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Abstract This work details development of dynamic neural models of a yeast fer-

mentation chemical reactor using Extreme Learning Machines (ELM). The ELM

approach calculates very efficiently, without nonlinear optimisation, dynamic mod-

els, but only in the non-recurrent serial-parallel configuration. It is shown that in the

case of the considered benchmark the ELM technique gives models which are also

quite good recurrent long-range predictors, they work in the parallel configuration

(simulation mode). Furthermore, properties of neural models obtained by the ELM

and classical (optimisation-based) approaches are compared.
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1 Introduction

Neural networks [3], due to their excellent approximation ability, are used very fre-

quently as models of nonlinear systems in many fields, e.g. in advanced control algo-

rithms [6, 13], in pattern recognition [12], in interpretation of medical images [11],

in fault diagnosis and fault-tolerant control [14] and in optimisation [15].

Typically, determination of parameters (weights) of neural networks (training)

needs solving an optimisation problem [3]. Such a problem is nonlinear and it is

likely to be non-convex and multi-modal. An alternative is to use Extreme Learn-

ing Machines [2]. In the ELM approach the weights of the second layer are deter-

mined explicitly, without nonlinear optimisation, while the weights of the first layer

are chosen randomly. The ELM method yields non-recurrent serial-parallel models

whereas in the case of dynamic systems the objective is to find recurrent models,

which give good long-range prediction (the parallel configuration or the simulation

mode) [10]. This work reports development of dynamic neural models of a yeast
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fermentation reactor using the ELM approach and the classical (optimisation-based)

method. Long-range prediction abilities and complexity of both model classes are

compared.

2 Structures of Neural Model

Let u and y denote the input and output variables of a dynamic process, respectively.

Figure 1 depicts two possible model configurations [10]. In the non-recurrent serial-

parallel model the output signal for the sampling instant k is a function of the process

input and output signal values from some previous instants

ymod(k) = f (u(k − 𝜏),… , u(k − nB), y(k − 1),… , y(k − nA)) (1)

where the integers 𝜏, nA, nB determine the order of dynamics. In the recurrent parallel

model (the simulation model), the past process outputs are replaced by the model

outputs

ymod(k) = f (u(k − 𝜏),… , u(k − nB), ymod(k − 1),… , ymod(k − nA)) (2)

The serial-parallel model is a one-step-ahead predictor (the Autoregressive with

eXogenous input (ARX) model), the parallel one is a multiple-steps-ahead predictor

(the Output Error (OE) model).

The feedforward neural network with two layers is the most popular structure

[3]. Taking into account Eq. (1) or Eq. (2), the network has nA + nB − 𝜏 + 1 input

nodes, K nonlinear hidden neurons with the nonlinear transfer function 𝜑∶ℝ → ℝ

(a) (b)

Fig. 1 Structures of dynamic models: a the serial-parallel model, b the parallel model
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(e.g.𝜑 = tanh), one linear output element (sum) and one output ymod(k). The weights

of the first layer are denoted by w1
i,j, where i = 1,… ,K, j = 0,… , nA + nB − 𝜏 + 1,

the weights of the second layer are denoted by w2
i , where i = 0,… ,K. The output

signal of the neural ARX or OE model is

ymod(k) = w2
0 +

K∑

i=1
w2
i vi(k)

where vi(k) denotes the output of the ith hidden node. Let zi(k) denote the sum of

input signals of the ith hidden node. Hence, vi(k) = 𝜑(zi(k)). For the ARX model

defined by Eq. (1), one has

zi(k) = w1
i,0 +

nB−𝜏+1∑

j=1
w1
i,ju(k − 𝜏 + 1 − j) +

nA∑

j=1
w1
i,nB−𝜏+1+j

y(k − j)

whereas for the OE model defined by Eq. (2), one has

zi(k) = w1
i,0 +

nB−𝜏+1∑

j=1
w1
i,ju(k − 𝜏 + 1 − j) +

nA∑

j=1
w1
i,nB−𝜏+1+j

ymod(k − j)

3 Training of Neural Models

3.1 Classical Approach

Neural models are trained using a series of input-output samples. The objective is to

find the values of the weights which result in good accuracy of the model. Accuracy

is defined by the following Sum of Squared Errors (SSE) cost-function

SSE =
kmax∑

k=kmin

(ymod(k) − y(k))2 (3)

where ymod(k) is the output signal calculated by the model for the sampling instant k
(in the serial-parallel or parallel configuration), y(k) is the real value of the recorded

process output, kmin and kmax define the training samples. Training consists in solving

the unconstrained optimisation problem

min
w1
1,0,…,w1

K,nA+nB−𝜏+1,w
2
0,…,w2

K

{SSE} (4)



16 M. Ławryńczuk

It is necessary to emphasise the fact that for training by means of the classical

approach a nonlinear, possibly multi-modal, non-convex optimisation problem (4)

must be solved. For this purpose a number of classical nonlinear optimisation

algorithms may be used, e.g. the steepest descent method, the conjugated gradi-

ents methods, the quasi-Newton variable metrics methods, the Levenberg-Marquardt

algorithm or heuristic optimisation approaches, e.g. evolutionary algorithms [3].

3.2 Extreme Learning Machines

In the ELM approach [2] the structure of the network the same as in the classical

approach, but training does not need solving a computationally demanding nonlinear

optimisation problem (4). The weights are calculated from the following procedure:

1. The weights of the first layer are assigned randomly.

2. The outputs of all hidden nodes (i.e. v1(k),… , vK(k)) for all training data samples

(i.e. for k = kmin,… , kmax) are calculated.

3. The weights of the second layer are calculated analytically.

In order to simplify calculations it is assumed that there is a sufficient number of

hidden nodes. Since the weights of the first layer are chosen randomly, the training

optimisation problem (4) becomes

min
w2=

[
w2
0 … w2

K
]T {SSE} (5)

Although the classical minimised objective function (3) may be used, it is more prac-

tical to use

SSE =
kmax∑

k=kmin

(ymod(k) − y(k))2 + 𝛼

K∑

i=0
(w2

i )
2

(6)

where the regularisation term
∑K

i=0(w
2
i )

2
minimises values of the weights of the sec-

ond layer, 𝛼 > 0. The cost-function (6) may be expressed in a vector notation

SSE = (ymod − y)T(ymod − y) + 𝛼(w2)Tw2 = ‖‖ymod − y‖‖
2 + 𝛼

‖‖‖w
2‖‖‖

2

where ymod =
[
ymod(kmin) … ymod(kmax)

]T
, y =

[
y(kmin) … y(kmax)

]T
. The outputs

of the hidden nodes for all training samples give a matrix of dimensionality (kmax −
kmin + 1) × (K + 1)

v =
⎡
⎢
⎢⎣

v0(kmin) … vK(kmin)
⋮ ⋱ ⋮

v0(kmax) … vK(kmax)

⎤
⎥
⎥⎦
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Hence, in the case of the ARX configuration, the model output vector is ymod = vw2

and the minimised cost-function (6) becomes

SSE = ‖‖‖vw
2 − y‖‖‖

2
+ 𝛼

‖‖‖w
2‖‖‖

2
(7)

As the minimised cost-function (7) is a second-order polynomial of the weights of

the second layer, w2
, they may be determined analytically, without nonlinear optimi-

sation, by zeroing the derivative vector
dSSE
dw2 = 2vT(vw2 − y) + 2𝛼w2

, which gives

w2 = (vTv + 𝛼I(K+1)×(K+1))−1vTy (8)

4 Simulation Results

The considered process is a yeast fermentation reactor (Saccharomyces cerevisiae).

Yeast is commonly used in many branches of the food industry, in particular in: bak-

eries, breweries, wineries and distilleries. The reactor manifests significantly non-

linear behaviour. It cannot be modelled precisely by means of linear models with

constant parameters and it cannot be controlled efficiently by the classical linear

control schemes [6, 8]. Neural networks may be successfully used to approximate

behaviour of the process as described in [6–9]. Different nonlinear controllers may

be used for the process, including a fuzzy-PI controller [1], an inverse neural-network

controller [4], a reinforcement learning algorithm [5] and nonlinear Model Predic-

tive Control (MPC) strategies [6–9].

During fermentation the reactor temperature must be maintained within a narrow

range because temperature greatly influences process operation. Imprecise temper-

ature control is likely to result in a reduction of fermentation yield [1]. Hence, the

problem is to find a sufficiently precise model of the reactor temperature, which

may be next used for developing a control system [6–9]. From the perspective of a

control algorithm the reactor is a single-input single-output process: the coolant flow

rate (Fag) is the input (the manipulated variable), the reactor temperature (Tr) is the

output (the controlled variable).

The first-principle model consists of a set of nonlinear differential equations

[6–9]. It is treated as the “real” process. The first-principle model is simulated open-

loop (without any controller) in order to obtain data sets necessary for model identifi-

cation. Figure 2 depicts training and validation data sets. Each set has 4000 samples.

The sampling period is 30 min [9]. The output signal contains small measurement

noise. The training data set is used only for model training, i.e. the training error is

minimised for that set. The validation data set is used only to calculate the valida-

tion error after training of different model structures. The validation error indicates

generalisation abilities of the models. The models are finally compared taking into

account the validation error.
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Fig. 2 The training data set (left) and the validation data set (right)

The hyperbolic tangent transfer function 𝜑 = tanh is used in the hidden layer.

Because input and output process variables have different orders of magnitude,

they are scaled: u = 0.01(Fag − Fag,nom), y = 0.1(Tr − Tr,nom), where Fag,nom = 18
l/h, Tr,nom = 29.573212 ◦C correspond to the nominal operating point.

4.1 Training of Classical Neural Models

Accuracy of models is assessed taking into account the SSE index (3). For model

training the efficient Broyden-Fletcher-Goldfarb-Shanno (BFGS) nonlinear optimi-

sation algorithm is used, training is carried out in the parallel (recurrent) configura-

tion. The second-order dynamics is assumed (i.e. 𝜏 = 1, nA = nB = 2) as in [6, 8].

In order to find a neural model with good accuracy and generalisation abilities the

networks with K = 1,… , 7 hidden nodes are trained and compared. For each struc-

ture training is repeated 10 times (because of possible shallow local minima), all

weights are initialised randomly. Table 1 presents properties of the best obtained

models. Increasing the number of model parameters leads to reducing the training

error (SSEtrain
OE ). On the other hand, when K > 3, the models have too many weights

and the validation error (SSEval
OE) increases, which means that the generalisation abil-

ity deteriorates. Hence, the model with as few as 3 hidden nodes is finally chosen.

The model has only 19 weights. Figure 3 compares the validation data set and the

output of the chosen neural model. The model works fine both in serial-parallel and

parallel configurations.
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Table 1 Comparison of the best neural models trained in the parallel configuration and in the

classical approach; NP–the number of parameters

K NP SSEtrain
OE SSEval

OE
1 7 1.1649 × 101 1.3895 × 101

2 13 3.2821 × 10−1 3.2568 × 10−1

3 19 2.0137 × 10−1 1.8273 × 10−1

4 25 1.9868 × 10−1 1.9063 × 10−1

5 31 1.3642 × 10−1 1.9712 × 10−1

6 37 1.3404 × 10−1 2.0440 × 10−1

7 43 1.2801 × 10−1 2.9391 × 10−1
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Validation in parallel mode

Fig. 3 The validation data set (solid line) versus the output of the best neural model with 3 hidden

nodes trained in the parallel configuration and in the classical approach (dashed line), SSEval
ARX =

1.2320 × 10−1, SSEval
OE = 1.8273 × 10−1

4.2 Training of Extreme Learning Machines

In the classical approach to training, i.e. when the cost-function is minimised by

means of a nonlinear optimisation algorithm, the model may be trained in both serial-

parallel and parallel configurations. When the model is trained in the ELM manner,

training is possible only in the first mode. Nevertheless, since the objective is to

obtain good dynamic models, the ELM neural models are validated in the paral-

lel configuration after training. The models with K = 1, 2,… , 100 hidden nodes are

considered, for each model structure the weights are calculated 20 times. The SSE

error with the regularisation term (6) is minimised during training, the models are

evaluated using the error (3), i.e. without that term. Validation errors of all deter-

mined models are shown in Fig. 4, both serial-parallel and parallel configurations

are considered. Additionally, validation errors of the best selected neural models are

given in Table 2. When 𝛼 = 0 (no regularisation during training), the models with

too few and too many hidden nodes frequently give huge errors, particularly in the
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Fig. 4 Validation errors of all models trained in the serial-parallel configuration and in the ELM

approach for different values of the regularisation parameter 𝛼: a 𝛼 = 0, b 𝛼 = 0.01, c 𝛼 = 10

parallel configuration, which is illustrated in Fig. 4a. Moreover, there are huge dif-

ferences of accuracy between the best and the worst models, even for the same num-

ber of hidden nodes. As the regularisation parameter 𝛼 increases, the differences

between models of the same structure become smaller and smaller and the effect of
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Table 2 Comparison of the best neural models trained in the serial-parallel configuration and in

the ELM approach; NP–the number of parameters

SSEval
OE

K NP 𝛼 = 0 𝛼 = 0.01 𝛼 = 0.1 𝛼 = 1 𝛼 = 10
10 61 1.6836 × 100 1.6927 × 101 1.7547 × 101 2.9732 × 101 3.2173 × 101

20 121 3.8370 × 10−1 1.4811 × 100 4.6646 × 100 8.3131 × 100 1.5030 × 101

30 181 4.2560 × 10−1 6.5626 × 10−1 1.2046 × 100 4.0492 × 100 1.2573 × 101

40 241 6.2061 × 10−1 5.3584 × 10−1 1.0773 × 100 4.6231 × 100 1.2441 × 101

50 301 6.2207 × 10−1 5.1635 × 10−1 7.5840 × 10−1 3.3643 × 100 1.0516 × 101

60 361 6.9239 × 10−1 4.9123 × 10−1 7.8591 × 10−1 3.5661 × 100 1.1595 × 101

70 421 6.7860 × 10−1 5.1162 × 10−1 8.8329 × 10−1 2.8592 × 100 7.3480 × 100

80 481 8.0274 × 10−1 6.6283 × 10−1 7.9178 × 10−1 2.3020 × 100 9.0120 × 100

90 541 1.1602 × 10−1 5.7329 × 10−1 6.8762 × 10−1 2.3021 × 100 9.7736 × 100

100 601 8.3138 × 10−1 5.5840 × 10−1 5.7272 × 10−1 1.9188 × 100 1.0406 × 101

overparameterisation is not present (forK ≤ 100). Unfortunately, the bigger the para-

meter 𝛼, the bigger the errors.

The best model trained using the ELM approach is obtained for 20 hidden nodes

(it has 121 weights). Its validation error is SSEval
OE = 3.8370 × 10−1 whereas the

model trained by means of the classical approach needs only 3 hidden nodes (19

weights) and it is characterised by the error SSEval
OE = 1.8273 × 10−1.

Figure 5 compares the validation data set and the output of three neural models

with 20 hidden nodes trained in the serial-parallel configuration and in the ELM

approach. The best model (minimal SSEval
OE for 𝛼 = 0) works fine both in serial-

parallel and parallel configurations. Conversely, the worst neural model (maximal

SSEval
OE for 𝛼 = 0) fails to give good long-range prediction in the parallel configura-

tion. When the regularisation factor is big (𝛼 = 10), the best model (minimal SSEval
OE)

also gives a significant error in the parallel configuration.

5 Conclusions

The ELM approach makes it possible to very efficiently find values of the weights

of neural networks since they are calculated explicitly, without nonlinear optimisa-

tion. Although the ELM technique trains networks only in the non-recurrent serial-

parallel configuration, for the considered yeast fermentation reactor they perform

well also in the recurrent parallel mode. As the input weights are chosen randomly,

the ELM approach gives the best network with 20 hidden nodes whereas in the clas-

sical approach only 3 nodes are sufficient.
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Fig. 5 The validation data set (solid line) versus the output of the neural model with 20 hidden

nodes trained in the serial-parallel configuration and in the ELM approach (dashed line): a the best

neural model (minimal SSEval
OE for 𝛼 = 0), SSEval

ARX = 5.2808 × 10−2, SSEval
OE = 3.8370 × 10−1; b

the worst neural model (maximal SSEval
OE for 𝛼 = 0), SSEval

ARX = 1.6595 × 10−1, SSEval
OE = 2.2227 ×

101, c the best neural model (minimal SSEval
OE for 𝛼 = 10), SSEval

ARX = 3.3633 × 10−1, SSEval
OE =

1.5030 × 101
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