
Chapter 2
Wave Propagation in Periodic Structures

Wave propagation in periodic structures is closely related to propagation of waves
in continuous media. Thus, dispersion parameters such as wavenumber and wave
impedance or permeability and permittivity, can be used to describe the propaga-
tion of waves in one-dimensional periodic structures like loaded or artificial trans-
mission lines and waveguides, and in two- and three-dimensional structures like
artificial lenses, transmit arrays and meta surfaces. In this chapter, the connection
between transmission line theory and effective material parameters, that can be used
to describe the propagation of waves in periodic lattices, is investigated. Further-
more, based on a general form of a transmission line model and effective material
parameters, a physical limitation for dispersion characteristics and corresponding
equivalent circuit are derived. Finally, the effect of discretization and finite unit cell
size in periodic structures on effective material parameters is considered.

2.1 Material Parameters of Distributed Periodic Structures

The propagation of a wave in a charge free material can be described by Maxwell’s
equations which in the frequency domain are [1]

ˆ
∂ A

E(r, ω)ds = −
ˆ

A
jωB(r, ω)dA ⇔ rot E(r, ω) = − jωB(r, ω), (2.1)

ˆ
∂ A

H(r, ω)ds =
ˆ

A
jωD(r, ω)dA ⇔ rot H(r, ω) = jωD(r, ω), (2.2)

ˆ
∂V

D(r, ω)dA = 0 ⇔ divD(r, ω) = 0, (2.3)
ˆ

∂V
B(r, ω)dA = 0 ⇔ divB(r, ω) = 0 (2.4)
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with the material equations of a linear material

B(ω) = μ0 [M(ω) + H(ω)] = μ0
[ ¯̄χm(ω) + 1

]
H(ω) = ¯̄μ(ω)H(ω), (2.5)

D(ω) = ε0E(ω) + P(ω) = ε0
[ ¯̄χe(ω) + 1

]
E(ω) = ¯̄ε(ω)E(ω). (2.6)

Under the condition of an isotropic and homogeneous material, the material tensor
¯̄μ(r, ω) and ¯̄ε(r, ω) reduce to scalar values and (2.1)–(2.4) can be combined to the
Helmholtz equation

{
ΔE(r, ω)

ΔH(r, ω)

}
− k2(ω)

{
E(r, ω)

H(r, ω)

}
= 0 (2.7)

describing propagation in materials with the complex material properties μ and ε

and the complex wavenumber

k(ω) = ±ω
√

μ(ω)ε(ω). (2.8)

The electric and magnetic field are related by the wave impedance Zw so that

H(r, ω) = 1

Zw(ω)
· k

|k| · S
|S| × E(r, ω) (2.9)

with S/|S| being the unit vector pointing in the direction of the energy flux of the
wave. Hence, the wave impedance becomes

Zw(ω) = ±
√

μ(ω)

ε(ω)
. (2.10)

Similarly, the propagation of waves on a transmission line in z-direction is deter-
mined by [2]

∂

∂z

{
V (z, ω)

I (z, ω)

}
− Z ′

se(ω)Y ′
sh(ω)

{
V (z, ω)

I (z, ω)

}
= 0 (2.11)

where the per unit length impedance and admittance Z ′
se and Y ′

sh are defined as in the
equivalent circuit of an infinitesimal short transmission line section in Fig. 2.1. The
propagation constant

γ = α + jβ = ±
√

Z ′
se(ω)Y ′

sh(ω) (2.12)

and the characteristic impedance

Zc = ±
√

Z ′
se(ω)

Y ′
sh(ω)

. (2.13)
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Fig. 2.1 Infinitesimal short
transmission line section

Z′
se/2

Y ′
sh
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V (z+Δz)
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are used to describe the wave propagation on transmission lines.
Due to the equivalence between the wave equations and the impedance definition

of the plane wave propagation and the propagation on the transmission line it can be
defined

Z ′
se(ω) = lim

Δz→0

Zse(ω)

Δz
= jωμeff(ω), (2.14)

Y ′
sh(ω) = lim

Δz→0

Ysh(ω)

Δz
= jωεeff(ω), (2.15)

i.e. the material parameters μ, ε and transmission line elements Z ′
se, Y ′

sh are mathe-
matically equivalent [3, 4]. Since the resultingmaterial parameters are not necessarily
the parameters of an existing material, but describe the response of a periodic struc-
ture to the propagating electric and magnetic field of an arbitrary wave, they are
denoted as effective material parameters μeff and εeff.

Propagation of a planewave in amaterial can be described by the transmission line
equivalent circuit in Fig. 2.1. On the other hand, wave propagation on a transmission
line can be described by a wave propagating in an effective material with μeff and
εeff. Hence, by adjusting the series impedance Z ′

se and the shunt admittance Y ′
sh,

the frequency characteristic of the magnetic and electric response can be designed
independently of each other for the case of a guided wave on a transmission line as
well as for propagation of plane waves.

2.2 Dispersion Functions and Transmission Line Model

The Lorentz model, a damped mechanical oscillator model, represents an accurate
description of lossy dielectric materials with resonant or relaxation effects, plas-
mas, or lossy metals and semiconductors with free charges. This classical quantum-
mechanical dispersion model is based on the motion of electrons with the charge e
and the mass me [1]

ε(ω) = ε0

(

1 − Nme2

ε0me

∑

i

Ai

ω2 − ω2
0εi − jωδεi

)

, with
∑

i

Ai = Ne (2.16)
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Fig. 2.2 Transmission line
model of a Lorentz–Lorentz
material L′
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where Nm is the number ofmolecules per unit volumewith Ne electrons permolecule,
ω0εi is the resonance frequency, and δεi the collision frequency or damping factor.

Setting ω0ε = 0 yields the Drude dispersion, e.g. of metals or plasmas with free
electric charges [5]. On the contrary, the Debye dispersion where the collision fre-
quency is in the range of the resonance frequency δε ≈ ω0ε describes relaxation
effects, e.g. in dielectric or liquid materials [1]. The summation takes into account
that a material can exhibit different resonance and relaxation effects based on dif-
ferent charges and their dipole moment. A material dispersion represented by the
Lorentz equation is always causal since it is derived from a mechanical model that
is per se causal [6].

With (2.14) and (2.15) it is possible to translate the Lorentz dispersion relation
(2.16) into a transmission line model as in Fig. 2.1. For a single resonance of the
permeability and permittivity, Fig. 2.2 shows a possible configuration of a transmis-
sion line model that yields a Lorentz dispersion for the effective permeability and
permittivity. With (2.14) and (2.15), the effective material parameters become

μeff(ω) = μ∞
ω2 − ω2

tμ − jωδμ

ω2 − ω2
0μ − jωδμ

, (2.17)

εeff(ω) = ε∞
ω2 − ω2

tε − jωδε

ω2 − ω2
0ε − jωδε

, (2.18)

which is a rearranged form of (2.16) with a pole and a zero in the complex omega
plane at

ωpole = j
δ

2
±

√

ω2
0 − δ2

4
(2.19)

and

ωzero = j
δ

2
±

√

ω2
t − δ2

4
. (2.20)
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Fig. 2.3 Effective material
parameters of a
Lorentz–Lorentz material
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The resonance frequency ω0, the transition frequency ωt, and the damping factor
δ are determined by the element values:

ω2
0μ = 1

L ′
se1C

′
se1

, ω2
tμ = ω2

0μ + 1

L ′
se0C ′

se1

, δμ = Gse1

Cse1
, μ∞ = L ′

se0, (2.21)

ω2
0ε = 1

L ′
sh1C

′
sh1

, ω2
tε = ω2

0ε + 1

L ′
sh1C

′
sh0

, δε = Rsh1

Lsh1
, ε∞ = C ′

sh0. (2.22)

Here, losses are assigned to the series capacitance C ′
se and the shunt inductance L ′

sh.
However, losses in form of a series or parallel resistance can be added to each reactive
element in the model which has an impact on the Lorentz parameters but not on the
general dispersion equation.

Figure2.3 shows the resulting complex effective material parameters for ωt =
1.5ω0 and δ = 0.1ω0. At the resonance frequency ω0, due to the pole, the real part
becomes very large with a change of the sign so that between the resonance and the
transition frequency ωt, the real part is negative. Furthermore, the imaginary part,
i.e. the loss, has its maximum at the resonance frequency and stays significant in the
negative region above the resonance frequency.

In the quantum-mechanical model described by (2.16), charges that are bound in
the material, e.g. in a lattice, yield a resonance effect as in the Lorentz dispersion.
If these charges are not bound but can move freely (only limited by losses, e.g.
by collisions), the resonance frequency shifts to zero yielding the Drude dispersion
model with

μeff(ω) = μ∞
ω2 − ω2

pμ − jωδμ

ω2 − jωδμ

, (2.23)

εeff(ω) = ε∞
ω2 − ω2

pε − jωδε

ω2 − jωδε

. (2.24)

It exhibits complex poles and zeros at

ωpole1 = 0, ωpole2 = jδ (2.25)
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Fig. 2.4 Transmission line
model of a Drude–Drude
material
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Fig. 2.5 Effective material
parameters of a
Drude–Drude material
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and

ωzero = j
δ

2
±

√

ω2
p − δ2

4
. (2.26)

These dispersion properties can be translated into the transmission line model in
Fig. 2.4 so that

ω2
pμ = 1

L ′
se0C ′

se1

, δμ = Gse1

Cse1
, μ∞ = L ′

se0, (2.27)

ω2
pε = 1

L ′
sh1C

′
sh0

, δε = Rsh1

Lsh1
, ε∞ = C ′

sh0. (2.28)

For δ = 0.1ωp, the effective material parameters are shown in Fig. 2.5. For frequen-
cies below the plasma frequencyωp, the real part is negative and continuously increas-
ing while above ωp it is positive. Compared to the Lorentz dispersion, the region of a
negative real part is much wider due to the shift of the resonance frequency to zero.
Furthermore, the loss is increasing for lower frequencies and has its maximum at
zero.

The translation of the dispersion equation (2.16) into a transmission line model
is not unambiguous if it exhibits one or more non-zero resonances or poles, i.e. the
translation of (2.17) and (2.18) yields more than a single solution. Table2.1 shows
the series impedance Z ′

se and shunt admittance Y ′
sh for the lossless case

1 δμ = δε = 0
to model the Lorentz and Drude dispersion with a transmission line model (2.16). It

1Losses can be taken into account by adding a resistance to each necessary reactive element, yielding
δ > 0.
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Table 2.1 Series and shunt
branch impedances (without
losses) which create a Drude
and Lorentz dispersion

L′
1

C′
0

L′
2

C′
1L′

1

L′
1

C′
1

L′
0

L′
0

C′
1

C′
0

C′
1L′

1

L′
1

C′
1

C′
2

series branch Z′
se → μeff shunt branch Y ′

sh → εeff

Drude:

Lorentz:

Dispersion model

A = L′
0

ω2
0 = 1

L′
1C′

1

ω2
t = ω2

0 +
1

L′
0C′

1

A =C′
0

ω2
0 = 1

L′
1C′

1

ω2
t = ω2

0 +
1

L′
1C′

0

A = L′
0

ω2
p = 1

L′
0C′

1

A =C′
0

ω2
p = 1

L′
1C′

0

μeff,εeff = A ω2−ω2
t

ω2−ω2
0

μeff,εeff = A
ω2−ω2

p

ω2

A = L′
1L′

2
L′
1+L′

2

ω2
0 = 1

(L′
1+L′

2)C
′
1

ω2
p = 1

L′
1C′

1

ω2
0 = 1

L′
1(C

′
1+C′

2)

ω2
p = 1

L′
1C′

1

A = C′
1C′

2
C′
1+C′

2

ω2
0 = 0 ω2

0 = 0

can be seen that the Lorentz dispersion yields two solutions for each, the series and
shunt branch, while the solution for the Drude dispersion is unambiguous.

With the effective material parameters, the wavenumber (2.8) can be determined.
The sign of the square root determines, whether the phase is propagating in forward
or backward direction with parallel or anti-parallel2 wave vector k and Poynting
vector S, respectively, so that

k

|k| · S
|S| = ±1. (2.29)

A positive product μ′
effε

′
eff yields forward propagation whereas for backward prop-

agation, i.e. for a negative product, (2.29) becomes negative [8]. Hence, with the
wavenumber (2.8), the phase velocity

vp = ω

Re{k(ω)} (2.30)

can take positive and negative values. However, for small losses

2In a two- or three-dimensonal anisotropic material, the angle between the Poynting vector and
wave vector can have arbitrary values [7].
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μ′′
eff

μ′
eff

,
ε′′
eff

ε′
eff

� 1 (2.31)

the group velocity

vg = ∂ω

∂Re{k} (2.32)

corresponds to the energy velocity ve which always has to be positive.
The transmission line model and (2.14) and (2.15) indicate that the effective

material parameters can be set independently of each other. Hence, arbitrary config-
urations of the series and shunt branch are possible to create a required dispersion
characteristic. In Sect. 2.4 it will be shown that this separation of the magnetic and
electric response is only possible for an infinitesimal short transmission line section.

2.3 Causality and Its Consequences on Dispersion

In the previous section, the quantum-mechanical Lorentz model, and hence, a phys-
ically realizable model, was used to find the transmission line model of materials
and metamaterials with dispersive characteristics. In this section, realizability of a
transmission line model is investigated directly by taking the concept of stability and
causality into account.

The effective material parameters of an arbitrary medium can be described by its
magnetic and electric susceptibility χm(ω) and χe(ω) so that

μeff(ω) = μ′
eff − jμ′′

eff = − j
Z ′
se(ω)

ω
= amμ0 [χm(ω) + 1] , (2.33)

εeff(ω) = ε′
eff − jε′′

eff = − j
Y ′
sh(ω)

ω
= aeε0 [χe(ω) + 1] , (2.34)

where am and ae account the field distribution of the propagating wave different from
a plane wave, e.g. if the host medium is a microstrip transmission line or a hollow
wave guide. For plane wave propagation in vacuum am = ae = 1. The susceptibility
describes the polarization and magnetization of a material, i.e. in time domain the
response to an external electric or magnetic field [9]

M(t) = χm(t) ∗ H(t) = [
χ ′

m(t) − jχ ′′
m(t)

] ∗ H(t), (2.35)

P(t) = ε0χe(t) ∗ E(t) = [
χ ′

e(t) − jχ ′′
e (t)

] ∗ E(t). (2.36)
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Since investigation of causality and dispersion is equivalent for the magnetic and
electric susceptibility, the general susceptibility χ(t) with its Fourier transform

χ(ω) = F{χ(t)} = 1

2π

ˆ ∞

−∞
χ(t)e− jωtdt (2.37)

is used for both quantities.
Without an external field, the considered material does not exhibit a polarization

or magnetization. Hence, the time response χ(t) has to vanish for negative times
which is a general condition for a causal system [10]. According to Titchmarsh’s
theorem [11, 12], if the square integrability

ˆ ∞

−∞
|χ(ω)|2dω ≤ C < ∞ (2.38)

is fulfilled, i.e. the total energy within the system is bounded and cannot be infinitely
large [10], the following statements are equivalent, and if one of the conditions is
met, all others are automatically fulfilled:

(i) the time response of the susceptibility vanishes for negative times:

χ(t) = 0 ∀ t < 0, (2.39)

(ii) the real and imaginary part of the frequency response are connected by the
Hilbert transform

χ(ω) = − jH{χ(ω)} = − j

π

 ∞

−∞
χ(Ω)

ω − Ω
dΩ, (2.40)

(iii) the frequency response χ(ω) is analytic in the lower half of the complex ω

plane.

All three conditions distinguish a causal time response χ(t) under the condition of
bounded energy (2.38). If χ(t) is a purely real time response (which is the case for
a physical realizable time response), it can be split up into a real even and real odd
part which yields together with (i) and the symmetry of the Fourier transform [9, 13]

χ(−ω) = χ∗(ω). (2.41)

Thus, for a causal response, the real part χ ′(ω) has to be an even function while
the imaginary part −χ ′′(ω) has to be an odd function over frequency. With that, the
integration in (2.38) is symmetric and

ˆ ∞

−∞
|χ(ω)|2dω = 2

ˆ ∞

0
|χ(ω)|2dω ≤ C < ∞. (2.42)

To fulfill the bounded energy criterion (2.42) the susceptibility has to vanish in
the high frequency limit so that
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lim
ω→∞ χ(ω) = 0. (2.43)

Hence, with (2.33) and (2.34) the effective material parameters have to follow

μ∞ = lim
ω→∞ μeff = lim

ω→∞
Z ′
se(ω)

jω
= amμ0 := L ′

0, (2.44)

ε∞ = lim
ω→∞ εeff = lim

ω→∞
Y ′
sh(ω)

jω
= aeε0 := C ′

0, (2.45)

so that at high frequencies the wave propagation is determined only by the host
medium with

L ′
0 = amμ0 > 0, (2.46)

C ′
0 = aeε0 > 0. (2.47)

Consequently it is not possible to realize arbitrary unit cell configurations. Instead,
the unit cell has to consist of at least a series inductance and shunt admittance which
do not vanish in the high frequency limit.

Based on that, the series and shunt branch of a general unit cell can be described
as shown in Fig. 2.6 by the distributed complex impedance and admittance

Z ′
se(ω) = 1

Y ′
seM + 1

Z ′
seM +··· 1

Y ′
se2+ 1

Z ′
se2+ 1

Y ′
se1+ 1

Z ′
se1+ jωL′

0

, (2.48)

Y ′
sh(ω) = 1

Z ′
shN + 1

Y ′
shN +··· 1

Z ′
sh2+ 1

Y ′
sh2+ 1

Z ′
sh1+ 1

Y ′
sh1+ jωC ′

0

, (2.49)

with the non-zero elements L ′
0 and C ′

0. Furthermore, in the high frequency limit, the
impact of all elements except L ′

0 and C ′
0 has to vanish, i.e.

Fig. 2.6 Series and shunt
branch impedance and
admittance including the
minimal required elements
L ′
0 and C ′

0 in the series and
shunt branch

C′
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Y ′
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Y ′
sh2

Z′
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L′
0 Z′

se1

Y ′
se1

Z′
se2

Y ′
se2

Z′
seM

Y ′
seM

Y ′
shN

Z′
sh2
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lim
ω→∞

Z ′
n(ω)

jω
= lim

ω→∞
Y ′

n(ω)

jω
= 0. (2.50)

Z ′
n and Y ′

n are not restricted to purely reactive elements but can also contain resistive
elements as long as the high frequency condition (2.44) and (2.45) is fulfilled.

Although other topologies for Z ′
se and Y ′

sh are possible, the high frequency condi-
tion (2.44) and (2.45), which ensures the square integrability (2.42), has to hold for
any topology.

2.3.1 Application to Different Unit Cell Configurations

Different unit cell configurations exist to realize a desired dispersion characteristic.
If investigated over frequency, not all of them follow (2.44) and (2.45). Thus, not all
unit cell configurations fulfill the bounded energy criterion (2.38) and are physically
realizable. By using condition (2.43) it is possible to find the physical equivalent
circuit of arbitrary unit cell topologies or to test a given unit cell configuration for its
realizability and to investigate its high frequency response.

As an example, below, different common unit cell configurations are investigated
in terms of causality and their physical realizability.

Microstrip Transmission Line

Amicrostrip transmission line on a Rogers Duroid 5880 substrate with a copper met-
allization with a thickness of 17µm and the dimensions as shown in Fig. 2.7a yields
a characteristic impedance Zc = (50.16 − j84.66 × 10−9)
 and a phase constant
γ = (0.1456 + j290.8)m−1 at a frequency of 10GHz.

With (2.12) and (2.13) the distributed unit cell elements become

Z ′
se = γ · Zc = 7.304
/m + jω0.184μ0, (2.51)

Y ′
sh = γ /Zc = 2.903 × 10−3S/m + jω10.42ε0. (2.52)

This corresponds to the transmission line equivalent circuit in Fig. 2.7b with a con-
stant per unit length resistance and inductance in the series branch and a constant

εr = 2.16, tanδ = 0.001

5.1mm

1.575mm

L′
se/2

C′
sh

R′
se/2 L′

se/2 R′
se/2

G′
sh

(a) (b)

Fig. 2.7 Investigated microstrip transmission line: a Cross-section view, b transmission line equiv-
alent circuit
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per unit length conductance and capacitance in the shunt branch as expected from
transmission line theory. Hence, (2.44) and (2.45) yield the high frequency limit

μ∞ = lim
ω→∞

(
R′
se

jω
+ L ′

se

)
= L ′

0 = amμ0 = 0.184μ0, (2.53)

ε∞ = lim
ω→∞

(
G ′

sh

jω
+ C ′

sh

)
= C ′

0 = aeε0 = 10.42ε0, (2.54)

i.e. the bounded energy criterion (2.42) is fulfilled and in the high frequency limit
the dispersion is determined by the series inductance and shunt capacitance. Thus,
the unit cell is realizable in its current form.

Left-Handed Unit Cell

A left-handed unit cell as depicted in Fig. 2.8 consists of a series capacitance and a
shunt inductance [14]. Adding resistive losses yields the series impedance and shunt
admittance

Z ′
se,LH(ω) = R′

se + 1

jωC ′
se

, (2.55)

Y ′
sh,LH(ω) = G ′

se + 1

jωL ′
sh

. (2.56)

In the high frequency limit, the complex effective material parameters become

μ∞ = lim
ω→∞

Z ′
se,LH(ω)

jω
= ε∞ = lim

ω→∞
Y ′
sh,LH(ω)

jω
= 0 (2.57)

as shown for the effective permeability in Fig. 2.9. L ′
0 andC ′

0 in Eqs. (2.48) and (2.49)
are zero and hence, the magnetic and electric susceptibility do not vanish for large
frequencies. Thus, the square integrability (2.42) and the conditions (i)–(iii) are not
fulfilled.

Fig. 2.8 Unit cell
configuration of a lossy
left-handed transmission line
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Fig. 2.9 Comparison of the
effective permeability of a
distributed purely LH and
CRLH transmission line
(R′

se = 10 k
/m,
L ′
0 = 1µH/m,
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Fig. 2.10 Unit cell
configuration of a lossy
composite left-handed
transmission line
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Adding a non-zero L ′
0 andC ′

0 as in (2.48) and (2.49) yields the composite right/left-
handed (CRLH)unit cell [15] as depicted inFig. 2.10with theDrude dispersion (2.23)
and (2.24) created by

Z ′
se,CRLH = R′

se + j

(
ωL ′

0 − 1

ωC ′
se

)
, (2.58)

Y ′
sh,CRLH = G ′

se + j

(
ωC ′

0 − 1

ωL ′
sh

)
. (2.59)

The unit cell consists of a series resonator in the series branch and a parallel resonator
in the shunt branch with the magnetic and electric plasma frequency

ωpμ = 1
√

L ′
0C ′

se

, ωpε = 1
√

L ′
shC

′
0

. (2.60)

Thus, a non-zero value of L ′
0 and C ′

0 ensures a finite magnetic and electric plasma
frequency, respectively. For the high frequency limit that yields

μ∞ = lim
ω→∞

(
R′
se

jω
+ L ′

0 − 1

ω2C ′
se

)
= L ′

0 (2.61)

and

ε∞ = lim
ω→∞

(
G ′

sh

jω
+ C ′

0 − 1

ω2L ′
sh

)
= C ′

0 (2.62)
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which can be seen for the effective permeability in Fig. 2.9. The effective permeability
in the high frequency limit does not vanish but reaches a constant value. The same
holds for the frequency response of the effective permittivity.

A more practical explanation takes the physical implementation and realizability
of a unit cell into consideration. The elements C ′

se and L ′
sh have to be embedded in

a host medium, e.g. a microstrip line, which can be described by a per unit length
series inductance and shunt capacitance. Hence, the series inductance L ′

0 and shunt
capacitance C ′

0 can be considered as parasitic effects created by the host medium.

Dual Composite Right/Left-Handed Unit Cell

The series impedance and shunt admittance of a dual composite right/left-Handed
(D-CRLH) unit cell in Fig. 2.11, consisting of a parallel resonator in the series branch
and a series resonator in the shunt branch [16], are

Z ′
se,DCRLH(ω) = 1

G ′
se + j

(
ωC ′

se − 1
ωL ′

se

) , (2.63)

Y ′
sh,DCRLH(ω) = 1

R′
sh + j

(
ωL ′

sh − 1
ωC ′

sh

) . (2.64)

The high frequency limit becomes

μ∞ = lim
ω→∞

Z ′
se,DCRLH(ω)

jω
= ε∞ = lim

ω→∞
Y ′
sh,DCRLH(ω)

jω
= 0 (2.65)

and the condition of square integrability (2.42) is not fulfilled.
The effective material parameters

μeff = − 1

C ′
se

· 1

ω2 − ω0μ − jωδμ

, (2.66)

εeff = − 1

L ′
sh

· 1

ω2 − ω0ε − jωδε

(2.67)

Fig. 2.11 Unit cell
configuration of a lossy dual
composite left-handed
transmission line
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reveal a Lorentz dispersion with the magnetic and electric resonance frequency

ω0μ = 1
√

L ′
seC

′
se

, ω0ε = 1
√

L ′
shC

′
sh

(2.68)

and the magnetic and electric damping factors

δμ = G ′
se

C ′
se

, δε = R′
sh

L ′
sh

. (2.69)

However, a transition frequency, i.e. a zero in the dispersion equations where the
sign of the real part changes from negative to positive, does not exist. Hence, above
the resonance frequency, the real part of the effective material parameters is negative
for all frequencies ω > ω0.

Addition of the series inductance L ′
0 in the series branch and the parallel capaci-

tance C ′
0 in the shunt branch yields the effective material parameters

μeff = L ′
0

(

1 − ω2
tμ − ω2

0μ

ω2 − ω2
0μ − jωδμ

)

, (2.70)

εeff = C ′
0

(
1 − ω2

tε − ω2
0ε

ω2 − ω2
0ε − jωδε

)
(2.71)

following the Lorentz dispersion (2.17) and (2.18). As for the CRLH unit cell, L ′
0 =

μ∞ and C ′
0 = ε∞ ensure the square integrability (2.42) as well as a finite magnetic

and electric transition frequency

ωtμ =
√

ω2
0μ + 1

L ′
0C ′

se

, ωtε =
√

ω0ε + 1

C ′
0L ′

sh

. (2.72)

The general configuration in Fig. 2.6 indicates that for the D-CRLH unit cell, the
addition of the inductance in the series branch and capacitance in the shunt branch
can be done at different positions of the unit cell to enforce the square integrability.
As shown in Table2.2, an inductance L ′

0 and capacity C ′
0 can be added in series

and parallel of the original series and shunt branch, respectively, which has been
done in the previous investigation. Another possibility is the addition of L ′

2 and C ′
2,

which also yields a correct Lorentz dispersion with a finite transition frequency and a
positive high frequency limit (2.44) and (2.45). The corrected unit cell configurations
correspond to the Lorentz- and Drude dispersion models derived before in Sect. 2.2.
The number of possible positions is increased with the number of elements (M ,
N in (2.48) and (2.49)) in the unit cell. The resulting series impedance and shunt
admittance are closely related to reactances and its negative reciprocals, respectively,
in the form a Foster network [17]. The difference is that in the present topology, losses
can be taken into account by the use of complex poles and zeros in the impedance
and admittance function.
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Table 2.2 D-CRLH unit cell
elements with corrected
series- and shunt impedance
and admittance

L′

C′

L′
1

C′
1L′

2

L′
1

C′
1

L′
0

impedance Z′
se

L′ C′

C′
0

C′
1L′

1

L′
1

C′
1

C′
2

admittance Y ′
sh

Original Corrected

Seriesbranch

Shuntbranch

2.3.2 Kramers–Kronig Relation for Phase Reconstruction

The Hilbert transform (2.40), also known as Kramers–Kronig relation [11, 12],
relates the real and imaginary part of complex transfer functions of causal and stable
systems. Here, these transfer functions are the magnetizability χm and polarizability
χe of a continuous material or periodic structure.

The complex wavenumber k can be expressed by the material parameters so that

k2(ω) = k2
0(ω) [1 + χm(ω)] [1 + χe(ω)] , (2.73)

where k0 is the free space wavenumber

k0(ω) = ω
√

μ0ε0. (2.74)

For a causal and stable material, Titchmarsh’s theorem and hence, the Kramers–
Kronig relation (2.40) has to be fulfilled for χm(ω) and χe(ω). Since the symmetry
(2.41) of the real and imaginary parts after the multiplication of both susceptibilities
is maintained, the square of the wavenumber in the form

k2(ω)

k2
0(ω)

− 1 = χm(ω) + χe(ω) + χm(ω)χe(ω) (2.75)
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is a causal spectrum so that the Kramers–Kronig relation can be applied and

k2(ω)

k2
0(ω)

= 1 − j

π

 ∞

−∞
k2(Ω)/k2

0(Ω)

ω − Ω
dΩ. (2.76)

The integral denotes the Cauchy principal value

 b

a
f (x)dx = lim

ε→0+

(ˆ c−ε

a
f (x)dx +

ˆ b

c+ε

f (x)dx

)
. (2.77)

A detailed derivation taking into account the symmetry (2.41) can be found inAppen-
dix A.1.

The Kramers–Kronig relation can be applied to the square of the wavenumber
k2(ω) or to the square of the refractive index [18]

n2(ω) = k2(ω)

k2
0(ω)

(2.78)

while an application directly to the wavenumber as in extraction methods [19, 20] is
in general not possible since the causality of k(ω) is not necessarily maintained by
the square root [18]. For small susceptibilities, however, it can be approximated

k(ω) ≈ k0(ω)

(
1 + χm(ω)

2

) (
1 + χe(ω)

2

)
(2.79)

which has, concerning the susceptibilities, the form of (2.73) so that the Kramers–
Kronig relation can be approximated and

k(ω)

k0(ω)
≈ 1 − j

π

 ∞

−∞
k(Ω)/k0(Ω)

ω − Ω
dΩ. (2.80)

For the real part of the wavenumber this yields

Re{k(ω)}
k0(ω)

≈ 1 + 1

π

 ∞

−∞
Im{k(Ω)}/k0(Ω)

ω − Ω
dΩ. (2.81)

With that, the wavenumber, which in many extraction methods is ambiguous, can be
determined from the losses, expressed by the non-ambiguous imaginary part Im{k}.
Due to the symmetry (2.41), integration only of the positive part of the spectrum is
necessary

Re{k(ω)}
k0(ω)

≈ 1 + 2

π

 ∞

0

ωIm{k(Ω)}/k0(Ω)

ω2 − Ω2
dΩ (2.82)

which is used in phase reconstruction methods [19, 20] and later in extraction of
effective material parameters in Sect. 4.1.

http://dx.doi.org/10.1007/978-3-319-28179-7_4
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2.4 Effective Material Parameters of Discrete Periodic
Structures

In passive, continuous media, Maxwell’s equations (2.1)–(2.4) and the material rela-
tions (2.5) and (2.6) are defined for the same point r in space.D(t, r) is determined by
E(t ′, r) and B(t, r) by H(t ′, r) in the same point with a temporal dispersion caused
by the material. However, in a discretized, effective material, this is not fulfilled
anymore since the response in the point r is determined by the field in the point r′.
The physical distance

∣∣r − r′∣∣ between these two points causes a phase difference
between D(t, r) and E(t ′, r′), and between B(t, r) and H(t ′, r′), respectively. Since
this dispersion is caused by the spatial separation of the magnetic response and the
electric response, it is called spatial dispersion [9].

The effect of spatial dispersion can be considered in the transmission line model.
Up to this point it was assumed that the impedance and admittance to design a
desired dispersion are distributed elements in an infinitesimal short unit cell, i.e.
impedance and admittance can be defined over an infinitesimal short section. In a
real implementation, such distributed elements cannot be realized since they cannot
be arbitrarily scaled down in size but will always have a finite physical extent. Hence,
lumped elements have to be used to approximate the distributed values

Z ′
se(ω) = lim

Δz→0

Zse(ω)

Δz
≈ 1

Δz
Zse(ω), (2.83)

Y ′
sh(ω) = lim

Δz→0

Ysh(ω)

Δz
≈ 1

Δz
Ysh(ω). (2.84)

Material parameters derived from field values at the interface of such discretized
structures are non-local. Another explanation is based on the phase response of the
unit cell. With increasing frequency, a periodic structure with distributed elements
can provide an infinitely large phase shift since it consists of an infinite number of
unit cells. If these distributed elements are replaced by lumped elements, the unit cell
number in a certain physical length becomes finite and hence, the maximum phase
shift is limited. Here, the impact of this discretization on effective material parame-
ters, which has to be taken into account under certain conditions, is investigated.

The Bloch impedance, i.e. the characteristic impedance of periodic structures,

Z B = ±
√

μeff

εeff
(2.85)

and the wavenumber
k = ±ω

√
μeffεeff (2.86)

can be used to describe the wave propagation in periodic, discrete structures equiv-
alent to the propagation in homogenous materials [21]. Since for the discrete case
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these parameters not only depend on the element values, but also on the unit cell
configuration, different topologies are investigated.

Unit Cell in T-Configuration

Figure2.12 shows an unsymmetric unit cell in T-configuration. The unit cell length p
is finite and non-zero and using the chain parameters, the port voltages and currents
of the n-th unit cell in an infinite array become

V [np] = V [(n + 1)p](1 + Z1Y2) + I [(n + 1)p](Z1 + Z2 + Z1Y2Z3), (2.87)

I [np] = V [(n + 1)p]Y2 + I [(n + 1)p](1 + Y2Z3). (2.88)

Due to the periodicity, the Floquet–Bloch theorem [21] with the periodic boundary
condition

V [(n + 1)p] = V [np]e− jk(T) p, (2.89)

I [(n + 1)p] = I [np]e− jk(T) p (2.90)

yields

V [np] = V [np](1 + Z1Y2)e
− jk(T) p + I [np](Z1 + Z2 + Z1Y2Z3)e

− jk(T) p, (2.91)

I [np] = V [np]Y2e− jk(T) p + I [np](1 + Y2Z3)e
− jk(T) p. (2.92)

The Bloch impedance of a periodic structure is defined as the ratio of the voltage and
current at each unit cell interface and has to be independent of the position n of the
infinite array:

Z B[np] = V [np]
I [np]

!= Z B[(n + 1)p] = V [(n + 1)p]
I [(n + 1)p] . (2.93)

That yields the two conditions

Z (T)
B = Z1 + Z3 + Z1Y2Z3

e jk(T) p − (1 + Z1Y2)
(2.94)

and

Fig. 2.12 Unsymmetric unit
cell in T-configuration

Z1

Y2

Z3I(z)

V (z)

p

V (z+ p)

I(z+ p)
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Z (T)
B = e jk(T) p − (1 + Y2Z3)

Y2
(2.95)

and thus,

Z (T)
B = Z1 − Z3

2
±

√
(Z1 − Z3)2

4
+ Z1 + Z3

Y2
+ Z1Z3. (2.96)

In an array of unsymmetric unit cells with Z1 �= Z3, the Bloch impedance experi-
enced by the propagating wave depends on its direction. Hence, the two solutions
of the Bloch impedance correspond to the wave propagating in positive or negative
direction of the periodic structure.

Furthermore, (2.94) and (2.95) yield the dispersion relation

e j2k(T) p − (2 + Z1Y2 + Y2Z3)e
jk(T) p + 1 = 0 (2.97)

so that

k(T) = ± 1

p

[
cos−1

(
1 + (Z1 + Z3)Y2

2

)
+ 2mπ

]
. (2.98)

To obtain the same Bloch parameters for the forward and backward propagating
wave, the unit cell has to be symmetric with Z1 = Z3 = Zse/2 and Y2 = Ysh so that
(2.96) and (2.98) become

Z (T)
Bsym = ±

√
4Zse + Z2

seYsh

4Ysh
, (2.99)

k(T) = ± 1

p

[
cos−1

(
1 + ZseYsh

2

)
+ 2mπ

]
. (2.100)

Using (2.85) and (2.86), the effective material parameters of the symmetric T-unit
cell become

μ
(T)
eff (ω) = ± 1

ωp
cos−1

(
1 − (ωp)2

2
μ̃ε̃

)√
μ̃

ε̃
−

(
ωpμ̃

2

)2

(2.101)

ε
(T)
eff (ω) = ± 1

ωp
cos−1

(
1 − (ωp)2

2
μ̃ε̃

)√
μ̃

ε̃
−

(
ωpμ̃

2

)2
−1

(2.102)

where μ̃ and ε̃ denote the effective material parameters (2.14) and (2.15) of the
distributed structure with p → 0. It can be seen that for a finite unit cell length
with p > 0, the effective material parameters are not only determined by the unit
cell element values, but also by the unit cell length p and the wavenumber of the
distributed structure

k̃(ω) = ω
√

μ̃(ω)ε̃(ω). (2.103)
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Furthermore, the effectivematerial parameters are not independent of eachother since
both, the effective permeability and permittivity, are a function of both distributed
material parameters and hence, of the series and shunt branch of the unit cell.

For a small unit cell length with ωp � 1√
μ̃(ω)ε̃(ω)

, the inverse cosine becomes

lim
ωp→0

1

ωp
cos−1

(
1 − (ωp)2

2
a

)
= ±√

a (2.104)

so that for a small unit cell length compared to guided wavelength, the material
parameters of the discrete periodic structure can be approximated by the effective
material parameters of the distributed structure:

lim
ωp→0

μ
(T)
eff = μ̃, (2.105)

lim
ωp→0

ε
(T)
eff = ε̃. (2.106)

For large values of |μ̃(ω) · ε̃(ω)|, e.g. close to a Lorentz resonance or for low frequen-
cies in a Drude material, this approximation is not valid and the deviation between
the effective material parameters of the discrete and distributed structure becomes
significant [22, 23].

Unit Cell in Π-Configuration

Equivalent to the T-configuration, the voltages and currents at the ports of an unsym-
metric unit cell in Π -configuration as shown in Fig. 2.13 are

V [np] = V [(n + 1)p](1 + Z2Y3) + I [(n + 1)p]Z2, (2.107)

I [np] = V [(n + 1)p](Y1 + Y1Z2Y3 + Y3) + I [(n + 1)p](1 + Y1Z2). (2.108)

The periodic boundary condition gives

V [np] = V [np](1 + Z2Y3)e
− jk(Π) p + I [np]Z2e− jk(Π) p (2.109)

I [np] = V [np](Y1 + Y1Z2Y3 + Y3)e
− jk(Π) p + I [np](1 + Y1Z2)e

− jk(Π) p (2.110)

Fig. 2.13 Unit cell in
Π -configuration

p

Y1

Z2

Y2V (z) V (z+ p)
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and with (2.93)

Z (Π)
B = Z2

e jk(Π) p − (1 + Z2Y3)
(2.111)

and

Z (Π)
B = e jk(Π) p − (1 + Y1Z2)

Y1 + Y1Z2Y3 + Y3
. (2.112)

This yields the Bloch impedance of the unit cell in Π -configuration

Z (Π)
B = Z2(Y3 − Y1)

2(Y1 + Y1Z2Y3 + Y3)
±

√(
Z2(Y3 − Y1)

2(Y1 + Y1Z2Y3 + Y3)

)2
+ Z2

Y1 + Y1Z2Y3 + Y3
.

(2.113)

The phase terms give the dispersion relation

e j2k(Π) p − (2 + Y1Z2 + Z2Y3)e
jk(Π) p + 1 = 0 (2.114)

and thus

k(Π) = ± 1

p

[
cos−1

(
1 + (Y1 + Y3)Z2

2

)
+ 2mπ

]
. (2.115)

As before for the T-configuration, a symmetric unit cell results in a Bloch impedance
which is independent of the propagation direction so that with Y1 = Y3 = Ysh/2 and
Z2 = Zse the Bloch impedance is

Z (Π)
Bsym = ±

√
4Zse

4Ysh + ZseY 2
sh

(2.116)

and the wavenumber is

k(Π) = ± 1

p

[
cos−1

(
1 + ZseYsh

2

)
+ 2mπ

]
= k(T). (2.117)

With (2.85) and (2.86), the effective material parameters of the symmetricΠ -unit
cell become

μ
(Π)
eff (ω) = ± 1

ωp
cos−1

(
1 − (ωp)2

2
μ̃ε̃

) √
ε̃

μ̃
−

(
ωpε̃

2

)2
−1

(2.118)

ε
(Π)
eff (ω) = ± 1

ωp
cos−1

(
1 − (ωp)2

2
μ̃ε̃

) √
ε̃

μ̃
−

(
ωpε̃

2

)2

(2.119)
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which for a small guided wavelength become

lim
ωp→0

μ
(Π)
eff = μ̃, (2.120)

lim
ωp→0

ε
(Π)
eff = ε̃. (2.121)

Unit Cell in L-Configuration

The strongly unsymmetric unit cell in L-configuration is a special case of the T- and
Π -configuration and can be derived from the T-configuration with the impedance
Z3 set to zero or from the Π -configuration with the admittance Y1 set to zero. With
Z1 = Z2 = Zse, Y2 = Ysh and Y1 = Z3 = 0 this yields

Z (L)
B = Zse

2
±

√
Z2
se

4
+ Zse

Ysh
(2.122)

and

k(L) = ± 1

p

[
cos−1

(
1 + ZseYsh

2

)
+ 2mπ

]
. (2.123)

The effective material parameters after the discretization become

μ
(L)
eff (ω) = 1

ωp
cos−1

(

1 − (ωp)2

2
μ̃ε̃

) ⎛

⎝ jωpμ̃

2
±

√
μ̃

ε̃
−

(
ωpμ̃

2

)2
⎞

⎠ , (2.124)

ε
(L)
eff (ω) = 1

ωp
cos−1

(

1 − (ωp)2

2
μ̃ε̃

) ⎛

⎝ jωpμ̃

2
±

√
μ̃

ε̃
−

(
ωpμ̃

2

)2
⎞

⎠

−1

. (2.125)

It can be seen that, due to the unsymmetry of the unit cell, not only the Bloch
impedance, but also the effective material parameters depend on the propagation
direction, i.e. although a wave experiences the same phase shift for the forward and
backward direction, the Bloch impedance and hence, the effective material parame-
ters are different.

As for the T- and Π -configuration, the small wavelength approximation of the
effective material parameters becomes

lim
ωp→0

μ
(L)
eff = μ̃, (2.126)

lim
ωp→0

ε
(L)
eff = ε̃. (2.127)
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Discretization of a Lorentz–Drude Material

The impact of discretization on the dispersion parameters and the resulting spatial
dispersion is demonstrated for an effective Lorentz–Drude material and a unit cell in
T-,Π - and L-configuration. The Lorentz parameters for the effective permeability are
ω0μ = 2π · 1.1GHz, ωtμ = 2π · 1.5GHz, δμ = 100MHz, μ∞ = μ0 and the Drude
parameters for the effective permittivity areωpε = 2π · 2GHz, δε = 100MHz, ε∞ =
2ε0.

In the ideal case for an infinitesimal short unit cell, these parameters yield different
propagation and stop bands. Below ω0μ the effective permeability and permittivity
have different signs which results in a stop band due to the imaginary wavenumber
(2.8). The same stop band behavior can be observed between ωtμ and ωpε. In the
frequency band between ω0μ and ωtμ, both, μ′

eff and ε′
eff simultaneously become

negative yielding a backward wave band with a negative phase velocity vp < 0.
Above ωpε, μ′

eff and ε′
eff are positive resulting in a forward wave band with vp > 0.

The dispersion parameters for the distributed unit cell with p → 0 and for a unit
cell length of 10 and 40mm can be seen in Fig. 2.14 for the T-configuration and
in Fig. 2.15 for the Π -configuration, respectively. Using the distributed model, the
dispersion parameters are independent of the unit cell configuration. The effective
permeability follows the Lorentz dispersion (2.17) whereas the permittivity follows
the Drude dispersion (2.24). In the region of simultaneously negativeμ′

eff and ε′
eff, the

wavenumber k becomes negative, while for positive μ′
eff and ε′

eff, the wavenumber is
positive.

The dispersion properties of the T- and Π -configuration differ when the unit cell
length becomes larger. This becomes noticeable near the magnetic resonance fre-
quency of 1.1GHz, where the wavenumber (2.103) is large. Here, an anti-resonance
or resonance occurs in the real part of the effective permittivity [23]. Furthermore, it
can be seen that the shape of the effective permeability differs from its original form
(2.17).

It can be seen in the plot of the unit cell phase shift that it is saturated at kp = ±π ,
which is the maximum possible unit cell phase shift of a discrete Lorentz–Drude unit
cell. Although in the distributed case, the phase shift becomes very large near the
magnetic resonance frequency, it is bounded by the discretization and the maximum
unit cell phase shift. Hence, the usable bandwidth of the backward wave transmission
band becomes smaller with an increased unit cell length.

In Fig. 2.16, the real part of the Bloch impedance and the effective material para-
meters according to the two solutions of (2.122) of the unit cell in L-configuration
are shown. For an infinitesimal short unit cell, both solutions, representing the for-
ward and backward propagating wave, are identical. However, if the unit cell length
is increased, the effect of spatial dispersion becomes apparent. As in the T- and
Π -configuration, the shape of the effective material parameters differ from the ideal
Lorentz–Drude dispersion and resonances occur in the effective permittivity. Further-
more, all dispersion parameters except the phase are different for waves in forward
and backward direction.
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Fig. 2.14 Impact of the unit cell length on the dispersion parameters of a symmetric unit cell in
T-configuration

Due to the equivalence between effective material parameters and transmission
line parameters (2.85) and (2.86), the impact of discretization depends on the unit cell
circuit and not on the geometry of the unit cell. Hence, the presented considerations
are valid for one-dimensional artificial transmission lines aswell as for two- and three-
dimensional lattices.
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Fig. 2.15 Impact of the unit cell length on the dispersion parameters of a symmetric unit cell in
Π -configuration
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Fig. 2.16 Impact of the unit cell length on the real part of the Bloch impedance and the effective
material parameters of a unit cell in unsymmetric L-configuration
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