Chapter 2
BdG Equations in Tight-Binding Model

Abstract In this chapter, I give an alternative derivation of the Bogoliubov-
de Gennes equations for superconductors. It is based on a tight-binding model.
A general symmetry of the equations is discussed. A few physically measurable
quantities are derived in terms of the BdG eigenfunctions. The solutions to the BdG
equations in the uniform case are provided. Finally, I also make its connection to
the lattice Abrikosov-Gorkov equations.

2.1 Derivation of BAG Equations in a Tight-Bind Model

In the previous chapter, we have derived the BAG equations in the continuum model.
The continuum model is reasonable to describe weak-coupling superconductors,
especially when they have a wide-band metallic normal state. For the superconduc-
tors like high-temperature cuprates, the electronic band is quite narrow. Therefore,
as we are encountered in solid state physics [1], the tight-binding model, either
constructed from atomic orbitals or from Wannier orbitals, is appropriate to be used
for studying narrow band behaviors arising from electronic correlation effects.

We generalize the second-quantized Hamiltonian given by Eq. (1.38) to include
the spin-orbit coupling and spin-flip scattering interactions, in addition to the regular
potential scattering. The single-particle part of the Hamiltonian is of the form:

Hy = / / drdr’ Y} (0)hap (0, ¥ ) Y (x') @D

where h4(r, 1’) is general enough to include the non-local and spin-flip effects. The
field operators are now expressed in the localized-state basis as

Ya(r) = > wir —Ri)cia . (2.22)
i
Yl = " wrr—Rocl, . (2.2b)
i
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where c (ciy) creates (annihilates) an electron of spin « at site i, and w(r — R;)
is a locahzed orbital around the atomic site R;. The atomic orbitals or maximally
localized Wannier orbitals are most amenable to have a physical interpretation.
Substitution of these expressions into Eq. (2.1) gives

— i
Ho =) ¢hicjorcio
ij,oo’
= E tw\/a’cwcja’ + E GCwa + E Qzaa’c Cig’ - (23)
i#j,00" ioo’

Here the summation over the site indices ij in the kinetic energy (and also the
nearest-neighbor interaction in Eq. 2.4 below) excludes those term with i = j. In
the kinetic energy, the spin-orbit term has also been included by identifying the
spin flip when an electron hops from one site to its nearest neighbor. The on-site
single particle energy is introduced to consider the disorder or such inhomogeneity
problems as those with a (non-magnetic) single impurity; while the third term
accounts for the magnetic impurity effects (with the internal dynamics of the
magnetic impurity neglected here).

We then follow the same ansatz for the extended Hubbard model [2], and write
down an effective model Hamiltonian for superconductivity:

H = H()—,lLZC C,U+U2(n,¢—%)((n,¢—%)—‘—;Zninj

i#j
_ t 5.5 v
= 42/6‘1-0 hiaJa’_ ,u,—|- ii%00’ |Cjo’ +UZn,Tnl¢—EZninj.
y.oo i#j
2.4)
Here n; = Y, nj with n,;, = cjac,-g is the particle number operator on site

i. The on-site and nearest-neighbor electron-electron interaction strengths are,
respectively, U and V. Positive values of U and negative values of V represent the
repulsive interaction while negative values of U and positive values of V represent
the attractive interaction since we have assigned a minus sign before the nearest-
neighbor interaction term. Note that the single particle energy is measured with
respect to the chemical potential 1.

The derivation of the BAdG equations for the on-site and nearest-neighbor pairing
interaction is similar to that for the continuum model in Chap. 1. To be distinct,
the above extended Hubbard model enables a description of possible competing
orders. We show one example here by considering on-site repulsion (U > 0), which
drives magnetic instability, and nearest-neighbor attraction (V > 0) for the d-wave
pairing superconductivity. Therefore, we retain the standard Hartree-Fock term for
the onsite repulsion and the anomalous Hartree-Fock terms for nearest-neighbor
attraction. The inclusion of an onsite repulsion in the mean-field approximation
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helps stabilize the d-wave pairing state, which comes from the nearest-neighbor
pairing interaction. The effective mean-field Hamiltonian with a singlet pairing

symmetry is now given by:

%ﬂ = Z zaJU’CjU’ + Z /ClT /¢ CjifCiT] + Econst -

ij,oo’

Here the effective single-particle Hamiltonian is given by

- U
hia.ja/ = hiaJa’ - (ﬂ + 5 - U(ni(?))gijg(ra/ s

the singlet-pairing potential

1%
5((%%) - (CiMH) :

Vv
* Toor ToT
4 = 5(<"j¢"i¢) - <Cn"i¢>) ’

and the constant energy term is given by

| A1
Econst = _U(an>(nl~L> + Z TI

Ay =

(2.5)

(2.6)

2.7

(2.8)

2.9)

Itis evident that the singlet pairing potential satisfies the symmetry properties: Aj; =
Ajj. Also we note again that the single particle energy is measured with respect to

the chemical potential .
We then obtain the following commutation relations:

[cir, Hog]- = thT jo' Cjo” + Z A,]c¢ ,

Jjo’

[CZ-LT’ %ﬁ]— = _Z o' i€ ]0’ ZA;Cj‘L ’
J

jo'

iy, Hopl- = Zilwzio’cjo’ - Z 41'"ch ’
- j

[e], Hagl- = =Y higricl, + D Aney -
j

jo'

(2.10a)

(2.10b)

(2.10¢)

(2.10d)

Equations (2.10)(a)—(d) show that the electron field operator can be expressed as
a linear combination of electron- and hole-like quasiparticle excitations, which
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enables us to perform a Bogoliubov canonical transformation:

/ /
Cio = Y (hyn— oty el = iy —oviy) . (2.11)
n

n

where 0 = =£1 denotes the up and down spin orientations. The operators y,f (Yn)
create (annihilate) a Bogoliubov quasiparticle at state n. The prime sign above the
summation in the transformation means only those states with positive energy are
counted. The quasiparticle operators satisfy the anti-commutation relations:

s Y} = um (2.12)
e v} =y v} =0 (2.13)

These relations also guarantee the anti-commutation relations among the original
electronic field operators.

With the above canonical transformation, the Hamiltonian is diagonalized in the
following form:

Heﬁ‘ = ZEHVJJ/H + Etl:onst ) (214)

where the index n also includes the pseudo-spin state index. Upon substitution of
Eq.(2.11) into Eq. (2.10), and with the aid of the following commutation relations,

vl Hepl- = —Eny) (2.15)
[V Hegrl— = Enyn (2.16)

we compare the coefficients of the terms with y,, and y:[ and arrive at

Ealy =Y hitjortior + Y A0, | (2.17)
Jjo! J
Ealy = hip ol + Y Ajvly | (2.18)
Jjo! J
n o __ 17 % n *x n
Egviy = =D 0"y jorVjor + 3 AGH (2.19)
jo' J
n __ 17 % n *x n
EW! =Y o'hfy v+ Y Al (2.20)
Jjo! J

This set of BAG equations can be cast into a matrix form:

> Mg = Eudi . .21)
J
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where
hirjt hirjy 0 Ajj
~ hiy jt hi Aji 0
= f)‘” jff L e : (2.22)
. i ~*lTJT lT*N
Ai 0 Ry T
and
M,'T
di=|""1. (2.23)
U,’T
Uw
This set of BAG equations is subjected to the self-consistency conditions:
!
iy = Y [l PAED + [ PF(=E] (2.24)
/
iy =y [y PF(ED) + ], PF(=E)] . (2.25)
and
/
V n n*x n n* E
Ay = 7 DM+ o) + G o) anh S (226)

where f(E) is the Fermi-Dirac distribution function defined in Eq. (1.72).

From Egs. (2.17)—(2.20), it is not difficult to prove the following theorem:
If (u:‘T, :1, ”¢, ”T) is the solution to the BAG equations with eigenvalue E,, then
(— ULT U, ¢ V7 | ’_MLT) is the solution to the same equations with eigenvalue —E,,.
Using this symmetry property, we can also rewrite Eqs. (2.24)—(2.26) as

g = Y W Pf(En) (2.27)
iy =Y [ Pf(=Ey) | (2.28)

and

\% E,
Ay = Dl + i w]tanh(zk T) (2:29)

n
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_ In the absence of spin-orbit coupling and other spin-flip scattering terms, that is
hit ji = hiy j+ = 0, the BAG equations become block-diagonalized into two sets of
equations:

Bty = 3 hingrity + 3, Agy (2.30)
. — * nl .
Eqvl = =20 v + 2 Ay
and
Eﬁzm X b it + 35 Ay 2.31)
Eﬁzv ZjhtT vt + 2 A i

This block-diagonalization structure leads to a distinct nature of the canonical
transformation:

/
cit = Y Wy — VYL | Z(M#*VL — vy . (2.32)

/ /
Cil = Z(u,l, Y2 + U;lf*y;l Jl = Z(u:lf*y;z + v,i, ynl) . (233)

The block diagonalization and the symmetry property suggest that we merely need
to solve Eq. (2.30) subject to the self-consistency condition:

nip = Z P (Enr) (2.34)
ni, = Zlv Pf(—En) (2.35)

and
o S (7 ) 236

Therefore, by reducing the diagonalization of a 4N by 4N matrix down to that of
a 2N by 2N matrix, the computational efficiency is improved significantly. Here N
would be NN, for a two-dimensional lattice while N.N,N; for a three-dimensional
lattice with Ny, N,, and N, being the linear dimension of the system. When it is
obvious that no spin-flip effect occurs, the reduced set of BAG equations, Eq. (2.30),
will be used with the hat symbol on the energy eigenvalue index and the set index
dropped. It will be encountered frequently in the later discussions.
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It is straightforward for us to obtain the BdG equations for an s-wave supercon-
ductor in the lattice model. There we first replace U by —U (U > 0) so that the
Hamiltonian becomes

T = Z cl-TU |:hiaJ-a/ — ,uSijS,m/:|cj,,/ — UZ”iT”ii , (2.37)

ijoo’

which leads to the BdG equations:

Eally =Y i jortjor + Aiv? . (2.38)

jo!
Euly =Y iy jorly + Aty (2.39)

jo!
Ewh == o'} v + Al (2.40)

jo!

vl =3 o'l iy + Al (2.41)

jo!

Here

hinjor = hisjar — 18800 . (2.42)

and the self-consistency condition

U E,
Aii = EZ[ Uiy Ui IT]tanh(Zk T) 243)

n

In the absence of spin-orbit coupling and spin-flip scattering, the BdG equations
become

Eﬁl“ Z hLTJT + A”vzl, al (2.44)
- — n * n :
Enlvw = =2 M vy T A
and
2
Enzui~¢2 =2 ht¢d¢“,¢ + A”va . (2.45)
L N2 * n :
Eviy = = Xy hig jp iy + Aiy -
with

_ U 7l nl* E;
A= — > Z ] tanh(szT) (2.46)

Vl
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Unless explicitly specified, we will focus on Eq. (2.44) with the tilde on the eigen-
energy index and set index dropped.

The tight-binding model, from which the BdG equations are derived, has
the origin from such strongly correlated models as the 7-J model [3] for high-
temperature cuprates. The derived BdG equations in the tight-binding model have
been used not only for unconventional superconductors with narrow electron
band [4-9] but also for s-wave superconductors [10]. The calculated quantities range
from the local density states to the superfluid density, which will be discussed in
more details in later chapters.

2.1.1 Local Density of States and Bond Current in the Lattice
Model

From Egs. (2.24), (2.25), we extract the expression for the local density of states:
I
pio(E) = Y [ty P8(E, — E) + [vio|*8(E, + E)] . (2.47)
and the corresponding thermalized density of states
I
pic(E) = = Y [ully Pf (B — E) + |vig|*f (E, + E)] . (2.48)

The bond current can be derived in the following way. The Heisenberg equation
of motion for (n;) = (n;4) + (n;y) is:

d{n;)
ot

ih = ([ni. H]-)

={- > [—t(ja’,icr)c;a,cia + t(io.jo' )l cio]}) . (2.49)

jFioo’

where H is the system Hamiltonian given by Eq.(2.4). The electrical current
operator from site j to site i is then found to be:

2 e .. S
Jij = = Z[t(za,Jcr’)chjaf —1(jo’, za)q;g/cia] . (2.50)

0,0’

and the average bond current is given by:
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Jj= % S itiojo Yl f (En) + 00 v vt (1= f(E))] —cc . (2.51)

o0’ n

Using the symmetry property of the BdG equations, we can also write the
physical quantities in the following form:

e = Y [l PF(E) =Y |0l P[1 = £(En)] . (2.52)

€ IS nx n
Jj = = Z Z{t(za,jo/)ui:uja,f(En) —c.c.}

- % Y > o, jo Yoo vk v (1 — f(E)) — e} . (2.53)

oo’ n

and

pioc(E) = =Y s Pf (En —E) = = > vl |’f (B, + E) . (2.54)

These new formulations are especially useful when we study the ferromagnetic
impurity or Zeeman effect because the wavefunction of quasiparticles can be solved
in a 2 x 2 spin space.

2.1.2 Optical Conductivity and Superfluid Density
in the Lattice Model

The BdG solutions can not only describe the local density of states, which is a
direct measure of single particle properties, but also the eigenfunctions can be used
to study the two-particle correlations. In particular, the optical superconductivity
reveals the information about the coherent peak [11], while the superfluid stiff-
ness [12] and its temperature dependence set a criterion for superconductivity. Both
quantities are directly measurable in experiments. Theoretically, the formulae for
these quantities, as derived from the BAG method, are also valid for inhomogeneous
superconductors.

The formula of the superfluid density in a lattice model was first derived by
Scalapino et al. [12, 13] in a Hubbard model. It was then used for calculations
in other models. In the following, we give the derivation for the model with the
Hamiltonian defined by Eq.(2.4) in the absence of spin-orbit coupling and other
spin-flip scattering, that is,

U ' im 1%
H = ZCL[—IU - (M t5 U p)fsij}io + U miniy — 5 >

ij,0 i#j
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(2.55)
Here the impurity potential is represented by U;mp .
In the presence of an electric field pointing to the x-direction,
E((r;, 1) = B, TD (2.56)
The current density along the x-direction is defined as
Ju(ris 1) = o (i, 0)Ex(ri, 1) (2.57)

where oy, (r;, w) is the local conductivity. In the Coulomb gauge, which dictates
V- A = 0 and the scalar potential ¢ = 0, the electric field can be expressed in terms
of a vector potential

Arif) = —éEx(ri, ). (2.58)

Therefore, the total Hamiltonian becomes

H = — Z;ijcjacjﬂ + Z(U}mp _ g — “)c;racm + UZ"iTni¢ - g Zninj .

ij,o io ij

(2.59)
where

i = tijei@/(f) , (2.60)
with the gauge phase ¢;;(r) = eA; = eA.(r;, t)(x; — x;). Hereafter the charge e for

electrons includes the sign. In the linear response limit, we expand this hopping term
up to the second order of A,(r;, ):

- . 1 .
i ~ 11 + gy + 5(upi,-)z] . (2.61)
The total Hamiltonian can then be rewritten as:

) 1
Ho=H-iY  ¢;(Otchcio + 3 > e 0tiel o - (2.62)
ijo o
If we limit the hopping integral only between the nearest neighbors, we have

, t t
H = H —iea Z[_Ax(ris Dl i1iCipCitio + Ax(Tigz, Dlig i€, 4 Ciol
i,0

2.2

ea 2 ¥ 2 i
+ 5 Z[Ax(rivt)ti,i-i-)?cjgci-i-)?,a + AL (Figs, Dligz4€; 44, Ciol

i,0
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; i i
~ H —iea ZAx(l'i, D[l i+iCio Citio T litiCiy 4 5 Cio]

1,0

2 2
e-a
2
t—- E A [t sch o + ti+£,icj+;,acia]

2.2
~ P ea 2
~ H—ea ZAx(ri, 07 () — —- ZAx(ri, DK(x)

where the particle current and the local kinetic energy associated with the x-oriented
links are defined as

JE(r))

§
i Z[tz+xz CitioCio = 1ii+3Ciq Citio]
=it Z[CH-X UCIU Cit3, U] (264)

and
Ki(rj) = — Z[ti,i+)?cjgci+)?,o + ti+)?,icj+);’gcio]
o
= _IZ[C,LC:'H,U + CL_)?’UC,'U] . (2.65)
o

The x-oriented current density operator is then found to be

SH' (1)

Op) = —— 7
Jx (rl) SAx (l',', t)

= eJP(r) + K (r)A(r;, 1) . (2.66)

Here we have set the lattice constanta = 1.
An alternative derivation of the current density operator is to start with the
electric polarization operator:

P=oc Z rin; (2.67)

with its x-component

P . =e inni ) (2.68)
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The time-derivative is
J2(r;) = i[H, P,

= ie ) xillyeicio = fic),ciol

ij,0
=ie) (x— X)ChyCio
ij,0
= ie Y (= )1 + igy)ch cio
ij.o
= eJ"(r;) + K (r)A(r;, 1) . (2.69)

Now let us calculate the expectation value of the current density operator. In the
linear response theory, the statistical operator in the interaction picture is given by:

bt = pit-00) — 1 [T oot (2.70)

The expectation of a physical variable is found to be:

t

Tr{py(—o0) [0 (1), H({)]-}di'  (2.71)

(0) = Ty (~00)01] ~ /

~ i ¢ ~
= (0o / (610, H)()]odt 2.72)
—00
where
0; = O™ (2.73)
and
Hj(t) = ™ H' (1)e ™" . (2.74)

with the term proportional to A%(¢) in H'(f) neglected. The particle current density
is then given by

(L)) = —i /_ (VE (xi.0), Hy()]) (2.75)

where the particle operator and the perturbation term in the Heisenberg picture with
respect to the unperturbed Hamiltonian H are given by, respectively,

JP (i, ) = P (r;)e (2.76)
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We notice that the first term in H’(¢) can be rewritten as
— e Al () = S (g Bl @.77)
i,o @

where the Fourier transform of the particle density operator is given by
T =) e ml(r) . (2.78)
We then obtain
(E) = ZEi(ri.ne / e (0, 0 (-q 1Y) . (279)
—00
Finally, the current density is found to be

t

e2 . .
Jory)) = —Ex(r;, e / df' = (I (x;, 1), JF (—q, 7)])

< (Ki(r))Ex(r;, 1) (2.80)

e
0]
The local conductivity is then given by

(2(r))
Ex (ri [} t)

Uxx(ris w) =
2

t
= & piar / di' e (P (x;, 1), I (—q. 1))
w —00

2
— = {K(r) - (2.81)

To eliminate the atomic fluctuations, we take an average over the spatial variable r;
and obtain the conductivity

ie?

_ e_2 ' / iw(t—t") i1 P Po _
o) = o [l @ e - (k)

where

(K) = 5 Y (Ku(e) 282)
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Since the correlation function in Eq. (2.82) is only a function of the time difference
t — ', we can express the conductivity as

ie?

A P
on(a.0) = 2 [ e UL 0.9 (. 00) = ()

2

— e_[i / dif(t)e ([J2(q. 1), 72 (—q. 0)]) + (qu

iw| N J_

2
= L [-Mu(q.0) + (K] . (2.83)
1w

where we define the retarded correlation function of the particle current operator as

Mala, ) = =00 (17 (@.0.77(-q.0)) .89

with its Fourier transform

M. (q,0) = / - dte™' IT,.(q, 1) . (2.85)

—00

The frequency-dependent, uniform electrical conductivity is given by taking the
limitq — O:

2
(@) = l.%[—nxx(q =0.0) + (K.)] . (2.86)

The dc conductivity is obtained by taking first the limit ¢ — 0 and then the limit
w — 0.

2
Oxx = — lim .e_[_nxx(q = O, C()) + (KX)] . (287)
w—>0 1w
Be reminded that the order of these limits cannot be reversed.
Similarly the transverse conductivity can also be derived as:

2
0o(q. ) = l%[—nxy(q, ). (2.88)

It is convenient to calculate the retarded correlation function in the Matsubara
formalism. First define the equivalent current-current correlation function in the
Matsubara formalism:

1
Mg, 7) = = (Tel{ (@, 07 (~4,0)]) . (2.89)
B
(g, i) = / dré” M (q. 7) | (2.90)
0
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where w, = 2nnT since the current density operator is regarded as a bosonic
operator acting as a composite particle. The Matsubara function is evaluated as best
one can. Then the desired retarded function is obtained by performing the analytical
continuation iw, — w + i6:

I.(q, ) = I1.(q, iv, — @ + i5) . (2.91)

Technically, we always write the conductivity formula as:

0u(q. @) = ﬁ[—nm(q,w) + (K] . (2.92)
and its uniform counterpart
6‘2
0ul0) = 7o = Tala = 0.0) + (K] (2.93)

If the numerator approaches a finite limit as @ — 0, the real part of o, (w) will
contain a delta function contribution D§(w) with the “Drude weight” given by

D

o*
2 4

= —(K) + (g = 0,0 — 0) , (2.94)

with p* an effective density of the mobile charge carriers in units of their mass. This
implies a zero resistance state.

In a superconductor, the Meissner effect is the current response to a static, i.e.,
@ = 0 and transverse gauge potential q - A(q,&w = 0) = 0. In this case, the
electric field E = 0. When we only apply a transverse electric field along the x-
direction, we should have ¢,A,(q, w = 0) = 0, which requires g, = 0. Following
the same procedure as before, we can find the expectation value of the electrical
current operator

t

(J2(r)) = ie*Ay(r;)e ™ / di' ([JE (xi, 1), JF (—q. 1))

+e (K (1)) Ax(r:) . (2.95)
We then have
iﬁj(?i = e /_too dr' ([ (xi,1), 2 (=a, O))) + (Ku(x) - (2.96)
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By performing an average over the spatial variable r; to eliminate the atomic
fluctuations, we define an effective “Drude weight” as

Dy _ pf
T Ax

= _(Kx> + Hxx(Qx =0, qy — 0,0 = O) . (2.97)

The quantity Dy measures the superfluid density in units of the mass. The crucial
difference between p* and p is the order in which the momentum and frequency
approach zero.

For a superconductor, we perform the BdG transformation:

Cio = Y (Whya—ovp*y)) . (2.98)
n(E,>0)

The kinetic energy can be found readily:

(Ko) =—— Z{f@) WE gt el + (I —fENV]y v +ecly . (2.99)

lVl(T

However, the re-expression of the current-current correlation function is much more
tedious. In the expansion form, the commutator:

VE(q. 0. 75 (=q.0)] = (in? Y > e I[A+ B+ C+ D], (2.100)
l'o— i/o-/
where
A = [CL_)Q'G (t)cia (t), Cj/_i_)?’a/ci’a’] ) (2101)
B=—cl, i, (0cio(0).c)peri500] . (2.102)
¢ = [C:'ra (t)ci+)?,a (), Cj/_i_);ﬁ/ci/a/] s (2.103)
D = [l (Dcisio(D).Chpcriio] . (2.104)
with

¢l e Dea) = Y 1S v (1) = 0l o yu (D) W2y (1) — oY) ()]

ny.ny

_ ny* L(En —Ep, )t _ ny* ny* L(En +Ep, )t
2 :[ut+xa Uige ™™ 27V, 1)/"2 OUitiolio € : ? )/nl)/nz
niny

—i(Ep +Ep))t ni nz* —i(Ep; —En))t T
_O-vH—faul(Te ny ny )’nl)’nz + Ul—|—,€avlo ny ny )/nl)/nz] s

(2.105)
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and
Ch (Do () = Y (Wl y) (1) = o0 yu, (0) W2y () — 0025y (0)]
ny,ny
= Dl Iy iy — g VI BBy Ly,
niny
_O—UZTI ”742-;:06 i(En +E,12)ty Vnr + Utnal 1”_12_’;(76 l(Erq_Enz)tynl yjz] )
(2.106)
Using the following relations
(i Vuo Vi vmd) = (i v ) = ) Snima By - (2.107)
([y”l ynzv Vns J/n4]> = _((VJI ym) - ()’,LJ/nz))5n1n3 8"2"4 ) (2108)
([ynl ynzv Vns J/Vl4]> ( ning nzn3 - 8”1"38}12"4)((]/;1 )’n1> - (ynzerz)) ) (2109)
([an Vnys yn3 VM]) = ( ning n2n3 - 8n1n38n2n4)((yn1yrfl> - (Vrfzyru)) . (2.110)
(Vi Vi vnd) = =(rm v = Y Vi, ) Smims Suom (2.111)
([ynl ynzv Vns J/n4]> = ((ynl VJI) - (ynzy,jz))gnlm;gnzm ) (21 12)
we obtain
= D D% gt IR (7 ) = ()
niny
_u:l-:(guw Z(Enl_EHZ)t /+x U/Ul’g ()/2:1 ynl) - (ijynz))
+aa/u7-1|—*;avlnfrz*el(Enl+En2)t ' +X, U’ut’o’ <)/Jl an) - <y”2y’:rz))
_O-O_/M:l-:cgv:?* ol En TER), :11+x O—/M’g‘/((ynl)/'“) _ (ynzerz))
+o0’ U+ : Lt e_l(E"1+E"2)t 72-:)((7’1):1:: (J/m Vm) - (]/;2)/"2»
—00" )L, e EnER L () — (v )
~VL Vi e E I L (v = (i)

+vn1 R U"Z*g_‘(Eﬂl_Eﬂz)t

i+x,0 0

v, /+X g’vl/G/ (ynl )/,jl) -

Ymyi D], (2.113)
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= > [l e EnTE () = ()
Al e EnTEI R () = (7 vm))
—o0uls VEF BB R it (S v ) = (V)
+oo Wy v En TEI R () vm) = (YY)
—00"v]}; ue En IR PR (YY) — (Vi Yia))
+oo'vl L uize EnTE N (Y y)) = (7 vm)
Ol ot En T ER R (V) — (V¥
—lh vt B TR R i (v ¥y = (v D] (2114)
Dol P TERR (v v ) — (v vm))
g u @O TERI (v ) = (V)
—o0 up s BBy () V) = (YY)
+00 w3 e E IR (0 vn) — (e v,)
R T AN (AP AR B PAR V)]
+o0 ViUl e )y 't;i;g,v”*«ym v = (v ym))
ViR e T () = (i)
—v Vi e TRy m/v,’il;f((ymm—<yn2y,12>>], (2.115)
Sl e BT ER (S yn) = (0 v)
—U U e EnTER I R () = (v vm)
+oouy T e EnTERYE () va) = (Vi)
—o0 gV ST ERII R (V) = (YY)
oo vl e EnTER I (Y ) ) = (Y vm)
—00 v, e E IR (v y]) = (v V)
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ny % —z(Enl—Enz)r nyx ny

i i
—V._ VU e / /ul/+xa ((Vm Vm) - (Vnzyn2>)

io Vi+io

+Ulnal Utn-lz—i o —l(Ertl _Enz)l‘ nz /v;fl_:x o (()/nl y;] ) — ()/nz ]/12))] . (21 16)

By defining
A (@) = Ze W — ] 2.117)
Bum(Q) = Zoe S T 2.118)
mnAQ)—-E:Of R T VAT (2.119)
Dy (@) = Y e MM vt — v ], (2.120)
io

we find the current-current correlation function

_ 1 ni nz(q)[ Anl n2 _Dnl,nz(_q)] ¥ ¥
Mata,o) = - Y| 2t o OB (1) — )

ny,ny

Buins (@[=B5, 1, (@) = Coyono ()]
o+ (Enl + Enz) +i6

nl W12 (q)[ nl nz B"lsnz (_q)]

((V;jl Yo ) — (VnerL))

Ty (T
—(En + Enz) sy = ()
”l S (q)[ Dn1 o (q) - Anl,nz (_q)] +
@ — (Enl —Ey,) + i (Cn ym) B ()’nz)’n2>)

1 ni,ny (q)[Anl 1 (q) + Dnl,nz (_q)]
_ ! Z{

w + (Enl - Enz) + 8 [f(Enl) _f(E"Z)]

n1 T2 (q) [Bm n (Q) + Cn1.,nz (_Q)]
 + (Ey, + Ep,) + 18

Carma (q)[ o (@) & Buyny (=)
—(En +Ey,) +i8

n1 2 (q)[Dnl o (q) + Anl,nz (_q)]
w—(E, —Ey) +i

[f(Em ) _f(_Enz)]

[f(_Enl) _f(Enz)]

[f(_EVll) _f(_Enz)] . (2121)
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Using the symmetry relation of eigenstates for positive and negative eigenvalues
in the BdG equation, we can write the I1,, in a simplified form:

1 Anl 2 (q) [AZI o (q) + Dnl 2 (_q)]
x|

Mu(q.0) = © P e (ORI B

(2.122)

ny.ny

where E, cover all eigenvalues from the BdG equation.
For the optical conductivity and charge stiffness, we set @ = 0 and obtain:

_ 1 Anl,nz [A;:l,nz + Dnl,nz]
)= Z% w0+ BBy 8) ) _f(E"z)]} : (2.123)

ny.ny

where A = A(q = 0) and D = D(q = 0).
For the superfluid density, we first set @ = 0 and obtain

Hxx(q%O):iZ EAC Il mn(@—0) o (—q = 0)]
N Enl _Enz

X [f(En) _f(Enz)]} . (2.124)

An alternative derivation of the optical conductivity and superfluid can be carried
out within the Green function method, which is left for the readers to explore as an
exercise. The above formulae for optical conductivity and superfluid density are
particularly useful for the study of inhomogeneous superconductors.

2.2 Solution to the BdG Equations in the Lattice Model
for a Uniform Superconductor

We consider the case in the absence of spin-orbit coupling and other spin-flip
scattering effect, and assume only a superconducting order is present in the system.
In the nearest-neighbor hopping approximation for the tight-binding model of a
cubic system, the normal-state single-particle energy dispersion is given by

ex = —2t(coskca + cos kya + cosk.a) , (2.125)
for a three-dimensional cubic lattice, while
ek = —2t(cosk.a + cos kya) , (2.126)

for a two-dimensional square lattice. Here a is the lattice constant and ¢ is the
nearest-neighbor hopping integral. From these dispersions, the normal-state density
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Fig. 2.1 Normal-state single-particle density of states for a two-dimensional (a) and three-
dimensional (b) system. Lattice size is chosen to be 400x400 for the 2D system and 200x200x200
for the 3D system. The intrinsic lifetime broadening I" = 0.05 is used for the calculation

of states can be numerically evaluated. The results of normal-state density of states
are shown in Fig.2.1. As one can see, for the 2D system, the DOS exhibits the
van Hove singularity. The strong energy dependence of this DOS will influence the
magnitude of the superconducting order parameter. For high-temperature cuprate
superconductors, the electrons are mostly confined into a two-dimensional Cu
square lattice and the energy dispersion for the low-energy Cu-3d electrons usually
includes the next-nearest-neighbor hopping

ex = —2t(cos kya + coskya) — 41’ cos kya coskya . (2.127)

We consider a pristine 2D superconductor with an s-wave or d,»_ »-wave pairing
symmetry. In this case, the system is invariant under a translation with a lattice
constant a of the square lattice, and the BdG wave functions take the Bloch
wavelike:

1 ik-r;
u; = ue™ " (2.128)
VN
1 iK-r;
v, = ve™ ", (2.129)
VN
which gives rise to
Exuyx = &ux + Agvy (2.130a)
Exvi = —&kvk + Agug . (2.130b)

Here

k =€ex— (2.131)
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and
Ax = Ay (2.132)
for the s-wave pairing symmetry while
Ag = (Ay/2)(coskea — cos kya) (2.133)

for the d-wave pairing symmetry.
A little algebra yields to the eigensolutions

(0) QK
S [ 2.134
( o ) ( ; LO) ) ( )

corresponding to the eigenvalue

Ex =/ £+ | Axl? . (2.135)
(0) 1Pk

) — | T 2.136

(Uk) ( u® ) ( )

corresponding to the eigenvalue —Fg. Here the BAG wave function amplitude is
given by

and

: (2.137)

1 &k
(u,@) [il-2)
o | =
Uk 1 £
5(1 —E_kk)

and g is the phase angle of Ag. Therefore, we obtain the self-consistency equation
for the pair potential

1 Ay Ex
Ay = — Vy— tanh , (2.138)
NL . 2Ex 2kgT

for a three-dimensional s-wave superconductor with the quasiparticle excitation

energy Ex = /& + AZ; and

1 Aq Ex
A :—E:V kya — cos kya)? —= tanh , 2.139
d N, a 4(cos kya — cos kya) T an ( ) ( )

2kgT
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Fig. 2.2 Temperature dependence of the superconducting order parameter for an s-wave (a) and
d,»—y2-wave (b) pairing symmetry for various values of chemical potential in a 2D tight-binding
lattice model with nearest-neighbor hopping. Lattice size is chosen to be 400 x 400 for the
calculations. The energy and temperature (kz7 and kp is set to 1) are measured in units of ¢
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Fig. 2.3 Density of states for a pristine 2D superconductor with s-wave (a) and d,2_,2-wave (b)
pairing symmetry. A square-lattice tight-binding model with normal-state single-particle energy
dispersion given by Eq. (2.127) is used. The parameter r = —0.3f and p = —t, and Ay = A; =
0.2¢ are taken. Lattice size is chosen to be 4096 x 4096 and I" = 0.001¢ is used for the calculations

for a two-dimensional d,2_>-wave superconductor with the quasiparticle excitation

energy Ex = \/glf + [%(cos kea — cos kya)]?. In Fig.2.2, the temperature depen-
dence of superconducting order parameter for various values of chemical potential
is shown. The results show that the zero-temperature superconducting pair potential
and transition temperature are dependent on the location of the chemical potential,
at which the intensity of density of states is tuned. In the 2D tight-binding model
with nearest-neighbor hopping, the van Hove singularity occurs at the normal state
energy € = 0. In Fig.2.3, we show the typical feature of density of states for a
2D superconductor described by a square-lattice tight-binding model. The normal-
state single-particle energy dispersion given by Eq.(2.127) with / = —0.3t and
a chemical potential © = —t are considered. For the s-wave pairing symmetry, a
well-shape characteristic as marked by the superconducting coherent peaks around
the Fermi energy at E = 0 is exhibited in the density of states. Instead, for
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the d,2_,»-wave pairing symmetry, a V-shape characteristic is exhibited in the
density of states around the Fermi energy, which arises from the gapless nodal
quasiparticles. In addition, the normal-state van Hove singularity peak is shifted
by the superconducting gap opening.

2.3 Abrikosov-Gorkov Equations in the Lattice Model

Similar to the continuum model, we can also establish the Abrikosov-Gorkov theory
in the lattice model. Here we generalize it to include the effects of spin-orbit
coupling and spin-flip scattering. We first define a 4-component spinor field operator
in the Nambu space

cir(7)
d(7) = zig; , (2.140)
ol (@)
and
9/ (0) = (e (0 ¢, () (@) ey (@) . 2.141)
where the electronic operators
Cio(1) = eIty o= Hart/h (2.142)
cp (1) = eMartlhe] o=/t (2.143)

are defined in the imaginary-time space and %y is given by Eq.(2.5). Note that

c;ra (t) # [ciy (1)]T. We then introduce the real-space Green’s function in the lattice
model as

G (it;jv') = —(T(Fi(x) @ ¥ (7)) ,
= —0(r — ) (¥(0) ® B/ (") + (7' — (¥ () ® Wi(D)) . (2.144)

Therefore, in an expanded form, it becomes

G(itsj7')
~(Te(cip (D)l () =(Teleir (D], (1)) =(Te(ein (D)ejr (7)) =(Te(eip (D)ejy ()
—(Te(eiy (D)e}y () —=(Te(eiy (2)e], (7)) =(Te(eig (D)ejp () —(Te(ein ()¢ (1))
—(Te(cly ()l () =(Te(cly (D)e], () =(Te(ely (D)eir () —=(Te(ely (D)0 ()
—(Te(c], (D)l () =(Te(e], ()], () =(Te(e], (D) () =(Te(e], (D)0 ()

(2.145)
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Since the trace is unchanged upon a cyclic variation of operators, we can easily
prove that the Green’s function is a function of the difference t — 7/, that is,

Gt jiY=93G.j;t—1), (2.146)

with T — 7’ restricted in the range of [—8, ] and the factor 8 = 1/kgT. Therefore,
the Fourier transform is given by

B )
G (i) iw,) = / dre"'9(i,j: 1) . (2.147)
0
1 )
Y(ijit) = 3 > e (i jriw,) . (2.148)
where the Matsubara frequency w, = (2n 4+ 1)wkgT /h withn = —oo,...,—1,0,

1,...,00.
Using the equation of motion for ¢;,(t) and cja (7):

3200 e ), ) (2.149)
.
—hw = [ch (), Ay~ (2.150)

and Eq. (2.10), we can obtain the equation of motion for the Green’s function

Y My()9 (i) = 8;8(r — )1, (2.151)
j/
with
— 328 = hirjr ; ~hitjy 0 —4;
, —hivjt =gl —hyg A 0
M,"(T) = ! o * ’ i Tk 7 %
! 0 . —4j _%&flj i it ) —hiw*
—4j 0 v TSt

(2.152)

for the spin-singlet pairing case, and subject to the self-consistency condition:

Ay =

\%
—5[%4(1'1' — ' 401, ji') —%s(it > ' + 0T, j7)]. (2.153)

1%
A = _5[%1@ — ' 40", jt") —G(it > ' + 0T, j1)] . (2.154)
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In the absence of the spin-orbit coupling and spin-flip scattering, we can decouple
the equation of motion for the Green’s function into two sets:

Z __51// — hip jit -4y (gll(j/'f;jfl) gm(j’ﬂjfl))
-4 — L8y + hi oy ) \%ai(J't:j7') Gaa(' T jt’)

7

= §;8(r — )1, (2.155)
and
Z — L8y —hiy gy ) —4yi (%zz(j/f:jf/) %3(J'/T?J'T/))
Ay =585 T 1y iy ) \Gn(j' i) D33 (J T3 5T)

i

J

= §;8(t — 1)1 . (2.156)
In this case, either one of the above two sets of equations of motion is sufficient to
solve the whole problem. More interestingly, there exists a close relation between
the Green’s function and the BdG eigenfunctions. Specifically, with the time

dependence of the quasiparticle operators:

Ya(T) = ype Bt/ (2.157)
y,f(r) = yTeE”t/h (2.158)

and the canonical transformation, we can obtain for the most general case the
following matrix elements of the Green’s function

Gi1(i.j;T) = —0(x) Y [l f(=Epe ™ 4 vlF vl f(Ey)e™/]

+0(=) Y Wiy f(Ee ™/ vl vl f(=Ee™ ™™ (2.159)

and

i i7) = =00 ) [y f (B + iy (B

+0=0) D W EDEP 4 o f(Ee .
(2.160)
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It is straightforward to obtain the Green’s function in the frequency domain
ph
G (i, ] iwy) = / dte " 4,(i,j; 1)
0
- _Z[MIT f(—Ey) / drelionEn/hr

U () / dreliontEn/h]

_ 7T JT Bh(iwy—En/k) _
- Z{ ) 1

vn*
it Uit Bh(iwn+En/h)
—f(E 1
iw, + E /hf( n(e )}

s Ui Vi 5 16
_ Lo 161
Z[za)n E,/h zwn+En/hi| ( )

and

Bh i
Gaa (i, J; lwy) = / dre " Gy (i, j; 7)
0

_ Z[u nl,f(E )/ dte(lwu'i‘En/h)T

-G-vl¢ N f(— E)/ dre(”"”+E”/h)r]

n*n

ll/ jif PBh(iwo,+E,/h) _
— E E, 1
n { Wn En/hf( )(e )

n n*

V. .
+- i\ j¢ f(En)(eﬂh(zw,,—En/h) _ 1)}
iw, — E,/H

n*n

4 o vflvf‘f
= i1 A . 2.162
Xn:[iwn + E,/h + iw —En/h:| ( )

n

Other matrix elements of the Green’s function can be evaluated in the same way,
which are left for exercise.
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In the absence of the spin-orbit coupling and spin-flip scattering, we can rewrite
the Green’s matrix elements as

et vt
(i) — it Y it i 2.163
11(6.J: iwn) Z[iwn—Em/h +l.wn+EﬁZ/hi| ( )

and
! w2y O
. 1~L li« l‘l’ ]i’

oy = S Y _ 2.164
w(in]: ieon) Z[la)n+Eﬁ2/h * lwn_Eﬁl/hi| ( )

n

In summary, we have demonstrated that once we know the eigensolution of
the BAG equations, the Abrikosov-Gorkov Green’s function can be expressed
rigorously. Conversely, if we know the solution to the Abrikosov-Gorkov equations
of motion for the Green’s functions, the local density of states can be calculated as

1
pir(E) = s Im[%,, (i, i; iw, — E/h + i07)]
b

/

> [ P8(E — Exp) + [V PS(E + Ep)] . (2.165)

n

and

piL(E) = %Im[%m(i, i: —iw, — —(E/h +i01))]

/
=Y [} 8(E — E) + [v]} PS(E + Ep)] . (2.166)

The above expressions for the local density of states are the same as those given in
terms of the eigensolution to the BAG equations (2.47). As we will show in later
chapters, the Green’s function technique is very useful and convenient for some
situations.
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