Bivariate Right Fractional
Pseudo-Polynomial Monotone
Approximation

George A. Anastassiou

Abstract In this article we deal with the following general two-dimensional prob-
lem: Let f be a two variable continuously differentiable real valued function of a
given order, let L be a linear right fractional mixed partial differential operator and
suppose that L (f) > 0 on a critical region. Then for sufficiently large n, m € N, we
can find a sequence of pseudo-polynomials Q7 in two variables with the property
L ( Q;m) > 0 on this critical region such that f is approximated with rates right frac-
tionally and simultaneously by @, , in the uniform norm on the whole domain of f.
This restricted approximation is given via inequalities involving the mixed modulus
of smoothness w; 4, 5, ¢ € N, of highest order integer partial derivative of f.

1 Introduction

The topic of monotone approximation started in [10] has become a major trend in
approximation theory. A typical problem in this subject is: given a positive integer
k, approximate a given function whose kth derivative is >0 by polynomials having
this property.

In [3] the authors replaced the kth derivative with a linear differential operator of
order k. We mention this motivating result.

Theorem 1 Let h, k, p be integers, 0 < h <k < p and let f be a real function,
£ continuous in [—1, 1] with modulus of continuity w (f(”), x) there. Let a; (x),
Jj=h,h+1, .. k be real functions, defined and bounded on [—1, 1] and assume
ay (x) is either > some number a > 0 or < some number 8 < 0 throughout [—1, 1].

Consider the operator
k di
> a,(x)[dx]} (1)
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and suppose, throughout [—1, 1],

L(f)=0. @)

Then, for every integer n > 1, there is a real polynomial Q, (x) of degree < n such
that
L (Q,) = 0 throughout [—1, 1] 3)

and !
max [ () = 0, ()] = Cn* Py (f(”), —) : )

n

where C is independent of n or f.

Next let n, m € Z,, Py denote the space of algebraic polynomials of degree < 6.
Consider the tensor product spaces P, ® C ([—1,1]), C ([—1, 1]) ® P, and their
sum P, ® C ([—1,1]) + C ([—1,1]) ® P, thatis

P@C(-1,1D+C(-1,1D) ® Py (&)

= 1> XA+ D B0y A B e C(I-1. 1)), x,y e [-1,1]
i=0 j=0

This is the space of pseudo-polynomials of degree < (n, m), first introduced by A.
Marchaud in 1924-1927 (see [7, 8]). Here f*? denotes ;;;;{, the (k, [)-partial
derivative of f.

In this section we consider the space C"7 ([—1, 11?) = {f : [-1, 1]* — R; f&D
is continuous for0 < k <r,0 </ < p}.Let f € C ([—1, 1]*);for 8y, 8, > 0, define
the mixed modulus of smoothness of order (s, ¢g), s, ¢ € N (see [9], pp. 516-517)
by

Ws.q (f381,82) = sup {[x 4}, oy A7 f (x, ¥)| : (x, ), (6)
(x +shi,y +qhy) € [-1, 11, || < 8;,i =1,2}.

Here

2 Ay 0y AL f(x,y)

s q
zZZ(—l)HM“(;)(/‘i)ﬂxwhl,ywhz) )

o=0 pu=0

is a mixed difference of order (s, q) .
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We mention

Theorem 2 (see Gonska [4]) Letr, p € Z, 5,q € N, and f € C™P ([—1, 11%). Let
n,m € Nwithn > max{4(r +1),r +s}andm > max{4(p+ 1), p+ q}. Then
there exists a linear operator Q,, , from C"P ([—1, 1]2) into the space of pseudopoly-
nomials (P, ® C ([—1,1])) + C ([—1, 1)) ® P,,) such that

|(f = Cum ()™ .3 ®)
S Mg My (A ()75 (A DN wsg (FOP5 Aw (X)), A (7))

forall (0,0) < (k,I) < (r, p),x,y €[—1, 1], where

V1 =72 1
Ae(z)=T+9—2, O=n,m; z=x,y€[-1,1].

The constants M, 5, M, ,, are independent of f, (x, y) and (n, m); they depend only
on (r, ), (p, q), respectively.

See also [5], saying that QU2 (f) is continuous on [—1, 1]2.

The need following result which is an easy consequence of the last theorem (see
[9, p. 517)).

Corollary 3 Letr,p € Zy, s,q € N, and f € C"? ([—1,1]?). Let n,m € N with
n>max{4(r+1),r+s} and m > max{4 (p+ 1), p+ q}. Then there exists a
pseudopolynomial

Onm = Onm (f) e (P, @C(-1, 1) +C(-1,1D) & Py)

such that

s
n m

C 11
“f(k,l) . Q’(lk”i) ”oo < W CWs.q (f(r,P); _ _) , 9)

forall (0,0) < (k,l) < (r, p). Here the constant C depends onlyonr, p,s,q.
Corollary 3 was used in the proof of the main motivational result that follows.

Theorem 4 (see [1]) Let hy, hy, vy, v2, 7, p be integers, 0 <h; <v;y <r, 0 <
hy <v, < pandlet feC"? ([—1, 1]2), with £ having a mixed modulus of
smoothness wy g (f(”f’); X, y) there, s,q € N. Leta; j (x,y),i =hy,hy +1, ..., vy;
Jj = hy, hy + 1, ..., vy be real-valued functions, defined and bounded in [—1, 11 and
suppose oy, p, is either > o > 0 or < B < 0 throughout [—1, 11%. Take the operator

v W 9i+i

L= Z Z a;; (x,y) axi 0yl (10)

i=h1 j=hz
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and assume, throughout [—1, 11? that
L(f)=0. (11)

Then for any integers n,m with n > max{4 (r +1),r + s}, m > max{4 (p + 1),
p + q}, there exists a pseudopolynomial

such that L (Qm,,,) > 0 throughout [—1, 117 and

oo nrfvlmpfvz

”f(k,/) _ Q;(qlf}i) ” < L Wy g (f<r,p); %, %) , (12)

forall (0,0) < (k,l) < (h1, hy). Moreover we get

0o — nr—kmp—l n’ m

“f(k,l) _ Q,(f}rlz) ” < L CWsg (f(r,p); l, l) , (13)

forall (hy+1,hy+ 1) < (k,1) < (r, p). Also (13) is valid whenever 0 < k < hy,
hh+1<l<porh +1<k<r, 0<I[<h, Here C is a constant independent
of f and n, m. It depends only onr, p,s,q, L.

We are also motivated by [2].
We need

Definition 5 (see [6]) Let [—1, 11*; oy, a0 > 0; @ = (a1, 0), f € C (-1, 1]?),
x = (x1,x2),t =(t1,r) € [—1, 17%. We define the right mixed Riemann-Liouville
fractional two dimensional integral of order «

(It f) 0 (14)

1 1
1
= m// (1 —x)* 7 (1 — x) ! f (11, 1) dirdy,

X1 X2
with x1, x, < 1. Notice here that I (| f]) < co.

Definition 6 Let o), @y > 0 with [a|] = my, [an] = my, ([-] ceiling of the num-
ber). Let here f € C"""™ ([—1, 1]2). We consider the right Caputo type fractional
partial derivative:

DI f (x)
(_1)m1+m2

T T —a) T (my — )

15)
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oMt f (11, 1)
Ho— my—a;—1 t — my—an—1 ) - L de ,
//(1 x1) (2 — x2) YRR 1di

X1 X2

Y x = (x1,x2) € [—1, 1]%, where I is the gamma function

oo
I (v) =/e—ft“—1dt, v > 0. (16)
0
We set
(0,0) . 2.
DOV f(x):=f(x), Vxel[-111; (17)
my,m mi+m am1+mzf(x)
D" f (x) == (=Mt 2l Ve [~ 1P (18)
0x) '0x,
Definition 7 We also set
1
DM f () 1= Fay / R (19)
X2
1
D" f (x) = ps / (r =)™ (20)
and
m my+m X
D™ f () = s / (1 —xp)" e el (1)
DI f (x) 1= i / (n — xS s dn.(22)

In this article we extend Theorem 4 to the fractional level. Indeed here L is
replaced by L, a linear right Caputo fractional mixed partial differential operator.
Now the monotonicity property holds true only on the critical square of [—1, 0]°.
Simultaneously fractional convergence remains true on all of [—1, 17%.
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2 Main Result

‘We present

Theorem 8 Let hy, hy, vy, va, 1, p be integers, 0 <h; <vi <r,0<hy<v, <p
and let f € C"P ([—1, 1]2), with fOP) having a mixed modulus of smoothness
Wy, q (f(””); X, y) there,s,q € N. Leto;j (x,y),i =hy,hy +1,..,v15 ] = hy, hy +
1, ..., v2 be real valued functions, defined and bounded in [—1, 11> and suppose
Qp,p, s either > a > 0 or < B < 0 throughout [—1, 0]2. Assume that hy + h, = 2y,
y €Zi.Heren,meN:n>max{4d(r+1),r+s},m>max{d(p+ 1, p+q)}.
Set

lij = sup |ozh_llh2 (x, y) a;j (x, y)| < 00, (23)

(e, el-1,177

for all hy <l <y, hy < j <. Let ag, a0 > 0, iy, 05 ¢ N, with [ay] =1,
|_a21-| =j,i=0,1,...r; j=0,1,...,p, ([] ceiling of the number), o;yp =0,
0y = 0.

Consider the right fractional bivariate differential operator

=> Z a;j (x, y) D), (24)
i=hy j=hy

Assume Zf (x,y)>0,0n[-1, 012 . Then there exists

Om=0Cun(NHe@BC-11D+C (-1, 1) ® Py)

such that LQ,’; m (X, y)>0,0n[—1, 01% . Furthermore it holds:
1.
”Dfi“""‘”) (f) - D gr H .
00, [—1,1]
~oy (i) — (i
S C2 J ( 1 2/) A : 'wsq(f(r,p);l’l)’(zs)
F(i—oeli+1)F(j—oe2_,-+1)n’_’m1’—f ' n m

whereCisaconstantthatdepends onlyonr,p,s,q; (hi+1,ha+1) < (@, j) <
r,p),orO<i<h,h+1=<j<porhi+1<i=<r,0=<j<h,,
2.

[p =) (1) - D05, |

oo, [~ 1,112

< L (f<r ». L l) (26)

n'vimpP n'm
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for (1,1) < (i, j) < (hy, hy), where c;j = CAij, with

voo» 2(f+u)f(an+“m)
153> @)
zhlth(T_a“ l)F(u—azﬂ—f—l)

2h]70t[,'7k
kK (hy —ay —k+1)
2h2—a2j—k 2(l+]) (a]1+a2/)
+ - - )
S M (hy— gy — a4+ 1) ) T —ay+ DI (j—ay+1)

for , 1 1
e (f< P ;), (28)

nr—vimpP—v2

where cqoy := C Ay, with

2 ()= (o o)

Ago = . ,
00 hl'hg ZZ "It —a+ DT (= s + 1) +1

= th h7

[p) (1)~ D 0;, |

"l oo, 1,17

€oj (f(r .p). 1 l) (29)

= prvmpv n m

where co; = CAoj, j=1,.., hy, with

AOj
21— (o o)

= h1 zzl”‘r(r—ah AT (1 — oy + 1)

T=hy p=hy

ha—j Qhy—ayj—h DJ—a;
. + 9
;Ml’(hz—azj—k—kl) I(j—a+1)

(30)
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5.
[pi o0,
00,[-1,1]
cio r.p). 1 l 31
= prvimp—v (f n’'m D
where c;o = CAio, i=1,..., h, with
Ao
V1 V2
2(T+m)— (o1 +02y,)
= Loy (32)
/’12 rzhluzhz F(r—alf—}-l)F( —Otzu 1)
hy—i 2hi—aii—k Di—aii
(= g -
= KT (hy —ay; —k+ 1) ri—o;+1
Proof By Corollary 3 there exists
Onm = Oum (f) € (P, @C(-1,1)+C([—1,1]) ® Pn)
such that
o 11
i,j) _ (l J) . r,p). — 33
70 = 0l = e (7 )

for all (0,0) < (i, j) < (r, p), while Q,,,, € C"P ([—1, 11)>. Here C depends only
onr, p,s,q, where n > max{4(r +1),r+s}and m >max{4(p+ 1), p +q},
withr, p € Zy, s,q € N, f € C7 ([—1, 11%). Indeed by [5] we have that O}/ is
continuous on [—1, 11> . We observe the following (i =1, ...,r; j=1,..., p)

D) £ () = DI 0 i1, )|

1 i—ayi—1 i—an;—1
_ f — x1) N (1 — xp) 34
T G—a)T (j —a) //(1 X1) (tr — x2) (34)

X1 X2
It f (1, ¢ T Qo (11, t
. f‘(l' 2) Qj ('1 2) dtdi,
ot oty ot} oty

1 1
to— i—ap—1 t — Jj—on;—1 35
F(l_ah)rj_% //(1 1) (b = 1) 35)

X1 X2



Bivariate Right Fractional Pseudo-Polynomial Monotone Approximation 23

8i+jf (t, 1) I Qn,m (t1, 1)
drior) o1}91]

dtdt,

©9) 1
<
I —o) I (j— o)

11
// (t1—x1) " (1 — xp) !
1 X2
C 11
i r— 'Ll)s,q f(r,p);_’_
n"~tmpP—J n m

(36)

! (L—x) ™ (l=x)/ ™  C

N F(i—olli)F(j—()tzj) i — oy J— o n"~impr=i

e, l)
(fpnm

A—x)™@  (I—x)i™ ¢ o 1 1)
= — : 0 \ ST )
F(l—Ol1i+1)r(]—0{2]-+1)nr*’mP*J n m

(37

That is there exists Q, ,:

(Otll azj)f ()C )C2) (011, Oézj) Qn,m (XIy XZ)‘ (38)

(L—x) ™ (1—x) ™  C ( . ) 1)
= . . - i ws,q f P s — >
F(i—oy+ DI (j—oag+1)n=imp= n’ m

i=1,..,r,j=1..,p,Y(x,x)e[-11]>.
We proved there exists O, such that

R e (39)

2+ = (mi+e;) ¢ 1 1
= . N — 7.605,(1 (f(r,p);_’_)’
F(z—a1[+1)1"(]—a2j+l)n’ tmpP=J n m

i=0,1,....r, j =0,1, ..., p. Define

Pnm = Ca) (f(rp) i) (40)

nm
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v v 2(i+j)—(°‘1i+°‘2/') ier j—p
ZZ ”F(z ; j -+1)n "

i=hy j=h» ay + ])F (] — (g

I. Suppose, throughout [—1, 01%, ay hy (X, y) > a > 0. Let Qn m (X, ), (x,y) €
[—1, 11?, as in (39), so that

oy,0) xhl yhz Api,002)
HD,(_‘ “(f(x D+ P ,) — e or (m)H
o0
(i+j)—(ari+az;
- 2 J ( 1 Z)C : .a)sq(f(r,p);l’l) (41)
_F(i—otli+1)F(j—ot2j+1)n"’m1’_/ ' n -m
=:T,

i=0,1,...,r; j=0,1,...,p
fhi+1Lh+D)<Gj)<@Ep)ror0<i<h,h+1<j<p,orh +
1 <i<r,0<j <h,we get from the last

i) -0z,
Tr—ai+ ) (j—any + ) nr—imp=i n’m
proving (25).
If (0,0) < (i, j) < (h1, h2), we get
hy h
(ar27) (x ) (y )
D;_ (x9 + n,mD N—= D2\

_Dl(ili,azj) Q:,m (X, y)

<T;.
oo

Thatis fori =1, ...,hy; j =1, ..., hy, we obtain
hy—i

(ah 0‘2/) I (—l)k (1 — x)hlfali*k
S y)+p"m(( D zk!r(hl—ah-—kﬂ)

ha—j A hy—aj—h
N (=" (1 — y)== (al,om,)
(( ) gk!r(hz_%_Hl)) Q5 (x, y)oo

< T (44)
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Hence for (1, 1) < (i, j) < (hy, hy), we have

HD(O‘I' ""/)f D(“h 025) Q:m H

hi—i 2h1—a1,-—k
= Pnm 45
= Pn, Z(;k!r(hl—a”—kH) (43)
If 21’!2—0{2,‘—)» )
: +T;
=0 M (h2 —Qy; — A+ 1)

: 1 1
= Coy, (f(r’p)§ e ;) (46)
[ 5, 209t Lo
i=hy j= hzllrl_al )F(— 0[2] )nrtmpj

hy—i 2h]—a“—k hZZ_J 2/12—0(2/—)»
kgk!]"(hl—ozl,-—k+1) =0 )L!F(/’lz—()lzj—)\—Fl)
2+)— (a1,+azj)cw (f(r \p)- 1 )

F(l—a1,+1)1“(]—a21+1)n’ impr—J

1 1 1
p. 2 -
= Coug (f ’ "n m) U “7)

where

] 1%}

Z Z 2(’T+7)_(a1?+°‘27) (48)
= i ,
S i—ag )T (- +1)
i 2hi—eni—k ha—j Qha—onj—h
: ;k![‘(l’ll_o{]i—k—‘rl) ;K!F(hz—azj—)x—i‘l)
2(i+.i)—(ll1i+a2j)
FG—an + DI (j—ay +1)

(Set Cij = CA,J)
We proved, for (1, 1) < (i, j) < (hy, hy), that

nr—vigp P02

o R T T (f(””;l,i). 49)
7 lloo n m
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So that (26) is established.
Wheni = j = 0 from (41) we obtain

yhz . L]
f(x y)+pnmh _Qnm(x )’) Sq fY s =y — . (50)
! n m
Hence
Pn.m c . L1
17 = Gial = it o (10 )
C 11
— r,p). - 52
hl!hz!ws,q (f 7n’m) ( )
S35 2 (47) - (ahay) L
S (i —all+1)F(j—a27+l)nr*impff
_I_ rC (f(”[’) 1 l)
n"mp n’ m
Cong ("3 3 )
ni—vip P2 AOO’ (53)
where
1 v [ﬁ20+7)’(0‘1?+0‘27)
Ag = | —— +17. 54
o hy'hy! Zh, . ri—a;+1)r(—o;+1)
—h, =
(Set cgop = CAOQ).
Then L
c
”f - QZ,m ”Do = %ws,q (f(r’p)§ — —) . (55)
n'TlimpP2 n m

So that (28) is established.
Nextcaseofi =0, j =1, ..., hy, from (41) we get
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2 ha—j (=1 A 1— hy—aaj—A
DO F 3+ punis (( ey DA 2 ) )
(56)

=0 MI (hy — g — A+ 1)

-p"™ ;| =T

Then
[0 - p) g3, |
o0
ha—j hy—oj—A
Prn,m 207
< — + Tp; &)
hy! (g M (hy —any — 2+ 1)) v
C 11
_ o, (f<r ». _) (58)
n m
Z z 2 (i+7) = (e7tes;) 11
ij —~ g =
S ST =g+ ) T (=g + )
hz J 2/12—0[2]‘—)\.
)JF (hy —az; — A+ 1)
2/~ "‘2/C 1 1
+ — W g (f(r’p); - _)
F(j—a2j+1)nrmpf nom
Cow rp). L1
4 Ef — m)AOj, (59)
nr—vimpP—v2
where
Ag;
UZI Z 2 (7))
— (60)
ij n n
lhlj—hz F(;—O[1;+1)F(j—()[27+1)
}'2ij 2h2,a2j,)\ 2j7a2j :|
. + - .
= )»!F(hz—()lzj—)»-l—l) F(]—O[gj-l—l)

(Set Coj ‘= CAQj)
We proved that (case of i =0, j =1, ..., hy)

nr—vippP—v2

0,0, 0,02, Coj SN |
H Dl(,om)f _ D1(7 /)Q;m Hoo < _—/ws’q (f( ,17); ;’ E) . 61)
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establishing (29).
Similarly we get fori =1, ..., hy, j = 0, that

i @1i,0) x Cio e L1
HDEJ V- Di,l O)Qngm Hoo S Wy (f( R o ;) . (62)

nr—vipmp—r2

where c¢;o := CA;p, with

Ao
AN 2 (i+7) = (a+ey;)
=l 222 — 63)
2 \izh, j=hs L i =oyg +1) I (= a5 +1)
hi—i 2hi—aii—k Qi—aii
' ,;k!l“(hl —a —k+1) * F'i—oa;+1|’
deriving (31). So if (x, y) € [—1, 012, then
(. L(Q;,, (x.))) (64)
. T (L—x)th A=yt
=0t (6, V)L (f (6, ) + pum (65)

(=i + 1T (hy — s+ 1)

v 1%}

+ Z Za;llhz (x’y)aij (x,y)

i=hy j=hy

(“11 @) (“11 ;) ("’h ;)
[ O (X,9) — f &y = pumD (hllhz.)]

1) 1 — x)n—o [ — y)he—o;
2 pn,m ( X) ( y) (66)
I(hy =y +1) I (hy — a4+ 1)
] (%3

I 9= (ﬂlﬁ'ﬂz/) C rp). 1 1
Z Z ij ri— otl,Jrl)F(J a2,+1) nr—imp—i Ws,q f ’ ;’ Z

i=hy j=hy
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(—xh= (1= y)h
= Pn,m -1 o1
Pn, |:F(h1—a1i+1)F(h2_“2j+1) i| "

> : 1
ol pn,m -
F(l’l] —0[1i+1)F(h2—(¥2j+1)

=T (hy—ay+ DT (hy —ar; + 1
_pnm|: U —ani + D (b = e, )}20. (68)

I'(hy—ay+ DT (h—an +1)

Explanation: we have that I" (1) =1, I' (2) = 1, and I" is convex on (0, co)
and positive there, here 0 < hy — ayp,, by — oo, < land 1 < hy — oy, + 1, by —
o, +1 <2. Thus 0 < F(h1 — aip, +1), F(l’lg—azhz +1) < 1,and

0<TI (hy—ap +1)T (hy —amy, +1) < 1. (69)
And
1— T (hy — oy, 4+ 1) I (hy — oap, + 1) = 0. (70)
Therefore it holds
L(Q:, (x,y) =0,V (x,y) €[-1,0]. (71)

II. Suppose, throughout [—1, 0)?, Qpyn, (X, ¥) < B < 0. Let Q;‘*m (x,y),(x,y) €
[—1, 11?, as in (39), so that

hy \,ha

(Olli,dzj) Xy
HDl_ (f(xay)_pnmh_l'h_z'

2+ =(enitaz;) ¢ 11
S R ; ) .ws_q (f(r’p); K] _) ) (72)
F(z—a1i+1)1"(]—a2j+l)n’*‘m1’*1 n m

) - D,(f]i’az‘f) Oy, (x,y) H

i=0,1,...r,j=0,1,.., p.
As earlier we produce the same convergence inequalities (25), (26), (28), (29),
and (31). So for (x, y) € [—1, 0]* we get
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ah—llhz (x’ y) Z (Q:jkm (x’ y))
(1— x)hl—ali - y)hz—llgl’

= ol Z 5 — Pn,m 73
b C N T G = prn e o oy )
+> Z%hz (x, y) aij (x, y)

i=hy j=hy
. (0‘““2/) *k ("“1"‘2/) (061, @) X :
[ 03, (x.y) - £ (503 + Pun D (hl,h2 )}
oy _ vy —az;
e LA (74)

I'(hy—ay+ DT (hy—oj +1)

i+ (oni+e; '
Z z llj : 2] (0!1 'Otz_/) C A X (f(r D). 1 l)
Py I (i —0[1[+1)F(] —ocgj—l—l) n"~'mpP~J n m

I L ) e
= 1—
Pn,m i r (hl —ay; + 1) I (h2 — o2 + 1)
[ ron—ai ) (= ey 1) = (1= 0" (1 =y
= Pn,m I F(hl_ali+l)r(h2_(x2j+l)
- 1 — (1 = )= (] — yyh2—a2;
< pum d=o U=y) < (75)
T —a+ DT (b =) +1)

Explanation: for x,y € [-1,0] we getthat ] —x, 1 —y >1,and 0 < h; — ay,,
hy — ooy, < 1. Hence (1 — x)h‘_"‘”xl , (1= y)hz_‘)‘z”2 > 1, and then

(1= )= (1= y)la=ee > 1,

so that
1— (1 —x)=%m (1 —y)lrmem <. (76)

Hence again _
L (0, (x,y)) =0, for (x,y) € [—1,0P. (77)
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