Chapter 2

Non-negative Fuzzy Optimal Solution
of Fully Fuzzy Linear Programming
Problems with Equality Constraints

Lotfi et al. [1] pointed out that there is no method in the literature for solving fully
fuzzy linear programming problems with equality constraints and proposed a method
for the same. In this chapter, the limitations and shortcoming of the existing method
[1] are pointed out and to overcome the limitations as well as to resolve the shortcom-
ing, Kumar et al.’s method [2] is presented to find the non-negative fuzzy optimal
solution of fully fuzzy linear programming problems with equality constraints.

2.1 Preliminaries

In this section, some basic definitions and arithmetic operations for trapezoidal fuzzy
numbers are presented [3].

2.1.1 Basic Definitions

In this section, some basic definitions are presented.

Definition 2.1 Let X be a classical set of objects. Then, the set of ordered pairs
A = {(x, u;(x)) : x € X}, where pz : X — [0, 1], is called a fuzzy set in X. The
evaluation function yi3 (x) is called the membership function.

Definition 2.2 Let A be a fuzzy set in X and A € [0, 1] be a real number. Then, a
classical set A = {x € X : 15(x) = A} is called an A-level set or A-cut or parametric
form of A.
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Definition 2.3 A fuzzy set A= {Cx, pz(x)) : x € X} is called a normalized fuzzy

set if and only if Supremum{p;(x)} = 1.
xeX

Definition 2.4 A fuzzy set A is called a convex fuzzy set if and only if pz(cx; +
(1 — a)xz) = min{pz(x1), pi(x2)}, ¥xi,x € X, ael0,1].

Definition 2.5 A convex normalized fuzzy set A = {(x, pi(x)) :x € X}is called a
fuzzy number if and only if 413 (x) is piecewise continuous in X.

Definition 2.6 A fuzzy number A is said to be a non-negative fuzzy number if and
only if p13(x) =0, Vx < 0.

Definition 2.7 A fuzzy number A defined on the universal set of real numbers R,
denoted asA = (a, b, c, d), is said to be a trapezoidal fuzzy number if its membership
function, 5 (x), is given by

G—a)
a0 a<x<b
17 () 1 b<x<c
A =1 ¢=ad
) c<x<d
0 otherwise

Definition 2.8 Let A = (a, b, ¢, d) be a trapezoidal fuzzy number. Then, its A-cut
A* is defined as follows:

Al=la+B-—a))d—(d—0c))\],0<) <1

Definition 2.9 A trapezoidal fuzzy number A = (a, b, ¢, d) is said to be symmetric
trapezoidal fuzzy number if and only if b — a = d — ¢, otherwise A is said to be an
asymmetric trapezoidal fuzzy number.

A symmetric trapezoidal fuzzy number A = (a, b, c,d) can be denoted as
(b, c, o), where [b, c] is the core and 0 = b — a = d — c is the spread of the
symmetric trapezoidal fuzzy number A.

Definition 2.10 A trapezoidal fuzzy number A= (a, b, c,d) is said to be non-
negative trapezoidal fuzzy number if and only if @ > 0 and is said to be non-positive
trapezoidal fuzzy number if and only if a < 0.

Definition 2.11 A trapezoidal fuzzy number A= (a, b, c,d) is said to be unre-
stricted trapezoidal fuzzy number if and only if a is a real number.

Definition 2.12 Two trapezoidal fuzzy nymbersNAl = (a1, b1, c1,d;) and Az =
(az, by, ¢, d>) are said to be equal i.e., Ay = A, if and only if a; = ay,b; =
bz, L =0Cp and d1 = dz.
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2.1.2 Arithmetic Operations

In this section, the arithmetic operations for trapezoidal fuzzy numbers and intervals
are presented.

2.1.2.1 Arithmetic Operations for Trapezoidal Fuzzy Numbers

In this section, some arithmetic operations for two trapezoidal fuzzy numbers, defined
on universal set of real numbers R , are presented.

1) Let;h = (a1, by, cy,d;) and ;\2 = (ap, by, 2, d) be two trapezoidal fuzzy

numbers. Then,Al @Az = (a1 +a, b1 + by, c1 +c2,dy + d>).

(i) Let Al = (a1, by, c1,d;) and Az = (az, by, c3, dy) be two trapezoidal fuzzy
numbers. Then, Al 9;12 = (a1 — dz, b] —C2,C1 — bz, dl — 612).

(iii) LetAl = (ay, by, c1,d;) and ;\2 = (ay, by, c2, d,) be two non-negative trape-
zoidal fuzzy numbers. Then, Al ®;\2 = (a1az, b1by, ¢, did>).

@iv) LetA = (a, b, c, d) be any trapezoidal fuzzy number. Then,

(ya,vb,ye,vd) v =0

A =
b (vd,ye,vb,ya) v <0

2.1.2.2 Arithmetic Operations for Intervals

In this section, some arithmetic operations for two intervals are presented.

(i) LetA; = [a;, b;] and Ay = [ay, by] be two intervals. Then,
A;+A; = [a) +az, by + by]

(i) Let Ay = [ai, b1] and A, = [ay, b>] be two non-negative intervals. Then,
AlA; = |ayaz, b1bs]

Remark 2.1 An interval A = [a, b] is said to be non-negative interval if and only if
a>0.

Remark 2.2 If b = c then a trapezoidal fuzzy number (a, b, ¢, d) is said to be
triangular fuzzy number and is denoted as (a, b, b, d) or (a, c, c,d) or (a, b, d) or
(a,c,d).

Remark 2.3 [1]Leta* = [a()\), @(\)] be a parametric form of an asymmetric trian-
gular fuzzy number a then its nearest symmetric triangular fuzzy number is (g, o),
where the core ‘ay’ and the spread ‘o’ of the symmetric triangular fuzzy number can
be obtained as ag = % fol @) —a\)(1 —Ndx, o = % ﬂ]l @) +a(\)dA.

Remark 2.4 In the entire thesis ‘minimum’ and ‘maximum’ are represented by ‘min’
and ‘max’ respectively.
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2.2 Existing Method for Solving Fully Fuzzy Linear
Programming Problems with Equality Constraints

Lotfi et al. [1] pointed out that there is no method in literature for solving fully fuzzy
linear programming problems with equality constraints and proposed the following
method to find the fuzzy optimal solution of fully fuzzy linear programming problems
with equality constraints (2.1):

Maximize Z Cj ®X;
j=1
subject to (2.1)

ZEIU®)~CJZZ7, Vi=1,2,...,m

J=1

where ¢;, X;, a; and b; are non-negative triangular fuzzy numbers.

Step 1 Assuming Z‘j = (Pj,CIjs I"j),glu = (a,-j,b,-j,c,-j),ij = (Xj,yj,Zj) and E,‘ =
(bi, gi, h;) the fully fuzzy linear programming problem (2.1) can be written as:

n
Maximize Z(pj, gj, 1) @ (x5, ¥j» z)
j=1

subject to 2.2)

> (ag. by, ) ® (.35, 2) = (bin gis i) Yi=1,2,....m
j=1

where (x;, y;, zj) is a non-negative triangular fuzzy number.

Step 2 Using Definitions 2.8 and 2.10, the fully fuzzy linear programming problem
(2.2) can be converted into problem (2.3):

n
Maximize Z[pj +(qj — ppAs i — (rj — g Allxj + (3 — XA, zj — (7 — yj)A]
j=1
subject to

n (2.3)
D laij+ (bij — a, cij — (cij = b A + (0 — X)X, 7 — & = y)A]

j=1

=[bi +(gi —=b)A hi — (hi —g)Al Vi=1,2,....m

Xj Zo,yj—xj' 20,zj—yj >0V,j=12,...,n
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Step 3 Using the arithmetic operations of intervals, defined in Sect. 2.1.2.2, the prob-
lem (2.3) can be converted into the problem (2.4):

n n
Maximize [ ) (pjx; + MNpjy; + 4% — 2pix) + N — p O — %)), D (rigj — A2y
j=1
— 17y — 455) + N (1 — g & — ¥)]
subject to

j=1

n 2.4)
D laig + Magy; + by — 2ai) + N by — ai) 6 — %), €5 — M2eyzj — ¢y

j=1

— bijzj) + N (e — by — )] = [bi + Xgi — b) hi — MNhi — gD Yi=1,2,....m
x>0,y—x>0,zi—y,>20Vj=12,...,n

Step 4 Using Remark 2.3, the problem (2.4) can be converted into the problem (2.5):

- 1 1 1 1

Maximize (g(g%)’j 12‘1121 12’”1)’/ 6erJ 12‘1/ G+ P/yj 1’/ X)), z( 4qj%j

1 1 1 3
+ gt g% T g9 gPiYi — gPi%i)
subject to

! (2.5)

1 1 1 1 1

Z( bijyj + D bijzj + 12‘!/)’/ §Ci% + Ebijxj % + § %> gbijzj + g Ui

3 1 1 3 1 1 1 1 1 .
+ gC,'ij — gb,-jx]' — ga,-jyj — ga,-jx]') = (Zbi + Egi + Zhi, Ehi . Ebi) Vi=1,2,....m

x>0,y —x; >0,z —y;>20Vj=1,2,...,n

Step 5 Using Definition 2.12, convert the obtained fully fuzzy linear programming
(2.5) into the crisp linear programming problem (2.6) to maximize the core:

n
.. 1 1 1 1
Max1mlze§(§qjyj 12(1/ZJ + ]2rJ}J + 6"y + 124 + ]21’1)1 + 6171’9)
subject to
1 1 1 1 1 1 1 1
z( bijyj + I bijzj + 26 + 6CiY + Ebiix.i + 2% + 6al/xj) = 4bi + 59 + Zhi 2.6)
Vi=1,2,....,m
3 1 1 .
Z( bijzj + c,jyj Scijzj — gbl-jxj — gaijyj — g”ifxf) = Ehi — gb,- Vi=1,2,....m

szo,>y—szo,zj—y,zo Vi=1,2,...,n
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Step 6 If the crisp linear programming problem (2.6) has a unique optimal solution
x;,yi and z; then the fuzzy optimal solution of (2.1) will be (x}, y7, z7). If it has
alternative optimal solutions then solve the crisp linear programming problem (2.7)
to minimize spread:

1
FUARE

SR 3 1 1 3
Minimize Z(gquf + 3 374~ g9 — gPidi ~ gpjxj)
j=1
subject to
1 1 1 1 1 1 1 1
Z( byyj + bz + e+ gCidi + 7 b + 59+ gaik) = gbit S g+ phi
Vi=12,....m 2.7

3 1 1 3 1 1 .
Z( bijzj + c,]yj 8c,-jzj — gbijxj — §aijyj — ga,-jxj) = Ehi — Ebi Vi=1,2,....,m

1 1 1 1 1
Z( q;yj + ‘IJZ/ MRV 5% T /ATy b 1’/)9) =a

szo,yjijzo,zjfy,zoijl,z ,,,,, n

where a* is the optimal value of the crisp linear programming problem (2.6).

Step 7 Letx}, y; and z; be the optimal solution of crisp linear programming problem
(2.7). Then, the fuzzy optimal solution of fully fuzzy linear programming problem
2.Dis (5, y7, z7).

2.3 Limitations and Shortcoming of the Existing Method

In this section, the limitations and shortcoming of the existing method [1] are
pointed out.

2.3.1 Limitations of the Existing Method

In this section, the limitations of the existing method [1] are pointed out.

The existing method [1] can be used to find the non-negative fuzzy optimal solu-
tion of such fully fuzzy linear programming problems with equality constraints in
which all the parameters are represented by non-negative triangular fuzzy numbers.
However, the existing method [1] cannot be used to find the non-negative fuzzy
optimal solution of the following problems:
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(i) Fully fuzzy linear programming problems with equality constraints in which all
the parameters are represented by non-negative trapezoidal fuzzy numbers:

Maximize/Minimize Z ¢ ® Xj
j=1
subject to (2.8)

Sa@i=bVi=12...m

j=1

where ¢;, a;;, b; and X; are non-negative trapezoidal fuzzy numbers.

Example 2.1

Maximize ((1,2,3,4) ® X1 ® (2,3,4,5) ® X»)
subject to

0,1,2,3) @ x & (1,2,3,4) @ X, = (2, 10, 24, 44)
(1,2,3,H)®x 4 (0,1,2,3) @ x, = (1,8, 21, 40)

where X; and X, are non-negative trapezoidal fuzzy numbers.

(ii) Fully fuzzy linear programming problems with equality constraints in which
some or all the coefficients are either represented by unrestricted triangular or
trapezoidal fuzzy numbers:

Maximize/Minimize z ¢ QX
j=1
subject to (2.9)

n
E EIU(X)%:I?, Vi= 1,2,...,m
j=1
where ¢;, a;;, b; are unrestricted triangular or trapezoidal fuzzy numbers and X;
is a non-negative triangular or trapezoidal fuzzy number.

Example 2.2

Maximize ((1,6,9,12) @ X1 ® (2,3, 8,9) ® x»)
subject to

(2,3,4,5®x ®(1,2,3,4) ® x, = (6, 16, 30, 48)
(-1,1,2,3) @ %1 & (1,3,4,6) ® x, = (0, 17, 30, 54)

where x| and X, are non-negative trapezoidal fuzzy numbers.
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2.3.2 Shortcoming of the Existing Method

In this section, the shortcoming of the existing method [1] is pointed out.

For solving the fully fuzzy linear programming problems by using the existing
method [1] there is aneed to approximate all the coefficients into its nearest symmetric
fuzzy numbers. Due to this conversion, the obtained solutions are approximate and do
not satisfy the constraints exactly e.g., on solving the fully fuzzy linear programming
problem, chosen in Example 2.3, by using the existing method [1], the obtained fuzzy
optimal solution is x; = (1.45, 1.45, 3.31) and x, = (0.88, 4.32, 4.32) which does
not satisfy the constraints exactly.

Example 2.3

Maximize ((0,1,4) ® X; & (2,4,5) ® x2)
subject to

2,3, 7)®x & (2,4,5) ®x, = (6, 18, 46)
0,2,4)®x & (3,5,8) ®X% = (6,19,52)

where x| and X, are non-negative triangular fuzzy numbers.

2.4 Product of a Non-negative Trapezoidal Fuzzy Number
with Unrestricted Trapezoidal Fuzzy Number

For solving the fully fuzzy linear programming problems, there is a need to find the
product of fuzzy coefficients and fuzzy variables. Since, in the fully fuzzy linear
programming problems, the fuzzy coefficients are known and the product of fuzzy
numbers depends upon the nature of fuzzy numbers. So, in this section, on the basis
of nature of fuzzy coefficients product, proposed by Kumar et al. [2], with the help
of existing product of two fuzzy numbers [3], is presented.

Let A = (a, b, c,d) be an unrestricted trapezoidal fuzzy number and X =
(x,y, z, w) be a non-negative trapezoidal fuzzy number. Then

(ax, by, cz, dw) a>0

(aw, by, cz, dw) a<0andb >0
(aw, bz, cz, dw) b<0andc>0
(aw, bz, cy, dw) c<0andd >0
(aw, bz, cy, dx) otherwise.

Dt
&®
<
I
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2.5 Kumar et al.’s Method to Find the Non-negative Fuzzy
Optimal Solution of Fully Fuzzy Linear Programming
Problems with Equality Constraints

In this section, to overcome the limitations as well as to resolve the shortcoming of
the existing method [1], discussed in Sect. 2.3, Kumar et al.’s method [2] is presented
to find the non-negative fuzzy optimal solution of fully fuzzy linear programming
problems with equality constraints (2.9).

The steps of the method are as follows:

Step 1 Assuming ¢; = (pj, gj, 17, 5}), X = (x;, ¥}, zj, wj), a = (ay, byj, cij, djj) and

b = (b;, gi, hi, ki) the fully fuzzy linear programming problem (2.9) can be converted
into (2.10):

n
Maximize/Minimize Z(pj, qj» 1js s]-) ® (xj, Yjs % wj)
J=1
subject to (2.10)

n

> (ayj. bij. cij. dip) ® (x5, ¥y 2 wy) = by gin hin ki) Yi=1,2,....m
j=1

where (x;, y;, zj, w;) is a non-negative trapezoidal fuzzy number.
Step 2 Using the product of trapezoidal fuzzy numbers, presented in Sect.2.4 and

assuming (ay;, by, ¢, dip) ® (x;, ;. zj, wj) = (a;, by, cjj, djy), the fully fuzzy linear

programming problem (2.10) can be converted into (2.11):

Maximize/Minimize Z(pj, qj> 1> 8;) @ (Xj, yj» zj, w))
Jj=1
subject to (2.11)

Z((llj, ij’ [j’ lj)_(blygnhnk) vz—l 2 .., m

where (x;, y;, zj, w;) is a non-negative trapezoidal fuzzy number.
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Step 3 Using arithmetic operations, defined in Sect.2.1.2.1 and Definition 2.12, the
fully fuzzy linear programming problem (2.11) can be converted into (2.12):

n
Maximize/Minimize Z(pj, g, 7, 8)) ® (X, ¥, Zj, w))
j=1
subject to

Dby=g Vi=12,....m (2.12)
j=1

Zc;jzh,.vl'zl,z,...,m

j=1

n

Zd;j:ki Vi=1,2,...,m

j=1

XJZo,y]_x]ZO,Z]_yjzova_ZJZO Vj=1,2,...,n

Step 4 Suppose the fuzzy linear programming problem (2.12) have ‘I’ basic fea-
sible solutions and {x}, yJ'-, z/’-, w]’. } is the rth basic feasible solution then our aim is
to find that basic feasible solution out of all ‘I’ basic feasible solutions correspond-
ing to which the value of objective function is maximum (or minimum) i.e., our
aim is to find max (or min){ Z(pj, g, 15, 5j) @ (x yJ, ;)}. Liou and Wang [4]

1<r<l j=1

proposed the concept that if max (or mm){‘)t(Z(p], qj, 1j, 8j) ® (x yj, }))} is

1<t<i

m(Z(pjv qj» Vj,SJ’) ® (-xj’yjsz 9)) then max (Or mln){Z(pj» qgjsTj, Sj) ® (-x yj?

1<t=<l
’ ’)} will also be Z(pj, g, 15, 5) @ (x yJ, w.e) where N(a, b, ¢, d) = Z(a +

b+c+d),ie., accordmg to the existing method [4], the fuzzy optimal solution of
(2.12) can be obtained by solving the crisp linear programming problem (2.13):
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n
Maximize/Minimize E)%(Z(pj, qj, 7, 8)) ® (X5, ¥}, Zj, w)))
j=1

subject to

Za;jzb,» Vi=1,2,....,m

j=1

Dby=g Vi=12,....m (2.13)
j=1

ch’-jzhi‘v’izl,l...,m

j=!
n
zd;jzkivl':l,z,...,m
j=1
6520,y =%=20,z—y20w-z=20Vj=12...n

Step 5 Assuming (p;, g;, 17, 5) ® (%, Zj, wy) = (P}, g, r}, 57) the crisp linear pro-
gramming problem (2.13) can be written as (2.14):

n
Maximize/Minimize R (p}. ¢/ r/. 5}))

j=1

subject to

Za;jzb,. Vi=1,2,...,m

j=1

Dby=g Vi=12,....m (2.14)
j=1

chjzhi Vi=1,2,...,m

ZdlszkiVizl,Z,...,m
j=1

x>0,y—x>0,z—y,>0,wj—z>0V;=1,2,....n

Step 6 Using the linearity property R(>" A;) = > M(A;), where 4, is a fuzzy num-
j=1 j=1
ber, the crisp linear programming problem (2.14) can be converted into (2.15):

n
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j=1

n
Maximize/Minimize E Sﬁ‘(pf,qj’-,r]f,sj/-)

za;jzbi Vi=1,2,...,m
j=1
Zb;}:gl Vi=1,2,...,m
j=1
chjzhi Vi=1,2,...,m
j=1
zd;jzkivl':l,z,...,m
j=1

x>0,y—x>0,z—y,20,w;—z>20Vj=12,...,n

2 Non-negative Fuzzy Optimal Solution of Fully Fuzzy Linear Programming ...

(2.15)

Step 7 Using R(a, b, ¢, d) = }t(a + b+ c+d) the crisp linear programming problem
(2.15) can be converted into (2.16):

j=1

subject to

za;j:bi Vi=1,2,...
j=1
Dby=g Vi=12,...
j=1
Zc;j=h,~w=1,2,...
j=1

Zd&:k,»Vi:l,Z,...
j=1

x>0,y—x>0,z—y,>0,w,—z>0Vj=1,2,...n

1
Maximize/Minimize Z Z(pj/ +q;+ 1 +s)

, m

(2.16)

Step 8 Solve the crisp linear programming problem (2.16) by using an appropriate

existing method [5] to find the optimal solution {x}, y, z7,

Step 9 Find the fuzzy optimal solution {x;} of the fully fuzzy linear programming
problem (2.9) by putting the values of x]’-k, y;-", z;-" and w;‘ in fc;‘ = (x;‘, y]’-k, z;-k, w]’." ).
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Step 10 Find the fuzzy optimal value by putting the values of X7, obtained from Step
9,in > ¢ ® X}
j=1

2.6 Illustrative Examples

In this section, Kumar et al.’s method [2], presented in Sect. 2.5, is illustrated with the
help of fully fuzzy linear programming problems, chosen in Examples 2.1 and 2.2,
which cannot be solved by using the existing method [1]. Moreover, a fully fuzzy
linear programming problem, which can be solved by using the existing method [1],
is also solved by using the Kumar et al.’s method [2].

2.6.1 Fuzzy Optimal Solution of the Chosen Fully Fuzzy
Linear Programming Problems

In this section, fully fuzzy linear programming problems, chosen in Examples 2.1,
2.2 and 2.3, are solved by using the method, presented is Sect.2.5.

2.6.1.1 Fuzzy Optimal Solution of the Fully Fuzzy Linear
Programming Problem Chosen in Example 2.1

The fuzzy optimal solution of the fully fuzzy linear programming problem, chosen
in Example 2.1, can be obtained by using the following steps:

Step 1 Assuming x; = (x1, y1, z1, wy) and X = (x, ¥2, 22, wy) the fully fuzzy linear
programming problem, chosen in Example 2.1, can be written as:

Maximize ((1,2,3,4) ® (x1,y1, 21, w) ® (2,3,4,5) ® (X2, y2, 22, w2))

subject to

0,1,2,3) @ (x1, y1, 21, w) & (1,2,3,4) @ (x2, 2, 22, w) = (2, 10, 24, 44)
(1,2,3,4) @ (x1, y1, 21, w) & (0, 1, 2,3) @ (x2, 2, 22, w2) = (1, 8,21, 40)

where (x1, y1, z1, wi) and (x2, ¥2, 22, wy) are non-negative trapezoidal fuzzy num-
bers.

Step 2 Using the product, presented in Sect. 2.4, the fully fuzzy linear programming
problem, obtained in Step 1, can be written as:
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Maximize ((x1, 2y1, 321, 4w1) ® (2x2, 3y2, 422, Sw»))
subject to

(Oxy, y1, 221, 3wy) @ (x2, 22, 322, 4wy) = (2, 10, 24, 44)
(x1, 2y1, 321, 4wy) @ (0x2, y2, 222, 3wr) = (1, 8, 21, 40)

where (x1, y1, 21, wi) and (x2, y2, 22, W;) are non-negative trapezoidal fuzzy num-
bers.

Step 3 Using the arithmetic operations defined in Sect.2.1.2.1 and Definition 2.12,
the fully fuzzy linear programming problem, obtained in Step 2, can be written as:

Maximize (x; + 2x2, 2y1 + 3y2, 321 + 422, 4wy + Swy)

subject to
Ox; +x =2
x1+0x =1
yi+2y; =10
2y1+y2 =38
2214+ 3z =24
371+ 22, =21

3w, + 4w, = 44
4w, + 3w, =40
x120,y1—x120,z1—y1 20, w; —21 20
X220,y —x02>20,2-y»>0,wy—22>0

Step 4 Using Step 4 of the method, presented in Sect. 2.5, the fuzzy linear program-
ming problem, obtained in Step 3, can be written as:

L1
Maximize é_l(xl + 2xp + 2y1 + 3> + 371 + 420 + 4wy + Swy)

subject to

Ox; +x, =2
x1+0x =1
yi+2y,=10
2y1+y =38
221+ 37, =24
3z1 + 220 =21
3w; + 4w, = 44
4wy + 3w, =40

x1>20,y1—=x1>0,z21 —y1 20, w; —z1 >0

X>20,y—=x>02-»>20w —-2>0



2.6 Tllustrative Examples 29

Step 5 The optimal solution of the crisp linear programming problem, obtained in
Step4, inl = l,yl = 2,21 = 3, w) = 4,.X2 = 2,y2 =4,Zz = 6 and wy = 8.

Step 6 Putting the values of x1, yi, 2, wy, X2, ¥2, 22 and wy in X} = (x1, y1, 21, W1)
and X, = (x2, y2, 22, W»), the exact fuzzy optimal solution is X; = (1,2, 3,4), X%, =
(2,4,6,38).

Step 7 Putting the values of x; and X, obtained from Step 6, in the objective
function the fuzzy optimal value of the fully fuzzy linear programming problem
is (5, 16, 33, 56).

2.6.1.2 Fuzzy Optimal Solution of the Fully Fuzzy Linear
Programming Problem Chosen in Example 2.2

The fuzzy optimal solution of the fully fuzzy linear programming problem, chosen
in Example 2.2, can be obtained by using the following steps:

Step 1 Assuming x; = (x1, yi1, 21, wy) and Xo = (x, y2, 22, wy) the fully fuzzy linear
programming problem, chosen in Example 2.2, can be written as:

Maximize ((1, 6,9, 12) ® (x1, y1, 21, w1) D (2,3, 8,9) ® (x2, ¥2, 22, W2))
subject to

(2,3,4,5) ® (x1, y1, 21, w1) ® (1,2,3,4) ® (x2, y2, 22, w2) = (6, 16, 30, 48)
(=1, 1,2,3) ® (x1, y1, 21, w1) & (1, 3,4, 6) ® (x2, y2, 22, w2) = (0, 17, 30, 54)

where (x1, y1, z1, wi) and (x2, ¥2, 22, wy) are non-negative trapezoidal fuzzy num-
bers.

Step 2 Using the product, presented in Sect. 2.4, the fully fuzzy linear programming
problem, obtained in Step 1, can be written as:

Maximize ((x1, 6y, 921, 12w;) & (2x3, 3y2, 822, Ywy))
subject to

(2x1, 3y1, 421, Swy) @ (x2, 2y2, 322, 4wy) = (6, 16, 30, 48)
(=w1, y1, 221, 3wy) @ (x2, 32, 422, 6wz) = (0, 17, 30, 54)

where (x1, y1, 21, wi) and (x2, y2, 22, wy) are non-negative trapezoidal fuzzy num-
bers.

Step 3 Using the arithmetic operations, defined in Sect.2.1.2.1 and Definition 2.12,
the fuzzy linear programming problem, obtained in Step 2, can be written as:
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Maximize (x; + 2x;, 6y; + 3y, 921 + 822, 12w + Yw»)

subject to
2X1+x =06
—w;+x=0
3y1 + 2y, = 16
yi+3y2 =17
471 4+ 3z, =30
2z1 + 4z, =30
Sw; + 4w, =48
321 + 620 =54

x120,y1—=x1>20,z1—=y120,w; —z1 >0

>0,y —x%>20,2-y>0,w—-2>0

Step 4 Using Step 4 of the method, presented in Sect. 2.5, the fuzzy linear program-
ming problem, obtained in Step 3, can be written as:

1
Maximize Z(xl + 2xp + 6y; + 3y2 + 921 + 822 + 12w + wy)

subject to
2x1 +x, =6
—w;+x =0
3y1 + 2y, =16
yi+3y =17
4z1 + 32, =30
271 +4z, =30
Swy + 4w, =48
371 + 62, = 54

x>0, y1—x>0,z21—y1 20, w; —z1 >0

>0, —x%>0,-»>0w—-2>0

Step 5 The optimal solution of the crisp linear programming problem, obtained in
Step4,isx; =1,y =2,z1=3, wi=4x=4m=5z2=6andw, =7.

Step 6 Putting the values of x1, yi, 21, w1, X2, y2, 22 and wy in X1 = (x1, y1, 21, w1)
and X, = (x2, y2, 22, w2), the exact fuzzy optimal solution is x; = (1, 2, 3,4), X, =
4,5,6,7).

Step 7 Putting the values of X; and Xx;, obtained from Step 6, in the objective
function the fuzzy optimal value of the fully fuzzy linear programming problem
is (9,27,75,111).
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2.6.1.3 Fuzzy Optimal Solution of the Fully Fuzzy Linear
Programming Problem Chosen in Example 2.3

The fuzzy optimal solution of the fully fuzzy linear programming problem, chosen
in Example 2.3, can be obtained by using the following steps:

Step 1 Assuming X; = (x1, y1, z1) and X, = (x2, ¥2, 22) the fully fuzzy linear pro-
gramming problem, chosen in Example 2.3, can be written as:

Maximize ((0, 1,4) ® (x1,y1,21) @ (2,4,5) ® (X2, y2, 22))
subject to

(2,3,7)® (x1,¥1,21) ® (2,4,5) ® (x2, 2, 22) = (6, 18, 46)
0,2,4) ® (x1,y1,21) ® (3,5,8) ® (x2, y2,22) = (6,19, 52)

where (x1, y1, z1) and (x, y2, 22) are non-negative triangular fuzzy numbers.

Step 2 Using the product, presented in Sect. 2.4, the fully fuzzy linear programming
problem, obtained in Step 1, can be written as:

Maximize ((Oxy, y1,4z1) @ 2x2, 4y2, 522))
subject to

(2x1,3y1, 721) @ (2x2, 4y2, 522) = (6, 18, 46)
(0x1, 2y1, 421) @ (3x2, 5y2, 822) = (6, 19, 52)

where (x1, y1, z1) and (xp, y2, 22) are non-negative triangular fuzzy numbers.

Step 3 Using the arithmetic operations, defined in Sect.2.1.2.1 and Definition 2.12,
the fuzzy linear programming problem, obtained in Step 2, can be written as:

Maximize (0x; + 2x2, y1 + 4y2, 421 + 522)

subject to
2x1+2x) =6
Ox; +3x, =6
3y1+4y, =18
2y1+5y =19
721 + 5z, = 46
471 + 8z =52

x1>0,y1 —x1>20,21—y1 >0

>0,y —x>0,20—y,>0
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Step 4 Using Step 4 of the method, presented in Sect. 2.5, the fuzzy linear program-
ming problem, obtained in Step 3, can be written as:

o]
Maximize Z(Oxl + 2x5 + 2y1 + 8ys + 471 + 522)

subject to
2x1+2x =6
Ox; +3x, =6
3y; + 4y, = 18
2y;1 + 5y =19
771 4+ 5z = 46
471 + 8z, =52

x1>0,y1 —x1>20,21 —y1 >0
X>0,y2—x>0,2—y>0

Step 5 The optimal solution of the crisp linear programming problem, obtained in
Step4, isx; = l,yl =2,721=3,x = 2,y2 =3andz = 5.

Step 6 Putting the values of xy, yi, z1, X2, y» and 25 in X; = (x, y1,z1) and X, =
(x2, ¥2, 22), the exact fuzzy optimal solution is X; = (1, 2, 3), X, = (2, 3, 5).

Step 7 Putting the values of X; and X, obtained from Step 6, in the objective function
the fuzzy optimal value of the fully fuzzy linear programming problem is (4, 14, 37).

2.7 Advantages of the Kumar et al.’s Method

In this section, the advantages of Kumar et al.’s method, presented in Sect.2.5, over
the existing method [1] are discussed.

(1) Itiseasy to apply the Kumar et al.’s method, presented in Sect. 2.5, as compared
to the existing method [1].

(i) The fuzzy optimal solution, obtained by using the existing method [1], does not
exactly satisfy the constraints of the fully fuzzy linear programming problems
while the fuzzy optimal solution, obtained by using the Kumar et al.’s method,
presented in Sect.2.5, exactly satisfy the constraints of the fully fuzzy linear
programming problems.

(iii) The existing method [1] can be used to find the non-negative fuzzy optimal
solution of fully fuzzy linear programming problems (2.1) but cannot be used to
find the non-negative fuzzy optimal solution of fully fuzzy linear programming
problems (2.8) and (2.9). However, the Kumar et al.’s method, presented in
Sect.2.5, can be used to find the non-negative fuzzy optimal solution of all the
fully fuzzy linear programming problems (2.1), (2.8) and (2.9).



2.8

Comparative Study 33

Table 2.1 Results of the chosen fully fuzzy linear programming problems

Example Fuzzy optimal value
Existing method [1] Kumar et al.’s method
2.1 Not applicable (5, 16, 33, 56)
2.2 Not applicable 9,27,75,111)
2.3 (1.76, 18.75, 34.86) (4,14, 37)

2.8 Comparative Study

The results of the chosen fully fuzzy linear programming problems, obtained by
using the existing method [1] and Kumar et al.’s method, presented in Sect. 2.5, are
shown in Table 2.1.

The results, presented in Table 2.1 can be explained as follows:

®

(i)

In the problems, chosen in Examples 2.1 and 2.2, all the coefficients are not
non-negative triangular fuzzy numbers. So, due to the limitations of the existing
method [1], discussed in Sect.2.3.1, none of these problems can be solved by
using the existing method [1]. However, in the problem, chosen in Example 2.3,
all the coefficients are represented by non-negative triangular fuzzy numbers.
So, as discussed in Sect.2.3.1, it can be solved by using the existing method [1]
but due to the shortcoming of the existing method [1], discussed in Sect.2.3.2,
the obtained results are not exact.

The Kumar et al.’s method, presented in Sect. 2.5, can be used to find the non-
negative fuzzy optimal solution of fully fuzzy linear programming problems
with unrestricted coefficients. So, all the problems, chosen in Examples 2.1, 2.2
and 2.3, can be solved by using the Kumar et al.’s method, presented in Sect.2.5.
Also, as discussed in Sect.2.7, the results obtained by using the Kumar et al.’s
method, presented in Sect. 2.5, are exact.

2.9 Conclusions

On the basis of present study, it can be concluded that it is better to use the Kumar
et al.’s method [2] as compared to the existing method [1] for solving fully fuzzy
linear programming problems with equality constraints.
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