Chapter 2
Basic Theory

The present chapter introduces the basic theory for the qualitative investigations of
impulsive mathematical models.

Section 2.1 offers the main classes of impulsive differential equations which
will be investigated in the book. The problems of existence, uniqueness, and
continuability of the solutions are discussed.

Section 2.2 deals with almost periodic sequences and almost periodic piecewise
continuous functions. The main definitions and properties are considered.

Section 2.3 is devoted to the main definitions of stability and boundedness
properties of solutions of impulsive models.

In Sect.2.4 different classes of Lyapunov functions are introduced. Lyapunov
functionals, which are used in the stability and boundedness of the solutions of
impulsive models with delays, are defined.

In Sect. 2.5, some main impulsive differential inequalities are considered.

Finally, in Sect.2.6 the main lemmas from coincidence degree theory for the
impulsive case are given.

2.1 Impulsive Differential Equations

Let R" be the n-dimensional Euclidean space with norm ||.||, 2 € R", Q # @, and
let Ry = [0, 00).

First, we shall give a brief description of the main classes of impulsive differential
equations that will be used for mathematical modeling within the book.

A. Impulsive ordinary differential equations. Consider the system of impulsive
ordinary differential equations

X(t) =f(t,x), [# Tk(-x([))9 (2 1)
Ax(t) = L(x(1)), 1 = w(x()), k = £1,+2, ..., '
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12 2 Basic Theory

where f 1 RxQ > R", 1, : Q = R, I; : @ — R, Ax(t) = x(t1) — x(¢7).
Let #p € R and xy € Q2. Denote by x(¢) = x(¢; t, xo) the solution of system (2.1)
satisfying the initial condition

X(I(TQ 10, X0) = Xo. (2.2)

We note that, instead of the initial condition x(z)) = xo, we have imposed the
limiting condition )c(t(‘)Ir ) = xo which, in general, is natural for Eq. (2.1) since (#y, xo)
may be such that 7y = 7;(xo) for some k. Whenever #y # 1(xp), for all k, we shall
understand the initial condition x(t(")" ) = Xxo in the usual sense, that is, x(¢y)) = xo.

The solutions x(#; 2y, xo) of system (2.1) are, in general, piecewise continuous
functions with points of discontinuity of the first type at which they are left
continuous, that is, at the moments #, k = +1,+£2,..., when the integral curve
of a solution x(¢) meets the hypersurfaces

oy = {(t,x) D t=T1q(x), x € Q},
the following relations are satisfied:
x(t7) = x(t) and x(£}) = x(tx) + Li(x(t)).

We shall assume that foreachx € Q and k = =1, £2, ...,
T (%) < Teg1(x)
and
Tk(x) > 00 as k — oo (tx(x) > —o0 as k — —o0), uniformly on x € Q,

and the integral curve of each solution of the system (2.1) meets each of the
hypersurfaces {o;} at most once.

The above condition means the absence of the phenomenon of “beating” of
the solutions to the system (2.1), i.e. the phenomenon where a given integral
curve meets the same hypersurface {o;} more than once (possibly infinitely many
times) [34, 178, 256]. Some of the difficulties in the investigation of systems
with variable impulsive perturbations are related to the possibilities of “merging”
different integral curves after a given moment, loss of the property of autonomy,
etc.

Note that the phenomenon of “beating” is not present in the case when 7 (x) = 1y,
k==x1,%£2,...,x € Q,i.e. when the impulses are realized at fixed moments t = #,
k= *1,%2,.... Then the system (2.1) reduces to

x(1) = f(t,x), t # ., 2.3)
Ax:Ik(x),t:tk,k::I:l,:I:2,..., ’
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where the moments of impulsive effects are such that #;, < f;41, k = £1,+2,...,
and lim # = £oo.
k—>+o00

It is clear that systems of impulsive differential equations with fixed moments
of impulse effect (2.3) can be considered as a particular case of systems with
variable impulsive perturbations (2.1), and they will be one of the main objects of
investigation in our book.

In the following, some of the main results on the fundamental theory of impulsive
ordinary differential equations with fixed moments of impulsive effect (2.3) are
presented.

LetJ;, = [lo, Cl)), Jr = [to, CZ)), and J; C J,.

Definition 2.1. If:

1. x(t) = x(t; t9,x0) and y(r) = y(t; 19, Xo) are two solutions of the system (2.3) on
the intervals J; and J,, respectively;
2. x(t) = y(¢) for t € Jy,

then y(¢) is said to be a continuation of x(t) on the interval J, (continuation to the
right).

The solution x(t) = x(t; fo,xo) is said to be continuable on the interval J;, if
there exists a continuation y(¢) of x(f) on J,. Otherwise x(t) = x(¢; ty, xo) is said
to be noncontinuable and the interval J; is called a maximal interval of existence
of x(1).

Definition 2.2. The solution x(r) = x(f; o, xo) of system (2.3) is said to be unique
if, given any other solution y(f) = y(t; fo,xo) of the system, x(f) = y(¢) on their
common interval of existence.

Theorem 2.1 ([36]). Let the following conditions hold.

1. The function f : R x Q — R”" is continuous on the sets (ty, ty41] X Q, k =
+1,+2,....

2. For each k = +1,%x2,... and x € 2 the finite limit of f(t,y) as (t,y) —
(tx, x), t > &, exists.

Then for each (ty, x9) € R x Q there exist w > ty and a solution x : [ty, w) — R”"
of the initial value problem (2.3) and (2.2).

If, moreover, the function f(t,x) is locally Lipschitz continuous with respect to
x € 2, then this solution is unique.

Let us consider the problem of the continuability to the right of a given solution
@(t) of system (2.3).
Theorem 2.2 ([36]). Let the following conditions hold.
1. The function f : R x Q — R" is continuous on the sets (t, ti+1] X Q, k =
+1,£2,....

2. For each k = £1,£2,... and x € Q the finite limit of f(t.y) as (t.y) —
(tx, X), t > 1y, exists.
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3. The function ¢ : (a, B) — R" is a solution of (2.3).

Then the solution ¢(t) is continuable to the right of B if and only if the limit
lim ¢(r) =7
t—>p—

exists and one of the following conditions hold:

(a) B # tyforeachk = £1,£2,...andn € Q;
(b) B =t forsomek = +1,£2,...and n+ I;(n) € Q.

Theorem 2.3 ([36]). Let the following conditions hold.

1. Conditions 1 and 2 of Theorem 2.2 hold.
2. The function f is locally Lipschitz continuous with respect to x € Q.
3. n+4+I(n) € Qforeachk = £1,£2, ... andn € Q.

Then for any (ty, x9) € R X Q there exists a unique solution of the initial value
problem (2.3), (2.2) which is defined on an interval of the form [ty, w) and is not
continuable to the right of w.

Let the conditions of Theorem 2.3 be satisfied and let (#y, xp) € R x Q2. Denote
by JT = JT(t, x9) the maximal interval of the form [y, w) in which the solution
x(t; ty, x0) is defined.

Theorem 2.4 ([36]). Let the following conditions hold.

1. The conditions of Theorem 2.3 are met.
2. @(t) is a solution of the initial value problem (2.3), (2.2).
3. There exists a compact Q C Q such that ¢(t) € Q fort € J*(ty, xo).

Then J* (ty, x0) = (to, 00).

Let ¢(f) : (@, ) — R" be a solution of system (2.3) and consider the question
of the continuability of this solution to the left of «.

Ifa # 1, k = £1,4£2,..., then the problem of continuability to the left of «
is solved in the same way as for ordinary differential equations without impulses
[133]. In this case, such an extension is possible if and only if the limit

lim ¢(f) =7 2.4)

t—ot

exists and n € Q.

If « = 1, forsome k = £1, £2, ..., then the solution ¢(¢) will be continuable to
the left of 7 when the limit (2.4), n € 2, exists and the equation x + I;(x) = n has
a unique solution x; € Q. In this case, the extension v (¢) of ¢(¢) for t € (t;—1, 1]
coincides with the solution of the initial value problem

V(1) = (Y1), o <t =t
V(t) = x¢.
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If the solution ¢(#) can be continued up to #;—;, then the above procedure is
repeated, and so on. Under the conditions of Theorem 2.3 for each (y, xp) € R x
there exists a unique solution x(¢; #, xo) of the initial value problem (2.3), (2.2)
which is defined in an interval of the form (&, @) and is not continuable to the right
of w or to the left of . Denote by J(#y, x() this maximal interval of existence of the
solution x(t; ty, xo) and set J~ = J~ (ty, x9) = («, ty]. A straightforward verification
shows that the solution x(f) = x(f; fy, xo) of the initial value problem (2.3), (2.2)
satisfies the following integro-summary equation

Xo + /tf(s,x(S))ds + Z I (x(t)), forteJt,

x(t) = : fo=tie<t (2.5)
x0+/f(s,x(s))ds— Z L (x(t)), fortel] .

Now we consider the linear system of impulsive equations

x(1) = AOx(1), t# .
{ Ax(tk) = ka(l‘k), k= =1, :|:2, ey (26)

under the assumption that the following conditions hold:
H2.1. t < tyy1, k==x1,£2,..,and lim # = Fo0.
k—+o0

H2.2. A € C[R,R™"], By e R™" k= +1,42, ...

Theorem 2.5 ([36]). Let conditions H2.1 and H2.2 hold. Then for any (ty,xo) €
R x R” there exists a unique solution x(t) of system (2.6) with x(t(')F ) = xo and this
solution is defined for t > t.

If, moreover, det(E + By) # 0, k = +1, %2, ..., where E is the (n X n) identity
matrix, then this solution is defined for all t € R.

Let Ui(t, s) (¢, s € (tx—1, t;]) be the Cauchy matrix [133] for the linear equation
x(t) = A@x(@), oy <t <t, k=+£1,£2,....

Then, by virtue of Theorem 2.5, the solution of the initial problem (2.6), (2.2)
can be decomposed as:

x(t; 10, %0) = W(t, 15 )xo, 2.7)
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where
Uk(t, S) as 1,5 € (l‘k_l,l‘k],
U1 (t, ) (E + B)Us(tr, s) as ti—1 <5 <ty <1t < tg1,
Ue(t, ti)(E + Bi) " 'WUis1 (67, 5) as oy <t < tp <5 < tig1,
i+1
U1 (4, 5) l_[(E + B)Uj(t;, 7 )(E + B)Ui(ti, 5)
W(t,s) = j=k

as i <SG <t <t =< Mgy,
k—1
Ui(t, ;) H(E + B) "' U1 (5 1) (E + B) ™ U1 (1 5)
J=i
as i <t <ty <S§ =< tlgsr,

is the solving operator of the Eq. (2.6).

B. Impulsive functional differential equations. LetJ C R. Define the following
classes of functions:

PC[J,R2] = {o:J — Q: o(r) is a piecewise continuous function with points
of discontinuity 7 € J at which o(7) and o (7) exist and o (") = o (1)};

PC'[J,Q] = {0 € PC[J,R]: o(t) is continuously differentiable everywhere
except the points 7 € J at which ¢(77) and 6 (#*) existand 6 (") = 6(7)}.

Let r > 0. For any ¢t € R, we denote by x; an element of PC[[—r, 0], 2] defined
by x,(s) = x(t +5), —r <s5=<0.

In the present book we shall consider systems of impulsive functional differential
equations with fixed moments of impulse effect. The systems of this class are written
as follows

$(0) = f(t.x). 17 1. 08)
Ax(t) = Li(x(®), t=t, k= F+1,£2,..., ’
where f : R x PC[[-r,0],R2] - R, I : @ — R", 1y < tyy1, k = £1,+2,..,

and lim # = £oo.
k—+o00

Instead of an initial point value for an impulsive ordinary differential equa-
tion (2.3), an initial function is required for the type (2.8) systems, which is defined
over the range of time J delimited by the delay. Let tp € R, ¢y € PC[[—r,0], 2].
Denote by x(f) = x(;t, o) the solution of system (2.8) satisfying the initial
conditions

x(t) = @o(t—to), to—7 = t = to,

(2.9)

x(15) = ¢o(0).

and by JT(ty, @) the maximal interval of type [fo,8) in which the solution
x(t; ty, o) is defined.
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Without loss of generality we can assume that ...t} < fp < t; < f <
. < tx < tg1 < .... Then the solution x(f) = x(t; 1, o) of the initial value
problem (2.8), (2.9) is characterized by the following:

1. Forty —r < t < ty the solution x(¢) satisfies the initial conditions (2.9).
2. For ty <t < t1, x(¢) coincides with the solution of the problem

x(t) =f(@t,x,), t > to,
Xip = @o(s), —r < s < 0,

)C(l‘g_) = (p()(O)

At the moment t = #; the mapping point (¢, x(f; fy, o)) of the extended
phase space jumps momentarily from the position (1, x(¢1; fo, ¢o)) to the position

(11, x(t15 10, @o) + 11 (x(t15 0, 90)))-
3. Fort; <t < t, the solution x(¢) coincides with the solution of

y(@©) =ft,y), t > 1,
Yoy = @1, ¢1 € PC[[-r,0], Q]

where

@o(t—t1), t € [to—r. 0] N [ —r,11],
i1t — 1) = § x(t: 10, @o), t € (to,t1) N[t —r, 1],
x(t: 10, @o) + L (x(#: 10, 90)), t = 1.

At the moment ¢t = t, the mapping point (¢, x(f)) jumps momentarily, etc.

Thus the solution x(; ty, ¢o) of problem (2.8), (2.9) is a piecewise continuous
function with points of discontinuity of the first kind t = #, k = £1,+2,..., at
which it is continuous from the left, i.e. the following relations are satisfied

x(ty) =x(t), k==+1,%£2,...,
x(6h) = x(t) + Li(x(t)), k= £1,£2,....
The system (2.8) is a universal type of impulsive functional differential system.
In the particular case r = 0, it contains a system of impulsive ordinary differential

equations. The systems of the type (2.8) also include the following systems of
impulsive functional differential equations:

— systems of impulsive differential-difference equations of the type

x(t) = F(t,x(), x(t — r1(2), x(t — r2(2)), ..., x(t — 1, (2))), t # 1,
Ax(t) = Li(x(@), t =1, k= %1,£2,...,

where 0 < rj(1) <r,j=1,2,...,p;
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— systems of impulsive integro-differential equations of the type
0
x(t) = / g(t, s, x(t + 5))ds, t # t,
Ax(t) = Li(x(2), t =1, k= £1,£2,...;
— systems of impulsive integro-differential equations with infinite delays
t
x(1) :/ k(t, s)f (t,x(s)) ds, t # t,
—00
Ax(t) = L(x(?), t =1, k= £1,£2,...,

where k : R? — R is continuous;
— systems of impulsive differential equations with supremums of the type

x(1) =f@t. sup y(t+9). 1 # i,

s€[—r,0]

Ax(t) = L(x(2)), t =1, £1,£2,...,

where
sup x(t+s) = ( sup x1(t+s), sup x(+s),..., sup x,,(t+s)>.
s€[—r,0] s€[—r,0] s€[—r,0] s€[—r,0]

Some systems of more general types are also included in the type (2.8) system.

The system (2.8) is linear when f (¢, x;) = L(t,x;) + h(z), where L(t, x;) is linear
with respect to x;.

One special class of impulsive functional differential systems are the systems of
impulsive functional differential equations of neutral type

Lh(t.x) = f(t. %), 1 # 1,
dAx(t) =L(x(1), t=1t, k=%1,+2,..., (2.10)

where i : R x PC[[-r, 0], 2] — R".

For systems (2.10) the initial function ¢y € PC'[[—r,0], ]. In particular, it
is possible for ¢, to be a continuous and continuously differentiable function, i.e.
o € C'[[-r.0]. Q].

Fortp —r < t < 1ty the solution x(r) = x(t; 1o, o) of the initial value
problem (2.10), (2.9) with ¢y € PC![[—r,0], ] coincides with the function ¢y(f)
(and x = ¢y by definition everywhere in this interval).

The solution x(z;#, o) of problem (2.10), (2.9) is a piecewise continuous
function for ¢+ > fy with points of discontinuity of the first kind t = #, k =
+1, £2, ..., at which it is continuous from the left and

x(t5) = x(t) + L(x(t), k= £1,£2,....
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Its derivative x(f) may have discontinuities of the first kind at some points of the
form #; — js, where —r < s < 0,i < k,j € N, which are situated in the interval
[t tr+1) (see [28, 37]), and there is a finite number of these points.

The proof of the following theorem is analogous to the proof of Theorem 2.17 in
[298]. We omit the details here.

Theorem 2.6. Let condition H2.1 hold. Assume that:

1. The function f is continuous and bounded in R x PC[[—r, 0], Q].
2. L, eClQ,Q,and (E+ L) Q— Q, k==x1,£2,...

Then for each (ty, o) € R x PC[[—r, 0], 2]:

1. There exists a solution x(t) = x(t; ty, po) of the initial value problem (2.8), (2.9)
deﬁned onJt (l(), 900)

2. J* (1, o) = 10, 00).

3. If, moreover, the function f is locally Lipschitz continuous with respect to its
second argument in [ty,00) x PC[[—r,0], 2], then the solution x(t;ty, @o) is
unique.

Remark 2.1. Since we shall consider solutions x(t) of real-world systems with non-
negative components, the set 2 will usually be R, .

More existence and uniqueness criteria are given in [298], so we have not
included them here.

2.2 Almost Periodic Sequences and Almost Periodic
Functions

One objective of this book is to investigate the existence, uniqueness and qualitative
properties of almost periodic solutions of the impulsive models under consideration.
In this section, the main definitions and properties of almost periodic sequences and
almost periodic functions are introduced. These notions are used throughout the
book.

2.2.1 Almost Periodic Sequences

In this part, we shall follow [256] and [284], and consider the main definitions and
properties of almost periodic sequences.
We shall consider the sequence {x;}, x; € R", k = +1,+2,...,and lete > 0.

Definition 2.3. An integer p is said to be an e-almost period of {x;} if for each
k=4+1,42,...,

etp — x| | < e (2.11)



20 2 Basic Theory

It is easy to see that if p and g are g-almost periods of {x;}, then p + ¢, p — g are
2¢e-almost periods of the sequence {x;}.

Definition 2.4. The sequence {x;}, xx € R", k = +1,+2,..., is said to be almost
periodic if, for an arbitrary ¢ > 0, there exists a relatively dense set of its e-almost
periods, i.e. there exists a natural number N = N(g) such that for an arbitrary
integer k, there exists at least one integer p in the interval [k,k + N] for which
the inequality (2.11) holds.

Let B, = {x eR": ||x|]| < Ol}, a > 0.
Theorem 2.7 ([284]). Let the following conditions hold.

1. The sequence {x;} C By, k = £1,£2,..., is almost periodic.
2. The function y = f(x) is uniformly continuous in By,.

Then:

1. The sequence {x}, k = £1, X2, ..., is bounded.
2. The sequence {y}, yv = f(xx), k = £1,%x2,..., is almost periodic.

Theorem 2.8 ([256]). Let the following conditions hold.

1. Foreachm = 1,2,... the sequence {x'}, k = £1,£2, ..., is almost periodic.
2. There exists a limit sequence {yy}, k = £1,£2, ..., of the sequence {x]'}, k =
+1,+£2,..., as m — oo.

Then the limit sequence {y}, k = £1,£2, ..., is almost periodic.

Theorem 2.9 ([284]). The sequence {x}, k = =£1,%2,..., is almost periodic
if and only if for any sequence of integers {m;}, i = *1,£2,..., there exists
a subsequence {mj;} such that {xk+m,-j} is convergent for j — 00 uniformly on
k==£1,%2,...

From this theorem, we get the next corollary.

Corollary 2.1. Let the sequences {x}, {Vi}, xx,yx € R", and the sequence {ay},
k= =x1,%2,..., of real numbers be almost periodic.
Then the sequences {x; + yi} and {oyx;}, k = £1,£2, ..., are almost periodic.

From Theorem 2.9 and Corollary 2.1 it follows that the set of all almost periodic
sequences {x}, k = £1,£2,..., x, € R", is a linear space, and equipped with the
norm |xxloo =  sup ||xx]| is a Banach space.

A2,

Theorem 2.10 ([284]). Let the sequences {x;.}, {yi}, k = £1, X2, ..., x, % € R"
be almost periodic.

Then for any € > 0 there exists a relatively dense set of their common g-almost
periods.
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Theorem 2.11 ([256]). For any almost periodic sequence {x;}, k = =1,
+2,..., xx € R", the following average value exists (uniformly on k)
k+n—1
nli[glo; 2}; X = M(xk) < Q.
j=

Now we shall consider the set

Bz{MLqeRquHhkziLilnw MIQZiw}

k—Z+o00

of all unbounded increasing sequences of real numbers, and let i(¢, + A) be the
number of the points #; in the interval (¢, ¢ + A].

Lemma 2.1 ([284]). Let {t,} € B be such that the sequence {t,i} t,i = fy1 —
e, k= £1,£2,..., is almost periodic.
Then, uniformly on t € R, the following limit exists

it 1+ A)
Iim ——= =

A—>00

p < oo. (2.12)

We shall consider the sequences {tﬁc} tﬁc =t — I, kj = £1,£2,..Itis
easy to see that

fpi— =t~ o=ty =10 i jk=21,£2,. ... (2.13)

Definition 2.5. The set of sequences {tfc}, ti = tyj— I, kj = E£1,£2,.. ., is said
to be uniformly almost periodic if, for an arbitrary ¢ > 0, there exists a relatively
dense set of e-almost periods, common for all sequences {,}.

Example 2.1 ([256]). Let {ox}, o € R, k = +1,42,..., be an almost periodic
sequence such that

A
sup |ak|=oz<—,A>O,
k=%1,42... 2

andletty = kA + oy, k= +1,£2,....
Then

vl — = A—2a >0,

and lim # = £oo.
k—>=+o00
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Lete > 0 and p be an ;-almost period of the sequence {cy }. Then, for all integers
k and j it follows that

ey = Al = ek — sl + fosy ] <.

The last inequality shows that the set of sequences {tﬁ;} is uniformly almost periodic.

Example 2.2 ([137]). Letty = k + o4, where
1
o = Z|cosk—cosk\/§|, k==+1,%2,....
The sequence {#} is strictly increasing, since we have
1 1 1
b1 — =1+ Z|cos(k+ 1) — cos(k + 1)\/5| — Z|cosk—cosk\/§| > >

and it is easy to see that lim # = $o0.
k—=to00

We shall prove that the set of sequences {tfc} is uniformly almost periodic. Let
e
&> 0andp be an E-almost period of the sequence {oy}. Then for all integers k and

J, we have

|tf<+1, - t§<| = |thtptj = thtp — i + 1y

< |ty — Qi + [ty — | < e,

and from Definition 2.5 it follows that the set of sequences {t;(} is uniformly almost
periodic.

We shall use the following properties of uniformly almost periodic sequences.

Lemma 2.2 ([256]). Let the set of sequences {,}, ’2 = fyj— e kj = £1,
+2,..., be uniformly almost periodic. Then for each p > 0 there exists a positive
integer N such that on each interval of length p, there exist no more than N elements
of the sequence {t;.} and

i(s,t) <N(@—s)+N. (2.14)

Lemma 2.3 ([256]). Let the set of sequences {£,}, t, = titj — lx, k,j =
+1,£2,..., be uniformly almost periodic. Then for each ¢ > 0 there exists a
positive number | = l(€) such that for each interval A of length |, there exist a
subinterval I C A of length € and an integer q such that

|tZ_r|<g’k:j:l,:f:2,...,FGI. (2.15)
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Lemma 2.4 ([129]). Let the set of sequences {tfc}, tL = lhyj — W kj =
+1,4£2,..., be uniformly almost periodic, and let the function ®(t) be almost
periodic in the sense of Bohr. Then, for each ¢ > 0 there exists a positive | = I(€)
such that for each interval A of length I, there exists an r € A and an integer q such
that

|l —r| <&, |®(+r)—D@0)|<e,

forallk = £1,%+2,..., andt € R.

Lemma 2.5 ([129]). Let the set of sequences {tﬁc}, tj{ = ttj — t kj =
+1,12,..., be uniformly almost periodic, and let the function ®(t) be almost
periodic in the sense of Bohr. Then the sequence {®(t;)} is almost periodic.

Definition 2.6 ([257]). The set T € B is almost periodic if for every sequence of
real numbers {s,} there exists a subsequence {s,}, s, = s, , such that T — s, =
{tx — s,} is uniformly convergent as n — oo to a set T} € B.

Lemma 2.6. The set of sequences {t,}, t, = tiy; — tx, k,j = £1,£2,.., is
uniformly almost periodic if and only if for every sequence of real numbers {s,}
there exists a subsequence {s,}, s, = s, , such that T —s, = {ty — s,} is uniformly
convergent for n — oo on B.

Proof. The proof follows directly from Theorem 1 in [257].

In the investigation of the existence of almost periodic solutions of impulsive
models, the question of the separation from the origin of the sequences {#;} € B is
very important. Hence, we will always assume that the following inequality

inf 7 =60>0

k==+1,42....
holds.
~We shall also use the set UAPS, UAPS C B, for which the sequences
{6}, &, = tyj — te, k,j = £1,£2, .., form a uniformly almost periodic set and
inf 1 =60>0.
k=%1,42...

2.2.2 Almost Periodic Functions

In this part, we shall consider the main definitions and properties of almost periodic
piecewise continuous functions.
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Definition 2.7. A function ¢ € PC[R,RR"] is said to be almost periodic if the
following holds:

(a) {1} € UAPS.

(b) For any & > 0 there exists a real number § = §(g) > 0 such that, if the points ¢
and ¢’ belong to one and the same interval of continuity of ¢(¢) and satisfy the
inequality |/ — ¢’| < §, then ||p(f) — o(t")]| < .

(c) For any ¢ > 0 there exists a relatively dense set T such that, if T € T, then
llo(t + ©) — @(t)|| < € for all t+ € R satisfying the condition |t — | > &,
k==+1,42,....

The elements of T are called e-almost periods.

Example 2.3 ([137]). Let {ux}, ur € R, k = £1,+£2,..., be an almost periodic
sequence and {#;} € UAPS be uniformly almost periodic. Then the function ¢(r) =
Wi, tr <t < t41, 1s almost periodic.

Now we shall consider some properties of almost periodic functions.
Theorem 2.12 ([284]). Every almost periodic function is bounded on the real line.

Theorem 2.13 ([284]). If ¢ € PC[R,R"] is an almost periodic function, then for
any € > 0 there exists a relative dense set of intervals with a fixed length y, 0 <
y < &, which contains e-almost periods of the function ¢(t).

Theorem 2.14. Let ¢ € PC[R, R"] be an almost periodic function with range Y C
R"™. If the function F(y) is uniformly continuous with domain Y, then the function
F(p()) is almost periodic.

Proof. The proof is trivial, so we omit the details.

Theorem 2.15 ([284]). For every pair of almost periodic functions with points of
discontinuity from the sequence {t,} € UAPS and for arbitrary ¢ > 0, there exists a
relatively dense set of their common g-almost periods.

Theorem 2.16. The sum of two almost periodic functions with points of disconti-
nuity ty, k = £1, %2, ..., {t} € UAPS, is an almost periodic function.

t
Theorem 2.17. The quotient %(t)) of two almost periodic functions with points of

discontinuity ty, k = £1,£2, ..., {&} € UAPS, is an almost periodic function if
inf ||y (1)[| > 0.
teR
Now, let us consider the following system of impulsive differential equations

X =AMx+f(1), t # 1, 2.16)
Ax(ty) = Brx(ty) + L(x(t)), k= £1,£2,..., '

where the A : R — R is an almost periodic matrix in the sense of Bohr.



2.2 Almost Periodic Sequences and Almost Periodic Functions 25

Lemma 2.7 ([284]). Let the following conditions hold.

1. U(t, s) is the fundamental matrix of the linear part of (2.16).

2. f(¢) is an almost periodic function.

3. The sequence of functions {I;} and the sequence of matrices {By} are almost
periodic. A

4. The set of sequences {1, } is uniformly almost periodic.

Then for every ¢ > 0 and every 6 > 0, there exist €1, 0 < &) < ¢, a relatively
dense set T of real numbers and a set P of integers, such that the following relations
hold:

@ [[Ut+t,s+1)—U(t.s)||<e, teR, 1€T,0<t—5<86;

O |ft+1)—fO)||<e. teR, teT, [t—t]|>e k=+1,%+2,...;
(c) ||Bk+q_Bk|| <Eég, C]EP, k==41,%£2,...;

(d) ||Ik+q_1k|| < é&, C]EP, k:il,:l:2,,

() |t —t|<e,qeP, teT, k=%1,%2,...

We shall also consider the following definition for almost periodic piecewise
continuous functions.

LetT,P € B,and let s(TUP) : B — B be amap such that the set s(7'U P) forms
a strictly increasing sequence. For D C R and ¢ > 0, we introduce the notations
0:(D) = {t + ¢, t € D} and F.(D) = N{6.(D)}.

By ¢ = (¢(¢), T) we denote an element from the space PC[R, R"] x B and for
every sequence of real numbers {s,},n = 1,2, ..., by 6;,¢, we shall mean the set
{ot+s,), T —s,} C PC x B, where

T—sy,={tx—sp,, k==x1,+2,..., n=1,2,...}.

Definition 2.8. The sequence {¢,}, ¢» = (¢n(?),Tn) € PC[R,R"] x B, converges
tod, ¢ = (), T), (p(t),T) € PC[R,R"] x B, if and only if for any & > 0 there
exists an ny > 0 such that n > ny implies

p(T.T,) <e, |lga(t) =] <&

uniformly for t € R\ F.(s(T,, U T)), where p(.,.) is an arbitrary distance in 5.

Definition 2.9. The function ¢ € PC[R,R"] is said to be an almost periodic
piecewise continuous function with points of discontinuity of the first kind from
the set 7' € B if for every sequence of real numbers {s/, } there exists a subsequence
{sn}, sn = s,, , such that 6, ¢ is uniformly convergent on PC[R, R"] x B.

Now, let 2 € R" and consider the impulsive differential system (2.3).
We introduce the following conditions:

H2.3. The function f (¢, x) is almost periodic in ¢ uniformly with respect to x € €.

H2.4. The sequence {I;(x)}, k = £1,+2,..., is almost periodic uniformly with
respect to x € Q.

H2.5. The set of sequences {z;,} € UAPS.
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Let the assumptions H2.3-H2.5 hold, and let {s/, } be an arbitrary sequence of real
numbers. Then there exists a subsequence {s,}, s, = s,’nn, such that the sequence
{f(t + s,,x)} converges uniformly to the function f*(¢, x), and from Lemma 2.6 it
follows that the set of sequences {f; — s,}, k = £1,%2,..., is convergent to the
sequence {f;} uniformly with respect to k = £1,£2,...asn — oo.

By {k,} we denote the sequence of integers such that the subsequence {#,, }
is convergent to the sequence {f;} uniformly with respect to k = £1,+£2,... as
i — 0.

Then, for every sequence {s/, }, the system (2.3) transforms to the system

x(1) = f(t.x), t # 1,
Ax(t) = [(x(®). k=1, +2,.... 2.17)

Remark 2.2. In many papers, the limiting system (2.17) is called the Hull of the
system (2.3), and is denoted by H(f, I, t;.).

2.3 Stability and Boundedness Definitions
We shall use the following stability definitions for systems of the form (2.3).
Let ¥ (¢) = ¥ (¢; to, Vo), W(tgr) = Yo € Q, be a solution of system (2.3).
Definition 2.10. The solution ¥ (¢) is said to be:
(a) stable if
(Vtp € R)(Ve > 0)(35 = 8(1p,€) > 0)
(Vxo € Q1 |lxo — ¥ (1) < §)(Vi = 10) :

|1x(z: 20, x0) = Y (D)]] < &

(b) uniformly stable if the number § in (a) is independent of 1) € R;
(c) attractive if

(Vip € R)EA = A(to) > 0)(Vxo € 2 : |lxo — ¥ ()| < A)
i [1x(z3 0, %) — ¥ 0)]] = 0
(d) equi-attractive if
(V1o e R)Y(AX = A(%p) > 0)(Ve > 0)(AT = T(tp,¢) > 0)

(Vxo € Q1 [lxo = Y ()| < WY1 = 10+ T) 2 [|x(t: 10, %0) — Y ()| < &

(e) uniformly attractive if the numbers A and T in (d) are independent of #, € R;
(f) asymptotically stable if it is stable and attractive;
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(g) uniformly asymptotically stable if it is uniformly stable and uniformly attractive;
(h) exponentially stable if

32 > 0)(Va > 03y = y(x) > 0)(V1y € R)
(Vxo € @t |lxo =y () < @) (V1 = 10) :
[t 10, x0) = Y O] < y(@)]1x0 — ¥ (1) || exp{=A(r — 10)}.
In the case when ¥/ () = 0, we shall use the following definition.
Definition 2.11. The zero solution ¥ () = 0 of system (2.3) is said to be:
(a) stable if
(Vtp € R)(Ve > 0)(38 = 8(ty, &) > 0)
(Vxp € Bs)(Vt > 1) : ||x(t; 19, x0)|| < &;

(b) uniformly stable if the number § in (a) is independent of 1) € R;
(c) attractive if

(Vto € R)(AX = A(%) > 0)(Vxo € B)) : rlim [|x(z; o, x0)|| = O;
—>00

(d) equi-attractive if

(Vio € RYEA = Aty) > 0)(Ve > 0)AT = T(ty, &) > 0)
(VX() [S BA)(VI >ty + T) : ||x(t; Io,X0)|| < &;

(e) uniformly attractive if the numbers A and T in (d) are independent of #y € R;
(f) asymptotically stable if it is stable and attractive;
(g) uniformly asymptotically stable if it is uniformly stable and uniformly attractive.

We introduce the following notation:

[lell- = sup ||g(t—to)]| is the norm of the function ¢ € PC[[—r, 0], 2].

1€[19—r.10]

In the case r = oo we have ||¢]|, = [|¢]loo = sup |lo( —1to)]].
te(—o00,19)

Let ¢ € PC[[-r,0],2]. Denote by x;(t) = x(;t9,¢1) the solution of
system (2.8) satisfying the initial conditions

xi(tto, o) =it —1t9), to—r < t < 1y,
xi(td 3 t0. 1) = @1(0).
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Definition 2.12. The solution x; (¢) of system (2.8) is said to be:
(a) stable if

(V1o € R)(Ve> 0)(38 = 6(tp, €) > 0)
(Yoo € PC[[-r,0],L2] : [loo — @1ll, < &)

(Ve = 19) o ||x(t; 10, 9o) — x1(8; 10, 01)]| < &;

(b) uniformly stable if the number § in (a) is independent of 1) € R;
(c) attractive if

(V1o € R)EA = A(ty) > 0)
(Yoo € PC[[-r,0], 2] : [lgo —@1llr < A)

lim ||x(t; 1o, (p()) — X1 (l; to, (p])” =0;
1—> 00
(d) equi-attractive if

(Vt() € R)(HA = A(t()) > 0)(\‘7/8 > O)(HT = T(IQ,{;‘) > 0)
(Yoo € PC[[—-r, 0], 2] : [lgo — ¢nllr < A)
(Vt=1to+T): ||x(t; 10, 9o) — x1(t:t0, p1)|| < &
(e) uniformly attractive if the numbers A and T in (d) are independent of 7y € R;
(f) asymptotically stable if it is stable and attractive;

(g) uniformly asymptotically stable if it is uniformly stable and uniformly attractive;
(h) unstable if (a) does not hold.

We shall use the following definitions of Lyapunov-like stability of the zero
solution of (2.8).

Definition 2.13. The zero solution x;(f) = 0 of system (2.8) is said to be:
(a) stable if

(V1o € R)(Ve> 0)(38 = (1o, &) > 0)
(Yoo € PC[[-r,0], 2] = [lgoll, < 8)(Vt = 19) = |[x(t: 20, @o)|| < &

(b) uniformly stable if the number § in (a) is independent of 1) € R;
(c) attractive if

(Vg € R)EA = A1) > 0)(Vgo € PC[[-r. 0. 2] = [lgollr < A)

lim ||x(z; 19, @o)|| = 0;
—>00
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(d) equi-attractive if
(Vt() € R)(HA = A(t()) > 0)(\‘7/8 > O)(HT = T(IQ,{;‘) > 0)
(Yoo € PC[[—r. 0, 2] = [l@ollr < M)Vt =10+ T) : [|x(r: 00, p0)|| < &

(e) uniformly attractive if the numbers A and T in (d) are independent of #, € R;
(f) asymptotically stable if it is stable and attractive;

(g) uniformly asymptotically stable if it is uniformly stable and uniformly attractive;
(h) unstable if

(310 € R)(Fe> 0)(V8 > 0)(3¢o € PC[[-r.0]. 2] = [lgoll- < &)
@r=10): [x(#10, 90| = &
In this book, we shall apply Lyapunov’s second method for investigating the

boundedness of solutions of system (2.8) for 2 = R”, i.e. we shall consider the
following system

X(1) = f(t,x), t # 1y,
Ax(t) = Li(x(1), t = t, k= £1,£2,..., (2.18)

where f : R x PC[[-r,0],R"] > R", [; :R" > R", k= £1,£2,.., % < fry1 <
...and lim f = Fo0.
k—>+o00
Let oo € PC[[—r,0],R"]. Denote by x(f) = x(t;tp,¢o) the solution of

system (2.18) satisfying the initial conditions

x(t;t0, 00) = @o(t —t9), to —7r < t =< 1o,

2.19
x(ty 1o, 90) = ¢0(0), @19

and by JT(f,90) the maximal interval of type [t, ), in which the solution
x(t; t, o) is defined.

Definition 2.14. We say that the solutions of system (2.18) are:
(a) equi-bounded if
(V1o € R)(Va > 0)(3B = B(to. @) > 0)
(Yoo € PC[[=r.OLR"] = llgoll- < )(Vi = 10) = |Ix(z: 0. 90| < B

(b) uniformly bounded if the number B in (a) is independent of 7, € R;
(c) quasi-uniformly ultimately bounded if

(3B > 0)(Va > 0)3T = T(a) > 0)(Vtp € R)
(Yoo € PC[[—r, OL R+ lgollr < e)(Vt =10+ T) : [|x(t:10. 00)|| < B;

(d) uniformly ultimately bounded if (b) and (c) hold together.
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We shall use the following definitions of global stability of the zero solution
of (2.18).

Definition 2.15. The zero solution x(t) = 0 of system (2.18) is said to be:
(a) stable if

(V1o € R)(Ve> 0)(38 = 8(ty. &) > 0)
(Yoo € PC[[—r, 0L, R"] = [[eol]» < 8)

(Yt = to) : |Ix(t:t0, @o)| < &

(b) uniformly stable if the number § in (a) is independent of 1) € R;
(c) globally equi-attractive if

(Vtg € R)(Va> 0)(Ve > 0)(Ay = y(tp, o, ) > 0)
(Yoo € PC[[—r, OLR"] : [lgoll» < a)(Vi =10+ y) : |[x(t:t0. @o)l| < &:

(d) uniformly globally attractive if the number y in (c) is independent of #) € R;
(e) globally equi-asymptotically stable if it is stable and globally equi-attractive;
(f) uniformly globally asymptotically stable if it is uniformly stable, uniformly

globally attractive and the solutions of system (2.18) are uniformly bounded;
(g) globally exponentially stable if

(Hc > 0)(Va> 0)(Ay = y(a) > 0)(Vtp € R)
(Yoo € PC[[=r.OLR"] : [lgollr < ) (V1 = 1) :
[1x(#: 70 @o) | < y(@)[lgol |- exp[—c(t — 10)].

2.4 Piecewise Continuous Lyapunov Functions
and Lyapunov Functionals

An interesting and fruitful technique that has gained increasing significance and
has given decisive impetus to the modern development of the stability theory of
impulsive functional differential equations is Lyapunov’s second method [214]. A
manifest advantage of this method is that it does not require the knowledge of
solutions and therefore has great power in applications.

Different aspects of applications of Lyapunov’s second method to differential
equations are given in [44, 56, 81, 93, 96, 130, 131, 151, 165, 171, 180-183, 217,
249,251, 298, 351]. There has been a gradual expansion both in the class of objects
studied and in the mathematical problems investigated by means of the method.

Gurgulla and Perestyuk were the first to apply the Lyapunov direct method for
impulsive systems. In the work [128] they used classical (continuous) Lyapunov
functions. The application of continuous Lyapunov functions to the investigation of
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impulsive systems restricts the possibilities of Lyapunov’s second method. The fact
that the solutions of impulsive systems are piecewise continuous functions requires
the introduction of an analogue of the classical Lyapunov functions which have
discontinuities of the first kind [34]. By means of such functions it becomes possible
to solve basic problems related to the application of Lyapunov’s second method to
impulsive systems.

Let 79(x) = 1 for x € Q and introduce the sets

Gy = {(t,x)eRxQ: Tk—l(x)<t<fk(x)}’ G= U G-
k=142....

Definition 2.16. A function V : R x Q — R belongs to the class V if:

1. V(t,x) is continuous on G and locally Lipschitz continuous with respect to its
second argument on each of the sets Gy, k = £1, +2,.. ..
2. Foreachk = £1,%2,... and (1§, x}) € o the following finite limits exist

Vg~ x5) = lim V(1) Vet xg) = lim V(x)
()= (tg xg) tx)= (g X )
(tx)EGE (r.x)eGH_ 1

and the equality V (157, x5) = V(¢ x5) holds.

Let the function V € Vj and (¢, x) € G. We define the derivative
. . 1
Vo (t,x) = hm+ sup E[V(I + 8, x + 8f(1,.x)) — V(1,x)].
§—0

Note that if x = x(7) is a solution of system (2.1), then for 7 # w(x(?)), k =
£1,£2,..., wehave Vo )(t,x) = D("Z'_I)V(t, x(t)), where

DE V(. x(1) = Sgr(g sup é[V(t + 8,x(t + 8)) — V(1. x(1))] (2.20)

is the upper right-hand Dini derivative of V € V; (with respect to the system (2.1)).
The class of functions V) is also used to investigate the qualitative properties of

solutions of impulsive models with fixed moments of impulse effect (2.3). In this

case, Tt(x) = t, k = +1,+£2, ..., 0y, are hyperplanes in R"T!, the sets Gy are

Gi={t,x) e RxQ: f{_1 <t<t},

and condition 2 of Definition 2.16 is substituted by the condition:
2’.Foreach k = £1,%2,... and x € , the finite limits

V(e ,x) = lim V(t,x), V(5 x) = lim V(t,x),
=1k =1

1<ty >
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exist and the following equalities hold
V(t, . x) = V(t, x).

For t # 1, k = +£1,+£2,..., the upper right-hand derivative of Lyapunov’s
function V € V) with respect to system (2.3) is

. 1
DE 5 V(1. x(1) = sll?+ sup g[V(t + 8,x(t + 8)) — V(1. %)].

In subsequent chapters we shall also use the following classes of piecewise
continuous Lyapunov functions

V= {V:Rx Q x Q — R4, Viscontinuous in (f—1, ] X 2 x €,

V(tr,x,y) = V(t;,x,y) and im V(t,x,y) = V(t,j',x, y), X,y € Q}
>t

Definition 2.17. A function V € V| belongs to the class V, if:

1. V(,0,0) =0, t e R.

2. The function V (¢, x, y) is locally Lipschitz continuous with respect to its second
and third arguments with a Lipschitz constant H; > 0, i.e. for x;,x, €
Q, y1,y2 € Q and for ¢ € R it follows that

[V(t,x1,91) = V(t,x2,y2)| < H1(||X1 — x|+ |In —y2||),

t#t, k=+1,4£2,.. .

LetVeV, t#1, k==+1,4£2,..., x € PC[R, 2], y € PC[R, 2].
We introduce

D(_;S)V(l, x(1), y(1))

1
= [Mim_sup g[V(t + 8,x(1) 4+ 8f (1. x(1)), (1) + 8f (1, y(1))) = V(1. x(2), y(1))].

When applying Lyapunov’s second method, there are two main approaches
to investigating the qualitative properties of solutions of functional differential
equations. Krasovskii [171] adopted a functional analysis approach. He replaced
the Lyapunov function with a Lyapunov functional. The method of Lyapunov—
Krasovskii functionals has been used by many researchers to investigate the stability
theory of functional differential equations and their applications [2, 18, 19, 48, 64,
65, 71,79, 121, 130, 131, 159, 164, 165, 206].

The presence of impulses as well as delays in impulsive functional differential
equations requires the use of piecewise continuous Lyapunov functionals or a
combination of the methods of piecewise continuous Lyapunov functions and the
Razumikhin technique. By means of such approaches, many interesting results in
the qualitative theory of these equations have been obtained [37-42, 130, 180, 182,
184, 213, 220, 260, 293-299, 301, 302, 305, 312-314].
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Definition 2.18. A functional V : R x PC[[-r, 0], Q] — Ry belongs to the class
Vo() if:

1. V(t,¢) is continuous on each of the sets (f—i,%) x PC[[-r,0],R], k =
+1,+£2, ..., and locally Lipschitz in ¢ on each compact set in PC[[—r, 0], ].
2. Foreachk = +1,42,... and ¢ € PC[[—r, 0], 2] the finite limits

V(t, . ) = lim V(z, ¢), V(t,j,(p) = lim V(¢t, p),
=1y t—1y,
1<y, >t

exist and the following equalities hold

Vit ,e) = Vit 9).

Let V e Vy(.) and (¢, ¢) € R x PC[[—r, 0], 2]. We define
1
D('E'g)V(t, @) = lim sup —[V(t + h, x45(t, ©)) — V(2, ¢)]. (2.21)
h—0t h

The functional D(JEAS)V(t, @), defined by (2.21), is the upper right-hand Dini
derivative of V € Vy(.) with respect to system (2.8).

When using the method of Lyapunov functions for functional differential equa-
tions, the direct transfer of the Lyapunov theorems leads to significant difficulties
when the sign of the derivative of the Lyapunov function with respect to the system
has to be determined.

We shall employ Lyapunov functions from the class V, and develop the
corresponding stability theory for the system (2.8).

Definition 2.19. Given a function V € V. For (1, ¢) € R x PC[[—r,0], 2] the
upper right-hand derivative of V with respect to system (2.8) is defined by

DE g V(1 9(0)) = hgréi sup %[V(t + h,x(t + ki 19, 9)) — V(t, 9(0))], (2.22)

where x(¢; to, @) is a solution of (2.8) with an initial function ¢ € PC[[—r, 0], 22].
Note that in Definition 2.19, D(Jg'g)V(t, ¢(0)) is a functional whereas V is a
function. This special feature was a source of difficulty when applying Lyapunov’s
second method to functional differential equations. In order to find a positive definite
function V such that D(+2'8>V(t, ¢(0)) < 0, the point ¢(0) has a dominant role. Using

simple considerations, Razumikhin [249] proved that the derivative D('E_g)V(t, ©(0))
should be estimated only by the elements of minimal subsets of the integral curves
of the investigated system when the following condition

V(t+s5,9(s) < V(t,9(0)), s € [-r,0] (2.23)

holds. The condition (2.23) is called the Razumikhin condition, and the correspond-
ing technique is known as the Razumikhin technique.
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We shall use the next class of piecewise Lyapunov functions, which are con-
nected with the system (2.17).

Definition 2.20. A function W : R x Q — R belongs to the class W if:

1. The function W(z,x) is continuous on (,x) € R x Q, r # 1}, k = £1,£2,..,
and W(£,0) =0, r € R.

2. The function W(z,x) is locally Lipschitz continuous with respect to its second
argument.

3. Foreachk = 1, %2, ... and x € Q the finite limits

W, x) = lirfle(t,x), W(ET, x) = limW(z, x)
=1, =1}

s K
t<t’k )‘>)‘k

exist and the equality W(#,~,x) = W(z;, x) holds.

Let the function W € Wy and x € PC[R, €2]. The upper right-hand Dini derivative
of W with respect to (2.17) is defined by

D('E.U)W(t, x(1)) = 521& sup é[W(t + 8, x(t) + 8f*(1.x(1))) — W(t, x(1))].

In the investigation of the qualitative properties of solutions of differential
equations, it is well known that employing several Lyapunov functions is more
useful than employing a single one since each function can satisfy less rigid
requirements. Hence, the corresponding theory, known as the method of vector
Lyapunov functions, offers a very flexible mechanism (see [183] and the references
therein).

Moreover, by means of the method of vector Lyapunov functions we can prove
the results in some cases where using scalar Lyapunov functions is impossible.

In the present book we shall use vector Lyapunov functions V : R x Q@ — R,
V =col(Vi, Vo,...,Vy)suchthat V; € Vp,j =1,2,...,m.

In the presence of delays, we shall use the corresponding modifications and
generalizations.

2.5 Impulsive Differential Inequalities

In this section we present the main comparison results and integral inequalities
we will use. The essence of the comparison method is in studying the relations
between the given system and a comparison system so that some properties of the
solutions of the comparison system should imply the corresponding properties of
the solutions of the system under consideration. These relations are obtained by
employing differential inequalities. The comparison system is usually of lower order
and its right-hand side possesses a certain type of monotonicity, which considerably
simplifies the study of its solutions.
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Consider the system of impulsive differential equations (2.3). Together with
system (2.3) we shall consider the comparison system

() = F(r,u(0), 1 # t,
Au(ty) = u(th) — u(ty) = I (). % > 1o, (2.24)

whereF:RxR’_’; — R™; Jk:R’i —R" k=1,2,....

Let up € R’. Denote by u(t) = ul(t;ty,up) the solution of system (2.24)
satisfying the initial condition u(tg' ) = u(ty) = up and by J T (to, up) the maximal
interval of type [z, 8) in which the solution u(z; fy, up) is defined.

We introduce the following partial ordering on R™: for the vectors u, v € R we
shall say that u > v if u; > v; foreachj =1,2,...,mand u > v if u; > v; for each
j=12,....,m

Definition 2.21. A solution u™ : J* (9, ug) — R’ of the system (2.24) for which
u™ (to: to, ) = uy is said to be a maximal solution if any other solution u : [ty, @) —
R? for which u(fo) = u satisfies the inequality u™ (r) > u(r) for 1 € JT(to, up) N
[t0, @).

Analogously, a minimal solution of system (2.24) is defined as follows.
Definition 2.22. The function ¢ : R — R™ is said to be:

(a) non-decreasing in R if ¥ (u) > ¥ (v) foru > v, u,v € R.
(b) monotone increasing in R} if ¥ (u) > ¢ (v) for u > v and ¥ (u) > ¥ (v) for
u>v,uveRy.

Definition 2.23. The function F : R x R} — R™ is said to be quasi-monotone
increasing in R x R} if for each pair of points (¢, ) and (¢, v) from R x R} and for
i €{l,2,...,m} the inequality F;(¢,u) > F;(t,v) holds whenever u; = v; and u; >
viforj=1,2,...,m, i #j,ie. foranyfixedt € Randanyi e {1,2,...,m} the
function F;(t, u) is non-decreasing with respect to (i, Uz, ..., Ui—1, Uit1, -+, Up)-

In the case when the function F : R x R} — R™ is continuous and
quasi-monotone increasing, all solutions of problem (2.24) starting from the point
(to, ug) € [to,00) x R lie between two singular solutions — the maximal and the
minimal ones.

We need the following known result for our discussion, whose proof may be
found in [178] and [183].

Theorem 2.18. Assume that:

1. The conditions of Theorem 2.4 hold fork = 1,2, .. ..

2. The function F is quasi-monotone increasing, continuous on the sets (ty, ty+1]
xR%, k€ NU{0} andfork =1,2,...and v € R the following finite limit
exists

lim F(t,u).

(tu)—(t.v)
>t
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3. The maximal solution u™ : J*(to, ug) — RY of the system (2.24) is defined for
t = 1.

4. The functions Y : RY — RY, i) = u+ Ji(u), k = 1,2,..., are non-
decreasing on R’}

5. The function V : [tg,00) x @ — R™, V = col(Vy, Va,...,V,), V; € V,
Jj=12,...,mis such that

V(td, x0) < uo,

VT x4+ L(x) < (V(t.x), x€Q, t=1, k=1,2,...,

and the inequality
D3\ V(t.x(0) < F(t.V(Ex(t). 1 # 1 k= 1.2,...

holds for t € [ty, 00).
Then
V(t, x(t; 10, X0)) < u™ (t: 19, up) fort € [ty, 00).
For the scalar case m = 1, we shall consider the comparison equation
(1) = g(t.u(0). 1 # 1. (225)
Au(ty) = Bi(u(t)), tx > to,

where g : RxRy - R, By : Ry - Ry, k==+£1,%2,....
Let uy € R. We denote again by u™ () = u™ (t; ty, up) the maximal solution of
Eq. (2.25) which satisfies the initial condition

ut (to; to, uo) = u.

The next result follows directly from the similar results in [178].
Theorem 2.19. Assume that:

1. The conditions of Theorem 2.4 hold.

2. The function g : R x Ry — R is continuous on each of the sets (ty—1, t;] x
R4, t > to.

3. By € C[Ry,Ry] and ¥i(u) = u + Bi(u) = 0, k = +1,+2,..., are non-
decreasing with respect to u.

4. The maximal solution u* : J*(ty,uo) — Ry of (2.25), u+(tJ;t0,u0) = u,
to € R, is defined on [ty, 00).

5. The function V € V, is such that V(t(')’_ ,X0) < ug,

Vit x + Lx) < v(V(t,x), x€Q, 1=t t >t

DEL V(. x(1) < g(t. V(. x(1))). 1 # by, 1 € [tg,00).
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Then
V(t,x(1: 19, %0)) < u™t (1519, o), 1 € [t9, 00).
In the case when g(¢, u) = O for (r,u) € RxRy and ¥ (u) = uforu € Ry, k =
+1,£2,..., the following corollary holds.
Corollary 2.2. Assume that:
1. The conditions of Theorem 2.4 hold.
2. The function V € V, is such that
Vit x+ L(x) < V(t,x), x€Q, t =1, tx > Iy,
DY, V(t.x(1)) <0, t # 1, 1 € [19. 00).
Then
V(t,x(t: 19, x0)) < V(15 . x0). 1 € [tg, 00).
For impulsive delay differential systems (2.8) we need the following results,
whose proof is similar to the proof of the comparison lemma in [298].

Theorem 2.20. Let the following conditions hold.

1. The conditions of Theorem 2.6 hold for k = 1,2, .. ..

2. Conditions 2-4 of Theorem 2.18 are met.

3. The function V : [ty,00) x @ — R%, V = col(Vi, Vo,...,Vy), V; € V,
Jj=1.2,...,m, is such that for ¢ € PC[[—r,0], 2],

V(™ 0(0) + Ii(p) < Yr(V(t,0(0)), t =10, k=1,2,...,
and the inequality
Do V(1. 9(0)) < F(1,V(t.9(0)). t # tr, k =1,2,...

holds whenever V(t + s, ¢(s)) < V(t, 9(0)) for —r < s <0.
Then sup V(ty + s, 90(s)) < ug implies

—r<s<0
V(t, x(t: 10, 90)) < u™ (t: 19, up), t € [to, 00).
For the scalar case m = 1 when F = g, g € PC[R x R], a theorem similar to
Theorem 2.19 follows immediately from Theorem 2.20.

Theorem 2.21. Let the following conditions hold.

1. The conditions of Theorem 2.6 hold.
2. Conditions 2—4 of Theorem 2.19 are met.
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3. The function V € Vy is such that for ¢ € PC[[—r,0], 2],

V(T 0(0) + I(p)) < Yi(V(E.9(0))). t =t t; > 1o,

and the inequality

D5 V(1,9(0)) < (1. V(1. 9(0))), 1 # tr, 1 € [t9,00)

holds whenever V(t + s, ¢(s)) < V(t, 9(0)) for —r < s <0.
Then sup V(ty + s, 90(s)) < ug implies

—r<s<0
V(t, x(t: 1o, o)) < ut (t; 10, up), t € [ty, 00).

We can also formulate the impulsive comparison results in terms of Lyapunov
functions g(¢,u) = O for (t,u) € R x Ry and Y (u) = uforu € Ry, k =
+1,+2,.. .

Corollary 2.3. Assume that the function V € V is such that for ¢ € PC[[—r, 0], 2],
V(I 9(0) + Ii(p)) = V(1.9(0), 1=t 1> to,
and the inequality
DE V(1. 9(0)) <0, 1 # 1. 1 € [19,00)
holds whenever V(t + s, ¢(s)) < V(t,¢(0)) for —r < s < 0.
Then

V(t.x(t:to,0)) < sup V(5. @o(s)), t € [to, 00).
0

—r<s=<

Remark 2.3. Analogous comparison results can be proved for impulsive systems
[35, 179] in which minimal solutions are used.

Remark 2.4. Similar results can be proved in terms of functions from the classes V,
and Wy [284, 289, 290].

Next we shall consider a Bihari and Gronwall type integral inequality in a special
case with impulses.

Theorem 2.22 ([35]). Let the following conditions hold:

1. Condition H2.1 is met.

2. The functions m : R — R4, p : R — R4 are continuous on each of the sets
(tim1, ], 1 > to.

3. C>0, Br > 0and

m(t) < C+ / pEm)ds + Y Bum(to).

o<t <t
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Then

mn<C [] 0+ Bi)elo P,

to<tp<t

2.6 Coincidence Degree Lemmas

In Chap. 4, we shall investigate the existence of positive periodic solutions of dif-
ferent classes of Lotka—Volterra models. Our main results are based on coincidence
degree theory [118].

Let X, Z be normed vector spaces, L : dom L C X — Z be a linear mapping, and
N : X — Z be a continuous mapping.

L is said to be a Fredholm mapping of index zero if dim Ker L = codim Im L <
o0 and Im L is closed in Z.

If L is a Fredholm mapping of index zero, then there exist continuous projectors
P:X—>XandQ:Z — ZsuchthatImP = KerL and Ker Q = ImL = Im(I — Q).
It follows that L| dom L N Ker P : (I — P)X — Im L is invertible. We denote the
inverse of that map by Kp.

The mapping N is said to be L-compact on Q; if Q, is an open bounded subset
of X, ON(R2,) is bounded and Kp(I — Q)N : Q| — X is compact.

Since ImQ is isomorphic to KerL, there exists an isomorphism S : ImQ — KerL.

Lemma 2.8 (Continuation Theorem [118]). Ler L be a Fredholm mapping of
index zero and N be L-compact on 21. Suppose

(a) foreach A € (0, 1), every solution x of Lx = ANx satisfies x ¢ 02;
(b) for each x € Ker L N 02, degz{SON, ©; N Ker L, 0} # 0, when ONx # 0,
where degy denotes the Brouwer degree.
Then the equation Lx = Nx has at least one solution in domL N Q.

We note that PC[J,R"] is a Banach space with the norm ||o|lpc =
sup,c; ||o(t)|| and PC'[J,R"] is also a Banach space with the norm ||o||pci =
max{||o||pc. ||5]lpc}-

Lemma 2.9 ([190]). H C PC[J,R"] is relatively compact if and only if the
functions in H are uniformly bounded on J and continuous on (ty—y,t), k =
1,2,...,K, for any fixed K > 1.

Notes and Comments

The basic fundamental results listed in Sect. 2.1 for impulsive ordinary differential
equations are due to Bainov and Simeonov [36] and Stamov [284]. Theorem 2.6
is adapted from Stamova [298]. Analogous results for different classes of impulsive
differential systems were obtained in [26, 34, 49, 178, 180-184, 235, 236, 238, 256].
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The results on almost periodic sequences and almost periodic functions
included in Sect. 2.2 were taken from Samoilenko and Perestuyk [256], and from
Stamov [284].

The stability and boundedness definitions in Sect.2.3 were introduced by
Stamov [284] and Stamova [298].

The most efficient tool for the study of the qualitative properties of a given
nonlinear system is provided by Lyapunov’s second method [214]. Its application
to systems with delay has been developed in two directions. The first direction
uses Lyapunov functions and the Razumikhin technique [249]. The second method
uses Lyapunov—Krasovskii functionals [171]. The method of piecewise continuous
Lyapunov functions for impulsive systems was introduced by Bainov and Sime-
onov [34].

For Theorem 2.18, see [34, 178, 183]. Theorem 2.19 and Corollary 2.2 are
results in [178]. Theorems 2.20 and 2.21 are adapted from Stamova [298]. The
corresponding comparison theorems for the continuous case were proved in [180,
181]. The applied technique is used by many authors [6, 7, 27, 178, 179, 182—184].
Theorem 2.22 is due to Bainov and Simeonov [35].

Lemma 2.8 is taken from [118] while Lemma 2.9 is a result in [190].
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