
Chapter 2
The Univariate Case

We consider the stochastic recurrence equation

Xt = At Xt−1 + Bt , t ∈ T , (2.0.1)

for the index sets T = N = {0, 1, . . .} or T = Z = {0,±1,±2, . . .}, where(
(At , Bt )

)
t∈Z is an R

2-valued iid sequence. If X0 and
(
(At , Bt )

)
t≥1 are indepen-

dent then iteration of (2.0.1) generates a Markov chain (Xt )t≥0. This Markov chain
does not necessarily constitute a strictly stationary sequence.1 Our first task will be
to find conditions for strict stationarity of this Markov chain. This is accomplished
in Section 2.1. In particular, we elaborate on results by Vervaat [256] and Goldie and
Maller [130].

In most applications one focuses on the stationary version of (2.0.1). But it is also
of interest to study the properties of the Markov chain (Xt )t≥0 such as irreducibility,
aperiodicity, mixing properties, and absolute continuity of the Markov kernel. This
is the task of Section 2.2. There we will also discuss the close relationship between
the stationary solution (Xt )t∈Z of (2.0.1) and the fixed-point equation in law

X0
d= A1 X0 + B1 . (2.0.2)

Immediately, stationarity of the Markov chain (Xt ) implies (2.0.2). On the other
hand, if the law PX0 of X0 satisfies (2.0.2) the Markov chain (Xt )t∈Z generated by
(2.0.1) is stationary. In Section 2.2 we also discuss the notion of contractivity in the
context of the stochastic recurrence equation (2.0.1).

Sections 2.3–2.5 are devoted to the distributional properties of X0 in (2.0.2) or,
equivalently, to the properties of the marginal distribution of the stationary Markov
chain (Xt ). In Section 2.3 we collect some results about the existence and structure of

1Throughout, stationarity and strict stationarity are used as synonyms.
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10 2 The Univariate Case

themoments of X0. Section 2.4 deals with the complicated problem of the asymptotic
tail behavior of PX0 . We present an overview of the theory with focus on the results
by Kesten [175] and Goldie [128] about the power-law asymptotics of P(|X0| > x)
and P(X0 > x). The support of PX0 , denoted by supp PX0 , is studied in Section 2.5.
Omitting the trivial case, when the distribution PX0 is concentrated at one point,
we prove that supp PX0 coincides either with a half-sided infinite interval or with
the whole real line, provided |A1| exceeds 1 with positive probability. Moreover the
distribution PX0 is atomless and either absolutely continuous or singular with respect
to Lebesgue measure.

To ease notation the symbol Y stands for a generic element of any stationary
sequence (Yt ). In particular, we write (A, B) for a generic element of the sequence(
(At , Bt )

)
t∈Z and, if (Xt )t∈Z is a stationary solution to (2.0.1), X denotes a generic

element of this sequence. The identity in law (2.0.2) takes on the form X
d= AX + B

with the convention that (A, B) and X are independent.

2.1 Stationary Solution

2.1.1 Existence and Uniqueness of the Stationary Solution

Here we search for conditions that ensure the existence and uniqueness of a strictly
stationary causal solution (Xt ) to the stochastic recurrence equation (2.0.1). A solu-
tion (Xt ) is causal2 if, for every t , Xt is a measurable function of (As, Bs)s≤t , i.e.,
it is a function of past and present noise variables (As, Bs), s ≤ t . Then (Xt ) also
constitutes a Markov chain.

Intuitively, a causal solution to (2.0.1) is obtained by backward iteration, i.e., by
applying (2.0.1) backward in time. After n iterations one obtains for any t ∈ Z,

Xt = At Xt−1 + Bt

= At At−1Xt−2 + (
Bt + At Bt−1

)

= At At−1At−2Xt−3 + (
Bt + At Bt−1 + At At−1Bt−2

)

...

= Πt−n+1,t Xt−n +
t∑

i=t−n+1

Πi+1,t Bi . (2.1.3)

2In the literature a causal solution is sometimes called non-anticipative; see e.g. Bougerol and
Picard [51, 52], Babillot et al. [22]. We follow here the tradition of time series analysis, where it is
common to refer to a causal solution if Xt is a function of the past and present noise.
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Here and in what follows it will be convenient to use the notation

Πi j =
{
Ai · · · A j if i ≤ j ,

1 if i > j ,
and Π j = Π1 j , i, j ∈ Z .

In view of (2.1.3) a natural candidate for a causal stationary solution to (2.0.1) is
suggested by the infinite series

Xt =
t∑

i=−∞
Πi+1,t Bi , t ∈ Z . (2.1.4)

Indeed, if this series converged a.s. for every t , (Xt ) would satisfy (2.0.1). It suffices
to show that the series converges a.s. for t = 0. Replacing the indices −i by i ,∑0

i=−∞ Πi+1,0 Bi turns into
∑∞

i=0 Π0,i−1 Bi . We will prove that the latter series
converges a.s.

A complete solution of this problem can be found in Theorem 2.1 of Goldie and
Maller [130]. We cite one part of this result.

Theorem 2.1.1 Consider an iid R
2-valued sequence

(
(At , Bt )

)
t∈Z and assume

P(B = 0) < 1 and P(A = 0) = 0. Then the following conditions are equivalent:

(1) The infinite series
∑∞

i=1 Πi−1Bi converges absolutely a.s.;

(2) Πn−1Bn
a.s.→ 0 as n → ∞.

Each of the relations (1) or (2) implies that

Πn Z0 +
n∑

i=1

Πi−1 Bi
a.s.→

∞∑

i=1

Πi−1 Bi , n → ∞ ,

for any random variable Z0 independent of
(
(At , Bt )

)
t≥1. Moreover, Πn

a.s.→ 0 is
necessary for both statements (1) and (2).

Conversely, if also P(Ax + B = x) < 1 for all x ∈ R, and (1) or (2) do not hold
then

∣
∣∣Πn Z0 +

n∑

i=1

Πi−1 Bi

∣
∣∣

P→ ∞ , n → ∞ ,

for any random variable Z0 independent of
(
(At , Bt )

)
t≥1.

We immediately get the following result.



12 2 The Univariate Case

Corollary 2.1.2 Consider an iid R2-valued sequence
(
(At , Bt )

)
t∈Z and assume

1. P(A = 0) = 0;
2. P(Ax + B = x) < 1 for all x ∈ R.3

Then the following conditions are equivalent:

(1) There exists an a.s.-unique causal ergodic strictly stationary solution (Xt ) to the
stochastic recurrence equation (2.0.1).

(2)
∑∞

i=1 |Πi−1Bi | < ∞ a.s.

(3) Πn−1Bn
a.s.→ 0 as n → ∞.

The solution (Xt ) is given by the infinite series (2.1.4) which converges a.s. for every
t ∈ Z.

Proof The equivalence of (2) and (3) follows from Theorem 2.1.1.
Relation (2) implies the a.s. convergence of the series (2.1.4) which constitutes a

causal solution to (2.0.1). The series representation (2.1.4) yields a functional rela-
tionship of the type Xt = f ((As+t , Bs+t ), s ∈ Z). Then strict stationarity is straight-
forward and ergodicity follows from standard theory for stationary processes; see
e.g. Krengel [186], Proposition 4.3. If there is any other causal strictly stationary
sequence (X̃t ) satisfying X̃t = At X̃t−1 + Bt , t ∈ Z, we have

Xt − X̃t = Πt−n+1,t (Xt−n − X̃t−n) , n ≥ 1 . (2.1.5)

The right-hand side expression converges in probability to zero as n → ∞. Indeed,

we know from Theorem 2.1.1 that Πt−n+1,t
d= Πn

a.s.→ 0. Causality implies that
Πt−n+1,t and Xt−n − X̃t−n are independent for every n ≥ 1. Since (Xt ) and (X̃t )

are strictly stationary we finally conclude that the right-hand side of (2.1.5) con-
verges to zero in probability as n → ∞. This is possible only if Xt − X̃t = 0 a.s. for
every t . Thus we proved that (2) implies (1).

Now assume that (1) holds but (2) does not. Theorem 2.1.1 implies that

|Xn| = ∣∣Πn X0 +
n∑

i=1

Πi+1,t Bi

∣∣

d= ∣∣Πn X0 +
n∑

i=1

Πi−1 Bi

∣∣ P→ ∞ , n → ∞ .

In view of the stationarity of (Xn) this means that |Xn| = ∞ a.s. in contradiction
to (1). �

3Choosing x = 0, this condition also excludes the case B = 0 a.s.
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Next we give some sufficient conditions for the existence of a solution to the
stochastic recurrence equation (2.0.1). These conditions are easily checked. In many
situations, they are also necessary.

Theorem 2.1.3 Consider an iid R2-valued sequence
(
(At , Bt )

)
t∈Z and assume that

one of the following conditions holds:

1. P(A = 0) > 0;
2. P(A = 0) = 0, −∞ ≤ E[log |A|] < 0 and E[log+ |B|] < ∞.

Then there exists an a.s.-unique causal ergodic strictly stationary solution to the
stochastic recurrence equation (2.0.1). The solution (Xt ) is given by the infinite
series (2.1.4) which converges a.s. for every t ∈ Z.

Moreover, assume one of the following conditions:

3. P(A = 0) = 0, P(B = 0) < 1 and 0 ≤ E[log |A|] ≤ ∞;
4. E[log |A|] > −∞ and E[log+ |B|] = ∞.

Then no strictly stationary causal solution to (2.0.1) exists.

Proof First assume that q0 = P(A = 0) > 0. Then

P

(∣∣
∣

∞∑

i=1

Πi−1Bi

∣∣
∣ < ∞

)
≥ P(Πi = 0 for some i ≥ 1)

=
∞∑

i=1

P(Ai = 0, |Πi−1| > 0)

=
∞∑

i=1

q0 (1 − q0)
i−1 = 1.

Thus the infinite series
∑∞

i=1 Πi−1Bi collapses into a finite sum with probability 1
and all arguments in the proof of Corollary 2.1.2 apply to ensure the existence of an
a.s.-unique causal solution to (2.0.1).

Now assume the set of conditions 2.Write T0 = 0 and Tn = ∑n
i=1 log |Ai |, n ≥ 1.

In view of E[log |A|] < 0 this is a random walk with negative drift and the strong
law of large numbers yields n−1Tn

a.s.→ E[log |A|] as n → ∞. By the Borel–Cantelli
lemma and since E[log+ |B|] < ∞, n−1 log+ |Bn| a.s.→ 0 as n → ∞. Thus we have

lim sup
n→∞

|Πn−1Bn|1/n = lim sup
n→∞

e n−1Tn−1+n−1 log |Bn |1(|Bn| > 0)

≤ e E[log |A|] < 1 .

An application of the Cauchy root criterion implies that
∑∞

i=1 |Πi−1Bi | < ∞ a.s.
The same arguments as in the proof of Corollary 2.1.2 ensure the existence of an
a.s.-unique causal solution to (2.0.1).
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Now assume the set of conditions 3. If 0 < E[log |A|] ≤ ∞ then the strong law
of large numbers implies that

Πn = e Tn a.s.→ ∞ , n → ∞ ,

and therefore the necessary conditionΠn
a.s.→ 0 inTheorem2.1.1 is violated.Hence no

causal stationary solution (Xt ) exists in this case. If E[log |A|] = 0 a similar remark
applies. In this case, there exists a subsequence along which the random walk (Tn)
converges to infinity. This follows from the recurrence of the random walk; see e.g.
Feller [120], Chapter XII.

Finally, assumeE[log+ |B|] = ∞ andE[log |A|] > −∞. We follow an argument
in Vervaat [256], proof of Lemma 1.7. In view of the Borel–Cantelli lemma, the
logarithmic moment condition on B is equivalent to

P(log |Bn| > n log ε i.o.) = P(|Bn|1/n > ε i.o.) = 1 for any ε > 1.

Therefore lim supn→∞ |Bn|1/n = ∞ and we have

lim sup
n→∞

|Πn−1Bn|1/n = lim sup
n→∞

e n−1Tn−1+n−1 log |Bn |

= e E[log |A|] lim sup
n→∞

e n−1 log |Bn |

= ∞ a.s.

An application of the Cauchy root criterion shows that the series
∑∞

i=1 Πn−1Bn does
not converge. This fact excludes the existence of a causal strictly stationary solution
to (2.0.1). This concludes the proof. �

2.1.2 A Discussion of the Conditions of the Existence Results

Literature

Theorem2.1.3was proved in the literature under similar conditions; seeKesten [175],
Vervaat [256], Goldie [128], Bougerol and Picard [51]. The sharpest conditions for
the a.s. convergence of the infinite series

∑∞
i=1 Πi−1Bi can be found in Goldie and

Maller [130]; Theorem 2.1.1 above contains a few of these conditions. They provide
necessary and sufficient conditions for (2.1.4) to converge a.s. which, in general, are
not easy to check. However, the conditions of Theorem 2.1.3 cover many cases of
interest and are often easy to verify. Goldie and Maller [130] give explicit credit to
Vervaat’s [256] paper and ideas in Grincevičius [136, 137].
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A Necessary Condition for the Existence of a Stationary Solution

TheconditionP(|A| < 1) > 0 isnecessary for the existenceof a stationary solution to
the stochastic recurrence equation (2.0.1) under the natural condition P(B = 0) < 1.
Indeed, if P(|A| ≥ 1) = 1 the sequence (Πn) cannot converge to zero, but Πn

a.s.→ 0
as n → ∞ is necessary for the existence of the stationary solution (Xt ); see
Theorem 2.1.1.

The Contractive, Critical, and Divergent Cases

The condition E[log |A|] < 0 describes the contractive case. Some intuition for this
namewill be given in Section 2.2.5. Thismoment condition is satisfied ifE[|A|p] < 1
for some p > 0. Indeed,E[log |A|] = −∞ ifP(A = 0) > 0while forP(A = 0) = 0
in view of Jensen’s inequality,

pE[log |A|] = E[log(|A|p)] ≤ log E[|A|p] < 0 .

The intermediate case when E[log |A|] < 0 but E[log+ |B|] = ∞ and no stationary
solution exists was also considered in the literature; see Buraczewski and Iksanov
[80] and references therein.

If A > 0 and E[log A] = 0 one refers to the critical case. The second part of
Theorem 2.1.3 indicates that, if an invariant measure of the Markov chain (Xt )t≥0

with the dynamics (2.0.1) existed, it could not be a probability distribution. However,
there exists an infinite invariant Radon measure for this chain and this measure is
unique up to a multiplicative constant; see the discussion in Section 5.1.

In the divergent casewhenE[log |A|] > 0 one can still construct an infinite invari-
ant Radonmeasure for theMarkov chain (Xt )t≥0 but such a measure is not unique. In
fact, an infinite family of invariant measures exists; see Guivarc’h and Le Page [143].

Degenerate Solutions

There exist some degenerate solutions to (2.0.1). If B = 0 a.s. and the conditions on
A in the first part of Theorem 2.1.3 are satisfied then Xt = 0 a.s., t ∈ Z, is the only
solution to (2.0.1). A rather artificial case appears when x ∈ R satisfies the relation
x = Ax + B a.s., i.e., 1 − A and B are proportional. Then (2.0.1) has the trivial
solution Xt = x a.s.

These degenerate cases are not of particular interest; we will typically exclude
them from consideration.

An Extension: Stationary Ergodic Noise

Assume that ((At , Bt ))t∈Z constitutes a strictly stationary ergodic sequence with
generic element (A, B), −∞ < c0 = E[log |A|] < 0 and E[log+ |B|] < ∞. Then
the infinite series in (2.1.4) converges a.s. for every t and (Xt ) constitutes a stationary

http://dx.doi.org/10.1007/978-3-319-29679-1_5
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ergodic sequence (cf. Krengel [186], Proposition 4.3) representing the a.s.-unique
causal solution to (2.0.1). Indeed, as in the iid case, we observe that for any ε > 0,

|Πi−1| |Bi | ≤ e Ti−1e log+ |Bi |1(|Bi | > 0) ≤ e (c0+ε)i , (2.1.6)

for a.e. ω ∈ Ω and sufficiently large i . Here we used the strong law of large numbers
i−1Ti−1

a.s.→ c0 < 0 and

1

i
log+ |Bi | = 1

i

i∑

j=1

log+ |Bj | − 1

i

i−1∑

j=1

log+ |Bj | a.s.→ E[log+ |B|] − E[log+ |B|] = 0 .

Thus the right-hand side of (2.1.6) converges to zero exponentially fast as i → ∞
with probability 1, provided ε > 0 is chosen such that c0 + ε < 0. This fact was
already observed by Brandt [57]; see also the monograph Brandt et al. [58] which
includes the case of multivariate dependent

(
(At ,Bt )

)
.

Noncausal Solutions

In time series analysis it is common to consider noncausal solutions of difference
equations as well. For example, the autoregressive equation Xt+1 = ϕXt + Zt+1,
t ∈ Z, with iid noise (Zt ) satisfying E[log+ |Z |] < ∞ has the strictly stationary
solution Xt = −∑∞

j=1 ϕ− j Zt+ j , t ∈ Z, if and only if |ϕ| > 1; see Brockwell and
Davis [61], p. 81. Indeed, we have Xt = ϕ−1Xt+1 − ϕ−1Zt+1 and forward iteration
of this equation yields the desired form of the stationary solution. This solution
depends only on the future values Zt+ j , j ≥ 1, which, in a time series context, are
not observable at time t . The latter fact is referred to as noncausality.

To the best of our knowledge, Theorem 2.1 in Vervaat [256] is the only result
where the idea of a noncausal strictly stationary solution to the stochastic recurrence
equation (2.0.1) was considered. Assuming P(A = 0) = 0 and following the above
argument for a noncausal autoregressive process, we can write Xt = Xt+1/At+1 −
Bt+1/At+1 and, iterating forward, an educated guess for the corresponding noncausal
stationary solution Xt as a function of ((As, Bs))s>t is given by the infinite series

Xt = −
∞∑

i=t+1

Bi

Πt+1,i
, t ∈ Z . (2.1.7)

Assuming that 0 < E[log |A|] ≤ ∞ and E[log+ |B/A|] < ∞, the same proof as for
Theorem 2.1.3 shows that the infinite series (2.1.7) converges a.s. for every t and
constitutes a noncausal strictly stationary solution to (2.0.1). Note that the law of
X0 for this stationary process is not an invariant distribution for the Markov chain
generated by the recursion (2.0.1).
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2.1.3 Examples

In many concrete cases it is not difficult to verify the conditions of Theorem 2.1.3
for (A, B).

Example 2.1.4 Recall the setting of Example 1.0.2. For stationarity of Xt =
βYt Xt−1 + Et , t ∈ Z, one has to verify that E[log(βY )] = E[Y ] logβ < 0 and
E[log+ E1] < ∞. These conditions are trivially satisfied in view ofβ ∈ [0, 1),Y > 0
a.s. and the fact that E1 has an exponential distribution.

Example 2.1.5 Assume that A = a ∈ (0, 1) a.s. and B is symmetric Bernoulli dis-
tributed on {−1, 1}, i.e., P(B = ±1) = 0.5. It is easy to see that the conditions of
Theorem 2.1.3 are satisfied. Hence the infinite series

∑∞
i=1 Πi−1Bi = ∑∞

j=0 a
j B j+1

converges a.s. The distributional properties of this series have attracted a lot of atten-
tion; see Examples 1.0.3 and 2.5.10.

The verification of the stationarity of a GARCH model is much more involved:

Example 2.1.6 (Stationarity of GARCH(1, 1) process). Recall the setting of ARCH
and GARCH processes (Xt ) from Example 1.0.1. Strict stationarity of (Xt ) follows
from strict stationarity of the volatility sequence (σt ). In the general GARCH(p, q)

case, conditions for strict stationarity are rather subtle; see Theorem 4.1.9 on p. 146
and Corollary 4.1.12 on p. 148 for seminal results by Bougerol and Picard [52]. In
the GARCH(1, 1) case, one can use Theorem 2.1.3 to conclude that the conditions

α0 > 0 and E[log(α1Z
2 + β1)] < 0 (2.1.8)

are necessary and sufficient for the existence of a non-vanishing a.s.-unique causal
strictly stationary solution to the equation

σ 2
t = α0 + σ 2

t−1(α1Z
2
t−1 + β1) , t ∈ Z . (2.1.9)

Hence conditions for strict stationarity of (Xt ) depend on the distribution of the noise
(Zt ). These are in general not easily verified and one needs to involve numerical
methods, but in view of Jensen’s inequality and since E[Z2] = 1 by assumption,

E[log(α1Z
2 + β1)] ≤ log

(
E[α1Z

2 + β1]
) = log(α1 + β1) .

Thus if α0 > 0 and α1 + β1 < 1, (2.1.8) is satisfied, and then, taking expectations in
(2.1.9),

E[X2] = E[σ 2] = α0

1 − (α1 + β1)
< ∞ ,

http://dx.doi.org/10.1007/978-3-319-29679-1_1
http://dx.doi.org/10.1007/978-3-319-29679-1_1
http://dx.doi.org/10.1007/978-3-319-29679-1_1
http://dx.doi.org/10.1007/978-3-319-29679-1_4
http://dx.doi.org/10.1007/978-3-319-29679-1_4
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Figure 2.1 The area below the curves describes the region of (β1, α1)-values where the
GARCH(1, 1) process is strictly stationary, i.e., the condition E[log(α1Z2 + β1)] < 0 is satisfied.
Left: The curves from top to bottom correspond to Student-distributed Z with 10 degrees of freedom,
standard normal Z (solid line) and to the line α1 + β1 = 1. For α1 + β1 < 1 (α1 + β1 ≥ 1), the
GARCH(1, 1)model has finite (infinite) variance. Right: The curves from top to bottom correspond
to Student-distributed Z with 2.1, 2.5, 3, 10 degrees of freedom and to the line α1 + β1 = 1. The
Student distributions are standardized to variance 1.

while the same procedure yields E[σ 2] = ∞ for α1 + β1 ≥ 1. Thus the condition
α1 + β1 < 1 ensures not only strict but also second-order stationarity of (σt ) and (Xt ),
while the parameter choice α1 + β1 ≥ 1 goes beyond second-order stationarity.

In Figure 2.1 we visualize the (α1, β1)-regions for (standardized to unit variance)
normal and Student-distributed Z , where the GARCH(1, 1) process with parameter
(α1, β1) is strictly stationary.

The case α1 + β1 = 1 has attracted some attention because one often estimates
(α1 + β1)-values close to one for real-life return data. This fact was the motiva-
tion for Engle and Bollerslev [114] to introduce the notion of integrated GARCH
(IGARCH). An integratedARMAprocess (Yt ) is nonstationary and becomes station-
ary after finitely many applications of the difference operation Yt − Yt−1; see Brock-
well and Davis [61], Section9.1. This is in contrast to an IGARCH(1,1) process,
i.e., a GARCH(1, 1) process which satisfies the additional condition α1 + β1 = 1.
Under mild conditions it still constitutes a strictly stationary process because it can
be shown that (2.1.8) remains valid for certain choices of pairs (α1, β1) satisfying
α1 + β1 ≥ 1; see Nelson [224] for IGARCH(1,1) and Bougerol and Picard [52] in
the general case. We refer to Section 4.1.2 for a detailed treatment of the stationarity
problem for a general GARCH(p, q) process.

http://dx.doi.org/10.1007/978-3-319-29679-1_4
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2.2 The Markov Chain

In this section we focus on theMarkov chain property of the solution to the stochastic
recurrence equation (2.0.1). We assume that X0 is independent of the iid R

2-valued
sequence

(
(At , Bt )

)
t≥1. Then the dynamics described by (2.0.1) generate a Markov

chain (Xt )t≥0 with state space E0 ⊂ R. This Markov chain does not necessarily
constitute a strictly stationary process. In what follows, we collect some of the basic
properties of the Markov chain (Xt )t≥0. A general reference to Markov chains with
general state space is the monograph by Meyn and Tweedie [205], where one also
finds the terminology used below.

2.2.1 Generalities

Transition Probabilities

The 1-step transition probabilities of the Markov chain (Xt )t≥0 are given by the
kernel or transition operator: for any x ∈ E0 and any C ∈ E0 = B(E0), the Borel
σ -field of E0,

P(x,C) = P(X1 ∈ C | X0 = x)

= Px (X1 ∈ C)

= P(Ax + B ∈ C) . (2.2.10)

Here and inwhat follows,wewritePx (·) = P(· | X0 = x) for x ∈ E0, andEx denotes
the corresponding expected value. Similarly, for n ≥ 2 the n-step transition proba-
bility kernel is given by

Pn(x,C) = P(Xn ∈ C | X0 = x) = Px (Xn ∈ C) .

Invariant Distribution, Stationary Distribution

A P-invariant distribution is a probability measure P0 on E0 satisfying

∫

R

P(x,C) P0(dx) = P0(C) for any C ∈ E0. (2.2.11)

This means that P0 is the invariant or stationary distribution of the Markov chain
(Xt ). If X0 has the distribution P0 then theMarkov chain (Xt )t≥0 is strictly stationary
and can be extended to a strictly stationary Markov chain (Xt )t∈Z; see Lemma 2.2.7.
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Irreducibility

The Markov chain (Xt ) is ν-irreducible for some σ -finite non-null measure ν on
(E0,E0) if for any C ∈ E0 with ν(C) > 0,

P(Xn ∈ C for some n ≥ 1 | X0 = x) > 0 , x ∈ E0 . (2.2.12)

Relation (2.2.12) turns into

∞∑

n=1

Pn(x,C) > 0 , x ∈ E0 .

Typical choices for ν will be the stationary distribution P0 or Lebesgue measure.

Harris Chain

The Markov chain (Xt )t≥0 is Harris recurrent if it is ν-irreducible and for every
Borel set C ⊂ E0 with ν(C) > 0,

Px (Xn ∈ C i.o.) = 1 , x ∈ E0 . (2.2.13)

The chain is positive if it is ν-irreducible and admits a stationary distribution. More-
over, (Xt )t≥0 is a positive Harris chain if it is Harris recurrent and positive.

Feller Chain

The Markov chain (Xt )t≥0 is a Feller chain if the function E
[
f (X1) | X0 = x

]
is

continuous for every bounded continuous function f on E0. Since

E
[
f (X1) | X0 = x

] = Ex [ f (X1)] = E[ f (Ax + B)] , x ∈ E0 , (2.2.14)

this property is immediate by an application of dominated convergence.
In the following result we collect some relevant properties of the Markov chain

(Xt )t≥0 defined by the stochastic recurrence equation (2.0.1).

Proposition 2.2.1 Assume that the following conditions hold.

1. P(Ax + B = x) < 1 for all x ∈ R;
2. −∞ ≤ E[log |A|] < 0 and E[log+ |B|] < ∞.

Then the Markov chain (Xt )t≥0 given by (2.0.1) has a unique stationary distribu-
tion P0.

Assume in addition the following condition:

3. There exists an open Borel set C0 ⊂ E0 such that P0(C0) > 0, and for every
x ∈ C0, P(x, ·) = P(Ax + B ∈ ·) has an absolutely continuous component with
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respect to some σ -finite non-null measure ν on E0, i.e., there exists a nonnegative
measurable function fx on E0 such that

∫

E0

fx (y) ν(dy) > 0 and P(x,C) ≥
∫

C
fx (y) ν(dy) for all Borel sets C ⊂ E0.

Then the Markov chain (Xt )t≥0 is aperiodic, positive Harris and P0-irreducible
on E0, i.e., for any set C ∈ E0 with P0(C) > 0, relation (2.2.13) is satisfied.

Theorem2.1 inAlsmeyer [5] shows that Proposition 2.2.1 remains valid if Pn(x, ·)
has an absolutely continuous component with respect to some measure ν on E0 for
some n ≥ 1.

Proof The existence of a unique stationary distribution P0 follows from Theo-
rem 2.1.3. We will see in Section 2.5 below that the interior of the support of P0
is nonempty. Under the Conditions 1.–3., Theorems 2.1, 2.2 and Corollary 2.3 in [5]
yield aperiodicity and P0-irreducibility of the Markov chain on E0. �

We collect some straightforward sufficient conditions for this proposition.

Lemma 2.2.2 The following conditions imply that P(x, ·) = P(A x + B ∈ ·), x ∈
C0 ∈ E0, are absolutely continuous with respect to Lebesgue measure:

1. (A, B) has Lebesgue density.
2. A, B are independent and B has a Lebesgue density.
3. A, B are independent, 0 /∈ C0 and A has a Lebesgue density.
4. A = c B for some constant c, A has a Lebesgue density and −1/c /∈ C0.

The proof of the following result is less elementary.

Lemma 2.2.3 Assume that X solves the equation X
d= AX + B,P(X = 0) < 1 and

one of the following two conditions holds.

1. There exist intervals I1 = (a1, a2), I2 = (b0 − ε, b0 + ε) for some a1 < a2, b0,
ε > 0, a σ -finite measure ν0 with b0 in the support of ν0 and a constant c0 > 0
such that for any Borel sets D1, D2 ⊂ R,

P(A,B)(D1 × D2) ≥ c0
∣∣D1 ∩ I1

∣∣ ν0
(
D2 ∩ I2

)
, (2.2.15)

where |G| is the Lebesgue measure of a Borel set G.
2. There exist intervals I1 = (a0 − ε, a0 + ε), I2 = (b1, b2) for some a0, b1 < b2,

ε > 0, a σ -finite measure ν0 with a0 in the support of ν0 and a constant c0 > 0
such that for any Borel sets D1, D2 ⊂ R,

P(A,B)(D1 × D2) ≥ c0 ν0
(
D1 ∩ I1

) ∣∣D2 ∩ I2
∣∣ . (2.2.16)
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Then there exist nonempty open intervals C0, J such that PX (C0) > 0 and a constant
c1 > 0 such that for any Borel set D ⊂ R,

P(x, D) ≥ c1 |D ∩ J | 1C0(x) . (2.2.17)

Under the conditions of this lemma, we have for x ∈ C0 that |D ∩ J | > 0 implies
that P(x, D) > 0. Hence P(x, ·) has an absolutely continuous component with
respect to Lebesgue measure on J . In view of Proposition 2.2.1 the Markov chain
(Xt ) is aperiodic and P0-irreducible.

The bound in (2.2.17) is uniform for x ∈ C0. This is much more than required in
condition 3 of Proposition 2.2.1. An important consequence of the uniformity is that
it yields a regeneration scheme for the Markov chain (Xt ) in the sense of Athreya
et al. [21].

Proof We prove only the first part of the lemma; the same argument also works in
the second case. Fix a Borel set D. In view of (2.2.15) we observe that for all x 	= 0,

P(x, D) =
∫

R

1D(ax + b) P(A,B)(d(a, b))

≥ c0

∫

I1

∫

I2

1D(ax + b) da ν0(db)

= c0 x
−1

∫

D

∫

I2

1I1
(
x−1(z − b)

)
dz ν0(db) .

Without loss of generality pick a positive x0 from the support of PX and define
C0 = (x0 − ε, x0 + ε) ⊂ R+ for some small ε > 0. Then we also have PX (C0) > 0.
The set

J = (
(b0 + ε) + (x0 + ε) a1 , (b0 − ε) + (x0 − ε) a2

)

is nonempty if ε is so small that 2ε + ε(a1 + a2) < x0(a2 − a1). If x ∈ C0, z ∈ J
and b ∈ I2 then x−1(z − b) ∈ I1 and hence

P(x, D) ≥ c0 x
−1

∫

D

∫

I2

1J (z) dz ν0(db)

≥ c0 (x0 + ε)−1 ν0(I2) |D ∩ J | .

The constant c1 = c0 (x0 + ε)−1 ν0(I2) is positive since b0 belongs to the support of
ν0 and therefore ν0(I2) > 0.

This proves the lemma for positive x0; the proof for negative x0 is analogous. �
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2.2.2 Mixing Properties

The Markov chain (Xt )t≥0 is said to be geometrically ergodic if there exists some
number ρ0 ∈ (0, 1) such that

∥∥Pn(x, ·) − P0(·)
∥∥
TV = o(ρn

0 ) , n → ∞ ,

where, as before, P0 is the stationary distribution of the Markov chain and ‖ · ‖TV is
the total variation distance between probability measures.

Geometric ergodicity implies that the stationary Markov chain is strongly or
α-mixing with geometric rate. This means that the stationary Markov chain (Xt )t≥0

satisfies the relation

1

4
sup

f,g:‖ f ‖L∞≤1 ,‖g‖L∞≤1

∣∣cov
(
f (X0), g(Xn)

)∣∣ =: αn ≤ c0 ρn
1 , n → ∞ ,

for some constants c0 > 0 and ρ1 ∈ (0, 1). The supremum is taken over all measur-
able functions f and g with the property ‖ f ‖L∞ ≤ 1 and ‖g‖L∞ ≤ 1. This inequality
follows, for example, fromTheorem 16.1.5 inMeyn and Tweedie [205]. The function
(αn) is the mixing rate function of (Xt ).

For the two-sided extension (Xt )t∈Z of the stationary Markov chain (Xt )t≥0 we
also have the relation

αn = 1

4
sup

f,g:‖ f ‖L∞≤1,‖g‖L∞ ≤1

∣∣cov( f (. . . , X−1, X0), g(Xn, Xn+1, . . .))
∣∣ (2.2.18)

= sup
C∈σ(Xs ,s≤0) ,D∈σ(Xs ,s≥n)

∣∣P(C ∩ D) − P(C)P(D)| , (2.2.19)

where σ(Xs, s ∈ T ) for some T ⊂ Z is the σ -field generated by (Xs)s∈T . The last
equality follows from Doukhan [102], p. 3, which we also recommend as a general
reference to mixing properties of a stationary sequence. We mention in passing that
a standard definition of the strong mixing property for a general stationary (not
necessarily Markov) process is provided via the property αn → 0 as n → ∞, where
(αn) is given by (2.2.18) or (2.2.19).

The following result (Theorem 2.8 in Basrak et al. [27]) gives some sufficient
conditions for the strong mixing property of the solution (Xt ) to (2.0.1).

Proposition 2.2.4 Assume that the following conditions hold:

1. E[|A|ε] < 1 and E[|B|ε] < ∞ for some ε > 0;
2. P(Ax + B = x) < 1 for all x ∈ R.

Then the stochastic recurrence equation (2.0.1) has a strictly stationary causal solu-
tion (Xt ) which constitutes a Markov chain. If this chain is ν-irreducible for some
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σ -finite non-null measure ν then (Xt ) is geometrically ergodic and, hence, strongly
mixing with geometric rate.

Proof Jensen’s inequality implies that εE[log |A|] ≤ logE[|A|ε] < 0, andE[|B|ε] <

∞ ensures that E[log+ |B]| < ∞. Then Theorem 2.1.3 yields the existence of the
stationary solution to (2.0.1).

To show geometric ergodicity, it suffices to check the three conditions of Theorem
1 in Feigin and Tweedie [119]:

• The chain has the Feller property.
• ν-irreducibility.
• A drift condition holds.

The Feller property was verified in the discussion on p. 20 and we assume
ν-irreducibility. So it remains to verify the drift condition, i.e., there exist a compact
set K and a nonnegative continuous function g such that ν(K ) > 0, g(x) ≥ 1 on K ,
and for some β ∈ (0, 1),

Ex [g(X1)] ≤ β g(x) for all x ∈ Kc.

We choose g(x) = |x |ε + 1, x ∈ R, where ε is given in the assumptions, and we also
assume without loss of generality that ε ∈ (0, 1]. Then

Ex [g(X1)] = E[|Ax + B|ε] + 1

≤ E[|Ax |ε] + E[|B|ε] + 1

= E[|A|ε] g(x) + (
E[|B|ε] − E[|A|ε] + 1

)
.

Choose K = [−m,m] and m > 0 so large that ν(K ) > 0 and

Ex [g(X1)] ≤ β g(x) , |x | > m ,

for some constant β ∈ (E[|A|ε], 1). This proves the drift condition and completes
the argument. �

Example 2.2.5 In Example 1.0.1 we introduced the GARCH process and we also
mentioned that the squares of an ARCH(1) process satisfy the relation

X2
t = α1 Z

2
t X

2
t−1 + α0 Z

2
t , t ∈ Z , (2.2.20)

where (Zt ) is an iid sequence with mean zero and variance one, and α0, α1 > 0
are chosen such that (X2

t ) is a non-vanishing stationary solution to (2.2.20). In this
case, At = α1Z2

t and Bt = α0Z2
t are proportional. If PZ has an absolutely continuous

component with respect to Lebesgue measure then P(x, ·) = P(Z2(α1x + α0) ∈ ·)

http://dx.doi.org/10.1007/978-3-319-29679-1_1
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has an absolutely component for x ≥ 0 and then Propositions 2.2.1 and 2.2.4 apply:
(X2

t ) is an aperiodic, positive Harris and PX -irreducible Markov chain which is
strongly mixing with geometric rate.

In the GARCH(1, 1) case we know that (σ 2
t ) satisfies the relation

σ 2
t = (

α1Z
2
t−1 + β1

)
σ 2
t−1 + α0 , (2.2.21)

where α0, α1, β1 > 0 are chosen such that (σ 2
t ) is a stationary solution to (2.2.21).

Again, if PZ has an absolutely continuous component then P(x, ·) = P
(
(α1Z2 +

β1) x + α0 ∈ ·) has an absolutely continuous component for every x > 0 and then
Propositions 2.2.1 and 2.2.4 apply: (σ 2

t ) is an aperiodic, positive Harris and PX -
irreducible Markov chain which is strongly mixing with geometric rate.

Example 2.2.6 Andrews [15] showed that the stationary solution to the equation
Xt = a Xt−1 + Zt , t ∈ Z, with iid Bernoulli distributed (Zt ) does not satisfy the
strong mixing condition when a ∈ (0, 0.5].

2.2.3 The Fixed-Point Equation

If X has the stationary distribution P0 and is independent of (A, B), then (2.2.11) is
equivalent to the fixed-point equation

X
d= AX + B . (2.2.22)

The following result is Lemma 3.3 in Bougerol and Picard [51]. It shows the
intrinsic relationship between the strictly stationary causal solution to the stochas-
tic recurrence equation (2.0.1) and the invariant distribution of the corresponding
Markov chain.

Lemma 2.2.7 There is a one-to-one correspondence between the strictly stationary
causal solution (Xt )t∈Z to (2.0.1) and the P-invariant distribution of the correspond-
ing Markov chain (Xt )t≥0.

Proof First assume that (Xt )t∈Z is a causal strictly stationary solution to (2.0.1) with
generic element X which has the common law PX . By causality, X0 is independent
of (A1, B1) and therefore for any Borel set C ⊂ R,

PX (C) = P(X1 ∈ C) = P(A1X0 + B1 ∈ C) =
∫

R

P(x,C) PX (dx) .

Hence PX is P-invariant.
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On the other hand, if PX is P-invariant, if X0 has this distribution and is indepen-
dent of (At , Bt ), t ≥ 1, then one can use the recursion Xt = At Xt−1 + Bt for t ≥ 1
to construct the Markov chain (Xt )t≥0 with transition kernel P . Since the law of X0

is P-invariant this procedure defines a strictly stationary process on the nonnegative
integers which is also a causal solution to (2.0.1). Finally, using standard theory (e.g.,
Krengel [186], Theorem 4.8), the Markov chain can be extended to the solution of
(2.0.1) on the index set Z. �

The fixed-point equation (2.2.22) is handy if one wants to study the characteristics
of the marginal distribution of a stationary solution (Xt ) to (2.0.1), for example, its
moments, tails, and support; see Sections 2.3–2.5. The identity in law (2.2.22) also
merits its own interest. In various papers the law of X has been determined for a
given distribution of (A, B). Some early examples can be found in Vervaat [256].
Dufresne [103, 104, 105, 106] developed an analytical theory for finding the law
of X in some special cases. Marc Yor and coworkers have used the structure of the
infinite series

∑∞
i=1 Πi−1Bi to determine the law of X ; see Hirsch and Yor [150] for

an overview on the topic and some recent results which are closely related to the
problem of determining the law of exponential functionals of Lévy processes; see
also the discussion and references in Example 2.3.6. Of course, a trivial deterministic
solution to (2.2.22) exists if B is proportional to 1 − A, i.e., x(1 − A) = B a.s. for
some real x .

We consider some simple cases, where the distribution of X can be determined
by applying different techniques.

Example 2.2.8 Recall the setting of Example 2.1.5: A = a a.s. for some a ∈ (0, 1)
and P(B = ±1) = 0.5. The distribution PX of

X
d=

∞∑

i=0

ai Bi (2.2.23)

is in general unknown. A real exception is the case a = 0.5. In this case, it is
well known that X has uniform distribution on (−2, 2); see Kallenberg [172],
Lemma 2.20. We give a simple proof of this fact.

Relation (2.2.23) implies that |X | ≤ ∑∞
i=0 2

−i = 2. Therefore the distribution of

X is concentrated on [−2, 2]. If X d= 0.5X + B for independent B, X , the unique
law PX satisfies the following relation for any x ∈ [−2, 2]:

PX ([−2, x]) = 0.5 PX ([−2, 2(x − 1)]) + 0.5 PX ([−2, 2(x + 1)])
= 0.5 PX ([−2, 2(x − 1)]) 1[0,2](x) + 0.5 PX ([−2, 2(x + 1)]) 1[−2,0](x) .

(2.2.24)
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On the other hand, if X is uniform on (−2, 2) direct calculation yields (2.2.24) for
any x ∈ [−2, 2]. The uniqueness of PX in (2.2.24) implies that X has a uniform
distribution on (−2, 2).

Example 2.2.9 This example was considered by Vervaat [256]: assume that A ≥ 0
a.s. and B are independent and B has a strictly α-stable distribution for some α ∈
(0, 2]; see Feller [120], Samorodnitsky and Taqqu [249]. This means that for any
n ≥ 2 and positive constants ci , i = 1, . . . , n,

c1 B1 + · · · + cn Bn
d= (

cα
1 + · · · + cα

n

)1/α
B .

An application of this identity conditional on (At ) yields

X
d=

∞∑

i=1

Πi−1 Bi
d= B

( ∞∑

i=1

Πα
i−1

)1/α
,

provided
∑∞

i=1 Πα
i−1 < ∞ a.s. Hence the distribution of X is a scale mixture of the

α-stable distribution PB . However, in general we do not know the distribution of
Yα = ∑∞

i=1 Πα
i−1 and therefore it is difficult to determine the exact distribution of X .

Notice that Yα satisfies the identity in law Yα
d= Aα Yα + 1 for independent A,Yα .

Example 2.2.10 We consider another simple example from Vervaat [256] given for
independent A, B with 1 − p0 = P(A = 0) = 1 − P(A = 1) ∈ (0, 1). Write

φY (s) = E[e i s Y ] , s ∈ R ,

for the characteristic function of any random variable Y . Then the characteristic
function of X satisfies the relation

φX (s) = (1 − p0) φB(s) + p0 φX (s) φB(s) , s ∈ R .

Therefore

φX (s) = (1 − p0) φB(s)

1 − p0 φB(s)
, s ∈ R ,

and the distribution of X is essentially determined by the distribution of B. For
example, if B is exponential with P(B ≤ x) = 1 − e −λ x , x > 0, for some λ > 0,
then φB(s) = (1 − λis)−1, s ∈ R, implying that

φX (s) = 1

1 − (λ/(1 − p0))is
, s ∈ R . (2.2.25)

In turn, P(X ≤ x) = 1 − e −(λ/(1−p0)) x , x > 0, i.e., X is exponential as well.
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This fact can be checked in an alternative way. We have

X
d=

∞∑

i=1

Πi−1 Bi
d= B0 +

N∑

i=1

Bi ,

where N = min{n ≥ 1 : A1 	= 0, . . . , An−1 	= 0 , An = 0}. The random variable N
is independent of (Bi ) and has a geometric distribution:

P(N = n) = P(A1 	= 0, . . . , An−1 	= 0, An = 0) = (1 − p0) p
n−1
0 , n ≥ 1 .

Then

φX (s) = φB(s)E
[
φB(s))N

]
, s ∈ R ,

and direct calculation yields the desired characteristic function (2.2.25).

Example 2.2.11 In this example we explain how the fixed-point equation (2.2.22)
is related to harmonic functions on the upper half-plane

D = R+ × R = {(a, b) : a > 0 , b ∈ R} ;

see Damek [91] and Damek and Hulanicki [92] for relevant references on this topic.
On D, we consider the second-order elliptic differential operator

L = (a ∂a)
2 − α a ∂a + a2 ∂2

b , α > 0 . (2.2.26)

A function g on D is called L-harmonic if L g = 0. Observe that L can also be
written in the form

L = a2 ∂2
a + (1 − α) a ∂a + a2 ∂2

b , α > 0 .

If α = 1 an L-harmonic function is harmonic in the classical sense, i.e., with respect
to the Laplace operator Δ = ∂2

a + ∂2
b . We aim at exploiting some invariance proper-

ties of the operator L .
The set D equipped with the multiplication

(a1, b1) (a2, b2) = (a1a2, a1b2 + b1) , (ai , bi ) ∈ D , i = 1, 2 ,

can be identified with the group Aff(R) of the affine transformations of the real line.
Thus we may consider D as a group and, thanks to its topological structure, it is also
a Lie group. Then L is a left-invariant operator on D, i.e.,

L ◦ τ(a1,b1) = τ(a1,b1) ◦ L ,
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where

(τ(a1,b1) g)(a, b) = g((a1, b1) (a, b)) , g ∈ C
2(D) .

According toTheorem5.1 inHunt [159], L generates a unique convolution semigroup
of probability measures (Pt )t≥0, satisfying the following conditions:

• Pt ∗ Ps = Pt+s , where the convolution is taken in the group sense, i.e.,

(Pt ∗ Ps)(C) =
∫

D×D
1
(
(a1, b1) (a2, b2) ∈ C

)
Pt

(
d(a1, b1)

)
Ps

(
d(a2, b2)

) ;

• Pt
w→ ε(0,1) as t ↓ 0, where ε(0,1) denotes the degenerate measure at (0, 1);

• for any g ∈ C
2
C(D), whereC2

C(D) is the space of twice continuously differentiable
functions on D with compact support,

lim
t→∞ ‖t−1(g ∗ Pt − g) − L g‖L∞ = 0 .

Let (Yt )t≥0 be a stochastic process generated by L . Then Pt is the distribution of
Yt and (Yt ) has independent increments in the following sense: if 0 ≤ t1 < t2 <

· · · < tk then4 Yt1 ,Y
−1
t1 Yt2 , . . . ,Y

−1
tk−1

Ytk are independent random variables with the
corresponding distributions Pt1 , Pt2−t1 , . . . , Ptk−tk−1 . This makes (Yt ) a Lévy process
on Aff(R); see Applebaum [16].

To find a connection with the fixed-point equation (2.2.22) we choose themeasure
P1 from the semigroup and consider an iid sequence

(
(An, Bn)

)
n∈Z with marginal

distribution

P̌1(C) = P1(C
−1) , C ⊂ D ,

where C−1 = {(a−1,−a−1b) : (a, b) ∈ C}. Using the properties of P̌1, direct cal-
culation yields that with P = P̌N

1 , E[log+ |B|] < ∞ and E[log A] < 0; see Damek
[91], Section 3. Hence there exists a solution X to the fixed-point equation (2.2.22)
whose law PX has the property

∫

R

P̌1(A x + B ∈ ·) PX (dx) = PX (·) ; (2.2.27)

also compare with (2.2.34) below. Equation (2.2.27) remains valid when P̌1 is
replaced by P̌t for any t > 0. Therefore, for every f ∈ L∞(R), the function

g(a, b) =
∫

R

f (a x + b) PX (dx) , (a, b) ∈ D , (2.2.28)

4For a fixed ω ∈ Ω , Y−1
t (ω) is the inverse element of Yt (ω) in the group Aff(R).



30 2 The Univariate Case

is bounded and L-harmonic. Conversely, every bounded L-harmonic function has
the form (2.2.28) for some f ; see [91]. Moreover, f is uniquely defined by g; it
is called the boundary value of g. If f is continuous then it is just the limit (in
the topological sense) of g(b, a) as a ↓ 0. The stationary solution X has a nice
characterization in terms of a generalized Ornstein–Uhlenbeck process as defined in
Behme and Lindner [32] or in Section 5.3 of Behme [31]. If (At , Vt ) is the diffusion

generated by the semigroup (P̌t ) then (Vt ) is such a process and Vt
d→ X as t → ∞.

The measure PX is the Poisson kernel. It is the only probability measure that
yields the representation (2.2.28) and has a smooth Lebesgue density fX ; see [91].
The density fX can be computed explicitly and corresponds to a Student-t distribution
with α degrees of freedom:

fX (x) = Γ ((α + 1)/2)

Γ (α/2)
√

π

1

(1 + x2)(1+α)/2
, x ∈ R . (2.2.29)

In particular, if α = 1 we obtain the classical Poisson kernel or Cauchy density

fX (x) = 1

π

1

1 + x2
, x ∈ R .

The density (2.2.29) can be derived from an ordinary differential equation for fX .
In view of (2.2.28) we have

g(a, b) =
∫

R

f (a x + b) fX (x) dx

=
∫

R

f (x) a−1 fX (a−1(x − b)) dx .

The function g is L-harmonic for every f ∈ L∞, hence

L
(
a−1 fX (a−1 (x − b))

) = 0 ,

where x is fixed and L is applied to a−1 fX (a−1 (x − b)) as a function of (a, b). In
particular, for x = 0 we have

L
(
a−1 fX (−a−1b)

) = 0 .

Now apply the expression (2.2.26) for L , resulting in the ordinary differential equa-
tion

(1 + b2) f ′′
X (b) + (3 + α) b f ′

X (b) + (1 + α) fX (b) = 0 . (2.2.30)

Forα = 1, (2.2.30) turns into
(
(1+ b2) fX (b)

)′′= 0, hence fX (b)=(1/π) (1 + b2)−1.
For arbitrary α, we may try to find a solution of the form fX (b) = c (1 + b2)−γ for
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some constants c, γ > 0. Indeed, (2.2.30) is satisfied for γ = (α + 1)/2. Moreover,
fX (b) = c (1 + b2)−(α+1)/2 is integrable, which proves that it must be the density of
the Poisson kernel. In Guivarc’h and Le Page [143] the solution is calculated in a
slightly different way.

We note that (2.2.28) is a particular case of the Poisson representation mentioned
in the Preface on p. ix. Here R is an Aff(R)–space, i.e.,R is equipped with an action
of Aff(R) defined by

(a, b) ◦ x = a x + b .

By virtue of Raugi’s [235] results, Aff(R) can be replaced by a Lie group G and R

by a quotient space of G. More precisely, let μ be a probability measure on G that
is spread out. A bounded measurable function H is μ-harmonic if

H(h) =
∫

G
H(h g) μ(dg) . (2.2.31)

Raugi’s results say that there exist a quotient spaceM ofG and a probability measure
ν on M , depending only on μ, such that (2.2.31) is equivalent to

H(g) =
∫

M
f (g x) ν(dx) for some function f ∈ L∞(dν) ,

where x → g x denotes the action of G on M as its quotient space, M is unique
under an isomorphism (that is natural in this situation) and often appears to be a Lie
subgroup of G.

2.2.4 �-Convolution

Here we introduce the useful notion of �-convolution of the distribution P(A,B) and
a Radon measure ν on R: for any Borel set C ⊂ R,

(P(A,B) � ν)(C) =
∫

R

P(Ax + B ∈ C) ν(dx)

=
∫

R

∫

R2
1C(ax + b) P(A,B)(d(a, b)) ν(dx) . (2.2.32)

Then we can also introduce the n-fold �-convolution Pn
(A,B) � ν in a recursive way:

P1
(A,B) � ν = P(A,B) � ν and Pn

(A,B) � ν = P(A,B) �
(
Pn−1

(A,B) � ν
)
, n ≥ 2 .
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The operation � is motivated by the distribution of the Markov chain Xt =
At Xt−1 + Bt , t ≥ 0, where the distribution P0 of X0 does not necessarily have the
stationary distribution of theMarkov chain. Indeed,we have for anyBorel setC ⊂ R,

(
Pn

(A,B) � P0
)
(C) = P(AnXn−1 + Bn ∈ C) = PXn (C) , n ≥ 1 . (2.2.33)

In particular, if P0 is the stationary distribution of the Markov chain (Xt ), we have
P0 = Pn

(A,B) � P0.
In Section 5.1 we will consider the critical case E[log A] = 0 for a Markov chain

(Xt )t≥0 given by the stochastic recurrence equation Xt = At Xt−1 + Bt , t ≥ 0. In
this case, no P-invariant probability distribution P0 exists. However, if we vary ν in
(2.2.32) over some class of Radon measures it may be possible to find a unique (up
to constant multiples) infinite Radon measure ν0 which solves the equation

ν(C) = (P(A,B) � ν)(C) for any Borel set C ⊂ R. (2.2.34)

The solution is again called the P-invariant or invariant measure of the Markov
chain (Xt )t≥0 which, in this case, does not constitute a strictly stationary process.

A Radon measure ν on R is uniquely determined by the totality of the integrals

ν( f ) =
∫

R

f (x) ν(dx) , f ∈ CC(R) ,

where CC(R) is the space of continuous functions on R with compact support; see
Kallenberg [171], Lemma 1.4. Then an alternativeway ofwriting (2.2.34) is given by

ν( f ) = (
P(A,B) � ν

)
( f )

=
∫

R

∫

R2
f (ax + b) P(A,B)(d(a, b)) ν(dx) , f ∈ CC(R) .

2.2.5 The Contractive Case

In Section 2.1 we coined the name contractive case for the situation when
E[log |A|] < 0. Assuming this condition and also taking into account E[log+ |B|] <

∞, an appeal to the proof of Theorem 2.1.3 shows that

Xn
d= Πn X0 +

n∑

i=1

Πi−1 Bi
a.s.→

∞∑

i=1

Πi−1 Bi = X , (2.2.35)

http://dx.doi.org/10.1007/978-3-319-29679-1_5
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and the a.s. convergence to the limit X is exponentially fast whatever the distribution
of X0. We observe that PX is the stationary distribution of the Markov chain; this
follows from Theorem 2.1.3.

Similarly, for x 	= y we have

|Xx
n − X y

n | = |Πn| |x − y| → 0 a.s. , (2.2.36)

where the right-hand side converges to zero exponentially fast. If we write Ψi (x) =
Ai x + Bi , x ∈ R, for the sequence of random affine maps generated by the sequence
(Ai , Bi ), i = 1, 2, . . ., we observe that

Xx
n = Ψn ◦ · · · ◦ Ψ1(x) , x ∈ R , n ≥ 1.

The sequence (Xx
n )n≥1 is the forward process related to the sequence (Ai , Bi ),

i = 1, 2, . . .. Relation (2.2.36) shows that Ψn ◦ · · · ◦ Ψ1 is a random Lipschitz func-
tion with Lipschitz coefficient |Πn| decaying exponentially as n → ∞. This fact
supports the idea of a contractive map.

Now consider the corresponding backward process for x ∈ R,

Y x
n = Ψ1 ◦ · · · ◦ Ψn(x)

= Πn x +
n∑

i=1

Πi−1 Bi , n ≥ 1 .
(2.2.37)

In view of (2.2.35), Y x
n

a.s.→ X as n → ∞ and the random variable X satisfies the

fixed-point equation X
d= A X + B.

Notice that for fixed n, Xn and Yn have the same distribution. However, the trajec-
tories of both processes behave in a completely different way. While the backward
process (Yn) converges a.s. the forward process (Xn) is ergodic and visits every set
of positive PX -measure infinitely often; see Figure 2.2 for an illustration of these
processes.

The convergence indistributionof (Xn) to the stationarydistributionof theMarkov
chain is supplemented by the convergence of the corresponding moments. Assume
that E[|A|p] < 1 and E[|B|p] < ∞ for some p > 0. We know from the discussion
on p. 15 that the condition E[log |A|] < 0 follows. It is not difficult to see that
E[|X |p] < ∞ as well; see also the second part of Lemma 2.3.1 and its proof. As
before, we assume that X0 may have any distribution, but we additionally require
that E[|X0|p] < ∞.
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Figure 2.2 The figure illustrates the different behavior of the forward process (Xn) and the back-
ward process (Yn). Here we assume that A = 0.5 a.s. and P(B = 1) = P(B = −1) = 0.5. Then the
stationary distribution PX is uniform on (−2, 2); see Example 2.2.8. We plot the first 100 elements
of the forward process (left) and of the backward process (right), interpolating linearly between
consecutive points. The forward process visits every open subset of the interval [−2, 2] infinitely
often with probability 1 while the backward process converges to some point.

For any random variable Y with finite pth moment we write

‖Y‖p =
{
E[|Y |p] , p ∈ (0, 1] ,

(E[|Y |p])1/p , p > 1 .
(2.2.38)

We make a short excursion to the L p-minimal metrics, also referred to as Mallows
metrics dp, p > 0. In what follows, we assume that all random variables considered
are defined on the same (nonatomic) probability space and have finite pth moment.
For a bivariate vector (Y, Z) we define

dp(Y, Z) = inf ‖Y ′ − Z ′‖p ,

where the infimum is taken over all bivariate vectors (Y ′, Z ′) with the property

Y
d= Y ′, Z d= Z ′.5 The Mallows metric dp is a probability metric in the sense of

Zolotarev [261, 262]; see also Rachev [233].
Then we have for any random variables Y,Y1,Y2, . . . defined on the same proba-

bility space that dp(Yn,Y ) → 0 as n → ∞ holds if and only if both limit relations

Yn
d→ Y and E[|Yn|p] → E[|Y |p] as n → ∞ are satisfied; see Bickel and Freedman

[40]. We will apply this fact to (Xn) and X defined on the right-hand side of (2.2.35).

5The appearance of (Y, Z) in the notation dp(Y, Z) is convenient but incorrect: dp is a metric on
the set of probability measures with finite pth moment and given marginal distributions; it does not
depend on a particular pair of random variables (Y, Z).
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For p > 0, we have

dp(Xn, X) ≤
∥∥∥
(
Πn X0 +

n∑

i=1

Πi−1 Bi

)
−

∞∑

i=1

Πi−1 Bi

∥∥∥
p

=
∥∥∥Πn X0 −

∞∑

i=n+1

Πi−1 Bi

∥∥∥
p

≤ ‖Πn X0‖p +
∥
∥∥

∞∑

i=n+1

Πi−1 Bi

∥
∥∥
p

= ‖A‖np ‖X0‖p + ‖Πn‖p

∥∥
∥

∞∑

i=1

Πi−1 Bi

∥∥
∥
p

≤ ‖A‖np (‖X0‖p + ‖X‖p) .

In the first inequality, we used (2.2.35) and the fact that, for any bivariate vectors

(Y, Z) and (Y ′, Z ′) with Y
d= Y ′, Z d= Z ′, dp(Y, Z) ≤ ‖Y ′ − Z ′‖p.

In this way we proved that dp(Xn, X) ≤ c ‖A‖np → 0, and since ‖A‖p < 1, this

convergence happens at a geometric rate. In particular, we conclude that Xn
d→

X (a fact we already know from (2.2.35)) and E[|Xn|p] → E[|X |p]. The fact that
dp(Xn, X) → 0 at a geometric rate again supports the intuition of a contractive map.

We mention in passing that Burton and Rösler [83] proved the d2-convergence
of (Xn) to X , even in the more abstract setting of a Hilbert space-valued stochastic
recurrence equation.

2.3 Moments

We mentioned in Section 2.2 that the fixed-point equation

X
d= A X + B , (2.3.39)

is useful for studying the distributional properties of the marginal distribution of the
stationary solution (Xt ) to the stochastic recurrence equation (2.0.1). For example,
one can check whether certain moments of X exist if the corresponding moments of
A, B exist.

Lemma 2.3.1 Assume that the equation (2.3.39) has a solution X and let p > 0.

1. If A, B ≥ 0 or if A, B are independent then E[|X |p] < ∞ implies E[|A|p] +
E[|B|p] < ∞.
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2. If the conditions P(A = 0) = 0, P(B = 0) < 1 and P(Ax + B = x) < 1 for all
x ∈ R hold then E[|X |p] < ∞ if and only if E[|A|p] < 1 and E[|B|p] < ∞.

A proof of the sufficiency of the conditions E[|A|p] < 1 and E[|B|p] < ∞ for
E[|X |p] < ∞ can already be found in Vervaat [256]. The second part was proved
in Alsmeyer et al. [10]; in the case A, B ≥ 0 a.s. they attribute the result to H.G.
Kellerer in an unpublished technical report.

Proof In view of (2.3.39) we have

E[|X |p] = E[|AX + B|p] .

If A, B ≥ 0 then E[|X |p] < ∞ implies that E[(AX)p] = E[Ap]E[X p] < ∞ and
E[Bp] < ∞. The same conclusion holds by virtue of Fubini’s theorem if AX and B
are independent which is the case if X, A, B are independent.

The proof of “E[|A|p] < 1 & E[|B|p] < ∞ ⇒ E[|X |p] < ∞” is not difficult:
using the notation (2.2.38), concavity of the function f (x) = x p, x ≥ 0, for p ∈
(0, 1] and Minkowski’s inequality for p > 1, we show that

‖X‖p =
∥∥∥

∞∑

i=1

Πi−1 Bi

∥∥∥
p

≤
∞∑

i=1

‖Πi−1 Bi‖p

=
∞∑

i=1

‖Πi−1‖p ‖ Bi‖p =
∞∑

i=1

‖A‖i−1
p ‖B‖p

= ‖B‖p/(1 − ‖A‖p) < ∞ .

Here we also used the independence of Πi−1 and Bi .
The converse statement of the second part is much more involved; see the proof

of Theorem 1.4 in Alsmeyer et al. [10]. �

Alsmeyer et al. [10] also investigated the exponential moments of X . They proved
the following result.

Lemma 2.3.2 Assume that the equation (2.3.39) has a solution X and the following
conditions hold.

1. P(A = 0) = P(|A| = 1) = 0;
2. P(B = 0) < 1;
3. P(Ax + B = x) < 1 for all x ∈ R.

Then for any s > 0, E[e s |X |] < ∞ if and only if P(|A| < 1) = 1 and E[e s |B|] < ∞.

The positive lth integer moments of X can be calculated by using a recursive
argument given in Vervaat [256], assuming E[|X |l] < ∞. First taking the lth power
onboth sides of (2.3.39) and then expectations, an application of the binomial formula
yields
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E[Xl ] = E[(A X + B)l ] = E[Xl]E[Al] +
l−1∑

k=0

(
l

k

)
E[Ak Bl−k]E[Xk] .

Herewealso exploited the independenceof X and (A, B).Weconclude the following.

Lemma 2.3.3 Assume that equation (2.3.39) has a solution X and that E[|X |l] +
E[|A|l] + E[|B|l] < ∞ for some integer l ≥ 1, and E[Al] 	= 1. Then the following
recursive relation holds:

E[Xl ] = 1

1 − E[Al ]
l−1∑

k=0

(
l

k

)
E[Ak Bl−k]E[Xk] . (2.3.40)

Of course, (2.3.40) further simplifies if A, B are independent. It follows from
Lemma 2.3.1 that in most cases of interest the condition E[|X |l] < ∞ follows from
or is equivalent to E[|A|l] + E[|B|l] < ∞. Moreover, the conditions of the second
part of Lemma 2.3.1 also ensure thatE[|A|l] < 1, henceE[Al] 	= 1.We alsomention
Boxma et al. [55] who calculate the positive integer moments E[Xl] for various
concrete choices of distributions for (A, B).

The calculation of fractionalmoments of X or |X | can also be of interest, for exam-
ple in financial time series analysis. In Example 1.0.1 we introduced the GARCH
process as a model for returns of speculative prices. This time series is of the form
Xt = σt Zt , where σt and Zt are independent. Moreover, the positive stochastic
volatility σt is not directly observable and therefore (estimates of) the moments
E[|Xt |p] =E[σ p

t ]E[|Zt |p] for positive p provide ameasure of themagnitude ofσt . In
practice, one often considers only the cases p= 1 and p= 2. In the case p= 1, expres-
sions for E[σt ] are not available while E[σ 2

t ] can be calculated for a GARCH(1, 1)
process, using Lemma 2.3.3 and the defining equation for σ 2

t ; see (1.0.3).
The literature on fractional moments of X satisfying (2.3.39) is rather sparse,

showing that it is a hard task to calculate them. Mikosch et al. [211] contains a recent
attempt; the reference list therein gives a rather complete picture. The discussion
below follows some parts of [211].

The following simple formula is useful for calculating fractional moments of non-
negative X . Inwhat follows, wewrite FZ for the distribution function and distribution
of any random variable Z and FZ = 1 − FZ for its right tail.

Lemma 2.3.4 Assume that the equation (2.3.39) has a solution X for some nonneg-
ative independent random variables A, B. Let p 	= 0 be any real number. Then

E[(AX + B)p − (AX)p] = p
∫ ∞

0
E[(AX + u)p−1] FB(u) du , (2.3.41)

where both sides are finite or infinite at the same time.

http://dx.doi.org/10.1007/978-3-319-29679-1_1
http://dx.doi.org/10.1007/978-3-319-29679-1_1
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Formulæ similar to (2.3.41) were applied for calculating the moments of expo-
nential functionals of Lévy processes in Carmona et al. [84], Guillemin et al. [138],
Maulik and Zwart [201], Hirsch and Yor [150].

Proof We observe that for any p ∈ R,

(AX + B)p − (AX)p = p
∫ B

0
(AX + u)p−1 du .

Hence, by independence of AX and B,

E[(AX + B)p − (AX)p] = pE
[ ∫ B

0
(AX + u)p−1 du

]

= p
∫ ∞

0

[ ∫ b

0
E[(AX + u)p−1] du

]
FB(db)

= p
∫ ∞

0
E[(AX + u)p−1] FB(u) du .

Then the statement of the lemma follows. �

Remark 2.3.5 In Section 2.4 we will consider the tails of X . In this context, will
discover that we often have the asymptotic relation P(X > x) ∼ c+ x−α for some
positive α, and the constant c+ contains the expressionE[(AX + B)α − (AX)α]; see
Theorem 2.4.4. ThenE[Xα] = ∞ and formula (2.3.41) shows how the left-hand side
can be relaxed to a moment of order α − 1 which sometimes can be calculated, for
example, if α is a positive integer. This idea was already explained in Goldie [128].

If 0 < EB < ∞, (2.3.41) can be written in the form

E[(A X + B)p − (A X)p] = pEB E[(A X + B∗)p−1] ,

where A, B∗, X are independent and B∗ has the integrated tail distribution of B
given by

F∗
B(b) =

∫ b
0 FB(u) du

EB
, b > 0 . (2.3.42)

Also notice that B
d= B∗ for standard exponential B and then

E[(AX + B)α − (AX)α] = α E[(AX + B)α−1] = α E[Xα−1] ;

see also Example 2.3.6.
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Relation (2.3.41) does not require that E[X p] < ∞, but if this moment is finite,
EB < ∞ and6 E[Ap] 	= 1 then the lemma yields the formula

E[X p] = pEB

1 − E[Ap] E[(AX + B∗)p−1] . (2.3.43)

Lemma 2.3.4 can be applied iteratively. We explain the approach via an example.
Assume the conditions of the lemmaare satisfied. Let Bn∗ be a randomvariablewhose
distribution is obtained by applying n times the integrated tail operation (2.3.42), and
assume that A, Bn∗, X are independent. Then assuming that all moments involved
are finite and p 	= 0, (2.3.43) yields

E[X p] = pEB

1 − E[Ap]
[
(E[(AX + B∗)p−1] − E[(AX)p−1] + E[(AX)p−1]]

= pEB

1 − E[Ap]
[
(p − 1)E[B∗]E[(AX + B2∗)p−2] + E[(AX)p−1]]

= p (p − 1)EB

1 − E[Ap]
[
E[B∗]E[(AX + B2∗)p−2] + E[Ap−1]EB

1 − E[Ap−1] E[(AX + B∗)p−2]
]
.

It is in general difficult to evaluate E[X p] by using the formulæ above. However, if
B has an exponential distribution the calculations simplify.

Example 2.3.6 Assume that B has a standard exponential distribution, i.e., FB(x) =
e −x , x > 0, and E[Ap] < 1. Then B∗ d= B and, assuming A, B∗, X independent,

AX + B∗ d= X . Multiple use of (2.3.43) yields for real p,

E[X p] = p · · · (p − n + 1)

(1 − E[Ap]) · · · (1 − E[Ap−n+1]) E[X p−n] , n ≥ 1 . (2.3.44)

The case of exponential B has been studied in the literature for some time. Recall
from Theorem 2.1.3 that

X
d=

∞∑

i=1

Πi−1 Bi =
∞∑

i=1

e Si−1 Bi ,

where Si = ∑i
k=1 log Ai , i ≥ 0, with the convention that S0 = 0. SinceE[log A] < 0

the random walk (Si ) has negative drift. Writing

Nt = #{i ≥ 1 : B1 + · · · + Bi ≤ t} , t ≥ 0 ,

6In view of Lemma 2.3.1 the condition E[Ap] < 1 is necessary for E[X p] < ∞ under mild condi-
tions.
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for the unit rate Poisson process generated by the iid exponential sequence (Bi ) and
(ξt ) = (SNt ) for the compound Poisson process generated by the sequence (log Ai ),
we have

X
d=

∫ ∞

0
e ξt dt . (2.3.45)

Carmona et al. [84] studied exponential functionals of the type (2.3.45) for Lévy
processes (ξt )more general than compound Poisson processes. They derived (2.3.44)
for positive p. Related results were obtained by Behme et al. [34], Brockwell and
Lindner [62],Maulik and Zwart [201]; see also the references therein. Hirsch andYor
[150] provide a survey of results on exponential functionals (2.3.45) for subordinators
ξ more general than compound Poisson.

Exponential functionalswere also studied inGuillemin et al. [138] in the context of
Example 1.0.2. They considered the stochastic recurrence equation Xt = At Xt−1 +
Bt , t ∈ Z, assuming independence between A and B, B standard exponential and
At = βYt , β ∈ (0, 1), for an iid sequence (Yt ) of positive random variables. Under
these conditions, using Mellin transforms, they derived (2.3.44) and from there

E[X p] = Γ (p + 1)
∞∏

k=1

1 − E[Ap+k]
1 − E[Ak] , (2.3.46)

provided p ∈ R, −p /∈ N, E[Ap+1] < ∞ and E[(1 − A)−1] < ∞. An inspection of
the proof shows that the latter conditions are not needed if p > 0.

If Y ≡ 1 a.s. (Xt ) is an autoregressive process of order one and Xt
d= ∑∞

i=0 β i Bi .
ThenE[Ap] = β p < ∞ for any real p,E[(1 − A)−1] = (1 − β)−1 < ∞ and (2.3.46)
turns into

E[X p] = Γ (p + 1)
∞∏

k=1

1 − β p+k

1 − βk
, p ∈ R , −p /∈ N . (2.3.47)

The same formula can be found in Bertoin et al. [38], Theorem 1, and the authors
also derived the density and the Laplace transform of X in this case.

We mention in passing that the same arguments as above apply if B has the mix-
ture distribution P(B ≤ x) = (1 − a) + a (1 − e −x ), x > 0, for some a ∈ (0, 1).
Then B∗ is standard exponential and the moments E[X p−k], k = 1, 2, . . . , can be
calculated by using the recursion (2.3.43).

Mikosch et al. [211] discuss some further special cases, where one can calculate
the pth fractional moment explicitly. However, the examples considered are far from
exhaustive and further investigations are needed.

http://dx.doi.org/10.1007/978-3-319-29679-1_1
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2.4 The Tails

2.4.1 Generalities

In this section we give an overview of results on the asymptotic tail behavior of the
solution X to the univariate fixed-point equation

X
d= AX + B , (2.4.48)

where, as usual, X and (A, B) are independent. At the same timewe gain information
about the tails of the marginal distribution of the stationary causal solution to the
stochastic recurrence equation Xt = At Xt−1 + Bt , t ∈ Z; see Theorem 2.1.3.

The behavior of the tail P(|X | > x) for large x depends on the distribution of
(A, B). Of course, P(|X | > x) converges to zero as x tends to infinity. Thus a natural
problem consists of describing the rate at which this happens. In the literature, one
distinguishes between three distinct cases of tail behavior of X :

• If |A| ≤ 1 a.s. and B has a moment generating function in some neighborhood of
the origin then P(|X | > x) ≤ K e −c0 x for x > 0 and constants K , c0 > 0, i.e., the
tails of X decrease exponentially. Below we present results of Goldie and Grübel
[129] and Hitczenko and Wesołowski [152]; see Theorem 2.4.1.

• If P(|A| > 1) > 0 then there exists r > 0 such that E[|X |r ] = ∞; see Theorem
2.4.2. On the other hand, in view of Lemma 2.3.1, if some moments of A and
B are finite then E[|X |s] < ∞ for small s. Below we present two directions of
research: Theorem 2.4.3 due to Grincevičius [134] and Grey [131], and the well-
known Kesten–Goldie Theorem 2.4.4 in combination with Theorem 2.4.7 proved
by Kesten [175] and later on by Goldie [128], using different arguments. In both
cases the tails of X are regularly varying, i.e., they decrease polynomially.

• If all (power) moments of A are infinite then, under some additional assumptions
such as subexponentiality of log(max(|A|, |B|)), the tails of X are slowly varying;
see Section 5.5.

We may classify the distribution of X as heavy-tailed (when certain moments of X
are infinite) or light-tailed (when all moments of X exist). The distribution of X can
be heavy-tailed as a consequence of the tails of B: if E[|B|r ] = ∞ for some r > 0
and A has lighter tails than B then E[|X |r ] = ∞.

2.4.2 The Goldie-Grübel Theorem

First, we focus on the case when |A| ≤ 1 a.s. The following result is the first part of
Theorem 2.1 in Goldie and Grübel [129].

http://dx.doi.org/10.1007/978-3-319-29679-1_5
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Theorem 2.4.1 Assume that X satisfies (2.4.48), where X is independent of (A, B).
Moreover, assume the conditions:

1. |A| ≤ 1 a.s. and P(|A| < 1) > 0.
2. E[e ε|B|] < ∞ for some ε > 0.

Then

lim sup
x→∞

logP(|X | > x)

x
≤ −ρ0 ,

where ρ0 = sup{ρ : E[e ρ|A||B|] < 1}.
This result says that for every δ > 0 and sufficiently large x ,P(|X | > x) ≤ e −(ρ0−δ)x .
In particular, E[e h|X |] < ∞ for 0 < h < ρ0.

Theorem 2.1 in Goldie and Grübel [129] also deals with one-sided cases, for
example, when 0 ≤ A ≤ 1 a.s., P(A = 0) > 0 and E[e ε B+] < ∞ for some ε > 0,
where for any real x , x+ = max(x, 0). Then one gets separate results for the left and
right tails of the distribution of X . In the case B ≡ 1 a.s. and P(A < 1) > 0 these
results imply that

lim sup
x→∞

logP(X > x)

x
≤ log(EA) . (2.4.49)

Goldie and Grübel [129] showed that, in general, their bounds cannot be improved.
However, X can even be bounded. For example, assume |A| ≤ cA < 1 and |B| ≤ cB
a.s. Examples of this kind include the fractal images of Example 1.0.5 and the random
binary expansions of Example 1.0.3. Then

∣
∣∣

∞∑

i=1

Πi−1 Bi

∣
∣∣ ≤ cB

∞∑

i=1

ci−1
A = cB

1 − cA
< ∞ a.s.

Depending on the order of magnitude of the probabilities P(|A| ∈ [1 − δ, 1]) as
δ ↓ 0, differing behavior of P(|X | > x) as x → ∞ may result. Theorems 3.1 and
3.2 in [129] yield a “Poissonian tail” of the form

lim
x→∞

logP(X > x)

x log x
= −c1 (2.4.50)

for a certain constant c1 > 0, under various conditions on A; one assumption ensures
that δ−1

P(1 − δ ≤ A ≤ 1) is bounded away from zero and infinity as δ ↓ 0. Assum-
ing precise rates of decay forP(1 − δ ≤ A ≤ 1) as δ ↓ 0, Hitczenko andWesołowski
[152] showed thatmuch lighter tails than prescribed by (2.4.49) or even byPoissonian
tails (2.4.50) are possible; see also a recent paper by Kolodziejek [184].

http://dx.doi.org/10.1007/978-3-319-29679-1_1
http://dx.doi.org/10.1007/978-3-319-29679-1_1
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A surprising result is Theorem 4.1 in Goldie and Grübel [129]:

Theorem 2.4.2 Assume that X satisfies (2.4.48), where X is independent of (A, B).
If P(|A| > 1) > 0 then |X | has at least power-law tail:

lim inf
x→∞

logP(|X | > x)

log x
> −∞ .

In particular, there is r > 0 such that E[|X |r ] = ∞.

The results by Goldie and Grübel [129] show that for “well-behaved” B intermediate
decay rates for P(|X | > x) between a power-law and an exponential function are not
possible. In Section 2.4.4 we will refine Theorem 2.4.2 by showing that the very
precise tail behavior P(|X | > x) ∼ c x−α as x → ∞ for some constant c > 0 can
be derived under mild conditions.

2.4.3 The Grincevičius-Grey Theorem

Theorems 2.4.1 and 2.4.2 indicate that the distribution of B has rather marginal
influence on the tail behavior of X at least when |B| has finite exponential moments.
This changes if B has heavy tails and A has lighter tails than B. Next, we will give
a corresponding result if the tails of B are of power-law type. We start with a brief
introduction to distributions with regularly varying tails; more details can be found
in Appendix B.

Recall from Feller [120] or Bingham et al. [45] that a positive measurable func-
tion g on (0,∞) is regularly varying with index ρ ∈ R if it has the form

g(x) = xρL(x) , x > 0 ,

where L is a slowly varying function, i.e., for c > 0, limx→∞ L(cx)/L(x) = 1. We
will be interested in random variables X with regularly varying tails. In particular, we
call a random variable X regularly varying with index α ≥ 0 if there exist constants
p, q ≥ 0 with p + q = 1 and a slowly varying function L such that

P(X > x) ∼ p x−αL(x) and P(X < −x) ∼ q x−αL(x) , x → ∞ .

This means that both tails are regularly varying functions with index −α, possibly
degenerate in the case when p = 0 or q = 0. If p = 0 we interpret the assumption
on the right tail in the sense that P(X > x) = o(P(|X | > x)) as x → ∞; the case
q = 0 is treated correspondingly.
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Theorem 2.4.3 Assume that the following conditions hold:

1. A ≥ 0 a.s., P(A = 0) < 1.
2. E[Aα] < 1 for some α > 0 and E[Aα+δ] < ∞ for some δ > 0.

Then the following statements hold:

(1) Assume that X solves the equation X
d= AX + B, where X is independent of the

pair of random variables (A, B). If the random variable X is regularly varying
with index α > 0 then B is regularly varying with the same index.

(2) Conversely, if B is regularly varying with index α > 0 then there exists a solution

to the equation X
d= AX + B, where X is independent of the pair of random

variables (A, B).
If limx→∞ P(±B > x)/P(|B| > x) = c± for some positive constants c+ and c−
then the following tail equivalence relation holds:

P(±X > x) ∼ (1 − E[Aα])−1
P(±B > x) , x → ∞ . (2.4.51)

A proof of this theorem can be found in Grey [131]. The second part of the theo-
rem was also proved by Grincevičius [134]. Below we give an independent proof of

part (2). A proof of part (1) for the multivariate fixed-point equation X d= AX + B is
provided in Theorem 4.4.27 on p. 200; the result in the univariate case is a straight-
forward consequence.

Proof (Proof of part (2)) If B is regularly varying with index α it has moments of
order less than α, hence E[log+ |B|] < ∞. In view of Theorem 2.1.3 there exists a
strictly stationary causal solution (Xt ) to the stochastic recurrence equation (2.0.1).

A generic element X of this sequence satisfies the fixed-point equation X
d= AX + B

and has representation in law given by

X
d=

∞∑

i=1

Πi−1 Bi .

Consider the decomposition

∞∑

i=1

Πi−1Bi =
( s∑

i=1

+
∞∑

i=s+1

)
Πi−1Bi = X̃s + X̃ s , s ≥ 1 .

Assume i < j and write Cm = {Πi−1 ∨ Π j−1 ≤ m} for any m > 0. Then for large
x and some constants c, c(m) > 0,

http://dx.doi.org/10.1007/978-3-319-29679-1_4
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P(Πi−1|Bi | > x,Π j−1|Bj | > x)

≤ P((Πi−1 ∨ Π j−1) (|Bi | ∧ |Bj |) > x)

= P({(Πi−1 ∨ Π j−1) (|Bi | ∧ |Bj |) > x} ∩ Cm)

+P({(Πi−1 ∨ Π j−1) (|Bi | ∧ |Bj |) > x} ∩ Cc
m)

≤ P(m (|Bi | ∧ |Bj |) > x) + P((Πi−1 ∨ Π j−1) 1(Cc
m) |Bj | > x)

≤ c(m) [P(|B| > x)]2 + cE
[
(Πi−1 ∨ Π j−1)

)α
1(Cc

m)
]
P(|B| > x) .

For the first term in the last inequality, we used the regular variation of B, imply-
ing that P(|B| > x/m) ∼ mα

P(|B| > x) as x → ∞. For the second term, we
applied Breiman’s Lemma B.5.1. It requires independence between Z = (Πi−1 ∨
Π j−1) 1(Cc

m) and Y = |Bj |, which is satisfied for i < j , and we also need to
ensure that E[Zα+δ] < ∞ for some δ > 0, but this follows from the assumption
E[Aα+δ] < ∞. Thus by first letting x → ∞ and then m → ∞, we conclude that

lim
x→∞

P(Πi−1|Bi | > x,Π j−1|Bj | > x)

P(|B| > x)
= 0 , i 	= j . (2.4.52)

An application of Lemma B.6.1 and multiple use of Breiman’s Lemma B.5.1 yield
as x → ∞,

P(X̃s > x) ∼
s∑

i=1

P(Πi−1Bi > x) ∼ P(B > x)
s∑

i=1

E[Πα
i−1]

= P(B > x)
s∑

i=1

(E[Aα])i−1 .

Thus X̃s inherits the regular variation from B for every fixed s ≥ 1. Since for small
ε ∈ (0, 1),

P(X̃s > (1 + ε)x) − P(X̃ s ≤ −εx) ≤ P(X > x) ≤ P(X̃s > (1 − ε)x) + P(X̃ s > εx)

and B is regularly varying we have for s ≥ 1,

c+
(1 + ε)α

s∑

i=1

(E[Aα])i−1 − lim sup
x→∞

P(|X̃ s | > εx)

P(|B| > x)

≤ lim inf
x→∞

P(X > x)

P(|B| > x)
≤ lim sup

x→∞
P(X > x)

P(|B| > x)

≤ c+
(1 − ε)α

s∑

i=1

(E[Aα])i−1 + lim sup
x→∞

P(|X̃ s | > εx)

P(|B| > x)
.
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Therefore (2.4.51) follows by letting s → ∞ and ε ↓ 0 if we can also show that

lim
s→∞ lim sup

x→∞
P(|X̃ s | > x)

P(|B| > x)
= 0 . (2.4.53)

Fix γ ∈ (0, 1) and observe that

P(|X̃ s | > x) ≤
∞∑

i=s+1

P
(
Πi−1 |Bi | > x (1 − γ )γ i−(s+1)

)

=
∞∑

i=0

P
(
Πs+i |Bs+i+1| > x (1 − γ )γ i

)
.

We employ the Potter bounds (B.2.3) on p. 274: for given ε̃ > 0, there exists a
constant x0 = x0(̃ε) such that for any c > 0,

P(|B| > x/c)

P(|B| > x)
≤

{
(1 + ε̃) cα+̃ε , for c ≥ 1, x/c ≥ x0,
(1 + ε̃) cα−̃ε , for c < 1, x ≥ x0.

Applying these bounds conditional onΠs+i , we obtain for given ε̃ > 0, some constant
c0 > 0 which does not depend on i and s,

P
(
Πs+i |Bs+i+1| > x(1 − γ )γ i

)

P(|B| > x)

≤ E
[
Πα+̃ε

s+i 1
(
Πs+i ≥ (1 − γ )γ i , x/x0 ≥ Πs+i/((1 − γ )γ i )

)]

((1 − γ )γ i )α+̃ε

+E
[
Πα−̃ε

s+i 1
(
Πs+i < (1 − γ )γ i , x ≥ x0

)]

((1 − γ )γ i )α−̃ε

+P
(
Πs+i > (1 − γ )γ i x/x0

)

P(|B| > x)

≤ c0
[
(E[Aα+̃ε])s (E[(A/γ )α+̃ε])i + (E[Aα−̃ε])s (E[(A/γ )α−̃ε])i

+(E[Aα+̃ε])s x−(α+̃ε)

P(|B| > x)
(E[(A/γ )α+̃ε])i

]
. (2.4.54)

In the last step, we used Markov’s inequality. By assumption, there exists δ > 0
such that E[Aα+δ] < ∞. Using this fact in combination with E[Aα] < 1, there exist
ε̃ > 0 and γ ∈ (0, 1) such that E[(A/γ )α+z] < 1 for z ∈ [−̃ε, ε̃]. Combining the
inequalities above, we obtain

lim sup
x→∞

P(|X̃ s | > x)

P(|B| > x)
≤ c0

[ (E[Aα+̃ε])s
1 − E[(A/γ )α+̃ε] + (E[Aα−̃ε])s

1 − E[(A/γ )α−̃ε]
]
,



2.4 The Tails 47

and the right-hand side vanishes as s → ∞. Thus we proved (2.4.53). This finishes
the proof. �

2.4.4 The Kesten–Goldie Theorem

In his 1973 paper, Kesten [175] proved a rather astonishing result about the tails of the

R
d -valued solution X to the fixed-point equation X d= AX + B. Roughly speaking,

he showed that the solution to this equationmay have power-law tails in the sense that
P(|X| > x) ∼ c x−α as x → ∞ for some positive constant c; a detailed analysis of
the tails in the multivariate case is given in Section 4.4. Although Theorem 2.4.2 has
prepared us for such a result, the precision of the tail asymptotics is still surprising.

Later, in 1991, Goldie [128] gave an independent proof of this result in the univari-
ate case, based on implicit renewal theory. On p. 131 of his paper [128], hementioned
that he benefitted from ideas in Grincevičius [134]. Grincevičius partly rediscovered
Kesten [175] but also developed his own approach which remained incomplete in
some arguments.

The following result is a special case of Theorem5 inKesten [175] and of Theorem
4.1 in Goldie [128] when A ≥ 0 a.s.; the complete result (without proof) is given as
Theorem 2.4.7 below. Here we present Goldie’s proof. He did not only derive the
precise power-law tail behavior but he also determined the constants in the tails.

Theorem 2.4.4 Assume that the following conditions hold.

1. A ≥ 0 a.s. and the law of log A conditioned on {A > 0} is non-arithmetic.7
2. There exists α > 0 such that E[Aα] = 1, E[|B|α] < ∞ and E[Aα log+ A] < ∞.
3. P(Ax + B = x) < 1 for every x ∈ R.

Then the equation X
d= AX + B has a solution X which is independent of (A, B)

and there exist constants c+, c− such that c+ + c− > 0 and

P(X > x) ∼ c+ x−α and P(X < −x) ∼ c− x−α , x → ∞ , (2.4.55)

The constants c+, c− are given by

⎧
⎪⎨

⎪⎩

c+ = 1

αmα

E
[
(AX + B)α+ − (AX)α+

]
,

c− = 1

αmα

E
[
(AX + B)α− − (AX)α−

]
,

(2.4.56)

where mα = E
[
Aα log A

]
> 0.

7A random variable is non-arithmetic if it is not supported on any of the sets aZ, a ≥ 0.

http://dx.doi.org/10.1007/978-3-319-29679-1_4
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Some Comments Related to Theorem 2.4.4

• In Section 2.5 we will study in detail the support of the distribution PX of X .
In particular, in Theorem 2.5.5 we will prove under general conditions that the
support of PX is either a half-line of the form (a,∞) or (−∞, a) for some real
a or the whole real line. In the former cases, we have either c+ > 0 and c− = 0
or c− > 0 and c+ = 0. Both constants c+ and c− are positive if, in addition to the
conditions of Theorem 2.4.4, we assume that the support of PX is the real line.
This is the content of Theorem 2.4.6 below.

• The function

h(p) = E[Ap] = E[e p log A] (2.4.57)

has a positive second derivative in (0, α) and, therefore, is strictly convex on [0, α].
A graph of the function h(p) is shown in Figure 2.3. If A 	= 1 a.s. and a positive
solution to the equation h(p) = 1 exists it is unique because of strict convexity of h.
For the same reason, h(p) < 1 on (0, α). By Jensen’s inequality,

pE[log A] = E[log(Ap)] ≤ log
(
E[Ap]) < 0 .

Since E[log A] < 0 is the right derivative of h at zero, h decreases in an interval
[0, p0] for some p0 > 0. On the other hand, strict convexity and h(α) = 1 imply
that h increases in some neighborhood of α and therefore the left first derivative
of h at α, given by mα , is positive.
The condition h(α) = 1 appears in numerous applied probability problems. It is
often referred to asCramérorCramér-Lundberg condition andplays a fundamental
role for determining the ruin probability in a non-life portfolio in the presence

Figure 2.3 An example of
the convex function
h(p) = E[Ap]; see (2.4.57).
If A 	= 1 a.s. and the
equation h(p) = 1 has a
positive solution α it is
unique. If A ≤ 1 and A 	= 1
a.s. then h(p) < 1 for any
p > 0, hence α does not
exist. In the case when
P(A > 1) > 0, a positive
solution α does not exist if
there is p0 > 0 such that
h(p) < 1 on (0, p0) and
h(p0) = ∞. 0.0 0.2 0.4 0.6 0.8 1.0

0.
7

0.
8

0.
9

1.
0

1.
1

p

h(
p)



2.4 The Tails 49

of light tails. In this context, log Ai has interpretation as the difference between
claim size and premium per time unit in the portfolio. Then the random walk
Sn = ∑n

i=1 log Ai is the difference between the aggregated claim amount and
premium in the first n periods. SinceE[log A] < 0, this randomwalk has a negative
drift and, by the strong law of large numbers, it tends to −∞ as n → ∞. We refer
to Asmussen [17], Section XIII.5, Asmussen and Albrecher [18], Chapters IV and
VI, and Embrechts et al. [112], Section 1.2, for further reading on ruin probabilities
and related topics in queuing theory.

• The rate of convergence in (2.4.55) was investigated in Goldie [128] and
Buraczewski et al. [78]. Depending on the assumptions, they found convergence
rates of the order x−σ1 or (log x)−σ2 for positive constants σ1 and σ2. More con-
cretely, assuming a Lebesgue density for A and E[Aα+δ] < ∞ for some δ > 0,
Goldie [128], Theorem 3.2, proved that there exists a positive constant σ1 such
that

∣∣(c+ + c−) − xα
P(|X | > x)

∣∣ ≤ const x−σ1 , x > 0 .

Under much weaker assumptions Buraczewski et al. [78] proved that

∣∣(c+ + c−) − xα
P(|X | > x)

∣∣ ≤ const (log x)−σ2 , x > 1 ,

for some positive constant σ2.
• In general, formula (2.4.56) does not allow one to evaluate the constants c+ and
c−. However, there exist other formulæ which can be used to approximate these
values in amore efficient way. For example, under the conditions of Theorem 2.4.4
with Yn = ∑n

i=1 Πi−1 Bi ,

lim
n→∞

1

αmα

E[|Yn |α 1(Yn > 0)]
n

= c+ and lim
n→∞

1

αmα

E[|Yn |α 1(Yn < 0)]
n

= c− ,

and in turn,

lim
n→∞

1

αmα

E[|Yn|α]
n

= c+ + c− ;

see Bartkowiak at al. [26] in the case B = 1 and Buraczewski et al. [79] in the
general case. Other approximation formulæ for c± can be found in Enriquez et al.
[115], Collamore and Vidyashankar [89], Collamore et al. [88].

• Recently, Roitershtein [243] and Collamore [87] independently considered the
situation when the sequence

(
(At , Bt )

)
t∈Z is Markov dependent (either it consti-

tutes a stationary Markov chain [87] or is a Markov modulated process [243]).
Under appropriate assumptions (including Harris-type conditions), applying the
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techniques used in the proof below, they describe the tails of the solution to the
equation Xt = At Xt−1 + Bt , t ∈ Z.

• The arithmetic case when log A is supported in the set aZ for some a > 0 was
studied by Grincevičius [134]. Under conditions 2 and 3 of Theorem 2.4.4 he
proved for all but countably many y ∈ R that there exists c(y) > 0 such that

P
(
X > e y+n a

) ∼ c(y) e −α (y+n a), n → ∞ . (2.4.58)

This result implies in particular that there are constants c2 > c1 > 0 such that

c1 ≤ lim inf
x→∞ xα

P(|X | > x) ≤ lim sup
x→∞

xα
P(|X | > x) ≤ c2.

If P(B ≥ 0) = 1 and P(B = 0) < 1 then the limit in (2.4.58) exists and is positive
for every y.

Next we will give the proof of Theorem 2.4.4. Following Goldie [128], we first
prove the tail bounds (2.4.55) and then, developing some independent arguments,
we show positivity of c+ + c−.

Proof (Proof of Theorem 2.4.4. The tail asymptotics.) The tail bounds (2.4.55) will

essentially follow from the fixed-point equation X
d= AX + B and the key renewal

Theorem A.1.1 on p. 268 which yields a description of the behavior at infinity of the
solution to an appropriate renewal equation.

Changing variables, we intend to prove the existence of the limit

lim
x→∞ e αx

P(X > e x ).

Keeping in mind the fixed-point equation for X , we write

P(X > e x ) = P(A X > e x ) + ψ(x) , (2.4.59)

where

ψ(x) = P(A X + B > e x ) − P(A X > e x ).

With the convention that f (x) = P(X > e x ) we can interpret (2.4.59) as a renewal
equation8

f (x) = ψ(x) + E[ f (x − log A)] . (2.4.60)

8We refer to Appendix A for a short introduction to renewal theory.
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Unfortunately, we cannot apply Smith’s key renewal theorem for positive random
variables: in view of the condition E[Aα] = 1 the random variable log A assumes
both positive and negative values with positive probability and its mean is negative;
see the comments on p. 48. Insteadwewill apply a renewal theoremproved inAthreya
et al. [19]; see Appendix A for more details. This result concerns real-valued random
variables but requires positivity of the mean. This condition is not satisfied in our
case.

In this situation a classical trick helps: an exponential change of measure, also
known as Esscher transform, exploiting the Cramér-Lundberg conditionE[Aα] = 1.
After this change of the probabilitymeasure, log A still assumes positive and negative
values but its mean (with respect to the new measure) is positive. Then we will be
able to apply the extended version of the classical renewal theorem in Appendix A.

For any Borel set C ⊂ R, we define the new probability measure

Pα(log A ∈ C) = E
[
1(log A ∈ C) e α log A

]

E[e α log A]
= E

[
1(log A ∈ C) Aα

]

E[Aα]
= E

[
1(log A ∈ C) Aα

]
.

Denoting the corresponding expected value by Eα , we have for integrable g,

Eα[g(log A)] = E
[
g(log A) Aα

]
.

In particular,Eα[log A] = mα which is finite by assumption andwe also havemα > 0
by convexity of the function E[Ap], p ∈ [0, α]; see the comments on p. 48.

To change the measure we multiply both sides of (2.4.60) by e αx :

e αx f (x) = e αx ψ(x) + e αx
E[ f (x − log A)] ,

and we write fα(x) = e αx f (x), ψα(x) = e αxψ(x). Since

e αx
E[ f (x − log A)] = Eα

[
f (x − log A) e α(x−log A)

]
,

we arrive at a new renewal equation by change of measure:

fα(x) = ψα(x) + Eα[ fα(x − log A)] . (2.4.61)

If we followed the patterns of classical renewal theory (see Appendix A) one
would try to solve (2.4.61) for fα in terms of ψα and the renewal measure given by
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να(C) =
∞∑

i=1

Pα

(
Si ∈ C

)
for any Borel set C ⊂ R, (2.4.62)

where S0 = 0, St = ∑t
i=1 log Ai , t ≥ 0, is the random walk generated by the iid

sequence (log At ). Then if ψα were directly Riemann integrable (dRi) (see p. 268
for the definition), a typical solution of the renewal equation (2.4.61) would assume
the form

fα(x) =
∞∑

i=0

Eα[ψα(x − Si )] = ψα(x) +
∫

R

ψα(x − y) να(dy)

and the key renewal theorem would describe the behavior of fα at infinity:

lim
x→∞ fα(x) = 1

mα

∫

R

ψα(y) dy .

After changing the measure Pα back to P, the latter relation is exactly the upper tail
estimate (2.4.55) with the corresponding constant c+.

However, we are not in the position to show direct Riemann integrability of ψα in
a direct way. Since for large values of y, Ay + B is comparable with Ay we expect
that the symmetric difference of the events {AX + B > e x } and {AX > e x } is of
small measure for large x . Thus the function ψα should be very small at infinity. We
do not get pointwise estimates of ψα but we can prove that ψα is integrable.

In what follows, we will use a smoothing operator of convolution type: for any
integrable function g and K (s) = e −s1(0,∞)(s), s ∈ R, define

ğ(s) = (K ∗ g)(s) =
∫ s

−∞
e −(s−y) g(y) dy , s ∈ R . (2.4.63)

The smoothed function ğ preserves the integral properties of g, for example, direct
calculation shows

∫
R
ğ(y)dy = ∫

R
g(y)dy, but ğ also has nice local properties. It is

continuous and even dRi. Applying the smoothing operator to both sides of (2.4.61),
we obtain

f̆α(s) = ψ̆α(s) + Eα[ f̆α(s − log A)] . (2.4.64)

Applying the key renewal theorem to (2.4.64), one can solve this equation explicitly
and gets

lim
s→∞ f̆α(s) = 1

mα

∫

R

ψ̆α(y) dy = 1

mα

∫

R

ψa(y) dy = c+. (2.4.65)
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Finally, one has to “unsmooth” this result and thus proves the desired relation

lim
x→∞ fα(x) = c+ . (2.4.66)

To fill all the gaps in the above argument we divide the proof into consecutive
steps and prove:

Step 1. The function ψα is integrable on R, i.e.,
∫
R

|ψα(y)| dy < ∞.

Step 2. If ψα is integrable then ψ̆α is dRi.

Step 3. The solution f̆α to (2.4.64) satisfies (2.4.65).

Step 4. The function fα(x) converges to c+ as x → ∞, i.e., (2.4.66) holds.

Step 5. The constant c+ is given by (2.4.56).

Proof of step 1. Using the elementary inequalities for a, b ∈ R, some Cα > 0,

∣∣|a + b|α − |a|α∣∣ ≤ |b|α for α ≤ 1 ,∣∣|a + b|α − |a|α∣∣ ≤ Cα (|a|α−1 + |b|α−1) |b| for α > 1,

we conclude that
E

[∣∣|AX + B|α − |AX |α∣∣] < ∞ . (2.4.67)

Indeed, for α ≤ 1,

E
[∣∣|AX + B|α − |AX |α∣∣] ≤ E[|B|α] < ∞ ,

and for α > 1, using the independence of X and (A, B),

E
[∣∣|AX + B|α − |AX |α∣∣] ≤ Cα E

[(|B|α−1 + |AX |α−1
) |B|]

= Cα

(
E[|B|α] + E

[|A|α−1|B|]E[|X |α−1]).

WhileE[|B|α] < ∞byassumption,E
[|A|α−1|B|] < ∞ followsbyHölder’s inequal-

ity. Indeed, E
[|A|α−1|B|] ≤ (E[|A|α])(α−1)/α(E[|B|α])1/α . Finally, E[|X |]α−1 < ∞

follows from the second part of Lemma 2.3.1, by observing that we also have
E[|A|α−1] < 1; see the comments on p. 48. This proves (2.4.67).

Write R = (AX + B)+ and Q = (AX)+. Then
∫

R

|ψα(x)| dx =
∫ ∞

0

∣∣P(AX + B > s) − P(AX > s)
∣∣ sα−1 ds

≤
∫ ∞

0
P(Q ≤ s < R) sα−1 ds +

∫ ∞

0
P(R ≤ s < Q) sα−1 ds .
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Both integrals on the right-hand side can be computed explicitly and are finite. For
example, by Fubini’s theorem, we have

∫ ∞

0
P(Q ≤ s < R) sα−1 ds =

∫ ∞

0
E

[
1(Q ≤ s < R)

]
sα−1ds

= E

[
1(Q < R)

∫ R

Q
sα−1 ds

]

= α−1
E

[
1(Q < R)

[
Rα − Qα

]]

≤ α−1
E

[
1(Q < R)

[|AX + B|α − |AX |α]]
,

≤ α−1
E

[∣∣|AX + B|α − |AX |α∣
∣],

which is finite in view of (2.4.67). The same calculations without absolute value
signs yield m−1

α

∫
R

ψα(y) dy = c+.

Proof of step 2. We write ψα as a difference of its positive and negative parts:
ψα = ψ+

α − ψ−
α . Recalling the definition of direct Riemann integrability from

Appendix A, it suffices to prove that ψ̆+
α and ψ̆−

α are dRi. We restrict ourselves
to the proof for ψ̆+

α . Observe first that for δ > 0,

ψ̆+
α (s + δ) =

∫ s+δ

−∞
e −(s+δ−u) ψ+

α (u) du

≥ e −δ

∫ s

−∞
e −(s−u) ψ+

α (u) du

= e −δψ̆+
α (s) .

Recalling the definition of the lower sumU fromAppendixA,we have for δ ∈ (0, 1),

U
(
ψ̆+

α , δ
) = δ

∑

t∈Z
inf

s∈[tδ,(t+1)δ]
ψ̆+

α (s)

≥ δ e −δ
∑

t∈Z
ψ̆+

α (tδ)

≥ e −2δ
∑

t∈Z

∫ tδ

(t−1)δ
ψ̆+

α (u)du

= e −2δ
∫

R

ψ̆+
α (u) du .
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In the same way we prove that the upper sum U satisfies the bound

U
(
ψ̆+

α , δ
) = δ

∑

t∈Z
sup

s∈[tδ,(t+1)δ]
ψ̆+

α (s)

≤ e 2δ
∫

R

ψ̆+
α (u) du .

Therefore the difference of the upper and lower sums converges to zero as δ → 0.
The same argument also shows that for any small δ > 0

U
(
ψ̆+

α , δ
) ≤ e 2δ

∫

R

ψ̆+
α (u)du ≤ e 2δ

∫

R

|ψα(u)| du < ∞.

Again appealing to Appendix A, we have proved the direct Riemann integrability
of ψ̆+

α . In the same way we prove the direct Riemann integrability of ψ̆−
α .

Proof of step 3. We recall the definition of the random walk with negative drift,
S0 = 0, St = ∑t

i=1 log Ai , t ≥ 1. Iterating the renewal equation (2.4.64) n times, we
obtain

f̆α(s) = Eα[ f̆α(s − Sn)] +
n−1∑

k=0

Eα[ψ̆α(s − Sk)] . (2.4.68)

By Fubini’s theorem,

Eα[ f̆α(s − Sn)] =
∫ s

−∞
e −(s−y)

Eα[ fα(y − Sn)] dy

=
∫ s

−∞
e −(s−y)

(
e αy

E[ f (y − Sn)]
)
dy

=
∫ s

−∞
e −(s−y) e αy

P(Πn X0 > e y) dy .

SinceΠn → 0 P-a.s. we have, for every y ∈ R, limn→∞ P(Πn X0 > e y) = 0. Dom-
inated convergence yields that E[ f̆α(s − Sn)] → 0 as n → ∞. Therefore, letting
n → ∞ in (2.4.68), we obtain

f̆α(s) =
∞∑

k=0

Eα[ψ̆α(s − Sk)] = ψ̆α(s) +
∫

R

ψ̆α(s − y) να(dy) , (2.4.69)

where να is the renewal measure introduced in (2.4.62). Finally, an application of
the renewal Theorem A.1.1 yields (2.4.65).
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Proof of step 4. Fix a constant b > 1. Then

bα+1 − 1

α + 1
e αs

P
(
X > e s) = e −s

∫ be s

e s

uα
P
(
X > es

)
du

≥ e −s
∫ be s

e s

uα
P
(
X > u

)
du

=
∫ s+log b

s
e −(s−y) fα(y) dy

= b f̆α(s + log b) − f̆α(s)

∼ c+ (b − 1) , as s → ∞ ,

and passing with b to 1 we have

lim inf
s→∞ sα

P(X > s) ≥ c+ .

A similar argument yields

lim sup
s→∞

sα
P(X > s) ≤ c+ .

Thus we proved (2.4.66).

Proof of step 5. The formula for c+ follows immediately from the definition of ψ

and the arguments presented in the proof of step 1. �

Proof (Proof of Theorem 2.4.4: Positivity of the limiting constant.) Our aim is to
prove that c+ + c− > 0. In the case when B is almost surely positive (or negative)
positivity of c+ (or c−) follows immediately from formula (2.4.56). However, when
B assumes both positive and negative values this argument does not work. The proof
of the asymptotic behavior of P(X > x) does not contain a clue about the positivity

of c+, c− either. An appeal to the fixed-point equation X
d= AX + B is not helpful

for our purposes. Instead we use the explicit representation

X =
∞∑

i=1

Πi−1Bi

which is inspired by the stationary solution to the stochastic recurrence equation
Xt = At Xt−1 + Bt , t ∈ Z; see Theorem 2.1.3.

Intuition tells us that X is large if one of the productsΠi is large. This event is well
described in the literature on ruin and queuing theory; see for example the mono-
graphs Feller [120], Chapter XII, and Asmussen and Albrecher [18], Chapter VI.
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By virtue of these results we have under the assumptions of the theorem, for some
c0 > 0,

P
(
max
i≥1

Πi > s
) ∼ c0 s

−α , s → ∞; (2.4.70)

see also (9.28) in Goldie [128]. We will use this result to show that there exists a
constant c1 > 0 such that

lim inf
s→∞ sα

P(|X | > s) = c1,

ensuring the positivity of c+ + c−.
We proceed as follows. We choose x from the support of the distribution of X and

consider the backward process (Y x
t )t≥0 starting at x:

Y x
t = Πt x +

t∑

i=1

Πi−1Bi , t ≥ 0 . (2.4.71)

Then we take a generic element (A, B) which is also independent of the sequence
(At , Bt ), t ≥ 1, andwrite Z = Ax + B. In thefirst stepwewill findpositive constants
ε, δ and c such that

P
(|x − (Ax + B)| − δ(A + 1) > ε

) ≥ c . (2.4.72)

Since for any x we have P(Ax + B = x) < 1, we may choose ε > 0 so small that
2c = P(|x − Z | > 2ε) > 0. Let m be so large that P(A > m) ≤ c. Then

P(|x − (Ax + B)| > 2ε , A ≤ m) ≥ P(|x − Z | > 2ε) − P(A > m) ≥ c ,

and for δ = ε/(m + 1) we have

P(|x − Z | > 2ε , A ≤ m) = P(|x − Z | − δ(A + 1) > 2ε − ε(A + 1)/(m + 1), A ≤ m)

≤ P(|x − Z | − δ(A + 1) > ε) .

This proves (2.4.72).
Next we observe that

∣∣Y x
t − Y Z

t

∣∣ = Πt |x − Z |. (2.4.73)

Consider the mutually exclusive events

Dt = {
Πt > 2s/ε and Πr ≤ 2s/ε , r ≤ t − 1

}
, t = 1, 2, . . . .
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Applying (2.4.70)–(2.4.73) and using the independence of Dt and (At+1, Bt+1), we
obtain for large values s,

c [c0 (2s/ε)−α] ≤ c P
(
max
t≥1

Πt > 2s/ε
) = c

∞∑

t=1

P(Dt )

≤
∞∑

t=1

P(Dt )P
(∣∣x − (At+1x + Bt+1)

∣∣ − δ(At+1 + 1) > ε
)

≤
∞∑

t=1

P
({∣∣Y x

t − Y x
t+1

∣∣ − δ(Πt+1 + Πt ) > 2s
} ∩ Dt

)
.

In the last inequality we used the fact that ε > 2 s/Πt on Dt . Denoting the probabil-
ities in the last line by πt , we observe that

πt ≤ P
([{∣∣Y x

t

∣∣ − δΠt > s
} ∪ {∣∣Y x

t+1

∣∣ − δΠt+1 > s
}] ∩ Dt

)

≤ P
({∣∣Y x

t

∣∣ − δΠt > s
} ∩ Dt

) + P
({∣∣Y x

t+1

∣∣ − δΠt+1 > s
} ∩ Dt

)
.

Therefore, again using that the events (Dt ) are mutually exclusive,

∞∑

t=1

πt ≤ P
(|Y x

t | − δΠt > s for some t ≥ 1
)

+P
(|Y x

t+1| − δΠt+1 > s for some t ≥ 1
)

≤ 2P
(|Y x

t | − δΠt > s for some t ≥ 1
)

≤ 2P
(
inf
u∈U |Y u

t | > s for some t ≥ 1
)

forU = [x − δ, x + δ]. For the last inequality, it is sufficient to observe that (2.4.73)
implies

|Y x
t | − δΠt ≤ |Y x

t − Yu
t | + |Yu

t | − δΠt = Πt (|x − u| − δ) + |Yu
t | ≤ |Yu

t | , u ∈ U .

So far we have shown that

lim inf
s→∞ sα

P
(
inf
u∈U |Y u

t | > s for some t
)

> 0 . (2.4.74)

Theorems 2.1.1 and 2.1.3 ensure that Y u
t

a.s.→ X as t → ∞ whatever the value of u.
Therefore we expect that, if at some instant the trajectory of (|Y u

t |) exceeds s, the
limit X should exceed s as well and in (2.4.74) we should be able to replace (|Y u

t |)u∈U
by X . We make this intuitive argument precise.
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We write

X =
∞∑

i=1

Πi−1 Bi =
t∑

i=1

Πi−1 Bi + Πt X
t = Y 0

t + Πt X
t = Y Xt

t ,

where Xt = ∑∞
i=t+1 Πt+1,i−1Bi is a copy of X and independent of Πt and Y 0

t ; com-
pare with (2.4.71). Since x was chosen as an element of the support of the distribution
of X , we have for some positive ε0,

P(Xt ∈ U ) = P(X ∈ U ) = ε0 > 0.

Moreover, if |Y u
t | > s and Xt = u for some u ∈ U then |X | = |Y Xt

t | > s.
Consider the mutually exclusive events

Et = {
inf
u∈U |Y u

t | > s and inf
u∈U |Y u

i | ≤ s , i ≤ t − 1
}
, t = 1, 2, . . . .

Then using the independence of Xt and Et , we obtain

ε0 P
(
inf
u∈U |Y u

t | > s for some t
)

= ε0

∞∑

t=1

P(Et ) =
∞∑

t=1

P(Et )P
(
Xt ∈ U

) =
∞∑

t=1

P
(
Et ∩ {Xt ∈ U })

≤
∞∑

t=1

P
(
Et ∩ {|Y Xt

t | > s}) =
∞∑

t=1

P
(
Et ∩ {|X | > s}) ≤ P(|X | > s) .

Combining the latter bound with (2.4.74) and the first part of the proof, we have
finally proved the desired positivity of the tail constants

lim
s→∞ sα

P(|X | > s) = c+ + c− > 0 .

�

Remark 2.4.5 Positivity of the limiting constants c+ and c− can be proved in various
ways. The proof presented above is a reminiscent of the arguments in Goldie [128]
and it also contains some ideas of Grincevičius [134]. Below we follow an alterna-
tive approach due to Guivarc’h and Le Page [143]. Further independent proofs are
available in Buraczewski et al. [72] (based on results from complex analysis) and in
Buraczewski and Mentemeier [82] (the proofs are provided in more general settings
and exploit large deviation results and the Bahadur-Rao theorem).
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Next we will deal with the case when the support of PX is the real line, supp
PX = R. We refer to Section 2.5.3 for sufficient conditions. It turns out that both
constants c+ and c− are positive, implying that the left and right tails of PX are
equivalent and cannot decay at different rates; cf. also the comments on p. 48.

Guivarc’h and Le Page [143] proved the following result:

Theorem 2.4.6 Assume the conditions of Theorem 2.4.4 and, additionally, A > 0
a.s. and supp PX = R. Then both constants c+ and c− in (2.4.56) are positive.

Proof The original argument of Guivarc’h and Le Page is quite difficult; we present
a different approach and prove a stronger result: if the support of PX is unbounded
at +∞, then c+ is positive.

Recall the explicit representation of X = ∑∞
i=1 Πi−1 Bi and the backward process

Yt = ∑t
i=1 Πi−1 Bi , t ≥ 1. We have the identity in law

X
d= Yt + Πt X

′,

where X ′ is a copy of X independent of (Πt ,Yt ). Write

Bt = max{|Bt |, 1} and Y t =
t∑

i=1

Πi−1Bi , t ≥ 1 .

Obviously, |Yt | ≤ Y t . Under our assumptions,

Y t
a.s.→ Y =

∞∑

i=1

Πi−1Bi , t → ∞ .

An application of the Kesten–Goldie Theorem 2.4.4 yields for some c1 > 0,

lim
s→∞ sα

P
(
Y > s

) = c1 .

In view of (2.4.70) we have for large s and any constant C > 0,

c0
2
s−α ≤ P

(
max
t≥1

Πt > s
)

= P
(
Πt > s for some t and Y > Cs

)

+P
(
Πt > s for some t and Y ≤ Cs

)

≤ 2 c1
Cα

s−α + P
(
Πt > s and − Cs < Yt for some t

)
.

Choosing a largeC such that 2c1/Cα < c0/4,weobtain for δ = c0/4 > 0 and large s,

P
(
Πt > s and − Cs < Yt for some t

) ≥ δ s−α . (2.4.75)
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We consider the stopping time

Ts = inf{t : Πt > s and − Cs < Yt } .

In view of (2.4.75) we have

δ s−α ≤ P
(
Ts < ∞) = P

( ∞⋃

t=1

{
Ts = t

})

≤
∞∑

t=1

P
({

Πt > s and − Cs < Yt
} ∩ {

Ts = t
})

.

Since PX has unbounded support we have P(X ′ > C + 1) > 0. We conclude that

δ P(X ′ > C + 1) ≤ sα
∞∑

t=1

P
({

Πt > s and − Cs < Yt
} ∩ {

Ts = t
})

P(X ′ > C + 1)

≤ sα
∞∑

t=1

P
({

Πt X
′ + Yt > s

} ∩ {
Ts = t

})

≤ sα
P(X > s) .

This proves the result. �

We mentioned before that Theorem 2.4.4 is valid in a more general setting when
A may assume negative values with positive probability as well. Then, however,
the constants c+ and c− coincide. What happens is that, with probability 1, Πn

change sign infinitely often and contribute in the same way both to P(X > x) and
P(X < −x). We formulate the corresponding result (Goldie [128], Theorem 4.1) but
refrain from giving a proof.

Theorem 2.4.7 Assume that the following conditions hold.

1. P(A < 0) > 0 and the conditional law of log |A| given {A 	= 0} is non-arithmetic.
2. There existsα > 0 such thatE[|A|α]=1,E[|B|α] < ∞andE

[|A|α log+ |A|]< ∞.
3. P(Ax + B = x) < 1 for every x ∈ R.

Then the equation X
d= AX + B has a solution X which is independent of (A, B)

and there exists a positive constant c+ such that

P(X > x) ∼ c+ x−α and P(X < −x) ∼ c+ x−α , x → ∞ , (2.4.76)



62 2 The Univariate Case

where

c+ = 1

2 αmα

E
[|AX + B|α − |AX |α]

and mα = E[|A|α log |A|] > 0.

2.5 The Support

In this section we will study the support of the solution X to the fixed-point equation

X
d= AX + B, where the random variable X and the two-dimensional vector (A, B)

are independent. As usual, we write PY for the distribution of any random element Y .
The content of this sectionwas essentially communicated to us byYvesGuivarc’h.

Someparts of the proof of Proposition 2.5.4were also clarified byRadoslawCeszkiel.

2.5.1 Preliminaries

The Support of a Measure

For our convenience, we recall the notion of support of a measure μ on R
d . Let V

be the union of all open subsets U ⊂ R
d such that μ(U ) = 0. The support of μ is

the set

supp μ = V c = R
d \ V .

�-Convolution

In Section 2.2.4 we introduced the �-convolution for any probability measure
P0 on R:

(P(A,B) � P0)(C) =
∫

R

P(Ax + B ∈ C) P0(dx) for any Borel set C. (2.5.77)

Then the fixed-point equation X
d= AX + B turns into PX = P(A,B) � PX .

The Semigroup of Affine Transformations on R

In what follows, the affine transformations of the real line

h(x) = ax + b , x ∈ R , (2.5.78)
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for real numbers a and b, will play an essential role. It will be convenient to identify
h with the pair (a, b) ∈ R × R and we will also write h = (a, b). The affine transfor-
mations constitute a semigroup9 Aff(R)with identity h0 = (1, 0) and multiplication
for hi = (ai , bi ) ∈ R × R, i = 1, 2,

h1 h2 = (a1, b1) (a2, b2) = (a1a2, b1 + a1b2) . (2.5.79)

We notice that
(h1h2)(x) = h1(h2(x)) , x ∈ R .

This means that (2.5.78) defines an action of Aff(R) on R. We will also identify
Aff(R) with R × R. Usually, Aff(R) is defined for positive a (as we already did in
Example 2.2.11 on p. 28). Then it constitutes a group and the inverse of h = (a, b) is
given by h−1 = (a−1,−a−1b). However most of the presented results are valid also
for negative a and it is convenient to extend this definition.

For integer n ≥ 1 and h ∈ Aff(R), we can now define hn:

h1(x) = h(x) = ax + b , hn(x) = h(hn−1(x)) , x ∈ R . (2.5.80)

Then calculation yields

hn = (an, bn) , where bn =
n−1∑

i=0

ai b . (2.5.81)

Consider the solution x0 = x0(h) to the fixed-point equation h(x) = ax + b = x ,
i.e.,

x0 = b

1 − a
, a 	= 1 .

We observe that

h(x) = a (x − x0) + x0 , x ∈ R .

Iterating the last identity and recalling the definition of hn from (2.5.80), we get

hn(x) = an (x − x0) + x0 , x ∈ R , n ≥ 1 . (2.5.82)

This means that, modulo the fixed point x0, the action of h is either contracting or
expanding, depending on whether |a| < 1 or |a| > 1.

9To get some intuition on this semigroup we encourage the reader to verify the property of associa-
tivity.
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The following result shows that h(supp PX ) = a supp PX + b is contained in
supp PX provided h = (a, b) ∈ supp P(A,B).

Lemma 2.5.1 Let X be a solution to the equation X
d= AX + B. Then for every

(a, b) ∈ supp P(A,B) the following inclusion holds:

supp PaX+b = a supp PX + b ⊂ supp PX . (2.5.83)

If, in addition, P(|A| > 1) > 0 and P(Ax + B = x) < 1 for every x ∈ R, then
supp PX is unbounded.

Here and in what follows, we exclude the case Ax + B = x a.s. for some x ∈ R.
In this case, supp PX = {x}.
Proof Suppose that (2.5.83) does not hold for some (a0, b0) ∈ supp P(A,B). Then
supp Pa0X+b0\supp PX is not empty. Hence there is an open set C ⊂ R such that

Pa0X+b0(C) > 0 and PX (C) = 0.

By the portmanteau theorem (Theorem 2.1 in Billingsley [44]) and since C is open,

lim inf
(a,b)→(a0,b0)

PaX+b(C) > 0 .

Therefore PaX+b(C) > 0 for (a, b) in some neighborhood U of (a0, b0). Since
(a0, b0) ∈ supp P(A,B) we have P(A,B)(U ) > 0 and hence

PX (C) = P(AX + B ∈ C) ≥
∫

U
P(aX + b ∈ C) P(A,B)(d(a, b)) > 0 ,

contradicting PX (C) = 0. This proves (2.5.83).
Now we prove the second statement. Choose some h = (a, b) ∈ supp P(A,B)

such that a 	= 1. Then the fixed-point equation ax + b = x has the solution x0 =
(1 − a)−1b. Since P(Ax + b = x) < 1 there exists a second point x1 ∈ supp PX

such that x1 	= x0.
In view of the first part of the proof, h(x) = ax + b ∈ supp PX for any x ∈

supp PX and therefore also hn(x1) ∈ supp PX . Since we assume that P(|A| > 1) > 0
we can choose (a, b) ∈ supp P(A,B) such that |a| > 1. In view of (2.5.82) we then
have

|hn(x1) = ∣∣an (x1 − x0) + x0
∣∣ → ∞.

Therefore supp PX is unbounded. �
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2.5.2 The Support is Atomless

The following lemma was proved in Alsmeyer et al. [10] and under slightly stronger
assumptions in Grincevičius [132]. We give an alternative proof which we learned
from Yves Guivarc’h.

Proposition 2.5.2 Assume that there is a unique solution X to the equation X
d=

AX + B and that the following conditions hold:

1. P(Ax + B = x) < 1 for every x ∈ R.
2. P(A = 0) = 0.

Then PX does not have atoms and is of pure type, i.e., it is either absolutely continuous
or singular with respect to Lebesgue measure.

The assumptions of the proposition cannot be weakened. For example if P(A =
0) > 0 then the measure PX may have atoms; see Example2.5.15.

Proof Suppose that PX has atoms. Since PX is a probability measure, the value
maxx∈R PX ({x}) is attained for finitely many atoms x1, . . . , xk for some k ≥ 1. In

view of the identity X
d= AX + B we have

0 = PX ({x j }) −
∫

R×R

P(a X + b = x j ) P(A,B)(d(a, b))

=
∫

R×R

[
PX ({x j }) − P(a X + b = x j )

]
P(A,B)(d(a, b)) .

Since the function PX ({x j }) − P(a X + b = x j ) is nonnegative it must be zero for
any (a, b) ∈ supp P(A,B). Therefore

PX ({x j }) = PX
({a−1(x j − b)}) , (a, b) ∈ supp P(A,B) , j = 1, . . . , k ,

but this is possible only if for each j and (a, b) there exists a unique xi such that
a−1(x j − b) = xi . In other words, the function h−1(x) = a−1(x − b) only permutes
the values x j , j = 1, . . . , k. Writing x0 = k−1(x1 + · · · + xk), we observe that for
any (a, b) ∈ supp PX ,

ax0 + b =
k∑

j=1

ax j + b

k
= x1 + · · · + xk

k
= x0 . (2.5.84)

This means that Ax0 + B = x0 a.s. in contradiction to our assumptions. Thus we
proved that PX has no atoms.

Therefore we have the Lebesgue decomposition

PX = p1 Pabs + p2 Psing , (2.5.85)
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where Pabs and Psing are unique absolutely continuous and singular probabil-
ity measures, respectively, and p1, p2 are unique nonnegative numbers such that
p1 + p2 = 1. If p1 = 1 or p2 = 1 there is nothing to prove and therefore we assume
that pi ∈ (0, 1), i = 1, 2. Recalling the �-notation from (2.5.77), we have

PX = P(A,B) � PX = p1 P(A,B) � Pabs + p2 P(A,B) � Psing ,

and P(A,B) � Pabs is absolutely continuous. Indeed, writing φ for the density of Pabs,
Fubini’s theorem and the change of measure formula imply for any Borel setC ⊂ R,

(
P(A,B) � Pabs

)
(C) =

∫

R

P(Ax + B ∈ C) Pabs(dx)

=
∫

R

P(Ax + B ∈ C) φ(x) dx

=
∫

C
E

[
φ
(
A−1(x − B)

)
A−1

]
dx ,

where the integrand in the last expression is the Lebesgue density of P(A,B) � Pabs.
We further decompose

P(A,B) � Psing = ρabs + ρsing ,

where ρabs and ρsing are unique absolutely continuous and singular measures, respec-
tively. If ρabs(R) 	= 0 the uniqueness of the decomposition (2.5.85) implies that

p1 = p1 Pabs(R) = p1
(
P(A,B) � Pabs

)
(R) + p2 ρabs(R) = p1 + p2 ρabs(R) ,

(2.5.86)
contradicting the assumption p2 > 0. Therefore p2 = 0 and PX = Pabs. If ρabs van-
ishes we conclude that

Psing = P(A,B) � Psing = ρsing .

But this is only possible if Psing = PX . Indeed, the law of X solving X
d= AX + B

is unique. Hence p1 must vanish. This proves the theorem. �

2.5.3 The Structure of the Support

In this section we will study the structure of the support of PX .
Consider the subsemigroup G(A,B) of R × R generated by supp P(A,B), i.e.,

G(A,B) = {h1 · · · hn : hi ∈ supp P(A,B) , i = 1, . . . , n , n ≥ 1} ,
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and let G(A,B) be its closure with respect to the usual topology on R × R. We will
identify h ∈ R × R with a pair (a, b) ∈ R × R. A set S ⊂ R is said to be G(A.B)-
invariant if for every h ∈ G(A,B) and x ∈ S, h(x) = ax + b ∈ S.

Under the conditions of Lemma 2.5.1, for every h = (a, b) ∈ G(A,B),

h(supp PX ) = a supp PX + b ⊂ supp PX ,

and since supp PX is closed by definition, the latter relation remains valid for h ∈
G(A,B). Hence supp PX is a closed G(A,B)-invariant set.

Proposition 2.5.3 Assume that the equation X
d= AX + B has a unique solution.

Then supp PX is given by the set

S0 = {(1 − a)−1b : h = (a, b) ∈ G(A,B) , |a| < 1} . (2.5.87)

Furthermore, any G(A,B)-invariant closed subset of R contains supp PX .

Proof We choose h = (a, b) ∈ G(A,B) such that |a| < 1. Then the unique solution
x0 = x0(h) = (1 − a)−1b to the fixed-point equation h(x) = ax + b = x exists and
x0 ∈ S0. Appealing to (2.5.82) and using the fact that |a| < 1, we observe that
hn(x) = an(x − x0) + x0 → x0 as n → ∞ for any x ∈ R.

Let S ⊂ R be any G(A,B)-invariant and closed set. Then, in particular, hn(x) ∈ S
for every x ∈ S and h ∈ G(A,B), and since S is closed, limn→∞ hn(x) = x0 ∈ S.
Therefore we have S0 ⊂ S, and, in particular, S0 ⊂ supp PX .

Next we show that S0 is G(A,B)-invariant. Choose h′ = (a′, b′) ∈ G(A,B) and, as
before, h = (a, b) ∈ G(A,B) with |a| < 1. Then x0(h) is a generic element from a
dense subset of S0. Recall the formula for hn from (2.5.81). Then we also have

h′hn = (a′an, a′bn + b′) , n ≥ 1 .

Hence |a′an| < 1 for sufficiently large n and therefore

x0(h
′hn) = (1 − a′an)−1(a′bn + b′) ∈ S0 .

Moreover,

x0(h
′hn) → a′

∞∑

i=0

ai b + b′ = a′ (1 − a)−1 b + b′ = a′x0(h) + b′ = h′(x0(h)) .

Since the limit is in S0, we proved that h′(S0) ⊂ S0 for any h′ ∈ G(A,B).
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Finally, we have to prove that supp PX ⊂ S0. Assume this is not the case and there
is x0 ∈ supp PX\S0. Since S0 is closed there is δ > 0 such that the ball Bδ(x0) of
radius δ centered at x0 and S0 are disjoint. Moreover, PX (U ) > 0 for U = Bδ/2(x0).
Fix any element y0 ∈ S0 and consider the stationary solution (Xn)n≥0 to the stochastic
recurrence equation Xt = At Xt−1 + Bt , t ≥ 0. If (X y0

t )n≥0 denotes the solution to
this equation for X0 = y0 then |X y0

n − Xn| = Πn|y0 − X0|. Since X y0
n ∈ S0 for every

n (here we use the invariance of the set S0) andΠn
a.s.→ 0 as n → ∞, we have Xn /∈ U

a.s. for large n. Hence, by the dominated converge theorem, we have

0 < PX (U ) = E
[
1U (X0)

] = E
[
1U (Xn)

] = lim
n→∞E

[
1U (Xn)

] = E
[
lim
n→∞ 1U (Xn)

] = 0 .

Thus we are led to a contradiction. This finally implies supp PX ⊂ S0. �

If we have additional information wemay obtain a much more precise description
of the support of PX as the following result shows.

Proposition 2.5.4 Let X be a solution to the equation X
d= AX + B. If there are

h = (a, b) and h′ = (a′, b′) in G(A,B), 0 < a < 1, a′ > 1, such that

x0(h
′) = b′

1 − a′ < x0(h) = b

1 − a
,

then [x0(h),∞) ⊂ supp PX .

Proof Define

r = log a/ log a′ < 0 .

We consider two cases.
1. r is an irrational number. Writing {x} and [x] for the fractional and integer parts
of a real x , respectively, we have k r + m = {kr} + [kr ] + m for any nonnegative
integers k,m. In view of Weyl’s theorem [259], ({kr})k≥k0 is uniformly distributed
on (0, 1) in the number-theoretic sense for any choice of k0 ≥ 0, hence this sequence
is dense in (0, 1). Then the sequence (l + {kr}) for integer l is dense in (l, l + 1) and
hence (k r + m)k≥k0,m≥0 is dense in R. In turn, the set of the numbers

I0 = {
aka′m : k ≥ k0, m ≥ 0

} = {
e log a′(k r+m) : k ≥ k0, m ≥ 0

}

is dense in R+.
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Recalling (2.5.82), we have

hkh′m(x0(h)) = hk
(
a′m(x0(h) − x0(h

′)) + x0(h
′)
)

= ak
[
a′m(

x0(h) − x0(h
′)) + x0(h

′)
) − x0(h)

] + x0(h)

= [
x0(h) + aka′m(x0(h) − x0(h

′))
] + ak(x0(h

′) − x0(h)).

Consider the set

I = x0(h) + (
x0(h) − x0(h

′)
)
I0 = {x0(h) + aka′m (

x0(h) − x0(h
′)
) : k ≥ k0 ,m ≥ 0}.

Since I0 is dense in R+ and x0(h) − x0(h′) > 0, I is dense in [x0(h),∞).
By Proposition 2.5.3, x0(h) ∈ supp PX . Since also hk, h′m ∈ G(A,B), Lemma 2.5.1

ensures that hkh′m(x0(h)) ∈ supp PX . Together with the previous argument and since
|ak(x0(h′) − x0(h))| can be made arbitrarily small for k ≥ k0 say, we conclude that
[x0(h),∞) ⊂ supp PX .
2. r is a rational number. Then we can find n0,m0 ∈ N such that an0a′m0 = 1. Apply-
ing (2.5.82) again, we have for any x ∈ R,

hn0h′m0(x) = hn0
(
a′m0(x − x0(h

′)) + x0(h
′)
)

= an0
[(
a′m0(x − x0(h

′)) + x0(h
′)
) − x0(h)

] + x0(h)

= (x − x0(h
′)) + an0 (x0(h

′) − x0(h)) + x0(h)

= x + (
x0(h) − x0(h

′)
) + an0 (x0(h

′) − x0(h)) . (2.5.88)

Fix p ∈ N and ε > 0. Since (an0a′m0)k = 1 for any integer k, we can choose
infinitely many values n,m ∈ N such that ana′m = 1. We can also assume that n0 is
so large that

|an0 (x0(h
′) − x0(h))| < ε/p .

We will prove that u = (
(hn0h′m0)p

)
(x0(h)) satisfies

|x0(h) + p (x0(h) − x0(h
′)) − u| < ε.

By induction on l ≤ p, we prove the existence of ul such that

|x0(h) + l (x0(h) − x0(h
′)) − ul | < lε/p. (2.5.89)

In view of (2.5.88), u1 = hn0h′m0(x0(h)) satisfies this relation.We construct ul recur-
sively:

ul = hn0h′m0(ul−1) = ul−1 + (x0(h) − x0(h
′)) + an0 (x0(h

′) − x0(h)) .
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Then we have

∣∣x0(h) + l (x0(h) − x0(h
′)) − ul

∣∣

= ∣∣x0(h) + (l − 1) (x0(h) − x0(h
′)) − ul−1 − an0 (x0(h

′) − x0(h))
∣∣

≤ ∣∣x0(h) + (l − 1) (x0(h) − x0(h
′)) − ul−1

∣∣ + ∣∣an0 (x0(h
′) − x0(h))

∣∣

< l ε/p .

This proves (2.5.89).
If we proceed in the same way for all p ∈ N+, small ε > 0 and (m, n) such

that ana′m = 1, we see that the elements of the set U = {(hnh′m)l(x0(h)) : ana′m =
1 ,m, n, l ∈ N} and the values x0(h) + p (x0(h) − x0(h′)) are arbitrarily close.
Therefore

{x0(h) + p (x0(h) − x0(h
′)) : p ∈ N} ⊂ U ⊂ supp PX .

Next we consider the set

I = {hk(x0(h) + p(x0(h) − x0(h
′)) : k, p ∈ N} ⊂ supp PX

and we prove that it is dense in [x0(h),∞). We proceed as before and obtain

hk(x0(h) + p (x0(h) − x0(h
′)) = ak p (x0(h) − x0(h

′)) + x0(h) .

Since a ∈ (0, 1) and x0(h) − x0(h′) > 0, the set

{
ak p (x0(h) − x0(h

′)) : k ≥ k0, k, p ∈ N
}

is dense in R+ for any k0 ≥ 1. Let now x = x0(h) + y ∈ [x0(h),∞). Given ε > 0
we may choose k such that

|ak p(x0(h) − x0(h
′)) − y| < ε.

Then

∣∣hk
(
x0(h) + p (x0(h) − x0(h

′)
) − x

∣∣ = |ak p(x0(h) − x0(h
′)) − y| < ε .

Thus we proved that the set I is dense in [x0(h),∞). This concludes the proof. �

The following result was proved by Guivarc’h and Le Page [143].
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Theorem 2.5.5 Let X be a solution to the equation X
d= AX + B.

(1) Assume the following conditions

1. P(Ax + B = x) < 1 for every x ∈ R.
2. A ≥ 0 a.s.
3. P(0 < A < 1) > 0.
4. P(A > 1) > 0.

Then the support of PX is either a half-line or R.
(2) Assume the following conditions:

1. P(Ax + B = x) < 1 for every x ∈ R.
2. P(A < 0) > 0 a.s.
3. P(0 < |A| < 1) > 0.
4. P(|A| > 1) > 0.

Then supp PX = R.

Remark 2.5.6 Recently, a stronger result was proved by Alsmeyer et al. [7]: if
supp PX is unbounded then this set is either a half-line orR. In particular, the assump-
tions P(A > 1) > 0 or P(|A| > 1) > 0 are not needed. Thus even if P(|A| ≤ 1) = 1
unboundedness of supp PX implies that it is a connected set, without any holes.

Proof (Proof of Theorem 2.5.5) First, we assume the first set of conditions. We
consider two cases.
1. Choose h = (a, b) ∈ G(A,B) and a < 1 and assume there are hi = (ai , bi ) ∈
G(A,B), ai > 1, i = 1, 2, such that

x0(h1) < x0(h) < x0(h2) .

Then by Proposition 2.5.4 both half-lines [x0(h),∞) and (−∞, x0(h)] are included
in the support of PX . Hence supp PX = R.
2. Assume that for every h ∈ G(A,B) with a < 1 and h′ ∈ G(A,B) with a′ > 1 we
have

x0(h
′) ≤ x0(h).

Recalling the definition of the set S0 = supp PX from (2.5.87), we see that x0(h′) ≤
inf S0 for every h′ ∈ G(A,B) with a′ > 1. Applying Proposition 2.5.4 to x0(h′) and
x0(h) we see that the half-line [x0(h),∞) is contained in supp PX . Taking ε > 0
arbitrarily small, we see that [inf S0,∞) ⊂ supp PX . On the other hand, supp PX ⊂
[inf S0,∞). Hence supp PX = [inf S0,∞).
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The situation when

x0(h
′) ≥ x0(h)

for every h ∈ G(A,B) with a < 1 and h′ ∈ G(A,B) with a′ > 1 can be handled in the
same way, ensuring that supp PX = (−∞, sup S0].

Now we assume the second set of conditions. Assume that

x0(h
′) < x0(h)

for h = (a, b) ∈ G(A,B) with a < 1 and h′ = (a′, b′) ∈ G(A,B) with a′ > 1. The case
when x0(h′) > x0(h) can be treated in an analogous way.
1. Suppose that a ∈ (0, 1), a′ < −1 and write h′′ = (h′)2. Using h′′ instead of h′ in
the proof of Proposition 2.5.4, we conclude that [x0(h),∞) ⊂ supp PX . Notice that
h′′ has the same fixed point as h′. Consider any x > x0(h). Then

h′(x) = a′ (x − x0(h
′)) + x0(h

′) < x0(h
′).

Therefore (−∞, h′(x0(h))] ⊂ supp PX . It remains to prove that [h′(x0(h)), x0(h)] ⊂
supp PX . For y < x0(h) and k ≥ 1, we have

hk(y) = ak (y − x0(h)) + x0(h) → x0(h) , k → ∞ ,

hence

∞⋃

k=1

hk(−∞, h′(x0(h))) = (−∞, x0(h)) ⊂ supp PX .

2. If a ∈ (−1, 0) and a′ > 1 we proceed as in the proof of Proposition 2.5.4, now
replacing h by h2. Then we have [x0(h),∞) ⊂ supp PX , and for x > x0(h),

h(x) = a (x − x0(h)) + x0(h) < x0(h) ,

and, in fact,

{h(x) : x > x0(h)} = (−∞, x0(h)) ⊂ supp PX .

3. If a ∈ (−1, 0) and a′ < −1 we first replace h, h′ by h2, (h′)2 in the proof of
Proposition 2.5.4 and then we may proceed as above. We omit further details. �
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Figure 2.4 The figure illustrates the relation between the supports of P(A,B) and PX under the
assumption A > 0 a.s. We identify (A, B)with a point of the upper half-plane {(a, b) : a > 0, b ∈
R} and assume that a solution X of the equation X

d= AX + B exists. Notice that, in contrast
to the usual convention, a represents the vertical coordinate. a) If supp P(A,B) is contained in a
line passing through (1, 0), i.e., in the set {(a, b) : ay0 + b = y0} for some y0, then Ay0 + B =
y0 a.s. and supp PX = {y0}. b) In this example, (a1, b1) = (1/2, 1), (a2, b2) = (2, 1), (a3, b3) =
(1/2,−1)with the corresponding fixed points of thesemappings x1 = 2 > x2 = −1 > x3 = −2. If
supp P(A,B) contains these three points Proposition 2.5.4 and Theorem 2.5.5 ensure that supp PX =
R. In this case, no line passes through (1, 0) such that the three points are on the same side of
the line. c) If there is a line {(a, b) : ay0 + b = y0} for some y0 which contains (1, 0) such that
supp P(A,B) is on the left side of this line (i.e., it is a subset of the darker area), then Lemma 2.5.7
yields that supp PX is bounded from above by y0 (here y0 = 1). Indeed, for all h ∈ supp P(A,B)

such that a < 1, we have x0(h) ≤ y0 while for h ∈ supp P(A,B) with a > 1, x0(h) ≥ y0. d) Here
we assume that supp P(A,B) is contained in the darker area. The solution X is bounded from below
by y0 (in this case y0 = 1/2).

If A > 0 a.s. knowledge of the support of P(A,B) allows one to describe the support
of PX . We present here a simple criterion and illustrate it in Figure 2.4.

Lemma 2.5.7 Let X be a solution to the equation X
d= AX + B. Assume A > 0 a.s.,

P(A = 1) = 0, P(Ax + B = x) < 1 for every x ∈ R, and choose any two distinct
points hi = (ai , bi ) ∈ supp P(A,B), i = 1, 2.
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(1) If there exist h1 and h2 such that

a1 > 1, a2 < 1 and x0(h1) < x0(h2),

then supp PX is unbounded at +∞.
(2) If one has the property

x0(h1) ≥ x0(h2) for all h1, h2 such that a2 < 1 < a1 ,

then supp PX is bounded from the right side.

Proof Part (1) is just Proposition 2.5.4. As regards (2) we observe that the half-line
(−∞, y0) is supp PX -invariant if we choose y0 = sup{x0(h) : a < 1}. �

2.5.4 Examples

We consider some examples of possible supports of PX . The structure of supp PX

is completely characterized by the set S0 in (2.5.87) which sometimes allows one to
find subintervals of supp PX . We give two examples.

Example 2.5.8 Assume that {a} × (b1, b2) ⊂ supp P(A,B) for some 0 < a < 1 and
b1 < b2. Then we may immediately conclude from the structure of S0 that

(1 − a)−1[b1, b2] ⊂ supp PX .

Example 2.5.9 Assume that (a1, a2) × {b} ⊂ supp P(A,B) for some 0 < a1 < a2 <

1 and b > 0. Then

b
[
(1 − a1)

−1, (1 − a2)
−1

] ⊂ supp PX .

In view of the structure of S0 we may use the same argument if, instead of choosing
a subinterval of supp P(A,B), we take it from the nth convolution power given by

{h1 · · · hn : hi ∈ supp P(A,B) , i = 1, . . . , n} .

For n ≥ 2, this is a much richer class than supp P(A,B) and with it, it may be simpler
to find a subinterval of supp PX . It is even easier to find such an interval if one starts
from G(A,B).

The aforementioned results are not very surprising in the light of the results about
PX proved in this section. However, if P(A,B) is supported only by a few points and
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0 < A ≤ 1 a.s. one will have lower expectations that supp PX contains an interval
or a half-line in its support. A well-known example in this context is the following
one:

Example 2.5.10 Choose A = 0.5 and B symmetric Bernoulli on {−1, 1}, i.e.,
P(B = ±1) = 0.5. In Example 2.2.8 we proved that PX is the uniform distribu-
tion on (−2, 2). When A = a for some a ∈ (0.5, 1) and B is symmetric Bernoulli
distributed, Solomyak [251] proved that PX is absolutely continuous for Lebesgue
a.e. a ∈ (0.5, 1); later a simpler proof was given in Peres and Solomyak [228].

For a ∈ (0, 0.5), PX is singularly continuous. We give a short proof. Since X
d=

aX + B and B, X are independent, we have

supp PX ⊂ (
a supp PX + 1

) ∪ (
a supp PX − 1

)
.

Denoting by |C | the Lebesgue measure of any Borel set C , we obtain

∣∣supp PX

∣∣ ≤ ∣∣a supp PX + 1
∣∣ + ∣∣a supp PX − 1

∣∣

= 2a
∣∣supp PX

∣∣ .

Since 2a < 1 this is only possible if supp PX has Lebesgue measure zero.

Example 2.5.11 Assume that A = 1/3 and B assumes both values 0 and 2/3 with
positive probability. Then the support of PX coincides with the Cantor set. This is
immediate from the representation

X =
∞∑

i=1

Πi−1Bi =
∞∑

i=1

Ci 3
−i ,

where Ci = 3Bi assumes both values 0 and 2 with positive probability.

Example 2.5.12 In the light of Theorem 2.5.5 the support of PX always contains
a half-line if A > 0 a.s. and P(A > 1) > 0, with the one exception when Ax +
B = x a.s. for some real x . More precisely, for any two points (a, b), (a′, b′) in
P(A,B) or, more generally, in G(A,B) with a < 1 and a′ > 1, either [(1 − a)−1b,∞)

or (−∞, (1 − a)−1b] is included in supp PX , provided this half-line does not contain
(1 − a′)−1b′.

Example 2.5.13 Consider independent A and B such that

P(A = a) = p = 1 − P(A = a−1) and P(B = ±1) = 0.5 ,

for some 0.5 ≤ a < 1 and 0.5 < p ≤ 1. Then the conditionE[log A] < 0 is satisfied,
the stationary distribution PX exists and P(A > 1) > 0. Recently, Brieussel and
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Tanaka [60] proved that PX is absolutely continuous. Obviously, ±(1 − a)−1 ∈ S0.
Moreover, a simple calculation shows that (1 − a−1)−1,−(1 − a−1)−1 ∈ [−(1 −
a)−1, (1 − a)−1]. Then Proposition 2.5.4 ensures that (−∞,−(1 − a)−1] and [(1 −
a)−1,∞) are subsets of supp PX . Hence, by Theorem 2.5.5, the support must be the
whole real line.

The following example was kindly communicated to us by Aleksander Iksanov.

Example 2.5.14 Recently, Pratsiovytyi and Khvorostina [232] studied recursions
based on Lüroth-type alternating expansions. It is known (see Kalpazidou et al.
[173]) that for any real number x ∈ (0, 1] there exists a sequence of positive integers
(a j ), finite or infinite, such that

x = 1

a1
+

∑

n≥2

−1

a1(a1 + 1)
· · · −1

an−1(1 + an−1)

1

an
. (2.5.90)

Moreover, each irrational number in (0, 1) has a unique infinite non-periodic repre-
sentation (2.5.90) and each rational number in (0, 1) has either a finite or a periodic
representation (0, 1).

When looking carefully at the above representation, one can recognize a determin-
istic backward process (Yt ); see (2.2.37) on p. 33. Pratsiovytyi and Khvorostina con-
sidered the situation when the sequence (an) is random. In particular, they studied the
casewhen the randompairs (A, B) are supported in the set

(−1/(k(k + 1)), 1/k
)
k∈N.

Then the forward process has the form

Xt = −1

at (1 + at )
Xt−1 + 1

at

for some random natural numbers (at ). They proved that the solution to this equation
is absolutely continuous if and only if

P(at = k) = 1

k(k + 1)
.

In this case, PX is the uniform distribution on (0, 1).

Throughout, we assumed |A| > 0 a.s. If P(A = 0) > 0 and A, B are independent
one can easily construct cases where PX has atoms.

Example 2.5.15 Assume that PB has an atom b0 	= 0. Since X
d= ∑∞

i=1 Πi−1Bi we
have

P(X = b0) =
∞∑

k=1

P

(
B1 +

k−1∑

i=1

Πi Bi+1 = b0 ,Πk−1 	= 0 , Ak = 0
)

≥ P(B1 = b0 , A1 = 0) = P(B1 = b0)P(A1 = 0) > 0 ,
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i.e., b0 is also an atom of PX . In particular, if B = 1 a.s.,

P(X = x) =
∞∑

k=1

P

( k−1∑

i=1

Πi = x − 1 ,Πk−1 	= 0
)
P(A = 0) .

The right-hand side is positive if x = 1 (then P(X = 1) ≥ P(A = 0)) or if x − 1
is an atom of the distribution of

∑k
i=1 Πi for some k ≥ 1. For example, if there

exists a0 	= 0 such that P(A = a0) = 1 − P(A = 0), PX has the set of atoms {1, 1 +
a0, 1 + a0 + a20, . . .}.
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