Chapter 2
Bivariate Right Fractional Polynomial
Monotone Approximation

George A. Anastassiou

Abstract Letf € C'? ([0, 1]2), r,p €N, and let L be a linear right fractional mixed

partial differential operator such that L (f) > 0, for all (x,y) in a critical region
of [0,1]* that depends on L. Then there exists a sequence of two-dimensional
polynomials Qpr iy (x,y) With L (Qpr iz (x,¥)) > 0 there, where 77,717, € N such
that m; > r, my > p, so that f is approximated right fractionally simultaneously
and uniformly by Q7 on [0, 1%, This restricted right fractional approximation
is accomplished quantitatively by the use of a suitable integer partial derivatives
two-dimensional first modulus of continuity.

2.1 Introduction

The topic of monotone approximation started in [5] has become a major trend in
approximation theory. A typical problem in this subject is: given a positive integer
k, approximate a given function whose kth derivative is >0 by polynomials having
this property.

In [2] the authors replaced the kth derivative with a linear differential operator of
order k. We mention this motivating result.

Theorem 2.1. Let h, k, p be integers, 0 < h < k < p and let f be a real function,
£ continuous in [—1,1] with modulus of continuity ® (f(p),x) there. Let a; (x),
j=hh+1,... kbe real functions, defined and bounded on [—1, 1] and assume
ay, (x) is either > some number o > 0 or < some number < 0 throughout [—1, 1].
Consider the operator

k .
L= ax [%}
j=h

and suppose, throughout [—1, 1],
L(f) > 0. (2.1
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Then, for every integer n > 1, there is a real polynomial Q, (x) of degree < n such
that

L(Q,) > 0 throughout [—1,1]

and
700 - 0,001 = G P (£, ).

where C is independent of n or f.
We need
Dmmmmzzaun&mmuﬂyLafecgauﬁiquﬁzmjmemem

(x1,¥1), (x2,¥2) € [0, 1]2 and 81,8, > 0. The first modulus of continuity of f is
defined as follows:

w1 (f,81,82) = sup |f (x1,y1) —f (x2,y2)] -

[x1—x2|<é1
[y1=y21<8>

Definition 2.3. Let f be a real-valued function defined on [0, 1]2 and let m, n be two
positive integers. Let B,,, be the Bernstein (polynomial) operator of order (m, n)

given by
Bty = £ (L) (") (1)
N i=0j=0 m’ n i Jj (2.2)
X (L=x)""y - (L= )"
For integers r,s > 0, we denote by f(”) the differential operator of order (r,s),

given by

0 ()

(r.5) -
J ) By

We use

Theorem 2.4 (Badea and Badea [3]). It holds that

[ = Baan™ |
oo

, wn. | 1 )
=t ‘“1(f e T

kk—1) 1(I—1)
m = n }‘

+ max % ‘f(k’l) H , (2.3)
o0
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where m > k > 0, n > | > 0 are integers, f is a real-valued function on
[0, 1]2 such that f*&V is continuous, and t is a positive real-valued function on
Z4 =1{0,1,2,...}. Here ||-|| o, is the supremum norm on |0, 1%

Denote C"? ([O 1]2) = {f : [0,1* — R;f®D is continuous for 0 < k < r,
0<I1<p}

In [1] the author proved the following main motivational result.
Theorem 2.5. Let hy, hy, vy, vy, 7, p be integers,0 < h; <v; <r,0<h <v, <p
andletf e CP ([0, 1]2) Letoeij(x,y), i=h,h+1,...,v;j=hy,hh+1,...,0

be real-valued functions, defined and bounded in |0, 1]2 and assume oy, is either
>a > 0or < p < 0 throughout [0, 11*. Consider the operator

v v 8l+

=2 D ey o 3 2.4)

i=h) j=h

and suppose that throughout [0, 1],
L(f)>0.

Then for integers m,n with m > r, n > p, there exists a polynomial Q,,, (x,y) of
degree (m,n) such that L (Q,,, (x,y)) > 0 throughout [0, 1 and

P (L.f)

(k1) (kl < 25
] e R G 25)
all (0,0) < (k, ) < (h1, hy). Furthermore we get
o — 0| < mi ). 2.6)
o0

forall (hy + 1,hy + 1) < (k, 1) < (r,p). Also (2.6) is true whenever 0 < k < hy,
hh+1<Il<porh+1<k<r0=<I1=<h Here

MEL = M5 () = 1 (kD) - o (f(k” \/1_ \/,:T)

+ max { k- 1), G 1)} . Hf(k’l) H 2.7
m n [ee]
and
Pun=Pun(L)=) Y lj-M, (2.8)
i=hy j=h>

where t is a positive real-valued function on Zi and

li= sup o, (x.y) e (x,)] < oo. (2.9)
(xy)el0.1]
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In this article we extend Theorem 2.5 to the right fractional level. Indeed here L
is replaced by L, a linear right Caputo fractional mixed partial differential operator.
Now the monotonicity property is only true on a critical region of [0, 1]* that
depends on L parameters. Simultaneous right fractional convergence remains true
on all of [0, 1]°.

We need
Definition 2.6 (See [4]). Let oy, > 0; @ = (0, 02), f € C([O, 1]2> and let

x = (x1,x),t = (t1,n) € [0, 1]2 . We define the right mixed Riemann-Liouville
fractional two-dimensional integral of order o:

o . 1 ! ! a;—1 ar—1
(1_f) (x) = m/;l /xz (= x)™ (2 —x2)™ f (1, 12) dhdn,

with x1,x, < 1. Here I" stands for the Gamma function.
Notice here

1 (|f]) < oo. (2.10)

Definition 2.7. Let oy, > 0 with [ay] = my, [ax] = my, ([-] ceiling of
the number). Let here f € C™"™ ([O, 1]2>. We consider the right (Caputo type)

fractional partial derivative:

( l)ml—i-mz

(al )
FO = T —an T (=)

It (J1,4)

. _ mp—a—1 _ my—ar—1
/XI /xz (J1 —x1) (2 —x2) ETRETE dJydJs,
2.11)
Y x = (x1,x) € [0,1]%
We set
DYVf () :=f (),
am1+m2
D () =~y S FO e (2.12)
ox|' ox3”?
Definition 2.8. We also set
(Oaz) ( l)mz [ mz—az—l 3m2f ()Cl,Jz)
= J ———=dJ,, 2.13
f(x) = T o —a3) ()2 — o > (2.13)
—1)y™ 1 omf (J ,
D0 (= U [ gyt ZLOL) gy 1

F(ml—ozl) x1 8JI"‘
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and
l)mz _ aml+m2f (xl, J2)
plmay oy .o D™ / 7 m—a=t O S 4y 5 s
1— f ()C) F (m2 _ az) ( 2 — X ) ml aJ;nz 2 ( )
(al.mz) ( l)ml f mp—a—1 aml+m2f (Jl -x2)
D == J ————"dJ;. 2.16
1— f('x) F (m[ —a]) ( 1—X ) aJmla n12 1 ( )

2.2 Main Result

We present our main result
Theorem 2.9. Let hy, hy, v1, V2,1, p beintegers,0 < h; <vi <r0<h <v, <p
andletf € C"™P ([0 1]2>. Letaj (x,y), i=hi,m+1,...,v5j=h,lb+1,...,0

be real-valued functions, defined and bounded in [0, 1]2 and assume oy, is either
>a > 0or<p <0 throughout [0, 1]%.
Let integers my, my withmy > r, my > p. Set

lij:= sup |oeh_122 (x,y) - o (x,y)| < 00. 2.17)
e’

Also set ([ay;] =i, [azj] =, [] ceiling of number)

1
Fi—ay+ DI (—ay+1)

iy .
MWl,mz = m1 Noy (f)

%“’ por (19 e )

-1 -1
+ max { i(i ) ] U )% Hf(hl) } i (2.18)
my
i=h1,...,v1;j=h2,...,v2.
Here t is a positive real-valued function on Zi, Il o is the supremum norm on
[0, 1]%. Call
v v
Parms o= Prs () = ) )l Myt . (2.19)
i=hy j=hy
Let

050(1},1f/’ll<0511<h1+1<0112<h1+2<0113

<h +3<--<opy <v <. <o <",
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with |—a1h1_] = hy;
0§a2h2§h2<a21<h2+1<a22<h2+2<a23
<h +3<--<ay, <vy<---<ay <p,

with [aop, | = hp. Here hy + hy =2m, m =0,1,2,....
Consider the right fractional bivariate operator

U1 V2

L= a;(x.y) Dl(‘i”"”zf'). (2.20)

i=hy j=hy

Then there exists a polynomial Qmy s (x,y) of degree (my,my) on [0, 1% such
that

HDg(ﬂkvazl) () — Dg‘ﬂkﬂﬂ) (O 75

h1—k
- P ‘2: h—k\ T'(hi—k—0+1)
T =Rt =D |\ 0 I'(h—oay—0+1)
Pl I\ T (h—1—p+1)
Z( 2 ) 2 P + M 2.21)
p ) T'(hh—ay—p+1) o

p=0

fOV (070) = (k7 l) =< (hlv h2)

If (h+1hh+1) < (ki) < (rp,or0 =<k =<h,h+1=<1=<por
h+1<k=<r0=<I1=hy, then
<M (2.22)

- 1,m2

k20 -2

IfL(f(0,0)) > 0, then L(Qprms (0,0)) > 0.
Let0 < x < 1,0 <y < 1, with ap, 7# hy and oz, # ha, such that

N
e e +1)M’ (2.23)
l—y>TI (h2 —Qop, + 1) (h27°‘2h2) ,
equivalently,
N
£ 1T =, + D)), (2.24)
y= 1-r (l’l2 —Qop, + 1)(}'2_0‘2’12)),
and

L(f (x,y) = 0.
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Then

L Qi (x,)) = 0.

To prove Theorem 2.9 it takes some preparation. We need

Definition 2.10. Let f be a real-valued function defined on [0,1]* and let
my, my € N. Let By;m; be the Bernstein (polynomial) operator of order (i, ;)
given by

. e NI N i my\ ((m
Brram (fix1,x2) 1= 30 X inmof (m:‘I %) ( i ) ( i ) (2.25)
X (L=x)™ X7 (1 —x)™ 2.

We need the following simultaneous approximation result.

Theorem 2.11 (Badea and Badea [3]). If holds that

Hf(kl ka) (BWTWZf) (k1.k2)

(o]

1 1
<tk ko) oy [ fER); ) )
< t(ki, k) 1(f NN e
ky (ky — 1), ky (ky — 1)% . Hfuq,kz)
o0

ny my

+ max % (2.26)

where my > ki > 0, my > ko > 0 are integers, f is a real-valued function on [0, 1]2,
such that %% is continuous, and t is a positive real-valued function on Zﬁ_. Here

Il is the supremum norm on [0, 1]°.

Remark 2.12. We assume that m; > my; = [ai], mz > mp = [ay], where
oy, 0 > 0.
We consider also

(_1)m1+m2
I (my—ay) I' (my — )

1 1
'//(11 —x)" TN (1 —xp) !

X1 X2

"™ *"2 (Byg af) (11, 12)
ot} oty

D\ (B if) (X1, %2) =

dtdt,, 2.27)

Y (x1,x) € [0,1]%
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Proposition 2.13. Let o, > 0 with [oy] = my, [ax] = mo, f €
Ccmm ([0 1]2>, where mi,m; € N : my > my, mz > my. Then

1
<
co " I'(m—ay+ 1T (my—ax+1)

R

1 1
rommon (s N m)

o [P0 M2 =D ]
mj mp oo
(2.28)
Proof. We observe the following:
(DI f (1x2) = DI (B ) (1. )|
| 11
— t _ ml—al—l t _ mz—olz—l
I (my — o) I" (my — ) //(] ) (2 =)
X1 X2
am]-‘rmzf (11, 12) gmtm (BWWJ) (tly 12) dds (2.29)
o1y 9y o1y 9y 1 '

1
<
T I'(m —oy) I (my —ay)

1 1
/ / (tl —Xl)ml_al_] (12 —Xz)mz_az_] (230)
x1 Jx

. am1+m2f (fl ) 12) _ am1+m2 (B”TD"T’—f) (tl ’ t2) dtldt2
TR oty 0y
(2.26) 1 1
< {i(mi,my) o (f " e v )
{ Vmy—my - my —my

+ max % my (my — 1)’ my (my — 1)} ) Hf(ml,mz)

} (2.31)

m my

1
T (my—a)) T (my — )

1 1
// (t1 —xl)ml_al_l (tz —.Xz)mz_az_l dtdty
X1 X2
L —x)" T (1)
o F(ml — o] + I)F(mZ—O[2+ 1)

1 1
1t (my,ma) (f(m]’m); — S )
% vmp—my my —my

-1 -1
+ max { m (m_1 ), 72 (m_2 ) % Hf(ml’mZ)
my ny

} , (2.32)

Y (x1,x2) € [0, 1]%
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Proof (Proof of Theorem 2.9).
We need for (0,0) < (k,1) < (hy, hy) to calculate

hy i k+1
pfewes) (£102) _ 1)

) Tk—ap) I (—oy)
F o k—ay—1 I—ap—1 J{”_k étz—l
[ o=t iy et AR,
(2.33)
. ()t 1 ! f—aii—1 shi—k
T =R — D! F(k—alk)/x =250
1
(Nlim / Uy — y)f—w—lfngdjz)}. (2.34)
g
We find that
1
/ A A L 7
1
= (-D"~* / (=" =
1
— 0 [ @ =) -
(A k
= (~ph* / (Z( Y )(1—J1)h‘“’ (—1)0)
© \g=0
x (J] —x) el gy, (2.35)
h1—k
_ IX: (hl —k) (—1ylH+o
- 0
6=0
1
X/(l _J])(hl—k—0+l)—l (Jl _x)k_alk_l dJ]
h1—k
- 1 (hl _k) (_1)h1—k+0
- 6
=0
F(h—k—0+1)T (k—
{ : G —o:;_)e i D A RCE D
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Similarly we find

1
/ (Jo —y) @ gy,

ha—1
_ Z hy —1 ha—l+p
= —1

( P ) =D

X{F(hz—l—p+l)F(l—Olzl)
I'(hh—ay—p+1)

(1- y)’“—“ﬂ‘ﬁ} . (2.37)

Therefore
plaka) ()‘hl ) — 1
1= hy! hy! (b — k)Y (hy — D!

h1—k
. h=k\, mpef Ti—k=0+1) . _6%
é[Z( 9 )( D %F(hl_alk_e-i-l)(l AT

0=0

hy—l
NE (m-1) +{ T=l=pt+ D) _,hz—azz—p}
|:Z( P )( v F(hz—olzz—/)"‘l)(l Y .

p=0
(2.38)
Here we use a lot Proposition 2.13.

Case (i). Assume that on [0, 1]2, Qpp, = o > 0.

Call
¥ yhz
O jmz (%, ) 1= Bz (1%, y) + Prr iz 7 - (2.39)
! hy!
Then by (2.28) we get
Ak, xh] yhz o o
HD(I—”“ 21) (f+ P"’l’”2h_11h_2|) ( 1k-0021) (Qwrm (2, ) H ml mz’
(2.40)

forall0 <k <r,0<I[<p.
When (0,0) < (k,[) < (hy, hy), using (2.38) inequality (2.40) becomes

1
(hy — k)! (hy — 1)

hi—k
hl —k h1+0 r (hl —k—0 + 1) _ \m—a—0
{[Z( 0 )(_1) {F(hl—alk—9+1)(1 %) §:|

0=0

HDgoﬁk’azl) (f) + Prr
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hy—l
ZZ (h2 , l) (=1 { TP (e
pr P F(hz—(xz[—p‘l‘l)

—D{ ) (Qpry s (x.)) H - (2.41)

for all (0,0) < (k,]) < (hy, hy), x,y € [0, 1].
Using (2.41) and triangle inequality we obtain for (0,0) < (k, 1) < (hy, hy) that

(1k,21) (Otlk ;) Pm1 Vi3
HD "= (Omm)| o = Ui =0t (=)
A5 (= (Ln—kootn |
= 0 'y —ay—0+1)
hy—l1
. hy =1 M} ML
|:,;,( P ){F(hz—azl—p-i-l) :|}+ "2

(2.42)

proving (2.21).
Next if (hy + 1,hp + 1) < (k,)) < (r,p),or 0 <k < h;,hp, +1 <[ <p,or
hi+1<k=<r0=<I=<hy, we getby (2.40) that

<M (2.43)
o0

HD(alk 021) ) — D(Oélk on) (le -

proving (2.22).
Furthermore, if (x, y) in critical region, see (2.23), we get

i, @Y L (O (0,9) = ajph, YL (x,3)

a _x)hl—otux] a _y)hz—DtZIxz

+ P (i —auny +1) T (ha — oo, + 1)
V1 V2
+ Z Z oth_l,llz (x,y) ajj (x, y)
i=hi j=h
oy
(a],az/) |:le s (L y) —f(xy) — ijhfllz 2']
(2.40) (1 —x)n=m (1 _y)hz—‘mz
= " (hy —agy + 1) T (= o, + 1)
V1 v2
- Z Z liM; ml T
i=hy j=h

(2.44)
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(1= "7 (1 —y) e
—a + l) ( —aop, + 1)

F h1
hy—aip _ y2—oon
— Prs i A Ul ) (2.45)
hl —ayy + 1) T (h — o, + 1)

Il
T

— Py

ny

m

—x)hl_w‘ (1—y)27m — [ (hy —aypy + 1) T (hy — o + 1)
(= + 1) T (hy —aopy + 1)

— (%) (2.46)

We know I" (1) = 1, I"' (2) = 1, and I" is convex and positive on (0, co). Here
0<m —ap <1 and 0 < hz—azhz < 1,hence 1 < Iy —ay +1 < 2,
1 <hy—oaop+1<2.Thus 0 < I'" (hy —ayp, + 1), I' (hy —agp, + 1) < 1, and
1 —T (h —oup + 1) T (hy— o, + 1) > 0. Clearly acting as in (2.44)—(2.46),
when L (f (0,0)) > 0, we get L (Quirim; (0,0)) > 0.

Also clearly here on the critical region (2.23) we have (%) > 0. That is, there
L Qs (x,y)) = 0.

Case (ii). Assume that throughout [0, 1]2, A, < B < 0. Consider

Lyt

mlmz( y)—Bmlmz(fxy) Pmlmzh'h2

Then by (2.28) we get

(o1k,0021) a th (Dtlk 1) < pmkd
Dy- = Paim 7 (@i )| = M,
00

T By
(2.47)
al0 <k=<r,0<I<p.
Working similarly as earlier in this proof we derive again (2.21), (2.22).
Furthermore, if (x, y) in critical region, see (2.23), we get
ahlhz (x, y)L( my iy (x, y))
hi—aip hy—azp
—1 - (1—x) H(1—y) 2
=« x,y) L(f (x,y)) — Pz
b DL ) = P e o e
V1 1%
0D e, @) e (x.y)
i=hy j=hy
h o
a0/ _ y
D) [ o () =F (9) + P ,} (2:48)
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(2.47) (1 _x)hl—ﬂtlhl (1 _y)hZ_Othz
= —VLPurm
N PR (= + DT (hy —aon, + 1)
vl v2 ..
+Y > My (2.49)
i=h j=h,
1— hi—ainy 1— hy—a2n,
= Py (1 =1 1=y (2.50)

Py iy
T (= + D) T (hy =g, + 1) = (1= )"0 (1 — y)27e
I'(h—oup + D) I (hy —aop, + 1)

=: (%%). (2.51)

We know I" (1) = 1, I"' (2) = 1, and I" is convex and positive on (0, co). Here
0<m —ap <1 and 0 < hz—Olzhz < 1,hence 1 < Iy —ay +1 < 2,
1 <hy—amy,+1<2.ThusO0 < I" (hy —oyp, + 1), I (hy —azp, + 1) < 1, and

F(hl — oy + 1)F(h2—0l2h2 + 1)—1 <0.
Clearly acting as in (2.48)—(2.51), when L (f (0,0)) > 0, we get

L(Qz s (0,0)) > 0.

my.my

_ Also clearly here on the critical region (2.23) we get (%) < 0. That is, there
L(Qp iz (x.3)) = 0.
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