and wuf — u* in X* (2.82)
The monotonicity of A implies that
(up, —v*,uq —v) =2 0 YV (v,0*) € GrA
(see Definition 2.98(a)), so
(U —v*u—v) = 0 V (v,0*) e GrA

(see (2.82)) and thus (u,u*) € GrA (from the maximality of A; see
Definition 2.100). This proves that Gr A is closed in X,, x X*.
Similarly, we show the closedness of Gr A in X x X..

For the second part of the problem, the answer is No. To see this,
let X =1 (a Hilbert space), let C = B; and let pc be the metric
projection (that is, for any v € X, po(u) = {h € C : |u—h|z =
hl’IéfC lu—h'l|;2}). We know that pc is single valued and nonexpansive
(i.e., ||lpc(uw) — pc(v)]l;2 < ||lu—v||;2 for all u,v € X) (see Proposition
1.5.99). We have that the map u — (I, — pc)(u) is continuous and
monotone (see Definition 2.98(a)), since

((Ix = pe(u) = (Ix = pc))(v),u—v)
> Ju— vl llpe(u) — pe()llelu — vl
> Ju—vlp—llu—vlz = 0.

Invoking Corollary 2.111, we infer that v — (I, — p¢)(u) is maximal
monotone (see Definition 2.100). Let {e,},>; be the standard or-
thonormal basis of X = [? and consider the sequence {un}, >, defined
by u, = e1 + ea, for all n > 1. Then

(o (1= S5}y € GrTy = o)
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and we have
(n, (1= J5)un) —> (e1,(1 = J5)e1)

(recall that e, — 0). Note that (e1, (1 — 2)e;) & Gr A.

Solution of Problem 2.150
Let u,v € D(A). We have

(A(u) — A(v),u — v)

b
[
= slu®) —v®)E > o,

so A is monotone (see Definition 2.98(a)).
According to Theorem 2.116, in order to show the maximality of
A, it suffices to show that R(A + ILQ(T'}”) = L*(T; H). So, we fix

h € L?(T; H) and consider the abstract Cauchy problem

{ u'(t) + u(t) = h(t) foraa.teT,
u(0) = uo.

t),u(t) —o(t)), dt

o\w

lu() = v®lFrdt = 5(|lu(b) = v®)|F; — 1u(0) = v(0)]7)

|
N[
&\&

(2.83)

Let g(t) = e'h(t) for t € T. Evidently g € L?*(T; H). We define

We have y € WY3(T;H) C C(T;H) and y(0) = yo. Setting
u(t) =e 'y(t) for t € T, we have u/(t) = —e ly(t) + e 'y (t) =
—u(t)+h(t). Therefore u € WH2(T; H), u(0) = up and it solves (2.83).
This then proves the maximality of A.
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Solution of Problem 2.151

Let {un},~; € X be a sequence such that u, — w in X. The map
A is 1ocall/y bounded (see Definition 2.102 and Proposition 2.104).
Therefore the sequence {A(uy)},>; € X* is bounded and so it has a
cluster point A* € X*. The monotonicity of A implies that

(h* — A(v),u—v) > 0 VoveX.

Let v =ty + (1 —t)u with ¢ € [0,1] and y € X. The hemicontinuity of
A implies
(h* —A(y),u—y) = 0 VyeX. (2.84)

From Corollary 2.111, we know that A is maximal monotone (see
Definition 2.100). So, (2.84) implies that h* = A(w). This means that
for the original sequence, we have A(u,) — A(u) and so we conclude
that A is continuous.

Solution of Problem 2.152

“==": Assume that A is demicontinuous (see Definition 2.98(a)) and
monotone. It is clear from Definition 2.110, that A is hemicontinuous
too.

“e=": Assume that A is monotone and hemicontinuous. Let
{un},>1 € X be a sequence such that u, — w in X. Let

1
tn = ||un — ul|% and for h € X, let h, = u + t,,h. We have

(A(un),h) = i (A(un), b — upn) + i (A(up),up, —uy.  (2.85)

Note that the sequence {A(un)},>; € X* is bounded (see Proposi-
tion 2.104) and so we have

(A(un),un —u) = (Aup), —2="r) — 0. (2.86)

1
tn I
l[un—ull %

Also, the hemicontinuity of A implies that

*

A(hn) == A(u) in X*,

i (A(hn), by = wn) — (A(u), h) . (2.87)
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From the monotonicity of A, we have
(A(un), hy —up) < (A(hy), hp — up) Vn>l1,

hmsupt (A(un), by —upn) < (A(u), h) (2.88)

n—-+0oo
(see (2.87)). Returning to (2.85), passing to the limit as n — 400 and
using (2.86) and (2.88), we obtain

limsup (A(uy,),h) < (A(u),h) VhelX,

n—-+o0o

(A(up), h) — (A(u),h) VheX

(see Proposition 2.104 and Problem 2.149), thus

*

Aup) 2= A(u) in X*

and hence A is demicontinuous (see Definition 2.110).

Solution of Problem 2.153
For every u € Wol’p(Q), we have that Du € LP(Q;RY) and so from
the growth condition on a, we have

a(Du()) € LP'(Q;RM).

From Theorem 1.140 it follows that —div a(Du( )) € W=EP(Q). We
denote this operator by A: Wo P(Q) — WP (Q) and we have

(A(u),h) =(—diva(Du), h) :/ (a(Du), Dh)gn dz V¥V h € Wol’p(Q)
Q

since = 0; see Definition 1. . - ’ 1s bounded,
ince h|,, = 0; see Definition 1.129). If E C W,"(Q) is bounded
then

the set {Du: u € E} C LP(Q;RY) is bounded
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and so from the growth condition on a it follows that
the set {a(Du): u e E} C L” (% RY) is bounded. (2.89)

So, we have

(A@w) B)| = | / (a(Du), Dh)gx | < / la(Dw)||Dh| dz
Q Q

N

c1l| Dhllppomny ¥ b€ WoP(Q),

for some ¢; > 0 (see (2.89)), so the set A(E) € W~1#'(Q) is bounded.
Let {un},~; C Wol’p(Q) be a sequence such that u, — u in

W, P(€). Then for all h € Wy(Q) we have
[(Aun) — A(u), )| < /Ia(Dun) — a(Du)[|Dh| dz
Q
< la(Dun) — a(Du)HLp’(Q;RN)HDhHLP(Q;RN)
la(Dun) — a(Du) ey |yt e
(see Theorem 1.131), so
[A(un) = A(W)lly-10 () < lla(Dun) = a(Du)ll vy

But by virtue of the Krasnoselskii theorem (see Problem 1.42), we
have
|a(Dun) _a(‘Du)HLP/(Q;]RN) — 0,

so A is continuous. Finally for all u,v € VVO1 (), we have
(A(u) — A(v),u—v) = /(a(Du) —a(Dv),Du— Dv)gy dz > 0
Q

(since a is monotone; see Definition 2.98(a)). Therefore A is contin-
uous and monotone, thus according to Corollary 2.111, also maximal
monotone (see Definition 2.100).
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Solution of Problem 2.154
Let A: Wol’p(Q) — W~17(Q) be the nonlinear map defined by

(A(u), h) = (—div (Du),h>:/ (a(Du), Dh)gy dz ¥ h € W, P(Q).
Q

From Problem 2.153 we know that A is maximal monotone (see

Definition 2.100). From the Poincaré inequality (see Theorem 1.131),

we know that we can have

1p = [Dullpporyy Vue Wy P(9Q).

From the assumption on a, we have

(A(u),u)
llull1,p

[

-1
7p )

ull?,

_ P
2 CRpy = Cllully

so A is strongly coercive (see Definition 2.98(f)). Invoking
Theorem 2.119, we conclude that there exists u € Wol’p(Q) such that
A(u) = g.

Solution of Problem 2.155
“==>": This follows immediately from the definition of maximal mono-
tonicity (see Remark 2.101).

“«<=": Suppose that Gr A is maximal among all linear monotone
graphs and suppose that it is not maximal monotone. Then according
to Definition 2.100 there exists (u,u*) € (X x X*)\ Gr A such that

(u*—h*;u—h) = 0 V(hh")eGrA.

Then the linear space span (Gr A U (u, u*)) is a linear monotone graph
extending Gr A, a contradiction to our hypothesis. So, A is a maximal
monotone map.

Solution of Problem 2.156
Arguing indirectly suppose that A ¢ £(X; X*). Then we can find a
sequence {un},5; € X and € > 0 such that

u, — 0 inX and |A(un)|x- = € Vn>1. (2.90)
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Let t, = —L+ for all n > 1 and set h,, = tu, for all n > 1. Clearly

Jun | 3
1
1nllx = funllk — 0.

Hence by the demicontinuity of A, we have that A(h,) — 0. Thus
there exists M > 0 such that

|A(hn)||x < M Vn>l1. (2.91)
On the other hand, we have
[A(ha)lx+ = tallA(un)llxs = the VY21

(see (2.90)), so
[Ahn) || x- — 400,

which contradicts (2.91).

Solution of Problem 2.157

We argue indirectly. So, suppose that we can find u*,v* € A(u),
u* # v*. Then there exists u € X such that ¢ = (u* — v*,u) > 0. Let

Up, = U+ %u Vn>1.
Then u, — u in X and because A is by hypothesis lower semicon-
tinuous at u into X ., for some big ng > 1, we have that
Sp = A(ﬂn)ﬂ{h*EX*:](u*—h*,u>|<%} # 0 Y'n>=ng

(see Definition 2.36). Let h, € S, for n > ng. Then since A is

monotone (see Definition 2.98(a)), we have

0 < (b —vUp—1) = L(h—v"u)

< £-£ <0
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Solution of Problem 2.158

From Proposition 2.105 we know that A is upper semicontinuous from
int D(A) into X . (where X . denotes the space X* furnished with
the w*-topology). Moreover, from Propositions 2.104 and 2.106 and
the Alaoglu theorem (see Theorem 1.5.66), we see that Af, , , has
nonempty, convex, and w*-compact values. Since X is separable, we
can find a sequence {un},~; € X which is dense in X. Then for

u*, ¥ € X*, we set

_ 1w —v"un)|
dy.(u",v*) = 77 TH{w —o%un)|-
n>1
This is a metric on X* and the topology it generates is weaker than
the w*-topology. So, we can apply Proposition 2.41(b) and infer that

the set
{u €int D(A) : A is not lower semicontinuous at u}

is of first category. Then Problem 2.157 implies that the set I' is of
first category.

Solution of Problem 2.159
“=": We assume that the duality map F is linear (see Defini-
tion 2.112). Then for all u,v € X, we have

luzvlk = (Flutv),uzv) = [[ullx£(F(u),v)=(F(v),u) +|olk
(from the linearity of F), so
lu+ % + llu —ollx = 2 (Julx +lv]%) -

So, the space X satisfies the parallelogram law (see Remark 1.5.94),
hence X must be a Hilbert space.

“«<=": A Hilbert space has a differentiable norm and we can easily
check that for all u,h € X, we have

(Flu)h) = ggllutthlXl_y = 54 @+thutth)y|,
= s (lulk + 2t (b + IR = (wh)x
so F(u) =wandso F=1,.
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Solution of Problem 2.160

Invoking the Troyanski renorming theorem (see Theorem 1.5.192 or
Remark 2.115), without any loss of generality we may assume that
both X and X* are locally uniformly convex (see Definition 1.5.168(b)
and Remark 1.5.169). As in the situation of Problem 2.148, using
the Kuratowski-Zorn lemma (see Theorem 4.120), we can show that
A admits a monotone extension A which is maximal in the class of
all monotone maps with domain in C. We will show that A is in
fact maximal monotone (see Definition 2.100). According to Theo-
rem 2.116, it suffices to show that R(A + F) = X*. Let h* € X*.
From Theorem 3.117, we know that there exists u € C' such that

(Fu) +v* —h*v—u) > 0 VY (v,0") € GrA.
Since A has no monotone extension on C' x X * we infer that
if u e D(A) and h* — F(u) € A(u), then h* € A(u) + F(u).

Since h* € X* is arbitrary, we conclude that R(A + F) = X* and so
A is maximal monotone.

Solution of Problem 2.161
From Theorem 2.119 we know that there exists uy € D(A) such that

0 € M(uy) + F(uy — u).

We show that this solution uy € D(A) is in fact unique. So, suppose
that uy, vy € D(A) satisfy

)\uf\ + ]—“(u,\ — u) = 0, with uj S A(U,\), (2-92)

and
i+ Flox—u) = 0, with v} € A(u)). (2.93)

From the monotonicity of A and F (see Proposition 2.114)
and (2.92), (2.93), we have

0 < A(u) —v,un —vy) = (Floy—u) — Fluy —u),uy —vy) = 0,



2.3. Solutions 445

SO

(Flux —u) = F(vx —u),ux —vy) = 0. (2.94)

But F is strictly monotone (see Definition 2.98(b) and Proposi-
tion 2.114(b)). Then from (2.94) we infer that uy = vy, which proves
the uniqueness of the solution.

Solution of Problem 2.162
We do the solution under the assumption that

limsup (uy, — uj, up —ug) < 0. (2.95)
n,k——+o00
The other case can be treated similarly.
The monotonicity of A and (2.95) imply that

limsup (u,, — up, up —ug) = 0. (2.96)
n,k——+oo

Let {(um,uy,)},,>; be a subsequence of {(ug,uz)}tr>1 € GrA such
that
lim (u),,umy) = limsup (u;,ug) = &. (2.97)
m—+0o0 k— o0

Let Nnm = (uy, — Uy, Un — Um) and 0= (uy, Up) — (U, ) —(u*, up) +&.
We have
NMaym — Np  as m — +00

(see (2.96)) and
M — 26 —2(u",u)

(see (2.97)). So, we can find an increasing (not necessarily strictly)
sequence {n(m)},,, such that

Mnmym — 2§ —2(u*,u) asm — 400 (2.98)
(see Problem 1.1.175). But from (2.96) we have
Mm)ym — 0 asm — +o0,
so & = (u*,u) (see (2.98)), thus

(ur up) — (u*,u).
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The monotonicity of A implies that
(u*—h*;u—h) = 0 V(hh")eGrA,

so (u,u*) € Gr A (since A is maximal monotone; see Definition 2.100)).

Solution of Problem 2.163
By definition
Az(u) = $F(u— Jxr(u)) Vue X.

So clearly Ay is everywhere defined and single valued (see Proposi-
tion 2.114(a)). Moreover, from Problem 2.161, we see that

Ax(u) € A(Jr(u)) VueX.

Now, let u,v € X. We have
(Ax(u)=Ax(v), u—v) = § (F(u=Jx(w))=F (v = JA(v)), u=0)
3 (Flu = Ii(w) = Fo = Da(v),u = Ja(u) = (v = Jx(v)))

+ (Ax(u) — Ax(v), Ja(u) — Ja(v)) ,

with Ay(u) € A(Jx(u)) and Ax(v) € A(Jx(v)). Therefore exploiting

the monotonicity of A and F (see Proposition 2.114), we have

(Ax(u) = Ax(v),u —v) = 0,

so Ay is monotone (see Definition 2.98(a)).
For every (h,h*) € Gr A, from the monotonicity of A, we have

(R, Ix(u) = h) < (Ax(u), Ia(u) = h)
= =3 (F(Ia(u) =), Ja(u) = u) = 3 (F(Ix(u) —u),u—h) (2.99)
(recall that Ay(u) € A(Jy(u)) and see Problem 2.161), so

[Ix(w) —ullx < =A (R, Ia(w) = h) = (F(Ia(w) —u),u—h) (2.100)

(see Definition 2.112), thus
[Ix(u) —ullx < A[A%x- + [lu = hlx,
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hence
[@)llx < AR Ixs + 2[[ullx + [[7llx,

which proves that Jy is bounded (that is, maps bounded sets to
bounded sets).

Since Ay (u) = $F(u — Jy(u)), it follows that Ay is bounded too
(see Definition 2.112).

Next let {un},~; C X be a sequence such that u, — v in X and
set Yy, = Ja(uy) and v = Ax(uy,) for all n > 1. Then

Ayp+F(yn —up) = 0 Vo>l (2.101)
So, we have

(F(yn — un) — F(yr — uk), ur — un)
= <~F(yn - un) - -F(yk - uk)yyn — Up — (yk - Uk))
ANy Ve Yn — k) Y =1 (2.102)
Note that
<-7:(yn *Un) *F(yk —uk),uk fun> — 0 asn,k— 400

(see (2.101)). Moreover, both summands in the right-hand side
of (2.102) are nonnegative (due to the monotonicity of F and A re-
spectively). So, we obtain

lim <]:(yn - un) - ]:(yk: - uk)7 Yn — Un — (yk - uk)> = 0,

n,k——+oo
and

lim  (yn — 5 yn —yk) = O.

n,k——+o00

The boundedness of the maps Jy, Ay and F implies that by passing
to a suitable subsequence if necessary, we may assume that

Yn — y inX, yi-" vt inX* and F(yn—un) — 0v* € X"
Then Problem 2.162 implies that
(y,y*) € GrA, Fly—u) = v* and N+ F(y—u) = 0,

SO
y = () and y" = Ax(u).
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Therefore
I(un) 2% Jy(u) in X and Ax(u,) — Ax(u) in X*

The second convergence proves the demicontinuity of Ay. From the
first convergence, Proposition 2.114 and the Kadec—Klee property, we
have the continuity of Jy.

Solution of Problem 2.164
From the solution of Problem 2.163 (see (2.99)), with u = h, we have

[Ja(u) —ullx < AfJu®|x- V (u,u*) € Gr A,

SO
Az (w)llx- = F1aw) —ullx < Jlu*|x-

(see Remark after Problem 2.161 and Definition 2.112), thus
[Ax(w)[[x- < [A%w)]x- ¥V A>0.

The reflexivity of X, implies that we can find a sequence A\, “\, 0 such
that

A, (u) = y* i X%, (2.103)
SO
ly*llx- < 1A% (w) x- (2.104)
Also since
173, () —ullx < sup A, nllA% (W) x+ < oo, (2.105)
we may assume that
F(Jy,(u) —u) % h* in X*. (2.106)

Then for all v € D(A) we have

1, () = ulls < —An (A%(), Iy, () = ) — (F(J, (1) — u),u—v)
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(cf. (2.100) in the solution of Problem 2.163), so

limsup [[Jx, (u) — %k < (h*,u—0)
n—-+0o0o

(see (2.105) and (2.106)). Evidently this is true for every w,v €
conv D(A). Set u = v, to have

Iy, (u) — uw in X. (2.107)
From the monotonicity of A, we have
0 < (w'— Ay (w)w— (W) Y (ww')eCra
(as Ay, (u) € A(Jy, (u)); see Problem 2.163) so
0 < (W' —y*,w—u) vV (w,w*) € GrA

(see (2.103) and (2.107)), thus y* € A(u) (since A is maximal mono-
tone; see Definition 2.100)), hence

1A% lxs < lly*llxs < 1A% W)llx
(see (2.104)), which implies that
1A% lxe = lly*llxe < [Aw)llx

and so y* = A%(u). We conclude that Ay(u) — A%(u) as A N\, 0 for
all u € D(A).

Solution of Problem 2.165

Since the notion of maximal monotonicity is independent of the partic-
ular norms on X and X*, invoking the Troyanski renorming theorem
(see Theorem 1.5.192 or Remark 2.115) without any loss of generality,
we may assume that both X and X™* are locally uniformly convex (see
Definition 1.5.168(b) and Remark 1.5.169). From Problem 2.164 we
know that for every u € conv D(A), we have

Jy(u) — u in X as AN\,0.

Recall that Jy(u) € D(A). Therefore u € D(A). Hence D(A) =
conv D(A) and thus the set D(A) is convex.
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Note that R(A) = D(A™!) and A~! remains maximal monotone
(recall that A~1(u*) = {u € X : (u,u*) € Gr A}). Therefore R(A) =
D(A-1) C X* is convex too.

Solution of Problem 2.166
We argue indirectly. So, suppose that the conclusion does not hold.
Then we can find a sequence {uy},~; € X and M > 0 such that

|un| — 400 and |A(u,)| < M Vn>1.

We may assume that A(u,) — h* in RV, Set y,, = % for all n > 1.
Then |y,| = 1 for all n > 1 and so we may assume that y,, — y in
RV |y| = 1. From the monotonicity of A, we have

0 < (A(un) — A(h), = hyen  VRERY n>1,

P un]  Jun]

SO
0 < (h*—A(h),y)gy Y heRN (2.108)

Since by hypothesis A is surjective, for every n > 1, we can find
vn € RY such that A(v,) = ny. Then from (2.108), we have

0 < (h**A(vn)ay)RN Vn>1,

SO
0 < (h*_nyvy)RN Vn}l,
thus
nly> < (A", y)pn < [BF|lY]
and hence

nlyl < [P7] V=1,

a contradiction since |y| = 1. Therefore lim |A(u)| = +oo.
|u|—+o00
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Solution of Problem 2.167 o

Arguing by contradiction, let {u,},~; C B, be a sequence such that
u, — u in RY and |A(u,)| — +oo. Let y, = IAE ;l for n > 1.
Then |y,| = 1 for all n > 1 and so we may assume that y, — y in
RY | with |y| = 1. The monotonicity of A implies that

Alun A(v Alv
0 < (frrsy = fagy tn = Ve = (Un = Fiusy tn = 0) g

forall v € Byy. and alln > 1, so
0 < (y,u—v)gwn Vv € By,
and thus
(yvv)RN < (y; U)RN Ve BT‘-{-E‘

Let v = u+ 5y. Then we reach a contradiction. So, the set A(B,) C
RY is bounded.

Solution of Problem 2.168

From Problem 2.150 we know that A is maximal monotone (see Def-
inition 2.100). So, J{' can be defined (see Definition 2.122) and
dom J{* = L%(T; H) (see Proposition 2.123(a)). Moreover, from the
solution of Problem 2.150, we know that for every u € L?(T; H), if

¢
v(t) = e tup+ /et_su(s) ds vV telo,b],
0

then v € Wh2(T; H), v(0) = ugp and u(t ) v(t) 4+ v'(t) for almost all
t € T. Hence u = (I + A, so JiN(u) = v (See Definition 2.122

L2(T;H)

and Proposition 2.123).

Solution of Problem 2.169
Since A is everywhere defined and uniformly monotone (see Defini-
tion 2.98(d)), we have

(A(u) — A(v),u —v) = Y(Ju—v|)|u—v| VuvelX, (2.109)
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with a strictly increasing function ¥: Ry — R4 such that 9(0) =0
and Y(r) — +o00 as r — +oo. Then ¥~1: Ry — R, exists and it is
strictly increasing too, with ¥~1(0) = 0. Let

v = A(u) and v* = A(v) withu,ve X.
Then from (2.109), we have
AT (") = AT ") lx < 97w = vy,
so A7! is continuous on R(A). Let B} = {u* € X*: |ju*|l. <r}.
Then for all ©* € B we have

AT @)llx < 971 ) + 1A 0)x,

so A~! is bounded from X* into X. Since A is maximal monotone
(see Corollary 2.111) we can apply Theorem 2.118 to conclude that A
is surjective.

Solution of Problem 2.170

Let V be a finite dimensional subspace of X. Let u € D(A) NV and
let U be a weakly open set in X* containing A(u). We need to show
that A|(U) ={y € V: A(y) C U} is open in V (see Definition 2.36).
Arguing by contradiction, suppose that A[(U) is not open in V. Then
we can find a sequence {uy},~; C V such that u, — u and A(u,)N
U¢ # () for all n > 1. Let u} € A(u,) N U The boundedness of
A implies that the sequence {u*},; € X* is bounded. Then the
reflexivity of X (hence of X* too) and the Eberlein-Smulian theorem
(see Theorem 1.5.78) imply that at least for a subsequence, we have
w % u* in X*. Then

(up,up —u) — 0,

so (u,u*) € GrA (see the condition which is assumed on A). Also
U¢ is w-closed in X*, hence u* € U®. Therefore u* € A(u) N U*,
a contradiction to the fact that A(u) C U. This proves the desired
upper semicontinuity property of the map A.
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Solution of Problem 2.171
Let v € X and u* € X* be such that
0 < (u"—h"u—nh) V (h,h*) € Gr A. (2.110)
Given v* € (A+ C)(v), we have
vt = B+ C(v), (2.111)
for some h* € A(v). Then we have

(W +C(u) —v,u—v)y = (W +Cu)—h*—C(v),u—0v)
= (W' —h"u—0v)+(Cu) - Cl),u—v) >0 (2.112)

(see (2.111) and (2.110)). Because by hypothesis A + C' is a maximal
monotone map (see Definition 2.100), from (2.112) we infer that

u € D(A+C) and v +C(u) € (A+C)(u).

This implies that u* € A(u) and so we have the maximal monotonicity
of A (see (2.110)).

Solution of Problem 2.172

The monotonicity of A is a direct consequence of the monotonicity of
A. Then according to Theorem 2.116, in order to show maximality
of A, it suffices to show that R(A + I = L?(Q; H). So, let

L2(Q;H))

h € L?(Q; H) and exploiting the maximal monotonicity of A, set
v(w) = (I, + A (h(w)) Vwe

Evidently v is ¥-measurable. Also, by hypothesis (0,0) € Gr A, we
have J{*(0) = 0 and so from Proposition 2.123(b), it follows that

lo)llz < [1h(w)llz for p-aa. w e,

sov € L}(Q;H). Therefore R(A + 1,,) = L?(Q; H) and we have
proved the maximality of A. From the above argument it is clear that
for every A > 0, we have

T () = Jiw)  Yue Qs H).
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Hence we infer that
AW)() = A(u()  Yue L*(H)

(see Definition 2.122). Finally, if 4(€2) < +o0, then constant functions
belong to L2(Q; H) and so from the fact that J{* is nonexpansive (see
Proposition 2.123(b)), we have that v € L?(Q; H). So, in that case we
can drop the requirement that (0,0) € Gr A.

Solution of Problem 2.173

No. We always have R(A+ C) C R(A) + R(C) and the inclusion can
be strict. For example, let H = R? and let A,C: R? — R? be the
operators that perform rotation by § and by —37 respectively. Then

R(A + C) = {0}, while R(A) + R(C) = R2.

Solution of Problem 2.174
Without any loss of generality we may assume that both X
and X* are locally uniformly convex (by the Troyanski renorm-
ing theorem; see Theorem 1.5.192 or Remark 2.115) and so
the duality map F: X — X* is a homeomorphism (see Proposi-
tion 2.114). Let £&: X x X* — X* x X be the map defined by
E(u,u*) = (u* + F(u),u). Then ¢ is a homeomorphism. For every
w € , we have
£(GrA(w)) = Gr(A(w)+F)~ L

Then property (a) is equivalent to saying that

{(wou'u) € Ax X* x Xt u=(Aw) +F) (u")}

EXXBX*)xB(X) = ¥ xB(X" xX),

which is precisely property (b).




2.3. Solutions 455

Solution of Problem 2.175
(1) Let E € B(X). Then E x X* € B(X) x B(X*) = B(X x X*). We
have
D= (E) = {weQ: Dw)NE #0}
={weQ: GrA(w)N(E x X*) € X}
(see property (a) in Problem 2.174).
(2) Let E* € B(X™). Then {u} x E* € B(X) x B(X*) = B(X x X*)
and so
{weQ: Aw)(u) N E* # 0}
={we: GrA(w)N({u} x E*) #0} € X,

so the multifunction w — A(w)(u) is measurable from  into X*.
(3) Fix u € X. We have

Qu) = {weQ: Aw)(u)NX* #£0},

so Q(u) € ¥ (see part (2)). Then the multifunction w — A(w)(u)
is measurable form Q(u) into Ps.(X™). So, Theorem 2.66 implies
the existence of a sequence {vy: Q(u) — X*}, 5, of N Q(u)-
measurable functions such that

AW = @)}s  Ywe
Then we have

A% @) @)l = inf [oi@)]. VweQ

so the map w — || A%(w)(u)||s is ¥ N Q(u)-measurable. Note that

CrA’(H(u) = {(w,u*) € Qu) x X*: u* € A(w)(u),

lu* e = | A%(w) (u)]l+ }
€ (ZNQu) x B(X*)

(see part (2)), so w — A%(w)(u) is X N Q(u)-measurable (since
¥ is complete).
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Solution of Problem 2.176

Let {up},>1 € A(C) be a sequence such that u;, — u* in X*. We
have that u} € A(uy,) with u,, € C. Recall that A~! is maximal mono-
tone (see Definition 2.100) from R(A) = X* (recall that A is surjective)
onto X. Proposition 2.104 implies that the sequence {A‘l(u;)}n>1 is
bounded. Hence the sequence {un}n>1 C C is bounded and because
X is reflexive, by passing to a suitable subsequence if necessary, we
may assume that u, — « in X. Since the set C' C X is closed and
convex, it is also weakly closed (by the Mazur theorem; see Theorem
1.5.58) and so u € C. Also, by virtue of Problem 2.149, we have that
(u,u*) € GrA and so finally u* € A(C). This proves that the set
A(C) C X* is closed.

Solution of Problem 2.177
For any u € D(A) N D(C), the elements h} € (A+ Cy + F)(u) for
A > 0, are bounded in A € (0, 1] since

ICx@ll < IC° @)l

(see the solution of Problem 2.164). Exploiting the monotonicity of
the maps A and C) (see Problem 2.163), we have

~ 2 * ~)
(luallx = lEllx)™ < (B" = hx,un — 1),
SO
luallx < (1P = B3l + 20l x) lluallx + (1A" = B3 = llallx) @] x.

hence the family {u)} >0 remains bounded in X as A \ 0.

Solution of Problem 2.178
“(a) = (b)”: Let A > 0 and let u} € F(u+ A\y). We set h} = |
We have

[us [«

ul  u+Ay «
lulx < futdgllx = Y520 — g gy

= (hy,u) + AN (hY,y) < |Jullx + A (R%,y). (2.113)
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Since [|h}]|« = 1, the net {h}} >0 admits a w*-cluster point h*, with
IIh*]]« < 1. Also, we have

ullx < (h*,u) and (h*,y) > O (2.114)
(see (2.113)). Therefore
fullx < (b u) < ullx

(see (2.114) and recall that [|h*||. < 1), so ||ul]|x = (h*,u) and thus
[[R*]|« = 1. Then

u* = |ul|lh* € F(u) and (u*,y) > 0.
“(b) = (a)”: For every A > 0, we have
k% = (W u) < (' u) +A(uy) = (W utAy)
< lutlllle + Ayl = Jlullxlle + Ayl

so JJullx < ||lu+ Ay||x for all A > 0.

Solution of Problem 2.179
“=": For every u € C and every A € [0, 1], we have

Juollx < luo + A(u — uo)lx

(recall that C'is convex). Invoking Problem 2.178 and since F is single
valued (see Proposition 2.114(a)), we have

(Flup),u—wug) 2 0 VueC,
so (F(up),uo) < (F(up),u) for all u € C.

“«<=": We have
luoll% = (Fluo),uo) < (Fluo),u) < lluollxllullx  VueC,

SO
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Solution of Problem 2.180
From Problem 2.161, we know that

(Jx, (un), Ax, (un)) € GrA Vn>l.

Note that the boundedness of the sequence {Aj, (un)},>; € X* im-
plies that
[ T3, (un) = unllx — 0

(see the solution of Problem 2.164). Hence Problem 2.162 implies that

(u,y) € GrA and limsup (Ay,(un) — Ay, (Um), Un — Um) = 0.

n,m—-+oo

Solution of Problem 2.181
From Problem 2.177 and the hypothesis, we know that we can find
M >0 and A* > 0 such that

ICx(ux)|lx < M and Jupll« < M VA€ (0,X). (2.115)

So, if A, N\, 0, then because of (2.115) and the reflexivity of X, we
may assume that

Cn(un) = Cy, (uy,) — v* in X*,  Flu,) — g¢* in X*
(2.116)
and
Up = Uy, — u in X. (2.117)

We have
h* = uy + Ch(up) + Fuy) with uy € A(uy,) Vn>1 (2.118)
For n,m > 1, we have

(up, = st — ) + (Cr(un) = Cr (), 1 — )
+ (F(un) = Ftm), un — um) = 0. (2.119)

Because of the monotonicity of the duality map (see Proposition 2.114)
and the monotonicity of A (by hypothesis), we have

limsup (Cy(up) — Cr (), Up — Um) < 0. (2.120)

n,m—-+00
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Then from (2.120) and Problem 2.180, we have

() € GrC and  lim(Culttn) = Con(tim),ttn = ) = 0.
’ (2.121)
From (2.119) and (2.121), it follows that
Hm  (up, + F(un) — (U, + F(um)), un — um) = 0,

n,m—-+oo

0
limsup (F(up) — F(um), tp — tUm) < 0 (2.122)

n,m—-+oo

(since A is monotone). From (2.122) and Problem 2.162, we infer that

— Uy Uy — Up) = 0. (2.123)

g° = F(u) and lim (u

n,m——+oo n

From (2.115) and (2.118), we see that the sequence {uy},~; C X is
bounded and so, passing to a subsequence if necessary, we may assume
that
uf 5wt in X* (2.124)
Using (2.123), (2.124) and Problem 2.162, we have
(u,u*) € GrA. (2.125)

Passing to the limit as n — +o0 in (2.118) and using (2.121), (2.123)
and (2.125), we obtain

h* = u* +v* 4+ F(u),

with u* € A(u), v* € C(u). Therefore h* € R(A+ C + F).

Solution of Problem 2.182
We need to show that for every A > 0, the sublevel set

Ly = {ue X: m(u) <A}

is closed. To this end, let {u,},~; € Ly be a sequence such that
up, — w in X. Since A is maximal monotone (see Definition 2.100)
for every n > 1, we have A(uy,) € Ps.(X*) (see Corollary 2.107). Since
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X* is reflexive (recall that X is reflexive), we can find w) € A(uy,)
such that m(u,) = ||uf||« for all n > 1. We have ||u}|. < A for all
n > 1 and so by passing to a suitable subsequence if necessary, we may
assume that v — u* in X*. From Problem 2.149 we have (u,u*) €
Gr A, from the weak lower semicontinuity of the norm functional (see
Proposition 1.5.56(c)), we have

e < Timinf gl = liminfm(u,) < A

so m(u) < A (since u* € A(u)), thus u € Ly and hence L) is closed.
This proves lower semicontinuity of m.

Solution of Problem 2.183
Let v € X and v* € X* be such that

0 < (u"—h"u—nh) V (h,h*) € Gr A. (2.126)
From (2.126) and the monotonicity of C, we have
0 < (u"+C(u)— (h*+C(h)),u—h) V (h,h*) € GrA. (2.127)
Let v* € X*, t >0, u} = u* + C(u) + tv*, uy = (A + C)~(u}). Since
R(A+C) = X*, we can find yf € A(u) such that yf + C(u) = uj.
In (2.127) we choose h = u; and h* = y;. Then
0 < (W u—u).
But by hypothesis (A + C)~! is continuous. So, if ¢t \, 0, then
0 < (v up—u) withuy=(A+C) u*+C(u).  (2.128)

Since v* € X* is arbitrary, from (2.128) we infer that uy = u. There-
fore u* € A(u), which by virtue of (2.126) implies the maximal mono-
tonicity of A.
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Solution of Problem 2.184
“=": If X isreflexive, then By = {u € X : |Ju]|x < 1} is w-compact.
So, given u* € X*, we can find ug € By such that

(W' u0) = sup{{u”,u) : fullx <1} = [u’[s,

so u* € F(||lu*||«uo) (see Definition 2.112), hence R(F) = X*.

“=": Suppose that X is not reflexive Then Bj is not w-compact and
so by the James theorem (see Theorem 1.5.74) we can find uf € X*
such that sup {(uf,u) : |lul|x <1} is not attained. Then ufj & R(F)
and so R(F) # X*.

Solution of Problem 2.185
From Proposition 2.114, we know that F is single valued. Let u,, — u
in X and assume that

lim sup (F(up), up, —u) < 0. (2.129)
n—-+o0o
We have
(lunllx = llullx)* < (Flun) = Fu),u —u),
SO

lunllx — llullx

(see (2.129) and recall that u, — u in X), thus u, — u (by the
Kadec—Klee property; see Corollary 1.26) and hence F is of type (5)+
(see Definition 2.137).

Solution of Problem 2.186
According to Definition 2.131 we consider a sequence {un}n>1§X such

that u, —u in X, T(un) — u* in X* and lim sup (T'(uy, ), un—u) <0.
n—-+00
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Since K is compact, the sequence {K (up)},5, € X™ is relatively com-
pact and so by passing to a suitable subsequence if necessary, we may
assume that

K(u,) — v* in X", (2.130)

Then we have
Alup) — u* —ov* in X*.

Also
(K (up),unp —u)y — 0

(see (2.130)) and

limsup (A(up), un —u) < 0 (2.131)

n—-+oo
(from the choice of the sequence {un},>), so
U, — u inX

(since A is of type (S)4; see Definition 2.137 and (2.131)). Then
we have K (u,) — K(u) (since K is compact, hence continuous too)
and A(u,) — A(u) in X* (since A is demicontinuous). Therefore
v* = A(u) + K (u) = T'(u) and we have that

(T(un),un) — (T(u),u),

that is, T is generalized pseudomonotone (see Definition 2.131).

Solution of Problem 2.187
Let T = A+ K. By hypothesis we have that u, — u in X,
T(u,) 5 w* in X* and

limsup (T'(up), up, —u) < 0. (2.132)

n—+oo
From the hypothesis on K, we have that K (u,) — K (u) in X*. Then

Aluy) % u* — K(u) in X*. (2.133)
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Also we have

lim sup (Alun), un) = 1521;13 (T (un)s un) — (K (un), un))
< limsup (T'(uy), upn) — liminf (K (uy,), up)

n—+00 n—+o0

(see (2.132) and use the semicontinuity of ¢), so

limsup (A(up), up —u) < limsup (A(uy), up) — liminf (A(uy,), u)

n—-+00 n—+00 n—+00

< (W= K(u),u) — (u*— K(u),u) = 0

(see (2.133)). But recall that A is generalized pseudomonotone. Hence
from the above inequality and Definition of 2.131, it follows that
A(u) = u* — K(u), so u* = (A + K)(u).

Solution of Problem 2.188
Let {u;},~; € A(C) be a sequence such that uj, — u* in X*. Then
we have

ur € A(up) withu,eC  Vn>l1.

The set C is w-compact in X since the space X is reflexive. So, by
the Eberlein-Smulian theorem (see Theorem 1.5.78) we may assume
that u, — « in X. We have u € C and

nll)r_i{loo (up,up —u) = 0.
Since A is generalized pseudomonotone (see Definition 2.131), we have
(u,u*) € Gr A, hence u* € A(u) with u € C, which proves that the set
A(C) C X is closed.
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Solution of Problem 2.189
According to Problem 2.186, it suffices to show that the identity map
I, is of type (S)+ (see Definition 2.137). So, let {u,},~; C H be a

sequence such that u, — w in H and

lim sup (up, un —u)y < 0.
n—-+00

So, using also the weak lower semicontinuity of the norm functional
(see Proposition 1.5.56(c)), we have

lullfy < liminf fuallfy < limsup unlf < Jlulf,
n—-+o0o

thus |lun|lg — ||u|lg and from the Kadec—Klee property in Hilbert
spaces (see Corollary 1.26), we get u, —> u. Therefore I,, is of type
(S)+ and so we can use Problem 2.186 to conclude that the map
u+— u+ K (u) is generalized pseudomonotone (see Definition 2.131).

Solution of Problem 2.190
No. Let X = H = [2. This is a Hilbert space and X* = H = [2. We
consider the map K: (> — [? defined by

K@) = 2 [[]z0,0,...) V= {ughys; €%

Evidently K is of finite rank (see Definition 2.1(c)) and so it is compact
(see Remark 2.2). Let w, = {u} }r>1 = {0nk}ie>1, with 6,5 being the
Kronecker symbol, i.e.,

1 if n=k
= ’ > 1.
Onk {Oifn#k, k21

Then G, € I2 for all n > 1 and 4,, — @ = 0 in /2. Also
K(i,) — h=(1,0,0,...) in >

and
(K(tn),tn) g — 0.
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However, h # K(u) = (2,0,0,...) and so K is not generalized pseu-
domonotone (see Definition 2.131).

Solution of Problem 2.191
Let u, — u in X. The monotonicity of A implies that

(A(u),up —uy < (Aup), up — u) Vn>1,

SO
0 < liminf (A(uy), un —u) . (2.134)

n—-+00
From the sequential weak continuity of A, we have
liminf (A(un), un —w) = lUminf (A(un), un) — (A(u), u)

SO
o(u) < liminf p(uy,)

n—-+00

(see (2.134)), thus ¢ is sequentially weakly lower semicontinuous.

Solution of Problem 2.192

The maximal monotonicity of A can be established similarly as in the
solution of Problem 2.153. So, we need to show that A is of type (5)+
(see Definition 2.137). To this end, let {un},>; C WLP() be such
that

Uy, — u inWY(Q) and limsup (A(uy),u, —u) < 0. (2.135)

n—-+o0o

From (2.135) we have

limsup (A(u,) — A(u),u, —u) < 0. (2.136)

n—-+o0o

The monotonicity of A implies that

liminf (A(u,) — A(u),up, —u) > 0. (2.137)

n—-+00
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From (2.136) and (2.137), we have

lim (A(up) — A(u),u, —u) = 0. (2.138)

n—-+o0o

Let

n(2) = (a(z, Dun(2)) = a(z, Du(2)), Dun(2) = Du(z))gn

From the convexity of G(z,-), we have that a(z,-) is monotone (see
Definition 2.98(a)) and so

€n(z) =2 0 foraa.zeQ, alln>1

Also, from (2.138), we have
/fn(z) dz — 0,
Q

SO
& — 0 in LY(Q). (2.139)

From (2.139) and by passing to a suitable subsequence if necessary,
we may assume that

&n(2) — 0 foraa. ze() (2.140)
and

&n(2) < k(z) fora.a. zeQ, (2.141)
with k& € L'(Q). From the convexity of G(z,-), we have

(a(z,9),9)py > Glz,y) > Ly’ foraa z€Q, ally e RY
(2.142)

(see hypothesis (v)). Using (2.140)—(2.142) and hypothesis (iii), for
almost all z € Q and all n > 1, we have
k(z) = &n(2) = (a(z, Dun(2)) — alz, Du(z)), Dun(2) — Du(z))p~
> %’(\Dun( z2)|P + [Du(2)P)

— (@(z)(1 + [Du(2)P~1)) [Dun(2)|

(6 2)(1 + |Duy(z )|p_1)) |Du(z)|. (2.143)

From (2.143) it follows that for all z € Q\ D with |D|y = 0 (by |-|n we
denote the Lebesgue measure on RY), the sequence {Dun(2)},>1 C
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RY is bounded. Hence, by passing to a suitable subsequence if nec-
essary (in general the subsequence depends on z € Q \ D), we will
have

Duy,(z) — n(z) inRY VzeQ\D,

a(z, Dun(z)) — a(z,n(z)) VzeQ\ Dy,

with D1 O D, |Di|y = 0. Passing to the limit as n — +oo and
using (2.140)—(2.141), we obtain

(a(z,n(2)) —a(z, Du(z)),n(z) — Du(z))gny = 0 VzeQ\ Ds.
(2.144)
Since G(z,-) is strictly convex, we have that a(z,-) is strictly mono-
tone. So, from (2.144) it follows that n(z) = Du(z) for almost all
z € Q). So, by the Urysohn criterion for the convergence of sequences
(see Problem 1.1.3), for the original sequence, we have

Duy(z) — Du(z) for a.a. z € €. (2.145)

Let E C Q be a Lebesgue measurable set. Then from (2.143), using
the Holder inequality (see Theorem 1.3 and Problem 1.27) and the
boundedness of the sequence {Dun},~; C LP(Q;RN) (see (2.135)),
we have
1
‘;’/]Dun]pdz < e [ |Duldz + |C|% + (/\Du]pdz)ll’
E E E

1
7

+ ([ 1puraz)?)

E

for some ¢z > (here %—l—}% =1). So the sequence {|Du, [P}, 5, € L(Q)
is uniformly integrable (see Definition 1.18 and Problem 1.6).

This fact, (2.145) and the Vitali theorem (the extended dominated
convergence theorem; see Theorem 1.3.128 and Proposition 1.3.130)
imply that

[1Dunlly — ([ Dullp. (2.146)

Recall that
Du, - Du in LP(Q;RY) (2.147)
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(see (2.135)). Since LP(£2;RY) is uniformly convex, it has the Kadec—
Klee property (see Corollary 1.26). So, from (2.146) and (2.147) it
follows that

Du, — Du in LP(Q;RY). (2.148)

On the other hand, from (2.135) and the Rellich-Kondrachov embed-
ding theorem (see Theorem 1.135), we have

up, — w in LP(). (2.149)

From (2.148) and (2.149) we conclude that u, — u in W1HP() and
so we infer that A is of type (5)+.

Solution of Problem 2.193
According to Theorem 2.116, it suffices to show that R(A+C+1,,)=H.
Let h € H and

Eu) = (A+1I,)"Y(h—C(u)) Yue D).

We know that (A + I,,)~! is nonexpansive (see Proposition 2.123(b)).
So, we have

1E(u) = EW)llz < klu—ylz  VuyeDQ).

Since by hypothesis D(C) C H is closed, we can apply the Banach
fixed point theorem (see Theorem 1.1.49) and find v € D(C') such that
E(®) =v. Then h € (A+C+1,,)(v). Because h € H is arbitrary,
we infer that R(A+ C + I,,) = H and so we conclude that A + C' is
maximal monotone (see Definition 2.100).

Solution of Problem 2.194
Let {un},~; € X be a sequence such that u, % win X and

limsup (A(uy,), un, —u) < 0.
n—-+0o
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Since A is of type (S)+ (see Definition 2.137), we have that u, — u
in X (see Definition 2.137). Because of the demicontinuity of A we
have A(u,) — A(u) in X*. Hence for every y € X, we have

(A(uw),u —y) < liminf (A(up), un —y) ,

n——+o00

so A is pseudomonotone (see Definition 2.129).

Solution of Problem 2.195
From Problem 2.194, we know that A is pseudomonotone. Then strong
coercivity of A and Theorem 2.136 imply that A is surjective.

Solution of Problem 2.196

Let {un},>; C H}(Q) be a sequence such that u, — u in H}(Q).
Since N < 3, we have that H}(2) is embedded compactly in L*(£2) (see
the Rellich-Kondrachov embedding theorem; Theorem 1.135). So, we
have u, — u in L*(Q). We need to show that A(u,) — A(u) in
H~1(Q). Arguing by contradiction, suppose that the last convergence
in H71(Q) is not true. Then we can find ¢ > 0 and a sequence
{vntns1 C HE(Q) such that

||”n||H5(Q) <1 and (A(up) — A(u),v,) > € Vn>1. (2.150)

From (2.150) we see that by passing to a subsequence if necessary, we
w . 1
may assume that v, — v in Hj(£2), so

v, — v in LY(Q).
Forallm > 1 and k € {1,..., N}, we have

(sinuy,) (Dyun)vy, — (sinw)(Dgu)vy,
= (sinu, — sinu)(Dgup)vy + (sinw)(Dguy,) (v, — v)
+(sinu)(Dguy, — Dyu)v + (sinw)(Dgu)(v — vy,). (2.151)
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Using the mean value theorem, we have
|sinu, —sinu| < |u, —ul.

Then invoking the generalized Holder inequality (see Theorem
1.3.105), we have

|/(Sinun — sinu)(Dyuy)vp, dz| < un — ull4|| Drn||2]|vn |4
Q

< dlun = ullallunllmy o) lvall my @)

with ¢ > 0, so

/(Sin Uy, — sinu)(Dyuy)v, dz — 0.
Q

Also, since v, —» v in H}(Q) and Dyuy, 5 Dyu in L?(Q), then

/(sinu)(Dkun)(vn —v)dz — 0,
Q
/(sin u)(Dguyp, — Dyu)vdz — 0,
Q
/(sinu)(Dku)(v —vp)dz — 0.
Q

We return to (2.151), integrate over € (for every k € {1,...,N}) and
obtain

(A(un) — A(u),vy) — 0,

which contradicts (2.150). This proves the complete continuity of A
(see Definition 2.1(b)).
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Solution of Problem 2.197
“=—": Suppose that A is self-adjoint (see Definition 1.5.108(b)).
According to Theorem 2.116, it suffices to show that R(A+1,) = H.
First we show that R(A + I,,) is dense in H. So, let h € R(A+1,,)".
Then

(hyu)y + (h,A(u))y = 0 Vue D(A),

(h,A(u))y = — (h,u)y Vue D(A)

and thus h € D(A*) and A*(h) = —h. Since by hypothesis A is
self-adjoint (i.e., A = A*), we have h € D(A) and A(h) = —h. The
monotonicity of A implies that

0 < (A(h).h)g = —lhlE,

so h =0 and so R(A+1,,) is dense in H.

Next we show that R(A+1),) is closed. To this end, let {hn}, >, C
R(A+1,,) and suppose that h, — h in H. Let {u,},~; € D(A) be
such that

hn = A(upn) + up Vn>l, (2.152)

SO

(see Proposition 2.123(b)), so {un},~; € H is a Cauchy sequence and
thus u, — u in H. From (2.152), we have

A(up) — h—u in H.

But A being self-adjoint, is closed and so A(u) = h—u, so h = A(u)+u,
thus h € R(A + I,,) and hence the set R(A+ I,) C H is closed. We
conclude that R(A + I,,) = H and so A is maximal monotone (see
Definition 2.100).

“«<=": Suppose that A is maximal monotone. First we show that
A is densely defined (i.e., D(A) = H). So, let h € D(A)*. Then
(h,u)y =0 for all w € D(A). Since A is maximal monotone, we have
R(A+1,) = H (see Theorem 2.116). Hence we can find v € D(A)
such that h = A(u) + u. We have

lullZ < (A(w),w) +lullf; = (hu)y = 0



472 Chapter 2. Nonlinear and Multivalued Maps

(recall that A is monotone), so u = 0 and thus h = 0. This shows that
the operator A is densely defined.
Since by hypothesis A is symmetric, we have A C A* (i.e., Gr A C
Gr A*). Therefore, in order to have that A* is self-adjoint, it is enough
to show that D(A*) C D(A). We fixv € D(A*). Since R(A+1,,) =H
(from the maximal monotonicity of A), we can find u,z € D(A) such
that
Au)+u = A*(v)+v and A(z)+z = v—u. (2.153)
Since A is symmetric, then so is A + I, and we have
(A*(v) +v,2)g = (Alw)+u,2) g
= (A2)+zu)y = (v—u,u)y (2.154)
(see (2.153) and use the symmetry of A+ I,,). From the definition of
the adjoint operator, we have

(A*(v),2)g = (A(2),0) -
It follows that
(U - u?”)H = (A(Z) + 2, U)H = (27 A*(v) + U)H
= (z,A(v)+u)y = (v—u,u)y

(see (2.153), (2.154) and use the symmetry of A+1,,), so ||v —ul|%=0,
thus v =u € D(A) and hence D(A*) C D(A). This proves that
D(A) = D(A*), which shows that A is self-adjoint.

Solution of Problem 2.198

From Problem 2.197 we have that A is maximal monotone (see Def-
inition 2.100). Since 7" is monotone and Gr A C Gr7', we must have
GrA = GrT (see Remark 2.101) and so A =T.
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Solution of Problem 2.199
From Proposition 2.114(a) we know that the duality map F: X —X*
is single valued. The maximality of A (see Definition 2.139(b)) implies

that

A(u) = m {veX: (Flu—x),v—y) >0}
(z,y)eGr A

(recall that A is accretive; see Definition 2.139(a)). In this intersection,
every set is closed and convex. Therefore A(u) € P (X).

Solution of Problem 2.200

(a)

(b)

Let {(up, vn)}n>1 C Gr A be a sequence such that u,, — « and
v, —> vin X. According to Definition 2.139(a), for every (z,y) €
Gr A, we can find A} € F(u, — z) such that

(hy, o, —y) = 0. (2.155)

From Problem 2.88 we know that the duality map is upper
semicontinuous from X into X. (where X. denotes the Ba-
nach space X* furnished with the w*-topology). Then since
K={up,—x: n>1}U{u—xz} € P,(X), from Problem 2.56(a),
we have that the set F(K) C X* is w*-compact. Because
{hn}>1 © F(K), we can find a subnet {h{}aes of {h},}, >, such

that b} % h* in X* and h* € F(u—z). From (2.155) we obtain
(h*;o—z) > 0  V(x,y) € GrA.

The maximality of A implies that (u,v) € Gr A and so Gr A is
closed in X x X.

Since the space X* is locally uniformly convex (see Definition
1.5.168), it is also strictly convex (see Remark 1.5.169). By Propo-
sition 2.114, the duality map F: X — X™ is single valued and
continuous. Let {(uq,va)},es € Gr A be a net such that

Uy — u inX and v, — v in X. (2.156)
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For every (z,y) € Gr A, we have
(Fua —2),va —y) 2 0,

(Flu—2x),v—y) = 0

(see (2.156)) and thus (u,v) € Gr A (due to maximality of A).

Solution of Problem 2.201

First note that X being uniformly convex, it is reflexive (see the
Milman—Pettis theorem; Theorem 1.5.89). We will show that for ev-
ery sequence {An},~; such that A, \, 0, the sequence {Aj, (u)},
admits a subsequence strongly convergent to A%(u). By the Urysohn
criterion for the convergence of subsequences (see Problem 1.1.3), this
implies that Ay (u) — A%(u) as A N\ 0.

From Proposition 2.143, we see that the sequence {Aj,(u)},~; € X
is bounded. The reflexivity of X implies that the sequence
{Ax,(w)},>; is relatively w-compact in X. Then the Eberlein-
Smulian theorem (see Theorem 1.5.78) implies that we can find a sub-
sequence {Ay, (u)}i>1 of {Ay,(u)}, >, such that

Ay, (u) = v in X (2.157)
From Proposition 2.143(b), we know that
Ay, (u) € A(Jy,, (uv)) Vik>1. (2.158)
From Proposition 2.143(d), we have
I, (W) —u in X. (2.159)

Because A is m-accretive (see Definition 2.139(c)) it is also maximal
accretive (see Proposition 2.144). So, from (2.157), (2.158), (2.159)
and Problem 2.200(b), we have (u,v) € Gr A. Then

1A°W)llx < Jlvllx- (2.160)
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Also, we have

lvllx < liminf[|Ay, (u)]x < limsupllAy, (w)lx < [A%(w)]x
k—+o0 k—+o00

(2.161)
(see Proposition 2.143(c)). From (2.160) and (2.161), we have
[vllx = |A%(u)||x. From Problem 2.199 we know that A(u) € P.(X).
Therefore v = A%(u) and so

AN, @llx — [4°%w)x and Ay, (u) = A(w) in X,

SO
Ay, (u) — A’w) in X

(by the Kadec—Klee property; see Corollary 1.26)). Using once more
Proposition 2.143, we have

[A°(I(u)llx < [A@)llx < A% w)]x Y ue D(A), A>0.
Then the same argument as above, via the Kadec—Klee property, gives

A% J\(uw)) — A%u) as AN\ 0 YV ue D(A).

Solution of Problem 2.202

We argue indirectly. So, suppose that A is not upper semicontinuous
as claimed by the problem. Then we can find a weakly open set U C X
such that

AT(U) = {ue D(A): A(u) CU}

is not open in D(A) (see Proposition 2.37). This means that we can
find u € D(A) N A*(U) and a sequence {u,},5; € D(A) such that
u, — win X and v, € A(u,) such that v, ¢ U for all n > 1. By hy-
pothesis A is locally bounded (see Definition 2.102). So, the sequence
{on},>1 € X is bounded and due to the reflexivity of X, by passing

to a subsequence if necessary, we may assume that v, — v € X \U.
Since (un,v,) € Gr A for every n > 1, Problem 2.200(b) implies that
v € A(u) C U, a contradiction.
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Solution of Problem 2.203
For every t,s € R and every u* € F(u(t)), we have

(W u(t)) = lu@®)kx and (W u(s)) < ul®)llx]uls)]x-
It follows that
(W u(s) —u(t)) < [[u@®)llx (Juls)lx = [[u@®)]x)-

Let t € R be a point of differentiability of ||u(-)||x and of weak differ-
entiability of u. Dividing by s — t and letting s — ¢, we obtain

(w (1)) < Ju®llxdlu)lx ass et

and
(wd(©) > Ju®llx & lu@)llx ass 1

So, finally we have

(w* /(1)) = |u@®)||xLl|lut)|x foraa.teT, alu* € F(u(t)).

Solution of Problem 2.204
According to Definition 2.139(c), we need to show that for every
h € X, the operator equation u + A(u) = h admits a solution u € X.
Let R
Alu) = (I, +A)(u)+h YuelX.

Evidently A is continuous accretive (see Definition 2.139) with
D(A) = X. For fixed up € X, we consider the following abstract
Cauchy problem

{ j‘f’éé?fﬁ.(u(t)) = 0, (2.162)

From Theorem 2.158, we know that problem (2.162) has a unique
solution u € C1((0,4+00); X). We have

4 (ut+h) —u(t)) =—A(u(t +h)) +A (u(t))—u(t+h)+u(t) Vt>0,

lu(t+h)—u(t)llx & lut+h)—u®)x < —Jut+h)—u®)]k  Vt>0
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(see Problem 2.203 and recall that A is accretive), thus
lu(t+h) —u@®)|x < e “flu(h) —uollx Vit=0. (2.163)
Similarly, from the equation
4 (u(t) — o) = —Au(t)) — ult) + b
we obtain

lu(t) = uollx g lu(t) — uollx
< —lut) = uollk + flu(t) — wollx ([ Auo)llx + lluollx + [IAllx),

SO

lu(t) —uollx < (1+e™) (|A(uo)llx + [luollx + [[Allx) V>0

(2.164)

From (2.163) and (2.164), we infer that tligl u(t) = u € X exists
—+00

and lim Cfl—?(t) = 0. Therefore, if in (2.162) we pass to the limit as

t—-+o0
t — 400, we obtain (I, + A)u = h, so R(I, + A) = X and thus A is
m-accretive (see Definition 2.139).

Solution of Problem 2.205
We argue by contradiction. So, suppose that A is not maximal accre-
tive (see Definition 2.139(b)). Then we can find (u,v) ¢ Gr A such
that

0 < (F(z—u),y—0) V (z,y) € Gr A. (2.165)

The set A(u) is nonempty, closed, and convex. Since v € A(u), we can
find h* € X*  h* # 0 such that

sup (h*,v) < (h*,0).
vEA(T)

The duality map F is monotone, continuous and coercive (see Propo-
sition 2.114). So, Theorem 2.119 implies that R(F) = X*. Therefore
we can find h € X such that F(h) = h*. So, we have

(F(h),v) < (F(h), )  VYwve A®). (2.166)
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Set U = {ye X: (F(h),y—v) <0}. Evidently U C X is weakly
open and A(u) C U (see (2.166)). Let t € (0,1) and let u; = u + th,
vy € A(uy). By hypothesis A is upper semicontinuous from X into
Xw. So, for t € (0,1) small, v € U. Then
(F(h),5; —0) < 0. (2.167)
On the other hand, from (2.165), we have
0 < (Fluy—u),vy —v) = t{(F(h),v—v),

SO
<f(h)7@\t_6> 2 07

a contradiction to (2.167). This shows that A is maximal accretive.

Solution of Problem 2.206
Arguing indirectly, suppose that we can find ug € D(A) and a sequence
{tn}n>1 € (0,+00) such that

|S(tp)uollx = n  Vn>=1

Since t — S(t)ug is continuous, we must have t,, — +oo. Then
from the hypothesis of the problem, we have

|AS (tn)uollx —> “+oc.
On the other hand, from Theorem 2.158, we know that the map

t — [JAS(t)up||x is nonincreasing, a contradiction. So, we conclude
that sup ||S(¢)uo||x < +oo.
=0
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Solution of Problem 2.207
We have

1 / 1S(r)u — ulx dr (2.168)

(see Definitions 2.156(b) and (a)). Using the triangle inequality, we
have

1St —ullx < HS(t)u—1/S(T)udTHX+1\\/(5(7)u—u)d7\\x
0 0

t
< 2 [Is@u-ulxar
0

(see (2.168)).

Solution of Problem 2.208

From the triangle inequality, for every u € D(A), x € D(A), y € A(x)
and t > 0, we have

[S@)u —ullx [1S@u = SOzl x + 15Oz —z|x +[ly — zllx

2fju — zllx + tllyllx (2.169)

NN

(see Definition 2.156 and Theorem 2.158). In (2.169), we let x = Jy(u)
and y = Ay (u) (recall that Ay(u) € A(Jx(u))). So, we obtain

IStu —ullx < (24 %) [a(w) —ullx
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(see Definition 2.142). For all x € D(A), all y € A(z) and all ¢ > 0,
we have

t

[St)u—zf[x < ||U—$||X+i/(llS(T)u—w—Ayllx
0
—|S(T)u —z|x)dr ¥ A>0.

Choosing = = Jy(u) and y = Ay (u), we obtain

ISteyu—Alx < lu= Sl
4 [ (I8 = ullx = 18 = Al dr
0

SO
t
Ju= @l < 3SEu—ulx+3 [ 1500 - ulxdr
0
and thus
t
Ju= Al < 3(+3) [ISEu—ulxdr
0

(see Problem 2.207).

Solution of Problem 2.209

“(a) = (b)”: Suppose that the nonlinear semigroup {S(¢)}+>0 is
compact (see Definition 2.159(a)). From Remark 2.160, we know that
{S(t) }+>0 is equicontinuous. Recall that Jy: X — D(A) (see Defini-
tion 2.142). So, from Theorem 2.158, for all u € X, we have

ISE)Ia(w)=Ia(w)llx < tIA(W)] < HAx(W)]x = Sllu—Jx(w)llx
(recall that Ax(u) € A(J\(u)) and see Definition 2.142), so

}i\r‘% S(t)Jx = Jx uniformly on bounded subsets of X
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(see Proposition 2.143). But S(¢)J) is compact. Hence so is the
limit Jy.

“(b) = (a)”: Suppose that for every A > 0, the map J) is com-
pact and {S(t)}+>0 is equicontinuous (see Definition 2.159(b)). From
Problem 2.208, for all u € D(A), all t > 0 and all A > 0, we have

A
[IA(S()u) = S(t)ullx < i/HS(HT)U—S(t)UHXdT
0

The equicontinuity hypothesis on {S(t)};>0 implies that for every

bounded set B C D(A), we can find a function {g: Ry — R, such
that £p(r) — 0 as r N\, 0 and for all 7 > 0, all u € B, we have

ISt +7)u = Sulx < &p(7)
(see Definition 2.159(b)). So, for all u € B, we have

[IA(S)u) — St)ullx < 4 sup &p(r),
r€[0,)]

thus

In(S(t)u) — S(t)u as A\, 0 uniformly on bounded sets of D(A).

But Jy o S is compact for every A > 0. So, Problem 2.2 implies that
S(t) is compact for all ¢ > 0.

Solution of Problem 2.210
For every n > 1, we have

Ju — I, (un)llx < lu—unllx + lun + JIx, (un)ll x
< lu—unllx + AallAx, (un) [ x < Jlu—unllx + Ac,

for some ¢ > 0 independent of n > 1 (see Definition 2.142 and recall
that the sequence {4, (un)},~; € X is bounded), so

Ju— I, (un)llx — 0. (2.170)
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We know that Ay, (u,) € A(Jy,(upn)) for all n > 1 (see Proposi-
tion 2.143). From (2.170) and since Ay, (u,) — h in X, invoking
Problem 2.200(a), we conclude that (u,h) € Gr A. The last part of
the problem is a consequence of Problem 2.200(b).

Solution of Problem 2.211
“(a) = (b)”: From Proposition 2.143(c), we know that

[AxWlx = fllu—=J(wllx <7 Yue Ly A>0,
SO
lu—=J(w)lx < An,
thus
lim 7y = I,

Since by hypothesis Jy is compact, it follows that I | L is compact
(see Problem 2.2) and so L, is relatively compact in X.

uniformly on L.

“(b) = (a)”: Let B C X be a bounded set. Then Jy(B) is bounded
for every A > 0 (recall that Jy in nonexpansive). For any v € X and
A > 0, we have

[Ix(@)llx + AW )] < [Ia(w)lx + [|Ax(w)lx
I3 (w)llx + llu = Ja(w)llx-

So, there exists 7 > 0 such that Jy(B) C Ly, hence Jy(B) is compact
in X. Since B C X is an arbitrary bounded set, we conclude that Jy
is compact.

Solution of Problem 2.212
To show the maximal monotonicity of A, it suffices to show that

RA+T

L3, (®)

) = L3.(R)
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(see Theorem 2.116). So, for every h € L2 (R), we consider the peri-
odic problem

{ u'(t) + u(t) = h(t) foraa.teT, (2.171)

u(0) = u(2m).
It is well known that (2.171) has a unique solution u € W12(0, 27)
(variation of constant formula). Therefore A is maximal monotone
(see Definition 2.100). The Hille-Yosida theorem (see Theorem 2.153)

implies that A is the infinitesimal generator of the Cy-semigroup de-
fined by

St)u(r) = u(t—71) Vue L3 (R), t>0.

so, for each t > 0, S(t) is an isometry and so it cannot be compact for
t>0.

Solution of Problem 2.213
Without any loss of generality, we may assume that n > 0. Let € €
(0,n). If B, = = {v" € X*: [[v*[l« <n— 5}, then

*

En_%ﬂF(U) :(D VUGE

From the separation theorem for convex sets (see Theorem 1.5.29), we
see that for all v € E, we can find §, € X such that ||{,||x =1 and

(h*, &) < (V&) V h* e E:;_%, v* € F(u).
Then
n—e < (05, 8).
The upper semicontinuity of F' implies that we can find an open neigh-
borhood U (u) of u such that

(v, &) > n—c¢ Vo' eU(u), v e F(u).

Since the set F is compact and {U(u)}ucp is an open cover of E, we
can find a finite subcover {U(u1),...,U(um)}. Let {v1,...,om} C X
be such that

logllx = 1 and (v*,v,) > n—¢
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for all & € {1,...,m}, u € U(ug) and v* € F(u). If A\g(u) =
distg(u, OU (ug)), we define

pe(u) = 2 and g(u) = p(u)or.
2 Ak k=1

Solution of Problem 2.214
We argue by contradiction. So, suppose that we can find g > 0 and
a sequence {u,},~; € X such that

[L(un)lly > eollunllx +nllunllz. (2.172)

Replacing u,, with W if necessary, we may assume that ||u,|x =1

for all n > 1. Since X is reflexive, passing to a subsequence if neces-
sary, we may assume that

w .
U, — u in X,

so
Up —> u inZ (2.173)

(since the embedding X < Z is continuous). As L € L.(X;Y), from
Proposition 2.3, we have

L(up) — L(u) inY. (2.174)
From (2.172), we have
lunllz < g lIL(un)lly,

so |lullz < 0 (see (2.173) and (2.174)), thus v = 0. So, we have
L(uy) — 0 in Y, while from (2.172), we have eg < liminf || L(uy)|y,
a contradiction. This completes the solution of the problem.
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Solution of Problem 2.215

Let X = WWYW(Q), Y = L40Q), Z = LP(Q) and let
L=~¢€L(WHP(Q),L9(00Q)) (the trace map; see Definition 1.129).
So, we can use Problem 2.214 and then given ¢ > 0, we can find
C. > 0 such that for all u € W1P(Q), we have

lullzooe) < e(llullp + 1 Dully) +ellull, = el Dullp + ceflullp,

with ¢, = ¢, +¢ > 0.

Solution of Problem 2.216
Let (v,v*) € U x X* and suppose that

W' —uv—uy =0 V(u,u)eGrA. (2.175)

Suppose that v* ¢ A(v). Then by the strong separation theorem
(see Theorem 1.5.29 and recall that A(v) is nonempty, convex, and
w*-closed), we can find h € X \ {0} such that

F(v) C {y* € X*: (y*,h) < (v*, 1)} = W. (2.176)

The set W is w*-open. Since F' is upper semicontinuous from X
into X ., we can find a norm open neighborhood D of v such that
A(D) C W (see Definition 2.36(a)). For ¢ > 0 small we have v+th € D
and so A(v +th) C W. Returning to (2.175) and choosing (u,u*) =
(v + th,u*) with u* € A(v + th) we have

0 < (" —u*,—th) = —t{v*" —u"h),

SO
(v*,h) < (u*,h)

and thus u* € W, a contradiction. So, v* € A(v) and this proves the
maximal monotonicity of A (see Definition 2.100).
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Solution of Problem 2.217

First note that A has w*-closed values. Also, since A is locally
bounded, by the Alaoglu theorem (see Theorem 1.5.66), it is locally
compact (see Proposition 2.45). So, we can use Problem 2.65 and infer
that A is upper semicontinuous from X into X .. Then we can invoke
Problem 2.216 and conclude that A is maximal monotone.

Solution of Problem 2.218

Let u* € X* and let {u},},,>; € X* be a sequence such that u;, — u*
in X*. Let u, € D(A) be such that v € A(u,) for all n > 1. Since
A is strongly coercive (see Definition 2.98(f)), we can find a function
n: Ry — R with n(r) — +o00 as » — 400 such that

(tp,un) = n(lfun])unlx Y0 =1,

SO
nluallx) < lluplls < e V=1,

for some c¢; > 0, thus

lunllx < 2 Vn=1,

for some co > 0 and hence A~! is locally bounded at u* € X* (see
Definition 2.102). Since u* € X* was arbitrary, we conclude that A~*
is locally bounded.
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