
Chapter II. Lagrangian Field Theory with non-commuting variations.

5. Introduction.

In this chapter we define and study the non-commuting variations for a
Lagrangian action AD(s(x)) defined by a “tensor field” Kα

iβ in the 1-jet space J1π.
We will call tensor Kα

iβ the NC-tensor and the variations defined by tensor K -
the K-twisted variations.

Using the modified first variations we obtain the Euler-Lagrange equations mod-
ified by the sources (forces in Mechanics):

Eα(L) =
δL

δyα
= fα, j = 1, . . . , m, (5.1)

fα being determined by the NC-tensor K. When K = Kα
iβ = 0, system 5.1 reduces

to the conventional Euler-Lagrange system.
We will develop the formalism of non-commuting variations for the first or-

der Lagrangians L ∈ C∞(J1π) - infinitely differential functions of the variables
xi, yμ, yμ

i . At the end of this Chapter we extend our approach to the Lagrangian
Field Theory of higher order.

Remark 5. Notice that the “NC-tensor” Kα
iβ behaves tensorially with respect to

the transformations of the fibred charts (U, xi, yα).

Remark 6. In their series of works, C.Muriel and J.Romero introduced the “λ-
twisted symmetries” for a scalar ODE based on the modified prolongation procedure
defined by a scalar function λ - λ-prolongation. Later on, G.Gaeta, P.Morando
and G.Cicogna extended the method of “λ-twisted symmetries” to the “systems of
ODEs and PDEs”, see [39, 40]. The method of μ-symmetries ”NC-tensor” K used
by these authors is introduced as the gl(n)-valued horizontal 1-form μ = Kα

iβdxi.
This point of view was very convenient for modifying the geometrical structures
on the jet bundles adopting them to the K-modified prolongation procedures. In
Chapter 4 we present some basic results of these authors related to our study.

6. Euler-Lagrange equations with K-twisted variations.

In this section we introduce and begin to study the modified construction of
variations of jet variables (derivatives of dynamical fields yα), corresponding to the
modified lift of the vertical vector fields ξ ∈ V (π) to the vertical vector fields
Pr1

K(ξ) in the 1-jet bundle π1 : J1(π) → X:

ξ → Pr1
K(ξ) = ξ + (diξ

α + Kα
iβξβ)∂yα

i
, (6.1)

where
Kα

iβ ∈ C∞(J1(π)) (6.2)

are smooth functions of variables xi, yα, yα
i (i.e. functions in the 1-jet space J1(π)).

These functions form the NC-tensor Kα
iβ (tensor relative to the group of auto-

morphisms of the configurational bundle π, or, equivalently, with respect to the
group of local changes of fibred coordinates (xi, yμ, yμ

i )).
Form the variation of the action AD(s) using the prolongation (6.1) of variational

vector field ξ = ξα∂α to the 1-jet bundle J1π, we obtain infinitesimal variations
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of fields and their derivatives. Notice that base (independent) variables xi are not
variated, {

yα → yα + εξα(x, y),
yα

i → yα
i + ε(diξ

α + Kα
iβξβ).

Now we form the variation of the action

ΔAD(s)(εξ) = AD(sε) − AD(s) =

=
∫

D

[L(x, sα(x) + εξα(x, s(x)), sα
,i(x) + ε(diξ

α(x, s(x)) + Kα
iβ(x, j1s(x))ξβ(x, s(x))))

− L(x, s(x), sα
,i(x))]dv =

= ε

∫
D

[
∂L

∂yβ
ξβ(x, s(x)) +

∂L

∂yα
i

(diξ
α(x, s(x)) + Kα

iβ(x, β1s(x))ξβ(x, s(x))))]dv + O(ε2) =

= ε

∫
D

[
∂L

∂yβ
− di

(
∂L

∂yβ
i

)
+ Kα

iβ(x, j1s(x))
∂L

∂yα
i

]ξβ(x, s(x))dv + O(ε2).

As a result the system of Euler-Lagrange equations takes the form

∂L

∂yβ
− di

(
∂L

∂yβ
i

)
= fβ = −Kα

iβ(x, j1s(x))
∂L

∂yα
i

= −Kα
iβπi

α, β = 1, . . . , m. (6.3)

The right side of this equation represents the generalized (non-potential) sources

fβ = −Kα
iβ(x, j1s(x))

∂L

∂yα
i

= −Kα
iβπi

α (6.4)

acting in the system. Here πi
α = L,yα

i
are the momenta corresponding to the

Lagrangian L.
Thus, using the non-commuting variations in the conventional variation formal-

ism we get the systems of equations of the form

δL

δyβ
= fβ , fβ = −Kα

iβπi
α. (6.5)

Example 1. Look at the simplest case of one ordinary differential equation of
second order where n = 1, m = 1 (i.e. where there is one independent variable x
and one dynamical variable y). Let Lagrangian be a function L = L(x, y, y′) of x, y

and the first derivative y′ = dy
dx .

Let K = K(x, y, y′) be a NC-tensor (scalar in this case). The Euler-lagrange
Equation δL

δy = − ∂L
∂y′ K, has the form

∂L

∂y
− dx

(
∂L

∂y′

)
= − ∂L

∂y′K,

where dx = ∂
∂x + y′ ∂L

∂y + y′′ ∂L
∂y′ is the total derivative of lagrangian L by x. In

coordinates this equation has the form

∂2L

∂x∂y′ + y′ ∂L

∂Y
+ y′′ ∂L

∂Y ′ −
∂L

∂y
= −K

∂L

∂y′ .

that differs from the conventional EL-equation by the force/source in the right side.
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Example 2. In a case of Mechanics (n=1), there is one independent variable t
and m dynamical variables yμ. A NC-tensor Kα

β defines K-twisted variations of
variables yμ and their derivatives:

δyμ = ξμ(t, y), δẏμ = dtξ
μ + Kμ

β ξβ . (6.6)

The full prolongation formula contains the second (horizontal) component Kν

(see bellow, Section 16 for the general prolongation procedure). As a result, the
K-twisted 1-prolongation of a vector field v = ξ∂t + ξμ∂yμ is

Pr1
Kv = (ξ∂t + ξμ∂μ) + [(dt(ξμ − ẏμξ) + (Kμ

ν ξν − Kμξ)]∂ẏμ . (6.7)

Corresponding Euler-Lagrange equations (6.3) takes, in the case of “Mechanics”,
the form:

∂L

∂yβ
− dt

(
∂L

∂ẏβ

)
= −Kα

β (t, yα, ẏα)
∂L

∂ẏα
= −Kα

β πα, β = 1, . . . , m, (6.8)

where πα = ∂L
∂ẏα are momenta corresponding to the variables yα.

Remark 7. Bellow, in Chapter V, we will study the relation between the repre-
sentation of the forces in the form fβ = Kα

β πα and the Rayleigh representation, in
terms of “dissipative potentials” ([116]).

In Section 10 below we present a variety of examples of Euler Lagrange equations
(and systems of Euler-lagrange-equations) with non-commuting variations. NC
tensors K defining the twisted properties of variations in these systems reflects
specific dynamical and symmetry properties of these equations.

Remark 8. Prolongation procedures of the form (6.1,6.8) of vector fields from the
configurational space Y to the jet bundles of arbitrary order k � 1 were introduced
by C.Muriel and J.L.Romero, [101, 102] in the case where n = 1 (ordinary dif-
ferential equations). Their prolongation procedure was defined by a C∞-function
λ(x, y, dy

dx ) defined on the 1-jet space: λ ∈ C∞(J1π). In our notations, for m = 1,
tensor Kμ

ν in (6.8) reduces to one function K. The procedure of prolongation (6.8)
coincides with the λ-prolongation introduced by C.Murial and J.Romero. These
authors introduced a new class of symmetries (λ-symmetries) for ordinary dif-
ferential equations. Usage of λ-symmetries allowed the authors to define new
general procedure for the reduction of ODE. In particulary, they found that
some nonlinear ODE having nontrivial Lie derivatives could be integrated using λ-
symmetries. Their method of reduction contains, as the special cases, many known
procedures of reduction.

Chapter 4 of these notes is a short presentation of the theory of λ-symmetries and
its generalization to the case of PDE and systems of PDE by G.Gaeta, G.Gicogna,
P.Morando and their collaborators.

Remark 9. Introduction of non-commutative variations modifies the Euler-Lagrange
Equations by the sources/forces fβ = −Kα

iβπi
α. At the same time, sections s(xi) =

{sα(x)} delivering local extremal values (local or global,l minima or maxima) to
the action functional AD(s) stays (local or global) minimum or maximum although
now they satisfy a different system of differential equations.
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7. Noether Theorem, Energy-Momentum balance law.

Infinitesimal condition for a Lie group G of (diffeomorphic) transformations of
the manifold Y to be a group of variational symmetries of Lagrangian L is
the relation Pr{k} · L + LDiv(ξ) = 0 (see (79.5). At the same time,condition for a
Lie group G of (diffeomorphic) transformations of the manifold Y to be a group
of divergent symmetries of Lagrangian L is that for some n-tuple B = {Bi}
of functions in Y (i.e. functions of variables xi, yμ) has the invariant form

Prkξ + Ldiv(ξ) = Div(B),

(see [106], Sec.4.4). In a case of balance laws this relation is appropriately modified
by the NC-tensor Kν

μi (see Section 81) or, equivalently, by the source form fμdyμ

. Notice that the defining property of a one-parameter group φt of symmetries of
Lagrangian is that the action of transformations φt, t ∈ R transform solutions of
Euler-Lagrange Equations to the solutions.

Therefore, phase fields of such one-parameter groups act as the infinitesimal
variations of the action AD(s) corresponding to L.

Let ζ ∈ g be an arbitrary element of Lie algebra g. Let Pr1
K(ζ) be the prolon-

gation of vector field ζ to the 1-jet bundle J1(π) modified by a NC-tensor K (see
Appendix II, (79.6)). Then,a vector field ζ is the infinitesimal divergent symmetry
of L, and generates the (local) one-parameter group of symmetries of L, if and only
if there exists a horizontal 1-form B = Bk(xi, yμ, yμ

i )dxi in J1(π) such that

Pr1
K(ζ)L + L(div(ζ) = Div(B). (7.1)

Divergence is taken using the volume form dgv defined by the metric g in he base
X.

Remark 10. Notice that the symmetry condition contains the term Kμ
νiζ

μ∂yμ
i
L

depending on the NC-tensor K.

Theorem 2. Let L be a Lagrangian of order k and let

Eμ(L) = fμ = −Kβ
iμπi

β , μ = 1, . . . , m (7.2)

be an Euler-Lagrange system with the Lagrangian L of order k and the sources
fμ, μ = 1, . . . , m. Let ξ be a vector field in Y - infinitesimal generator of variational
symmetry of the Lagrangian L (see Sec.78) and let Prk(ξ) be its prolongation of
order k.Then there exist an n-tuple of the smooth functions Ai such that for all
solutions of the system (80.6) the following equality is fulfilled

Div(A + Lξ) = −Qμ · fμ (7.3)

Here Q = {Qμ = ξμ − yμ
i ξi} is the characteristic of the vector field ξ (see Appendix

III, Sec.79).

In the case of divergent symmetry corrresponding balance law is modified
by a introducing the form B (see Sec.79). As a result, we get, for solution of the
Euler-Lagrangian system with NC-variations the Noether balance law in the
presence of non-commuting variations{

μDiv(P ) = −QνKi
iνπi

μ, where
P i = ζμL,yμ

i
+ ζiL − ζjyν

j L,yμ
i
− B.

(7.4)

SERGE PRESTON20



Here, Qν are components of the characteristic Q = {Qν∂ν = (ζν − yν
i ζi)∂ν} of

the vector field ζ. Balance laws obtained in Theorem 2 will be called K-twisted
conservation or balance laws for the Lagrangian L.

As an example, illustrating the modified Noether conservation law, we present
the canonical Stress-Energy-Momentum balance law.

7.1. Stress-Energy-Momentum balance law. Here we write down the canon-
ical stress-energy-momentum (CEM) balance law corresponding to a Lagrangian
L(xi, yα, yα

i ) - function of independent variables xi, dynamical fields yα and their
first derivatives yα

,xi . We will be using the approach of [106], modified to produce
the balance law, see Appendix III, Sec.81.

Consider a case where vector field ξ = ξk = ∂xk is lifted to the space Y by a
connection Γ in the bundle π : Y → X: ∂xk → ξ̂k = ∂xk + Γμ

k∂μ. Introduce the
characteristic Q of the vector field ξ̂k - the quantity playing the principal role in
the prolongation of vector fields and in studying symmetries and conservation laws
associated with the differential equations (see [106] and sections 72,75 of Appendix.
Characteristic of the vector field ξ̂k has the components Qμ = Γμ

k −yμ
k and we define

the Energy-Momentum tensor as

T i
k = Lδi

k − (Γμ
k − yμ

k )L,yμ
i
. (7.5)

As a result the balance equation (see Appendix III, Sec.81, equation 81.4), corre-
sponding to this vector field (stress-energy-momentum balance law) has the form

diT
i
k = di

(
Lδi

k − yμ
k L,yμ

i

)
= − ∂L

∂xk expl
− (Γμ

k − yμ
k )Kν

iμ(x, j1s(x))
∂L

∂yν
i

=

= − ∂L

∂xk expl
+ (Γμ

k − yμ
k )fμ, k = 0, 1, 2, 3. (7.6)

where fν = −Kμ
iνπi

μ.

The CEM-tensor T i
k =

(
Lδi

k − yμ
k L,zμ

i

)
has the standard form ([80]).

In particular, in a case where connection Γ is trivial (Γμ
k=0), for k = 0 we get

the energy balance law in the form

diT
i
0 = di

(
Lδi

0 − yσ
0 L,yσ

i

)
= − ∂L

∂x0 expl
−yν

0Kμ
iν(x, j1s(x))

∂L

∂yμ
i

= − ∂L

∂x0 expl
−yν

0 ·Kμ
iνπi

μ.

(7.7)
Notice the linear dependence of the second force term on the velocities yμ

0 and
on the momenta πi

μ. This terms allows the system to have positive or negative
dissipation.

Introduce the following notion:

Definition 2. A source fμdyμ is called conservative if the are no energy dissipation
in the process described by the Euler-Lagrange equations with the source fμdyμ.

From the energy-momentum balance law 7.6 it follows that, if through any point
(xi, yμ, yμ

i ) ∈ J1(π) there passes a solution of the system (6.9), a source fμdyμ is
conservative if and only if

Kμ
νi : yν

0πi
μ = yν

0fν = 0. (7.8)

NOTES ON THE NONCOMMUTING VARIATIONS. 21



Remark 11. Notice that the energy dissipation Kμ
νi : yν

0πi
μ = yν

0fν has the bilinear
form where terms yν

0 have the meaning of velocities (rate of change of the field yν)
while the components fν are related to the “forces” acting on the system. As a
result, expression for the energy dissipation is similar to the expression for the
entropy production in the Continuum Thermodynamics, see ”Onzager Principle”
in [55, 94].

Example 3. Let the bundle π be the tensor-like bundle and tensor K have the
canonical form (9.8), see Sec.9). Then, the energy balance laws has the form

dμTμ
0 = − ∂L

∂x0 expl
− ẏifi

.

Exercise. Consider an inner variation xi → xi + ξi(x), its prolongation to
the space Y defined by a connection Γ (see Sec.17, Ch. 3) and lift ζ of this
vector field to the 1-jet bundle J1π induced by an Ehresmann connection K (more
specifically, by its component Kμ

ki), see Definition 8, Sec.17. Work out the variation
equation δAD

δyμ (ζ) = 0.
Show that if the connection Γ is trivial and if vertical connection K is such that

Kμ
ik = yν

kKμ
νi, then the obtained equation coincide with the Energy-Momentum

balance law with the K-induced dissipation (7.6).
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Remark 12. Compare this case of the vertical connection K with the first λ, μ
-prolongation in Chapter 4.

8. On the non-unicity of NC-representation (6.5).

By introducing the presentation (6.4) of the source (force) terms in the systems
6.3, it is natural to inquire, for which sources {fβ} does a such representation
exists, under which conditions “such” representation is unique. Finally, if such
a representation is not unique, it is interesting to determine the degree of such
non-unicity. This information may be useful for the choice of the most convenient
representation (6.6), for instance, the one leading to the minimal dissipation.

More then this, it is interesting to study these questions by qualifying the sources
fβ and the NC-tensors Kα

iβ in terms of the type and order of derivatives of the
fields yα they may depend on. Answers to these questions depend on the order of
derivatives entering fβ and NC-tensor Kα

iβ as well as on the form of this dependence.
Here we discuss the case where sources fβ and NC-tensor K depend on the

points of the space Y and on the first derivatives of dynamical fields yα, i.e when
fβ ,Kα

iβ ∈ C∞(J1(π)).
Let there be two different representations of the form (6.4) for the sources fβ :

fβ = Kα
iβπi

α = Pα
iβπi

α.

Subtracting these equations we have, for the difference Qα
iβ = Kα

iβ−Pα
iβ , the equality

Qα
iβπi

α = 0. (8.1)

Denote by R the vector space of all solutions Qα
iβ of this equation with the com-

ponents in the space C∞(J1(π)). If, for a given sources fβ ∈ C∞(π) there exist
a representation (6.4) with the NC-tensor Kα

iβ
πi

α fβ = Kα
iβπi

α, then the set of
all possible NC-tensors representing sources fβ as fβ = Kα

iβπi
α has the form



{Kα
iβ + Qα

iβ} where Qα
iβ ∈ R. Notice that the space R does not depend on the

choice of the sources fjβ but only on the Lagrangian L. In addition to this, variables
xi, yα appear in the equation 8.1 as parameters only.

We describe the space R in the case where L(x, y, yα
i ) is a regular Lagrangian

of the first order, i.e. let the matrix ∂2L

∂yα
i ∂yβ

j

be non-degenerate. In such a case,

Legendre transformation (x, y, yα
i ) → (x, y, πi

α) is (local) diffeomorphism and the
momenta πi

α define the coordinates in the fibres of the bundle π10 : J1(π) → Y .
Consider now a formal analog of the system 8.1. Let Rk be the k-dim vector space

endowed with the conventional Euclidian metric. Let ui be orthogonal Cartesian
coordinates in Rk. Consider the radial vector field ∂r =

∑
i ui∂,ui . A vector field

F = f i(uj)∂ui is orthogonal to the radial vector field ∂r if and only if∑
i

fi(u)ui = 0. (8.2)

This condition is equivalent to the condition that for any point x ∈ Rk, vector
field F (x) is tangent to the sphere with center at the origin 0 and radius |r|.

Since the tangent bundle to the unit sphere (and, therefore, to all spheres cen-
tered at the origin) are generated by the vector fields F ij = ui∂uj −uj∂ui , all vector
fields F satisfying to the equation (8.2) have the form

F (u) = fij(uk)(ui∂uj − uj∂ui).

Notice that the components of vector fields F ij = F ijs∂us are defined by the
condition

F ijs =

⎧⎪⎨⎪⎩
−uj if s = i,

= ui if s = j,

0 if s �= i, j.

(8.3)

Using Legendre transformation and applying these arguments to the fibers of
the 1-jet bundle J1(π) with the coordinates uj = πi

α and the metric defined by
the condition that the vector fields ∂πi

α
form the orthonormal (Cartesian) basis we

prove the following

Lemma 1. Let L be a regular Lagrangian, i.e. let the matrix ∂2L

∂yα
i ∂yβ

j

be non-

degenerate. Then all the components Qβ of the solutions of the system of equations
8.1 have the form

K =
∑

qij()F ijs, (8.4)

where functions F ijs are defined in 8.3 and qij are arbitrary functions from C∞(J1(π)).

This result gives the description of all possible representations of the source form
f = fαdyα in the form (6.6) provided one such representation exists. Below we will
show that such a representation exists on all the natural bundles π : Y → X.

On the other hand, in Section (22) below, we will show that if there exists a
representation (6.4) with a NC-tensor K ∈ C∞(Y ), such representation is unique.

Example 4. Case: Components Kα
iβ are linear by yα

i .
Tensors Kα

iβ linear by first order derivatives

Kα
iβ = Lαj

iβκ(x, y)yκ
j
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(linear functions of 1-jet variables) were used by different authors, see papers by
H.Kleinert, P.Fiziev and A.Pelster,[35, 65], works of Dj.Djukich and B.Vujanovic
and T.Atanaskovich, see (VJ,Vu, At,At2). In the notations of the papers of H.Kleinert
and his coworkers on the variational form of Mechanics in the Cartan space-time,
Kα

tβ = 2Sα
κβyκ

t where Si
κβ is the torsion tensor of an affine connection in the Cartan

space-time (see Ch.5, below). When the torsion of this connection vanish, variations
(4.10) reduce to the conventional variation (3.1).

Consider a case where n = 1 and let a Lagrangian have the form L(x, yα, ẏα) =
aα(x, yβ)ẏα. In this case the equality (8.1) takes the form

Qα
κ(x, y)aα(x, y)ẏκ = 0.

This equation is equivalent to the system of linear equations Qα
κ(x, y)aα(x, y) =

0, κ = 1, . . . , m. The association (x, y) → aα(x, y) defines the vertical vector field
a = aα∂α in Y and any 1-form ν = pαdyα annulating the vector field a delivers the
(1.1) tensor Q = ∂yα ⊗ ν satisfying to the previous equality.

Turning to the question of existence of a representation (6.4) we notice that the
tensor field Kα

iβ(xk, yα, yα
k ) can be considered as the mapping of vector bundles

with the finite-dimensional fibers K : π∗
10V (π) → V (π10) over J1(π) sending the

vertical over X vector field in Y ξα∂α to the vertical over Y vector field in J1(π)
Kα

iβξβ∂yα
i
. Conjugate mapping of bundles

K∗ : V (π10)∗ → π∗
10V (π)∗ (8.5)

is such that
K∗dv10L = fβdyβ . (8.6)

dv10L here is the vertical differential of the function L.
Vice versa, if K∗ is any bundle mapping 8.5 satisfying the condition 8.6, then

its conjugate K∗∗ of this bundle mapping π∗
10V (π) → V (π10) is such that taking

K = K∗∗ in defining the variation of jet variables (4.1) we get the Euler-Lagrange
system (6.4).

Locally, over a domain in J1(π) where both bundles in 8.5 are trivial, this can
be done simply, by defining K∗ to satisfy (8.6) and to be an arbitrary mapping in a
subspace of V (π10)∗ complemental to the linear span of the vertical covector dv10L
(taking, for instance, an orthogonal complement in the fibers with respect to some
natural metric).

Thus, locally, near the points where dv10L �= 0, tensor K can be defined in such a
way that the corresponding mapping (8.5) has the ”rank one”. In the next section
we formalize these arguments and construct the canonical NC-tensor Kα

iβ on the
bundles π : Y → X having the property of ”metric prolongation” or on the bundles.

9. Case of natural (tensor-like) bundles: Canonical NC-tensor Ki
μj

. In this section we consider the case where the configurational bundle π : Y → X
has some properties similar to the property of tensor and tensor density bundles
of ”metric prolongation” (see Appendix I). More specifically, we assume that the
configurational space Y is endowed with the metric q such that the projection
π : Y → X is the isometry. Tangent bundle T (Y ) splits as the direct q-orthogonal
sum

T (Y ) = T (V )(π) ⊕ H, Hy = Vy(π)⊥. (9.1)
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In a case of ”normal bundles”, including bundles of tensors and tensor densities,
the metric g in X defines the metric qx on the fibers Yx of the bundle π. In local
fibred chart (xi, yα), where the basis of the tangent bundle to the fiber Yx at a
point (x, y) ∈ Yx can be taken to be ∂α, α = 1, . . . , m,

< ∂α, ∂β >(x,y)= q(x,y) αβ .

In particular, the vertical subbundle ν : V (π) → Y of the tangent bundle T (Y ) → Y
is endowed with the induced metric.

At the same time, metric g in X defines the covariant metric gσλ on the fibres
of the cotangent bundle τ∗ : T ∗(X) → X.

Let Γ be a connection on the bundle π defined by the decomposition (9.1). If
π is a tensor or tensor density bundle, we can take Γ to be prolongation of Levi-
Civita connection Γg to π : Y → X using products and operation of conjugation,
see ([33]).

Connection Γ defines (and is defined by) the section jΓ : Y → J1(Y ). This
section defines an original point in affine fibers J1(π)y over points y ∈ Y . As a
result, it defines the isomorphism of the bundles over Y

J1(π) � π∗T ∗(X) ⊗ V (π). (9.2)

Metrics given above in the fibers of bundles T ∗(X) → X and in V (π) → Y ,
define the metric G in the fibers of the bundle (9.2) over Y . For instance, one can
choose local frames {ej , j = 1, . . . , n}; {fμ, μ = 1, . . . , m} orthonormal in the fibers
of respective bundles and define the metric G requesting the frame {eμ ⊗ fk}
formed by sections of 9.2 to be G-orthonormal.

In terms of local frames dxi, ∂μ and identifying vector spaces - fibers of the bundle
(4.8) over Y with the tangent space to these fibers this metric has the form

G(dxi ⊗ ∂μ, dxj ⊗ ∂ν) = gijqY μν . (9.3)

Coming back to the J1(π) and using the fact that the π10-vertical tangent bundle
of J1(π) → Y is the vector bundle with the basis ∂yi

μ
, we get the metric in the

fibres of this bundle defined by

G(∂ymu
i

, ∂yν
j
) = gijqY μν . (9.4)

The dual metric in the fibers of the bundle V (π10)∗ have the form

G∗(dyμ
i , dyν

j ) = Gμν
ij = gijq

μν
Y . (9.5)

Lagrangian L defines the section dv10L = L,yμ
i
dyμ

i of the bundle V (π10)∗ → J1(π)
(where the ”vertical differential” with respect to the variables in the fiber of the
bundle π10 : J1(π) → Y was used) To the section dv10L there corresponds the
orthogonal complement dL⊥ in the metric G∗ .

Define the morphism K∗ : V (π10)∗ → V (π)∗ between the dual bundles of vertical
bundles ν10 and νπ by the conditions{

K∗(dv10L) = fμdyμ,

K∗|dL⊥ = 0.
(9.6)

This defines the tensor K∗ and, therefore, the dual tensor K = {Kα
iβ} that can

be considered as the unique mapping K : V (π) → V (π10) . More concretely, the
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G∗-orthogonal projector P to the element π = dv10L = πi
μdyμ

i has the form

Pk =
G∗(k, dv10L)
‖dv10L‖2

G∗
dv10L =

Gμν
ik kk

νπi
μ

‖π‖2
G∗

dv10L.

The corresponding bundle mapping K∗ : V (π10)∗ → V (π)∗ has the form

K∗k =
Gμν

ik kν
kπi

μ

‖π‖2
G∗

fαdyα.

the dual mapping K : V (π) → V (π10), defined by the condition

< K∗k, ξμ∂μ >=< k, K(ξμ∂μ) >,

is

K(ξμ∂μ) = (ξμfν)
πi

μ

‖π‖Gνκ
ik ∂yκ

k
. (9.7)

As a result, the ”canonical” tensor K has the form

Kμ
νi =

(
πj

α

‖π‖2
Gμα

ij

)
fν . (9.7′).

This tensor is defined at all points (xi, yμ, yμ
j ) ∈ J1(π) except those where π =

dv10L = 0.

Theorem 3. Let π be a tensor type bundle and let Γ be a connection in the bundle π.
Let G be the metric in the fibers of the vertical bundle ν10 in the bundle J1(π) → Y .
Then, the tensor

Kμ
νi =

(
πj

α

‖π‖2
Gμα

ij

)
fν . =

∂ln(‖π‖)
∂πi

μ

fν = χμ
i fν , (9.8)

where

χμ
i =

∂ln(‖π‖)
∂πi

μ

(9.9)

was introduced, is such that the Euler-Lagrange system with the variations of deriv-
atives, modified by the tensor K has the form (6.4) of the Euler-Lagrange system
with Lagrangian L and the source covector (force if n = 1) f = fβdyβ.

Bundle mapping K∗ : V (π10)∗ → V (π)∗ of the form

K∗k =
Gμν

ik kν
kπi

μ

‖π‖2
G∗

fαdyα.

has minimal norm between all the mappings of these bundles such that K∗(dv10L) =
fβdyβ.

Remark 13. If the source functions fβ do not depend on the derivatives, i.e. if
fβ ∈ C∞(Y ), then the tensor K has the “quasi-potential form” form

Kμ
jνi =

∂

∂πi
μ

(ln(‖π‖) · fν). (9.10)

Example 5. (n=1). If we take

Kμ
iν =

∂ln(‖π‖)
∂πi

μ

Qβν ẏβ , (9.11)
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with a (0,2)-tensor Qβν in J1(π), the Euler-Lagrange Equations for a Lagrangian
L ∈ C∞(J1(π)) takes the form

ẏβ = Qβμ δL

δyμ
. (9.12)

Following this scheme one can realize a large group of reaction-diffusion equations
() as Euler-Lagrange equations of an appropriate Variational Principle.

Remark 14. Being universal, canonical form (9.7-9.7’) of the NC-tensor K, defin-
ing non-commuting variations, is rarely the most convenient. As the examples
presented in this text shows, most natural expressions for the non-commutativity
tensor K are constructed using the specific quantities in the systems to study. Yet,
in some examples, this form appears naturally in the construction of forces (source
terms). For instance, linear connections participating in the “geometrization” of
a mechanical system with non-potential forces (see Ch.V., Sec. 5.1) are directly
related with the canonical form of the NC-tensor K.

10. Examples.

In this Section we present several examples of Lagrangian systems with non-
commuting variations and classes of such systems. These examples illustrate the
range and flexibility of method of NC-variations.

Example 1. Harmonic oscillator.
Here n = 1, t-time is the only independent variable, x = x(t) is the only dynam-

ical variable. There is only one 1-jet variable ẋ. Lagrangian L has the form

L =
1
2
ẋ2 − ω2

2
x2.

Vertical variations have the form ξ = ξ1(t, x)∂x. Being modified by a “NC-tensor”
(here - scalar) K(t, x, ẋ) lift to 1-jet space has the form

ξ
(1)
K = ξ1∂x + [dtξ

1 + Kt, x, ẋ)ξ1]∂ẋ.

Euler-Lagrange equation of harmonic oscillator with a non-commutative varia-
tion(s) has the form

L,x − dt(L,ẋ) = −KL,ẋ ⇔ ẍ + (−K)ẋ + ω2x = 0. (10.1)

This is the standard harmonic oscillator with the (positive) dissipation for K < 0
and negative dissipation for K > 0. the energy balance law here has the form

dtE = dt(
1
2
ẋ2 +

ω2

2
x2) = Kẏ2.

Example 2. Linear system with dissipation of rate type. In a linear
system for a vector function u : T → Rm,

ü = Au + Bu̇, (10.2)

with a symmetric m × m-matrix A and negative definite symmetrical matrix B
energy dissipates provided matrix B is negative definite : B < 0 (see [139]).
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This system has the form (6.4) with the Lagrangian L = 1
2‖u̇‖2− 1

2 (Au, u) (where
standard Euclidian metric in the fibers Rm of the configurational bundle is used)
and the tensor-potential Kμ

iν = −δ0
i Bμ

ν .
Example 3. Heat equation.
Let

θ,t − DΔθ = 0 (10.3)
be a standard heat equation in the 4-dim Galilean space-time with the Euclidian
metric and Cartesian coordinates (x0 = t, xA, A = 1, 2, 3. Let θ(t, x) be the
absolute temperature in the 4-dim domain Ω = [t0, t1] × V ⊂ R4. Temperature is
the only dynamical field.

Consider an action

AΩ(θ) =
∫ t1

t0

∫
V

[
∂θ

∂t
+

D

2
‖∇θ‖2

]
dvdt. (10.4)

Introduce the tensor K of the type Kμ
iν , see Section 6 above, with the components

Kθ
iθ = θ,tδ

0
i , μ = 0, 1, 2, 3. Variations of the derivatives defined as in (6.1) have the

form {
δ ∂θ

∂xA = ∂
∂xA δθ,

δ ∂θ
∂t = ∂

∂tδθ + ∂θ
∂t δθ.

.

It is easy to see that the Euler-Lagrange equation (6.9) takes the form (10.3).

Example 4. Laplace Equation.
Consider the case where m = 1, n > 1, base X is the Euclidian vector space

En and the function u(x1, . . . , xm) satisfies to a EL-equation with the Lagrangian
L(u) = 1

2

∑i=n
i=1 (u,xi)2. NC-variation is defined by a “NC-tensor”” Ki . EL-

equation (6.9) with NC variations has the form

Δu + Ki∂xiu = 0. (10.5)

Example 5. Burgers Equation.
Burgers equation

u,t + uu,x = αu,xx,

can be realized, modifying the construction of Example 2, as the Euler-Lagrange
Equations with the Lagrangian L = u,t + α

2 (u,x)2 and the action

A(u) =
∫ t1

t0

∫
V 3

[u,t +
α

2
(u,x)2]dvdt

and the commuting relations for variations with

Ku
iu =

{
u,t, i = 0,

u, i = 1

Moments πi have the form: π0 = 1, π1 = αu,x. Energy density has the form
E = α

2 (u,x)2 and the energy balance law takes the form

dt(
α

2
(u,x)2) + dx(−α(ux)2) = −(u2

,t + uu,tu,x). (10.6)

Similarly, modifying the construction of Example 2, one can realize the Burgers-
KdV equation, Kuramoto-Sivashinsky equation and the Ginzburg-Landau equation
(see [81]).

Example 6. Maxwell equations.
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In this example we are using notations usual in classical electrodynamics, [80].
In particular, indices of fields are the same as indices of space-time coordinates
since the fields here are tensor fields in the space-time.

Let ξ → M4 be the complex line bundle over the pseudo-riemannian manifold
(M, g) with the space-time coordinates xμ, μ = 0.1.2.3. A = Aμdxμ is a connection
form in the bundle ξ, F = dA = Fμνdxμ ∧ dxν , Fμν = Aν,μ − Aμ,ν - corresponding
curvature form. Operator ∗ is the “star operator” corresponding to the metric g,
dgv - corresponding volume form. Action for the connection A is

AD4(A) =
∫

D

‖F‖2
gdgv =

∫
D

F ∧ ∗F.

Maxwell equations in empty space are{
dF = 0,

d ∗ F = 0.

Let Aσ → Aσ +εξσ be a a variation of A corresponding to the vertical vector field
ξ = ξσ∂Aσ

. Let Kν
μσ be tensor (corresponding to a vertical connection). Variation

of the derivatives zσ
μ = Aσ,μ corresponding to the above variation of Aσ is zσ

μ →
zσ

μ + (dμξσ + Kσ
λμξλ). Since only antisymmetric combinations of derivatives Aσ,μ

enter Lagrangian, we may assume that tensor K is antisymmetric by corresponding
variables.

Then, Euler-Lagrange equations for action AD4(A) with the variation rule (4.1)
have the form

d ∗ F = K ∗ F ⇔, in components − dα(∗F )αβ = −Kβ
γδ(∗F )γδ. (10.7)

The energy-momentum balance law takes the form

dμ(‖F‖2
gδ

μ
σ − 2Fμ

σ ) = −Kνλ
μ Fνσ(∗F )μ

λ. (10.8)

Maxwell equations in a media with the dissipation of energy (generated heat) qua-
dratic by the field force are well known in the Electrodynamics of Continuum, see,
for example, [48], Ch.13.

If we introduce complex coefficients of dielectric (ε) and magnetic (μ) permutabil-
ity into the tensor K in such a way that it is possible to separate electrical and
magnetic terms we can describe a situation where the energy dissipation of a way
of frequency ω (in the right side of 10.8) will have the form

ω

4π
(Im(ε)‖E‖2 + Im(μ)‖H‖2)

coinciding with the expression of energy dissipated in a wave of frequency ω
in dispersive media, [79], Sec.61. NC-tensor K constructed in such way carries
information about the dispersive properties of media.

Example 7. Rate type dissipation.
Let n = 4, i = 0, 1, 2, 3. Take Kμ

iν = kδ0
i δμ

μ0
δν0
ν . Then, the lift of a vertical

variation ξ = ξμ∂μ to J1(π) has the form

ξ̃ = ξ + (diξ
μ + kδ0

i δμ
μ0

ξν0)∂zμ
i

= ξ1 + kξν0∂z
μ0
0

.

As a result the only noncommutativity here is the one of the time derivative ∂t

and the variation of μ0-th dynamical field yμ0 . The noncommutativity term is
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proportional to the variation of yν0 :

δ∂ty
μ0 − ∂tδy

μ0 = kδyν0 .

The Euler-Lagrange system has the form

Lyν − di(L,zν
i
) = −kδν0

ν Lz
μ0
0

= −kδν0
ν π0

μ0
. (10.9)

Thus, the force appears only in the ν0-th equation and is proportional to the μ0-th
component of linear momentum π0

μ0
. The simplest case is, of course, when

μ0 = ν0 and the force that appears in the equation for yμ0 is proportional to πμ0 .
Energy-momentum law takes the following form

diT
i
0 = − ∂L

∂x0 expl
− kẏμ0π0

ν0
=μ0=ν0 − ∂L

∂x0 expl
− kẏμ0π0

μ0
. (10.10)

In a classical case when Lagrangian L is the sum of kinetic energy K = 1
2mμν ẏμẏν

and potential energy (often - a function of fields yμ only) and where we take μ0 = ν0,
the dissipation term kẏμ0L,ẏμ0 is proportional to the square of the rate of change
of the field yμ0 .

Example 8. Gradient type dissipation. If we take Ki
0j = 0, the dissipative

force in the right side of Euler-Lagrange equations (6.6-6.9) takes the form (6.9),
−∑

A=1,2,3 Kμ
AνπA

μ and the second term in the energy balance (7.6) becomes equal
to −ẏνKμ

AνπA
μ . As a result, this dissipation term is proportional to the spacial

gradient of the fields yi, more specifically, their momenta πA
μ .

Example 9. Controlled oscillator. In the next example, evolution of one
dynamical variable is influenced by the rate of change of the other variable. Consider
a system of two oscillators with the variables yμ, μ = 1, 2 and the Lagrangian
L = m1

2 (ẏ1) 2 + m2
2 ẏ2) 2 −U(y1, y2). Let Kμ

ν be of the type Kμ
ν = ∂νPμ with some

functions Pμ(yμ, y2).
Then, the EL-equations with the force induced by ”tensor” K takes the form

(see Sec.) {
m1ÿ

1 + U,y1 = ∂y1(m1P
1ẏ1 + m2P

2ẏ2),
m2ÿ

2 + U,y2 = ∂y2(m1P
1ẏ1 + m2P

2ẏ2),
(10.11)

Consider the case where P 1 = 0, m2P
2 = φ(yμ). Then the last system takes

the form {
m1ÿ

1 + U,y1 = φ,y1 ẏ2,

m2ÿ
2 + U,y2 = 0.

(10.12)

Thus, the second oscillator influences the dynamical behavior of the first one
through the rate of change ẏ2 of the variable y2.

Remark 15. In Sec. (17) it will be shown that such a tensor K corresponds to a
vertical connection in the bundle J1(π) → Y with zero curvature.
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11. Weak and strong minimizers for the systems with NC-variations.

In this section we compare week and strong minimizers for Lagrangian systems
with and without NC-variations. We show that in both these cases strong minimiz-
ers are always the same and weak minimizers are the same provided the NC-tensor
K is bounded from above and below. We refer reader to the fundamental mono-
graph [47], Vol.2 Chapter 5 for more details and examples.

Local minimizers are sections s(x) of the configurational bundle that delivers
minimum to the action functional in some neighborhood of section s(x). In order
to specify a type of local minimizers one has to specify the type of neighborhoods U
of “potential local minimizer” s so that from such neighborhoods of s we take the
sections p(x) for comparison of value of action AD(p) with the value AD(s).

This is done by the choice of metric (or norm) in the space of sections s(x) used
in the problem.

In this section we assume that the configurational bundle π : Y → X is a vector
bundle with the standard fiber F ≡ Rm (see Appendix I,Sec.64). In particular, in
the domain U of a fibred chart (U, xi, yμ) (over the domain Ū = π(U) ⊂ X) where
bundle π is trivial: πU ≡ (Ū × F → Ū , sections s : Ū → Y defines and are defined
by the mappings u : Ū → F .

Sections s(x) whose components yα(x) have continuous derivatives DIy
α. up to

the order k, |I| � k form the Banach space Ck(Ū) with the norm

‖s‖k = Sup
x∈U

{‖DIu(x)‖, |0 � α � k|.

Here I = (i1, i2, . . . , in) is a multiindex (ik are natural numbers) and DIyα =
∂i1
1 · ∂in

n - corresponding partial dervative of order |I| = i1 + i2 + . . . + in of the
function yα(x).

Let L(xi, yμ, yμ
i ) be a first order Lagrangian and let D ⊂ X be an open sub-

set with the closure D̄. Action AD(s) is defined for the sections s ∈ C1(D̄, Y )
(C1(D̄, F ) in the domain of a fibred chart) of the class C1 up to the boundary. This
means that for any chart (U ⊂ D, xi, yμ) components yμ(x)) of a section s(x) are
functions of the class C1 up to the border ∂D.

Now we define

Definition 3. For a section s ∈ C1(D̄, Y ) and for some ε > 0, the set

Nε(s) = {p ∈ C1(D̄, Y ) : ‖s − p‖C0 < ε} (11.1)

is called a (standard) strong neighborhood of section s.

On the other hand,

Definition 4. For a section s ∈ C1(D̄, Y ) and for some ε > 0, the set

N1
ε (s) = {p ∈ C1(D̄, Y ) : ‖p − s‖C1 < ε} (11.2)

is called a (standart) weak neighborhood of section s.

It is clear that N1
ε (s) is the subset of Nε(s) and that N1

ε (s) ⊂ Nε(s) is the (strict)
inclusion.

Now we define the notions of weak and strong minimizers.
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Definition 5. (1) A section s : D → Y of the class C1(D̄, π) is called a weak
local minimizer of action AD(s) if there exists a weak ε-neighborhood
N1

ε (s) of section s such that

AD(s) � AD(p), for all sections p ∈ N1
ε (s). (11.3)

(2) A section s : D → Y of the class C1(D̄, π) is called a strong local min-
imizer of action AD(s) if there exists a strong ε-neighborhood Nε(s) of s
such that

AD(s) � AD(p), for all sections p ∈ Nε(s). (11.4)

It is obvious that any strong (local) minimizer is, at the same time, the weak (lo-
cal) minimizer. Next example shows that the opposite statement would be wrong.

Example 6. -(Exercise) ([118],Sec.2.1.)). Prove that zero function u(x) = 0 is a
weak minimizer but is not the strong minimizer of the functional

A(u) =
∫ π

0

(y2(x))(1 − y′2(x))dx,

with the initial condition y(0) = y′(0) = 0.
Hint: consider y(x) = 1√

n
sin(nx).

If the boundary ∂D is piecewise smooth, conditions for a section s to be a strong
or weak minimizer (see Definition 5) are equivalent to the following strong and
weak minimum properties.

Definition 6. (1) A section s : D → Y of the class C1(D̄, π) satisfies to
the strong minimum property if for some ε > 0, such that inequality
AD(s) � AD(s + φ) holds for all φ ∈ C1(D̄) such that ‖φ‖C0(D̄) < ε.

(2) A section s : D → Y of the class C1(D̄, π) satisfies to the weak minimum
property if for some ε > 0, such that inequality AD(s) � AD(s∗ +φ) holds
for all φ ∈ C1(D̄, π) such that ‖φ‖C1(D̄) < ε.

11.1. Minimizers for systems with NC-variations. Let the configurational
bundle π : Y → X be a vector bundle (See Appendix I).

Properties of a section s : D → Y to satisfy the strong or weak minimum
property is formulated in terms of variations s → s+φ of sections s. For the strong
minimum property variation φ is estimated in the norm ‖φ‖C0 and, as a result, is
calculated using the metric (norm in the case of a vector bundle) in fibers Yx of the
configurational bundle π and the Sup norm for the continuous sections of π.

A strong ε-neighborhood of a section s is defined by the condition: p(D) ⊂ Oε(s)
if

‖p − s‖C0(D) = Supx∈D|p(x) − s(x)| � ε

,
This neighborhood does not depend on a prolongation of section s to the 1-jet

bundle. As a result, strong ε-neighborhoods are the same for conventional
and NC-modified variations. Therefore, strong minimizers are the same
whether one is using conventional or NC-modified prolongations.

For the weak minimum property, the norm of variation φ is calculated using
the prolongation of sections s and s + φ to the 1-jet bundle π1 : J1(π) → Y → X
and estimating the C1-norm of variation ‖φ‖.

SERGE PRESTON32



If we are using a non-commutative variation approach, prolongation of variation
φ differs from the conventional one. As a result, weak ε-neighborhoods for the
system with NC-variations could be different from those in the case of conventional
variations. To study this difference we need to look more attentively at the form of
C1-neighborhoods of 1-jet prolongations of sections of the configurational bundle.

More specifically, in the definition of weak ε-neighborhood of a section s, one has
to use (in the case of a vector bundle π) variations s(x) → s(x) + φ(x) such that

‖φ‖C1(D) = ‖Pr1
K(φ)‖C0(D) < ε. (11.5)

This condition contains the Sup norms of the components dμφi + Ki
μjφ

j of vector
field Pr1

Kφ in J1(π) (weak variation components).
In the case of a vector bundle, ε-neighborhood Oε(s) (in sense of any of our

norms) of a section s has the form s + Oε(0) where Oε(0) is the ε-neighborhood of
zero section of the bundle π. Thus, to compare minimality properties of sections s,
it is sufficient to consider the case where s is zero section.

Considering a more general setting, assume that the bundle π is endowed with
a Riemannian metric (in the fibers Yx of the bundle π) and introduce a tubular
neighborhood Oε(s∗) of a section s∗ : D → Y (see [6], Sec.8.1 or [86]) and the
description of tubular neighborhood below ) of the image s∗(D) ⊂ Y of section
s (notice that s(D) is diffeomorphic to D and is the regular submanifold of Y )
generated by geodesics of metric in the fibers Yx.

A tubular neighborhood is obtained by using the exponential mappings exp :
Ts∗(x)(Yx) → Y : γv(t) : exp(tv) for unit vectors v ‖v‖ = 1. Then, for small ε the
subsets

{(x, γv(t))|v ∈ Ts∗(x)(Ys∗(x)), 0 � t � ε}
scan the ε-neighborhood of s∗(D). To prove this, it is sufficient to notice that
the geodesic are shortest curves for small ε, and, if a section p : D → Y is such that
‖s∗ − p‖ � ε, then p(D) ⊂ Oε(s).

To describe weak neighborhoods of a section s we will extend the description of
strong tubular ε-neighborhoods of the image s(X) of a section s : D → Y above to
the variations of 1-jets j1s of sections s.

To do this we have to employ a metric in the fibers of double bundle J1(π) →
Y → X. To introduce a metric, we recall that the bundle π10 : J1(π) → Y is
the vector bundle provided the configurational bundle π : Y → X is. Namely, a
connection ν in the vector bundle π defines (and is defined by) the section qν : Y →
J1(π) (See Appendix I, Sec.75). This section defines the origin 0y = qν(y) at any
fiber J1

y (π) specifying the structure of vector space in this fiber and the splitting

T (J1(π)) = V (π10) ⊕ qν∗(T (Y ))

at the points of q(Y ). The action of a linear group acting in the fibers of π10 :
J1(π) → Y extends this decomposition to the whole 1-jet bundle.

Choose a norm in the fibers of the vector bundle J1(π) → Y smoothly depending
on (x, y). Together with the norm in the fibers Yx of the bundle π this delivers the
norm in the fibers of the vector bundle J1(π) → Y → X over X. This norm
(smoothly depending on x ∈ X) defines the Riemannian metric in the fibers J1(π)x

of π1 : J1(π) → X.
Now we repeat arguments used for the previous construction to the case of 1-jets

j1(p) of sections p in the neighborhoods of the section s∗(x).
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Take an infinitesimal variation presented by a π-vertical vector field ξ = ξi∂i

and let φt be the flow of this vector field. This vector field induced the variation
φt(x)s∗(x) of the section s∗(x).

Let Pr1(ξ) = ξi∂yi + di
μξi∂yi

μ
be the flow prolongation of ξi∂yi- vector field in

the 1-jet space J1(π) whose phase flow is acting on the 1-jet j1s∗ of section s∗

j1φts = φ̂tj1s∗ = e
t(ξi∂i+di

μξi∂yi
μ
)
j1s∗(x) (11.6)

Such prolongations for all vector fields ξ (normal to the surface s∗(D) ⊂ Y ) and
for small t, say for t � ε, scan the neighborhood of 1-jet section j1s∗.

Using the Sup-norm for sections of 1-jet bundle π1 : J1(π) → X we obtain the
(equivalent of) C1-norm for the sections s∗(x) of the bundle π.

For a chosen ε > 0, there exists δ > 0 such that if t � δ, the distance between
φts∗ and s∗ is less then ε in the C1-norm. Taking ε small enough we prove that
to check the condition of weak minimum for section s∗, it is sufficient to use weak
neighborhoods obtained this way - by using flows of variational vector fields.

In the case of a non-commuting variations formalism defined by a tensor Kν
iμ,

expression (11.6) for the flows scanning the weak neighborhood of a potential weak
minimizer s∗ has the form

Pr1φt
Kj1s∗ = e

t(ξi∂i+(di
μξi+Ki

μjξj)∂yi
μ
)
j1s∗(x). (11.7)

Calculate now the decline of 1-jets of variated sections from the 1-jet of the section
s∗ itself:

Pr1φt
Kj1s∗ − j1s∗ ≈ (t(ξi(s(x)) + (di

μξi + Ki
μjξ

j)(j1s∗(x))) + O(t2). (11.8)

Estimating the terms in the right side we get

‖Pr1φt
Kj1s−j1s‖C1(D) ≈ t

∑
i

Supx∈D|ξi(s(x))|+tSupx∈D

∑
i

|(dμξi+Ki
jμξj)|+o(t).

(11.9)
Now we notice that in a case where |Ki

jμ| � C, the right hand side is less then
or equal to

t
∑

i

Supx∈D|ξi(s(x))| + tSupx∈D

∑
i

|(dμξi))| + Ct‖ξ‖C0 �

� (1 + C)t‖ξ‖C0 + t
∑

i

‖(dμξi))‖C0 � (1 + C)t‖Pr1(ξ)(j1s(x))‖. (11.10)

and, therefore, it is less or equal to (1 + C)‖Prφtj1s − j1s‖C0 . Thus, any K-
weak C1-ε-neighborhood of a section s is contained in the conventional weak C1-

ε
1+C =neighborhood of a section s. As a result, if the weak minimum property is
fulfilled for the section s in the conventional sense, it is, at the same time, fulfilled
in the Kν

iμ-modified sense.

Along the phase curves of variational vector fields, the tensor K can behave as
t−α with α > 1. In such a case, no diminishing of delta can prevent the difference of
the norms of jets of section s∗ and the variated one to leave the weak ε-neighborhood
of section s∗ - weak minimizer for the case of commuting variations.
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Thus, we get to the conclusion:

Proposition 1. For a Lagrangian variational system with a Lagrangian L of the
first order and the non-commuting variations defined by a NC-tensor Kν

iμ,
(1) Strong minimizers of the action AD(s) with Lagrangian L and with com-

muting variations and only them are strong minimizers of action with the
same Lagrangian and a non-commutativity tensor Kν

iμ.
(2) If tensor Ki

μj of the non-commutativity of variations is bounded: |Ki
jμ(s)| �

C, then the weak minimizers of action with a first order Lagrangian L and
the conventional variations is, at the same time, local weak minimizer in
the K-modified formalism.

Conjecture:
(1) If tensor Kν

iμ has singularities, weak minimizers in the conventional sense
may cease to be weak minimizers provided the NC-variations are used,

(2) If c � ‖Kν
iμ‖ � C for positive constants c < C, then the weak variations

are the same for the conventional variations and for NC-variations defined
by the tensor Kν

iμ.
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12. Second variation.

The Euler-Lagrange Equations for a system with a Lagrangian L and a non-
commutativity tensor K state that the first variation of action functional δA(s)
is zero along a solution s(x) = {yμ(x)}. The second variation along a solution
s(x) - δ2A(s) may then be used to recognize a solution s(x) as a local minimum or
local maximum of the action functional (Legendre and Jacobi necessary conditions,
see [44], Ch.5). In addition, study of the second variation leads to the sufficient
conditions of weak extremum ([44], Ch.5). See also [47], V.I,Ch.3 for a more modern
exposition of these results.

Thus, it is natural to investigate what form the results mentioned above take in
the case of non-commuting variations.

In the case for a Lagrangian L of order one, we have for an action AD(s + δs)
calculated for a a solution s(x) = {yμ(x)} of the Euler-Lagrange system subject to
a variation δyμ + δyμ

i of the form ε[ξμ∂yμ + (diξ
μ + Kμ

σ ξσ)∂yμ
i
],

AD(s + δs) =
∫

D

L(xi, yμ + δyμ, yμ
i + δyμ

i )dnx =

=
∫

D

[L(j1s(x)) + εL,yμ(j1s(x))ξμ(s(x)) + εL,yμ
i
(j1s(x))(diξ

μ + Kμ
iκξκ)(j1s(x))+

+
1
2
ε2[Lyμyν ξμξν + Lyμyν

i
ξμ(diξ

ν + Kν
iκξκ) + L,yμ

i yν
j
(diξ

μ + Kμ
iκξκ)(djξ

ν + Kν
jκξκ)]

+ HOT (ε)]dnx = AD(s) + ε

∫
D

[
L,yμ − diL,yμ

i
+ Kκ

iμL,yκ
i
)
]
(j1s(x))ξμ(s(x))dnx+

+
ε2

2

∫
D

[(L,yμyν + L,yμyκ
i
Kκ

νi + Lyκ
i yλ

j
Kκ

iμKλ
jν)ξμξν+

+ (Lyμyν
i
ξμdiξ

ν + L,yκ
i yν

j
Kκ

iμξμdjξ
ν + L,yμ

i yκ
j
Kκ

jνξνdiξ
μ)+

+ L,yμ
i yν

j
diξ

μdjξ
ν ]dnx + HOT (ε). (12.1)

As a result, the second variation of the action functional AD(s) is the quadratic
form of the arguments (ξμ, diξ

μ) the form

δ2A(εξμ, εdiξ
μ) =

ε2

2

∫
D

[(L,yμyν + L,yμyσ
i
Kσ

νi + Lyσ
i yζ

ν
Kσ

iμKζ
jν)ξμξν+

+ (Lyμyν
i
ξμdiξ

ν + L,yσ
i yν

j
Kσ

iμξμdjξ
ν + L,yμ

i yσ
j
Kσ

jνξνdiξ
μ)+

+ L,yμ
i yν

j
diξ

μdjξ
ν ]dnx. (12.2)

In a case where n = 1 (Mechanics), the second variation has the form

δ2A(ξμ, dtξ
μ)(εξ, εξ) =

ε2

2

∫ b

a

[(L,yμyν + L,yμẏσKσ
ν + L,ẏσ ẏζ Kσ

μKζ
ν )ξμξη+

+ (L,yμẏν ξμdtξ
ν + L,ẏσ ẏν Kσ

μξμdtξ
ν + L,ẏμẏσKσ

ν ξνdtξ
μ)+

+ L,ẏμẏν dtξ
μdtξ

ν ]dt. (12.3)
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If, additionally, m = 1, the second variation has the following form (comp [44],
Ch.V)

δ2A(ξ, dtξ) =

=
ε2

2

∫ b

a

[(L,yy + L,yẏK + L,ẏẏK2)ξξ + 2(L,yẏ + L,ẏẏK)ξdtξ + L,ẏẏdtξdtξ]dt.

(12.4)

Now we integrate by parts the expression for the second variation (12.3) in
the case where n = 1 (Mechanics). We assume that variations ξi vanish on the
boundary ∂D of the domain of integration D. We also assume, as is done in [44],
Sec. 29, that Lyμẏν = Lyν ẏμ . Finally, to simplify the obtained expression we add
the condition that Lσ̇μ̇Kσ

ν = Lσ̇ν̇Kσ
μ has to be valid for all μ, ν. As a result, we get

the following expression for the second variation

δ2A(ξμ, dtξ
μ)(εξ, εξ) =

=
ε2

2

∫
D

{[L,ẏμẏν ]dtξ
μdtξ

ν+

+[(L,yμyν +L,yμẏσKσ
ν +L,ẏσ ẏζ Kσ

μKζ
ν )−1

2
dt(L,yμẏν +L,ẏσ ẏν Kσ

μ+L,ẏμẏσKσ
ν )]ξμξν)]}dt =

= ε2
∫ b

a

[Pμν ξ̇μξ̇ν + Qμνξμξν ]dt. (12.5)

Here,{
Pμν = 1

2
L,ẏμẏν ,

Qμν = 1
2
[(L,yμyν − dtL,yμẏν ) + (L,yμẏσ Kσ

ν + L,ẏσ ẏζ Kσ
μKζ

ν − dt(L,yμẏν + L,ẏσ ẏν Kσ
μ + L,ẏμẏσ Kσ

ν )].

(12.6)

Notice that the (0,2)-form P does not depend on the non-commutativity tensor K.
If we assume, as it is suggested in [44], Sec.29, that the matrix Lyμẏν is symmet-
ric, then both matrices Pμν , Qμν are symmetric and the classical theory of sufficient
conditions of Legendre-Jacobi is applied immediately with the corresponding mod-
ification of the Jacobi’s equation.

In particular, necessary Legendre condition has the usual form:

Theorem 4. A necessary condition for the quadratic functional

ξ →
∫ b

a

[(P ξ̇, ξ̇) + (Qξ, ξ)]dt

to be non-negative for all ξ(t) such that ξ(t)t=a,b = 0, is that the matrix Pij is
non-negative definite.

12.1. Jacobi equation. Expression (12.5) defines the quadratic functional

J(h, h) = ε2
∫ b

a

[Pμν ḣμḣν + Qμνhμhν ]dt

for a vector function h : R → Rm. Euler-Lagrange system of this functional is
called the Jacobi equation:

− d

dt
Pμν ḣν + Qμνhν = 0, μ = 1, . . . , m. (12.7)
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Remark 16. The principal part of Jacobi equations do not depend on the tensor
Ki

μj and is the same as in classical theory. At the same time, zero order terms in
Jacobi equations depend on the tensor K linearly and quadratically.

The classical theory of quadratic functionals, the Jacobi equation and the con-
jugate points ([44]) are applied here without any restrictions. In particular, the
following two classical result are valid here:

Theorem 5. (Legendre necessary condition for A(s), case n = 1). If the vec-
tor function (solution of Euler-Lagrange equations) s(t) = {yμ(t)} yields a local
minimum of the functional AD(s), then the matrix function

Pμν(s(t)) =
1
2
L,ẏμẏjν (s(t))

is nonnegative definite (Pij(s(t)) � 0) along the solution s(x).

Theorem 6. Jacobi necessary condition for A(s)).
If the regular (i.e.such that the condition det( ∂2L

∂ẏμ∂ẏν )(s(t)) �= 0 is fulfilled along
all the curve s(t)) extremal s(t) ∈ C2([a, b] → Rm) of variational problem yields
a local minimum for the action functional A(s)with L(t, yμ, ẏν) ∈ C3(J1(π)), then
the interval (a, b) does not contain points conjugate to the point a.

Example 7. Consider the harmonic oscillator with dissipation (Example 1, Sec.
10) with the NC-tensor (being a scalar function K(t, x, ẋ)) K. Jacobi equation for
a function h is

ḧ + ω2 − 2dtK − K2 = 0. (12.8)

If K is constant and K2 − ω2 > 0, then, there are no no points t > 0 conjugate to
the point t = 0 and the lower position of equilibrium is stable.

Remark 17. Necessary and sufficient second variation criteria for weak minimizers
were studied in terms of spectral properties (minimal eigenvalue) of Jacobi operator
- linearization of Euler-Lagrange operator, starting with the works of H.A.Schwartz
(1885), see [47], Part II, Ch.5. In the paper [5], T.Atanascovich obtained a sufficient
second variation condition for local extremum in a mechanical system with non-
conservative forces for the variational principle with the non-commuting variations.
This condition has the form λmin + γ > 0 where λmin is the minimal eigenvalue of
the appropriate Jacobi operator while γ is the constant participation in the positive
definiteness condition of the quadratical form of second variation with coefficients
depending on the non-conservative forces.

13. Hamiltonian systems and the NC-variations.

In this section we present the Hamiltonian systems corresponding to the Euler-
Lagrange equations with non-commuting variations. We will follow the classical
approach of H.Rund ([117]).

Let L be a regular Lagrangian of the first order (i.e. such that determinant
Det( ∂2L

∂yμ
i yν

j
) of Hessian of the function L is nonzero) and let Kμ

iν be a NC-tensor as
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in Section 6. Regularity condition allows to apply Legendre transformation

J1(π) L−−−−→ J1∗(π)⏐⏐� ⏐⏐�
Y

=−−−−→ Y

from the 1-jet space to the dual space J1∗(π) of variables (xi, yμ, πi
μ):

(xi, yμ, yμ
i ) → (xi, yμ, πi

μ = L,yμ
i
).

One can consider this transformation as defining the new local chart in J1(π) (Le-
gendre coordinates, see [44]). Due to the regularity condition, this transformation
is invertible, i.e., in the domain of original fibred coordinates one has

yμ
i = φμ

i (x, y, π) (13.1)

with the smooth functions φ ∈ C∞(J1∗(π)).
Introduce the Hamiltonian function

H(x, y, π) = πi
μφμ

i (xi, yμ; πj
k) − L(xi, yμ; φμ

i (x, y, π)). (13.2)

Using 13.1 we calculate (using, at the last equality, the definition of π)

∂H

∂πj
ν

= − ∂L

∂φμ
i

∂φμ
i

∂πj
ν

+ πi
μ

∂φμ
i

∂πj
ν

+ φν
j = φν

j = yν
j . (13.3)

Similarly, one proves that

∂H

∂yμ
= − ∂L

∂yμ
, μ = 1, . . . , m, (13.4)

and
∂H

∂xi
= − ∂L

∂xi
, i = 1, . . . , n.

Consider now the Euler-Lagrange Equations with the sources fν :

dμ(
∂L

∂yν
i

) − ∂L

∂yν
= fν , ν = 1, . . . , m,

substitute πi
ν = L,yμ

i
here and use (13.4). This equation takes the form

diπ
i
ν = − ∂H

∂yν
+ fν . (13.5)

Combining this equation with (13.3) we will get Hamiltonian (canonical) system of
equations equivalent to the Euler-Lagrange system with the sources fν{

yμ
,i = ∂H

∂πi
μ
,

diπ
i
ν = − ∂H

∂yν + fν .
(13.6)

If the sources fν in (13.5) are generated by the tensor K, Hamiltonian system
(13.6) takes the form {

yμ
,i = ∂H

∂πi
μ
,

diπ
i
ν = − ∂H

∂yν + Kμ
iνπi

μ.
(13.7)
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Consider the case where n = 1, i.e. the case of finite-dimensional dynamical
systems, and use the notation t for the independent variable. In this case we have
(using the notation πν for momenta instead of the traditional pν)

Eν(L) =
dπν

dt
+

∂H

∂yjν
. (13.8)

Thus, the Euler-Lagrange equations Eν(L) = fν are equivalent to the Hamiltonian
dynamical system{

yν
,t = φν

,t = ∂H
∂πν

dπν

dt = − ∂H
∂yν + fν =NC−case= − ∂H

∂yν + Kμ
ν πμ.

(13.9)

To get the energy balance for Hamiltonian system (13.9) we calculate d
dtH and get

the energy balance law

d

dt
H =

∂H

∂t
− ẏσfσ =NC−case ∂H

∂t
− ẏσKμ

σ πμ =
∂H

∂t
− Kμ

σ ẏσL,ẏμ , (13.10)

with the energy dissipation term

−Kμ
σ ẏσL,ẏμ = −Kμ

σ ẏσπμ. (13.11)

Let J ∈ C∞(J∗(π)) be a function. This function is the first integral of the
dynamical system 13.9 if (and only if) dtJ = 0 along the solution of system
(13.9).

Calculate this total derivative of a function J we get

dtJ =
∂J

∂t
+

∂J

∂yμ

∂H

∂πμ
+

∂J

∂πν

(
− ∂H

∂yν
+ fν

)
= (

∂J

∂t
+fν

∂J

∂πν
)+

(
∂J

∂yμ

∂H

∂πμ
− ∂J

∂πν

∂H

∂yν

)
.

(13.12)
Using the Poisson bracket of the functions on the (symplectic) fibers of the Hamil-
tonian bundles J∗(π) → Rt: {F, G} = ∂F

∂yμ
∂G
∂πμ

− ∂G
∂yμ

∂F
∂πμ

we write (13.12) for any
function F ∈ C∞(J∗(π)) in the form

dtF =
(

∂F

∂t
+ fν

∂F

∂πν

)
+ {F, H} (13.13)

In particular,

Lemma 2. A function J ∈ C∞(J∗(π)) is the first integral of the Hamiltonian
system (13.9) with a Hamiltonian H and the “force“ fν (13.9) if and only if(

∂J

∂t
+ fν

∂J

∂πν

)
+ {J,H} = 0. (13.14)

13.1. Comparison with the metriplectic model. Here we would like to com-
pare, in the case where n = 1, the NC-variations Lagrangian model of introduction
of forces into a Hamiltonian dynamical system with the other geometrical model
having similar purpose - “Metriplectic systems” (known also under the names: dou-
ble bracket systems (in Control Theory), GENERIC systems (in Europe) and, in
more general setting as the dynamics on “Leibniz manifolds”,[108].

Rewrite the system (13.7) in the form
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d

dxi

(
yμ

πi
ν

)
=

(
0 1
−1 0

)
∇⎛
⎝y

π

⎞
⎠

H +
(

0
Kσ

iνπi
σ

)
. (13.15)

Introduce the kinetic energy written in terms of the momenta πi
σ: T = 1

2Gls
ij(x, y)πi

lπ
j
s

and present the previous system in the form
d

dt

(
yμ

πi
ν

)
=

(
0 1
−1 0

)
∇⎛
⎝y

π

⎞
⎠

H +
(

0 0
0 M

) (
T,yl

T,πν
s

)
(13.16)

with some symmetrical matrix function Mls. Calculating derivatives in the second
term of the right side we see that non-Hamiltonian term in the last system has the
form (

0
Mjs(xi, yμ, yμ

i )Gsl(x, y)πl.

)
Introduce now the tensor

Kl
j = Mjs(xi, yμ, yμ

i )Gsl(x, y)πl. (13.17)

Then, the metriplectic dynamical system (13.12) with the degenerate metric M̃ =(
0 0
0 M

)
in the space T ∗(Y ) is the representation of the Legendre transformation of

the Lagrangian system with the non-commutative variations defined by the tenor K.
Formula (13.17) establishes a relationship between the tensor K and the degenerate
(covariant) metric M characterizing the dissipative conditions in the phase space
of metriplectic system (10.12).
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14. Hamilton-Jacobi Equation.

The first order nonlinear Hamilton-Jacobi PDE ([44, 117] and [47], vol II,Ch.9)
plays a prominent role in the explicit determination of solutions of variational prob-
lems. Combined with the method of separating of variables, the Hamilton-Jacobi
equation represents, by the opinion of many classical mathematicians, the best tool
for construction of explicit solutions in Classical and Quantum Mechanics, Control
theory and other domains.

That is why it is interesting to see, if this method works in the presence of
non-commutative variations and if not, if it is possible to modify it to be able
to use Hamilton-Jacobi method for K-twisted Euler-Lagrange or/and equivalent
Hamiltonian systems (see previous Section).

Recall that the interest in the development of Hamilton-Jacobi Theory in a non-
classical settings led to a series of works extending, in different forms, the Hamilton-
Jacobi Theory to the Classical Field Theory (classical works of Caratheodory, Weyl,
Rund, etc., see [117]), to the singular Lagrangian systems and to the non-holonimic
systems (see, for example, [85, 84]).

Refering the reader to the sources cited here and below, we restrict our presenta-
tion to two simple aspects. First we show that the classical Hamilton-Jacobi Theory
is not applicable to a Lagrangian mechanical system with NC-variations or, more
generally, to the Euler-Lagrange equations with the generic sources. More specifi-
cally, while the first Jacobi Theorem holds with some modifications, the proof of the
second Jacobi Theorem (see [44], Sec.23, Theorem 2 fails in the case of Hamiltonian
system with a non-conservative forces.

We suggest to our reader an Exercise to construct an example of such Hamilton-
ian system with failing Jacoby Theorem 2.

At the next step we show, that, following the idea of “embedding surfaces of solu-
tions” similar to the use of “geodesic fields” in H.Weyl’s Theory of multiple integrals
([117, 47]) some classes of solutions of Hamiltonian systems with sources can be con-
structed starting with the general solutions of appropriately constructed partial dif-
ferential equations. We follow the method suggested by B.Vujanovich([133], Chap-
ter 6) for dynamical systems (with one independent variable), a method that, in a
variety of cases, replaces the Hamilton-Jacobi method in a case of non-conservative,
dissipative, dynamical systems. We present his method below, refering reader to
the monograph ([133]) and the cited papers for more details.

14.1. Case n = 1. Formula for variations. Consider an action functional for
the curves [t0, t1] → Q in the space Q of variables yi, i = 1, . . . , m

A(s = {yi(t)}) =
∫ t1

t0

L(t, yi(t), ẏi(t))dt. (14.1)

We start with the case n = 1 using notation t for an independent variable and
consider the interval [t0, t1] as the domain D of integration. We introduce the
Hamilton-Jacobi equation using the variational formula for action. Here we follow
the [44], Sec.13, 23.
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We begin with the formula for variation of action including the variations of
endpoints ([44], Sec.13, (7))

δA =
∫ t1

t0

m∑
i=1

(
L,yi − d

dt
L,ẏi + Kk

i (j1s(t))L,ẏk

)
ξidt +

m∑
i=1

F,ẏiδyi|t=t1
t=t0

+

(
L −

m∑
i=1

ẏiL,ẏi

)
δt|t=t1

t=t0 , (14.2)

The term with the tensor Kk
i appeared when we calculate the slope of variations

on the ends of the interval - domain of the variated curve, see [44],Sec.13, p.55.
The notation δt|t=tj = δtj ; δyi|t=tj

= δyj
i , j = 0, 1 are used here.

Introduce the dual (momentum) variables pi = L,yi and assume that the Jaco-
bian Det( ∂pi

∂ẏj ) �= 0.
Then we can solve for ẏi and get

ẏi = ψi(yk, pl)

.
Introduce the Hamiltonian function

H =
i=m∑
i=1

ẏipi = L. (14.3)

Here ẏi are considered as the functions of yk, pl.
Performing the Legendre transformation (i.e. using the canonical variables (t, yi, pj))

in the expression for Hamiltonian variations (Sec.13) we get

δA =
∫ t1

t0

m∑
i=1

(
L,yi − d

dt
L,ẏi + Kk

i L,ẏk

)
(t,ys(y),pk(t))

ξi(t, ys(t))dt+

(
m∑

i=1

piδy
i − Hδt

)
|t=t1
t=t0 .

(14.4)
Now let the curve s(t) = {yi(t)} be a solution of Euler-Lagrange Equations with

the NC-variations defined by the tensor K and connecting points A = (t0, yi
0) and

B = (t1, yi
1). Then the first term in (14.3) vanishes and the variation δA takes (in

canonical variables) the standard form (see [44], Sec.13)

δA =

(
m∑

i=1

piδy
i − Hδt

)
|t=t1
t=t0 (14.5)

14.2. Case n=1, Hamilton-Jacoby equation and failure of Second Jacoby
Theorem. Here we follow (up to a point) [44], Sec. 23.

Consider a domain W in the space Q of variables yi such that for any two points
of W there exists a unique extremal in the domain W connecting these two points.
Consider the functional A(s(t) = {yi(t)} and fix the initial point A = s(t0). As a
result, we get the function of the endpoint B

S =
∫ t1

t0

L(t, yi, ẏj)dt (14.6)

evaluated along the extremal γ joining the points A = (t0, y0
i ) and B = (t1, y1

i ) - a
geodetic distance ([44],Sec.23) between A and B. Fix the initial point and consider
S as the function of final point B.
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Calculating partial derivatives ∂S
∂t , ∂S

∂yα of function S(t, yk(t)) we get the relation
dS = δA where variation of action is calculated at the fixed extremal γ. Using
formula (14.4) for the general variation (including variations at endpoints) of an
extremal we get

∂S

∂t
= H,

∂S

∂yi
= pi = L,ẏi , (14.7)

where H = H[t, yi; pk(t, yk)] is the Hamilton function introduced in Sec.13 (see
(13.2)). From these two equations it follows that the function S(t, yi) as the function
of endpoint B satisfies the (conventional) Hamilton-Jacoby Equation (HJ-equation)

∂S

∂t
+ H(t, y1, . . . , ym,

∂S

∂y1
, . . . ,

∂S

∂ym
) = 0. (14.8)

Basic relations between solutions of the Hamilton-Jacoby equation and the inte-
grals of the Euler-Lagrange system to be modified in the case of non-commuting
variations. Namely,

Theorem 7. (Jacoby) Let S = S(t, yi, α1, . . . , αk) be a solution of HJ-equation
depending on k � m parameters αj. Then, each derivative ∂S

∂αs
is the first integral

for the solutions (t, yi(t), pl(t)) of the (K-modified) Hamiltonian system:

d

dt

∂S

∂αs
=

∂2S

∂yj∂αs
fj = 0. (14.9)

Proof. Proof of this theorem repeats literally the proof in the non-twisted case
([44], Sec.23, Thm.1) due to the fact that the first part of Hamilton equations in
K-twisted case coincide with the classical one. �

Consider now the second (basic) Theorem of Jacoby.

Theorem 8. (Jacoby) Let S = S(x, yμ, αi, i = 1, . . . ,m) be a complete inte-
gral of the Hamilton-Jacoby Equation depending on m parameters αi.Let the
determinant of m × m matrix (

∂2S

∂αi∂yμ

)
be nonzero and let βj , j = 1, . . . , m be arbitrary constants.

Then the functions yμ = yμ(x, αi, βj) defined from the relations
∂

∂αi
S(x, y, α) = βi, ı = 1, . . . , m, (14.10)

together with the functions

pk =
∂

∂yk
S(x, y, α) (14.11)

where y are defined at (), constitute the general solution of Hamitonian Equations

yμ
,x =

∂H

∂pμ
, pk,x = − ∂H

∂yk
.

It is easy to see that the conventional proof ([44]) does not work in
the present situation where K �= 0. More specifically, starting with a general
solution of the Hamilton-Jacoby Equation (14.8) and following the proof we get the
conventional Hamiltonian system rather then the K-modified one.

As a result, in its classical form, Hamiton-Jacoby Theory can not be applied to
the K-twisted Euler-Lagrange systems.
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Remark 18. It is interesting to see if some modification of the HJ-equation and/or
procedure of construction of functions yμ and pν could lead to the K-modified
hamiltonian system.

14.3. Basic Field Equation for non-conservative dynamical systems. In
the works (), B. Vujanovich suggested a method that in a variety of cases, replaces
for the dynamical systems (one independent variable) the Hamilton-Jacoby method.
He called the PDE replacing the Hamitlon-Jacoby Equation the “Basic Field Equa-
tion” and applied it to a variety of dynamical systems: modified Hamilton equations
with non-conservative forces, equations of vibrations, non-conservative coupled os-
cillators, diffusion in a Tubular reactor and others, see [133].

We will present here a short description of this method and two examples of its
application.

We start with the general idea of choosing an ”embedding” -surface in the con-
figurational space where solutions of a dynamical system take values.

Let
ẋi = Xi(t, xk), i = 1, . . . , m (14.12)

be a dynamical system for a vector function x(t) = (x1(t), . . . xm(t).
Look for solutions of this system satisfying the condition

Φ(t, x1, . . . , xm) = 0, (14.13)

i.e. belonging to the hypersurface Φ ⊂ Y .
Assume now that ∂Φ

∂x1 �= 0. Then we can (at least locally) rewrite condition
(14.12) in the form

x1 = Ψ(t, x2, . . . , xm). (14.14)
Taking the total derivative by time and using the equations (14.12) for i > 1 we get
the first order PDE for solutions of system (14.12) ”embedded” into the surface Φ

∂Ψ
∂t

+
∂Ψ
∂xi

Xi(t,Ψ, xk, k > 1) = X1(t,Ψ, xk, k > 1) = 0. (14.15)

We will call this equation the basic field equation (BFE) defined by the surface
Φ.

This equation is a quasi-linear PDE and as such, is simpler then the Hamiton-
Jacoby Equation.

14.4. Basic Field Equation for a Hamiltonian system with nonconserva-
tive forces. Let {

ẋi = ∂H
∂pl

, i = 1, . . . , m

ṗj = − ∂H
∂xj + fj(t, xi.pl), j = 1, . . . , m.

(14.16)

be a Hamiltonian system with arbitrary forces fj .
This system can be obtained from (and is actually equivalent to) the modification

of D’Alambert variational principle
d

dt
(plδx

i) − δ(piẋ
i − H) − fiδx

i = 0, i = 1, . . . , m. (14.17)

Let U(t, xi, pl, l = 2, . . . , m) be a function of the listed variables. Adding and
subtracting the variation Uδx1 in this equation, we write it in the form

d

dt
(plδx

i − Uδx1) − δ(piẋ
i − H) − fiδx

i +
d

dt
(Uδx1) = 0, i = 1, . . . , m. (14.18)
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Now we define the first component of momentum

p1 = U(t, xi, pl, l = 2, . . . , m). (14.19)

This is the “embedding condition” mentioned in the beginning to this Section.
From now on it is convenient to use the notation za for pa with a = 2, . . . , m.

Using this in the previous variational equation we write it in the form
d

dt
(zaδxa) − δ(Uẋ1 − zaẋa − H) − fiδx

1 − faδxa +
d

dt
(Uδx1) = 0, i = 1, . . . , m.

(14.20)
Separating the coefficients of independent variations δx1, δxa, δza we get the

system of equations⎧⎪⎨⎪⎩
δx1 : dU

dt + ∂H
∂x1 + ∂H

∂U
∂U
∂xa + ∂U

∂xa ẋa + ∂U
∂za

ża − fi = 0.

δxa : ża − ẋ1 ∂U
∂xa + ∂H

∂xa + ∂H
∂U

∂U
∂xa − fa = 0,

δza : ẋa + ẋ1 ∂U
∂za

− ∂H
∂U

∂U
∂za

− ∂H
∂za

= 0.

(14.21)

Calculating derivatives ẋa and ża from the last two equations and substituting them
into the first equation we get the field equation (BFE) for the scalar function U :

dU

dt
+

∂H

∂x1
+

∂H

∂U

∂U

∂x1
+

∂H

∂za

∂U

∂xa
+

(
fa − ∂H

∂xa

)
− f1 = 0. (14.22)

Remark 19. This way to work out ”basic field equation”, being based on the
D”Alambert equation, proves the invariant character of obtained equation.

Remark 20. Notice that any solution of a Hamiltonian dynamical system with
non-conservative sources (14.16) satisfies to the condition (14.19) with some func-
tion U . Therefore, if starting with a general solution of (14.22) we construct corre-
sponding solutions of (14.16). As a result, we find ALL solutions of system (14.16).

14.5. Complete solution of BFE and related conservation laws.

Definition 7. A general solution of the BFE is the relation

p1 = U(t, x1, . . . , xn; z2, . . . , zn;C1, . . . , C2m), (14.23)
where Ci are 2m arbitrary constants such that if we substitute it to the BFE-

equation 14.22 it is satisfied identically.

Every complete solution satisfies the property: if we eliminate all 2mn constants
Ci from 2m+1 relations: 14.23,∂U

∂t , ∂U
∂xi ,

∂U
∂za

, i = 1, . . . , m; a = 2, . . . , m, we obtain
the basic field equation 14.22.

Next we notice that the general solution 14.23 contains in itself 2m conservation
laws for the dynamical system (14.16). We can recover these equations by fixing
values of 2m-1 constants Ci and leaving values of the left constant arbitrary. For
instance if we fix Ci = C2 = . . . = Ck−1 = Ck+1 = . . . , C2m = 0 for k = 1, . . . , 2m
and obtain 2n relations

p1 = Uk(t, x1, . . . , xm; z2, . . . , zm; Ck),

and solve these relations for Ck then, assuming that these relations are mutually
independent (i.e. under the condition that ∂Uk

∂Ck
�= 0), 2m conservation laws

Φk(t, x1, . . . , xm; z1, . . . , zm) = Ck (14.24)
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represent a complete set of conservation laws for the dynamical system (14.16).

14.6. General solution of modified Hamiltonian system (14.16) from the
general solution of BFE.. Let (14.23) be a complete solution of the BFE equa-
tion. Choose now one of the constants in this solution, say, consider C1 as an
arbitrary function of other constants C2, . . . , C2m: C1 = C1(C2, . . . , C2m). Taking
the derivative of the BFE by CA where A = 2, . . . , 2m, we get 2m − 1 functional
equations

∂U

∂CA
+

∂U

∂C1
DA = 0, (14.25)

where

DA =
∂C1

∂CA
, A = 2, . . . , 2n (14.26)

are new constants.
Now, having a general solution of BFE in the form 14.23, solve it for C1 to get

C1 = Ψ1(t, x1, . . . , xm, U, z2, . . . , zm; C2, . . . C2m). (14.27)

Find constants DA from () and then substitute the function C1 just obtained in
these expressions. We get the resulting equations⎧⎪⎨⎪⎩

Ψ2(t, x1, . . . , xm, U, z2, . . . , zm; C2, . . . C2m) = D2,

. . .

Ψ2m(t, x1, . . . , xm, U, z2, . . . , zm;C2, . . . C2m) = D2m.

(14.28)

Relations (14.27) and(14.28) together form the (implicitly written) general
solutions of the dynamical system (14.16)

Parameters CA, A = 2, . . . , 2m can take arbitrary values in their relevant do-
main. by substituting some values and returning to the variables U = p1, z2 =
p2, . . . , zm = pm we write system of relations (14.27,14.28) delivering (although
implicitly) the general solution of the system (14.16) in the final form⎧⎪⎪⎪⎨⎪⎪⎪⎩

Ψ1(t, x1, . . . , xm, p1, p2, . . . , pm; C2, . . . C2m) = C1,

Ψ2(t, x1, . . . , xm, U, p2, . . . , pm; C2, . . . C2m) = D2,

. . .

Ψ2m(t, x1, . . . , xm, p2, . . . , pm; C2, . . . C2m) = D2m.

(14.29)

To illustrate described method we apply it to the following example

Example 8. Consider the 2-dim dynamical system on the time interval [1,∞){
ẋ1 = x2,

ẋ2 = x2 2

x1 − x2

t ,
(14.30)

with the initial data {
x1(1) = a,

x2(1) = b.

Take x2 = U(t, x1) as the basic field we find the basic field equation (14.22) to
be

∂U

∂t
+ U

∂U

∂x1
− U2

x1
+

U

t
= 0. (14.31)
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Separate variables x1 and t by the assumption U(t, x1) = F (x1)
f(t) from which we find

that
ḟ

f
= (F ′ − F

x1
)
1
f
− a

t
. (14.32)

The overdot here is the time derivative while prime is the derivative with respect
to x1. This relation can be written in the form

ḟ − f

t
= (F ′ − F

x1
).

Equating both expressions to constant 1 and integrating both obtained expressions
by corresponding variables we find the general solution of the BFE equation

x2 =
x1

t

ln(x1) + A

ln(t) + B
, (14.33)

where A,B are constants.
Substituting (14.33) to the dynamical system (14.30)with given initial conditions

we get A = B b
a − ln(a). Putting this back into (14.33) we obtain the conditional

form solution of BFE

x2 = Ū(t, x1, a, b, B) =
x1

t

ln(x1/a) + B(b/a)
ln(t) + B

, (14.34)

where B is arbitrary.
Using the relation ∂Ū

∂B = 0 we see that under the condition (ln(t) + M) �= 0, the
last equation gives

x1 = atb/a.

Substituting this into the expression for x2 we get the second component of the
solution

x2 = bt(b/a)−1.

To find the general solution of the starting dynamical system using the above de-
scribed method, we choose the relation between arbitrary constants A = A(B) to
be true. Equation ∂x1

∂B = 0 is now equivalent to the relation

ln(x1) =
dA

dB
(ln(t) + B) − A. (14.35)

Using this in () we find

x2 =
x1

t

dA

dB
=

x1

t
D1, D1 =

dA

dB
(14.36)

and equation (0 now gives

ln(x1) = D1ln(t), D2 = B
dA

dB
− A. (14.37)

Last two equations represent the general solution of dynamical system (14.30).

Remark 21. (Conjecture:Case of Field Theory.) Now, let

∂ty
μ +

i=3∑
i=1

∂xiF i
μ = Πμ, μ = 1, . . . , m (14.38)

be a system of balance equations, where flux components F i
μ and sources Πμ are

functions of t = x0, xi, i = 1, 2, 3 and of the fields yμ.
Place the embedding condition
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w1 = Φ(t, xi, wνν = 2, . . . , m) (14.39)
Acting as in the case of dynamical systems we get for a function Φ the BFE

∂Φ
∂t

+
∑
μ>1

∂Φ
∂wμ

(Πμ − ∂xiF i
μ) − (Π1 − ∂xiF i

1) = 0. (14.40)

This quasilinear BFE for Field Theory can probably be used in the same way as
the equation 14.22 in the case of Mechanics.
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