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Abstract Unlike the estimation for the parameters in a linear longitudinal mixed
model with independent ¢ errors, the estimation of parameters of a generalized linear
longitudinal mixed model (GLLMM) for discrete such as count and binary data with
independent 7 random effects involved in the linear predictor of the model, may be
challenging. The main difficulty arises in the estimation of the degrees of freedom
parameter of the ¢ distribution of the random effects involved in such models for
discrete data. This is because, when the random effects follow a heavy tailed t-
distribution, one can no longer compute the basic properties analytically, because of
the fact that moment generating function of the f random variable is unknown or can
not be computed, even though characteristic function exists and can be computed. In
this paper, we develop a simulations based numerical approach to resolve this issue.
The parameters involved in the numerically computed unconditional mean, variance
and correlations are estimated by using the well known generalized quasi-likelihood
(GQL) and method of moments approach. It is demonstrated that the marginal
GQL estimator for the regression effects asymptotically follow a multivariate
Gaussian distribution. The asymptotic properties of the estimators for the rest of
the parameters are also indicated.
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1 Introduction

Let (yi1,---,Yi---,yir) denote the T repeated count or binary responses for the ith
subject,i = 1, ..., K. Also, let x;; be the p x 1 vector of covariates corresponding to
vir, and B is the p x 1 regression effects of x;; on y;. Next suppose that in addition
to x;;, the repeated responses of the ith individual are also influenced by one random
effect y*. Conditional on this random effect y*, some authors have modeled the
longitudinal correlations of the repeated counts and binary data by using lag 1
dynamic relationships. More specifically, Sutradhar and Bari (2007) have used an
AR(1) (auto-regressive order 1) type dynamic relationship to model the longitudinal
correlations for repeated count data. Similarly, Sutradhar et al. (2008) [see also
Amemiya (1985, p. 353), Manski (1987), and Honore and Kyriazidou (2000, p. 84)]
have used a lag 1 dynamic binary mixed logit (BDML) model to accommodate the
correlations of the repeated binary data. The unconditional correlation structures
in both of these papers have been computed under the normality assumption for
the random effects, specifically correlations are obtained by assuming that y* Y
N(O, cr)%). For convenience, we provide these correlation structures in brief for count
and binary data as follows.

1.1 Conditional and Unconditional (Normality Based)
Correlation Structures for Repeated Count Data

Suppose that

yily” ~ Poi(u}y) with pf; = exp(xj; 8 + v;*)
yaly = po i—tly 1+ [duly]. forr=2,....T, (1

where Poi(u) refers to the Poisson distribution with mean parameter 7, and p o
Yiimi = Yty by(p) with Prlby(p) = 1] = p, Prlbs(p) = 0] = 1 — p, and
[dily] ~ Poi(uj; — ppf,—y), with puj; = exp(x;8 + 0,y;"). This model in (1) is
referred to as the Poisson AR(1) model which produces the correlation between y;,
and y; as

Ak
cort(Yiu, Yuly") = o™ [ul:} . (2)
it

which is free from y;*, but depends on the time dependent covariates and on p, a
correlation index parameter.

Note that the likelihood inference for the AR(1) model (1) is extremely compli-
cated. This is because under this model, one writes

f((yils e ity s)’iT)|Vi*) :f()’il |Vi*)ntT=2 ir\r—l(yirb’i,r—ls )’i*)] (3)
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where the conditional distribution, namely f;,—1 (Vit|yi,—1,¥;") has a complicated
form given by

fir\r—l(Yit|yi,r—ls )’i*) = eXP[—(M; - p“:t—l)]

min it Yit— . e — g e — s
‘}X’f T Vi 10 (L= PP = ppa P

Sil Vi—1 — i)' ie — Sir)!

X

“

sir=0

(Freeland and McCabe 2004). Furthermore, the integration of the conditional
likelihood function (3) over the Gaussian distribution of the random effects, i.e.,
v YN (0,02), is an additional complex problem. As opposed to the generalized
linear longitudinal mixed model (GLLMM) setup, Over the last two decades many
researchers, for example, Breslow and Clayton (1993), Lee and Nelder (1996),
Jiang (1998), Sutradhar (2004), among others have used the normality assumption
for the random effects in a generalized linear mixed model (GLMM) setup, and
discussed the estimation of § and af. In the present GLLMM setup (1)—(2), there is
an additional correlation index parameter p to estimate.

When the normality assumption for the random effect y;* is used in the count
panel data setup, the mean, variance and correlations of the repeated counts contain
three unknown parameters, namely 8, o2, and p. To be specific, by using the
moment generating function (mgf) of y* YN (0, 0)%), that is, E, « (exp(ay)) =
exp[;azaf], a being an auxiliary parameter, one obtains the three basic properties

of the count panel data as follows (see Sutradhar 2011, Sect. 8.1.1):

1
i = E[Yi] = E,~E[Yuly]"] = exp(x;B)E, = (exp(y;")) = explx, + ZUVZ] ()
Ojir = Var[Yit] = Eyi* Var[Yit|yi*] + Varyi*E[Yirlyi*] = Eyi* M; + Varyi* (H;)
= exp(x; B)E,xexp(y;") + exp(2x:-,,3)varyl_* (exp(y/"))
= it + exp(2x; B)[exp(207) — exp(a;)]
= i + [exp(o,) — 1]p;; ©)
and for u < 1, the unconditional covariance between y;, and y;, is given by
Oiwr = coV[Yiu, Yi] = Epx [cov{(Yiu, Yie) [y }] + covyx [uz,, il
= p'" exp(x},B)E,* [exp(y;)] + exp([xi + xi] B)var,,« {exp(y/)}

= 0"t + lexp(07) — Uptiuplis, (7
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yielding the lag t — u correlation

P piw + [exp(07) — Upiuptie

corr(Yy, Yir) = |
[{ia + lexp(02) = 13 i + [exp(o?) — 1uZ}]?

®)

Notice that the unconditional mean (5) and the unconditional variance (6) are func-
tions in B and 05, whereas the unconditional covariances (7) and correlations (8)
are functions in B, oyz, as well as the dynamic dependence or correlation index
parameter p. Remark that Sutradhar and Bari (2007), among others, have exploited
the aforementioned moments (5)—(8) to develop a four-moments based generalized
quasi-likelihood (GQL) approach for the estimation of these parameters S, oyz,
and p.

1.2 Conditional and Unconditional (Normality Based)
Correlation Structures for Repeated Binary Data

As indicated earlier, over the last three decades, many econometricians such as
Heckman (1981), Amemiya (1985, p. 353), Manski (1987), and Honore and
Kyriazidou (2000, p. 844) have made attempts to accommodate the dynamic nature
of the repeated binary responses by using a binary dynamic mixed logit (BDML)
model given by

’
CXp(Xl-l /3+(Ty Vi)
1 +exp(x;1 B+oyyi)

exp(x),B+0yi—1+0yvi)
14exp(xf, B+0yii—1+0y i

fort =1
Pr(yi = 1|yi,yi—1) = 9

)fort=2,...,T,

where f is the effect of the covariates similar to the Poisson model, 6 is referred
to as the dynamic dependence parameter, and y; = [y*/0,] X (0,1). Note that the
distribution of y; is unknown. Also note that even if it is assumed that y; follows the

Gaussian distribution, that is, y; id N(0, 1), obtaining the likelihood estimates for
B, 0, and 05 is complicated. Honore and Kyriazidou (2000, p. 844) attempted to
avoid the estimation difficulty by estimating the B and 6 parameters based on the
transformed observations, such as the first differences of the responses y;; —yio, yio—
it - . ., which are approximately independent of y;. They have used an approximate
weighted log likelihood estimation approach, which however puts some impractical
restrictions on covariates such as assuming x;3 = x4, for the 7 = 4 case.
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Remark that recently Bartolucci and Nigro (2010, Eq. (5), Sect.3) have con-
structed a random effects free conditional likelihood for a binary model which is
different from (9). More specifically, they exploited the conditional approach for a
quadratic exponential type model (Cox 1972; Zhao and Prentice 1990) given by

Pr(yit .., yirly xi .. oxir) = A7 explyiéi + 08/ i) lrr—n2 + ci(yi) + yivilr]
(10

where y; = [yir,...,yirl» &) = [y ..., yir—vir] » and & = [&a,..., &r]
with &, = xﬁt,B. In (10), 1,, for example, is an n-dimensional unit vector, A; is a
normalizing constant defined as

Ai = ZCXP[Y;&‘ + Qg;(yi)lT(T—l)/Z —+ Ci(_)’i) + Vi)’;lT],

with summation overall 27 possible values of y;. Also in (10), ¢;(y;) is referred to as

a shape function that can be expressed as a linear combination of products of three

or more of the elements of y;. By ignoring ¢;(y;), i.e., ¢;(y;) = 0, it can be shown
T

that for a given total score Y y; = vy, the conditional distribution of y;i, ..., yir
=1
may be written as

T
Pr(yits ..o it |Vids Vi Xits ooy Xir) = A;-k_l exp |:y;§i +0 Z)’i,t—lyir:| (11)
=

T T—1
where AY = A; evaluated at ) y; = yit, i.e., yir = yit — »_ yir. Because the
conditional distribution in (1 13 ils free from y;, Bartolucci and Nigro (2010) used
this conditional distribution to estimate the main parameters  and 6.

We now turn back to the desired binary dynamic mixed model (9). It is clear
that even if one is interested to estimate S and 6, neither the aforementioned
weighted likelihood approach of Honore and Kyriazidou (2000), nor the conditional
likelihood approach of Bartolucci and Nigro (2010) can be used to remove the
random effects from dynamic mixed model (9) for easier estimation of 8 and 6.
Moreover, for binary panel data analysis following (9), one, in fact, is interested to
understand the mean and variance of the data, which, however, can not be computed
by removing the random effects y; from the model. In stead, the computation of the
moments require averaging over certain functions in y; over its distribution. Thus,
rather than making any attempt to remove y; from (9), many authors such as Breslow
and Clayton (1993), Lee and Nelder (1996), Jiang (1998), and Sutradhar (2004) have

x iid

studied the inferences for the model (9) under the assumption that y;* ~ N(0, o?).
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Under this normality assumption, one may obtain the conditional and uncondi-
tional means, variance and covariances as follows (see Sutradhar 2011, Sect.9.2.1).
First, conditional on y;, the means of the repeated binary responses under model (9)
are given by

eXP(x,{lﬂ"’UyVi) . . —
Lexp(t), 40, 7) fori=1,....K;t=1

7y (vi) = E[Yulyi] = (12)

Pio +7T:t_1(pitl —pito), fori=1,....k;t=2,...,T
where

exp(x, + 0 + o,¥) exp(x;, + 0y7i)

i = and pyo = .
PUZ 0 fexp@ B4 0+ o,y T T T [+ exp(,B + 0y )]

Subsequently, one obtains the unconditional means as
Wir = E(Yy) = Pr(y; = 1)

M
= M_l Z ”ij‘((yiw)

w=1

M
=M Z[Piro + 77 (i = Pio) 1=y (13)

w=1

(Jiang 1998; Sutradhar 2004) where y;,, is the wth (w = 1,..., M) realized value
of y; generated from the standard normal distribution. Here M is a sufficiently large
number, such as M = 5000. By (12), the pj;;,, involved in (13), for example, is
written as

eXP(xff.B + 6+ Oy yiw)

Py =11 4 exp(,B + 6 + 0, yan)]

Next, conditional on y;, for u < ¢, the second-order expectation may be written as

EYuYuly) = Ak, (vi) = cov(Yuu, Yulyi) + s = 0, + wimy (14)

ut wmerit

where the conditional covariance between y;, and y;, conditional on y;, has the
formula

Ot = COV(Yiu, Yilyi) = 70, (v) (1 = 70 (YT 4 (Pipt — Pijo)- (15)
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It then follows that the unconditional second-order raw moments have the formula

M
b = EYauYie) = MY~ [ (vin) (1 = 750 (vin))
w=1

X IT_ 1 (Pijtw — Pijow) + T (Vi) T (yi)] - (16)

yielding the unconditional covariance as

Oiwt = Piwr — Miuflits (17)

with p;; is the unconditional mean given by (13).

1.3 Plan of the Paper Under the Proposed t Random Effects
with Unknown Degrees of Freedom v

In this paper, as opposed to the Gaussian distribution, we consider a wider class of
t distributions for the random effects {y;*}, with mean 0, a scale parameter A2, and

shape or degrees of freedom parameter v, i.e, y;* “ 1,(0, A}Z,, v), with its probability
density given by

v+1
2

! _
Uzl—vv+1 - )/-*2
kY __ 2 2 i
fvi) = ry (1) 2 [V + 22 . (18)

This ¢ distribution exhibits heavy symmetric tails when v is small, and it reduces
to the normal distribution N (0, 05) for v — o0. Note, however, that one can not
compute the mgf, that is, E, » (exp(ay;*)) under this ¢ distribution (18). As a remedy,
the moments of this 7 distribution (18) are computed either from the characteristic
function (cf) (Sutradhar 1986) or by direct integrations over the distribution. For
v > 4, the first four moments, for example, are given by

*Y\ *Y v 2 _ 2
E(y/) =0, var(y) = ) _2)&), =o,
34,02 4V —2

w-2w—ay ~ ok, 4l (19)

EG) =0, EyY =

But, it follows from (5)—(8) that in the present longitudinal mixed model setup
for count data with y* “ tV(O,A)z,,v), one requires the result for the mgf
E, (exp(ay;*)), which however can not be computed analytically under the ¢,

distribution (18). A similar but different problem arises in the longitudinal mixed
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model setup for binary data, where for (13)—(15), one needs to generate random
effect values y;,, from standard ¢ distribution #(0, 1, v) with v degrees of freedom
which is however unknown in practice.

As a remedy, in this paper, we offer a simulation-based numerical approach to
compute the mgf, and develop a GQL estimation approach for the estimation of
all parameters of the models including the degrees of freedom parameter v > 4.
More specifically, in Sects.2 and 3, we discuss the Poisson mixed model with ¢,
random effects and the desired inferences. The binary model and the inferences
with #, random effects are provided in Sects. 4 and 5. Some concluding remarks are
given in Sect. 6.

2 Poisson Mixed Model with 7, Random Effects

2.1 Basic Properties of the Poisson Mixed Model:
Unconditional Mean and Variance

iid ..
In the present setup, y* < tv(O,)Lf,, v). Now because, similar to (5)—(6), the
unconditional mean and variance have the formulas

Wi = E[Yy] = Eyi*E[Yizh/,‘*] = Eyi*l’l'?; = exp(xl{lﬂ)Eyi* {CXP(V,‘*)} (20)
o = var[¥] = Ey,.*Var[Yizh/i*] + Varyi*E[Yilh/i*] (2D

= ep WL BIE,; {expr)} + exp(2i )| By dexon)} = [By fexn )] |

they could be evaluated numerically by simulating y;,, w = 1,..., W, for a large
W such as W = 5000, from y;, i 1,(0,1,v), and using

=

E,» {exp(ay])} = Ey, {exp(ak, i)} Z exp(ady V)] - (22)

w=l

in (20)—(21) for a = 1,2, provided v were known. Note that for known v, this
simulated approximation in (22) is quite similar to the simulation approximation
used by Sutradhar (2008, Sect. 3) [see also Sutradhar et al. (2008, Eq. (2.6))] for
the binary case with random effects generated from N(0, 1) distribution. However,
because in the present case, v is unknown and requires to be estimated, we resolve
this simulation issue by generating y;,, w = 1,..., W first from a reference
14(0, 1, 4) distribution (equivalent to standard normal reference distribution) and
using the transformation from following Lemma 2.3 so that these y;,, w = 1,..., W
subsequently follow the #,(0, 1, v) distribution as desired. Lemmas 2.1 and 2.2
below are needed to write the Lemma 2.3.
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Lemma 2.1. Suppose that ' ~ N, (0, /112,) Next, suppose that Ei*z a scalar random
variable which follows the well known )(% distribution with v degrees of freedom,
that is, Si*z ~ x2, and Y} and Ei*z are independent. Then, for V; = f’y , the ratio
variable y;* defined as

v = U/ [V E? /] = Ay (23)

has the t, (0, Af,, v) distribution given by (18).

However, even though ; in (23) is a parameter free normal variable, an
observation y;}, following the 7-distribution (18) for y;* (20)—(22), can not be drawn
yet, because the distribution of Ei*z is parameter v dependent. Because v > 4 1in (18),
to resolve this issue, we suggest to use a t-distribution with 4 degrees of freedom as
a reference distribution. Suppose that 512 is generated from this X% distribution. One
may then generate a El.*z from y2 approximately for any v > 4, by using the relation
between £2 and £* as in Lemma 2.2 below.

Lemma 2.2. [f£? is generated from the X% distribution, one may then generate gi*z
by using the relationship

%2 %-2_4 1 2
. zm[% :|+v= o[ — 4]+, (24)

which has the same first two moments as that of )(%.
One may then generate an observation from a ¢, distribution as in Lemma 2.3.

Lemma 2.3. Forw = 1,...., W, with W = 5000 (say), the w-th observation y},
from the t, distribution may be generated by applying Lemma 2.2 to Lemma 2.1.
That is,

Vi = Ay, 25)

yE = A, 42v)2
[\/U (élzw — 4) + 2\1]2

where Yy, and £}, are observations from the standard normal N(0,1) and x3
distributions, respectively.

Consequently, by applying (25) under Lemma 2.3, to (22) and (20), one computes
the unconditional mean as

Hir(ﬂv Ays V) = E[Yn‘] = exp(-x;rﬂ)Eyi* {eXP(V,*)}
= exp(x,B)E,» {exp(A,y)}
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w

1
= o), 3 fexpla )

w=1

w
1 A 1,/fiw
= eXP(xgt,B) E exp !
w 1 2
= {2~/<v> &~ + 1}

| w
W exp(x,B) Z exp {R(wiw, Elzw, Ay, v)} , (26)

w=1

where forw = 1,..., W, ¥, are generated from standard normal N (0, 1) distri-
bution, and &7, are generated from x3 distributions. Furthermore, ¥, and &2, are
independent.

In order to compute the unconditional variance, use u; = E,* [exp(x,B + v)]

from (20), and first compute ¢;, = E[Y2] as follows:
DB 2y v) = EIV) = Eye [ + 113 |

= Z expl),B + {R(Wiw. &nyi Ay )]

w=1

+ exp[2x, B + {2R(Wi. £0y3 Ay W)Y 27)

where R(V;,, £2
the formula

; Ay, v) is defined in (26). Hence, the unconditional variance has

w?

0i.1(B, Ays v) = ¢iu(B. Ays V) — ,Uﬁzt(,Bs /\yv V). (28)

Note that this variance formula can be obtained from (21) as well. We remark
that unlike for the Poisson-normal mixed model, the mean and variance under the
Poisson-#, mixed model are functions of the regression effects 8, and variance
parameter A, and shape parameter v of the random effect distribution.

2.2 Correlation Properties of the Poisson Mixed Model:
Unconditional Covariances

To compute the unconditional covariance between y;, and y; (u < t), we first
observe from (1)-(2) that their covariance conditional on the random effects y*
is not zero. Specifically, by (2), the conditional covariance is given by

COV[(Yius er)h/t*] = pr u“;kw (29)
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implying that
E[YiuYir|y1’*] = pt—uu?; + ,LL;ZM; (30)
Consequently,
Si,ut(ﬁa A)n v, ,0) = E[YiuYit]

= E,+E[YuYuly}]

= Ey [ 7" 1, + itty]

= P Wi(Bo Ay ) + E, [mms]. (31)

where the unconditional mean (B8, A,, v) has the formula similar to that of (26).
Next, by similar computation as in (27), one obtains

8i,ut(,37 A')/’ v, /0) = pt_uﬂiu(ﬂ7 A')/’ V) + Eyi* [eXP{xm + xit}/,B + 2)@*]

= P i (B, Ay, v) + exp [{xi + xir}' Bl vlv Zzﬁ;l exXp [ZR(l/fiw’ Slzwv Ay, V)] .
(32)

Hence, for u < ¢, the unconditional covariance between y;, and y;, is given by

Ui,ut(ﬁs A‘}/s v, P) = Si,ur(ﬂv Aye v, P) - Hiu(ﬂv Aye V)Hil‘(ﬂv Ays V)s (33)

where §;/(B,A,.v, p) has the formula given by (32) and u;(8,1,,v) is given
by (26).

3 GQL Estimation for the Parameters of the Poisson
Mixed Model

The estimation of the parameters of the model will be done in cycle of iterations. In
Sect. 3.1, we discuss a generalized quasi-likelihood (GQL) (Sutradhar 2003, Sect. 3)
estimation approach for the estimation of the main regression parameter 8 under the
assumption that other parameters (p, A,, v) are known or their consistent estimates
are available. In subsequent sections, we discuss their consistent estimation.
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3.1 GOQL Estimation for the Regression Effects 8

For 8 estimation, we exploit the first order responses, namely y; = [y, ..., Vi,
...yir). Suppose that j; = E[Y;]. This mean vector is given by u;(8,1,.v) =
[Wits - Migs - - ir]’, where, by (26), wi(B, Ay, v) has the formula

w
1
B2y v) = exp(B) ) D exp AR £ Ay )} 1 T L.
w=1

Next by using the formulas for the variances o0;,(8,A,,v) from (28), and the
covariances 0;,,(B, A,, v, p) from (33), we construct the 7' x T covariance matrix as

Zi(B. Ay, v, p) = (01u(B, Ay, v, 0) : TXT, foru = t;and u # t.

Note that under the present model o; ,(-) does not follow from o;,,(-) as a special
case. More specifically, ;,(:)’s are constructed for u < ¢. The GQL estimating
equation for B is then given by

K

(B Ay v) o
> 9 TN B Ay v, p) (i — By Ay, v)) =0, (34)
i=1
(Sutradhar 2003, 2004) where 8“‘{(2’;””) may be computed by using the formula for
o "’(g/’;y’v) forall t = 1,...,T. This derivative follows from (26), and is given by
3 i B A ,V
W t(gﬁ ys V) = pa(B Ay v)xi
Consequently, the GQL estimating equation in (34) reduces to
K
ZX,{AiEi_l(ﬂvAys Vsp) (yi_Mi(:BsA}/sV)) :O’ (35)
i=1
where X! = (x;1, ..., Xi. ..., x;r) is the p x T covariate matrix for the ith individual,

and

A; = diag[uin (B, Ay, v), .. (B Ay, V), oo pir (B Ay, v)] 0 T T.
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3.1.1 Asymptotic Properties of the GQL Estimator of

For true f, define

) K K o .
Ry = L3 = 30 A 50182, 00 (5 (B, 0) .
i=1

Z
(36)
where yi, ...,y ..., yk are independent to each other as they are collected from K
independent individuals, but they are not identically distributed because
Yi ~ (1i(B. Ay, v), Zi(B, Ay, v, p)), (37)

where the mean vectors and covariance matrices vary for the individuals
i=1,...,K. By (37), it follows from (36) that

Elfx()] = 0

K
cov[fx(B)] = K12 ZCOV[fi(ﬂ)]
i=1

K
g BB A 0pi(B, Ay, v)
= K2 3,3 ’ Ei I(IBvAV’U’p) aﬁ/y
i=1

1 & 1,
2 2 VilB Ay vp) = L VEB Ay v ). (38)

i=1
Next if the multivariate version of Lindeberg’s condition holds, that is,
K
Ii *—1 -l ) —
Jm vy Y st =0 (39)
i=1 (fi/V*[?lfi)>€
for all ¢ > 0, g(-) being the probability distribution of f;, then Lindeberg-

Feller central limit theorem (Amemiya 1985, Theorem 3.3.6; McDonald 2005,
Theorem 2.2) imply that

Zx = K[VE] 2 fx(B) — N,y(0,1,). (40)

Next because ,éGQL is a solution of (34), one writes by (36) that

K
> filBoor) =0, (41)

i=1
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which by first order Taylor’s series expansion produces

K K
> HB) + (Boo —B)Y_f(B) =0. 42)
i=1 i=1
That is,
R K -1k
BooL— B = — [Z.ﬁ’(ﬁ)} > B
i=1 i=1

KB Ay, L A,
:_|:_Z H,(,Baﬂy U)Ei_l(ﬁ,/\y,w 0) ,U«(,B y U):| Zf(’B)
i=1

[VEB Ay, 0)] " KF(B)

= [VEB.2yov.0)] 7 Zk — NO.VE (B Ay v, ), (43)
by (40). It then follows that

IgLrIéOBGQL — N(B.V*¢ (B. Ay . p)). 44
Also it follows that
NIVEB, Ays v, )2 [Boor — Bl = Op(/p). (45)

3.2 GQL Estimation for the Scale and Shape Parameters

Notice from Sect.2.1 that all three basic moment properties, namely the mean
function (26), variances in (28), and the covariances given by (33) contain the scale
parameter A, and the shape parameter v. Thus, it is sensible to exploit all first and
second order responses to estimate these parameters. Note that the second order
responses consist of both squared (ss) and pair-wise products (pp) of all repeated
observations. Consequently, we consider a vector g; consisting of all first order and
second order responses. In notation, g; has the form

T(T + 3)
I AR /.
=D s il s XL (46)

where y; = [yi1, ..., Yirs-..,yir] : T x 1, as in (34), and

Yiss = [yfl,.-.,yf,,...,yfT]’ :T x 1, and
T(T — 1
( )xl

.
Yipp = [Yil)’i2a cees Yiudits - - - a}’i,T—lyL'T] . 2
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Let
Elgi] = [1i(B. 2y, 1), §;(B, Ay, v), 8i(B, Ay, v, p)]
= ni(B, Ay, v, p) (say), (47)

where

/‘Li(ﬂ’A’V’ U) = [:u“il(:BvA')/’ U)7 DR /‘Lit(ﬂ7kyv l)), e ,LL[T(,B,A),, l))]/
(B Ay v) = [t (B Ay v). o ia(B Ay V), i (B Ay v)]
Si(ﬁ’k}/’v’ p) = [Si,IZ(,BsA)/vvv ,0), 1ut(,3 A}/vv ,0) 1T—l T(ﬂ Ays v, p)]

with (B, Ay, v) and ¢; (B, Ay, v) forallt = 1,..., T, are given by (26) and (27),
respectively, and &; ,,(B, Ay, v, p) for u < ¢, are defined as in (32). Further, let

Qi(ﬂvkys v, p) = COV[ i]

E Qi,s‘v ‘Qi,pp
= ‘Qz/vv Et ss Qi,sp s (48)
‘Ql/pp ‘Ql/ sp Zipp

where

Z‘i = COV[Yi]y Ei.s‘v = COV[Yim]a Eipp = COV[Yipp]

Qi = coV[Yi, Vi ], Qipp = cov[Y, Y], |, i = cov[Yiss, ¥y 1.

Further, let w = [A,, v]" : 2 x 1, be a vector of the scale and shape parameters of
the random effects distribution. Similar to (34), for known $ and p, one may then
estimate the 7 vector by solving the GQL estimation equation given by

i 0, (B, Ay, v, p)

an 2B Ay v p) (g = miB. Ay v p) =0, (49)

i=1

where

/ a/ ,l .,
(B Ay, v.p) _ ( ’h(f}“: p)) -

o I} (B.Ay.v.p)
av

Note that the derivatives in (50) may be computed by using the following general
derivatives with respect to A,, and v:
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aﬂit
oA,

aﬂit
av

0biu
a2,

0 1
av

agi,ur
A,

agi,ur
ov

where

R. Prabhakar Rao et al.

IR(Wiws £33 Ay )
Z 14

xp () M
14

exp {R(l/fiwv gizw; A)” l))} ’

w=l

aR ws £ 5
eXp(xmB) Z v a")” Y €xp {R(I/fiw’ gizw; Ay, V)} ’

w=1

1 M ooR s E2 A, /
o3 R B ) Lol 4 (R £y )]
w=1 4

3R(1//iw, St%v’ Ay, U)

2
* a2,

exp[2x;, 8 + {2R (Vi £ Ay V)}]:| ’

1 W OR iws 2’A ’
v Z (1// Szw 14 l)) [e p[ tlB =+ {R(wzws iw V’V)}]

~ v
IR (Wi, £33 Ay v)
+2 ” 7 exp2x, B + {2R (V. §ri Ay WY |
3 iu ,A P u BR iws aA' ’
o' H# (BIBA rv) + exp [{xu + xi}' B] ZZ i gm o
¥

wl

X exp [ZR(I/fiww Szzwa AV’ U)] B { aMiu(,B’ /\y, V) aMit(,B, Ay’ U) }

o, Kir + iy o2,

iu 7A s ud R iws aA s
R TP I P i

w=1
aMiu(ﬁs Ayv V) + aMit(ﬂv A,y, V)}

X exp [2R(1//iw, éii; Ay, v)] — { 9 Mir + iy v

BR(WM’ m’ V’U) — wiw
L TR

1 2
8R(1//M, W y, \)) _ A)/wiw {4{J(v)}3 (giw - 4)}

(51)
9 2
” | o @ma]

The construction of the GQL estimating equation (49) still requires the com-
putational formula for the weight matrix £2;(8, A,, v, p). Now because this weight
matrix requires the computation of second, third and fourth order moments for the
repeated count data, unlike for the Gaussian data the computation of these moments
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are complicated. Some of the fourth order moments may not be computable without
further joint distributional assumption for these repeated counts. Thus, for simplicity
and because the consistent estimation of the parameters in 7 does not require the
use of exact weight matrix, in the next section, we provide an approximation for the
computation of the elements of the weight matrix £2,(8, A, , v, p) by pretending that
the correlation index is zero, that is, p = 0 in (2). This assumption is equivalent to
say that the repeated counts are assumed to conditionally (conditional on the random
effects) independent (CI).

3.21 Computation of £2;(CI) = 2 (B,A,,v)

Note that as outlined above, the £2;(8,1,,v, p) = cov(g;) matrix in (49) will be
replaced by

COV(giIIO = 0) = Q[*(ﬂ’ky’ l)), (52)
which contains moments up to order four under conditionally independence (CI)

assumption. More specifically, we compute the §2;(-) matrix in (48), but, under the
assumption that p = 0, that is,

Qi*(ﬁ7ky7 V) == COV[g,|p = 0]

* * *

Z‘i ‘Qi,ss ‘Qi,pp

_ */ * *
- Q 1,58 Ei,ss Qi,sp 4 (53)

*/ */ *

§2 i.pp §2 L.sp Ei,pp

where

¥ = cov[Yi|p = 0], Eifvx = cov[Yjs|p = 0], 2:,;,; = cov[¥y,|p = 0]

27, = cov[(Yi, Y )lp = 0], 2, = cov[(¥;,Y},)|p = 0],
* , .
Qi,xp - COV[ Yigss Yipl,)|p = O]

(a) Computation of the Second Order Moments Matrix X* :

Because the variances are not affected by the correlation index parameter, their
formulas remain the same as in (28). However, the covariances under p = 0 will be
different than (33). More specifically the formulas for the variances and covariances
under the assumption p = 0 are given by

VaI[Yit |p] O':;t(ﬂ, va l))

= 0iu(B. Ay v) = Giu(B. Ay, v) — (B, 4y ), by (28); (54)
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cov[(Yi. Yi)|lp = 0] = o, (B.0).v) (55)
1
= exp[{xi + 5l B] | D exp 2R £, 2.v)]
w=1

_:uiu(ﬂa Aya V)Mir(ﬁv Ayv V)v by (32)_(33)

(b) Computation of the Third Order Moments Matrix 27 :

To compute this matrix .Ql*” = cov[{Y;, Y/ }|p = 0], it is sufficient to compute

the elements (i) cov[{Yy, Y2}|p = 0], and (ii) cov[{Y;,, Y2}|p = 0], for u < 1.

(i) Formula for cov[{Yy, Y?}|p = 0] :
Notice that this formula does not depend on p, and the conditioningon p = 0
is not needed. Thus

cov[{¥y, Y2}|p = 0] = E[Y;] — E[YV4]E[Y]]
= E[Y;] — pie(B. Ay, v)iu(B. Ay, v), by (54), (56)

where

2 3
= E,» [u; +3u" + u ]

w
Z exp ztlB+ R(I//mvgm’k)”v)}]

w=1
+ 3exp[2x,B + {2R(Yiw. Enyi Ay 1)}
+ exp[3x,8 + {3R(Viw. £ Ay )} (57)

with R(Y, £2,5 Ay, v) as defined in (26).
(ii) Formula for cov[{Y, Y2}|p = 0], foru < ¢:
Because u and ¢ denote two different times points, the covariance between
Viu and yft is a function of the correlation index parameter p. However, we now
simplify this covariance formula as follows under the assumption that p = 0.

cov[{Yu, Yi}lp = 0] = E[YaYj|p = 0] — E[Vi/JE[Y}] (58)
= E[leuY2|p - O] Miu(ﬂv A,y, V)d)i,tt(ﬁs Ayv V)v by (54’)7
where, by (30) and (26)—(27), one writes
E[YuY;lp = 0] = E,x [E{Yuly YE{Y;|y}}]

= Eye[uhing + 1w} (59)
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= w Zw 1 [exp[{xm + -xll‘} B+2 {R(WM’ i y, V)}]
+ expl{xiu + 2%}’ B 4 3 {R(Wiw, £33 4y, V)] (60)

(c) Computation of the Third Order Moments Matrix $2* o

To compute this matrix £/ = cov[{; lpp}|p = 0], it is sufficient to
compute the elements (i) cov[{Yy, YiYi}lp = O] foru < ¢t or u > ¢, and (ii)
cov[{Yi, YiYintlp = 0], foru # t,u # m,t < m.

(i) Formula for cov[{Y;,, Yi,Yi}|p = 0] :

By similar calculations as in (59)-(60), we write

coV[{Yiu. YuYu}lp = 0] = Ey[E{Y; Yi}|y/] = EYulE[{YuYi} o = O]

= E,[{uh, + i i) — (B Ay v)E [ 1a7]

Z expl{xi + i} B+ 2 {R(Wiw £2,3 Ay )]

w=l

+ eXp[{inu + xi,}’,B +3 {R(I//iw, iwe Ay, 1))}]
qu(ﬁ Ays V) eXP[{Xm + -xll‘} ,3 +2 {R(wmu iwe ya V)}]] . (61)

(i1) Formula for cov[{Y;,, Yi;Yin}lp = 0] :
By similar calculations as in (i), we write the formula for this covariance as

COV[{Yim YitYime = O]
w

= VIV Z [eXP[{Xm + X + xlm} B+3 {R(WMv iws yv V)}]

w=1

— (B, Ayv v) exp[{xi + xm,} B+2 {R(wtw iws )/’ U)}]] . (62)

(d) Computation of the Fourth Order Moments Matrix X * :

55 °

To compute this fourth order matrix, one needs the formulas for two general
elements, namely (i) var[Y?], and (i) cov[{YZ,Y?}|p = 0]. These formulas are
developed as follows:

(i) Recall from (27) that E[Y2] = ¢; (B, Ay, v). Next because

2 3 4
EWly) = [ + 73 + 61" + 13,
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it then follows that

var(Yy)? = E[Y;] — [E{Y}}]?
=E *E[ itb’i - [¢i.tt(ﬂv’1}” ”)]2

w
Z exp [, B 4+ {R(Wiw. 625 Ay )} ] + Texp [20) B + {2R(Yri. 2,5 Ay 1)} ]

+ 6exp[3x,B + {3R(Wiw, E2,5 Ay, )] + exp[d], B + {4RWin £33 2y Y]] (63)

with R(Y;,,, gfw; A, v) as defined in (26).
(ii) Formula for cov[{Y?2,Y2}|p = 0], foru < ¢:
By similar calculations, this covariance has the computing formula given by

cov[{Y;,. Yi}lp = 0] = E[Y; Y} p = 0] = druu(B. Ay v)$iu(B. Ay v),
(64)
where

ELY, Y3} p

=it

0] = Eye [{u, + i M + w3}

[l
g L
M=

[exp[{xm + xit}/,B +2 {R(l/fiw’ iws Ayv V)}]

w=1

+ exp [{xm + 2x,,} B+ {3R(wmu o ya V)}]
+ exp [{2xu + xi}' B 4+ BR(Win. £ Ay 1)} ]
+ exp[2{xi, + xi:}' B + {4R(1//M, i Ay, v)}] . (65)

(e) Computation of the Fourth Order Moments Matrix 2" :

To compute this fourth order matrix, one needs the formulas for two
general covariance elements, namely (i) cov[{Y?,Y,Yi}lp = 0], and (ii)

cov[{Y?, Yy, Y;n}|p = 0]. These formulas are developed as follows:

i’

(i) Formula for cov[{Y?2, Y;,Yi}|p = 0] :

i’

cov[{Yy, YuYu}lp = 0] = E[Y; Yu}lp = 0]
w

~ i (B, Ayv v) VIV Z [exp[{xiu + xit}/ﬂ

w=1

+2 {R(Wiw, €2, Ay, v)}]] . by (27) and (32), (66)
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where
E[{Y;Yi}|lp = O] = E,» [E[Y; |y} 1E[Yaly]]

= By [t + 305 + 3 M

=

Z exp[{xiy, + xi ) B +2 {R(wm, i Ay v)}]

w=l

+ 3exp[{2xi + xit}' B + 3 {R(Wiw. £33 Ay, )]
+ exp[{3xi + xi}' B + 4 R E0 Ay W] (67)

(i) cov[{Y2,Y;Yim}lp=0]:

COVl{Y2, YaYimtlp = 0 = Ey= [tuah, + wi M3}

w

B2y D [explton +xind B+ 2 RO 820 )] (68)

w=1

where the first term in the right hand side of (68) has the formula
2
By [t + m Mg}

w
= vlv Z [exp[{xm + Xit + Xim}' B+ 3 {R(wiw’ Euihy v)}]

+ exXpl{ 2t + i + xin}' B + 4 {R(Win. £33y 01 (69)
(f) Computation of the Fourth Order Moments Matrix £27
The computation for this matrix requires the formulas for (i) cov[{Y;, Yy, Yi. Yi}|
p = 0], (i) cov[{Yy Yy, YiYin}lp = 0], (iii) cov[{Yi, Yy, Y Yir}lp = 0], and (iv)
cov[{Yi. Y, YiuYiu}lp = 0]. The computations for all these four covariances are
similar. We, for example, give the formulas for covariances in (i) and (iv).

(i) Formula for cov[{Y;, Yy, Yi.Yi}lp = 0] :

cov[{¥uYi, YiYu}lp = 0] = E[{Y;,Y;}|p = 0]

17311

w=1

w 2
- [‘i, Z (expl{xic + Xim}' B + 2 {R(Wins. €01 Ay, v)}]):| . (70)

where E[{Y? Y2}|p = 0] is computed in (65).

wear
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(iv) Formula for cov[{Y;,Yi, Yy Yim}lp = 0] :

cov[{YuYi, YisYin}|p = 0]

w

1
= W Z [exp[{xiu + Xip + Xiy + xim}/,B +4 {R(Wiww ZZW, Aya V)}]]
w=1
—iu (B, Ay, V)i (B, Ay, V) piv (B, Ay s V)i (B, Ay, V). (71)

3.2.2  Asymptotic Properties of the GQL Estimator
fgor = [Ay,cors VoLl :2x 1

Notice that when £2(8, A,, v) from Sect.3.2.1 is used in (49) for £2;(8, A,. v, p),
one solves the approximate GQL estimating equation

K

3 (B, Ay, v, p)

Ior 277 (B Ay v) (i = mi(B. Ay v.p)) = 0. (72)

i=1

form = (A,,v)".

~

Let oL = [Ay.cor, Veorl” : 2% 1 be the solution of (72). By similar calculations
as in Sect. 3.1.1 (see (44)), it can be shown that

Jim Ao, — NG Q' (B Ay . p)). (73)
where
o {i P70 gty PP v,mr
i=1
< 30 PP et 2By 20 By M)
i=1
x [i an’{(ﬁ’;;’ "0 i (g2 DR V’p)r . (74)
i=1

3.3 Moment Estimation of Correlation Index Parameter p

Recall from (33) that

E[(Yiu — piu() Yie — i) = p " piue(B. Ay v)

w
1
+ exp [{xiu + Xir}/ﬂ] w Z exp [ZR(I//iwv élzws Ay’ U)] - /‘Liu(ﬂvkyv U)Mit(ﬂvkyv U)-

w=1
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Consequently, by using lag 1 based pair-wise product responses, one obtains

—1 —1

(Y — i) Vi1 — i1 ()} Wit ()
E> D K(T—1) _'OZZK(T—I)

i=1 t=1

~

| KW {Zt h exp [{xi + xie}' B1}
KW ; ;{GXP 2R(w1wv %‘mﬂ A)” ] —1
K T-1
Wit (Y i1()
-2 K(T—-1) ° "

i=1 r=1
Further, one writes

K

2
EZZ 1Y — Hzr( )7} ZZ Oi tt()’ (76)

i=1 t=1

where the variance o; () has the formula given by (28).
Now by dividing (75) by (76), and using first order approximation, one obtains
the unbiased moment estimator gy, for p as

. [Z, O = 1 () Yigr — u,»_,+1(->)}/{1<<r—1)}}
Z, 12; 1{(er l/«it('))z}/{KT}

Y S () AR (T — 1)}}
Z,K=1 Z,T=1 0i.u()/AKT}

LSS e R 25 ICXP[{_XI;er,,}ﬁ}}

L llwl

e i) S O 6) LS i)
P2 N B b ot S Db o ALY

Li=1 i=11t=1 i=1r=1

Under some regularity conditions on the covariates so that var[py,] is bounded by
a finite quantity, it follows that the moment estimator f; is consistent for p. This is
mainly because py given by (77) is approximately unbiased for p.
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4 Binary Dynamic Mixed Logit Model with #, Random
Effects

Recall the binary dynamic mixed logit (BDML) model given in (9), that is,

/
exp(x;) 40y vi)

fort =1
1 +exp(x:1 B+oy,yi)

Pr(yie = 1|yi, yis—1) = W pih -
CeXplx;, YVit—1T0yVi _
14-exp(x, B4-0yi—1+0, 1) forr=2,....T,

Under the normality assumption for the random effects, i.e., when y; id N(0, 1), the
basic properties such as unconditional mean, variance and correlations under such
BDML model is given by (13)—(17). In the following subsection, we provide these
properties for the BDML model under the assumption that the random effects now
follow a z-distribution with v degrees of freedom.

4.1 Basic Properties of the Binary Mixed Model:
Unconditional Mean and Variance

By similar calculations as in the normal case (13), one obtains an approximate
unconditional mean based on ¢, random effects, as

w
ElYi] = piu(B, 0. Ay, v) = WY mk (Y £2,)

w

=w! Z [Pito(lﬁiw E2) + 7| (Wi, E2) {pint Wi £2.) — Dit0 (Wi éﬁ)}} . (78)
w=1
where
exp(x; B + 1)
1+ exp(le,B + V;:V) ,

5 exp(x}, + 0yi—1 + yi)
Pity,-.,,l(l/fiw'a iw) = / * 7
1+ exp(x,f + 0yii—1 + vii)

7 (Yiws €0,) = Pito(Wiw, €,) =

with y as the 1, (0, /\f,, v) random effect given by (25). Next because y; is a binary
observation, it follows that

var[Yy] = 0i4(B, 0, Ay, v) = wa(B. 0, Ay, V)[1 —ui(B, 0. Ay, V)], (79)

where the unconditional mean (8, 6. A,, v) has the recursive type formula as
in (78).
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4.2 Computation of Unconditional Covariances for BDML
Model with t, Random Effects

To compute the covariance between y;, and y;; (u < ), we note that under the present
dynamic model (9), conditional on the random effects y;* defined by (25), yi, and yj,
are not independent. This is because conditional on y;*, ;s and y;,—1, for example,
satisfy the dynamic dependence relationship (9). Next because

E[{YmerHVI*] = cov[{Yiu, Yit}|yi*] + E[Y,'M|J/,-*]E[Y,'T|)/i*]
= :ur(l/fh 512) + ﬂij(l//iv glz)]r; (I//iv 512)’

with

O—ifut(wiv glz) = ﬂitt(l//iv %-12)[1 - ]T;Z(wiv giz)]17jr=u+1 [pljl (wiv glz) —Pijo(%a gtz)] s
(30)
(Sutradhar and Farrell 2007), one may compute the covariance between y;, and y;,
first by computing E[Y;,Y;] using

w
E[YiuYit] = VV—1 Z [U:m(l/fiwa IZH) + ]sz(l//iw'a ,-Zw)ﬂ;(%w, lzw)] = Tiut (Say),
w=1

(81)
where ¥, and &2, are generated from N(0, 1) and x3, respectively, in order to

compute ¥ by (25), and 7} (Y. £2,) is computed by (78).

5 GQL Estimation for the Parameters of the BDML Model
with #, Random Effects

It is clear from Sects. 4.1 and 4.2 that the basic properties of the BDML (binary
dynamic mixed logit) model (9), that is, the first and second order moments of the
repeated binary responses contain all four parameters, namely 8, 6, A,, and v,
of the model. Consequently, we exploit all first and second order observations, and
minimize their generalized distance from their corresponding means to construct a
GQL estimating equations [Sutradhar (2010, Sect. 5.4); see also Sutradhar (2011,
Sect. 9.2)] for these desired parameters. Note that for the binary data, yizr = y;. One
may, thus, consider a vector of first and second order responses given by

v = (,yils cos Yits o S Vil VilYi2o - o5 Yiudits - - - syi(T—l)yiT)/s

for the purpose of constructing the desired estimating equation. Now, denote the
E[Vi] by
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é‘i = E[Vl] = ni(ﬁﬂ 95 Ayv V) = [/*’Ll'ls ey /"Litﬂ ey ,u“iTs Ti,lZa ey Ti,uts ey Ti,(T—l)T]/
= [u;, 7], (82)

where the formula for the unconditional mean pu; for all t+ = 1,...,T, is given
by (78), and t;,, = E[Y;,Y;] for all u < 1, may be computed by (81). Further let
a = (B,6.4y,v), and £2; denote the T(T + 2)/2 x T(T + 1)/2 covariance of
v;. Following Sutradhar (2010) [see also Sutradhar (2004)], one may then write the
GQL estimating equation for « as

K /

Z S (0= £) = 0. (83)

which may be solved by using the iterative equation

Koar g e
GeoL(r+1) = deor(r) +| 3029 1301 } > ao; 27 v &)
i=1

i=1

le=a&coL(r)

(84)
Note that to compute the £2; matrix for (83) and (84) , one needs to compute the fol-
lowing elements: (a) var[Y;]; (b) cov([Y, Yi; (¢) var[Y;,Yi]; (d) cov[Yy,Yi, YieYinl;
and (e) cov[Yy,Yi,Y:]. However, all these elements through (a)-(e), may be
computed by using the moments up to order four given in Sects.4.1, 4.2, and 5.1
below. For example,

COV[Yiu Yii, Yie Yzm] = E[Ytu YiiYie Yzm] - E[Ytu er]E[Ytli Yzm]
= q;i,ut(m — TiutTilms (85)
where the formula for q~5,~,u,gm is given in (96), and the formula for t; ,,, for example,

is given in (81).
Computation of for (84):

Because {; = [u},7/], the gradients for searching for the estimate of
= (B’.6.4y,v) can be computed by by using the formulas for 35;"’ and 352”’,

where u; and t;,, are given by (78) and (81), respectively. For the purpose, we
derive these formulas by using

{

a it — 9 it iws Spy t[— iws i2w
i _ IZ‘[” oW &) 4 T )

do = du
a it iws Siyw 8 il iws Siy
+ n,-ii_l(w,-w,s,a){ " ‘(‘a”a W 0(’;/& )}] (86)
2 2
0tis _ W‘IZ 007 (i £0) 08 O £ (Vi 1)) &N

o Jo

w=1
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where
Ot Wi £ = 73 (Wi BRI = 75 Wi ERNITL— e [Pt Wi 82) = Pio (Wi, €3,

Note that to compute the derivative of the product factor involved in 67", (-), one can
use the formula

T, [Pit (Wi §12) — Pijo (Wi €0 |
oo

= I_ .y [pit Wi, £2) — pio (Wi €2 ]

Zt: dlog [piy1 (Wiw- §1,) — Pijo (Wi E0) |}

) . (88)

j=ut1
To complete the formulation of the above derivatives, we now give the
derivatives for one term, namely pj (i, £2,), with respect to each element of
a = (p,0,1,.v). To be specific,

3pijl (wiw s Eﬁ\)

o= P ) =Py (Vi )53 (39)
pijt (Wi, %V
pjl(lgg ) Pijt Wiw: §,) (1= pijt (Viw- §7,))3 (90)
0, ij iws ,%,‘
P s (i 200 it i )
v

X |:w,-w{2v}% [V (2, —4) + 2v]_5] ; and On

0, ij iws ,%,‘
PO iy i B0 = Pt i DV Vi

x [y Vo @)+ 2

-SRI E - e @ - +a) 9D

5.1 Computation Higher Order Moments to Construct
£2;in (84)

Note that when the first and second order responses are used to construct distance
functions for the estimation of the parameters 8, 6, A,, and v, one requires the
third and fourth order moments which are used in the weight matrix to develop the
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estimating equations. The first (mean) and the second order moments are computed
in (78), (79) and (81) using suitable close form expressions. For higher order such
as the third and fourth order moments, it is convenient to compute them numerically
(Sutradhar et al. 2008). To be specific, for the computation of the third order
moments, let 3 - indicates the summation over all binary variables in the
sample space s that contain 7' — 3 elements out of T elements except vy, Vi, Vir- One
may then compute the third order moments as

E[YaYiYa] = Plyi = Loy = Liys = 1] = 8iur (93)

w
=w! Z Z [f(YiIWijv) Zf(yljlylj 1s Vzw ]}m—lm—l}u—l

w=1Yiu.Yil.yitD$
where by (78)
FOulyy) = Paoyp)P' 1 = pao(ys)l' ™"
FOslyij—1. Vi) = iy V)P = iy (Vi) 70 94)
After an algebra, one may simplify the third order moments in (93) as

1ulr - ! Z Z leo()’zla )’,W) 2P1]l (yl]s YVij—1, )’,W)]

w=1 Yiu.Yie YieDS

Viu=Lyig=1y;=1"
(95)

4
CXP{}'zj(X,:,-ﬂ-F@yi._/fl +)’i):;)}

*) = exp{yil (X,l By}
— 4 bl
L+exp(x;B+0yij—1+vin)

and piit vy, Yij—1, Vi) =
l+exp(xllﬁ+ym pl]l(yl] Yij—1 Vm)

with p Pi1o (yll » Viw

where y¥ = y¥ (A, v; Y, £2,) as defined by (25).

The computation for the fourth order moments is similar to that of the third order
moments. Let Z()’iu vuvmynyas* 10dicates the summation over all binary variables
in the sample space s* that contain T — 4 elements out of T elements except
Yius Yil, Yim» Yir- Now by implementing this summation, following (95), one writes
the formula for the fourth order moments as

w
ElYuYY Yl = W'Y Y~ [puola. vi)

W=1 Y Yie Yim:Yie D™

X H zpyl(yq Yij—1, ym)]

w=1yit=1yim=1yi=1

= Giutm» (say). (96)

This completes the computation of all moments up to order four. These moments
were exploited to construct the GQL estimating Eq. (84) for all parameters involved
in the model, namely 8, 6, A,, and v.
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5.2 Asymptotic Normality and Consistency of &gor,

Following (83), for true «, define

1 & 1 & oL
2 = (o) = Q7w =6y, 97
B = ¢ Yale) = 3 0 Wit ©7)
where vy, ..., v;, ..., vk are independent to each other as they are collected from K

independent individuals, but they are not identically distributed because

vi ~ (Gi(B. 0,4y, v), 2i(B. 0. 4,,v)), (98)

where the mean vectors in (82) and also the covariance matrices in (83) are different
for different individuals.

Now one may derive the asymptotic distribution of &gor by using the same
technique as for the derivation of the asymptotic distribution of ,3GQL given in
Sect. 3.1.1 for the Poisson mixed model. Thus, it can be shown that

Khm &GQL — N(Ol, ‘71;1(,3, 0, A«}/s V))» (99)
or equivalently
[V (B, 0. Ay, V)2 [aGor — @lll = Op(v/p + 3), (100)
where
5y )
~ B i —1 i
V(B.0. Ay v) = a 128,04y, )

i=1

This establishes the consistency of Aoy for o.

6 Discussion

It has been assumed in various econometric studies for count and binary panel data
that the distribution of the random effects involved in the model is unknown. This
makes the estimation of the regression effects 8 and dynamic dependence parameter
p under the Poisson dynamic mixed model, and the estimation of 8 and the dynamic
dependence parameter 6 under the binary dynamic mixed model, very difficult. As a
remedy, some authors such as Wooldridge (1999) and Montalvo (1997) developed
certain estimation techniques those automatically remove the random effects from
the model and estimate rest of the parameters, § and p in the Poisson case. However
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as demonstrated by Sutradhar et al. (2014), these estimation approaches have two
drawbacks. First, the conditional maximum likelihood (CML) method used by
Wooldridge (1999) and the instrumental variables based GMM (IVGMM) method
used by Montalvo (1997) become useless for the estimation of the regression effects
B when covariates are stationary (time independent), even though they are able to
remove the random effects. Second, when the random effects y; or y;* are removed
technically, the estimates of B and the dynamic dependence parameter (p) alone are
not sufficient to compute the mean, variance and correlations of the data, which is a
major drawback from the view point of data understanding/analysis. One encounters
similar problems with the weighted kernel likelihood approach of Honore and
Kyriazidou (2000, p. 84) for the inferences in binary dynamic mixed logit models.
The aforementioned inference issues do not arise when one can assume a suitable
distribution for the random effects. Because the random effects appear in the linear
predictive function of the generalized linear model, many studies mainly in statistics
literature have considered normality as a reasonable assumption for the distribution
of the random effects. Thus, under the assumption that the random effects involved
in the longitudinal mixed models follow N(O, of), the GQL estimation of the

regression effects f and oyz and moment estimation of the longitudinal correlation
index parameter p were developed by Sutradhar and Bari (2007), for example, for
longitudinal count data, and by Sutradhar (2008) for longitudinal binary data. See
also Breslow and Clayton (1993), Breslow and Lin (1995), Lin and Breslow (1996),
Jiang (1998), and Sutradhar and Qu (1998).

However, in this paper we have provided an extension of the normal latent effects
based longitudinal mixed models for count and binary data to the 7, latent effects
based models. The inference for these extended models have been complex not only
because of an additional degrees of freedom parameter but also for the difficulty that
unlike simulation of N (0, 1) random effects in the Gaussian case, the simulation of
1,(0,1) is not possible when v is unknown. In this paper we have resolved this
issue through a new transformation which helps to generate data from a #4(0, 1)
distribution for the purpose and then proceed for estimation of the v parameter. In
summary, we have developed a GQL estimation technique for the estimation of all
parameters involved in the models including the degrees of freedom parameter.
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