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Abstract. Bent and plateaued functions play a significant role in cryp-
tography since they can have various desirable cryptographic properties.
In this work, we first provide the characterizations of plateaued functions
in terms of the moments of their Walsh transforms. Next, we generalize
the characterizations of Boolean bent and plateaued functions in terms
of their second-order derivatives to arbitrary characteristic. Moreover,
we present a new characterization of plateaued functions in terms of
fourth power moments of their Walsh transforms. Furthermore, we give
a new proof of the characterization of vectorial bent functions. Finally, we
present the characterizations of vectorial s-plateaued functions in terms
of moments of their Walsh transforms and the zeros of their second-order
derivatives.
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1 Introduction

The functions over a binary field are called Boolean functions. Boolean bent
functions are a special type of Boolean functions. These functions were intro-
duced by Rothaus in [26], generalized to p-ary bent functions by Kumar et al.
in [19] and further studied in [14,15,17,27]. Plateaued functions over a binary
field are a generalization of Boolean bent functions. They were introduced and
initially studied by Zheng and Zhang in [28]. The Walsh-Hadamard spectrum
is an important tool to define and design plateaued functions. Some plateaued
functions have low Hadamard transform, which provides protection against fast
correlation attacks and linear cryptanalysis. In addition to the useful properties
of bent functions such as high nonlinearity, resiliency, low additive autocorre-
lation, high algebraic degree and satisfy propagation criteria, some plateaued
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functions may have the other desirable cryptographic properties such as bal-
ancedness and correlation immunity. On the other hand, plateaued functions
include three significant classes of Boolean functions: the well-known bent func-
tions (called 0-plateaued functions), the near-bent functions (called 1-plateaued
functions) and the semi-bent functions (called 2-plateaued functions). Boolean
plateaued functions have been widely studied (for example, see in [1,6-8,18,20-
22,29]) due to their cryptographic properties. A complete survey on Boolean
plateaued functions was given by Mesnager in [24].

In characteristic 2, O-plateaued functions and 2-plateaued functions exist
when n is even, while 1-plateaued functions exist when n is odd. Therefore,
Boolean plateaued functions were generalized to p-ary plateaued functions (for
example, see in [11]). Recently, Mesnager [23] characterized p-ary plateaued func-
tions in terms of the moments of their Walsh transforms. Moreover, in charac-
teristic p, she established a link between the fourth power moment and the
derivative. More recently, interesting characterizations of plateaued functions in
characteristic 2 (different from those exhibited (in characteristic p) in [23]) have
been provided (without proofs) by Carlet in [3].

In this paper, we are motivated by [7,23] and our results are valid in arbitrary
characteristic. After presenting the basic tools in Sect. 2, we give in Sect.3 the
characterizations of plateaued functions in terms of the moments of their Walsh
transforms. In Sect. 4, we generalize the characterizations of bent and plateaued
functions in characteristic 2 given in [7] to arbitrary characteristic. Moreover,
we present a new characterization of plateaued functions in terms of the fourth
power moments of their Walsh transforms. In Sect. 5, we furthermore provide
a link between the balancedness of the first-order derivatives of vectorial bent
functions and the number of zeros of their second-order derivatives. Finally,
Sect. 6 gives the characterizations of vectorial s-plateaued functions in terms of
the moments of their Walsh transforms and the number of zeros of their second-
order derivatives.

2 Preliminaries

We denote the finite field with p™ elements by [F,,» where p is a prime number and
n is a positive integer. The set of nonzero elements of ¥ is denoted by F7..
Notice that the finite field F,» can be seen as an n-dimensional vector space
over [, and denoted by Fj. The t¢race function of a € Fyn over F, is defined as

Try,, = (o) =a+al+---+ oP" " In this paper, the absolute trace of a over ),

is denoted by Trgn (). Let f be a function from F,» to F,, and €, be a primitive
p-th root of unity in C. The sign function of f from F to C is denoted by xf

defined as xf(z) = eg(m) for all # € ;. The Fourier transform Xy of the function
X is defined as

/thFZ —C

wr— Xf(w) = Z Xr(x)e, ™,
z€Fy
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called the Walsh transform of f at w € Fy, where “” is any scalar product in
Fy. As the notion of Walsh transform concerns a scalar product, it is suitable
to take the isomorphism between the scalar product “” in F}} and the trace of

the product w-z = ’Hgn (wz) in Fyn. Thus, the Walsh transform of f at w € Fyn
can be given as

- f(@) =T ()
Xf(w) = Z €p :
l‘ern
A function f is called bent if |{;(w)| = p? for all w € Fpn, and f is called s-
plateaued if |Xr(w)| € {O,pnTJrS} for all w € Fn and a fixed integer 0 < s < n. It

is obvious that bent functions are 0-plateaued functions. The following equation
is known as the Parseval identity:

Yo IR @)F = (1)
w€F,n

The following tools were previously introduced in the literature (for example,
see in [4] and [23]). The below Lemma is useful to prove some results in the next
sections.

Lemma 1. Let f be an s-plateaved function from Fpn to Fp,. Then for w € Fpn,
IXr(w)| takes p"~* times the value pnT“ and p" — p"~% times the value 0.

For a non-negative integer 4, the moment of Walsh transforms of f is defined as
Si(f)= D IXsw)*
w€F,n

It is obvious that Sp(f) = p" and Si(f) = p*" by (1). For every integer A and
every non-negative integer i, the following equation holds

2 )
> (K@) = A) Ry @)P = Sisa(f) = 248551 (F) + A28i(F). (2)
w€F,n
The derivative of f at a € Fp» is the map D, f from F,» to F,, defined as
Dof(z) = f(x+a)— f(z), VYaeFp.

Let F' be a vectorial function from Fp» to Fym. The derivative of F' at a € Fp»
is the map D, F' from Fj» to Fp= defined as

DoF(z)=F(z+a)— F(z), VreTF.

3 Characterizations of Plateaued Functions

In this section, our results are originated from [23]. We give the characteriza-
tions of s-plateaued functions via the sequence of even moments of their Walsh
transforms. The following seems to be more practical than [23, Theorem 1] in
some applications.
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Theorem 1. Let f be a function from Fpn to Fp,. Let s be an integer with 0 <
s<mn andi,j € Z*. Then the followings are equivalent:

1. f is s-plateaued for s > 0.
2. Sz(f)Sj(f) = Si+1(f)5j,1(f) fOT‘ all 1 Z 1 andj Z 2.
Moreover, f is bent if and only if (2) holds for alli,j € Z7".

Proof. Suppose that f is s-plateaued for s > 0. By Lemma 1, it is easily seen
that

Si(£)S;(f) = Six1(f)Sj-1(f), Vi>1,j>2.

Conversely, for j =i+ 2 and A = Sstfl](v{) in (2), the proof is the same as the

proof of [23, Theorem 1]. O

In fact, Theorem 1 is equivalent to [23, Theorem 1], which can be shown as fol-
lows.

Corollary 1. Let f be a function from Fyn to F,,. Then the followings are equiv-
alent:

1. Sz(f)Sl(f) = Si+1(f)Si_1(f) fO?” all @ > 2.
2. Sz(f)S](f) = Si+1(f)5j—1(f) fOT’ all i,j 2 2.

Proof. Suppose that (1) holds. Without loss of generality, we may assume i < j
and fix ¢ > 2. We proceed by induction on j. For j =i+ 1 and j =i + 2, then
(2) trivial holds. Let j =i + 3. From (1), we get

Sit1(f)Si+1(f) = Si2(£)Si(f),
Siv2(f)Siv2(f) = Siva(f)Sit1(f)-

It follows that S;(f)Si+s(f) = Si+1(f)Si+2(f). Then, (2) holds for j = i + 3.
For j =i+ k, assume that (2) holds. We then have

Si(f)Sitr(f) = Si41(f)Sitr-1(f),
Sivk—1(f)Sitr+1(f) = Sivr(f)Sivr(f)-
It follows that S;(f)Sizx+1(f) = Six1(f)Sixr(f). Therefore, (2) holds for
j =1+ k+ 1. The converse is obvious for j = . ]

For a function f from Fpn to F,, Mesnager in [23] showed that Sz(f) > p>" and
also

So(f) = p®" if and only if f is bent. (3)

We deduce that, for a bent function f, the sequence S;(f) is a simple geometric
sequence.

Corollary 2. Let f be a function from Fpn to Fy,. If f is a bent function, then
forallieN
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Proof. By (1) and (3), S1(f) = p*>" and So(f) = p*", respectively. By Theo-
2 .

rem 1, we get S;(f) = Sbf:;(ff)) = pU+D7 for all 4 > 3, recursively. Thus, (4) holds

for all ©+ € N. ]

We also deduce from (3) the following characterization of s-plateaued functions
via the moments of their Walsh transforms.

Theorem 2. Let f be a function from Fyn to I, and s be an integer with 1 <
s <n. Then

f is s-plateaued if and only if Sa(f) = p*>* % and S3(f) = p"+2s.
Proof. Assume that f is s-plateaued. By (2) with A = p"** and i = 0,

9 n+s) 2 n+s n+2s
> (Re@)P = p"%)" = Sa(f) = 2" F81(F) +p*" 50 (/)
wE]Fpn (5)
= (" —p ) (-p"*)?
where the last equality of (5) follows from Lemma 1. Therefore, Sa(f) = p
2
from (5) and S3(f) = 52" — pn+2s 1y Theorem 1.

S1(f)
Conversely, suppose that So(f) = p>*+* and S3(f) = p***2%. By (2) with A =

p"T* and i = 1, we get the following:

> (RF@)P = p 2R ()P = Ss(f) — 20" Sa(f) + "2 81 (f) = 0.

UJE]Fpn

3n+s

Therefore, |Xs(w)| € {O,p%s} for all w € Fpn, which implies that f is s-
plateaued. O

We deduce that, for an s-plateaued function f, the sequence S;(f) is also a
simple geometric sequence.

Corollary 3. Let f be a function from Fpn to Fp, and s be an integer with
1< s<n. If fis an s-plateaued function, then for all i € Z+

Si(f) = D, 0
Proof. By Theorem?2, Sa(f) = p®**% and S3(f) = p*"*2%. By Theorem 1, we
get
Si-1(f)? ; i
Si _ _ (i+1)n+(i—1)s
() =%, 7 =P
for all i > 4, recursively. Thus, (6) holds for all i € Z™. O

4 Characterizations of Bent and Plateaued Functions

The characterizations of bent and plateaued functions in characteristic 2 in terms
of the second-order derivatives were firstly given by Carlet and Prouff in [7]. We
provide the generalization of their characterizations for any characteristic p as
the following.
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Theorem 3. Let f be a function from Fy» to ), and s be an integer with 0 <
s <n. Then, f is s-plateaued if and only if

Z efbDaf(I) =0, Vzc&Fpm (7)
a,beF,n
with 0 = p™*s. In particular, f is bent if and only if @ = p™ for s = 0.
Proof. For a function f,

Z efb'Da,f(z) — Z 6Zf)‘(m—‘,—a—l—b)—f(x—‘—a)—f(z+b)+f(:t) — 0, Vo € Fpn
a,beF,n a,beF,n

if and only if

N ftattmflata=fath) — g S Yy € Fpn. (8)
a,be]Fpn

Let a1 = x + a and by = z + b for a1, by € Fyn. Thus, (8) is equivalent to

T ot g @) g € By ©)
CL1,b1EFpn

Let the left-hand side of (9) be G (z) and its right-hand side be Gy(z) for all
z € Fpn, ie., Gi(z) = Ga(z) for all x € Fyn. We recall the following well-known
property of the Fourier transform: for a function G from [Fp» to C,

. . P~ —Te2" (wz)
G(z) =0 Vz €Fpn ifandonlyif G(w)= Z G(z)ep * =0, VYwe&Fyn

z€Fpn

where G is the Fourier transform of G. Then, for all w € F,» the Fourier trans-
forms of G; and G4 are equal:

-~ —TrP" (wz —Tr2" (wx =

Giw)= 3 Gi@e * = 3 Gaw)e T = Cafw).

z€Fn T€F,n

The Fourier transform él of G1 at w € Fyn can be computed in terms of Xy as
the following:

= —rB” (e —eP"™ (w0
Giw) = Y Gi@e P Y= 3 T et i —sen T (00
©€Fpn @€Fpn ay,b1 EFpn

3 ™ _ ™ I B
Z 6pf(al) Trp (way) Z 5pf(b1) Trp (wbq) Z EIJ:(<11+1J1 z)=Trp (—w(aytby—x))

a1 €Fpn by €Fyn z€Fpn

= (X)) (=Xf) (W)X f(—w).

Similarly, for all w € Fpn

Galw) = 3 Gala)eg 7“7 = 37 0, "I O Z o3 w).

:L’E]Fpn IEFPn
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Recall that for all w € Fy»

»T »T nTm
-~ —f(2)=Trp (we) F(@)+Trp (wa) f@)=Trp (-wz) _ =
(=X5)(w) = Z €p P = Z €p ’ = E €p P =Xr(—w).
zE[Fpn IELFPN IE[Fpn

Then for all w € Fpn

Xr(=w)Xr(—w)Xf(—w) = Oxp(—w).
Therefore, (7) holds if and only if |Xf(w)|?> € {0,0} for all w € F,» where
0 = p™*s. In particular, for s = 0, (7) holds if and only if |Xs(w)|* = p™ for all
w € ]Fpn. O

Theorem 3 can be rewritten as the following.

Corollary 4. Let f be a function from Fp» to Fp, and s be an integer with
0 < s <mn. Then, f is s-plateaued if and only if

DyD.f(x) __ ,2n+s
E e fl@) P .
a,b,x€F,n

We remember a link between the second-order derivatives and the fourth power
moments of the Walsh transforms in characteristic p in the following Proposition
(see [23, Proposition 1], [16, Theorem 10] and in [13]).

Proposition 1. Let f be a function from Fpn to F,. Then
So(f)= Y IRp)*=p" Y P
w€F,n a,b,x€F,n

We deduce a new characterization of s-plateaued functions in terms of the fourth
power moments of their Walsh transforms.

Theorem 4. Let f be a function from Fy» to I, and s be an integer with 0 <
s <mn. Then, f is s-plateaued if and only if

Sa(f) = Y IRs(w)* =p**e.
w€F,n

In particular, f is bent if and only if So(f) = p3".

Proof. By Corollary 4 and Proposition 1, f is s-plateaued if and only if
Salf)= 3 Rs)'=pm Y P = pirte,
WG]FPH a,b,mGIFpn
O

Notice that Theorem 2 is also a direct corollary of Theorem 4. Let us introduce
an example of quadratic s-plateaued functions.
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Example 1. Let p be an odd prime and n > 2 be an integer. Let f be an arbitrary
Fp-quadratic form from Fp» to I, defined as

I_%JJrl).

f(@) = T (a0a® + ara”™" + aza? ' 4o+ apy 2
The radical of f given by

W={zeFp: flx+y)=f(z)+ fly),Vy € Fpn}

is an IFp-linear subspace of Fyn. Let dimp, W = s. It follows from [9, the proof
of Theorem4.1] that for all w € Fpn

|)A(f(w)|2:0 or p* Z Z ef(ylw--»ynfs)_H(Zl;<~~7zn—s)

ylw--ayn—ser Zla-~~7zn—s€Fp

1
where H(21,...,2p—s) = (27 + -+ a2, +dz7_,) and d € F}. For each
pair y; and z; where ¢ = 1,...,n — s, it is easy to see that
L( 2_,2 g ¢ 14,
3(yi—27) _ 5(tittiz) _ stin | _
dooa = ) e = | et =
Yi,2i €EFp ti1,tio€Fp ti2€Fp \t;1€F,

Therefore, we conclude that |X¢(w)|? € {0, p""*} for all w € Fy,». Moreover, [10,
Proposition 5.8] gives an algorithm to construct a such quadratic form f with
radical W of dimension s with 0 < s < n—1. In fact, this algorithm holds for any
finite field F, where ¢ is a prime power. Hence, for each odd prime p, integers
n > 2 and s with 0 < s < n — 1, there exists a quadratic p-ary s-plateaued
function f from F,» to F,. For example, for p = 3 and n = 5, we provide the
following s-plateaued functions:

- fi(z) = Trg (22 + 2* + 2219) is the quadratic 0-plateaued function,

— fa(z) = Trgo (22 4+ 2* + 2'9) is the quadratic 1-plateaued function,

- f3(z) = Trga (€2% + 2 + 22'0) is the quadratic 2-plateaued function,

~ falz) = Trgo (§2x2 + 2z% + ¢28210) is the quadratic 3-plateaued function and
5( 3 (a?

2?2 + 2% 4 2210) is the quadratic 4-plateaued function

where ¢ is a primitive element of Fgs with &5 4+ 26 +1 = 0.

5 Characterization of Vectorial Bent Functions

The present section provides a new proof of characterization of vectorial bent
functions given in [23]. The vectorial bent function is defined as the following.

Definition 1. Let F' be a vectorial function from Fy,» to Fpm. For every A € F}m,

the component function fy from F,» to F, is defined as fi(z) = Tr’zj (AF(z))
for all x € Fyn. Then, F is called vectorial bent if fy is bent for all A € F7..
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In [25, Theorem 2.3], vectorial bent functions were characterized by using their
derivatives: A vectorial function F' is bent if and only if D, F' is balanced for all
a € Fy.. Recently, Mesnager characterized the vectorial bent functions in [23,
Theorem 6] by using the number of zeros of second-order derivatives: A vectorial
function F' is bent if and only if

N(F) = {(a,b,2) € Fy : DyDoF () = 0}| = p*" ™ + p" —p*" 7™

It would be interesting to prove directly that D, F' is balanced for all a € Fy. if
and only if M(F) = p3"~™ 4 p?" — p?"~™ without using the bentness of vectorial
function F'. Before proving it, we start with a well-known result.

Lemma 2. Let x1,x2,...,T, be positive real numbers such that x1 +xo+-- -+
Tm = n. We then have

2
2,02, 42 5 10
T T Ty e T Ty 2 (10)
and the equality in (10) holds if and only if 11 = x93 =+ = Tp,.

The following Lemma is similar to Proposition 1, items (1) and (2) in [5], but it
is valid in arbitrary characteristic.

Lemma 3. Let G be a vectorial function from Fpn to Fpm. Then
[{(@1,72) € Fu : Glar) = Glan)}] > p" " (1)

and the equality in (11) holds if and only if G is balanced.

Proof.Let Aj = {zx € Fpn : G(z) =y; € Fpm} and z; = |A4;|forj € {1,...,p"}.
Then we have

p™ p" p™
{(z1,22) € F2n : G(z1) = G(x2)}] = ‘ U{(@1,22) €F2n 21,20 € A_,»}‘ =32 =302
j=1 j=1 j=1

By Lemma 2, for Zf; z; = p" and z; > 0, we get Z?:l 2§ > p**~ ™. Thus, (11)

holds. Notice that G is balanced if and only if z; = 22 = --- = zpm. The final
assertion also follows from Lemma 2. O

Proposition 2. Let F' be a vectorial function from Fpn to Fpm. Then
D, F is balanced for all a € Fy, <= N(F) = P 2 — p?n T (12)

where N(F) = [{(a,b,z) € F3. : DyDF(x) = 0}].

Proof. The second-order derivative of F' at (a,b) € an is
DyDoF(z) = F(x+a+b)+ F(x) — F(x+b) — F(z + a).
Notice that for (a,b,z) € F3,., DyD,F(z) = 0 if and only if

D,F(z) = D,F(x+Db). (13)
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First, for n = m, let us prove that D, F is balanced for all a € Fy, if and only if
N(F) = 2p*™ — p". For a = 0, it is easy to see that (13) holds for all b,z € Fpn
since Do F' is zero map. Then, [{(0,b,z) € F3. : DyD,F(x) = 0} = p*". For
a # 0, by Lemma 3, the number of pairs (b, z) € Ff,n satisfying (13) is equal to
p" if and only if D, F is balanced. Then, |{(a,b,z) € Fg’,n ca# 0,DyD,F(x) =
0}| = p?™ — p". Therefore, D, F is balanced for all a € Fy. if and only if M(F) =
2p2n _ pn'

Now, let n # m. For a = 0, we get [{(0,b,z) € F3, : DyDF(x) = 0} = p*".
For a # 0, by Lemma 3, the number of pairs (b,z) € an satisfying (13) is
equal to p**~™ if and only if D F is balanced. Then, [{(a,b,z) € Fi. : a #
0, DyDoF(z) = 0}] = (p™ — 1)p**~™. Thus, (12) holds. |

In [23, Corollary 1], F is vectorial bent if and only if *(F) = (p"—1)(p?>"~™—p")
where
M (F) = {(a,b,x) € Frn X Fpu X Fpn : DyD,F(x) = 0}].

Then, D, F is balanced for all a € F}, if and only if W*(F) = (p"—1)(p*" ™ —
p™). This can be easily seen by Lemma 3.

6 Characterizations of Vectorial s-Plateaued Functions

In this section, we are interested in a special class of vectorial plateaued func-
tions, which are called wvectorial s-plateaued functions where s € N. We provide
their characterizations in terms of the moments of their Walsh transforms and
the number of zeros of their second-order derivatives.

The notion of vectorial plateaued functions in characteristic 2 were defined
by Carlet in [2]. This can be given in arbitrary characteristic.

Definition 2. Let F' be a vectorial function from Fyn to Fym. For every A € 7.,

the component function fy from F,» to F, is defined as fi(z) = Trgm (A\F(2))
for all x € F». Then, F is called vectorial plateaued if f is plateaued for all
A eTF:..

p

The notion of vectorial s-plateaued functions in arbitrary characteristic can
be given as the following (for example, see in [12]).

Definition 3. Let F be a vectorial function from F,» to F,» and s be an integer
with 0 < s < n. For every A € F}.., the component function fy from Fy» to F,

is defined as fy(z) = Trgm (AF(z)) for all € Fpn. Then, F is called vectorial
s-plateaued if fy is s-plateaued with the same amplitude s for all A € Fn.

Notice that F'is said to be vectorial s-plateaued if and only if f) is s-plateaued
with the same amplitude s for all A € F,..

We can extract from Theorem 2 the following characterization of vectorial
s-plateaued functions.
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Theorem 5. Let F' be a vectorial function from Fyn to Fpm. Then, F is a
vectorial s-plateaued function if and only if

D So(fH) =P —1) and Y S5(fr) =p"T™ — 1), (14)

XEF?, XEF

Proof. Suppose that F'is vectorial s-plateaued. By Theorem 2 for all A € 7.,
fr is s-plateaued if and only if Sa(fy) = p**** and S3(fy) = p*"*2%. Thus,
(14) holds.

Conversely, suppose that (14) holds. By (2) with A = p™*% and i = 1, for all
A€ Fyn

Da= Y (IR @) =p" ") Rp @)I° = Sa(fx) = 20" Sa(f2) + " 51(f2).

w€F,n

Then by (1) and (14),

Z D, 4n+25( m 1) o 2pn+sp3n+s(pm o 1) +p2n+25p2n(pm _ 1) = 0.
AEFY

Since Dy > 0 and Z/\EJF*W Dy =0, we get Dy =0 for every A € F}... Then,

for every A € Fjm,

Xi ()] € {O,p"TJrs} for all w € Fpn. Therefore, F' is vectorial
s-plateaued function. (I

For a vectorial function F', the relation between the sum of S(fy) for all
A € Fym and M(F') was given by Mesnager in [23] as follows.

Proposition 3. Let F' be a vectorial function from Fpn to Fpm. Then

S Sa(fa) = pR(E) — pt

*
AEFSm

where N(F) = [{(a,b,z) € F3. : DyD,F(x) = 0}].

We conclude the following characterization of vectorial s-plateaued functions.

Theorem 6. Let F' be a vectorial function from Fpn to Fpm. Then, F is vectorial
s-plateaued if and only if S3(fx) = p*" 2 for all )\ € F*m and

‘JI(F) — an—m +p2n+s _ p2n+s—m

where N(F) = [{(a,b,z) € F3. : DyD,F(x) = 0}].

Proof. By Proposition 3 and Theorem 5, we get p*"*¢(p™ — 1) = p" T N(F) —
47 Thus, we obtain

m(F) — p3n—m +p2n+s _ p2n+s—m.
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Conversely, by Proposition 3, we get

ST Sa(fa) = I P — gty i = it 1),
AeF*,,
P

By assumption, >, g S3(fx) = p*"T2%(p™ — 1). Therefore, by Theorem5, F
p
is vectorial s-plateaued functions. (I

m

Let us give an example of vectorial quadratic s-plateaued functions.
Ezample 2. Let p be an odd prime, m > 2 and r > 2 be integers and ¢ = p™.
Let f be an arbitrary F,-quadratic form from F,- to F, given by

I_%JJrl)'

f(x) = Te? (apz? + a;z?*! + agz T 4y ay
2
As in Example 1, by [9,10], we have an algorithm to construct f with radical

W={e€Fp: fz+y) = f(x) + f(y),Vy € Fyr} (15)

of prescribed dimension s over I, for each given integer s with 0 < s <r — 1.
For A € Fyn, the component function gy from Fyn to F, given by gi(z) =

T1r£m (Af(x)) is an Fp-quadratic form with radical

Wi ={z €Fpn : ga(z +y) = gr(x) + g2 (y), Yy € Fpn } (16)

where n = mr. For a Fj-quadratic form f on Fgr and A € Fy, the radical W in
(15) is the set of the roots of the equation

aoz + a1zt + (am:)f1 Taza? + (agcc)‘f2 + -+ CLL%JJz:qLiJ + (aL%Jx)q (17)

in Fgr and W) in (16) is the set of the roots of the equation

Aaoz + Aare? + (Aar12)? + Aaze? + (Aaza)? 4o+ xal
(for example, see [10, Lemma2.1]). As A € Fy, it is easy to observe from (17)
and (18) that W = W,. Therefore, we obtain vectorial s-plateaued function F'
from Fpn to Fpm (notice that F'(z) = f(x) for all € Fp»). This shows existence
of an algorithm to construct vectorial s-plateaued functions F' for any integer s
with 0 < s < r — 1. For example, if p =3, m = 2 and n = 6, then

- fi(z) = Trgz (22 + 219) is the vectorial O-plateaued function and
6
— fo(z) = Trds (2 + 22'°) is the vectorial 1-plateaued function.

Ezample 3. Let p be an odd prime and n be a positive even integer. Let f; and
f2 be the quadratic p-ary s;-plateaued and so-plateaued functions from F,» to
[, with s1 # s, respectively. For any 6 € 2 \ F), a function F' given as

F(x) = fi(x) + 0 f2(x)
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is the vectorial plateaued function from Fp» to F,2, but it is not the vectorial
s-plateaued function for any integer s. This shows that the vectorial plateaued
functions are strictly more general than the vectorial s-plateaued function for
any s.

7 Conclusion

This paper studies the characterizations of (vectorial) bent and plateaued func-
tions in arbitrary characteristic. First, we provide the results on characterizations
of bent and plateaued functions. Next, we generalize their characterizations in
characteristic 2 in terms of the second-order derivatives given in [7] to arbitrary
characteristic. Moreover, we present a new characterization of plateaued func-
tions in terms of fourth power moments of their Wash transforms. Furthermore,
we give a direct proof between the balancedness of the first-order derivatives of
vectorial bent functions and the number of zeros of their second-order deriva-
tives. Lastly, we present the characterizations of vectorial s-plateaued functions.
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