Chapter 2
Subgradient Projection Algorithm

In this chapter we study the subgradient projection algorithm for minimization of
convex and nonsmooth functions and for computing the saddle points of convex—
concave functions, under the presence of computational errors. We show that
our algorithms generate a good approximate solution, if computational errors
are bounded from above by a small positive constant. Moreover, for a known
computational error, we find out what an approximate solution can be obtained and
how many iterates one needs for this.

2.1 Preliminaries

The subgradient projection algorithm is one of the most important tools in the
optimization theory and its applications. See, for example, [1-3, 12, 30, 44, 51, 79,
89, 92, 95, 96, 105, 108, 109, 112] and the references mentioned therein.

In this chapter we use this method for constrained minimization problems in
Hilbert spaces equipped with an inner product denoted by (-,-) which induces a
complete norm || - ||. For every z € R! denote by |z] the largest integer which does
not exceed z: |z] = max{i € R! : i is an integer and i < z}.

Let X be a Hilbert space. For each x € X and each r > 0 set

Bx(x,r) ={yeX: [x—y| =r}.
For each x € X and each nonempty set E C X set
dx,E) =inf{|x—y|| : y€ E}.

Let C be a nonempty closed convex subset of X, U be an open convex subset of X
such that C C U and let f : U — R' be a convex function. Recall that for each
xeU,
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Ifx)={leX: f(y) —f(x) = (l,y—x) forally € U}. 2.1)
Suppose that there exist L > 0, M, > 0 such that

C C Bx(0, M), (2.2)
f(x) —f(y)| < L||lx—y| forallx,y € U. (2.3)

In view of (2.1) and (2.3), for each x € U,
@ # df (x) C Bx(0,L). 2.4)

It is easy to see that the following result is true.

Lemma 2.1. Let z,v9,y; € X. Then

Iz = Yol = llz = y1l1* = [lyo = 11> = 2(z = y1, 1 — Yo)-

The next result is given in [13, 14].

Lemma 2.2. Let D be a nonempty closed convex subset of X. Then for each x € X
there is a unique point Pp(x) € D satisfying

lx = Pp()|| = inf{[lx — y[| : y € D}.
Moreover,
1Pp(x) = PoW)I| < llx — yll forall x.y € X
and for each x € X and each z € D,

{(z=Pp(x).x—Pp(x)) =0,
lz—=Pp@)1* + [lx = Po)|* < [lz — x[|*.

Lemma 2.3. Let A > 0 and n > 2 be an integer. Then the minimization problem

n
E a? — min
i=1

n
a=(a,...,a,) € R" and ZaizA

i=1

has a unique solution a* = (aj, ..., a;) where a¥ = nlAi=1,...,n
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Proof. Clearly, the minimization problem has a solution ¢* = (af,...,a;) € R".
Then
n—1
a, =A— Z al
i=1
and (af,...,a;_,) is a minimizer of the function
n—1 n—1 2
dlar,....ap—1) = Za? + (A— Zai) ,(at, ... ap) €RTL
i=1 i=1
Itisclearthatforalli=1,...,n—1,
n—1
0= (d¢/0a;)(a},....a,_) =2a’ =2 (A - Zaf) = 2a; —2a.
i=1
Thus af = a foralli =1,...,n—landa} = n1Aforalli = 1,...,n Lemma?2.3

is proved.

2.2 A Convex Minimization Problem

Let § € (0, 1] and {ax}32, C (0, 00).
Let us describe our algorithm.

Subgradient Projection Algorithm
Initialization: select an arbitrary xo € U.
Iterative step: given a current iteration vector x, € U calculate

& € df (x;) + Bx(0,6)
and the next iteration vector x;+; € U such that
xXi+1 — Pe(x; — a&)| < 6.

In this chapter we prove the following result.

Theorem 2.4. Let § € (0, 1], {ar}2, C (0, 00) and let

xe € C

2.5)
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satisfies
flex) <f(x) forallx € C. (2.6)

Assume that {x;}72., C U, {§}°2, C X,

[xoll < Mo+ 1 (2.7)
and that for each integer t > 0,
& € 9f (x;) + Bx(0,9) (2.8)
and
%41 — Pelx — ag)|| < 6. 2.9

Then for each natural number T,

T
Z a; (f (x) — f(xx))

t=0

< 27 v = xol* + 8(T + 1)(4Mo + 1)

T T
+8QMy+ 1)) a,+ 27N L+ 1)) ar. (2.10)
=0 =0

Moreover, for each natural number T,

T -1 7
f (Za,) Za,x, —f(xs), min{f(x;): t=0,...,T} —f(x«)
t=0 =0

;o\l T\
<27! (Z at) [l — xol|* + (Z a,) §(T + 1)(4Mo + 1)
1=0

r=0
T -1 T
+802My + 1) + 27! (Za,) L+1)7?) a. (2.11)
t=0 t=0
Theorem 2.4 is proved in Sect. 2.4.

We are interested in an optimal choice of a,, t = 0,1,.... Let T be a natural
number and Ay = Y,_, a; be given. By Theorem 2.4, in order to make the best

choice of a;, t = 0, ..., T, we need to minimize the function

b(ag, ... ar) = 27" A7 xw — x0|1> + AZ'S(T + 1)(4My + 1)
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T
+8@Mo+ 1)+ 27AT L+ 1)) a

t=0

on the set

T
az(ao,...,aT)eR”'lz a;>0,i=0,...,T, ZaizAT
i=0

By Lemma 2.3, this function has a unique minimizer a* = (ag,...,ay) where

af = (T + 1)™'A7,i=0,...,T. This is the best choice of @, t = 0, 1,...,T.
Theorem 2.4 implies the following result.

Theorem 2.5. Let § € (0, 1], a > 0 and let x« € C satisfies

fx«) <f(x) forallx € C.
Assume that {x,}°2, C U, {§}72, C X,

llxoll = Mo + 1
and that for each integert > 0,
& € df (x;) + Bx(0,6)

and

%41 — Pel —ag)|| < 6.

Then for each natural number T,

T
f ((T+ ™! Zx:) —f (), min{f(x;) 1 £ =0,....T} —f(x«)
t=0
<27'T+ D)7 'a @My + 1) + a7 '8(4My + 1)
+802My + 1) + 27 1L + 1)a.

Now we will find the best @ > 0. Since T can be arbitrary large, we need to find
a minimizer of the function

$(a) :==a '8(4Mo + 1) + 27 (L + 1)%a, a € (0, 00).
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Clearly, the minimizer a satisfies
a'§(4My + 1) =271 (L + 1)%a
and
a= (28(4My+ 1)V2 L+ 1)7!
and the minimal value of ¢ is
(28(4Moy + 1)L + 1). (2.12)

Theorem 2.5 implies the following result.

Theorem 2.6. Let § € (0, 1],
a=(284Mo +1)"2(L+ 17

x« € C satisfies

f(xx) <f(x) forallx € C.
Assume that {x,}°2, C U, {§}72, C X,

%ol < Mo + 1
and that for each integert > 0,
& € 9f (x;) + Bx(0.9)

and

Ix%+1 = Pel —ag)|| < 6.

Then for each natural number T,

T
f ((T+ ™! Zx,) —flxx), min{f(x;) : t=0,...,T} —f(x«)
t=0

<27Y T+ D)7'@My + DL + 1)(28(4Mo + 1))"V2 + 82My + 1)
+27128(4My + 1)VA(L + 1) + 8(4Mo + 1)(L + 1)(28(4M, + 1))~V/2.

Now we can think about the best choice of 7. It is clear that it should be at the
same order as [§~!|. Putting T = [§~' |, we obtain that
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T
f ((T +1)7! Zx,) —f(xs), min{f(x;): 1=0,..., T} —f(xs)
t=0

<27'@My + DL+ 1)(8My 4+ 2)71/28V2 4 §(2My + 1)
+ (8My + 2)'2(L 4+ 1)8"/% + (4My + 1)(L + 1)(8M, + 2)~'/25'/2.

Note that in the theorems above § is the computational error produced by our
computer system.

In view of the inequality above, which has the right-hand side bounded by ¢;§
with a constant ¢; > 0, we conclude that after T = |§~!] iterations we obtain a
point £ € U such that

1/2

Bx(£,0)NC # 0
and

FE) <fxe) + 182,

where the constant ¢; > 0 depends only on L and M,.

2.3 The Main Lemma

We use the notation and definitions introduced in Sect. 2.1.

Lemma 2.7. Let§ € (0,1], a > 0 and let

zeC. (2.13)
Assume that
xe UNBx(0,My + 1), (2.14)
§ € 9f (x) + Bx(0,9) (2.15)
and that
uelU (2.16)
satisfies

lu — Pc(x—ab)| < 6. 2.17)
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Then

a(f(x) —f@) <27z —x* =27 Iz — ul?
+8(4Mo + 1 +a(2My + 1)) + 271 (L + 1)*.

Proof. In view of (2.15), there exists
[ € of(x)
such that
=&l <.
By Lemmas 2.1 and 2.2 and (2.13),

0 < {z—Pc(x —d§), Pc(x — a§) — (x — af))
= (z— Pc(x — a§), Pc(x — a§) — x)
+(aé, z — Pc(x — af))
=27 [lz—x[* = llz = Pc(x — ad)|I” — |lx — Pc(x — a§)|*]
+({a§,z—x) + (a§, x — Pc(x — a§)).
Clearly,
l(a&.x — Pc(x — a§))| < 27" (|a§))* + |lx — Pc(x — a§)|1?).
It follows from (2.20) and (2.21) that
0 < 27'[llz— x| = |z — Pc(x — a§) |* — Ilx — Pc(x — a&)|°]
+{ag.z—x) +27'@ €7 + 27" |x — Pe(x — a§)|?

(2.18)

(2.19)

(2.20)

2.21)

<27 lz=xl? =27 Ylz = Pe(x — a)|I* + 27 @€ * + (a€, 2 —x). (2.22)

Relations (2.2), (2.13), and (2.17) imply that

lllz = Pc(x — aé)||* — |z — ul?|

= [llz = Pcx —ad)|| = llz— ull[(lz = Pcx — @) || + |z — ul])

< |lu — Pc(x —a&)||(4Mo + 1) < (4My + 1)8.
By (2.2), (2.13), (2.14), and (2.19),

(a§.z—x) = {al.z—x) + (a§ =),z —x)

(2.23)



2.4 Proof of Theorem 2.4 19

< (al,z—x) +all§ —I||llz— x|
< {al,z—x) +ad(2My + 1). (2.24)

It follows from (2.4), (2.18), (2.19), (2.22), (2.23), and (2.24) that

0 <27 Mlz=x[> =27 lz = Pe(x — a§) |* + 27" @?|§|1* + (a§, 2 —x)
<27 Me—xl? =27 Iz —ul® + 8(4Mo + 1) + 27 (L 4+ 1)°
+{al,z — x) + ad(2My + 1). (2.25)

By (2.1), (2.18), and (2.25),
a(f(z2) —f(x)) = (al.z—x)

and

a(f(x) —f(2)) < {al,x—z)
<27 Mz—xlP =27 e —ul® + §(4Mo + 1) + 27> (L + 1)
T as(2My + 1).

This completes the proof of Lemma 2.7.

2.4 Proof of Theorem 2.4

It is clear that
|l <Mo+1,t=0,1,....
Let ¢t > 0 be an integer. Applying Lemma 2.7 with
I=Xe, A=y, X=X, E =&, U= X141
we obtain that

a(FO) = f(xe)) < 27 e — x))* = 27 e — x|
+8(4Mo + 1 + a,(2Mo + 1)) +27'a} (L + 1)*. (2.26)
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By (2.26), for each natural number T,

T

Y alf(x) —f(x)

t=0

T
<Y @7 e =l = 27w — x|
=0

+8(4Mo + 1) + a,2Mo + 1)§ + 27 'a; (L + 1)%)
< 27M|xw —x0))? + 8(T + 1)(4My + 1)

T T
+8QMy+ 1)) a,+ 27N L+ 1)) al.
=0 =0

Thus (2.10) is true. Evidently, (2.10) implies (2.11). Theorem 2.4 is proved.

2.5 Subgradient Algorithm on Unbounded Sets

We use the notation and definitions introduced in Sect. 2.1. Let X be a Hilbert space
with an inner product (-,-), D be a nonempty closed convex subset of X, V be an
open convex subset of X such that

DcCV, 2.27)

and f : V — R! be a convex function which is Lipschitz on all bounded subsets of
V. Set

Dumin = {x€D: f(x) <f(y) forall y € D}. (2.28)

We suppose that
Dpin # 0. (2.29)

We will prove the following result.

Theorem 2.8. Let§ € (0, 1], M > 0 satisfy

Duin N Bx(0, M) # 0, (2.30)
My > 4M + 4, 2.31)

L > 0 satisfy

[f(v)) =f(v2)| < L|lvy — vl forall vi,v, € VN Bx(0,My + 2), (2.32)
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O<t<tu<L+D" (2.33)
€ = 215 '8(4My + 1) +28Q2My + 1) + 271 (L + 1)*  (2.34)
and let
no = |5 M +2)%¢; ! . (2.35)
Assume that {x,}°2, C V, {£}°2, C X,
{adiZ C [ro. 7l (2.36)
lxoll =M (2.37)
and that for each integert > 0,
& € of (x;) + Bx(0,6) (2.38)
and
x+1 — Pp(xy — a,§,)|| < 8. (2.39)
Then there exists an integer q € [1, ny + 1] such that
lx] <3M+2,i=0,...,q9
and
fxg) <f(x) + e forallx € D.
We are interested in the best choice of a;, t = 0, 1,.... Assume for simplicity

that t; = 7. In order to meet our goal we need to minimize the function
20718(4My + 1) + 2(L + 1)%7, T € (0, 00).
This function has a minimizer
T = (§(4Mo + )AL+ )7,
the minimal value of ¢ is
28(2My + 1) + 4(8(4My + 1D)V2(L + 1)
and ny = | A] where

A= (2(8(4My + 1))V2 (L + 1)"H T 2M + 2)2(28(2My + 1)
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+46EMy + 1) AL+ 1)7h
< 872(aMo + D)TVAL + 1)(2M + 2)* (AL + 4) 7' (4Mo + 1)7V/25712
=§'4My + 1)7'2M + 2)%47 .

Note that in the theorem above § is the computational error produced by our
computer system. In view of the inequality above, in order to obtain a good
approximate solution we need |¢;§~!| + 1 iterations, where

cr =471 @My + D)7'2eM + 1)2
As a result, we obtain a point £ € V such that
Bx(§.8)ND #0
and

f(E) < inf{f(x) : x € D} + 8",

where the constant ¢, > 0 depends only on L and M,.

2.6 Proof of Theorem 2.8

By (2.30) there exists
Z € Dpin N Bx (0, M). (2.40)
Assume that T is a natural number and that
f)—f(z) >e, t=1,...,T. (2.41)
Lemma 2.2, (2.36), (2.37), (2.39), and (2.40) imply that

lx1 = zll < llx1 — Pp(xo — aoko)ll + [IPp(xo — aoko) — zl|

< 84 llxo —zll + aolléoll = 1+2M + 7|l (2.42)
In view of (2.32), (2.37), and (2.38),

§o € 9f(xo) + Bx(0,1) C Bx(0,L) + 1,
&l <L+ 1. (2.43)
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It follows from (2.33), (2.40), (2.42), and (2.43) that

|x1 —zll =2M + 2,
i)l < 3M + 2.

Set
U=VnNn{veX: |v]| <M +2}
and
C = D N Bx(0, My).
By induction we show that for every integer ¢ € [1, T,

llx: —zll <2M + 2,
flx) —f(2)

< Q)7 (lz =%l = llz = xi411%)

+ 15 '8(4My + 1) + 82Mo + 1) + 27 (L + 1)

In view of (2.44), (2.48) holds for t = 1.

23

(2.44)
(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

Assume that an integer + € [1,7] and that (2.48) holds. It follows

from (2.31), (2.40), (2.46), (2.47), and (2.48) that

z € C C BX(OvMO)v
X; € Ume(O,MO + 1)

Relation (2.39) implies that x; € V satisfies
[xi+1 — Pp(x: — aip)|| < 1.
By (2.32), (2.38), and (2.51),

& € df (x;) + Bx(0,1) C Bx(0,L + 1).

It follows from (2.33), (2.36), (2.40), (2.48), (2.53), and Lemma 2.2 that

lz—Pp(x: —a)ll < llz—x + aill

< llz=xll + l&lla, < 2M + 3,

|1Pp(x; — a:&)ll < 3M + 3.

(2.50)
2.51)

(2.52)

(2.53)

(2.54)
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In view of (2.47) and (2.54),
Pp(xi —ai§;) € C, (2.55)
and
Pp(x — ai)) = Pe(x — ai§). (2.56)
Relations (2.44), (2.52), and (2.54) imply that
X1l <3M + 4, x4 € U. (2.57)

By (2.32), (2.38), (2.39), (2.46), (2.47), (2.50), (2.51), (2.55), (2.56), (2.57), and
Lemma 2.7 which holds with

X=X, a=a;, §=2§&, u=Xxy1,
we have

a(f(x) —f(2) <27 e —x)? =27 Iz — x|
+8(4Mo + 1 + a,2Mp + 1)) + 27 a (L + 1)%

The relation above, (2.34) and (2.36) imply that

fOo) = @) < Qo) Nz =% — 2r0) 7z — xia |I?
+ 15 18(4My + 1) + @My + 1)§ + 27 (L + 1)%. (2.58)
In view of (2.41), (2.58) and the inclusion ¢ € [1, 77,

Iz =%l = llz = x4 2 0.

lz =Xl < llz—xll =2M + 2. (2.59)

Therefore we assumed that (2.48) is true and showed that (2.58) and (2.59) hold.
Hence by induction we showed that (2.49) holds for all # = 1,...,T and (2.48)
holdsforall¢r=1,...,T + 1.

It follows from (2.49) which holds forallr = 1,...,T, (2.41) and (2.44) that

Teg < T(min{f(x,) : t=1,...,T} —f(2)

T
<Y (F(x) —f(2))

=1
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T
< @u)™' Y (lz=xlP = lz = x1l)

=1
+T15 ' 8(4Mo + 1) + T(2Mo + 1)8 + 27 Ty (L + 1)
< (2n) 7'M 4 2)* + Tty '8(4Mp + 1)
+TQMy + 1)§ +27' Ty (L + 1)

Together with (2.34) and (2.35) this implies that

€ < QuT)'CM +2)* + 15 '8(4Mp + 1)
+ (Mo + 1)8 + 27 o (L + 1)%,
27y < 1) 2M + 2)2,
T <15 M +2)%;! <ng+ 1.

Thus we have shown that if an integer T satisfies (2.41), then T < ny and

lz—x| <2M+2,t=1,....,T+1,
x| <3M+2,t=0,...,T + 1.

This implies that there exists an integer g € [1, ny + 1] such that
x| <3M+2,t=0,....q
and
fxg) —f(2) < €o.

Theorem 2.8 is proved.

2.7 Zero-Sum Games with Two-Players

We use the notation and definitions introduced in Sect. 2.1.

Let X, Y be Hilbert spaces, C be a nonempty closed convex subset of X, D be a
nonempty closed convex subset of ¥, U be an open convex subset of X, and V be an
open convex subset of Y such that

ccu,bcv (2.60)
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and let a function f : U x V — R! possess the following properties:

(i) for each v € V, the function f(-,v) : U — R! is convex;
(ii) for each u € U, the function f(u,-) : V — R! is concave.

Assume that a function ¢ : R' — [0, c0) is bounded on all bounded sets and
positive numbers My, L satisfy

C C Bx(0,M,), D C By(0, My), (2.61)
If (u, v1) —f(u, v2)| < L||vy — v, forallu € U and all vy, v, € V, (2.62)
[f (u1,v) —f(uz, v)| < L|lu; —up| forallv € Vand all uj, up € U. (2.63)

Let
xx € Candysx € D (2.64)
satisfy

Fe,y) <, y5) < f(xys) (2.65)

for eachx € C and eachy € D.
In the next section we prove the following result.

Proposition 2.9. Let T be a natural number, § € (0,1], {a}'_, C (0,00)

and let {b}T_, C (0,00). Assume that {x,},Ti(l) c U { IT:(I, C V, for each

ref0,... . T+1)
B(x;, ) NC # @, B(y,,§) ND # 0, (2.66)
foreachz € Candeacht € {0,...,T},

a(f(xe, y:) —f(z.y) < dllz = x:) — oIz — xi411)) + by (2.67)

and that for each v € D and each t € {0, ..., T},

ar(f (x, v) = f(x, ) < dlv = yl) — d[v = yes1l) + br (2.68)
Let

T -1 7

Xr = (Z a;) Z ax;,
i=0 =0
T -7

yr= (Z ai) > ane (2.69)
i=0 t=0
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Then
B(xr,8) N C # 0, B(yr,8) N D # @, (2.70)

T -
(Z az) Z aif (e, y1) — f(x, y4)
=0

t=0

T -7 T -1
< (Z a,) th + (Z a,) sup{¢(u) : u € [0,2My + 1]}, (2.71)
t=0 t=0 t=0
T -l
Gr, 1) — (Z at) Zatf(xtvyt)
1=0 1=0
T -1
< (Z a,) > b+ LS
1=0 1=0
T —1
+ (Z a,) sup{g(u) : u € [0,2My + 1]}, (2.72)
t=0

and for each z € C and each v € D,

f@yr) = fGr,yr)

T T
-2 (Z a, Zb, — LS, (2.73)

T -1 7
+2 (Z a,) > b+ LS. (2.74)
t=0

Corollary 2.10. Suppose that all the assumptions of Proposition 2.9 hold and that
xeC,yeD
satisfy

X7 — x| <8, I3r — Il <. (2.75)
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Then
If (&, 3) — fGr.97)| < 2L§ (2.76)

and for each z € C and each v € D,

@y = f(x7)

T —1
-2 (Z at) sup{¢(s) : s € [0,2M + 1]}
=0

-1

T
th — 4L,

t=0

—2(20;

t=0

f&v) = fX.))

T -1
+2 (Za,) sup{g(s) : s € [0,2M + 1]}

T -1 7
+2 (Za,) > by +4Ls.
t=0

Proof. In view of (2.62), (2.63), and (2.75),
[ (5. 5) — fCGr. 97l
< f& ) —fE I+ G 37) — fGr, 37)
< Lly =37l + LlIx — 37| < 2L§

and (2.76) holds.
Letz € C and v € D. Relations (2.62), (2.63), and (2.75) imply that

If(z.5) = f(z.yr)| = L3,
If (x,v) —f@r, v)| < LS.
By the relation above, (2.73), (2.74), and (2.75),

f(@y) > f(z.y7) — LS

- —1
> fGr.yr) —2 (Z az) sup{g(s) = s €[0,2M, + 1]}

t=0

T -1 7
—2(2%) Zb,—2L8
t=0 t=0
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T —1
> f(3@.5) -2 (Z a,> sup{(s) : s € [0,2M¢ + 11}
t=0

T
t=0

f(&x,v) <f(r,v) + LS

L7
Zb,—4L8,
t=0

- -1
<fGr.yr)+2 (Z a,) sup{¢(s) : s € [0,2M, + 1]}

t=0

T -1y
+2 (Za,) D bi+2L8

t=0 t=0

T —1
<f&xy +2 (Z at) supig(s) : s € [0,2M, + 1]}
=0

T
+2 (Z a,) > by +4LS.
t=0 t=0

This completes the proof of Corollary 2.10.

2.8 Proof of Proposition 2.9

It is clear that (2.70) is true. Let t € {0, ..., T}. By (2.65), (2.67), and (2.68),

a(f (%, yi) — f (e, %))

< a(f (xt, 1) = f (X, 1))

< ¢ llxe —xll) = e =21 l) + b,
ar(f (x, y4) = f (1. 1))

< a(f (x, yx) = f (i 31))

< ¢y« =xill) = Uy = yetrll) + b

29

2.77)

(2.78)
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In view of (2.77) and (2.78),

T T

D af (i, y) = Y af (xs, yx)

=0 t=0

T T
<Y (@Uxs =) = plxw — x4 1)) + Y b
t=0

t=0
T
< ¢(llxe —x0l) + D _ b, (2.79)
t=0
T T
Zatf(x*vy*) - Zazf(xt»)%)
t=0 t=0

T T
<Y @ Uy =i = Uye =yira 1) + Y _ by
t=0

t=0
T
< d(llys —yol) + D_ b (2.80)
t=0

Relations (2.61), (2.64), (2.66), (2.79), and (2.80) imply that

T -7
( az) Zazf(xt»)’t) —f (e, yx)
1=0 1=0

T L7 T -1
< < a,) Zb, + ( at) sup{¢(s) : s € [0,2M, + 1]}. (2.81)
t=0 t=0 t=0

By (2.70), there exists
zreC (2.82)
such that
llzr — Xzl < 8. (2.83)
In view of (2.82), we apply (2.67) with z = z7 and obtain that forallt =0, ..., 7,

a;(f (xz, y1) — f(zr. y1)
< ¢(lzr — x:lD) — ¢ (llzr — xi411)) + bs. (2.84)
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It follows from (2.63) and (2.83) that forallt =0, ..., T,
If zr.y)) = fGr,y)| < Lllzr — X7|| < L3. (2.85)

By (2.84) and (2.85), forallt =0, ..., T

a(f (xr, yo) — f (7, vr))
< al(f (%0, yo) — f(zr, 1)) + a:L§
< ¢llzr —xl) — ¢Ulzr — xi41ll) + by + @, LS. (2.86)
Combined with (2.61), (2.66), and (2.82) this implies that

T T

Y af (o y) = Y af Gr.y)

t=0 t=0

T
< Z (@(lzr —xl) = ¢(llzr = x1)) + be + Za,w

t=0

T T
< ¢llar —xol) + Y b+ D als

t=0 t=0
T T

<sup{gp(s) : s€[0.2Mo + 1]} + Y b+ > als. (2.87)

1=0 1=0
Property (ii) and (2.69) imply that

iazf(fq,y,) = (iai) XT: ( (Za,)_lf(xmt )

t=0 i=0 t=0

T
< (Z af)f(fcr,ﬁr). (2.88)
t=0

By (2.87) and (2.88),

T T
D af (o y) = Y af Gr,5r)
=0 t=0
T T
<Y afny) =Y afGr.y)
t=0 t=0
T T
<sup{gp(s): s € [0.2Mo + 1]} + Y b+ > als. (2.89)

t=0 t=0



32 2 Subgradient Projection Algorithm

By (2.70), there exists
hreD
such that

|hr — 37l < 6.

(2.90)

2.91)

In view of (2.90), we apply (2.68) with v = hr and obtain that forallt =0, ..., T,

a(f(x;, hr) — f (. y0)
< ¢Ulhr — y:ll) — @ (lhr — yeg1])) + br.

It follows from (2.62) and (2.91) that forallt = 0, ..., T,
f (2, hr) — f (i, 37)| < Lllhr = 37|l < LS.

By (2.92) and (2.93), forallt = 0, ..., T,

a(f (xz, 1) — f (x2, 1))
< al(f(xi, hr) — f(x0,y1) + a,LS
< ¢(lhr = yill) — ¢ Ulhr — Y1) + b + /LS.

In view of (2.94),

T T

Y af (i dr) = Y af (i, y)

=0 =0

T T T
<Y @k =yil) = Ulhr —yira D) + Y b+ Y ails.

=0 t=0 t=0

Property (i) and (2.69) imply that

T T T T -1
S af i) = (z ) 5 (a (z) e
i=0 =0

=0 t=0

T
> Zazf()ACT,)A’T)-

t=0

2.92)

(2.93)

(2.94)

(2.95)

(2.96)
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By (2.61), (2.66), (2.90), (2.95), and (2.96),

T T

Y afGr.5r) =Y af ()

t=0 t=0
T

T
<D af (o, dr) = ) af ()

t=0 t=0

T T
< ¢Ulhr —yol) + Y b+ ) als

t=0 t=0

T T
<sup{gp(s) 1 s € [0.2Mo + 1]} + Y b+ > als.

t=0 t=0
It follows from (2.89) and (2.97) that

T T

Y afGr.5r) =Y af (x, )

t=0 t=0
T T

<sup{p(s): s€[0.2Mo+ 11} + > b+ Y alLé.

t=0 t=0

This implies (2.72).
Let z € C. By (2.67),

T

> af (. y) — @ y0)

t=0
T T
<Y I¢Uz—xl) = pUlz—xs1 D) + D br.
t=0 t=0

By property (ii) and (2.69),
T T T T -1
D af@y) = (Z ai) > (ar (Z ai) f(ZJz))
1=0 i=0 1=0 i=0
T
=< (Z at)f(Z,)A’T)-

t=0

33

(2.97)

(2.98)

(2.99)



34 2 Subgradient Projection Algorithm

In view of (2.98) and (2.99),

T T

Y afny) =Y af @ 5r)

t=0 t=0

MH

a,(f (xe, y1) — f(z,31))

N
Il
S

M’ﬂ

T
[B(lz —x1) — $llz— x1ID] + Y _ by
t=0

0

~

T
<p(lz—xol) + Y _ b (2.100)

t=0

It follows from (2.61), (2.70), and (2.72) that

T -7
fz3r) = (Z ai) Zazf(xr,)’t)

i=0 t=0

T -1 T Ly
— (Z a,-) sup{p(s) : s €[0,2My + 1]} — (Z ai) Zb,
1=0

i=0 i=0

T -1
> fGr.yr) =2 <Z az) sup{g(s) : s € [0,2Mo + 1]}
t=0

T -7
—2(Za,> > b—Ls
=0 =0

and (2.73) holds.
Let v € D. By (2.68),

T
Z a;(f (x;, v) — f(xr, y1))

1=0
T T
<Y [l =yl = dlv —yir1 DI+ Y i (2.101)
t=0 t=0
By property (i) and (2.69),

oo ($4)5) ( (ia[)‘1f<x,,v>)

t=0 i=0 t=0 i=0
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T
> (Z a;) fGr,v). (2.102)

=0
In view of (2.101) and (2.102),

T T

Y afGr,v) =) af (. y)

t=0 t=0

T
< ¢(llv—yol) + 3 b.

t=0

Together with (2.61), (2.66), and (2.72) this implies that

T -1y
fGr,v) < (Z a,) Z%f(%d’t)

t=0 t=0

T -1 T -7
+ (Z a[) sup{p(s) : s €[0,2My + 1]} + (Z a,) Zb,
t=0

t=0 t=0

T -1
<fGr,yr)+2 (Z a,) sup{p(s) : s €[0,2My + 1]}

t=0

T
+2<Za,) > b+ LS.
=0 =0

Therefore (2.74) holds. This completes the proof of Proposition 2.9.

2.9 Subgradient Algorithm for Zero-Sum Games

We use the notation and definitions introduced in Sect. 2.1.

Let X, Y be Hilbert spaces, C be a nonempty closed convex subset of X, D be a
nonempty closed convex subset of Y, U be an open convex subset of X, and V be an
open convex subset of Y such that

ccu,DbcV. (2.103)
For each concave function g : V — R! and each x € V set

dgx) ={leY: (l,y—x)>g(y)—g() forally € V}. (2.104)
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Clearly, for each x € V,
9g(x) = —(3(=g)(x)).
Suppose that there exist L > 0, My > 0 such that
C C Bx(0,My), D C By(0, M),

a function f : U x V — R! possesses the following properties:

(i) for each v € V, the function f(-,v) : U — R! is convex;
(ii) for each u € U, the function f(u,-) : V — R! is concave,

foreachv € V,

[f (1, v) — f(ua, v)| < Llluy — up|| for all uy,up € U
and that for each u € U,

[f (u, v1) — f(u, v2)| < L|jvy — vz forall vy, v, € V.

For each (§,1) € U x V, set

Of(E.m) =UeX: fi.n)—fEn = (Ly—§) forally € U},
ofEn) ={eY: (Ly—n =f(Ey —f(&n) forally e Vi.

(2.105)

(2.106)

(2.107)

(2.108)

(2.109)
(2.110)

In view of properties (i) and (ii) and (2.107)—(2.110), for each £ € U and each

nev,
0 # 9. (€.n) C Bx(0, L),
0 # 9,f(€.m) C By(0,L).
Let
x« € Candy, € D
satisfy

fa,y) < fx, y6) < f(x,94)

for eachx € C and eachy € D.
Let § € (0,1] and {ax}32, C (0, 00).
Let us describe our algorithm.

2.111)
(2.112)

(2.113)
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Subgradient Projection Algorithm for Zero-Sum Games
Initialization: select arbitrary xo € U and yy € V.
Iterative step: given current iteration vectors x, € U and y, € V calculate

& € 04 (xr,y1) + Bx(0,6),
N € ayf(xerz) + By(0,6)

and the next pair of iteration vectors x,4; € U, y,4+1 € V such that

X1 — Pc(x; — a:é))|| <6,

lyes1 — PoQe + amy)|| < 6.

In this chapter we prove the following result.

Theorem 2.11. Let § € (0,1] and {ai}2, C (0,00). Assume that {x,}°2, C U,
o CV 2, C X 2, C Y,

Bx(x0,8) N C # @, By(yo.8) N D # @ (2.114)

and that for each integert > 0,

& € 0yf (xr, y1) + Bx(0,6), (2.115)

N € 9yf (x.y:) + By(0,6), (2.116)

lx+1 — Pclxr — a,&)|| <6 (2.117)
and that

lyi<1 — Po (e + amy)|| < 6. (2.118)

Let for each natural number T,

T -7 T -7
-%T = (Z a;) Zat-xh j\)T = (Z az) Zdzyr- (2119)
i=0 t=0 i=0 t=0

Then for each natural number T,

T -y
(Z ar) Zaf(xt»Yz) — (e, yx)
t=0

t=0

T -1
< [27'2My + 1)* + 8(T + 1)(4M, + 1)] (Z ar)

t=0
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T -1 T
+82My + 1) +27! (Z a,) L+1)7?) a. (2.120)
t=0 t=0
T -7
(&r.y7) — (Z a,) Zatf(xtayt)
t=0 t=0

T —1
<[27'2Mo + 1)* + 8(T + 1)(4My + 1)) (Z ar)

t=0
T -1 T
+802My + 1) + 27! (Z at) (L+1)*> al + L5, (2.121)
t=0 =0

and for each natural number T, each z € C, and each u € D,

f@byﬁ Ef(%xﬁﬁ
-1

T -1 T
— My + 1)? (Z a,) -2 (Z a,) (T + 1)8(4My + 1)
t=0 t=0
T -1 T
—28(2My + 1) — (Za,) (L+1)) a;— L,
t=0

t=0
fGr.v) < fQGr.97)

T
+ (Mo +1)° (Z af)

t=0

1 T —1
+2<Za,) §(T + 1)(4My + 1)
t=0

T -1 T
+280My + 1) + (Z a,) L+1?Y al +Ls.

t=0 t=0

We are interested in the optimal choice of a,, t = 0,1,...,T. Let T be a natural
number and Ay = Y/ _, a, be given. By Theorem 2.11, in order to make the best

choice of a;, t = 0, ..., T, we need to minimize the function Z;T=0 a? on the set

T
a:(ao,...,aT)eRTH: a;>0,i=0,...,T, Za,-:AT
i=0

By Lemma 2.3, this function has a unique minimizer a* = (ag,...,a;) where

af = (T + 1)"'Ar, i =0,...,T which is the best choice of a;, t = 0,1,...,T.
Now we will find the best @ > 0. Let T be a natural number and a, = a for all

t=20,...,T. We need to choose a which is a minimizer of the function
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Yr(a) = (T + Da)~'[(2Mo + 1)* + 28(T + 1)(4Mo + 1)]
+28(2My + 1) + a(L + 1)?
= Mo + D> (T + Da)™" + 25(4Mo + Da~" +26(2Mo + 1) + (L + 1’a.
Since T can be arbitrary large, we need to find a minimizer of the function
¢(a) :==2a"'8(4My + 1) + (L + 1)a, a € (0,00).
In Sect. 2.2 we have already shown that the minimizer is
a= (28(4My+ 1))V2(L + 1)~
and the minimal value of ¢ is
(88(4My + 1)2(L + 1).

Now our goal is to find the best integer 7 > 0 which gives us an appropriate value of
Ur(a). Since in view of the inequalities above, this value is bounded from below by
c081/? with the constant ¢ depending on L, My, it is clear that in order to make the
best choice of T, it should be at the same order as |§~! |. For example, T = [§7'|.

Note that in the theorem above § is the computational error produced by
our computer system. We obtain a good approximate solution after T = [§7!]
iterations. Namely, we obtain a pair of points X € U, y € V such that

Bx(x,6)NC # @, By(3,6)ND # @

and for each z € C and each v € D,

f(z.3) = fGR.9) — 8% fGv) < fG) + 82,

where the constant ¢ > 0 depends only on L and M.

2.10 Proof of Theorem 2.11
By (2.106), (2.114), (2.117), and (2.118), for all integers ¢ > 0,

el < Mo + 1, |lyell < Mo+ 1. (2.122)
Let ¢t > 0 be an integer. Applying Lemma 2.7 with

a=a, x=x, f=fCy), E=§&, u=x4
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we obtain that for each z € C,

a;(f (xe, yo) = f(z,3) < 27! lz— xt”2 —27! 2 = xi+1 ||2
+8(4My + 1+ a,2My + 1)) + 27 'a (L + 1)*. (2.123)

Applying Lemma 2.7 with
a=ay, x=y, [ =), § =N U= Y41

we obtain that for each v € D,

ar(f(, v) = f (e y0) < 27 v = yill> = 27 v =y |12
+8(4My + 1 + a,2Mp + 1)) + 27 '@ (L + 1)*. (2.124)

For all integers ¢ > 0 set
b, = 8(4My + 1 + a,2My + 1)) + 27> (L 4 1)°
and define
¢(s) =275, seR.

It is easy to see that all the assumptions of Proposition 2.9 hold and it implies
Theorem 2.11.
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