Chapter 2
Basic Concepts and Methodology

In this chapter, the main concepts relevant for the theoretical study of elementary
photochemical processes are briefly reviewed. The notions of vibronic coupling and
conical intersection are first introduced. The main basic tools from the molecular
electronic structure theory and their use for the exploration of potential energy sur-
faces are then presented.

2.1 The Molecular Schrodinger Equation

2.1.1 The Molecular Hamiltonian Operator

The Hamiltonian operator H (r, R) of a molecule composed of N,, nuclei and N,
electrons is the sum of a nuclear kinetic energy operator (KEO) 7}, (R), an electronic
KEO T, (r) and a potential energy operator V (r, R) that describes the Coulombic
interaction between the different particles. Here, » and R denote vectors collecting
all the electron and nuclear coordinates respectively. The KEOs read
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where m, is the mass of the electron, M, is the mass of the ath nucleus and V;
(V,) is a vector operator containing the derivative operators with respect to the

coordinates of the ith electron (ath nucleus) as elements, i.e V; = (% % %)

in Cartesian coordinates. The potential operator is the sum of an electron—electron
repulsion operator, a nucleus—nucleus repulsion operator and an electron—nucleus

© Springer International Publishing Switzerland 2016 13
M. Sala, Quantum Dynamics and Laser Control for Photochemistry,
Springer Theses, DOI 10.1007/978-3-319-28979-3_2



14 2 Basic Concepts and Methodology

attraction operator
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(2.3)
where Z,, is the charge of the ath nucleus, e is the electron charge, r; and R,, are
the position vectors of the ith electron and ath nucleus, respectively.

The quantum mechanical description of a molecule requires the solution of the
time-dependent Schrodinger equation (TDSE) associated with the Hamiltonian oper-
ator H(r, R) =1,,(R) + T, (r) + V(r, R) described above

Hr, R)Y(r,R,t) = ih%\y(r, R, 1). (2.4)

Because the motions of the various particles are correlated through the potential
terms of Eq. (2.3), the direct integration of the molecular Schrodinger equation is an
extremely difficult task that is only possible, in practice, for the simplest atomic and
molecular systems.

2.1.2 The Born-Oppenheimer Approximation

The above problem can be simplified by separating the fast electronic motion from the
slow nuclear motion. One first defines an electronic Hamiltonian, also called clamped
nucleus Hamiltonian H,(r; R) = T,;(r) + V (r; R). This electronic Hamiltonian
acts in the electronic space and depends parametrically on the nuclear coordinates
R, as indicated by the semicolon in the coordinate dependence of the operators.
The eigenfunctions and eigenvalues of the associated time-independent Schrédinger
equation (TISE)

Heu(r; R)gu(r; R) = V,(R)$,(7; R) (2.5)

are the electronic adiabatic energies and eigenfunctions. The set of eigenfunctions
{d,(r; R)} satisfies the usual orthonormality relation

(OmlOn) = /¢;’1(r; R)¢,(r; R)dT = 0. (2.6)

The molecular wavefunction W (7, R, t) of Eq.(2.4) can be expanded in the basis of
the electronic eigenfunctions

v(r, R, 1) = ZXn(R, Don(r; R). 2.7)
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The exact molecular TDSE then reads

0
T 2 xn (R 06 (75 B) + Het 3 Xn (R, D6n (s B) = il > xn (R, D (15 R).
n n n

(2.8)
Let us, for simplicity, rewrite the nuclear kinetic energy operator in terms of mass-
weighted rectilinear coordinates (defined as the rectilinear coordinates multiplied by
the square root of the mass of the nucleus) 7;,, = —%ZV R.VR. The first term of the
last equation can now be developed

Tou D Xn (R, (3 R) = D [ (R, )T (r; R) + ¢ (r; R Tuxn (R, 1)

n

— W*V Ry (r; R).Vrx,(R, 1)]. (2.9)

Inserting Eq. (2.9) in Eq. (2.8), multiplying from the left by ¢, (r; R) and integrating
over the electronic coordinates, one obtains

.0
[Tow + Vi (B)] xm (R, 1) + Zﬂ: AmnXn (R, 1) = Zh@Xm (R, D). (2.10)

This last equation shows that the nuclear motion of the molecule obeys an infinite
set of coupled differential equations. The so-called non-adiabatic couplings A,
describe the dynamical interaction between the electronic and nuclear motions [1—
3]. They are given by

Apn = Fpn. Ve + Gy (2.11)

where F,,, = —h2(¢m|V R®,) is a non-adiabatic derivative coupling vector element
and G, = (O | Touldn) = — %7 (Om |V12{¢,1) is an element of the non-adiabatic scalar
couplings. The derivative coupling vector matrix F is antihermitian, i.e F' = —F.
If the adiabatic electronic wavefunctions ¢, (r; R) are chosen to be real, then the
diagonal elements of F' vanish.

The Born—Oppenheimer approximation [4, 5] consists in neglecting the non-
adiabatic couplings. This approximation relies on the very different masses of the
electron and nuclei. Indeed, the proton, which is the lightest atomic nucleus, is
roughly 1836 times heavier than the electron. Therefore the electron velocity is
much higher than that of the nuclei and the fast electrons adjust instantaneously
to the slow motion of the nuclei. Within this approximation, no transition between
different adiabatic electronic states can be induced by the nuclear motion and in this
case, the total molecular wavefunction can be written as

Y(r, R, t) = xR, )o(r; R), (2.12)

which leads to 5
[T, +V(R)+ Al x(R,t) = ihax(R, 1). (2.13)
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Equation (2.13) constitutes the Born—Oppenheimer approximation. When the elec-
tronic adiabatic wavefunctions are chosen real, the non-adiabatic term simply reads
A = G = (¢|T,|¢). Usually, A is very small and Eq. (2.13) is only used if very
high accuracy is sought. Neglecting A leads to the so-called adiabatic approximation

[T + V(R x(R, 1) = ihgx(R, 1. (2.14)

Below, we show that the validity of the adiabatic approximation is directly related
to the energy separation between the different electronic states. To this purpose, a
useful expression for the derivative coupling vectors F',,, can be derived. It follows
directly from the electronic TISE

(Om|Het|pn) = Vi (R)Opn. (2.15)
Applying the nuclear gradient on both sides, one obtains
Vr(m|Hetlpn) = VRV, (R)omn. (2.16)
Let us develop the left hand side of this last equation

Vr(Om|Hetlon) = (VRO HetlOn) + (Pm|(VRHe) | On) + (Om| Het|V ROn)
= (V(R) = Va(R)) (D |V RDn) + (dm|(VRH ) Gn). (2.17)

From the last two equations, one finally obtains

— <¢m|(VRHeZ)|¢n) - VR‘/;l(R)émn

an
Vi(R) — Vi (R)

(2.18)

For m = n, we have seen above that by choosing the ¢, (r; R) real, the F',,, term
vanishes. For m # n,
<¢m|(VRHel)|¢n>

an = .
%(R) - ‘/m (R)

(2.19)

This last equation shows that the magnitude of the non-adiabatic coupling vec-
tor depends on the energy separation between the different electronic states. They
become large when different electronic states become close in energy. In particular,
the non-adiabatic coupling vector diverges in the situation where two or more elec-
tronic states are degenerate. This particular situation is called a conical intersection,
and leads to a breakdown of the adiabatic approximation near the degeneracy.
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2.2 Vibronic Coupling

2.2.1 The Group Born-Oppenheimer Approximation

As seen in the previous section, the separability of the electronic and nuclear motions
rests both on the large difference between the masses of electrons and nuclei and on a
sufficient energetic separation between the electronic states. When electronic states
become close in energy, the corresponding non-adiabatic coupling matrix elements
become large and the Born—Oppenheimer approximation breaks down. However, in
such situations, one is usually interested in a few electronic states and the couplings
between them. Therefore one can consider a block of electronic states inside of
which the non-adiabatic couplings are taken into account, and neglect the couplings
between the states of interest and the other states. Considering a block of Ny, states
of interest, the set of equations of motion for the nuclei of Eq. (2.10) reduces to

Ny

9
[T + Vi (R X (R 1) + Z Ao (R 1) = iz (R0, (2:20)

where the indices n and m span the group of states of interest. Obviously, as for
the original Born—Oppenheimer approximation, this partitioning of the space of the
electronic states is only valid if the energy separation between the electronic states
of interest and the higher electronic states is sufficient. This approximation is known
as the group Born—Oppenheimer approximation [3].

2.2.2 The Diabatic Representation

Although the group Born—Oppenheimer approximation greatly simplifies the descrip-
tion of molecular systems with strong vibronic interactions between low-lying elec-
tronic states, Eq. (2.20) is still difficult to handle when the electronic states are nearly
degenerate because of the divergence of the derivative couplings F',,, and of the
topography of the adiabatic potential energy surfaces (PESs), which are difficult to
represent by simple mathematical expressions. Therefore, in general, a more conve-
nient representation of the electronic states, called diabatic representation, is used in
quantum dynamical investigations. The diabatic representation is constructed such
as to provide smooth potential energy and coupling surfaces. The diabatic basis is
obtained through a unitary transformation

¢’ (r; R) = S(R)$(r; R), (2.21)

where ¢ = (¢1, ¢2, ..., ¢n,)T and similarly ¢ = (¢4, (;Sg, ey gzﬁj{,w)T, such that
the derivative couplings in the new representation are zero
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Fy, = (@51 VRe) =0. (2.22)

The diabatic derivative coupling matrix can be expressed in the adiabatic represen-
tation as
F'=S"FS+S'VS (2.23)

with F' = [F,,,]. It follows immediately that the unitary transformation that fulfills
F¢ = 0 satisfies the following equation:

FS+VS=0. (2.24)

Unfortunately, in the general case of a polyatomic molecule, the last equation only has
a solution if the complete set of adiabatic electronic states is considered. Therefore,
in practice, a strict diabatic basis does not exist and one usually searches a quasidi-
abatic representation that makes the derivative couplings small enough to be safely
neglected. Several methods have been proposed to obtain a quasidiabatic represen-
tation from ab initio computed data in the adiabatic representation. These methods,
which are reviewed in the Chap.4 of Ref. [6], can be classified into three classes,
depending on the type of data used to construct the quasidiabatic representation. The
first class contains derivative-based methods, which use ab initio computed derivative
couplings to integrate directly Eq.(2.24). These methods require the computation of
the derivative couplings over extended portions of the geometry space and are there-
fore computationally expansive. The second class contains property-based methods,
which attempt to reduce the configurational change of the electronic wavefunctions
upon geometry changes to determine the transformation matrix .S. Since smoother
electronic states yield smoother properties, this can also be achieved by enforcing
the smoothness of electronic properties, such as, for instance, the dipole moment.
The last class contains energy-based methods, which use only ab initio computed
electronic energies.

Assuming that a suitable quasidiabatic representation has been derived, the TDSE
in the diabatic representation can be written in matrix form as

[Tl + WR)IX (R, 1) = ihgxd(R, 1), (2.25)

where
x4 (R, 1) = S(R)x(R, 1), (2.26)

is the vector of the diabatic nuclear wavefunction components and
W(R) = S"(R)V(R)S(R) (2.27)
is the matrix of the diabatic potentials with

Won = (¢% | Hol62). (2.28)

m
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We note that the diabatic electronic states are no longer eigenstates of the electronic
Schrddinger equation, which means that the diabatic potential matrix is not diagonal.
This transformed nuclear TDSE has a much more appealing form than the original
nuclear TDSE in the adiabatic representation of Eq.(2.20) because the couplings
between the different diabatic electronic states now appear in the diabatic potential
matrix W (R) that contains only local, i.e scalar, operators. In addition, in practice,
the diabatic potential and coupling surfaces have a much simpler topography than
their adiabatic counterparts.

2.2.3 Conical Intersections

The diabatic representation can now be used to characterize the topography of the
PESs at the vicinity of conical intersections. We first expand the diabatic potential
energy matrix elements as Taylor expansions around a reference geometry Ry

W(R) = W(O) + W(l) + W(z) 4+ (2.29)

It is assumed that the diabatic representation has been constructed such that, at
this point, the adiabatic and diabatic representations are identical. This is always
possible since Eq.(2.24) defines the transformation S(R) up to a constant unitary
transformation. In other words, if the matrix S(R) satisfies Eq. (2.24), the matrix
TS(R), where T' does not depends on R, also does. Therefore, by choosing T' =
ST(Ry), the adiabatic and diabatic representations are identical at Ry. This point
can be the ground state equilibrium geometry, a point of electronic degeneracy, or
any other point of interest. The zeroth order diabatic potential matrix is simply the
diagonal matrix of the adiabatic energies

W = ($il Hald))| p, = Vi(Ro)Sy;. (2.30)

The first order potential matrix can be expressed in the adiabatic basis at Ry as
M r
WP R) = [ (6 VrHalép)],, | (R - Ro. 231)
For diagonal elements, this leads to

W (R) = [(¢i|VRHa|6)|r,]" (R — Ro)

= [Vr(¢il Hal¢)|g,]” (R — Ro)
VRVi(R)|f, (R — Ry), (2.32)

where we have used the fact that the diagonal elements of the F' matrix are zero for
real electronic wavefunctions. One can see from this last equation that the gradients



20 2 Basic Concepts and Methodology

of the adiabatic PESs at the reference geometry IRy appear in Wi(il) (R). In addition,
the non-diagonal elements VVZ-(;) (R) are related to the derivative couplings given in
Eq.(2.19).

The adiabatic potential energy matrix V' (R) is obtained by diagonalizing the
diabatic potential energy matrix W (R), through the unitary transformation S(R)
introduced in Eq. (2.21)

V(R) = S(R\W (R)S'(R). (2.33)

Considering a two-state system, the adiabatic PESs read

Vip(R) = %(Wll(R) + Wn(R) F %\/(sz(R) — Wi (R))? 4+ 4Wa(R)2.
(2.34)
We now truncate the expansion of Eq. (2.29) to first order and consider Ry to be a point
of degeneracy. Introducing the following notations: Q = R— Ry, W\ (Q) = ?.Q
and W) (Q) = X.Q, the adiabatic PESs read

1 1
Via(Q) = Emﬂ) +69).QF 5\/(5.62)2 +400.Q)2, (2.35)

where § = k@ — k@ From this last equation, the conditions for the existence of a
conical intersection between the two adiabatic PESs are:

5Q=0 and A\.Q=0. (2.36)

Therefore, at first order, the degeneracy is lifted along two directions defined by the

unitary vectors
g Vo(6.Q) 6
ey = = = —*+ ¥ (2.37)
T gl V@Il 116]]

and
h _ VoA.Q) _ A

Rl VeIl — Il

en = (2.38)

In these last equations, g = 6 is the gradient difference vector and h = A is the linear
derivative coupling vector. The space spanned by these two vectors is called the g — h
space or branching space whereas the space orthogonal to the branching space is the
intersection space, also called conical intersection seam. Thus, a conical intersection
is a subspace of the nuclear configuration space of dimension 3N-8, where N denotes
the number of atoms of the system (the space of the nuclear configurations is of
dimension 3N-6).

From Eq.(2.35), the adiabatic PESs form a double cone at the intersection, as
illustrated in Fig.2.1. Any infinitesimal displacement along a direction orthogonal
to the branching space preserves the degeneracy. However we stress that, because
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Fig. 2.1 Adiabatic PESs around a conical intersection obtained within the first-order description.
The PESs are obtained from Eq.(2.34) with Wi} = —x, Wy = x and Wi = y. V] and V; are
displayed in blue and red, respectively

of the first order nature of the above analysis, a finite displacement along such a
direction will in general lift the degeneracy. This is a consequence of the curvature
of the conical intersection seam, encapsulated in the second order terms W in
Eq.(2.29) [7-9].

2.3 Basics of Electronic Structure Theory

In the previous section, we have seen that in a vast majority of cases, the quantum
mechanical description of a molecular system can be greatly simplified if the nuclear
and electronic motions are separated. In this case, the electronic problem can be
treated for fixed nuclei by solving the clamped nucleus or electronic TISE of Eq. (2.5).
Finding accurate and efficient numerical procedures to solve the electronic TISE has
been a major goal of theoretical chemistry since the beginning of the second part of
the previous century [10, 11].

2.3.1 Spin Orbitals and Slater Determinants

In quantum mechanics, to completely describe an electron, the spin needs to be

considered in addition to its motion in space. Electrons have a spin s = %,
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therefore the electron spin state space is spanned by the orthonormal basis
{|s = %, my = %), s = %,ms = —%)} conventionally noted {|a), |5)}. It is often
convenient, for ease of notation, to introduce an unspecified spin variable, that we
note o, and to represent the eigenstates |«) and |3) by eigenfunctions (o|a) = (o)
and (o|3) = B(o). It follows that an electron will be specified by four variables, the
three spatial variables, gathered in the vector » and the spin variable. These will be
conveniently gathered in a vector £ = (7, o). In general, the wavefunction of a single
electron (&) is called a spin orbital. It is expressed as the product of a function of
the spatial coordinates » named spatial orbital and one of the two spin functions

a(o)
P =p(r) x 1 or . (2.39)
B(o)

From a set of K spatial orbitals, a set of 2K spin orbitals can be generated. In
addition, if the spatial orbitals are orthonormal, so are the spin orbitals. In the rest of
this chapter, the spin orbitals will be called molecular orbitals (MOs).

The wavefunction of a N-electron system must be antisymmetric with respect to
the exchange of two electrons

W (€ binee & EN) = =W (Er, oo & i EN) . (240)

A wavefunction satisfying this requirement can be conveniently written in the form
of a Slater determinant [12]

Vi€ (&) -+ (&)

1 | ¥1&) (&) - Yn(&a)
D1, &, . EN) = — ) L )

Wi (2.41)

D1(EN) aEN) - Y (En)

The factor L’ ensures the normalization of the Slater determinant. As seen in
Eq.(2.41), the coordinates of a single electron appear in a given row whereas a single
MO appears in a given column. According to the general properties of determinants,
the exchange of the coordinates of two electrons correspond to the permutation of
two rows of the determinant, which changes its sign. Therefore the Slater determinant
satisfies the antisymmetry principle, illustrated by Eq. (2.40). In addition, if two MOs
are identical, two of the columns of the determinant are identical, which makes it zero.
This correspond to the physical situation of two electron being in the same quantum
state. Thus we see that the antisymmetry principle implies that two fermions can
not be in the same quantum state. This principle is known as the Pauli exclusion
principle.



2.3 Basics of Electronic Structure Theory 23

2.3.2 The Hartree-Fock Approximation

The Hartree—Fock approximation [13, 14] plays a central role in the molecular elec-
tronic structure theory. In most cases, it provides a qualitatively correct description
of the electronic structure of many electron atoms and molecules in their ground
electronic state. In addition, it constitutes a basis upon which more accurate methods
can be developed. A detailed derivation and discussion of the method can be found in
textbooks such as [10, 11]. The Hartree—Fock approximation assumes the simplest
possible form for the electronic wavefunction, i.e a single Slater determinant given
by Eq. (2.41). Starting from the electronic TISE Eq. (2.5), the Hartree—Fock energy
EHF is simply

EF = (®|H,|D). (2.42)

The Hartree—Fock approximation relies on the variational principle, which states
that any approximate wavefunction has an energy above or equal to the exact ground
state energy. This principle has an important consequence: for a given system, the
wavefunction of the form of Eq.(2.41) that minimizes the energy in Eq. (2.42) is the
best possible wavefunction within the single determinant approximation.

Let us write the electronic Hamiltonian in atomic units

A(‘I Ael N/m el ]\'/m ]\mt Z Z/j
Hy(r; R) = —fZV V+Z]§|r i ZZlR i +§52‘R "R
(2.43)
This Hamiltonian can be written as the sum of three operators
Ha(r; R) = 0'(r; R) + 0*(r) + V''(R), (2.44)
where
Ne
O'(r:R)y =1 (2.45)
with
N,
1 - Za
hi=—=V;.V; — _ 2.46
2 ; |Ru' - ri| ( )
is a mono-electronic operator,
Nei Net
0*(r)=> "> g, (2.47)
i >
with ,
gij = ———— (2.48)

Irj — 7il
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is a bi-electronic operator, and

Nuw Ny
VIR =D > et ZaZs (2.49)
a (>« |Ra RQI

is the nuclear repulsion potential energy operator. This last operator does not depend
on the electronic coordinates and therefore contributes to the molecular energy as a
constant.

With these definitions, the Slater—Condon rules [12, 15] can be used to obtain an
expression for the energy of Eq.(2.42) as a function of the MOs. The contribution
of the mono-electronic operator reads

N
(®]0'|®) = Z i€V hi|vi(&1)). (2.50)

The contribution of the bi-electronic operators reads

Nei Nt

(@10%10) = D> ((Wil€Dv;(€2)lgn i€ (€2)) — WiV () lgnld; (€D i)

i j>i
1 Net Net
=5 DD (i - Kij)- (2.51)
i

In this last equation, J;; and K;; denote the Coulomb and exchange integrals, respec-
tively. The Coulomb integral represents the repulsion between the two electronic den-
sities |1);(&1)|* and [1;(&2) |. The exchange integral has no classical analogue and is
a consequence of the Pauli principle. Using Egs. (2.50) and (2.51), the Hartree—Fock
energy reads

Net Net

Nei
B =" (i€ hlgi€n) + ZZ% Kij) + Var(R).  (2.52)

The above equation can be recast in a form where the Coulomb and exchange integrals
are replaced by the expectation values of Coulomb and exchange operators .J; and
K, defined such that

Jil;(€2)) = (Wi(€D)191214i(§1)) ¥ (£2)) (2.53)

and

Kilvi(&2)) = (¢i(€D1g121v; (D) [¢i(€2)). (2.54)
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The energy now reads

Nt 1 Ne Ne
B = 3 i@ Imli€) + 5 > > (i €01 — Kil; (€) + Van(R)
i

7

Nt 1 Ne Ne
= D Wilhiln) + 5 20 > (Wil = Kil)) + Van(R). (2.55)
i i 7

In this last equation, the dependence of the orbitals on the electronic coordinates is
dropped since it formally depends on the coordinates of a single electron.

The objective is now to find the set of MOs that minimizes the energy of Eq. (2.55),
with the additional constraint that the set of MOs remains orthonormal. This type
of constrained optimization problem can be conveniently solved by the method of
Lagrange multipliers. This method consists in minimizing the Lagrange function £

N1 ]\“YH/
L=E=) > cj({hilv;) — 6;) (2.56)
i
with respect to the MOs
Ne Ne
SL =0 — > > e ((50ilthy) — (1l6¢h;)) =0, 2.57)
[

where the ¢;; are the Lagrange multipliers.
By developing this last equation, one finds the Hartree—Fock equations

Filip) = D il (2.58)
J
where F; is an effective one-electron operator called the Fock operator
Nel
F=h; + Z (J, - Kj). (2.59)
J

The Fock operator is the sum of two terms: an operator h; containing the kinetic
energy operator and the electron—nuclei attraction potential operator, and an operator
describing the repulsion of the electron with all the other electrons.

The matrix of the Lagrange multipliers € is hermitian, therefore there exists a
unitary transformation U that diagonalizes €. Applying this unitary transformation
to the set of MOs {|1);)}

) =D Uijly) (2.60)
J



26 2 Basic Concepts and Methodology
yields a new set of MOs {1/} verifying
F{|1y;) = €;147) (2.61)

where ¢’ = U'eU. In addition, it can be shown that F! = F; and that the electronic
wavefunction constructed with the new MOs is equal to the original electronic wave-
function to a phase factor. This transformed set of equations is known as the canonical
Hartree—Fock equations and the corresponding orbitals the canonical orbitals. The
prime symbols will be dropped from now on. In this representation, the Lagrangian
multiplier are interpreted as orbital energies

(Wil Fili) = ei{ili) = €. (2.62)

Equation(2.61) forms a set of pseudo-eigenvalue equations as the Fock oper-
ator depends on the MOs via the Coulomb and exchange operators, and must be
solved by an iterative procedure. The unknown MOs {|;)} are expanded in a set
of non-orthogonal, atom-centered basis functions |¢;) = > " il X )~ Inserting this
expansion in the canonical Hartree—Fock equations Eq. (2.61) yields

Fi D cuilxu) =i ), cuilxu)- (2.63)
" "

Multiplying on the left by X and integrating, one obtains

D cuilxl FBlxa) =& D cuilxwlxn)- (2.64)

JZ iz

This last set of equations can be written in a compact matrix form
FC =S8Ce (2.65)

where F is the Fock matrix of elements F},, = (x,|Fj|x.), S is the overlap matrix
of elements S,,, = (x,|x,) and C is the vector of the coefficients of the expansion of
the MOs on the basis set ¢,,; = (X, [%;). These equations are known as the Roothaan—
Hall equations [16, 17]. The problem of the calculation of the MOs is now turned
into the determination of the coefficients c;.

The presence of the overlap matrix S in the Roothaan—Hall equations Eq. (2.65)
reflects the fact that the basis functions used to expand the orbitals are non-orthogonal.
By multiplying from the left by S~2 and inserting the unit matrix I = S8 :,
Eq. (2.65) can be recast as

FC =Ce, (2.66)
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where F = S 2FS™ 2 and C = S:C. Equation (2.66) is a standard set of eigen-
value equations, the diagonalization of the matrix F' yields a set of eigenvectors C'
which can be back-transformed to obtain the vectors C' solutions of Eq. (2.65).

As mentioned above, since the construction of the Fock matrix F' involves the
calculation of integrals over the Coulomb and exchange operators which depend on
the MOs that we want to calculate, the Roothaan—Hall equations must be solved
iteratively. The procedure starts with the definition of an initial guess for the MOs.
This can be done conveniently by using simple empirical methods such as the Hiickel
method [18]. Using this initial guess, the Fock matrix can be constructed and diag-
onalized to yield a new set of MOs which is in turn used to construct a new Fock
matrix. This procedure, called the Self-Consistent Field (SCF) method, is iterated
until convergence of the MOs.

For a N-electron closed-shell molecule, using a basis containing M > N func-
tions, the solution of the Roothaan—Hall equations generates M spatial orbitals and
2M spin orbitals. In the case of molecule with an even number of electrons and a
singlet ground state (a closed-shell molecule), the restriction that each spatial orbital
should have two electrons (one with spin v and one with spin J3) is usually made.
This method is called restricted Hartree—Fock method. In this case, among the M
spatial orbitals obtained from the calculation, the N /2 orbitals of lowest energy are
occupied and the remaining M — N /2 MOs are unoccupied, or virtual orbitals. The
Hartree—Fock energy and the /V-electron wavefunction are obtained using the [N /2
occupied orbitals. This description defines the notion of an electronic configuration
associated with a Slater determinant, which correspond to a particular repartition of
the electrons in the different MOs.

In most cases, the Hartree—Fock method provides a qualitatively correct descrip-
tion of the electronic structure of a molecular system. Usually, the Hartree—Fock
method gives 99 % of the total energy of the molecule described by the non-relativistic
Schrodinger equation and the clamped nucleus Hamiltonian. The difference between
the best Hartree—Fock energy, i.e the Hartree—Fock energy in the limit of an infinite
basis, and the “exact” energy is called the electronic correlation energy.

2.3.3 Electronic Correlation

Taking into account the electronic correlation is mandatory if a quantitative descrip-
tion of the electronic structure and energy of the system of interest is required. In
addition, in some cases, the inclusion of the electronic correlation effects are neces-
sary to obtain even a qualitatively correct description of the electronic structure of
the system. By definition, the mean-field approximation resulting from the approx-
imation of the multi-electron wavefunction by a single Slater determinant is unable
to account for the electronic correlation. A correlated electronic wavefunction must
then be written as a linear combination of several Slater determinants
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Fig. 2.2 Scheme illustrating different electronic configuration for a molecular system of N elec-
trons described in a basis of M orbitals. The left scheme shows the ground state configuration,
the middle scheme shows a singly excited configuration and the right scheme a doubly excited
configuration

V&, €)= D ci®iér &, €N (2.67)

4

From a set of orbitals such as the one obtained from a Hartree—Fock calculation,
many Slater determinants corresponding to excited configurations can be constructed.
These are obtained by replacing one or several occupied orbitals by virtual orbitals,
as illustrated in Fig.2.2.

Usually, two different types of electronic correlation are distinguished, the static
electronic correlation and the dynamic electronic correlation. Although this distinc-
tion is by no means strict, it is useful because the two types of electronic correlation
have different physical origins and different methods can be used to recover one or
the other type of correlation.

A strong static correlation is encountered in situations where several electronic
states are degenerate, or at least close in energy. Such situations occur when electrons
can be distributed in several ways in orbitals close in energy. This is the case, for
instance, in bond breaking processes, or in the case of systems containing transition
metal atoms with incomplete electronic shells. The electronic wavefunction will
therefore include important contributions from a few configurations, and the Hartree—
Fock method has to be replaced by a method capable of treating several configurations
on an equal footage. This is the case of the Multi-Configuration Self-consistent
field (MCSCF) method, in which the trial wavefunction is expressed as a linear
combination of Slater determinants as in Eq. (2.67), and both the MOs and expansion
coefficients c; are optimized variationally.
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The dynamic electronic correlation results from the Coulombic repulsion between
two electrons lying close to each other. It requires the inclusion of a large number of
configurations obtained by exciting electrons to high-energy virtual orbitals. How-
ever, in this case the electronic structure is still dominated by a single configuration
and the other Slater determinants included in the wavefunction have small coef-
ficients. Therefore the dynamic correlation energy can be recovered by methods
starting from the Hartree—Fock wavefunction. Among the methods that are able to
take into account the dynamic correlation energy, one can cite the configuration
interaction methods (CI), methods based on the perturbation theory or the coupled
cluster methods (CC). These methods are usually qualified as single-reference meth-
ods because they start from the Hartree—Fock Slater determinant.

Unfortunately, in many situation of interest, both static and dynamic electronic
correlation need to be taken into account. This is particularly true for the study of
processes involving excited electronic states as in UV spectroscopy or in photochem-
istry. In this case, methods capable of taking into account the dynamic electronic
correlation on top of a multi-determinantal wavefunction of the MCSCF type are
needed. These methods are usually called multi-reference methods. The two standard
methods that are able to account for both the static and dynamic electronic correla-
tion are the multi-reference configuration interaction (MRCI) and several variants of
second-order multi-reference perturbation theory (MRPT).

2.3.3.1 The Configuration Interaction Methods

In the configuration interaction method, the wavefunction is expanded in a basis
of Slater determinants. The Hartree—Fock determinant, noted ®F, is taken as a
reference zeroth-order wavefunction. Slater determinants corresponding to excited
configurations are generated by swapping occupied MOs 1, with virtual (unoccu-
pied) MOs 1, and can be classified with respect to the number of excited electrons.
Singly excited Slater determinants are noted @/, doubly excited Slater determinants
@7, triply excited Slater determinants @73/, and so on. The configuration interaction
wavefunction then reads

V= cypd™ + an,.ebg + Z Cabrs L5 4 -+

a,r a<b,r<s

=> ¢ (2.68)
I

where [ is a composite index accounting for all kinds of excitations. The final configu-
ration interaction wavefunction is obtained by variationally optimizing the expansion
coefficients ¢, with the normalization constraint (¥ |W)=1. Again, this is done by
using the Lagrange multiplier technique. The Lagrangian function
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= chm O, H|D,) — (Zc,c, — 1) (2.69)

is minimized with respect to the expansion coefficients

oL

5 = 22(;] O |H|®;) —2Ec; = 0. (2.70)

This last set of equations can be written in matrix form
Hc = Ec. 2.71)

Solving this set of secular equations is equivalent to diagonalizing the configuration
interaction matrix H. Therefore the lowest eigenvalue of H is the ground state
energy, the second lowest, the energy of the first excited state, and so on.

When all the Slater determinants that can be constructed from a set of Hartree—
Fock MOs are taken into account, the method is called full configuration interaction.
It provides the best possible solutions of the non-relativistic, clamped nuclei TISE
within the basis set used for the calculation. The exact solutions are thus obtained
from a full configuration interaction calculation at the complete basis limit. However,
the number of configurations that can be built from a set of MOs grows extremely
fast with the size of the system (i.e the size of the molecule and/or of the basis set).

For most systems, it is therefore necessary to reduce the number of configurations.
This is usually done by truncating the expansion of Eq.(2.68) to a given level of
excitation. When only singly excited configurations are included, the method is
called configuration interaction with single excitations (CIS). Because, in virtue of
the Brillouin’s theorem [10], matrix elements between the Hartree—Fock determinant
and a singly excited determinant are zero, the CIS method does not improve the
description of the ground electronic state. It allows one to calculate excited states
that are dominated by single excitations with an accuracy similar to that of the
Hartree—Fock method for the ground state.

Including the singly and doubly excited configurations yields the configuration
interaction with single and double excitations method (CISD). In contrast to the
CIS method, the CISD method improves the description of the ground state because
doubly excited configurations are directly mixed with the Hartree—Fock configuration

(DIF|Hy| @) = (athplgialibnibs) — (atlnlgialthsidy). (2.72)

In addition, in the CISD method, the singly excited configurations are now indirectly
mixed to the ground state, through their mixing with the doubly excited configura-
tions. Configuration interaction methods including higher level excitations (CISDT,
CISDTQ, . ..) are less commonly used.
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2.3.3.2 The Multi-configuration Self-consistent Field Method

The Multi-Configuration Self-Consistent Field method combines the ideas of orbital
optimization through a SCF technique as in the Hartree—Fock method, and a multi-
configuration expansion of the electronic wavefunction as in the configuration inter-
action method. In other words, the electronic wavefunction is still expressed as a
linear combination of Slater determinants W = »". ¢;®;, but now both the coeffi-
cients ¢; and the orbitals are optimized variationally [19-22]. This procedure being
computationally more expansive than the configuration interaction method, only
a limited number of configurations can be included in the MCSCF wavefunction.
Therefore, the MCSCF method is usually not used to calculate a large fraction of
the dynamic electronic correlation energy. On the other hand, it is well suited when
the static correlation effects are important. In these cases, several configurations are
quasi-degenerate and need to be included in the electronic wavefunction on an equal
footing to obtain a qualitatively correct zeroth order description of the electronic
structure of the system.

An important issue in MCSCEF calculations is the selection of the configurations
to be included in the wavefunction expansion. The most popular approach is the
complete active space self-consistent field (CASSCF) method, also called full opti-
mized reaction space (FORS). This approach starts from a zeroth order set of MOs,
usually obtained via the Hartree—Fock method. The set of MOs is split into three
subsets, as illustrated in Fig.2.3. A first one containing occupied inactive orbitals,
for which the occupation numbers are fixed to 2. A second one containing active
orbitals, including both occupied and virtual orbitals of the reference Hartree—Fock
configuration, in which all possible electron excitations are allowed. And a third one
containing virtual inactive orbitals, for which the occupation numbers are fixed to 0.

Fig. 2.3 Scheme illustrating »
the notion of active space in El| =— 'IJJM
the CASSCF method. In the virtu El-l inactive
present case, an active space . . ’ '
of four electrons in four Ol‘blt‘dlS
orbitals, noted CAS(4, 4) is — UN/2+3
depicted ,d_. N/2+2
— PN/2+1
active orbitals
—+H- YNy
—+H= ¥njo-a
= Una—
occupied
inactive orbitals
1
~H= ¥
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More precisely, a set of active orbitals and a number of active electrons are defined.
All the configurations that can be built by excitations of the active electrons among the
active orbitals are included into the wavefunction. Other, more flexible approaches
for the selection of the configurations included in the MSCSF wavefunction exist,
such as the Restricted Active Space Self-Consistent Field [23, 24] (RASSCF) and
the Occupation Restricted Multiple Active Space (ORMAS) [25] methods.

A CASSCF wavefunction is, in general, much harder to converge than a sim-
ple SCF wavefunction. Several optimization procedures have been developed for
the CASSCF wavefunction. The most popular one uses a Newton—Raphson-based
method to minimize the energy. The energy is expanded to second order in the vari-
ational parameters (the orbital and configurational coefficients) around a particular
set of coefficients

1
E(c) = E(co) + 9" (¢ — co) + Sle— co)" H(c — cy). (2.73)
c©@
In this equation, ¢ = ) is a vector gathering the orbital and configurational

coefficients, ¢g is the vector of the current coefficients, g = V E(c)|.—, is the
gradient of the energy with respect to the coefficients at cpand H = V.V, E(c) |c=co
the Hessian matrix. Requiring the gradient of the energy to vanish yields

c=cy— Hg. (2.74)

Since the energy is not a quadratic function of the coefficients, several Newton steps
are needed to locate a minimum. In addition, the calculation and inversion of the
full Hessian matrix can be extremely time consuming for large active spaces and/or
basis sets. Often, the elements of the Hessian coupling orbital and configurational
coefficients (cross derivatives) are neglected and the optimization of the two sets of
coefficients are decoupled.

During a CASSCF optimization near an electronic state degeneracy, problems
of convergence often occur. The algorithm can swap from one state to the other.
This problem is known as the root flipping problem. A way around this problem is
to optimize the two states simultaneously. Specifically, a weighted average of the
energies of the two states is minimized, and a same set of orbitals is optimized for
the two states. This procedure is called state-averaged CASSCF (SA-CASSCEF).

2.3.3.3 Methods Based on Perturbation Theory

As explained above, the dynamic electronic correlation can be taken into account by
the (truncated) configuration interaction method in the case of a single reference sys-
tem. Similarly, the multi-reference configuration interaction (MRCI) method can be
used for multi-reference systems. In this method, a CASSCF wavefunction is used
as the zeroth order description of the system. A configuration interaction matrix
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containing all the configurations corresponding to single and double excitations (this
is the MRCISD approach) from the configurations present in the CASSCF wave-
function is constructed and diagonalized. However this approach is computationally
highly expansive and can only be used for small molecules.

Another approach is to include the effect of excited configurations through per-
turbation theory. This method avoids the diagonalization of a large matrix and can
be accurate if the dynamic electronic correlation effects are not too large.

The Mgller—Plesset perturbation theory [26] corresponds to the application of the
stationary perturbation theory to the calculation of the correlation energy using the
Hartree—Fock Slater determinant ®/F" as the zeroth order wavefunction. These meth-
ods are denoted MPn where n is the order of the perturbative corrections included.
In the Mgller—Plesset method, the unperturbed Hamiltonian operator is chosen as a
sum of Fock operators

Nel

Ny Net
H():ZE:Z hﬁZJj—Kj ) (2.75)
i J

i

The Hartree—Fock determinant and all Slater determinants built with Hartree—Fock
orbitals are eigenfunctions of Hy. The perturbation operator W is then defined as
the difference between H and the exact electronic Hamiltonian H,; of Eq.(2.43)

N Ny Ny
W = H, — Hy = Z > g - Z Ji—K;|. (2.76)
J>i i

With these definitions, the zeroth order energy is a sum of MO energies

Ne N
By = (@ | Ho|@") = D (0| F|o") =D e, (2.77)
i

i
The first order energy

EMPL _ (0) +E(l) (®HF | Ho|!Fy + (&HF W |oHF ) = (0HF |1, | 0HF) = EHF
(2.78)
is simply the Hartree—Fock energy. The general expression of the second order per-
turbative correction to the energy is:

(2) _
By =

HF 2
ZI@ W) (2.79)

(0) (0)
EY — E

J#0 J

where ®; denotes the excited Slater determinants. Singly excited determinants ®; =
@7, does not contribute to the correction. Both terms in the right-hand side of the
matrix elements
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(@ W @;) = (@ Hey ) — (@ Ho| D7) (2.80)

are zero, the first one because of Brillouin’s theorem and the second one because H
is diagonal in the basis of the Slater determinants. In addition, Slater determinants
corresponding to triple excitations and higher level excitations do not contribute
because the W operator only contains two-electron operators. Therefore, only doubly
excited Slater determinants contribute to the second order energy correction.

The energies E](O) read

EY = (@0 | Ho| @) = EY + 2, + & — 4 — & (2.81)

Therefore, using Eqgs.(2.72) and (2.81), the second order correction to the energy

reads
EMP2 _ Z [(Patbplgrzlivribs) — (wawb|912|¢swr>|2.

EatEp—Er — &

(2.82)

a<b,r<s

The MP2 method can be used to approximate the CISD energy of the ground state
of a molecular system at a low computational cost. Higher order corrections have
increasingly complicated expressions, however corrections up to fourth order (MP4)
[27] are commonly available in the major quantum chemistry program packages.

As stated above, the CASSCF method is the method of choice to obtain a quali-
tative description of the electronic structure of a molecular system when static cor-
relation plays a role. However, if a high accuracy is sought, the dynamic electronic
correlation needs to be taken into account. Therefore, a method capable of describing
accurately molecules in excited electronic states of different nature with a balanced
accuracy over a wide range of geometries (in particular in regions where several
electronic states become close in energy) must account for both the static and dynam-
ics electronic correlations. The full CI and MRCISD method mentioned above can
account for both types of correlation but they are extremely expansive and can only
be applied to small systems. An alternative is to account for the dynamic electronic
correlation energy through second-order perturbation theory on top of a CASSCF
zeroth-order wavefunction. This is the idea behind the multi-reference perturbation
theory methods (MRPT).

Several different methods of the MRPT2 type exist. The most popular are the
multi-reference second-order Mgller—Plesset (MRMP2) method of Hirao [28] and
the complete active-space second-order perturbation theory (CASPT2) method of
Andersson et al. [29]. In these methods, each state is perturbed separately. This
can become problematic when, for instance, two states become sufficiently close in
energy to interact after perturbation, these interactions will not be properly accounted
for by such calculations. To solve this problem, methods based on second-order
multi-state multi-reference perturbation theory (MS-MRPT2) can be used. These
methods build an effective Hamiltonian between the perturbed states and diagonalize
it, allowing one to treat quasi-degenerate states perturbatively. The most famous MS-
MRPT?2 methods are the multi-state CASPT2 method [30] and its extended version
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(XMSCASPT?2) [31], and the multi-configuration second-order quasi-degenerate
perturbation theory (MCQDPT2) [32] and its extended version (XMCQDPT?2) [33].
The XMCQDPT2 method is an approach to second order multi-state multi-reference
perturbation theory recently developed by Granovsky, and implemented in the Fire-
fly QC package [34], which is partially based on the GAMESS (US) source code
[35]. It has been applied to a number of problems of biological and photochemical
interest [36—43] and was shown to compare favourably with respect to experimental
observations and other high-level theoretical methods [44-46]. All the excited state
electronic structure calculations presented in this thesis have been performed with
the CASSCF and XMCQDPT2 methods.

2.4 Potential Energy Surface Exploration

One of the most important applications of electronic structure calculations is the
exploration of PESs. In particular, the theoretical description of chemical transfor-
mations requires the knowledge of the main stationary points of the relevant PESs.

For instance, a thermal reaction on the ground electronic state is, in the simplest
case, characterized by the two minima corresponding to the reactants and products,
and the transition state connecting them, as illustrated in the left panel of Fig.2.4.
Similarly, the characterization of stationary points is essential for the description of
photochemical reactions. In this case, besides minima and transition states, conical
intersections also play an important role. They provide channels connecting photo-
products on the ground state with the Franck—condon region on the excited state, as
illustrated in the right panel of Fig.2.4. As for the calculation of electronic wave-
functions and energies through (MC)SCF techniques, the determination of stationary
points on PESs is an optimization problem.

R’IillES

Mi]‘lp

Min}{

Reaction coordinate Reaction coordinate

Fig. 2.4 Scheme illustrating a simple thermal reaction on the ground electronic state (left panel)
and a photochemical reaction (right panel). Ming and Minp denote the minima corresponding to
the reactants and products on the ground state PES. Min g denotes a local minimum on the excited
state PES. TS denotes the transition state and CI denotes a point of conical intersection
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2.4.1 Minima and Transition State Optimization

The simplest methods to find a minimum are methods based on the gradient of
the energy with respect to the nuclear coordinates g(Ry) = VrFE(R)|g_g,. The
steepest descent method uses the opposite of the gradient as the search direction
d; = —g,;, where the subscript 7 denotes the current iteration. A displacement is
performed in this direction to find a new estimation of the minimum. At this point, a
new gradient evaluation is performed, providing the search direction for the next step.
This procedure is iterated until all the components of the gradient are smaller than
a predefined threshold. A slightly more efficient method is the conjugated gradient
method. In this method, the search direction is defined as a mixture of the opposite
of the gradient and the previous search direction d; = —g; + (3;d;—. Both methods
are easy to implement but converge slowly towards a minimum.

A faster convergence can be obtained by using methods based on a second order
expansion of the energy such as the Newton—Raphson-based methods [47]. In these
methods, the search direction is defined as (see also Eq. (2.74))

di=-H;'g, (2.83)

where H is the Hessian matrix of the electronic energy with respect to the nuclear
coordinates. In a coordinate system that diagonalizes the Hessian matrix, the search
direction reads
~1
d;=—HD g, (2.84)

where H 4 is the diagonal Hessian matrix. If all the eigenvalues of the Hessian matrix
are positive, the algorithm converges towards a minimum, whereas if the Hessian
has a negative eigenvalue, the algorithm tends to converge towards a transition state.
Two problems need to be addressed to make this class of methods robust and
efficient. The first one is to improve the search direction and the size of the step
taken along this direction. This can be done by adding a shift parameter A in the

Newton—Raphson step
di=—(HY -)\D;'g.. (2.85)

The shift parameter can be used to ensure that the optimization proceeds downhill
even if the Hessian has negative eigenvalues. In addition, it can be chosen such that
the step size is lower or equal to a predefined threshold. Popular methods using a shift
parameter are the rational function optimization (RFO) [48] and Trust Radius (TR)
methods [49, 50]. A finer control on the step size and direction can be achieved using
an approximate line search method, which attempts to fit a polynomial function to
the energies and gradients of the best previous points [51].

A second important issue is the calculation of the Hessian matrix which can be a
computationally expansive task. A method to avoid such calculation is to start with
an approximate Hessian, e.g. empirically determined or calculated at a lower level
of theory, and to update the Hessian during the optimization using only energies and
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gradients at successive optimization steps. The most popular updating scheme is the
Broyden—Fletcher—Goldfarb—Shanno (BFGS) scheme [52-55]. Methods based on
such an approximate Hessian matrix are called quasi-Newton methods.

The above methods can be modified to enforce convergence to a transition state.
In this case, the quality of the initial geometry and Hessian are more crucial than for
the optimization of a minimum.

The minimum and transition state optimizations performed in this thesis have
been performed using the Berny algorithm [56] implemented in the Gaussian 03
program package [57].

2.4.2 Minimum Energy Conical Intersection Optimization

As mentioned in Sect.2.2.3, a conical intersection is not an isolated point but a
hyperline of N — 2 dimensions (the seam of conical intersection), where N is the
number of vibrational degrees of freedom. At each point of the seam, the degeneracy
is lifted upon displacement in the branching plane whereas it is conserved at first order
along the N-2 directions orthogonal to the branching plane. One is often interested
in finding the point of lowest energy within this seam, called the minimum energy
conical intersection (MECI) in order to characterize a photochemical process.

In this thesis, the method proposed by Bearpark et al. [58], and implemented in the
Gaussian 03 package [57], has been used (see Chap. 3). Considering two adiabatic
electronic states of energy F| and E,, the principle of the method is to minimize
simultaneously the energy difference AE = E, — E| in the branching plane and
the energy of the upper state F in the intersection space. To avoid confusions in the
notations, the gradient difference and derivative coupling vectors will be noted x1
and x;. The branching plane is the space spanned by the two unitary vectors e,, and
e, defined in Sect. 2.2.3. The condition for the minimization of the energy difference
in the branching plane reads

VRAE? = 2AEx;. (2.86)

The squared energy difference is used because it varies more smoothly in the vicinity
of a conical intersection. The norm of x; has no significance, the step size should only
depend on the energy difference A F, therefore the gradient to be used to minimize
AE is defined as

f =2AEFEe,,. (2.87)

The minimization of F in the intersection space is done by mean of a projector

P=1- xlxlT — xeZT. (288)
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In this case the gradient to be used is
g = PVRE,. (2.89)
Overall the MECI optimization uses the composite gradient
g=1rf+g (2.90)

Far from a conical intersection, the gradient is dominated by f and the algorithm
converges towards a point of conical intersection. During this phase, the energies E;
and F) can rise considerably and the algorithm can reach a portion of the conical
intersection seam corresponding to highly distorted geometries. Therefore, as for
transition state optimizations, the quality of the starting geometry is important. As
the degeneracy is approached, f tends to zero and the gradient is dominated by g.
Therefore the algorithm minimizes the energy inside the conical intersection seam
and converges towards the MECIL.

2.4.3 Minimum Energy Paths Optimization

The knowledge of the main stationary points on the PESs of interest gives some
information about the reactants, products and intermediates of a (photo)chemical
reaction. However, a better insight into the mechanism behind this reaction can be
obtained by computing the pathways linking these stationary points. Among the
infinite number of paths connecting two points, the path requiring the least increase
in energy is called the minimum energy path (MEP). The MEP usually follows
the steepest descent path. However, this steepest descent path usually varies from
a system of coordinates to another. When mass-weighted cartesian coordinates are
used, the steepest descent path is also known as the intrinsic reaction coordinate
(IRC). In this thesis, the algorithm of Gonzalez and Schlegel [59, 60], implemented
in the Gaussian 03 program package [57], has been used.

From a starting geometry R; with a gradient g, the IRC algorithm optimizes a
new point Ry, such that the path between the two points is an arc of a circle to
which both gradients g, and g, | are tangent. Defining a step size s, the algorithm
first generates a pivot point Ry, at a distance s/2 of Ry along the direction of the
gradient g,

* S Gk
Ry =R+ 5

, 2.91)
2 [lgll

The new point Ry is then obtained by a constrained optimization on the hyper-
sphere of radius s/2 centered at Ry ;.
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